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Calculation of Maximum Pavement Temperatures 
From Weather Reports 
EDWARD S. BARBER, Highway Physical Research Engineer 
Bureau of Public Roads, Physical Reseaxch Branch 

Pavement temperatures are of interest in connection with stabiliza­
tion of bituminous surfaces, curing and curling of portland cement 
concrete, and moisture movements in any type of pavement. 

This paper presents a relation between pavement temperature 
and wind, precipitation, air temperature, and solar radiation, as 
controlled by the thermal properties of the pavements. 

# PAVEMENT temperatures are of interest in connection with stability of bitimiinous 
surfaces, curing and curling of portland cement concrete, and moisture movements in 
any type of pavement. 

In order to extrapolate directly observed temperatures to other localities and times, 
it would be convenient if pavement temperatures were correlated with standard weath­
er reports. 

The following discussion presents a relation between pavement temperatures and 
the wind, precipitation, air temperature, and solar radiation as controlled by the ther­
mal properties of the pavement. 

THEORY 
For a semi-infinite mass in contact with air at a temperature Tj^j + Ty sin 0.262 t, 

the 24-hour periodic temperature of the mass is U): 

T = T M + Ty e sin (0.262t -xC - arc tan C _ ) (1) 
\/(H+C)' + C" H+C 

in which T = temperature of mass; 
Tjjj = mean effective air temperature, F ; 
Ty = maximum variation in temperature from mean, F ; 

t = time from beginning of cycle, hours; 
X = depth below surface, feet; 
H = hA; 
h = surface coefficient, BTU per sq ft per hour, F ; 
k = conductivity, BTU per sq ft per hour, F per ft; 
C = 70.131 per c; ^ 
c = diffusivity, ft sq per hour = —-—; 

s = specific heat, BTU per pound F ; and 
w = density, pounds per cu ft. 

Figure 1 shows how the surface temperature varies with the air temperature. 
For forced convection including average reradiation (2) 

h= 1.3 + 0.62v''* (2) 
where v = wind velocity, mph, the average wind velocity is about 
7.2 mph giving h = 4.0. 

The surface also receives heat by solar radiation as indicated in Figure 2. The 
effective air temperature to include solar radiation (3) may be taken as: 

TE = Ta + - ^ (3) 
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- effective air temperature, F ; 
T^ = air temperature, F; 
b = absorptivity of surface to solar radiation; 
I = solar radiation, BTU per sq ft hour. 

The solar radiation received on a horizontal surface is reported in langleys per day 
or calories per square centimeter day, L , which is 3.69 BTU per sq ft day. There is 
an average net loss by long-wave reradiation (4) of about %, so that R, the average 
contribution to effective air temperature, is: 

R = 0.67b 3.69^/24 h (4) 
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Figure 3. Effective temperature above horizontal surface. 



The deviation of the radiation from this average may be roughly approximated by 
a sine wave with a half amplitude of 3R. Combining this with the air temperature, 
which is approximated by a sine wave with amplitude equal to the daily range in tem­
perature, gives a sinusoidal effective temperature (see Figure 3). (A different curve 
is required for minimum temperature.) The maximum pavement temperature may 
then be calculated from equation 1, using 

T M = T A + R (5) 
where T ^ = average air temperature, F ; 
and Ty = 0. 5 Tjj + 3R (6) 
where Tjj = daily range in air temperature, F . 

After a rain the evaporation of water would considerably decrease the maximum 
temperatures due to insolation. For instance, the evaporation of 0.1 in. of water re­
quires 0.1 x 2. 54 x 539 = 137 calories per sq centimeter which is a considerable por­
tion of a summer day's radiation. 

COMPARISONS FOR BITUMINOUS PAVEMENT 
Calculated values will be compared with those observed on the surface of a bitu­

minous concrete pavement at Hybla Valley, Virginia, with the following considered 
assumptions: 

h = 3. 6 for a sheltered area; 
k = 0.7 average value from texts; 
s =0.22 for dry stone plus asphalt; 
w = 140 from field data; and 
b = 0. 95 for black surface. 

These values give H = 5.14, c = 0.0227, C = 2. 40 and R = 0.027 L . Substituting 
in equation 1, using equations 5 and 6, the maximum surface temperature (when sine 
function is one and x is zero) is 

T ^ + R + F(0. 5 Tji + 3R) (7) 

where F = " = " as tabulated below: 
M+Cf + C y/(H per C+D* + 1 

H per C 
1 0.447 

1.5 0.557 
2 0.633 

2.5 0.686 
3 0.727 

3.5 0.759 
4 0.784 

4.5 0.804 
5 0.822 

For H per C = 5.14 per 2.40 = 2.14, F = 0.65. 
Table 1 shows the ambient conditions, the observed surface temperature and values 

calculated from the above formula. The agreement as shown m Figure 4 is generally 
good considering that L was measured 20 miles from the pavement. Where local tem­
peratures are not available, more day to day deviation should be ejected. In the 
present case, a weather station at another inland location reported similar tempera­
tures, whereas one near the river reported consistently different temperatures. 

Since equation 1 assumes that the cycle of temperatures has prevailed for a long 
time, a lag may be expected after a sudden change in T M - Thus, when T M changes 



TABLE 1 
CALCULATION OF MAXIMUM SURFACE TEMPERATURE OF 

BITUMINOUS PAVEMENT, HYBLA VALLEY, VIRGINIA 

Ambient 
Condition 

Observed 
Surface 

Calculated Values 
0.65 Surface 

Date T A T R L Temp. R (0. 5 T R + 3R) Temperature 
1953 F F Lang. F F F F 

May 21 69 28 526 122 14 37 120 
22 71 18 270 103 7 20 98 
23 70 7 616 118 17 35 122 
24 61 31 479 113 13 35 109 
25 68 25 268 104 7 22 97 
26 74 29 462 122 12 34 120 
27 60 12 494 106 13 30 103 
28 50 32 747 116 20 50 120 
29 56 37 715 126 19 50 125 
30 64 30 381 118 10 30 104 

July 31 84 20 526 133 14 34 132 

Aug. 1 92 16 430 134 12 29 132 
2 92 18 423 131 11 28 131 
3 87 26 396 127 11 30 128 
4 82 7 222 109 6 14 102 
5 92 21 435 131 12 30 134 

from 69 + 14 = 83 on May 21to71+7 = 78on May-22, the observed temperature in 
Table 1 does not drop as much as calculated. Considering a sudden change in temper­
ature, the lag, T L , for large t and small x is (5): 

OBSERVED 

\ .CALCULATED^ ; 

MAY2I 22 23 24 25 26 27 28 29 30 AUG.I 2 3 4 5 

Figure U. BltiDilnous pavement surface temperatures. 
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TABLE 2 

CAUCULATED AND OBSERVED TEMPERATURES OF 
BITUMINOUS PAVEMENT I N IDAHO 

Figure 5. Lag i n surface temperature 
X + 0.25 

Virct 

Ambient 
Condition 

Maximum Temperature 
% in Below Surface 

(8) Date TA TR L Observed Calculated 

19S3 F F Lang. F F 

Sept 11 68 56 467 120 117 
Oct. 19 52 21 325 68 80 
Nov 19 22 30 233 48 48 
Dec. 8 25 26 104 37 40 

1954 

May 17 86 47 722 127 129 

At the surface after 24 hours, the lag is 
about % the change in the mean, as illus­
trated in Figure 5, or 1 degree in the 
present case. 

The larger deviations on May 25 and 
August 4 are probably due to less re-
radiation than the averse because of clouds indicated by the low solar radiation re­
ceived. The excessive deviation on May 30 is due to the fact that the radiation is av­
eraged over the day in the calculations, whereas it was actually received before a 
rainstorm which started at 2:00 p. m. 

Using the same coefficients as above, except h = 4.4 for a bituminous pavement in 
an exposed location in Idaho, temperatures at a depth of % in. were calculated and are 
shown in Table 2 compared to observed temperatures. From equation 1 the depth re­
duces the cyclic contribution by the factor e"^ = e"̂ * ®̂ = 0.95, a reduction 
of 5 percent. The discrepancy in October is accounted for by clouds over the pave­
ment which were not present at the nearest radiation station. The December calculat­
ed temperature is high because long-wave reradiation is under-estimated for winter 
months. 
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TABLE 3 

CALCULATION OF SURFACE TEMPERATURE OF 
PORTLAND CEMENT CONCRETE 

LANGLEY, VIRGINIA 

Ambient 
Maximum Surface Temperature 

Observed ^ Calculated 
Conditions Sand & Sand & 

Date T A T R L Gravel Slag Gravel Slag 

1953 F F Lang F F F F 
Aug 20 71 19 505 106 108 101 105 

25 78 26 507 106 113 110 115 
Sept 23 58 10 522 83 89 85 90 

2 degrees added to otf-peak readmgs 

COMPARISON FOR CONCRETE 
PAVEMENT 

Further comparison is available for 
two 6-in. Portland cement concrete slabs 
at Langley, Virginia, to which the follow­
ing values are assigned: 

h = 4.4 for an exposed site; 
s = 0.2 for good drainage; and 
w= 150. 

For sand and gravel concrete 
k = 0. 9 givmg c = 0. 030 
b = 0. 65 giving R = 0. 015 L 

For slag concrete 
k= 0.45 giving c = 0.015 
b = 0.70 giving R = 0.016 L . 

For the surface temperature equation 1 gives: 
Tŷ  + R + 0.67 (0. 5 Tjt + 3R) for sand and gravel; and 
T ^ + R + 0. 75 (0. 5 T R + 3R) for s l ^ . 

Table 3 shows a reasonable correlation between observed and computed surface 
temperatures. 

Table and Figure 6 show calculated and observed maximum temperatures for the 
Bates Road using locally observed temperatures (6) and monthly radiation values 
taken from published maps (7). The insolation is a function of season and latitude as 

TABLE 4 
CALCULATED AND OBSERVED MAXIMUM TEMPERATURES ON BATES ROAD 

Average Temperature for Normal Days 
Air Pavement Maximum 

Calculated Pavement 

Month Max. Min. Ave. Surface 3. 5 in. Deep average 
Radiation Surface 3 .5 in. Deep 

1922 F F F F F Langleys F F 
Aug. 87 59 73 100 95 470 100.5 92 
Sept. 80 52 66 89.5 85 320 89.5 82 
Oct. 65 36 50.5 74 .5 69 .5 270 70.5 63 .5 
Nov. 58 33 45 .5 57 54 170 60 55 
Dec. 49 29 39 49.5 45 .5 120 50 46 

shown in Figure 7 but modified by local atmospheric conditions. The radiation for 
"normal" days is taken as the average monthly radiation. 

It is assumed that h = 4. 8, c = 0.04, k = 1.2, b = 0.6 for poorly drained portland 
cement concrete, giving R = 0.013 L and maximum surface temperature equal 

T A + R + 0. 66 (0. 5 T R + 3R) 

Although equation 1 assumed homogeneous material, numerical calculations (8) indi­
cate that a change of conductivity of as much as 50 percent below 7 in. (bottom of slab) 
has only a small effect on the temperature difference between the surface and a depth 
of 3. 5 inches. 

Table 5 shows a similar comparison for a concrete road in Kansas (9) using the 
same coefficients as assumed for sand and gravel concrete in Table 3. 
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CONCLUSIONS 

TABLE 5 
CALCULATED TEMPERATURE 1 INCH BELOW 

CONCRETE SURFACE IN KANSAS 

Date 
1940 T A T R L 

Temp 1 in Below Sjrface , F Date 
1940 T A T R L 058*3 rved Calculated 

F F Lang 

July 30 89 22 750 126 126 
Sept 20 74 18 540 105 101 
Oct 17 58 26 420 83 82 
Apr 27 63 22 890 96 97 
June 26 83 18 790 120 120 

The foregoing calculations indicate the 
possibility of roughly correlating surface 
temperatures with values reported by the 
Weather Bureau so that means are avail­
able to extrapolate field observed tem­
peratures to other times and places. To 
calculate exact temperatures for a given 
structure, exact values of its thermal 
properties and the ambient conditions 
must be known. 
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Loss and Recovery of Bearing Capacity of 
30 New Jersey Soil Materials as Determined by 
Field CBR Tests 1954-5 
K. A. TURNER, JR. , Assistant Research Specialist in Instrumentation, 
Bureau of Engineering Research, Rutgers University, New Brunswick, N. J . 

During the winter of 1954-5 a study was made of the effects of frost 
action resulting from e}q)osure to natural freeze-thaw conditions of 
prepared specimens of 30 New Jersey soil and subbase materials. 
This research was conducted by the Joint Highway Research Project, 
under the co-sponsorship of Rutgers University and the New Jersey 
State Highway Department. 

One phase of this study was the determination of the loss of bear­
ing capacity of each soil during the winter and its subsequent recovery 
durii^ the followii^ spring and summer. 

The materials studied consisted of 22 soils, representing approxi­
mately 75 percent of the soil areas of New Jersey, and 8 subbase ma­
terials in use in highway construction. These materials had been com­
pacted in 9-ft square pits, the soils to a depth of 2 ft and the subbase 
materials to a depth of 1 ft. 

Because of the limited size of the soil specimens, the field CBR 
test was selected for the purpose of the bearing capacity study. The 
initial bearing ratio of each material was the averse of three tests 
performed on each material after compaction in October. Mter the 
completion of these tests a 4-ft by 4-ft by 6-in. concrete slab was 
poured on each material for the frost-heave study and six 1-ft by 
1-ft by 6-in. slabs for bearing test purposes. The smaU slabs were 
intended for removal at proper intervals to allow the performance of 
the field CBR tests on the soil beneath. Sufficient material was added 
to produce shoulders flush with the slab surfaces. 

The program of field CBR testing was started in March. One small 
slab was removed from each material and three bearing tests performed 
on the soil beneath. Soil moisture contents were also determined. Two 
weeks were required to perform three tests on each of the 30 materials. 
At approximately one-month intervals additional sets of slabs were re­
moved and tests performed. The last group of tests was completed in 
August. 

Results showed little correlation between HRB classification and loss 
of bearii^ capacity e:q?ressed as percent of initial bearing capacity. A 
better correlation existed between HRB classification and the actual 
spring bearing capacity. Little correlation was noted between HRB 
classification and percent recovery of bearir^ capacity. 

Variable climatic conditions during the two-week period required for 
each group of tests may make comparison among all of the materials 
unreliable. 

During the recovery period the relationship between decreasit^ mois­
ture content and increasing bearing capacity was apparent; the bearing 
ratios of many of the materials increased to a point considerably higher 
than their initial values. 

The lack of control over natural climatic conditions evidenced in this 
study shows the desirability of conducting further bearing tests on soil 
specimens frozen and thawed under controlled laboratory conditions. 

•DURING the winter of 1954-5 a study was made of the effects of frost action resulting 
from ê qposure to natural freeze-thaw conditions of 30 New Jersey soil and subbase 

9 
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Figure 1. Map of Mew Jersey shewing sam­
ple locations of s o i l and subliase materi­
als used for frost action investigation. 

Figure 2. So i l installation. 
materials. To simulate pavement condi­
tions, concrete slabs were poured on pre­
pared specimens of the materials under 
investigation. Daily vertical movement 
of the slabs during the winter was a meas­
ure of frost heave. Daily penetration of 
statically weighted plungers indicated loss 
of bearing capacity. Subsurface tempera­
tures and moisture contents were meas­
ured in several of the soil materials. 

To determine by an accepted method the total loss of bearing capacity of each ma­
terial during the winter and the recovery of bearing capacity during the ensuing spring 
and summer, provision was made for the performance of field bearing tests. Because 
of the relatively limited size of the soil specimens and because of the availability of the 
required equipment, the field CBR test was selected for this purpose. An analysis of 
the data obtained from the performance of these tests is presented in this report. 

DESCRIPTION OF FIELD INSTALLATION 
Twenty-six soil materials, representing approximately 75 percent of the soil areas 

of New Jersey, were selected from various sites throughout the state. In addition, 
eight subbase materials in use in highway construction were suggested by the New 
Jersey State Highway Department (see Fig. 1 and Table 1). In order that all of the 
materials could be studied under similar environmental conditions a sample of each 
was brought to the field installation at Rutgers University. 

A representative fraction of each sample was tested in the soil mechanics labora­
tory to determine its physical properties (Table 2). Grain size distribution curves of 
the materials have been given in HRB Bulletin 135 (1956) , paper by K. A. Turner, J r . , 
and A. R. Jumikis, Appendix A to "Loss of Bearing Capacity and Vertical Displacements 
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TABLE 1 

DESCRIPTK)N OF SOILS TESTED 

F-1 A well-graded mixture of triable shale fragments f r o m gravel to clay sizes Derived f r o m Triassic shales The angular 
fragments might easily have been broken up by compacting them in the pits during placement of the sample 

F-2 A sandy s i l t -c lay mixture with considerable gravel Derived f r o m glacial material of Triassic shale and sandstone or igin 

F-3 A si l ty sand with traces of gravel Derived f r o m strat if ied glacial outwash, mostly Triassic rock fragments 

F-4 A clay-silt-sand mixture with considerable gravel Derived f r o m glacial d r i f t , p r imar i ly gneiss and traprock 

F-S A sandy s i l t -c lay mixture Derived f r o m old glacial lake bed sediments 

F-6 A si l ty , clayey sand with some gravel Derived f r o m Coastal Plam sands and gravels 

F-7 A gravelly sand with small amounts of s i l t and clay Derived f r o m Coastal Plam sands and gravels 

F-8 A fine sand with traces of s i l t and clay Derived f r o m Coastal Plain sands and gravels 

F-9 A clayey s i l t containing much sand Derived mostly f r o m Kittatinny limestone 

F-10 A mixture of coarse medium and fme sands, containing considerable gravel and some s i l t and clay Derived f r o m gneissic 
glacial materials which have been reworked by water 

F-11 A well-graded mixture of gravel, sand, s i l t and clay Derived f r o m granitoid gneiss 

F-12 A s i l t and clay mixture containing considerable sand with traces of gravel Derived f r o m marine clays 

F-13 A sandy gravel with considerable s i l t and clay Derived f r o m basalt and diabase (Gravel is large angular f ragments . ) 

F-14 A well-graded mixture of gravel, sand, s i l t and clay Derived f r o m Triassic shale, sandstone and arg i l l i te 

F-15 A well-graded sand-silt-clay mixture containmg considerable gravel Derived f r o m underlymg Tnass ic shale, sandstone 
and argiUite 

F-16 A mixture of sands Derived f r o m Coastal Plam sediments 

F-17 A mixture of coarse, medium and fme sands with traces of gravel, s i l t and clay Derived f r o m Coastal Plain sediments, 

F-18 Medium fme sand contaming considerable clay and s i l t Derived f r o m the glauconitic formations of the upper Coastal Plam 

F-19 A gravelly, s i l ty , clayey sand Derived f r o m the glauconitic upper Coastal Plain deposits 

F-20 Sand contaming considerable gravel and some s i l t and clay Derived f r o m poorly dramed Coastal Plain sediments (This 
material had a very high organic content ) 

F-21 A sand, s i l t and clay mixture with traces of gravel Derived f r o m glacial deposits of basalt and diabase 

F-22 A sandy s i l t -c lay mixture containing considerable gravel Derived f r o m early glacial d r i f t 

F-23 A well-graded gravel-sand-silt-clay mixture Derived f r o m glaciated Bfartinsburg shale (Gravel consists of large, f l a t 
shale fragments ) 

F-24 A well-graded mixture of gravel, sands, s i l t and clay Derived f r o m t i l l containing much limestone 

F-25 Coarse and medium sands containing considerable f ine gravel and some s i l t and clay Subbase material 

F-26 A medium sand with considerable gravel and some s i l t and clay Subbase material 

F-27 Gravel contammg considerable sand and some s i l t and clay Subbase material 

F-2B A gravelly sand Subbase material 

F-29 A sandy gravel Subbase material 

F-30 A gravel and sand mixture containing numerous rounded shale particles Subbase material 

F-31 A sandy gravel, essentially shale and sandstone Subbase material 

F-32 Traprock screenings 

F-33 A sandy gravel Subbase material 

F-34 A sandy gravel Subbase material 

of New Jersey Soils." Existing soil at the field installation was Penn soil, a predomi­
nantly silty soil classed as A-2-4 in the Highway Research Board classification because 
of a considerable percentage of soft shale fragments. Depth of soil to the parent ma­
terial, Brunswick shale, was approximately 20 in. 

The 26 soil materials were compacted in 6-in. layers in separate pits 9 ft square 
by 24 in. deep, the estimated maximum depth of frost penetration. The 8 subbase ma­
terials were compacted in similar pits 12 in. deep, as suggested by current construc­
tion practice. During the winter of 1954-5 only 22 of the soil materials and the 8 sub-
base materials were tested. 

Three field CBR tests were performed on the surface of each of the materials. The 
initial bearing ratio of each material was the average value determined by the three 
tests. On each soil specimen was then poured a 4 ft by 4 ft by 6 in. thick concrete slab 
for the frost heave study and six 1 ft by 1 ft by 6 in. thick concrete slabs for bearing 
test purposes. The small slabs were intended for removal at proper intervals to al­
low the performance of the field CBR tests on the soil beneath. Sufficient material was 
added and compacted to produce shoulders flush with the concrete slabs. A completed 
soil installation is shown in Figure 2. 
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CUMATIC CONDITIONS 
A general evaluation, based on tem­

perature, of the severity of the winter of 
1954-5 was made by means of cold quan­
tity determined by a degree-day method. 
U. S. Weather Bureau climatological data 
for the New Brunswick, N. J . , weather 
station were used. The differences be­
tween the daily mean temperature and 
32 F for the days that the mean was lower 
than 32 F were totaled for the period from 
September 1954 to April 1955. A cold 
quantity of 285 degree-days resulted. By 
comparison, the winter of 1947-8, a re­
cent outstanding example of severity from 
the viewpoint of resulting extensive frost 
damage to pavements, had a cold quantity 
of 528 degree-days (Fig. 3). The winter 
of 1954-5 may be considered medium severe. 

January and early February were characterized by an extended cold period having 
abnormally low precipitation. Subsurface temperature studies indicated the presence 
of frozen soil during this entire period. Rains and general thawing occurred in mid-
February. 

Degree - Days 

1946 
-47 
236 

1947 
-48 

szs 

1946 1949 1950 1951 I9S2 
- 4 9 - 50 - 5i -52 -53 
167 200 229 140 100 

1953 1954 

-54 -55 

22S 28S 

Figure 3- Cold quantities - New Brunswick 
weather station. 

BEARING TESTS 
The program of field CBR testing was started March 2. One small slab was re­

moved from each material and three bearing tests were performed on the soil area be­
neath, the bearing ratio being the average of the three tests. The soil moisture con­
tent was taken as the average of three determinations. 

Approximately two weeks were required to perform the three tests on each of the 
30 materials. The cavities formed by the removal of the small slabs were filled with 
the respective materials after completion of the tests. 

At approximately one-month intervals, weather permitting, additional small slabs 
were removed and bearing tests were per­
formed on each material. The last group 
of tests was completed in August 1955. 

TEST PROCEDURE 
Figure 4 shows a field CBR test in prog­

ress. Following is a description of the re­
quired equipment and the test procedure. 

List of Equipment 
1. CBR truck: A loaded vehicle equipped, 

with spring locking clamps, stabilizers, and 
a jack mounting plate on the tailbeam. 

2. Penetration jack: A screw-type jack 
equipped with a ball adjustment joint to pro­
vide for leveling and a handwheel for oper­
ation. 

3. 5, 000-lb test ring with 0. 0001-in. 
dial indicator. 

4. Penetration piston having a 3-sq in. 
circular face. 

5. Assorted threaded extensions for the 
penetration piston. Figure h. F i e l d CBR test. 
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6. 10-lb annular surcharge weight. 
7. 0.001-in. penetration dial indicator equipped with clamp and timing device con­

sisting of a clockwork-actuated pointer turning at a rate of rpm which is superim­
posed over thfe face of the dial indicator. 

8. Steel angle for reference point. 
9. Wrenches for assembly of equipment. 

10. Shovel and trowel for preparation of test area. 
11. Data sheets. 
12. Moisture content equipment. 

TABLE 2 

ENGINEERING SOIL PROPERTIES 

S^nple A S ™ 

( u mapped 
1917-27) 

Sou Test Results 
Sieve Analysis 

Percent 
Passing 

I T 
Sizes 

Anal Atterberg 
Test 

Sizes rrc—PTT 

Proclor 
Max Opt 
Dens M C 

10 40 200 

Uniform. 
Coef. 
D60 
DlO 

Eff. ClassUication 
Grain g„i,. 

grade 
Group 

Group 
Index 

} 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 
*̂  % % % pcf % 

F - l Penn 94 78 63 46 35 16 19 31 7 106 17 850.0 .002 A-2-4 0 
' F-2 Wethersfield 94 86 82 64 43 19 23 32 16 119 13 360.0 .001 A-6 3 

F-3 Dimellen 100 98 95 78 27 — — 16 0 120 12 33.3 A-2-4 0 
F-4 Gloucester 100 90 86 79 56 31 21 25 6 109 16 73 3 .0015 A-4 4 
F-5 Whippany 100 100 100 98 83 43 37 41 7 100 22 50 0 A-5 8 
F-6 Sassafras 99 95 93 79 42 20 21 28 12 117 14 16.7 0015 A-6 2 
F-7 Sassafras 88 67 61 28 7 — — NL NP 120 12 12.0 .15 A- l -b 0 
F-8 Sassafras 100 100 98 78 4 — — NL NP 106 15 1 9 .16 A-3 0 
F-9 Hagerstown 100 99 98 92 83 40 34 43 20 101 20 51.1 A-7-6 13 
F-10 Merrimac 100 90 77 41 11 — ~ NL NP 125 9 11 4 .07 A- l -b 0 
F - U Chester 89 74 70 55 46 26 16 33 11 109 18 30.4 023 A-6 2 
F-12 Elkton 99 97 95 89 79 45 31 28 10 108 16 113.3 A-4 8 
F-13 Hontalto 91 80 58 46 28 9 19 32 9 114 17 360.0 .03 A-2-4 0 
F-14 Croton 97 80 73 68 64 23 27 41 21 100 21 233.3 A-7-6 15 
F-IS l^msdale 99 87 85 69 55 21 32 41 15 95 26 283.3 — A-7-6 6 

1 F-16 Lakewood 100 100 100 73 1 NL NP 102 15 2.2 .16 A-3 0 
F-17 Lakewood 100 99 98 64 3 — NL NP 106 14 2.8 15 A-3 0 

" F-18 CoUington 100 100 100 80 26 10 IS 32 8 105 23 166.7 .0018 A-2-4 0 
F-19 Colllngton 96 91 87 69 39 12 18 48 14 97 27 113 7 A-7-5 2 
F-20 Portsmouth 99 87 84 56 7 ~ ~ NL NP 118 10 3.7 .13 A-3 0 
F-21 Holyoke 99 98 96 89 60 32 20 27 12 116 14 40 0 .002 A-6 6 
F-22 Washington 93 88 85 76 64 25 36 31 10 104 18 130.0 A-4 6 
F-23 Dutchess 93 84 72 61 52 26 18 31 9 110 15 22.5 .0016 A-4 3 
F.24 Dover 82 72 66 54 37 20 14 31 9 112 16 400 0 .0025 A-4 0 
F-25 Subbase 97 96 93 54 6 — — NL NP 106 15 2 7 .17 A-3 0 

SandHlUs 
A-3 

F-26 Subbase 93 , 86 78 36 10 NL NP 120 12 8.8 .08 A- l -b 0 
Farrington 

F-27 Subbase 85 48 40 24 10 3 6 NL NP 122 12 58.3 .12 A- l -a 0 
Perrbmlle 

F-28 Subbase Bot. 94 78 71 41 2 NL NP 108 16 2 7 .26 A- l -b 0 
James burg 

, F-29 Subbase Top 87 35 26 12 3 — — NL NP 123 10 26.5 .4 A- l -a 0 
Jamesburg 

F-30 Subbase 89 66 48 17 4 — — NL NP 119 13 17.5 .2 A- l -a 0 
Nunm 

F-31 Zimmerman 74.5 53.6 46.4 9.3 2 NL NP 112 3 13 26.5 .4 A- l -a 0 
Pit Westfleld 

F-32 Bngston 100 97.5 84.4 40 7 15 NL NP 131.3 10 19 A- l -b 0 
1 Traprock 

A- l -b 

Screening 
F-33 Franklin Pit 83.9 52.3 44 4 22 3 — NL NP 122.4 12 41.7 .24 A- l -a 0 

North Branch 
F-34 WtattPit 97.4 55.6 39.4 8.7 1 NL NP 115 13 14.4 .45 A- l -a 0 

Toms River 

Preparation of Test Area 
The test area was prepared by carefully smoothii^ and leveling an area at least 12 

in. in diameter at the required depth in the soil to be tested. Soil might be removed 
to accomplish this, but none was added. 
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SUBBASE MATERIALS IN 12" DEEP PITS 

10 
PERCENT LOSS 
20 30 40 

OF BEARING 
50 60 

CAPACITY 
70 80 90 100 

Soil No HRB Closs 
F-30 
F-28 
F-29 
F -34 
F-32 
F-31 
F-27 
F-33 

A - l -
A - l -
A - l -
A - l -
A - l -
A - l -
A - l -
A - l -

SOIL MATERIALS IN 24" DEEP PITS 

F-25 A-3 
F-23 A-4 
F-17 A-3 
F-22 A-4 
F-26 A - l - b 
F-14 A-7-6 
F-20 A-3 
F - 6 A-6 
F - l A - 2 - 4 
F - 9 A - 7 - 6 
F - l l A - 6 
F - 2 A-6 
F - 4 A - 4 
F-IO A - l - b 
F-21 A-6 
F-13 A - 2 - 4 
F-12 A - 4 
F-19 A - 7 - 6 
F - 3 A - 2 - 4 
F-15 A - 7 - 6 
F - 5 A-5 
F -24 A - 4 

Figure 5. 

March Bearing Cjipocity 4 5 2 % Hidher tllan ottober 

10 20 30 40 50 60 70 80 
PERCENT LOSS OF BEARING CAPACITY 

90 100 

Percent loss of bearing capacity of subbase and s o i l materials during the 
winter of ±93^-5• 

Positioning of Vehicle 
The CBR truck was backed into position so that the center of the jack mounting plate 

was over the center of the test area. The spring locking clamps were assembled and 
tightened with just enough tension to prevent expansion of the springs. The stabilizers 
were mounted and adjusted to prevent sideward movement of the truck. 

Assembly of Test Equipment 
The penetration jack was bolted to its mounting plate and the test ring screwed onto 

the jack spindle. The locking ring of the ball adjustment joint was loosened and the jack 
leveled so that the axis of its spindle was vertical. The locking ring was then tightened. 
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TABLE 3 
PERCENT LOSS AND RECOVERY OF BEARING CAPACITY 

Order October Percent 
No. 1954 Marci. Loss of 

Order Soil HUB CBR 1955 Bearing 
No. No. Class. (Initial) CBR Capacity 

(a) Subbase Materials in 12-in. Deep pits 
1 F-30 A - l - a 6.0 4.4 26.7 
2 F-28 A - l - b 5.4 3. 5 35.2 
3 F-29 A - l - a 7.9 3.9 50.6 
4 F-34 A - l - a 15. 5 4.1 73. 5 
5 F-32 A - l - b 29.9 7.8 73.9 
6 F-31 A- l - a 17.1 3.4 80.1 
7 F-27 A - l - a 41.8 8.0 80.9 
8 F-33 A - l - a 37.6 3.9 89.6 

(b) Soil Materials in 24--in. Deep Pits 
1 F-25 A-3 3 1 4. 5 -1-45.2 
2 F-23 A-4 6. 5 4.4 32.3 
3 F-17 A-3 6.2 3.5 43.6 
4 F-22 A-4 5. 5 3.1 43.6 
5 F-26 A - l - b 12.7 7.1 44.1 
6 F-14 A-7-6 3.6 1.9 47.2 
7 F-20 A-3 9.3 4.7 49.8 
8 F-6 A-6 5. 5 2.4 56.3 
9 F-1 A-2-4 6.2 2.7 56.4 

10 F-9 A-7-6 4.2 1.8 57.2 
11 F-11 A-6 7.7 3.1 59.7 
12 F-2 A-6 4.1 1.6 61.0 
13 F-4 A-4 6.2 2.4 61.3 
14 F-10 A - l - b 10.7 3.9 63. 5 
15 F-21 A-6 6.9 2.5 63.8 
16 F-13 A-2-4 14.3 5.0 65.1 
17 F-12 A-4 5.6 1.8 67.8 
18 F-19 A-7-6 8,1 2.3 71.6 
19 F-3 A-2-4 11.0 3.1 71.8 
20 F-15 A-7-6 8.2 2.3 71.9 
21 F-5 A-5 4.8 3.1 72.9 
22 F-24 A-4 8.4 1.4 83.3 

The jack was retracted as far as possible. The proper combination of threaded exten­
sions was selected and mounted on the test ring, leaving sufficient space for the pene­
tration piston. 

The penetration piston was inserted in the hole in the annular surcharge weight and 
the two placed carefully on the prepared soil area. The piston was then screwed up 
into the extension. 

The test ring dial indicator was zeroed and the penetration piston lowered nearly in­
to contact with the soil. Rapid movement of the jack was accomplished by releasing the 
spindle lock and rotating the spindle. 

The timer was wound if necessary. The penetration dial indicator and timer were 
then clamped to the piston and the reference angle positioned so that the stem of the 
indicator was in proper contact. 

The penetration piston was then seated on the soil with a 10-lb load (1.8 divisions of 
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the ring dial). Downward movement of T A B L E 4 
the piston was produced by clockwise ro­
tation of the jack handwheel. The pene­
tration and ring dials were then zeroed. 

Performance of Penetration Test 
The penetration test was started when 

the red timer pointer reached the black 
penetration dial pointer. The jack hand-
wheel was turned at such a rate as to keep 
the two pointers synchronized. This pro­
duced a penetration rate of 0.05 in. per 
minute. 

The ring dial was read at penetrations 
of 0. 025, 0.050, 0. 075, 0.10, 0. 20, 0.30, 
0. 40 and 0. 50 inches. After a penetration 
of 0. 50 in. had been reached, the piston 
was backed off by releasing the spindle 
lock. The moisture content of the soil at 
the test area was then determined. 

Bearing Ratio Determination 
The results of the penetration test were 

plotted as a curve with the piston load as 
ordinate and penetration as abscissa. A 
correction was made to the point of zero 
penetration if, as a result of surface i r ­
regularities of the soil, the initial iwrtion 
of the curve was concave upward. The 
straight portion of the curve was extended 
downward, its intersection with the zero 
load line defining the corrected point of 
zero penetration. 

The bearing ratio was then determined at penetrations of 0.10 and 0.20 i n . , meas­
ured from the corrected zero point. The piston loads were divided by 1,000 and 1, 500 
psi, respectively, the accepted bearing values of crushed rock, and multiplied by 100 
to give the bearing ratio in percent. The larger value was selected as the bearing ratio. 

EVALUATION OF DATA 
After completion of all bearing ratios and moisture content determinations, a chart 

was prepared for each soil (see Appendix) showing the relationship between time and 
the following: 

1. Precipitation, presented as a bar graph. Data were obtained from the U. S. 
Weather Bureau climatological data for the New Brunswick, N. J. , weather station. 

2. Soil moisture content, the average of three determinations at the time of each 
bearing test. 

3. CBR, the bearing ratio determined at approximately one-month intervals. 
4. Percent of October (1954) bearing capacity. The initial bearing ratio determined 

in October was regarded as 100 percent bearing capacity, and the percentage bearing 
capacities from subsequent tests determined accordingly. 

It should be noted that for convenience the period from December 1954 to February 
1955, during which no tests were performed, has been condensed on the charts. 

OBSERVATIONS 
Comparison of the three tests used for each bearing capacity determination revealed 

that any error introduced by performing three tests within a 1-ft square area was ap-

' I 

March 
Order Soil HRB 1955 
No. No. Class. CBR 
(a) Subbase Materials in 12 -m. Deep Pits 

1 F-27 A-l-a 8.0 
2 F-32 A-l-b 7.8 
3 F-30 A-l-a 4.4 
4 F-34 A-l-a 4.1 
5 F-29 A-l-a 3.9 
6 F-33 A-l-a 3.9 
7 F-28 A-l-b 3. 5 
8 F-31 A-l-a 3.4 

(b) Soil Materials in 24-in Deep Pits 
1 F-26 A-l-b 7.1 
2 F-13 A-2-4 5.0 
3 F-20 A-3 4.7 
4 F-25 A-3 4 5 
5 F-23 A-4 4.4 
6 F-10 A-l-b 3.9 
7 F-17 A-3 3. 5 
8 F-3 A-2-4 3.1 
9 F-22 A-4 3.1 

10 F-5 A-5 3 1 
11 F-li A-6 3.1 
12 F-l A-2-4 2.7 
13 F-21 A-6 2.5 
14 F-4 A-4 2.4 
15 F-6 A-6 2.4 
16 F-15 A-7-6 2 3 
17 F-19 A-7-6 2.3 
18 F-14 A-7-6 1.9 
19 F-12 A-4 1.8 
20 F-9 A-7-6 1.8 
21 F-2 A-6 1.6 
22 F-24 A-4 1.4 
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TABLE 5 
RECOVERY OF BEARING CAPACITY 

October July 
1954 July Percent­

Order Soil HRB CBR 1955 age of 
No. No. Class. (Initial) CBR Initial 

(a) Subbase Materials in 12-in. Deep Pits 

1 F-29 A - l - a 7.9 9.5 120.2 
2 F-33 A - l - a 37.6 26.3 69.9 
3 F-28 A - l - b 5.4 3.6 66.7 
4 F-31 A- l - a 17.1 9.8 57.3 
5 F-32 A - l - b 29.9 16.8 56.2 
6 F-30 A - l - a 6.0 3.3 55.0 
7 F-34 A - l - a 15. 5 5.3 34.2 
8 F-27 A - l - a 41.8 11.2 26.8 

(b) Soil Materials in 24-in. Deep Pits 

1 F-2 A-6 4.1 7.7 187.8 
2 F-1 A-2-4 6.2 11.1 179.0 
3 F-9 A-7-6 4.2 6.6 157.2 
4 F-5 A-5 4.8 7.4 154.1 
5 F-14 A-7-6 3.6 5.4 150.0 
6 F-12 A-4 5.6 8.1 144.7 
7 F-26 A - l - b 12.7 15.3 120. 5 
8 F-21 A-6 6.9 8.1 117.4 
9 F-13 A-2-4 14.3 16.3 114.0 

10 F-25 A-3 3.1 3.4 109.7 
11 F-4 A-4 6.2 6. 5 104.9 
12 F-6 A-6 5. 5 5.7 103.6 
13 F-23 A-4 6. 5 6.7 103.1 
14 F-10 A - l - b 10.7 9.4 87.8 
15 F-22 A-4 5. 5 4.4 80.0 
16 F-15 A-7-6 8.2 6.5 79.3 
17 F-19 A-7-6 8.1 5.4 66.7 
18 F-20 A-3 9.3 5.9 63.4 
19 F-17 A-3 6.2 3.9 62.8 
20 F-11 A-6 7.7 3.8 49.4 
21 F-3 A-2-4 11.0 4.8 43.7 
22 F-24 A-4 8.4 3.4 40. 5 

parently less than that inherent in the soil itself as a result of existing non-homogeneity. 
Compaction of the surrounding soil, if caused by one test, should result in a higher 
bearing ratio of a subsequent test. As no such relation was found, it is felt that the 
procedure of performing three tests within such a small area is justified. 

In Table 3 the materials are listed in order from the least to the greatest percentage 
loss of bearing capacity. The subbase materials and soil materials are grouped separ­
ately because of the environmental differences induced by the 12-in. and 24-in. deep 
pits. The percentage loss of bearii^ capacity of each material is shown in Figure 5. 
It is apparent that there is not much correlation between HRB classification and per­
centage loss of bearing capacity. The granular A-1-6 and A-3 materials in 24-in. deep 
pits show in general less loss than most of the other materials. F-25, HRB A-3, was 
the only material showing an increase in bearing ratio. This material had the lowest 
bearing ratio of all the materials in October as a result of its dry condition. 
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It should be noted, however, that the percentage losses of bearing capacity of the 
granular A - l - a and A - l - b subbase materials in 12-in. deep pits are greater than the 
losses of most of the materials in 24-in. deep pits. This is probably a result of the 
detrimental effect of poorer drainage conditions in the shallow pits. 

In Table 4 the materials are presented in order from the greatest to the least bear­
ing capacity as determined by their March 1955 bearing ratios. It is noted here that a 
better correlation exists between HRB classification and spring bearing capacity than 
between HRB classification and percent loss of bearing capacity. 

Recovery of bearing capacity is indicated in Table 5. The materials are listed in 
order according to the July 1955 bearing ratio percentages of the initial October 1954 
bearing ratios. Again, there is little apparent relationship between HRB classification 
and percent recovery of bearing capacity. Of interest is the fact that during the sum­
mer the bearing ratios of many of the materials increased to a point considerably higher 
than their initial values. It should be noted, however, that as a result of variable c l i ­
matic conditions during the two-week period required for each group of field CBR tests 
a direct comparison among al l of the materials may be unreliable. 

The curves in the Appendix show the effect of moisture content upon bearing ratio, 
particularly during the recovery period. As moisture content decreased bearing ratio 
increased. 

The effect of the heavy rains in early August is of particular note. Recorded pre­
cipitation during a six-day period was 10. 95 in. Some of the August tests were per­
formed prior to this period. As a result of a July drought, moisture contents were low 
and many bearing ratios showed great increases. Soil F-6, HRB A-6, showed the max­
imum increase, its August 1955 bearing ratio being 516 percent of its October 1954 
bearing ratio. The soils tested after the rains showed increased moisture contents 
and bearing ratios reduced, in some cases considerably below their July values. 

CONCLUSIONS 
1. A considerable reduction in soil bearing capacity may occur during the winter as 

a result of the combined effects of freeze-thaw conditions and precipitation. 
2. There is little correlation between HRB classification and percentage reduction 

in bearing capacity, but in general under equivalent conditions granular soils retain 
the highest bearing capacities. 

3. The greater percentage reduction of bearing capacity in the shallow pits shows 
the importance of sufficient thickness of subbase material and of adequate facilities 
for drainage. 

4. The recovery of bearing capacity is variable, showing little relation to HRB 
classifications. Many materials show a recovery of bearing capacity considerably 
greater than their initial values. 

5. For any soil there is a definite relationship between moisture content andbear-
ing capacity, the higher bearing capacities being associated with low moisture contents. 

6. Considerable reduction of soil bearing capacity may result from excessive pre­
cipitation, even in summer. 

7. Because of the lack of control of natural climatic conditions i t would be desirable 
also to conduct bearing capacity tests on soil specimens frozen and thawed under con­
trolled conditions in the laboratory. 

ACKNOWLEDGMENT 
The research covered by this report was conducted by the Joint Highway Research 

Project under the co-sponsorship of Rutgers University and the New Jersey State High­
way Department. The author wishes to express his appreciation for the support and 
guidance of Alfreds R. Jumikis, Prctfessor of Civil Engineering and Supervisor of the 
Joint Highway Research Project, and for the assistance of the members of the Project 
who performed many of the necessary tests. 



Appendix 

Curves showing precipitation, soil mois­
ture content, and loss and recovery of 
bearing capacity of 39 New Jersey soil 

and subbase materials, 1954-5. 
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Soil Moisture Tension and Ice Segregation 
EDWARD PENNER, Soil Mechanics Section 
Division of Building Research, National Research Council, Canada 

This paper deals with some of the fundamental aspects of frost actions in 
soils. It is suggested that the freezing point depression at the ice-water 
interface determines the soil moisture tension which acts as the driving 
force during frost heaving. The dimensions of the soil pores are respon­
sible, at least in part, for the induced freezing point depression when a 
saturated soil specimen is frozen unidirectionally. 

Moisture tensions in excess of 8,000 cm of water have been measured 
in closed systems containing fine-grained soils after heaving approached 
zero, but are much less in coarse-grained soils. Blended soils covering 
a wide textural range as well as fine Ottawa sand were used to prepare a 
series of test specimens. In general, the experimental findings are in 
harmony with the suggested theory. 

• THE PROBLEMS arising from frost action are well known to the soils engineer con­
cerned with the construction and maintenance of highways and airports. The destruc­
tive action falls into two fairly distinct categories. One involves uniform or differen­
tial frost heaving as a result of ice segregation; the other concerns the loss of bearing 
strength when thawing occurs. A soil which exhibits either one or both of these con­
ditions is known as a frost-susceptible soil. 

The growth of ice lenses results from the migration of water to the freezing zone, 
from either a high water-table or the unfrozen portion of the soil which reduces its 
moisture content. The whole process of frost heaving, therefore, depends on the de­
velopment of tension in the soil moisture at the freezing plane which acts as the driving 
force for moisture migration. 

An investigation was undertaken to determine the dominant characteristics of the 
soil system responsible for the development of a moisture tension at the freezing plane. 
This paper reports soil moisture tension measurements under controlled freezing con­
ditions for a number of soils, and also suggests a mechanism which is compatible with 
the experimental findings. 

METHODS AND MATERIALS 
Description of Frost Action Apparatus 

The temperature conditioning apparatus has already been described (1̂ ). A modifica­
tion was made to the frost cell containing the soil specimen to reduce further the fric-
tional resistance to heaving. In place of a continuous sleeve around the upper portion 
of the soil specimen, a stack of Incite rings, each approximately % in. in length, was 
used. A photograph of the frost cell is shown m Fig. 1. A sectional drawing of the 
frost cell incorporating the modification is shown in Fig. 2. 

The temperature conditioning of the soil specimen is achieved by circulating temper­
ature-controlled mixtures of ethylene-glycol and water through the compartments shown. 
The inlets and outlets to the compartments are set obliquely to the periphery of the cell 
but parallel to each other to facilitate the circulation of the cooling liquids, thus provid­
ing good heat exchange. 

The frost cell was designed to give both a sharp temperature gradient at the frost 
line and a reasonably constant temperature over the lower two inches of the soil speci­
men. In this way, thermally activated vapour diffusion would be reduced to a minimum 
over the lower portion of the specimen. The characteristics of the moisture flow are 
interpreted in terms of liquid flow, recognizing some contribution to the total flow in 
the vapour phase. 

Description of Soil and Sand Samples 
The soil samples used m these experiments consisted of artifically blended soils. 

50 
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C O M P A R T M E N T I 

C O M P A R T M E N T 2 

C O M P A R T M E N T 3 
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F i g u r e 1. The f r o s t c e l l i n operation. 

Leda clay was dried, crushed, then passed through a 100-mesh sieve and thoroughly 
mixed in an end-over-end shaker. This mix is designated as sample No. 4. Samples 
No. 1, 2, and 3 consisted of Leda clay and various proportions of Ottawa sand passing 
a 100-mesh sieve. Sample No. 6 was a mixture of Labrador silt and Leda clay. Sam­
ples No. 5 and 7 were composed solely of ground Ottawa sand; they differed in particle 
size only. Sample No. 5 was the portion passing the No. 325 sieve; No. 7 consisted of 
sand in the particle size range between the No. 200 and No. 325 sieves. 

In all cases, the Ottawa sand was acid washed subsequent to grinding and finally 
washed with distilled water until the pH reaction of the filtrate was neutral. The hy­
drometer analyses for the soil samples are shown graphically in Fig. 3, with the ex­
ception of the two sand samples. Table 1 gives the Atterberg Limits for samples 1 to 4. 

Specimen Preparation , 

The cylindrical specimens, l%e in. in diameter and approximately 3 in. long, were 
prepared directly in the frost cell in /a-in. layers at the air-dry moisture content. 
Sample No. 4 was prepared at a density of 1. 26 gr/cm^ since this was the highest density 
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TABLE 1 
ATTERBERG LIMITS FOR THE FOUR FINE-GRAINED SOILS 

USED IN THE FREEZING EXPERIMENTS 
Sample No. Liquid Limit Plastic Limit Plasticity Index 

1 23. 7 16.1 7.6 
2 33. 2 20.7 12.3 
3 39. 0 23. 8 15.2 
4 54, 2 31. 8 22.4 

TABLE 2 
FINAL MOISTURE CONDITIONS OF THE UNFROZEN SOIL 
(Temperature of 1. 5 C on Warm Side and -6 C on Cold Side) 

Sample No. Percent Moisture Contents pF* Sample No. 
1 2 3 Ave. 

4 34. 5 35.0 34. 8 (34. 8) 3. 70 
3 27. 2 27. 2 27. 2 (27. 2) 3.46 
2 23.2 23.2 23.1 (23. 2) 3.46 
lb 17.9 18.0 18.0 (18.0) 2.98 
6*' 27. 8 28. 0 28. 2 (28. 0) 2. 60 

, log moisture tension e:^ressed in cm of water 
average of two e:q)eriments 

TABLE 3 
FINAL MOISTURE CONDITIONS OF THE UNFROZEN PORTION 

(Temperature at Warm Side 1. 5 C and -3 C on Cold Side) 
Sample No. Percent Moisture Content pF 

1 2 3 4 Ave. 
4 34.6 34.6 34.6 34.4 (34.6) 3. 70 
6 

5 sand pass 325 
26.2 24.9 24.6 25.6 (25. 3) 2. 66 6 

5 sand pass 325 30.5 31.3 31.3 32.4 (31.3) 2.13 
7 sand 200-325 31.4 30.9 29.6 30.4 (30. 6) 1.5 

average of two experiments 

TABLE 4 
FINAL MOISTURE CONDITIONS OF THE UNFROZEN PORTION FOR SPECIMENS 

PREPARED OF TWO DIFFERENT SOILS 
(Upper Half Containing Ice Lens Consisting of Sample No. 3 and Lower Half as 

Designated in the Table) 

Sample No. 
(of lower half) 

Percent Moisture Content 
(of lower half) 

5 sand pass 
325 

1 
11.3 
4.0 

2 
n . 2 
4.4 

3 
11.2 
4.3 

Percent Moisture Content 
Sample No. 3 
(upper half) 

Ave. 

(4. 25) 
26. 8 
27.6 

pF 

3. 50 
3.44 

temperature of warm side 1. 5 C, cold side -6 C 
''temperature of warm side 1. 5 C, cold side -3 C, and is the average of two experiments 



54 

obtainable in the air-dry state. Samples No. 5 and 7 were prepared at a density of 1. 5 
and 1. 6 gr/cm' respectively, and all other samples at 1. 4 gr/cm*. No. 30 copper-con-
stantan thermocouples were placed at /a-in. intervals in the bottom 2-in. portion and 
one was positioned at the top of the specimen. To avoid errors m temperature measure­
ment due to heat conduction along the thermocouple wire, one complete turn equal to the 
circumference of the specimen was coiled at the level where the thermocouple was 
placed. Each thermocouple was positioned in the middle of the cylindrical specimen. 

After preparation, the specimens were allowed to absorb water from a free water-
table, level with the base of the specimen, until no further water was withdrawn from 
the reservoir. 
The pF/Moisture-Content Relationship 

The various mechanisms whereby water is held m the soil are still not known with 
certainty. There appears, however, to be general agreement that, at high moisture 
contents, moisture is held in the soil by surface tension, and that at low moisture con -
tents the surface forces on the solids play a major role. Irrespective of the actual 
mechanism, many workers have shown that there is a continuous relationship between 
pF and moisture content from saturation to oven dryness. 

The pF term introduced by Schofield (3), is the logarithm of the length of water 
column in cm required to give a certain moisture tension, i. e., pF=log h, where h is 
the water column length in cm. The pF/moisture-content relationship is dependent on 
the direction from which any equilibrium point is approached. As a result, for any 
porous material there is usually both a wetting and a drying curve for this relationship. 
Since the freezing of soil is a drying process, this so-called hysteresis phenomenon 
need not be further considered. 

The pF/moisture-content curves for the soils used in these studies were determined 
by the porous plate (4) and pressure membrane (5) techniques. In the range pT=0 to 
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pF=3, a previously saturated soil sample is placed on a porous ceramic plate across 
which a pressure difference is maintained. Provided a liquid contact exists between 
sample and porous plate, the sample will continue to release water until pressure 
equilibrium is established. The equilibrium moisture content is determined either by 
oven drying the sample or by measuring the moisture loss from the saturated condition. 
The limit of usefulness of a porous plate depends on the size of the largest pores. When 
air begins to pass through the plate, the pressure difference cannot be maintained and 
other techniques must be used. 

For the range from pF=3 to pF=4, the porous plate is replaced by a porous membrane 
such as Visking sausage skin. In this way, sufficient points of equilibrium may be es­
tablished to construct a continuous pF/moisture-content curve. The relationship be­
tween the largest pressure difference maintainable across a porous plate or membrane 
and the pore radius is given by the so-called height-of-capillary-rise equation: 

where h = height of liquid column; 
r = radius of curvature of liquid surface, also the radius of pore when maximum 

curvature is developed; 
d = density of the water; 
g = acceleration due to gravity; and 
s = surface tension for air-water interface. 

In the cgs system /„ i 

Schofleld's pF = log h = logj^j (2) 
The pF/moisture-content relationships for the soils used are shown in Fig. 4. To 

evaluate whether the relationship determined at 20 C could be used near the freezing 
point, some of the determinations were repeated at 1.5 C for three soils over the pF 
range 1.8 to 3. 2. It can be seen that within the normal fluctuations caused by experi­
mental error, the relationship is apparently similar at both temperatures. Hutcheon 
(6), after completing a literature review on the effect of temperature on moisture re­
tention, has examined the applicability of the equations proposed by Edlefsen and Ander­
son (7) and Croney and Coleman (8). The equation proposed by the first-mentioned 
authors can be expressed in the form: 

„ _TiTii (log Hz - log Hi) . (Tilog H, - Ta log Hz) 
"T T (T,-Tz) r n f i "̂̂̂  

where T, Ti and Tz = absolute temperatures; and 
H, Hi and Hz = relative humidity expressed as a fraction and at the appropriate 

temperature. 
When applied to absorption data for Sitka spruce, Hutcheon obtained good correla­

tion between predicted and experimental values at relative humidities below 90 percent. 
In the high humidity range corresponding to pF values less than 4. 5, limited eiqperi-

mental data showing temperature dependence appear in the literature. The experimen­
tal results in Fig. 4 at two temperatures suggest that pF data in the high moisture-con­
tent region are applicable over a fairly wide temperature range. The effect of tempera­
ture on pF through surface tension was shown to be small by Croney and Coleman (8), in 
the following equation: 

pFi - pFz = log Ti - log Tz + log dz - log di (4) 
where Ti and Tz = surface tension of air-water interface at two different temperatures; 

di and dz = density of water at two different temperatures. The equation predicts a 
change of approximately 0.10 units for a IOC change in temperature. 

Sample Freezing Procedure 
Upon completion of the water absorption process in the soil samples, the circulation 



56 

0 S A M P L E NUMBER 

O E Q U I L I B R I U M POINTS AT 1-5 C 
20° C 

U) 30 

Figure k. The i»F/inoisture-content relationship. 

of the temperature conditiomng fluid (1. 5 C) was started through compartments 2 and 3. 
When the specimen reached temperature equilibrium with the circulating fluid in com­
partments 2 and 3, circulation was started through compartment 1 using fluids from the 
second tank which were delivered to the compartment at either -3 or -6 C, depending 
on the particular experiment. 

Crystallization was mechanically induced when the temperature at the top of the 
specimen indicated supercooling of approximately 2 C. An extensometer was mounted 
on the cell to measure the movement of the plunger which rested on the top of the speci­
men. The system was permitted to operate as an "open" system, with a free water-
table at the bottom of the specimen, until the maximum heave rate under these condi­
tions had been attained. During this period the rate of moisture flow into the specimen 
and the measurements of heave were obtained. After the establishment of the rate of 
maximum heave, the external source of water was removed. Further heaving occurred 
as a result of moisture loss from the unfrozen portion. The system now operated as a 
closed system. 

When the extensometer readings indicated that heaving had almost ceased, i. e., that 
the heaving rate was approaching zero, the apparatus was dismantled and the unfrozen 
portion of the specimen was sectioned into ^-in. layers for determinations of moisture 
content. In soils where a high pF was induced a small residual amount of heaving was 
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still evident at the time of sampling. This was attributed partly to vapour flow. With 
the pF/moisture-content relationship known for each soil, the soil-moisture/tension 
induced by ice segregation could be obtained indirectly from the moisture content of the 
sample. The sampling procedure was performed as rapidly as possible to minimize 
redistribution of moisture. In the light-textured soils, a small amount of melting 
seemed to occur at the ice-water interface. This was not considered serious enough 
to invalidate the conclusions. 
Experimental Results and Discussion 

In all the experiments discussed in this paper, the temperature of the temperature-
conditioning liquids was not altered after the e}q>eriment was started. The freezing 
plane was allowed to penetrate naturally into the specimen. At the conclusion of the 
experiments, the length of the unfrozen portion was approximately 1. 75 in. when the 
temperature on the cold side was held at -6 C. With a cold side temperature of -3 C, the 
length of the unfrozen portion was about 2 in. 

Although the frost cell was designed to give a constant temperature over the unfrozen 
portion, this objective was not completely achieved. Two typical temperature distribu­
tions are given in Fig. 5 for sample No. 6 at the two different cold-side temperatures. 
In general, the temperature distributions were the same for all samples. There were, 
however, minor differences due to swelling which displaced the thermocouples to some 
extent. The temperature distribution in the frozen layer was not measured since it was 
found that, as the thermocouple wires were frozen in, there was some interference with 
the heaving process. It can be seen that the largest temperature gradient in the unfroz-
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en portion of the sample occurred immediately beneath the freezing zone. No influence 
of this temperature gradient upon moisture contents could be detected, i. e., the mois­
ture contents were essentially the same in all sections of the unfrozen sample at samp­
ling time. 

Figure 6 shows the heave-time relationship, plotted at 5-min intervals, when the 
cold side was maintained at -6 C and with a free water-table at the base of the specimen. 
There appears to be a relationship to soil texture evident in the comparison of Fig. 3 
with Fig. 6. The finer the texture of the sample, the greater is the rate of heave. 

The open system part of the experiment was terminated when it became evident that 
the maximum rate of heave had been obtained. (In the case of sample No. 4, the max­
imum rate was probably not obtained before the external source of water was cut off, 
as indicated by the shape of the heave-time relationship.) The end of each curve marks 
the time when the external source of water was cut off; further heaving could occur only 
as a result of internal water loss. It was then possible to determine the moisture tension 
induced in the unfrozen portion of each soil due to a freezing plane. 

Figure 7 shows the results of the heave measurements during the entire e:qperimental 
period which were terminated when the heave rate approached zero. As already noted, 
a very small amount of heaving was still evident in the heavy-textured samples when the 
experiment was terminated; a contribution attributed, in part, to vapour flow. Figure 8 
shows that the dominating characteristics of frost heaving are determined by the soil at 
the ice-water interface. These experiments were carried out in the same way as those 
summarized in Fig. 7. The lower curve shows the heave versus time relationship for 
sample No. 6. The results shown in the upper curve are for a specimen containing sam-
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Figure 7. The amount of lieave versus time for a number of different s o i l s (temp, of 
warm side I.5 C, cold side -6 C). 

pie No. 6 in the lower half and sample No. 3 in the upper half. The freezing zone re­
mained in the portion of the specimen containing sample No. 3, but when heaving ap­
proached zero, it had penetrated to within % in. of sample No. 6. The upper curve 
shows that the heaving characteristics were dominated by the soil at the ice-water inter­
face (sample No. 3), and that sample No. 6 acted merely as a transmission zone for 
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Figure 8. The amount of heave versus time showing the added heave from sample No. 6 
when the freezing zone i s located i n a layer of finer textured s o i l (No.3). 



60 

moisture f low when i t operated as an open system, and as a source of water supply in a 
closed system. 

Similar experiments with other soils confirmed these conclusions. The coarsest 
sample used as a transmission zone was sample No. 5 (the portion of finely ground 
sand passing the No. 325 sieve). These experiments indicate the ability of coarser-
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Figure 9. An enlarged schematic diagram of two different pore sizes showing stages In 
the movement of the Ice/water Interface with assianed freezing point depressions. 

grained soils to act as effective transmission zones or as sources of water supply, i f 
the f ros t line intercepts small layers or islands of heavier-textured materials. 

Tables No. 2, 3, and 4 show the moisture contents and corresponding moisture 
tensions when heaving approached zero i n a closed system. The numbers along the 
top of the table designate the position of the layers in the soil column. No. 1 being the 
bottom Vz-in. layer, No. 2 the second ^z-in. layer, etc. It should be noted that the 
f ina l moisture content was essentially constant throughout the unfrozen portion of the 
specimen fo r any given soil . The moisture contents of the unfrozen portion, which are 
essentially the same in a l l layers, ref lect the moisture tension induced by the freezing 
zone through the l iquid phase. The last column gives the moisture tension in terms of 
Schofield's pF. This pF value was obtained f r o m Fig . 4, which gives the pF/moisture-
content relationship for each sample. 

Table No. 3 gives s imilar data to that in Table No. 2, but f o r a temperature of -3 C 
on the cold side instead of -6 C. A comparison of the results fo r samples No. 4 and 6 
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in Tables 2 and 3 shows that the f ina l tension in the soil moisture is not influenced by 
the temperature on the cold side. 

In the case of the lower temperature, the f ros t line penetrated a l i t t le more than 
4̂ m . fur ther . The transient soil moisture tensions however, appear to be dependent 

on rate of heat removal. 
When the specimen was composed of layers of two different soil samples, the mois­

ture tension induced was shown to depend on the soil type in which the freezing zone 
was located. These results are shown in Table No. 4. By re fe r r ing the moisture con­
tents in Table No. 3 to Fig. 4, i t can be seen that the moisture content of sample No. 6 
was drawn down to that corresponding to the pF of the soil above i t which contained the 
freezing zone, m this case sample No. 3. A pF of approximately 2. 6 was induced when 
the entire specimen consisted of sample No. 6. This sample has an average moisture 
content of 25.3 percent at this pF. With the freezing zone in sample No. 3 above i t , 
the equilibrium moisture content was 11. 2 percent, which corresponds closely to thepF 
induced in sample No. 3. Similar i ly for the sand, i n sample No. 5 (passing No. 325) 
the moisture content was 31.3 percent (Table No. 3), but with the freezing zone in sam­
ple No. 3 (Table No. 4), i ts moisture content was reduced to 4. 25 percent. According 
to the pF/moisture-content relationship fo r this sample, the moisture content should 
have been reduced to about 2 percent at a pF of 3. 44. That this fai led to occur may 
have been due to a number of causes, such as sample No. 3 shrinking away f r o m the 
sand or that, at this very low moisture content, transmission of moisture was very 
low and the equilibrium conditions were not quite attained. Nevertheless, the amount 
of moisture released during f ros t action in closed systems appears dependent on the pF 
induced at the ice f ront and this, in turn, depends on soil type. The f iner the texture 
of the soi l , and consequently the smaller the pores, the greater the pF induced. The 
pF's induced when heaving approached zero ranged f r o m 1. 5 fo r a sand (sample No. 7) 
to 3. 7 in Leda clay (sample No. 4). These tensions e^ressed in psi are 0.9& and 120 
respectively. 

In the light of these experimental results, attention is now invited to some of the sig­
nificant features of a soil system which appear to be dominant m the development of soil 
moisture tensions during unidirectional freezing. 

Suggested Mechanism in the Development of Tensions 

It w i l l be recalled that the free energy of a system always decreases in a spontaneous 
change. If the temperature is lowered in an ice-water system originally i n equilibrium, 
the specific f ree energy of each phase at constant pressure w i l l change with temperature 
according to the following equation: df = -sdt. The phase with the greatest specific en­
tropy, s, w i l l have the greatest free energy fo r a given decrease in temperature. The 
spontaneous change w i l l be the conversion of water to ice which is made possible by the 
temperature drop. 

The size of a stable spherical crystal of a solid m its own melt is known to be tem­
perature dependent. The relationship is given by the following equation used recently 
bySi l l andSkapsk i (9 ) : 

2Tin < ŝl 

where r = radius of curvature of the crystal (cr i t ica l size); 

Ps = density of the solid; 

"^sl = interface tension between solid and l iquid; 

Qf = heat of fusion; 

T ^ = the temperature of melting at zero curvature of the sol id/ l iquid interface; 
^ and 

AT = the depression in freezing point below T ^ . 
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Application of this relationship to the unidirectional freezing of saturated sal t-free soils 
in a closed system, shows that the temperature at which an ice-water interface can ad­
vance ipto a soil pore depends on the size of the pore, i . e., 

ATo< i 

(where r is now considered to be radius of the soil pore). Thus i t can be seen that the 
radius of the soil pore sets the size of the advancing tongues of ice. It is then clear 
that the advance of the ice-water interface w i l l occur at a lower temperature in a soi l 
containing mostly small pores than in a soil in which large pores predominate. 

Winterkorn (1_0) has used the second law of thermodynamics to give a quantitative 
measure of the f ree energy or maximum amount of work available during f ro s t action. 
More recently Jumikis (11) has compared these theoretical values with experimental 
results obtained under dynamic conditions. The law is used here to describe the 
amount of work solely as a result of the depressed freezing point. Under these c i r cum­
stances, the amount of energy available is directly proportional to the freezing point 
depression and gives a method of evaluating AP w. the induced soil moisture tension. 

Qf ( T . - T i ) __ Q A T ^ V ^ A P ^ 

where Wmax = maximum work available or f ree energy; 

Qf = latent heat of fusion; 

T2 = the freezing point of f ree water and is equal to T ^ in equation (4); 

T i = the temperature at which freezing is occurring at the water-ice interface; 

AT = freezing point depression; 

= specific volume of water; and 

A P ^ = change in soil moisture tension at equilibrium as a result of AT. 

It has been assumed in Fig. 9 that a microscopic section of the soil-water-ice system 
can be represented schematically fo r purposes of c lar i ty . These sketches are not to 
scale and are merely intended to help to illustrate the pertinent features under discus­
sion. Stage 1 in both sketches shows that the water is freezing close to 0 C in the wide 
portion of the soil pore. In order for the ice to invade the narrow neck, a certain 
freezing point depression must take place, 1. e., the 0 C isotherm must advance ahead 
of the freezing plane to f u l f i l l the requirements of equation (4). In the case of the l a rg ­
er pore in Stage 2 of Fig. 9B, A T is much smaller at the soil-water interface. U l t i ­
mately, as the size of the pore considered is increased to the size that exists in coarse 
sand, the temperature of the freezing plane w i l l be very close to 0 C and a correspond­
ingly small tension would be induced in the soi l moisture. In the period between Stages 
1 and 2, a sufficient f low of water to the freezing zone may retard the advance of both 
the zero isotherm and the freezing plane. In this situation the rate of heat removal 
f r o m the freezing plane w i l l largely contr9l the rate of heave; i t is at this stage that ice 
lens growth takes place. When the f low of moisture is restricted, the temperature w i l l 
drop at a given point in the soil, larger pores may be emptied through connecting chan­
nels, and the process w i l l continue in the soil below. 

A phenomenon which is also possible is that crystallization may occur in soil pores 
below the existing ice-water interface before the water freezes in the smallest pores. 
Many cases of unfrozen layers have been reported In the l i terature. The invasion of 
ice by way of large surrounding pores may also occur and the complete development of 
freezing point depression, demanded by the smaller pores, may be interrupted. These 
considerations generally appear to account for the high moisture tensions developed in 
fine-grained soils and the relatively small tensions in coarse-grained soils which were 
originally saturated identically and subjected to the same temperature conditions. 

There are s t i l l many uncertainties that prevent the useful application of this concept. 
In equation (5), which relates the minimum radius of curvature of the solid-l iquid inter-
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face to freezing point depression, only approximate values f o r interface tension are 
available. It is indeed uncertain whether the equation can be r ig idly applied to minute 
pores where the force fields occupy a considerable portion of the pore or when the soil 
moisture is under tension in unsaturated systems. This point is discussed in some 
detail by Gold (12). While i t is generally true that the dimensions of the soil pores de­
crease with decreasing particle size no exact mathematical solution of pore size or pore 
size distribution is possible and, in the development of moisture tension, the existence 
of some large pores may tend to null i fy the effect of the smaller pores. 

Pore sizes in swelling soils w i l l vary with changing moisture content. Since the f reez­
ing phenomenon is a drying process, the soi l moisture tension induced i n this way w i l l 
tend to decrease pore size. The freezing point depression due to dissolved solids in 
the soil moisture is superimposed on the depression due to pore size. Since salts w i l l 
tend to accumulate during the f low of moisture to the freezing front , a satisfactory 
allowance fo r this effect is problematic. 

CONCLUSION 

The experimental results herein presented show that: (a) fo r the materials at the 
densities used, the rate of moisture f low due to unidirectional freezing in an open sys­
tem IS greatest for the heaviest-textured soil and least fo r sand; this could occur only 
as a result of higher moisture tensions induced at the freezing zone; (b) the moisture 
tension developed in a closed system appears to be largely dependent on soil texture; 
the greater the proportion of fines, the higher the moisture tension, and thus, more 
moisture is made available fo r heaving; (c) at two different cold-side temperatures, the 
moisture tension of the unfrozen portion was the same but caused only a shifting of the 
freezing plane; and (d) i n specimens prepared in layers f r o m two different materials, 
the moisture tension in the unfrozen portion is dependent on the material i n which the 
freezing zone is located. 

Theoretical considerations show that moisture tensions can develop in soils during 
freezing as a result of freezing point depressions. The freezing point at the ice-water 
interface and i ts radius of curvature must decrease as smaller pores are invaded by 
ice. As a consequence, higher tensions are developed in soils with small pores than 
with large pores. This appears to be in agreement with the experimental results pre­
sented. 
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A Possible Force Mechanism Associated with the 
Freezing of Water in Porous Materials 
LORNE W. GOLD 
Division of Building Research, National Research Council, Ottawa, Canada 

The thermodynamic equilibrium conditions for a water-ice interface 
in a pore of a porous medium are derived. It is found that, taking 
the geometry and physical dimensions of the pore into consideration, 
a positive pressure must develop between the ice and the solid in 
order f o r equilibrium to be maintained when the temperature at the 
freezing plane is depressed. A simple model ut i l izing this mecha­
nism exhibits the same properties as a frost-heaving so i l . The i n ­
fluence of a i r in the pores is br ie f ly discussed. 

# W H E N WATER is present in porous materials and is allowed to freeze, a force 
may be developed which is not directly related to the expansion that occurs when water 
changes to ice. Although many observations have been made on this phenomenon, par­
t icular ly i n the f i e ld of soil mechanics, a satisfactory explanation of the or igin of this 
force has not appeared. Experiments to date indicate how the magnitude of this force 
depends on certain physical characteristics of the system. The following are some of 
the facts observed during experiments that a theory on the or igin of this force must 
explain: 

1. During the freezing process, the freezing plane may remain stationary while the 
ice phase continues to grow. When this occurs, the frozen portion is displaced re la­
t ive to the unfrozen and a layer of ice, often called an ice lens is formed. The dis ­
placement may be microscopic or i t may amount to several inches. This displace­
ment occurs upwards in soil and is called f ros t heaving. The occurrence of heaving 
implies that: (a) Water i s drawn f r o m the unfrozen portion to the freezing plane by 
a force occurring at the freezing plane and is thus under tension; (b) The force devel­
oped at the freezing plane is capable of exerting the pressure required to displace the 
frozen portion relative to the unfrozen; and (c) The pressure thus developed is trans­
mitted f r o m the ice phase to the unfrozen solid through a mobile layer which has at 
least quasi-liquid properties since the ice phase can contmue to grow. 

2. The magnitude of the force that can be developed during the heaving process 
depends on the size of the pores in the solid. Generally, f o r a granular material , the 
smaller the grains the larger the force (1). 

3. The m ^ i t u d e of the force developed at the freezing plane can be observed in 
two ways: (a) I f the porous solid is confined and an unlimited supply of water is avai l ­
able, the magnitude of the force at the freezing plane is indicated by the amount of 
pressure which must be applied to prevent heaving; and (b) I f the porous solid is un-
confined, the magnitude of the force at the freezing plane is indicated by the tension 
that must be applied to the water to prevent heaving (2). 

Under normal conditions, a porous body w i l l contain both water and air . During 
freezing the solid-water-ice-air system undergoes changes in such a direction as to 
attempt to maintain thermodynamic equilibrium at the freezing plane. This paper de­
velops the conditions f o r thermodynamic equilibrium between a water-ice interface in 
a small space. The influence of a i r in the system, with the resulting more compli­
cated interface conditions at the freezing plane, is b r ie f ly discussed. 

Description of the System 
F ^ u r e 1 shows a hypothetical cross-section of the freezing plane in the pore space 

of a granular material . I t w i l l be assumed that the freezing plane occupies the x-y 
plane and heat conduction is i n the z-direction. Since the system is dynamic a t em­
perature gradient exists in the z-direction but i t w i l l be assumed that the temperature 
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difference between points A, B , and C is small compared to the depression of the 
equil ibrium temperature of the freezing plane f r o m O deg C. This would allow, to a 
f i r s t approximation at least, the application of thermodynamic principles to the esta­
blishment of steady state equilibrium conditions between A, B , and C. 

I t is assunied that a water f i l m exists between the solid particle and the ice. Such 
a f i l m on the surface of a solid has both liquid and solid attributes. A significant and 
sometimes very large pressure applied normal to the f i l m is required to cause i t to 
f a i l and, in this respect, its behaviour is sol id-l ike. In the plane of the f i l m there is 
a high degree of mobility and, in this respect, its behaviour is l iquid- l ike. Such a 
f i l m existing between the ice and solid would enable pressures to be transmitted f r o m 
the ice to the solid and s t i l l allow water molecules to move f r o m the pore space at A 
to the ice at C. 

The water in the unfrozen portion is continuous as described in publications dealing 
with soil moisture, and is capable of being placed under tension. Let this tension be 
Pt- I f the freezing plane is curved, pressures that owe their existence to this curva­
ture are produced in the ice immediately adjacent to the curve surface. The magni­
tude of this pressure is given by: 

in which C is a constant that depends on the interfacial energy between water and ice, 
and n and r» are the prmcipal radi i of curvature of the surface (3). The sign of pg 
depends on the curvature; i t is positive on the concave side of the surface and nega­
tive on the convex. Thus at B, pg = pg^ is positive, whereas at C, pg = p 'gi is nega­
t ive. As the ice at the mterface at C grows, a pressure is developed and transmitted 
f r o m the ice through the f i l m to the solid. Let the value of this pressure be p'ot-
This pressure would tend to zero as B is approached. 

Equi l ibr ium Conditions^ 

The independent variables involved in this problem are pressure and temperature. 
Therefore, when discussing equilibrium, the appropriate thermodynamic function to 
use is the Gibb's thermodynamic potential: 

g = u + pv - Ts 

in which g = thermodynamic potential in ergs per gm; 
V = specific volume, in cu cm per gm; 
p = pressure, in dynes per cm; 
s = entropy in ergs per deg K per gm; 
T = absolute temperature (deg K ) ; and 
u = internal energy in ergs per gm. 

For equilibrium to exist between A, B , and C, the thermodynamic potential must 
be the same at these points. I f a small change dg = vdp-sdT occurs, then dg^ = dg3 = 
dgQ when equilibrium is reestablished. In the following, changes m g are with re ­
spect to its value fo r T = 273.16 deg K and p = 1 atm. 

F i r s t consider equilibrium conditions between A and B. I f the temperature of the 
pore space drops by AT, the freezing plane w i l l advance. As the freezmg plane ad­
vances, the internal geometry of the solid requires that the surface take on a curva­
ture as shown in Figure 1. If we assume that the water is under a tension, the change 
in pressure at A is equal to dpA = Pt- The change in pressure at B at equilibrium is 
given by pgj + (pt - Psw) where pgw is the tension required in the water to establish 

* The author wishes to draw attention to a very recent paper, "Resistance of Concrete 
to Frost at Early Ages," by T. C. Powers, presented at the R I L E M Symposium on 
Winter Concreting, Copenhagen, February 1956, in which M r . Powers applies the 
same thermodynamic principles to f ros t action in concrete. 
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naturally the same curvature in the water 
surface as in the i c e . ' 

Psw = - Psi (2) 
I f the ice and water are to be in equi l ibr i ­
um at the freezing plane after the tempera­
ture change AT then 

vw Pt - S w AT = v i (2 psi + Pt) - S i AT. 
(3) 

Where the subscript w refers to values 
fo r water and i to values for ice. Thus 

= Pt (vw - Vj) - 2 v i Psi 

Sw - S i 

In Eq. 3 (vw - Vi ) and pt are negative, 
(sw - S i ) is positive. Therefore, i f the 
temperature is depressed below 273.17 
deg K, a curvature must develop in the 
freezing plane to produce a positive Pgi to 
reestablish equilibrium. From Eq. 1 and 
4, i t is seen that the greater the tension 
Pt, the larger is the curvature required to establish equilibrium between the ice and 
water for a given A T . The dimensions of the pores in the porous system impose a 
maximum value on the curvature of the interface. I f the conditions are such that a sur­
face with a larger curvature is required to establish equilibrium, the freezing plane 
would be able to advance to the next pore space. (In private correspondence the author 
has seen a discussion of this f r o m the point of view of the kinetics of freezing prepared 
by Dr . B. Chalmers and his associatef at Harvard Universi ty.) 

The variables m Eq. 4 are potentially capable of changing in value as long as the 
heat flow f r o m the freezing plane is greater than to i t , i . e., ice is being formed at the 
freezing plane. When the condition is reached in which the heat flowing to the freezing 
plane exactly equals the heat flowing away, a value of AT, p̂ . and Pg^ w i l l be associated 
with each pore, consistent with Eq. 4. The value of pt w i l l be the same fo r each pore. 

If we let the pressure at B , which corresponds to the maximum curvature compatible 

Figure 1. A hypothetical cross-section of 
the freezing plane i n the pore space of a 

granular material. 

*The reasoning behind the expression for the change m pressure at B is as follows: 

Consider the ice mterface BC and the corresponding water interface being esta 

? s i blished in air . The pressure at B m the ice would therefore be p,,. = Ĉ ĝ  + 

and the pressure in the water would be Pg^ = - C ^ ^ Yi) ^^^^^ ̂ i a depends on 

the surface energy for an ice-air interface and C^^ on the surface energy fo r a water-

air interface. Now, consider the ice surface replacing the air over the water surface 

as in Figure 1. C i ^ and C^ â become C ^ i which depends on the surface energy be­

tween water and ice. If the surface f i l m between the water and ice is to have the same 

curvature under the influence of pressure in the water only, then Pg^ = - C ^ i + ^ = 

-Psi- the pressure at A in the water must be equal to the pressure of the rest of^ 

the water in the porous solid (assuming flow is negligible) and can be controlled inde­

pendent of the surface curvature whereas Pgi existing in the ice is completely deter­

mined by the curvature. I f the pressure in the water at A is changed by p =^pj. - Pgw) 

and the curvature of the surface remains the same, an equal change in pressure must 

occur at B . 
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with the pore space, be Psim and the tension in the water be Pt, then the freezing point 
depression required to freeze a l l the water m the pore is given by: 

^ '^m = - v j ) -2 Psim Vj 

Sw - S i (5) 
Thus the greater the tension pt, the smaller is the freezing point depression A T ^ 
required to freeze a l l the water in the pore. 

In establishing the conditions f o r equilibrium between points A and C, i t w i l l be 
assumed that as long as the water in the pore space Is not completely frozen, a water 
f i l m exists between the ice and the solid. Figure 1 shows that a positive curvature 
developed in the Ice at B results in a negative curvature at C. Let the pressure at C 
due to this curvature be p'g^ as calculated f r o m Eq. 1. In this case p 'g j is essentially 
constant since the solid determines the values of n and r2. At C the pressure p'^^. 
also exists and is transmitted f r o m the ice through the f i l m to the solid. Thus the 
change in pressure at C is dpg = p ' s j + p'ot ^nd m order to reestablish equilibrium be­
tween A, C, and B , dg^ = dgB = dgc, v ^ pt - s^ AT = v i (2 pgi + Pt) - s i A T = v i 
(P'si + P'ot) - Si A T (6) 
Therefore, 

P'ot = 2 Psi + Pt - P'si 
Pt and p ' s i are negative and pgi is positive. F rom Eq. 7 i t is seen that depending on 
the values of pg^, pt and p'si, a positive pressure p 'q j is required to establish equi l i ­
br ium fo r a temperature depression A T . ' What Eq. 7 states is the obvious fact that at 
equilibrium the pressure in the ice at C must equal the pressure at B when A T at A 
equals A T at B . 

To have a clear understanding of the conditions imposed by Eq. 7, consider the case 
where the tension in the water is zero (p^ = O). If the temperature In the pore is de­
pressed by A T , the thermodynamic potential in the water is increased by dg;^ = - S y , A 
T and in the ice by dgc = dgB = - s i A T . But dg^ > dgB = dgc, therefore equilibrium 
w i l l be upset and the ice phase w i l l grow. To reestablish equilibrium, the pressure in 
the ice must be increased. This is accomplished at B by the positive curvature that 
develops in the freezing plane but at C this curvature is zero or negative, 1. e., dgc < 
dgB- Water molecules w i l l continue to migrate to C, therefore, unti l the build-up of 
ice at this point results in the development of the required positive pressure P'Q, the 
value of p'ot for pt = O . At equilibrium, the value of P'Q can be obtained f r o m the con­
dition dgA = dgB = dgc . -Sw A T = Vi (2 Pgi) - Si A T = Vi (p'gi + P'Q) - Si A T , there­
fore , 

P'o = 2 Psi - P'si (8) 
When Pt does not equal zero, p'ot as given by Eq. 7 is not due alone to the pressure 

developed by the formation of the ice lens at C and the subsequent heaving. I f the ten­
sion in the water is not satisfied by the curvature developed at B, i . e., i f the te rm pt -
Psw (see footnote 2) does not equal zero, then this unbalance w i l l contribute to p'ot-
I f Pt - Psw ŝ negative there w i l l be a net downward pull which w i l l result in a positive 
pressure contribution to p'ot at C. I f p'ot = p'o + P't' where p ' t is the contribution due 
to the tension in the water and p'o is the actual heaving pressure, then 

P'o + P't = 2 Pgi - P'si + Pt (9) 
Eqs. 4 and 9 give the conditions which must be satisfied at A, B , and C i f equilibrium 
is to be established when the temperature of the pore is depressed by A T and the 

' i n establishing Eq. 6 and 7, a possible contribution to p'ot due to the tension in the 
f i l m between the ice and solid at C, not balancing the tension in the water surface at 
B has been neglected. This component would be very d i f f icu l t to calculate since the 
f i l m , which must be in equilibrium with a l l surrounding pores, does not have the same 
behaviour as a liquid with regard to applied pressure. I t is possible that the f i l m 
over the solid can alter its thickness and thus its energy and in this way always main­
tain equilibrium with the forces at the periphery. This would imply that p 'g j would be 
altered accordingly. 
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O (no overburden pressure) then 

^si - P ' s i + Pt 
(10) 

ICE 

water is under a tension p^. K P'Q 

P't = 2 P, 
Eqs. 4 and 10 give the conditions that must be satisfied to establish equilibrium by 
applying tension to the water only when the pore temperature is depressed by A T . A 
l i t t l e thought soon indicates the di f f icul ty of determining explicitly the value of p ' t , f o r 
i t depends on the area over which the net downward pull of the water on the ice acts 
relative to the area over which p'^ acts. 

Limitations Imposed on p^ 

The increase of p^ in most problems encountered in practice is due to the drying 
action that results when water is drawn to the freezing plane. The distribution in pore 
and grain size would ensure a variation in the degree of advancement of the freezing 
plane through the various pores even i f the temperature depression were the same in 
each. Ini t ia l ly the temperature depression may be very large so that the freezing 
plane could advance readily through a l l pores i f conditions required i t . As the f reez­
ing plane advances or the heat f low away f r o m the freezing plane decreases, the t em­
perature gradient at the freezing plane would decrease and a time would be reached 
when the freezing plane would be unable to advance through the smaller pores in pace 
with the larger. This would mean that the freezing plane would establish different 
stages of advancement that could exist fo r appreciable t ime (Figure 2). Such 
projections as A (Figure 2), would tend to act as anchors because i f heaving 
occurs, solid particles B and C must also 
l i f t . Not onlv w i l l p\ be greatly increased 
but also the area containing A, B , and C 
w i l l be unable to contribute its maximum 
force-developing potential to the heaving 
pressure. 

As Pj becomes larger, the pores, de­
pending on their size, begin to empty of 
water. This probably has a great i n f l u ­
ence on the rate at which equilibrium can 
be established. Considering these fac­
tors , i t is expected that the rate of heav­
ing and the maximum developable heav-
pressure w i l l drop off rapidly when p j 
reaches a value large enough to initiate 
the emptying of the pores. 

Effect of A i r 
In the natural porous solid, a i r proba­

bly occupies a significant portion of a 
unit volume. Furthermore, as the water 
freezes, the air would be forced ahead of 
the freezing plane and, in t ime, much of 
the pore space at the ice-water interface 
would be occupied by air (Figure 3). I f 
the a i r bubbles are treated on the same 
basis as the solid, (surface energy terms 
being those f o r water-air and ice-air interfaces), the preceding discussion concerning 
equilibrium would s t i l l apply to points A , B , and C (Figure 3). 

The volume and pressure of the air in the bubble can change with t ime. The maxi ­
mum pressure that could be developed in the a i r bubble would depend on the water ten­
sion pt, the volume of a i r , and the minimum radius of curvature of the water-air i n ­
terface compatible with the pore size. The a i r bubble would begin to contribute to 
the heaving pressure when i ts radius exceeded the minimum compatible with the pore 
f o r , i f the air is to pass into the next pore, its pressure must increase unti l i t over-

SOIL 
PARTICLES 

Figure 
WATER 

2 . A hypothetical ice-water inter­
face in a porous material. 

I C E 

S O L I D S O L I D 

W A T E R 

Figure 3. A hypothetical ice-air-water 
interface i n a porous material. 
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comes the capi l lary forces associated with the water in the constriction between the 
pores. The expansion that occurs when water changes to ice i s a mechanism by which 
the pressure in the a ir bubble can be increased. 

Under normal conditions it i s possible that al l the interfaces at the freezing plane 
are either a i r - i c e or so l id - f i lm- ice . Since the interface energy associated with ice 
and water is probably much less than that associated with a i r and water (evidence to 
date indiciates that it i s l ess by a factor of 10) the forces associated with a system 
containing a i r should be somewhat larger than with one not containing a i r . 

A i r bubbles and columns that occurred in an ice lens formed in a water-saturated 
c lay - s i l t specimen, are shown in Figure 4 (magnified 16 t imes) . Of particular inter­
est is the shape of the bubbles and the fact that they occur in rows orientated in the 
direction of freezing, s i m i l a r to those formed when water freezes in bulk. The a i r 
bubbles are not resolved to the naked eye but appear as striations in the ice . The oc ­
currence of rows of bubbles with no solid part ic les in the immediate vicinity would 
indicate that certain sites must act as nucleating centers for a ir and, as the lens 
grows, parce ls of a i r are removed from these collection centers. 

DISCUSSION 

In the preceding section, the conditions were derived which must be satisf ied if 
ice and water are to be in equilibrium in a smal l space for a given temperature de­
pression and water tension. In pract ice , only one of the variables involved, pj., can 
be measured directly. To estimate the value of the remaining independent var iables , 

c 
o 
o 
<u 

Figure k. A i r bubbles and columns photographed i n an i c e l e n s 
formed i n a c l a y - s i l t s o i l (magnification l 6 x ) . 

assumptions mast be made regarding the curvatures associated with the pore and solid, 
the energy of the ice-water interface, and the temperature depression at the freezing 
plane in each pore. The nature of these assumptions would ensuue that the final values 
arr ived at would be no more than "educated guesses. " The heaving pressure , which 
can be measuued in pract ice , i s the sum of pressures in the ice integrated over their 
respective pore and solid areas . Thus it would appear impract ica l at this stage to 
bridge the gap between theory and observation, i . e. , to attempt to calculate possible 
heaving pres sures from theoretical considerations only. 

Perhaps the greatest use of the preceding theoretical considerations is in gaining a 
better understanding of the mechanism of frost heaving, the factors involved, and their 
possible relationships to each other in a pract ical problem. F o r instance, consider 
the very s imple system of spheres of radius r i (Figure 5). Let the minimum radius 
compatible with the pore space formed be r 2 . The number of spheres per unit area , 
equal to the number of pores per unit a r e a is proportional to 1_ . F r o m E q . 1: 

ri'^ 
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- 2C 
Psim -

P'si = 
2C' 
r i 

I f we assume'a constant temperature de­
pression AT in each pore consistent 
with water tension p^, then the contribu­
tion at equilibrium to the heaving pres­
sure by the ice in the pore = Pgi + Pj. and 
by the ice above the sphere = 2 Pgi + Pt -
p 'g j . Total maximum heaving pressure 
PQ would be given approximately by an 
equation of the following f o r m : 

. 1 
S i + Pt) -y ra + (2 Psi + Pt -

Figure 5. A hypothetical spherical parti­
cle arrangement for a porous material. 

{(P, 

P'si) p r ' } 
Therefore, 

7 and p constants. V« 7 X ^ 1 / \T2 r i / 
F rom Eq. 11 derived on the basis of a very simple model, i t is seen that the maxi ­

mum possible equilibrium heavmg pressure increases with decreasing particle and 
pore size. Eq. 11 also indicates that the heaving pressure required to establish equi­
l ib r ium can be reduced to zero by a sufficiently large water tension. If pj. = O, the 
heaving can be stopped by applying the pressure P^ . This system has the same be­
havior as is observed in practice. Eq. 11 also indicates that i f there is a correlation 
between pore size and particle size, a factor obtained f r o m the particle-size dis t r ibu-
i.1 „I_ „ r 1-T 4. 2 " r 1 — i-1 „ f 4.5 J. -jp where n^. is the number of par t i -

might be of value as a measure of susceptibility of a 
tion curve, which is a measure of the te rm 
cles per unit area of radius r , 
material to f ro s t action. 

Final ly, the following points should be emphasized with regard to the presented 
theory. The source of the force potential, which results in f ros t heaving and the move­
ment of water through the porous materials, is a temperature depression existing at 
the freezing plane. This temperature depression raises the thermodynamic potential 
of the water above that of the ice. If the temperature depression remains constant, 
the ice must raise i ts thermodynamic potential to be in equilibrium with the water. 
This can be done by increasing its mternal pressure at the freezing plane. In the pore 
space, this increase in pressure can be established through the development of a posi­
tive curvature in the ice surface; this fact is impl ic i t in the derivations of Eq. 4. I f 
the curvature required for equilibrium is too great, the ice w i l l propagate through the 
pore. 

For equilibrium conditions over the remaining freezing surface, i . e., above the 
solid particles, i t has been assumed for simplici ty in this presentation that the p a r t i ­
cles be spheres. This assumption is not necessary fo r p ' i , the internal ice pressure 
due to the curvature at the solid-ice interface, can have any value including zero (a 
f l a t surface). Equil ibr ium conditions s t i l l require that a positive pressure be built up 
in the ice above the solid (the pressure at B, Figure 1, must be equal to the pressure 
at C), and this fact is obvious when p'^ is made zero m Eq. 7. Therefore, any granu­
lar material has a potential fo r heaving, the f i r s t and most important requirement 
being that a temperature depression exist at the freezing plane. I f the granular ma­
te r i a l is very fine, i t w i l l be more susceptible to f ros t heaving because the pore size 
requires that significant temperature depressions be established at the freezing plane 
before the ice w i l l propagate through the pore. I f the granular material is very 
coarse, the contribution to heaving f r o m the pore space portion of the freezing plane 
w i l l be very small . Also, since the ice readily propagates through the pore, by the 
time the termperature depression at the so l id- f i lm- ice mterface is of a value to ensure 
an appreciable contribution to the heaving pressure, the particle w i l l l ikely be "frozen 
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i n " (Figure 2). I f the extraction of heat is rapid enough or the boundary conditions 
are such that water can migrate to the so l id- f i lm- ice interface before the ice has prop­
agated through the pore, then there is a possibility that heaving w i l l occur even in a 
gravel. 

As yet the boundary conditions which exist in a porous material , and to which any 
thermodynamic relation must be subject, are not adequately known. The theory ind i ­
cates that the following three variables are involved: 

1. The temperature depression at the freezing plane, 
2. The pressure existing in the ice, and 
3. The pressure existing in the water. 

Further carefully planned experiments are required to bring out the relationships 
that actually exist between these three variables in any particular situation. 
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Discussion 
WARREN L . LAWTON, Technical Development Branch, C i v i l Aeronautics Adminis­
t ra t ion, Indianapolis—The wri te r is of the opinion that the water causing f ros t heaving 
is being moved up under the ice by a positive pressure. There is no physical property 
that would produce a negative pressure in soil water greater than atmospheric pres­
sure. The forces that affect the flow of water in soil are cohesion, adhesion, surface 
tension, and viscosity. I t should be remembered that these fundamental properties 
can be varied by temperature, vapor pressure, interface conditions, salt content, and 
many other factors. 

These forces are a l l present in soil masses in the f i e ld . As the soil mass goes 
through cycles of wetting and drying or freezing and thawing, each force produces its 
own phenomenon. 

Cohesion tends to pull the water out of the voids and off of the soil particles and r e ­
turn the water to the water table. This force is l imited to a negative value of 14.7 psi 
f o r water, a tensile strength fo r ice, and a positive value fo r vapor pressure. 

Adhesion tends to hold the water to the particle of soi l . I ts value depends upon the 
molecules that compose both the surface and the inside of the soil particle. I t also de­
pends upon the distance between the water molecule and soil particle. The water af­
fected by adhesion is drawn toward the soil particle and produces a positive pressure 
on the water between i t and the soil part icle. 

Surface tension tends to move the water around unti l i t is uniform over everything. 
I t w i l l produce a positive or negative force in the water depending upon the pore shape 
and vapor pressure. 
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Viscosity only affects the moving water and l imi t s the quantity that can be moved 
per second. 

Now let us consider the f ros t action. If water is removed f r o m the surface of a 
soil particle, the water in i ts new state must have a greater cohesion than the ad­
hesion of water to the soil part icle, or i t w i l l return to the soi l . This means that the 
cohesion of ice is greater than the adhesion of the water. Since the freezing occurs 
on one side of the particle before i t does on the other side, the surface tension and 
thickness of the water f i l m w i l l be changed at this point. Both the surface tension and 
adhesion w i l l tend to drive the water f r o m the rest of the particle over this depleted 
area until equilibrium is again established. I f the forces tending to move the water 
are greater than the weight of the ice, the ice is l i f t ed . Then a new cycle starts and 
the ice crystal continues to grow. 

Since there is a water interface between the water on this particle and surrounding 
particles, water is moved f r o m al l particles to replenish the water removed by f reez­
ing. The same surface tension and adhesion is the force that moves the water f r o m 
one particle to another. The speed and quantity of water that moves depends upon the 
viscosity and capillary size. As long as the water is brought to the freezing plane, 
the ice crystal continues to grow. Should the water move too slowly or stop, the 
freezing plane w i l l move deeper into the soil . In a l l of this , i t is assumed that there 
is enough heat transfer to cause freezing. 

Freezing temperatures can and often do exist below the point of f ros t heaving. If 
this water is moving and is not frozen under these conditions, something must reduce 
the freezing point of the water. There are two possible causes, dissolved salts and 
increased hydrostatic pressure. Since there is no evidence of salt crystals being 
formed, the reduced freezmg point is caused by an increase in hydrostatic pressure. 
This pressure can only be produced by surface tension and adhesion. Cohesion p ro ­
duces a negative force which would elevate the freezing point of water. 
LORNE W. GOLD, Closure—Mr. Lawton's discussion does bring up two points upon 
which I would l ike to comment although, generally, I would conclude that we do not 
d i f fe r very much in our mental picture of what is happening at the freezing plane. 

Can water support a tension greater than 14. 7 psi? You certainly cannot grasp 
water and place i t in tension in a testing machine like you would a piece of steel, s t i l l , 
the energy of interaction between water molecules is of such an order that i t requires 
a very large tension to pul l them apart. When water exists i n a fine pore system or on 
a surface, then the forces associated with the interaction energy of the molecules play 
a major role i n determining the behavior of the water. In such a system, the inter-
molecular forces can become effective in a way they never could in larger hydraulic 
systems. I t is possible f o r water to withstand considerable tensions under such condi­
tions. On page 179 of Dorsey's book: "Properties of Ordinary Water Substance" r e f ­
erence is made to a number of papers describing experiments in which water was sub­
ject to tensions of over 10 atmospheres. 

In r e fe r r ing to the depression of the freezing point of water Mr . Lawton states: 
"There are two possible causes; dissolved salts and increased hydrostatic pressure. " 
I would like to point out that in deducing the change in freezing point with pressure, i t 
is not necessary that the pressure be the same on both the liquid and the solid and this 
must be recognized in making calculations. For example, if water is under a positive 
pressure greater than atmospheric and ice forms f r o m this water but is subject to at­
mospheric pressure, the freezing point of ice and water is actually greater than 32 deg 
F. Edlefsen and Andreson in their paper: "Thermodynamics of Soil Mois ture ," H i l -
gardia, Vol . 15, No. 2, February 1943, bring this point out quite clearly in Section 30. 



Temperature Effects on Phase Composition and 
Strength of Partially-Frozen Soil 

C. W. LOVELL, JR. , Research Enginper 
Purdue University, Lafayette, Indiana 

The pr imary objective of this study was the determination of the relative 
amounts of frozen and unfrozen moisture in several fine-grained soils over 
a range of below freezing temperatures. A secondary goal was the def in i ­
tion of the importance of subzero temperature (and phase composition) on 
the strengths of the same test soils. 

Three soils were util ized—a s i l t of glacial or ig in , a s i l ty clay of the 
Wisconsin d r i f t , and a clay derived in place f r o m limestone. The soils 
were characterized in the usual manner, and in addition their specific 
heats and behaviors m a desorption process were defined. 

The calorimetric method was used to determine the amount of ice in 
a molded specimen of known total moisture, density, and subzero temp­
erature. The phase composition of the test soils was found to vary sig­
nificantly between soils at a given temperature level, and to change s ig­
nificantly f o r a single soi l with lowering of temperature. For example, 
comparing soils molded to standard Proctor peak conditions, the fo l low­
ing approximate percentages of original moisture frozen obtained: at -3 C 
s i l t 73 percent, s i l ty clay 42 percent, clay 16 percent; at -25 C, s i l t 83 
percent, si l ty clay 62 percent, clay 50 percent. 

Attempts to correlate the results of experimental desorption tests with 
the calorimetric data met with very l imi ted quantitative success. 

Unconfined compression tests were undertaken at controlled subzero 
temperatures with stress rates of load i i ^ of 160 or 200 psi per minute. 
Maximum compressive stress demonstrated a high temperature depend­
ency f o r a l l test soils. For example, again comparing samples molded 
to standard Proctor peaks, the approximate ratio of compressive strength 
at -18 C to that at - 5 C was more than 4 to 1 f o r the sil ty clay and almost 
3 to 1 f o r the clay. 

I t was concluded that substantial proportions of the total moisture 
(defined by drying to constant weight at 105 C) of fine-grained soils may 
remain unfrozen at temperatures as cold as -25 C and that the changes 
m strength accompanying change in temperature within this range em­
phasize the practical significance of relative phase composition. 

• THE FACT THAT soi l moisture commonly remains unfrozen at temperature below 
0 C is a widely recognized one. I t is fur ther conceded that there are important i m p l i ­
cations or consequences of this phenomenon. For example, the very process of ice 
segregation in freezing soils is dependent upon the feeding moisture in the smaller 
pores remaining unfrozen. Also, accurate estimates of depth of freeze or depth of thaw 
of soi l require good knowledge of the temperature at which phase changes w i l l take 
place in the soil water. Finally, in the perma-frost regions of the wor ld the high capa­
cities of frozen ground to support loads may be util ized more rationally i f the phase 
composition of the ground at various subzero temperatures (-C) is reasonably defined. 

The pr imary purpose of the research reported herein then was to determine the 
freezing behavior of certain fine-grained soils—specifically to ascertain the relation­
ships between temperature, and percentages of soi l moisture unfrozen (or frozen) at 
such temperature. A secondary purpose of the research was to relate the above data 
to some measure of so i l strength—specifically, compressive strength. 

The number of variables that can be involved in a study of this purpose are under­
standably quite large. Temperature was an obviously c r i t i ca l variable, and the effects 
of i t were studied f r o m values just below 0 C to nearly -25 C. Soil texture was a second 
obvious variable, and three fine-grained soils of significantly different characteristics 
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were chosen—a clayey s i l t , a s i l ty clay, and a clay. 
The factors of moisture content and density (or unit weight) are very important, but 

due to physical limitations neither was studied as a pr imary variable. 
Direction, rate, and type of freezing are also obviously important. However, a l l 

test samples were given the same pr imary treatment of rather rapid cooling f r o m a l l 
sides without access to additional water dur i t^ the cooling process (closed—system 
freezing). This meant that the moisture was frozen substantially in place, and that 
the moisture content and distribution, and density of the test samples were "control­
led" to the highest degree believed practicable. 

Strength evaluation of par t ia l ly-frozen samples was achieved by means of the most 
simple type of test, undrained cylindrical compression in an unconfined condition. 
Loading was achieved at controlled stress rates apparently most descriptive and de­
sirable f o r par t i a l ly - f rozen soi l , approximately 200 psi per minute. 

SOIL MOISTURE 

The total amount of soil moisture present in a given quantity of soil is ordinarily 
defined a rb i t ra r i ly with references to a condition achieved by oven-drying to constant 
weight at 105 C. Even more important than the total amount of moisture present is 
the distribution of the moisture within the solid—voids system of the soil mass. Under­
standably, the definition of soil moisture distribution is a complex problem, and rather 
imperfectly answered by the present state of knowledge. 

Classification 

Soil moisture is ordinari ly classified in an engineering sense on the basis of d i f f i ­
culty of removal f r o m the soil mass by gravity drainage. On the most general scale, 
the breakdown is into "f ree" and "held" moisture. The free water may be removed 
f r o m the soil by ordinary drains. The held water may not be removed directly by 
gravity because of the force magnitude by which i t is held in soil pores or around th^ , 
soil particles. These forces in the ultimate may be complex combinations of attrac­
tions that are intermolecular, electrical, magnetic and gravitational i n nature. 

A further subdivision on the basis of drainability may be envisioned as indicated 
m Figure 1. 

A somewhat different approach to the classification of soil moisture may be made 
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Figure 1. Engineering c l a s s i f i c a t i o n of s o i l moisture. 
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on the basis of relat ive position of the moisture within the so i l pores, and on the r e l a ­
tive magnitude of force holding the water within the system. F o r example, Michaels 
(1) suggests that four types of water may exist in a wet soi l mass: pore water, so lva­
tion water, absorbed water and s tructural water. 

Suction 

Because of the attractive forces exerted by the soi l on the held water, this water i s 
considered to be in a state of negative p r e s s u r e , tension, or suction. Thus in a r e l a ­
tively wet so i l m a s s a l l a i r -water interfaces consist of menisc i , and the relative curva­
ture at each of these meni sc i i s indicative of the p r e s s u r e difference a c r o s s the meni s ­
cus , the suction of the liquid phase, and the equilibrium vapor pres sure of the gas 
phase. 

The vapor p r e s s u r e of the so i l a i r may be related to the saturation vapor pres sure 
at that temperature, and expressed as a relative or percentage humidity. Such p r e s ­
sure or relative humidity may be measured directly, or calculated from a knowledge 
of the magnitude of so i l water suction with which it exists in equilibrium. 

A number of approaches have been util ized to express the magnitude of so i l water 
suction. However, the range of values of possible interest i s so large that a logarith­
mic rather than arithmetic scale of reference i s commonly employed. Schofield (2) 
introduced the p F scale to meet the need for a convenient logarithmic scale of measure. 
If the so i l water suction i s e}q>ressed in terms of the length in centimeters of an equiva­
lent water column, the common logarithm of this length i s the p F value. 

The use of suction (pF) or of vapor pres sure (or relative humidity) allows a more 
rational approach to the problems of moisture retention and moisture movement. F o r 
example, moisture may or may not move from a location of high moisture content to 
one of lower moisture content, but w i l l always move (within the l imi t s imposed by g r a ­
vity) f rom, (a) low suction (pF) to high suction, or (b) high vapor pres sure (or relative 
humidity) to low vapor pressure . 

A s a further example, so i l water existing in equilibrium at a high suction value w i l l 
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freeze much l e s s readily with the lowering 
of temperature than would the same soi l 
water under lower suction. Indeed, the 
suction value may be used to calculate 
theoretical freezing point depression, a l l 
so i l water having the same theoretical de­
press ion at a given suction level . The 
quantities of unfrozen moisture in equilib­
r i u m at a given suction level and sub-zero 
temperature of course vary considerably 
from soi l to soi l . 

Freez ing of Soil Moisture 

The lowered or depressed freezing 
point of the water in soi l pores has been 
the object of much study. To brief ly sum­
marize , two general theories have been 
advanced to explain and describe this 
phenomenon: 

1. E a r l y investigations appear to have 
concentrated on the capacity of salt solu­
tions to lower the freezing point. At high 
moisture contents the concentration of the 
salt solution in the soi l water is relatively 
low, and the most free water in the system 
should freeze at only slightly depressed 
temperatures. However, as the moisture content is reduced, either as a resul t of 
desiccation by evaporation or by freezing process , the salt concentration of the r e -

Fig\ire h. C a l o r i m e t r i c equipment. 
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Figure 6. Molding c y l i n d e r and a c c e s s o r i e s . 
Figure 7- Cont r o l l e d f r e e z i n g cabinet 

( l e f t ) . Hydraulic loading press (r ight ) . 

maining liquid is increased, and progress ively lower temperatures should be required 
to freeze this liquid. The contributions of Bouyoucos (3, 4, 5, 6, 7,) in development of 
this theory are prominent. 

2. L a t e r investigations have indicated that the dominant role of influence belongs 
not to the concentration of the salts , but to the relative magnitude of the negative p r e s ­
sure or suction forces with which the soi l moisture is held within the soi l system. The 
magnitude of these forces var i e s inversely and exponentially with the distance from the 
soi l particle . Accordingly, the most free water in a wet soi l mass exists under r e l a ­
tively smal l suction force, and freezes at only slightly depressed temperature. A s 
such water is removed from the liquid phase by either evaporation or freezing, further 
freezing may occur only at significantly depressed freezing points because of the mag­
nitude of the suction under which the solvation water and absorbed water exist (1., 8). 
Beskow (9) formulated such an hypothesis based upon the "adsorption power" of the soi l 
part ic les . 

P a r k e r {10) compared the two causative effects and concluded that each contributed 
in about the following manner: (a) that the freezing point depression under very s m a l l 
suction was caused basical ly by the material in solution; (b) that the depression for 
water under intermediate suction was roughly additive of suction and solution effects; 
and (c) that the moisture at high suction had a depression controlled almost completely 
by the pressure . In addition, although the effect of the solution concentration increased 
with decreasing moisture content, at a l l but the very wet conditions of the soi l the p r e s ­
sure or suction effect apparently had dominant influence in determining the soi l water 
freezing point. 

No formal hypothesis of freezing behavior was formulated as a result of the r e s e a r c h 
reported herein. However, the belief that suction influence is dominant in al l except 
the very wet soi l conditions i s shared by this wri ter . 

D E S C R I P T I O N O F T E S T SOILS 

Three soi ls were selected: (1) A red-colored clay derived from limestone; (2) a 
brown glacial silty clay, pedologically c lass i f i ed as Crosby, " B " horizon; and (3) a tan 
glacial clayey si lt . The soi ls were selected partial ly on the basis of the difference in 
freezing behavior expected of them, and with the hope that these different behaviors 
would tend to "bracket" the f ine-grained soi l range. A l l soi ls are native to the state 
of Indiana. 

E a c h soi l was sampled in quantity, possessed, and subjected to the common s i m ­
ple characterization tests: Atterberg l imits , grain s ize distribution, specif ic gravity, 
and Proctor compaction. Proces s ing included disaggregation to pass the No. 4 sieve 
and a ir drying. Accordingly, the reported laboratory behavior of these soi ls i s to 
some degree peculiar to this processed condition, and may differ significantly f rom 
the in-s i tu behavior. 
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Results of the Atterberg l imits evaluation of plasticity, and the measurements of 
specif ic gravity of the so i l solids are presented in Table 1. 

T A B L E 1 

A T T E R B E R G L I M I T S AND S P E C I F I C G R A V I T Y 

Soi l L iqu id L i m i t P last ic i ty Index Sp. Gravity 

Clayey Silt 26. 8 5.3 2. 75 
Silty Clay 35.4 15.9 2. 69 
Clay 75.4 49.4 2.81 

G r a i n s ize distributions are presented in Figure 2, where the textural sca le shown 
i s that of the Unified Soi l Class i f i cat ion System ( U ) . Also on this f igure are tabulated 
percentages of the sand, clay and s i l t s i ze s (interposing a division between s i l t and 
clay s i ze s of 0. 002 mm), as wel l as the amounts f iner than the No. 200 sieve and 
0. 02 mm. The latter s ize i s a fami l iar one m frost susceptibility ratings (12). 

Moisture-density relations at the standard Proctor level of dynamic compactive 
effort are presented in Figure 3. 

S P E C I F I C H E A T D E T E R M I N A T I O N S 

Since a thermal approach to the problem of determination of relat ive phase composi­
tion (ice and water) of so i l s at subzero temperatures was adopted for this study, it was 
necessary to ascerta in speci f ic heat^ values for the test soi ls . 

A s might be expected, specif ic heats of the var ious inorganic so i l constituents are 
very s i m i l a r , and have in many cases been approximated by a single average value 
such as 0.19 or 0. 20* (13, 14, 15, 16), However, Kers ten (17) measured a s m a l l but 
definite decrease in specif ic heat with temperature, and concluded that values of 0.15 
to 0 .17 were more reasonable for temperatures of so i l freezing. These values are for 
the dry so i l solids. 

Apparatus and Procedure 

The use of ca lor imetr ic equipment and the general method of mixtures for deter­
mination of specif ic heats of so i l s i s reported in detail by Kers ten (17, 18). The 
specif ic equipment util ized in this study i s i l lustrated in F igure 4. 

The calor imeter consists of an outer metal jacket within which a large Dewar v e s ­
s e l with s i l vered surfaces i s mounted, an insulated cover with suitable openings for 
s t i r r e r , thermometer and introduction of sample, and two aluminum cups of approxi­
mate 250 and 500-mL capacity. 

S t i rr ing was accomplished with a glass rod powered by a variable-speed e lectr ic 
motor. The thermometers used had a range of -35 to +25 C , a least graduation of 
0.1 C , and were checked for calibration at the ice point. 

The procedure employed was somewhat different than that reported by Kers ten . 
Rather than introducing the so i l into the ca lor imetr ic liquid and observing the temper­
ature change that resulted, the test run was started with the so i l inside the ca lor ime­
ter and in equilibrium with liquid partial ly f i l l ing the cup. T o effect the temperature 
change, additional liquid of known temperature was added to the cup. T h i s method 
appeared to minimize experimental diff iculties, and did not require evaluation of the 
heat of wetting of the so i l solids. 

Heat exchange between the calorimeter cup contents and surroundings during test 
required the customary s m a l l correct ion on the plot of time vs . temperature to obtain 
the true temperature change. F o r these tests, the simple procedure of extending the 

^Specific heat i s defined as the quantity of heat required to change the temperature of 
a unit m a s s of a substance by one degree. 

^ Units are either ca l . / g m . / C or B t u ' s / l b / F . 
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TIME OF SAMPLE 
MTROOUCnON A/ERAGE ROGM TEMPERttTURE 

0«C 

BEFORE RATN6 
PERIOO 

AFTER RATNG 
PERIOO 

OK 

Figure 8. Schematic calorimeter curve. 

l inear "before" and "after" rating curves to the mid-point time of liquid introduction 
was used to define the true change. 

Since heat gained by the calorimeter and its contents equalled heat lost by the liquid 
added: 
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Where, S = specif ic heat of soi l solids 
W 

L C = weight of liquid in calorimeter 
W 

L A = weight of liquid added to calorimeter 
W 

S = weight of so i l solids 
Q 

L C = specif ic heat of liquid in calorimeter 
Q 

L A = specif ic heat of liquid added to calorimeter 
A T 

C = temperature change of calorimeter and contents 

L A = temperature change of liquid added to calorimeter E = water equivalent of calor imeter 

Resul ts 

Specific heats were determined at only two general temperature l eve l s -10 C and 
-15 C . An interpolated plot of specif ic heat and temperature for a l l soi ls i s presented 
as F igure 5. 

Some temperature dependency of the specif ic heats i s observed, and the absolute 
magnitudes of the specif ic heat values are in reasonable agreement with those p r e ­
viously reported. Additional experimental woru would have undoubtedly allowed r e ­
finement of these results . 

M O U L D I N G AND F R E E Z I N G T E S T S P E C I M E N S 

Moulding 

In preparation of test specimens it was considered quite important to exerc i se good 
control over the quantities of moisture content and density. Specif ical ly, it was de­
s i r e d to: (a) achieve a given moisture-density combination to the greatest pract ica l 
prec i s ion in a moulded sample; (b) achieve uniform moisture-density relations through­
out the sample; and (c) reproduce a uniform moisture-density condition between a num­
ber of samples. 

T h i s IS an old problem, yet one that has never been answered satisfactori ly , to the 
knowledge of this wri ter . It i s known that neither purely dynamic nor purely static 
type of compaction (as normally applied) achieves a uniform sample condition (19). 
Leonards (20) reports favorable resul ts with the use of static compaction on both ends 
of a sample with large diameter-to-height ratio, with subsequent cutting and tr imming 
of s m a l l specimens from the large compacted mass . 

F o r a variety of reasons, it was decided to establish, by t r i a l - a n d - e r r o r procedure^ 
combined dynamic and static compaction techniques which would produce the desired 
levels of moisture content and density uniformly in individual cy l indr ica l samples of 
s ize 1. 4 (dia . ) x 2. 8 in. The usual moisture-density level for sample mounding was 
arb i trar i ly selected as that existing at the peak of the standard Proctor curve (Figure 3). 

In such a t r i a l - a n d - e r r o r approach to the attainment of a given moisture-density 
combination with a given soi l and sample s i ze , many details of procedure may be v a r ­
ied: distance of static displacement, top and bottom; timing of displacement, top and 
bottom; length of period static load applied; allowance for rebound; number of l ayers 
for dynamic compaction; weight of dynamic compaction hammer; height of hammer 
drop; number of hammer blows; etc. Nevertheless, compaction techniques were 
worked out for the standard Proctor optimum moisture content conditions for a l l test 
so i l s . 

Molding proper was accomplished in stainless steel cyl inders complete with co l lar , 
compaction head, and compaction base. These items are i l lustrated in F igure 6. A l l 
were machined to very close tolerances. 

Samples were molded in s m a l l batches, and one sample from each batch was s l i ced 
into parts immediately after molding to ascertain that the des ired moisture-density 
level and uniformity probably obtained in the other batch samples , which were used in 
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duplicate f o r phase relation or strength determinations. The results of this same phys­
i c a l s l i c ing process of course constituted the original basis for selection of the appro­
priate compaction to be adopted for each des ired soi l -moisture-density combination. 
Such checks revealed that it was possible to control the molded moistures within one-
half to one percentage points, and the dry densities within two to three lb per cu ft. 

Thus , the molding procedures outlined above adequately served the purposes of 
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this study. However, the w r i t e r does not wi sh to part icularly recommend them be­
cause of the great amount of care and effort involved in proper execution. 

Freez ing 

Molded and extruded samples were brought to appropriate temperatures for phase 
relation or strength determinations within a f reezer . In the early phases of the study 
an ordinary horizontal-type deep freeze was used for this purpose. L a t e r , a special 
cabinet located within a w a l k - m cold room became available. T h i s cabinet, shown in 
general view by Figure 7, has a range of ambient to -20 F , and a temperature control­
ler with an on-off differential of 0. 5 F . The cabinet also has forced circulation from 
a s m a l l fan in the lid. 

Samples that were to be used for phase relation (calorimetric) tests had a 24-gage 
copper-constantan thermocouple inserted in their tops. The thermocouples not only 
provided good determination of init ial temperature in the calorimetry, but also served 
as excellent "handles" for the part ia l ly - frozen samples. 

The procedure for bringing soi ls to the appropriate subzero test temperature was 
to merely place them, e^^osed on a l l s ides, within the f r e e z e r preset at this part i cu­
la r temperature. Samples remained m this position for a period sufficient to ensure 
equilibrium with the f r e e z e r ambient—some 18 to 24 hours. During this time the s a m ­
ples experienced some redistribution of moisture due to the established cooling gradi­
ents, and lost some moisture to the atmosphere of the f reezer by process of l imited 
evaporation and sublimation. Checks indicated that the magnitude of these chances 
was smal l . I n any instance, the average moisture content of the sample used for 
either strength or ca lor imetr ic tests was determinate at the conclusion of such a test. 

Since molded moisture contents were always measurably below saturation and con­
ditions were not conducive to ice segregation, the samples did not exhibit significant 
volume increase on freezing. 

D E T E R M I N A T I O N S O F I C E IN P A R T I A L L Y - F R O Z E N S O I L S 
The ca lor imetr ic technique has apparently had a little application to the speci f ic 

problem of this study. Such technique has been used to determine the free water con­
tent of snow (21), and pre l iminary unpublished experiments on so i l s have been under­
taken by the A r c t i c Construction and F r o s t Ef fec t s Laboratory^, New England Divis ion, 
Corps of Engineers . 

Despite the l imited knowledge available with regard to use of the ca lor imetr ic method 
for part ia l ly - frozen so i l s , it was decided to utilize this technique rather than the d i la -
tometric (7,22) or other method. 

Br i e f l y stated, the technique involves placing a sample of known subzero tempera­
ture, moisture content and density into a ca lor imetr ic cup of relatively w a r m liquid 
at known temperature. The heat required to melt the ice i s indicated by the resultant 
temperature change within the calorimeter . By use of appropriate specif ic heats and 
the latent heat of phase change, it i s possible to solve the thermal equation for the 
weight of ice present. An additional s imple step permits calculation of the amount of 
unfrozen moisture at a given subzero temperature or of the percentage of total so i l 
moisture that was frozen at this temperature. 

Apparatus and Procedure 

The ca lor imetr ic apparatus i s described in the section "Specific Heat Determina­
tions". The only alteration required for this test s e r i e s was the substitution of a 
stainless steel s t i r r e r for the glass one shown in Figure 4. The glass s t i r r e r proved 
too fragi le to withstand occasional contacts with the sample in the calorimeter cup. 

T h e in i t ia l sample temperature (in the f r e e z e r ) was obtained by means of a thermo­
couple embedded in the sample. A conventional potentiometric setup was util ized to 
obtain such readings. 

Information furnished by M r . J . F . Haley, Ass is tant Chief of the Laboratory. 
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After the conventional "before" rating 
of the calorimeter and its liquid contents 
(water) had been established, and the 
temperature of the sample in the freezing 
cabinet determined, the sample was rapid­
ly transferred, suspended by the thermo­
couple wire, from freezer to calorimeter . 
Then followed the usual procedure of s t i r ­
ring and observation of temperature change 
with time, until a f inal "after" rating 
period was defined. 

Once within the calorimeter cup, the 
sample soon thawed, crumbled, and settled 
to the bottom. St irr ing could not serve to 
keep any appreciable portion of the soi l in 
suspension, but merely circulated the 
liquid within the cup and around the loose 
soi l part ic les . 

At the conclusion of the test the aver ­
age moisture content and density of the 
tested sample could be determined by 
weight differences of the calorimeter 
cup contents, and checked against the 
nominal moulded values. 

Method of Calculation 

The equality by means of which the 
amounts of ice present in the samples 
were determined is a simple thermal 
one which states that: 

Heat lost by the calorimeter and its liquid contents = heat gained by the soi l solids 
+ heat gained by the unfrozen moisture in the sample + heat gained by the ice in the 
sample + heat of fusion of the ice + heat gained by the water derived from the melted 
ice. 

Expres sed symbolically, the equation reads. 

Figure 10. D e t a i l s of hy d r a u l i c loading 
device. 

E A T ^ + W ^ ^ C ^ ^ A T ^ ŝ̂ ŝ ŝ ' (̂ w- ^i) ^WU^'^I 

. WjC^ATj . WjL^ . W^C^AT^ 
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W. 

^ W C 

^s 

^1 

w / i 
'wc 

c. 

water equivalent of calorimeter 

weight of original calor imeter water 

weight of soi l solids 

weight of total so i l moisture 

weight of ice (frozen moisture) 

weight of unfrozen moisture 

specif ic heat of original calorimeter water 

specif ic heat of soi l solids 

specif ic heat of unfrozen (undercooled) water (below 0 C ) 

specif ic heat of ice 

specif ic heat of water (above 0 C) 

latent heat of fusion of ice (at 0 C ) 



86 

ATj^ = temperature change of calor imeter and contents 

A T g = temperature change of soi l solids 

A T J = temperature change of ice and unfrozen 
(undercooled) moisture (below 0 C ) 

A T ^ = temperature change of soi l moisture (above 0 C ) 

A solution for Wj or ( W ^ - W j ) i s required. 
Specif ic heats for normal water, undercooled water, and ice were taken from hand­

book tables (23, 24) for appropriate "average" or midpoint range temperature. Specif­
ic heat values for the so i l solids were determined experimentally as previously descr ib ­
ed. The values used were , again, those at the midpoint so i l temperature. 

The latent heat of fusion of ice used in these calculations was that at 0 C . In other 
words, it was assumed that the ice was warmed to 0 C pr ior to melting. T h i s may or 
may not be the actual occurrence. However, use of the assumption considerably s i m ­
pl i f ies the thermal equation and probably introduces only a very s m a l l e r r o r under the 
given test conditions . Considering the o v e r - a l l prec is ion of the test s e r i e s , further 
refinements here were not considered justif ied. 

The temperature changes to be used in the ca lor imetr ic equation were determined 
from a plot of the t ime-temperature values. Such a plot i s presented schematical ly in 
F igure 8. To compensate for the effect of heat losses to the surroundings, a somewhat 
more refined technique than that employed for the specif ic heat determinations was e m ­
ployed. The rating portions of the t ime-temperature plot were extended, and by t r i a l 
and e r r o r with an ordinary polar planimeter the time value which defined equal areas 
on either side of the curve (shown as shaded portions of F igure 8) was defined. The 
temperature intercept between the extrapolated rating curves at this time was consid­
ered to be the temperature change that would have occurred in the calorimeter without 
any external thermal influence (25). 

T o ascerta in the adequacy of the ca lor imetr ic technique, a substance of known ther­
mal character i s t i c s and phase composition - ice - was melted in the calorimeter . Two 
test runs for init ial sample temperature of -6. 4 and -6. 3 C showed calculated percent­
ages of moisture frozen of 99. 3 and 99. Tpercent, respectively (as compared to the actual 
100 percent) . T h i s evidence supports the bas ic validity of the ca lor imetr ic technique. 

Results 

T e s t resul ts are summarized in Table 2. The dry densities shown are the average 
values for the samples , and were obtained by the product of molded sample volume (V) 
and weight of solids (Wg) in the calorimeter cup. The original moisture content (w 2)13 
also an average value for the entire sample, and equals the quotient' of total weight of 
so i l moisture (Wy^)—frozen and unfrozen, at the time of introduction into the c a l o r i ­
meter cup—by Wg. 

The fraction of so i l moisture frozen i s obtained by dividing the weight of ice (Wj) by 
Ww- T h e unfrozen moisture content (w) i s the quotient of the weight of unfrozen mois ­
ture ( W ^ - W j ) by Wg. 

Cer ta in samples of each soi l were molded to an average moisture-density combina­
tion different than that approximating standard Proctor optimum values. These s a m ­
ples appear in Table 2 under grouping 2. Average values and ranges® of values are 
shown for each grouping in the table. 

The relation between subzero temperature (T) and unfrozen moisture content (w) may 
apparently be most closely approximated by a parabolic expression of the f o r m w = c T ' " , 
where c and m are constants. T h i s relationship i s l inear on a log-log scale . 

' The difference in specif ic heats of ice and undercooled water is approximately ^2 ca lo-
r i e / g r a m / C , as contrasted to the latent heat effect of about 80 c a l o r i e s / g r a m . 
' Multiplied by 100 to give moisture content as a percentage. 
^Only a portion of the range indicated is unintentional variation. 
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T A B L E 2 

SUMMARY O F CALOraMETIC RESULTS 
Soil and Run Ongiiial Original Test Temper­ % Original Unfrozen w % at 
Group No. %(lb/lt3) *1 (%) ature (-C) Moisture Frozen Test Temoerature 

Silty Clay SIG 105.2 19.1 21 3 61.6 7.3 
Group 1 52G 106.4 18.6 22.0 62.4 7 0 

69G 108.0 18.4 8.3 52.7 8.7 
70Q 106.7 19.1 8.3 57.9 8.1 
71G 108.2 18.2 8.3 50. 8 9.0 
79G 105.0 21.3 12.4 58.2 8.9 
80G 106.3 19.3 12.2 64 9 6.8 
83G 105.3 20.9 0. 8 27.0 15.3 
840 106.5 19 5 1.1 32.5 13.2 

103G 107.7 18.7 3.0 38 2 11.6 
104G 108.3 16. 8 2.95 39 2 10.2 
109G 106.8 18.4 14.7 50.3 9.1 
l lOG 106 6 18.9 15.2 48.7 9. 7 

Average 106.7 19.0 
Range 105. 0 to 108. 3 16.8 to 21. 3 

Silty Clay 112L 111. 1 10.9 4. 55 14. 85 9.3 
Group 2 119L 112.2 11.5 13.4 53.3 5.4 Group 2 

120L 111.8 13.4 13. 55 34.3 8.8 
123L 110.6 13.7 23 5 43.9 7.7 
124L 111.6 13.1 23.8 45.7 7.1 
131L 110.3 11.8 5. 35 22.7 9.1 
132L 112.0 10.6 4. 85 28.3 7.6 

Average 111.4 12.1 
Range 110.3 to 112.2 10. 6 to 13.7 

Clay 
Group 1 540 90.8 27 8 23 9 48 1 14 9 

72G 91.4 28 0 7 8 32 2 19 0 
73G 91.7 27 4 7 8 30 0 19.2 
74G 91 9 27 7 7 65 31 1 19 1 
81G 90 1 29 2 12 3 44 4 16 2 
82G 90.7 28.4 12.15 44. 8 15 7 
85G 89.8 29 1 2 5 13 8 25 1 
86G 90.7 28.0 2 8 24 8 23 9 
90G 91 C 28 1 23 25 44.4 15 6 
91G 91 4 27 5 23 3 54 1 12 6 

lOlG 90 7 28 6 5 1 27 7 20 7 
102G 91 4 27 7 5 2 29 3 19 6 

Average 91 0 28.2 
Range 89 8 to 91.9 27.4 to 29 2 

Clay 
Group 2 I I S L 91.1 26.2 13. 55 35.9 16.8 

116L 91.7 24. 85 13. 55 39. 05 15.1 
125L 91.3 26.6 24 35 46.3 14.3 
126L 91.4 25 S 24.3 56.9 11.0 

Average 91.4 25. 8 
Range 91.1 to 91 7 24 85 to 26.6 
Clayey 
Silt 49G 108 8 16 0 22 65 86 9 2 0 

Group 1 66G 107.8 16.2 7 7 79 3 3.4 
67G 107 6 15 9 7 5 79.2 3.3 
76G 107.1 15 9 3 25 74 8 4 0 
87G 107 6 17.1 23 05 82 0 3 1 
88G 106.8 17 0 23 1 80.6 3 3 
96G 107 S 16.8 3 1 85 4 2.5 
97G 108.0 16 4 2. 8 67.3 5 4 
99G 107 5 16 4 5 8 72.7 4.5 

lOOG 107.2 16.5 5. 65 61.4 6.4 
Average 107.6 16.4 
Range 106. 8 to 108. 8 1 5.9 to 17.1 

Clayey 
Silt 77G 108.8 14.7 12.4 90. 8 1.4 

Group 2 68G 108.7 15.0 7.4 82 4 2.6 
75G 107.0 15.0 3. 35 82.5 2.6 
78G 108.6 15.0 12.4 92.4 1 1 

114L 107.6 14.0 13.2 86.3 1.9 
117L 107.7 IS.O 13.5 75.1 3.7 
118L 107.0 13.5 12.55 91.6 1.1 
121L 107.3 15.4 23. 75 83.2 2.6 
122L 107.6 14.6 23. 75 90.3 1.4 
127L 108.3 14.2 23.7 92.3 1. 1 
128L 108.8 13.4 23.7 98.7 0.2 
129L 107.9 12.8 4.75 96.6 0.4 
130L 107.6 12.6 5.25 79.6 2.6 

Average 107.9 14.25 
Range 107.0 to 108. 8 12.6 to 15.4 
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F igure 9 i l lustrates the sum total of experimental determinations. B y the method of 
least squares (26) the equation of the straight line which best fitted the total data for 
each so i l was determined. The scattering of points i s considerable, part icular ly for 
the clayey s i l t However, this f igure does c lear ly i l lustrate that the curves follow the 
qualitative pattern that would have been predicted f rom a knowledge of the so i l texture, 
plasticity index, or quantity of clay sizes—namely that with exposure to a given sub-
freez ing temperature the c lay w i l l contain more moisture in an unfrozen condition than 
the silty c lay, which w i l l in turn contain more than the clayey s i l t . 
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Other analyses were made breaking the data into groups as indicated in Table 2. A 
comparison of group 1 data, for which the average init ial moisture contents and dry 
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densities are very closely those of the standard Proctor compaction peak, i s made at 
selected temperatures in Table 3. 

T A B L E 3 

C O M P A R A T I V E P H A S E C O M P O S I T I O N A T S E L E C T E D T E M P E R A T U R E S 

Soi l 
Unfrozen Moisture Content w (percent) 

Soi l 
at -3 C at -15 C at -25 C Ratio 25 c 

Clayey Silt 
Silty C l a y 
C l a y 

4 .4 
11. 05 
23.6 

3.1 
8.0 

15. 8 

2 .8 
7.2 

13.9 

1. 55 
1.53 
1.70 

Percentage Moisture F r o z e n ( 1 IQQ] 

at -3 C at -15 C at -25 C „ -25 C 
Ratio _3 ^ 

Clayey Silt 
Silty C l a y 
Clay 

73.4 
41. 8 
16.3 

81.0 
58.0 
44 .0 

82.9 
62.1 
50.6 

1.13 
1. 48 
3.11 

D E T E R M I N A T I O N S O F P A R T I A L L Y - F R O Z E N S T R E N G T H S 

It was proposed to show by means of these tests the relative effect of the phase c o m ­
position (ice and water) pecul iar to a given so i l and part icu lar test condition on com­
press ive strength. Commensurate with the purpose of the strength determinations, the 
test procedures used were selected for: (a) s implic i ty , and (b) adherence to generally 
accepted methods. 

The type of strength test selected for this study was simple undrained unconfined 
cy l indr ica l compression. Sample s ize was 1.4 in. (dia) x 2. 8 in. The advantages of 
s implicity for this type of test are of course even stronger for part ia l ly - frozen mater ia l s . 

Until very recently, the only source of data relative to strengths of part ia l ly - frozen 
soi l s was that described in the foreign l iterature. Summaries of this data appear in 
MuUer (27), H e r r i n (28) and in part icular ly good detail in C o r p s of Engineers (29). The 
work of A m e r i c a n investigators i s now beginning to appear, for example, K e r s t e n and 
Cox (30) and Corps of Engineers (29)^ 

Stress-control led rates of loading are most common for part ia l ly - frozen soi l s (29), 
as contrasted to the s tra in rates popularly employed for unfrozen mater ia ls . In addition, 
partial ly frozen mater ia ls are usually loaded at what would constitute a very rapid rate 
for unfrozen soi ls . In this part icu lar test s e r i e s , samples were loaded at s t r e s s rates 
of either 162 or 200 ps i per minute. 

Apparatus and Procedure 

Loading was accomplished at controlled temperatures by means of a standard labo­
ratory model hydraulic p r e s s (F igures 7 and 10). Load was applied manually and read 
by cal ibrated load gages. The two gages used had load capacities of 2, 500 and 5,000 lb, 
with respective least divisions of 25 and 50 lb. 

Good loading-rate control was achieved by attaching a s m a l l synchronous motor (of 
the e lec tr ic clock variety) to the maximum hand of the load gage. B y means of inter­
changeable plast ic gear combinations, various speeds of movement of the maximum 
hand could be achieved. T h i s hand thus became a pacing hand for the manual operation 
of the hydraulic jack . Strain was recorded to 0. 001 in. by means of an ordinary 1-in. 
capacity dial . 

^Studies of strength properties of part ia l ly - frozen so i l s by the A r c t i c Construction and 
F r o s t Ef fec t s Laboratory, New England Div is ion are continuing. 
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TABLE 4 

SUMMARY OF PARTIALLY-FROZEN STRENGTH DATA 
Soil and Batch - Test Temp Average Average Rate of Loading • p (%) Max. StreSE 
GrouD Sample No. ( - C ) *1 (%) % (lb/ft") (psi/mm) ' I P (psi) 

Silty Clay 26-1 5. 15 15.3 106.5 162 5 35 424 
Group A 26-2 5.1 16.4 106.5 162 4 6 443 

27-1 10 25 16.7 107.1 162 9.0 645 
27-2 10 3 16.9 107 1 162 7 7 796 
28-1 17 7 17 2 106 4 162 12.7 1700 
28-2 17 7 17.2 106.4 162 8 5 1655 

Average 16 6 106.7 
Range 15 3 to 17 2 106.4 to 107. 1 

Group B 23-1' 13.5 12.45 112.0 162 7 3 909 Group B 
23-5' 13 5 12 45 112.0 162 5 5 974 
25-1' 5.1 11 2 111.2 162 3 6 558 
25-5" 5 1 11.2 111.2 200 2.3 527 
24-1' 23 65 13.4 111.1 200 5 4 1728 

Average 12.1 111.5 
Range 11.2 to 13 4 111 1 to 112.0 

Clayey 
487 Silt 19-1 5 4 8.3 116.8 162 1.7 487 

Group A 19-2 5 4 8. 1 116.8 162 1 95 491 Group A 
20-1 9 5 6.6 113.5 162 0.85 620 
20-2 9.45 7.6 113.5 162 1.6 715 
21-1 17.7 8.5 - 162 1 7 1210 
21-1 17.7 as - 162 1 0 1185 

Average 7.9 115. IS 
Range 6 6 to 8. 5 113 5 to 116. 8 

Clayey 
1295 Silt 15-1' 13.0 14 25 107 4 162 4 2 1295 

Group B 15-5' 13 0 14.25 107 4 162 4 1 1300 Group B 
16-1' 23.75 15.0 107 4 162 2 1 1624 
16-5' 23.75 15.0 107 4 162 3 1 1624 
17-1* 23 7 13.8 108 6 200 8 0 2516 
17-5* 23.7 13 8 108 6 200 7.0 2390 
18-1' 5 0 12 7 107 8 200 4.45 747 
18-5* 5 0 12 7 107.8 200 4.4 682 

Average 13 9 107 8 
Range 12.7 to 15.0 107.4 to 108 6 

Clay 16-1' 5 15 25 2 91 7 162 8.5 367 
Group A 16-2" 5 3 25.5 91 7 162 14 2 390 Group A 

17-1" 10.3 24.9 92 7 162 10 1 590 
17-2' 10 35 24 95 992 7 162 7.8 568 
18-1' 17.7 26.2 92 3 200 10 6 1007 
18-2' 17 75 25.7 92 3 200 9 1 1010 

Average 25.4 92 2 
Ranee 24.9 to 26. 2 91 7 to 92 7 

Group B 14-1" 13.55 25 5 91 4 162 16 6 812 Group B 
14-5" 13 55 25 5 91 4 162 7 9 649 
15-5" 24.3 26 05 91.3 200 6.0 1250 

Average 25 7 91 4 
Range 25.5 to 26. 05 91 3 ta91.4 

'GroupAl Avgw,= 12 0 Avg r. = 111 7 Range of w, = 11. 2 to 12.45 Range of 7. = 111. 2 to 112. 0 
'GroupAi Avgw,= 123 Avg 7. = l i t 15 Range of w, = 11. 2 to 13.4 Range of 7. = 111 1 to 111. 2 
' Group A l Avg W i = 14 6 Avg 7, 107. 4 Range of Wi = 14. 25 to 15. 0 Range of 7. = 107 4 to 107. 4 
* Group A2 Avg w, = 13 25 Avg % = 108 2 Range of W i = 12. 7 to 13. 8 Range of 7, = 107 6 to 109. 6 

Group 1 Avg w i ' 25.3 Avg % = 91 9 Range of v i = 24.9 to 25.5 Range of 7. = 91.4 to 92. 7 
" Group 2 Avg w i ^ 26 0 Avg = 92 0 Range of W i 25 7 to 26 2 Range of 7. = 91. 3 to 92. 3 

Strength samples were ei^osed on a l l s ides to the selected test temperature within 
the freez ing cabinet for a period of 18 to 24 hours. The loading p r e s s was also located 
in the cold room, which had an ambient closely equal to that of the f reezer . The sample 
temperature was considered to be the mean within the f r e e z e r , and the test was conduct­
ed m a manner to s tr ic t ly minimize change of this sample temperature. F o r example, 
the sample was touched only by objects of essentially the same temperature. 

The test was c a r r i e d sufficiently f a r to define a peak compress ive s t r e s s ( a I P ) . 
A s no corrected area formula was considered applicable, the molded or nominal s a m ­
ple area was used to convert load to s t re s s . F igure 11 i s a reasonably typical s t r e s s -
s tra in p l o t . 

R E S U L T S 

A l l strength data are summarized in Table 4. The average moisture contents ( w j ) 
l isted include a l l moisture, unfrozen and frozen, in the sample at the time of test. 

* The fa i lure of the curve to pass through the origin was due to minor phys ical difficulty 
in correlat ing zero s t r e s s and zero s train . 
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Figure 12. Variation of compressive stj-ength with temperature—all test s o i l s . 
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Average dry density values are those of "duplicate" check samples in the same soil 
batch. The pr imary breakdown of the data into groups A and B represents slight d i f f e r ­
ences in the test procedures which apparently were of only minor influence and are not 
discussed herein. However, within these groupings significant variations occurred in 
(a) speed of loading and (b) magnitude of in i t ia l moisture-density, necessitatii^ sub-
groupings f o r purposes of data analysis. These subgroupings are also indicated in 
Table 4. Within a given subgroupmg, speed of loading is constant and the moisture-
density combinations which existed at the time of testing show a rather small range of 
variation. 

Most of the tested samples demonstrated definite fai lure surfaces with an average 
approximate angle of 60 deg with the major principal plane. A few samples bulged at 
top or bottom under load. With a few other samples the upper swiveled loading head 
t i l ted considerably before peak load was reached. These diff icult ies were encountered 
most frequently with the sil ty clay. In only one sample (clay) did fa i lure appear to be 
definitely attributable to weakness along a compaction plane. 

A l l tested samples were later broken apart and examined f o r evidence of macroscopic 
concentrations of ice. In only the clay samples at temperatures of -10 C or lower were 
ice crystals visible. In the case of a l l other samples, the only ready evidence that they 
were part ial ly frozen was afforded by their coldness and by extreme hardness. Even 
very small fragments of the par t ia l ly-frozen soils could not be crushed between the f i n ­
gers, unti l heat f r o m the hand effectively thawed them. 

What is believed to be the most significant portion of the strength data is collected 
in Figure 12, which constitutes a graphical comparison of strengths between the three 
test soils. The comparison is most val id between the sil ty clay and clay, which at the 
time of compression tests existed at approximately standard Proctor optimum moisture 
content (ice and water) and maximum dry density. 

The linear variations shown are the results of least squares analysis. Equations of 
these lines i n the e^qponential f o r m , <r I P = c x 10™T^ are presented on the f igure ' . As 
was the case with the phase composition equations, these equations are val id f o r sub-
freezing temperatures within the test range, and only f o r soils that have been e^osed 
to sufficient undercooling to initiate freezing. 

Since the strength tests were not rational, the strength values presented are intend­
ed f o r use only in a comparative or relative sense. 

Large increases i n strength wi th decrease i n subzero temperature are shown by 
Figure 12. Comparisons at selected temperatures are tabled below. 

TABLE 5 

COMPARATIVE STRENGTHS AT SELECTED TEMPERATURES 

Maximum Compressive Stress <r IP (psi) 
Soil 

<r IP (psi) 
Soil 

-18 C 
at -5 C at -12 C at -18 C Ratio -5 C 

Clayey Silt 477 794 1227 2.57 
Silty Clay 420 894 1708 4. 07 
Clay 374 649 1042 2. 79 

The group 1 calorimetric data show that fo r the silty clay and clay soils at slightly 
higher but comparable moisture contents and at very nearly equal densities, the fo l low­
ing percentages of moisture frozen obtained at the previously tabled temperature values: 

"Where T is the numerical value of the subzero temperature, and c and m are evaluated 
contents. 
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TABLE 6 

Soil 
Percentage Moisture Frozen 

-18 C 
at -5 C a t - 1 2 C a t - l B C Ratio -5 C 

Silty Clay 
Clay 

47.6 
26.6 

56. 3 59. 5 
40. 8 46. 5 

1. 25 
1. 75 

Strictly comparable data is not available for the clayey s i l t . 
I t is seen in comparing two temperature levels such as -5 C and -18 C, that the un-

confined compressive strength increases exponentially with the relative percentage of 
moisture frozen. For the silty clay f o r example, the amount of moisture frozen at 
-18 C is only if* times that frozen at -5 C, but the compressive strength at the colder 
temperature is over 4 times that at the warmer level. 

Summary of Results and Conclusions 

Determinations of Ice in Part ial ly-Frozen Soils. In Table 2 are summarized the r e ­
sults of 59 separate calorimetric determinations of the phase compositions of the three 
test soils at temperatures f r o m -0. 8 C to -24. 35 C. The variation of unfrozen mois­
ture content (w) with subzero temperature (T) was found to assume the f o r m w = cT™, 
where c and m are constants. 

The test soils were found to d i f fe r significantly f r o m each other in phase composition 
at a given subzero temperature, and to change appreciably in individual phase composi­
tion with lowering of temperature. For example, comparing soils molded to standard 
Proctor peaks, the following approximate percentages of original moisture frozen ob­
tained: at-3 C, clayey s i l t 73 percent, si l ty clay 42 percent, clay 16 percent; at -25 C, 
clayey s i l t 83 percent, si l ty clay 62 percent, clay 50 percent. 

I t was concluded that very substantial proportions of the total soil moisture of f ine ­
grained materials (defined drying to constant weight at 105 C) remains unfrozen at 
temperatures as cold as -25 C. Apparently the more clayey the soi l , the greater the 
quantity of unfrozen moisture. 

The calorimetric approach to the solution of phase composition of par t ia l ly-frozen 
soils (as util ized in this study) required some simplifying assumptions, but was judged 
reasonably accurate and workable. Reproducibility of results f o r the clayey si l t soi l 
was poor. 

Estimation of phase composition of par t ia l ly-frozen soils f r o m experimental sorp­
tion data f o r these soils was given detailed consideration. An attempted correlation of 
such data with "converted" calorimetric and cooling curve data met with l i t t l e quantita­
tive success, and is not reported in this paper. 

Determination of Part ial ly-Frozen Strengths. Unconfined compressive strengths of 
samples of known moisture, density and temperature were obtained by means of a hy­
draulic press located withm a cold room. Tests were of the stress rate type, at speeds 
of 162 or 200 psi per minute. 

Compressive strengths demonstrated a strong temperature dependency. For example, 
again considering soils molded at approximately standard Proctor peaks, the approxi­
mate ratio of compressive strength at -18 C to that at -5 C was 4 .1 to 1 f o r the sil ty 
clay and 2. 8 to 1 fo r the clay. The changes in phase composition, expressed as a ratio 
of percentage of original moisture frozen at -18 C to that at -5 C, were 1. 25 to 1 f o r 
the s i l ty clay and 1. 75 to 1 f o r the clay. 

I t was concluded that the changes in phase composition of par t ia l ly-frozen f ine-gra in­
ed soils which can take place at temperatures of natural occurrence apparently are re ­
sponsible f o r large and important changes in unconfined compressive strength. The 
practical implications of the changes in strength coincident with change in subzero temp­
erature are of considerable significance. 
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Soil Moisture Transfer in the Vapor Phase 
Upon Freezing 
ALFREDS R. JUMIKIS, Professor of C i v i l Engineeri i^, Rutgers University, 
New Brunswick, N . J . 

In this study the validity of the assumption s e r v i i ^ as a basis f o r the soil 
freezing experiment is examined, namely, that the upward flow of soil 
moisture f r o m ground water toward the freezing ice lenses takes place 
vi r tual ly unaccompanied by vapor diffusion. 

Two cases were studied: (1) upward diffusion of vapor to a ir (voids in 
soil not f i l l e d with water), and (2) upward diffusion of vapor through water 
(soil voids f i l l e d with water). 

The study reveals that upon freezing the amounts of soil moisture trans­
f e r r ed in the vapor phase are smalL Therefore the mechanism of vapor 
diffusion in the soil freezing experiment can be considered as being of 
l i t t l e significance. 

# UPON freezing of the soil moisture flowing upward f r o m the ground water to the 
freezing ice lenses within a certain soil system a fundamental change in phase of state 
takes place, namely, water changes f r o m l iquid to ice. 

Soil moisture in the f o r m of vapor may also be present in that soi l system. Upon 
freezing, aqueous vapor also undergoes a fundamental change in phase, namely, vapor 
moisture transforms into ice. I t is obvious that i n the process of changing the phase 
temperature is always one of the necessary factors. 

In order that an upward f low of soi l moisture may take place, there must be, be­
sides temperature difference, a potential as wel l , v i z . , the presence of a pressure 
difference between the lower and upper parts of the system. 

The potential or driving force to cause the process of an upward flow of the soil 
moisture may be a hydraulic one (or, more precisely, a hydrodjynamic pressure), or 
i t may be a vapor pressure gradient with a pressure drop f r o m the lower part to the 
upper part of the system, that i s , i n the direction f r o m the ground-water table towards 
the freezing ice lenses. 

In order to study the physical process of the upward f low of soi l moisture upon 
freezing, and part icularly to learn what are the magnitudes of the pressure differences, 
v i z . , subpressures f o r various types of soil at various environmental conditions, and 
because a l l physical laws are derived f r o m experiment, i t is believed that soi l f reez­
ing should be studied experimentally. 

Assumption—In studying physical processes in a complex system such as the f reez­
ing process in soi l , and because of lack of certain scientific information which would 
serve as a basis f o r such studies, i t is necessary to make some assumptions at the 
outset i n order to agree on certain facts. 

In theorizing about the migration of the soil moisture and in planning a soil freezing 
experiment, one of the assumptions the author made is that the soil moisture transfer 
in the vapor phase ( = vapor diffusion) upon freezing is negligible, and therefore i t can 
be ignored (1_, 2). 

References to Other Authors—The aforementioned assumption was based on in for ­
mation given by several authors i n their works. Thus, f o r example, the noted geolo­
gist Gunnar Beskow, a Swedish authority on soil freezing and f ro s t heaving (3), rea­
soning f r o m his research and many f i e ld and laboratory observations, believes that in 
many cases the transfer of soil moisture towards the cold f ron t in the soil takes place 
by vapor diffusion, but that this is not always necessarily so, and that vapor diffusion 
is not a necessary step in the process of the upward migration of soil moisture to­
wards the forming and downward-progressing ice lenses upon freezing. 

A. W. Porter (4), a fo rmer professor of physics at the University of London, wr i tes : 
" A l l surface-tensions with which we have to deal are in reality interfacial tensions, 
since a l iquid is always in contact with i ts own vapor or the gas in which i t is immersed. 

96 
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The effect due to the gas is known, however, to be very s m a l l . " 
Another reference relative to this subject i s found in the works of H. F. Winterkorn 

(5), who writes that the phenomenon of the soil moisture diffusion in the vapor phase, 
caused by vapor pressure differences, is of l i t t l e practical importance. 

The Problem—In order to learn the significance and the effect of vapor pressure 
and vapor diffusion in the soil freezing process, and in order to examine the validity 
of the assumption that the upward flow of soil moisture upon freezing is vir tual ly un­
accompanied by vapor diffusion, this assumption was studied theoretically, using as­
sumed values f o r physical constants. 

In this study only soil freezing with water supply solely f r o m the ground water is 
considered because freezing under such conditions, subsequently followed by thawing, 
causes the greatest damage to highways. 

Vapor Diffusion 

Two Kinds of Soil Freezing—In thermal soil mechanics two principal types of soil 
freezing can be distinguished: (1) freezing with possible upward water supply f r o m 
the ground-water table (real or perched) to the downward-freezing ice lenses, and (2) 
freezing when there is no ground water present, or when the ground water is too deep 
to affect the soil freezing, i . e., no water supply f r o m ground water to the freezing 
ice lenses is available. 

As previously explained, only the f i r s t case is examined here. 
The soi l voids proper may be considered as substantially a network of small , i r r e g ­

ular cellular units or, f o r simplicity and convenience of explanation, as i r regular cap­
i l l a ry voids or tubes. The soi l voids communicate with each other through narrow 
necks at the contact points of the soil particles (Figs. 1, 2 and 3). 

The voids of a soil may be f i l l e d with 
water, gas (for example, a i r , moisture 
vapor, or gases dissolved i n groundwater), 
or both moisture and gas. Thus, the p r i n ­
cipal constituent parts of a soil are: the 

solid soil part icles, or simply solids, the f ' ^ T " ^ - N E C K AT CONTACT 

water and the gas. I t is generally assumed • — : 1—VOID 
that most of the volume of the voids of _ %#_eni | oADTiri F 
frost-susceptible soils such as s i l t , clayey ^ ' ^ 
s i l t and si l ty clay is derived f r o m capil- - N—MOISTURE FILM 
laries f i l l e d with soi l moisture, assuming 
that ground water is present in the soiL ^^sure l . N^row necks at the contact 

If a certain volume of a i r , vapor or gas ^"^^^ °^ partlcXes. 
i s entirely surrounded by water i t i s called a globule or bubble. 

Thus soil can be considered as a porous medium, and thereby as a disperse system. 
As such, i t can be considered as a car r ier of soil moisture, aqueous vapor or gas. 
Vapor and gas are transferred through the voids of the soi l , f i l l e d or not f i l l e d with 
moisture, by way of diffusion. Diffusion, in i ts turn, is effected by aqueous vapor 
pressure difference as a driving force. 

Vapor Pressure—Diffusion of aqueous vapor in a soil system generally takes place 
when there exists a vapor pressure difference. Hence, vapor pressure difference 
can be considered, among other potentials which are available fo r the transference of 
moisture in so i l , as one of the potentials or dr iving forces causing the soil moisture 
to move upward in the vapor phase, I t is obvious that i n a laterally insulated system 
consisting of a soil sample i n the f o r m of a ver t ica l cylinder (where the moisture 
f i l m s are connected with the ground water table) and subjected to freezing f r o m its 
top, the vapor pressure must be larger at the lower end of the system and smaller at 
the upper end (Fig. 4). This i s because in wintertime, when temperatures of the a i r , 
v i z . , ground surface, are at o r below freezing, the upper layers of the soi l are cool­
er than the lower ones. Thus d u r i i ^ a freezing season heat i n soil i s f lowing upward. 

Diffusion Caused by Several Factors—The upward diffusion of soil moisture in the 
vapor phase by vapor pressure can take place under the following conditions: 

MENISCUS 



98 

SOIL PARTICLE 
VOIDS 

AIR OR GAS BUBBLE 

SOIL MOISTURE FILM 

Figure 2, Idealized capillary network. 

1. There might be a difference in tem­
perature (T i - Tz) at the bottom and top of 
the freezing soil system, the bottom being 
at a higher temperature (v iz . , ground-wa­
ter temperature, which, depending upon 
the depth below the ground surface, varies 
during a winter, according to the author's 
observation, f r o m about 6 deg C to 10 deg 
C) than the top (freezing temperature at 
about 0 deg C as i t would be during a f reez­
ing season). Such temperature differences 
cause a vapor pressure difference (pi - P2) 
under the influence of which aqueous vapor 
diffusion in soil takes place. Thus, p i - P2 
= f ( T i - T2). 

2. There might be a vapor pressure 
difference in soil due to a difference or variation in capillary moisture surface ten­
sion, S, i . e., p i - p2 = f(S). 

Upon the commencement and prevalence of such conditions the assumed continuous 
threads, paths or capillaries of soil moisture, part icularly the weaker stressed part 
which is located farthest f r o m the soil particles and may merge with that absorbed to 

SOIL PARTICLE 

U 

ICE CRYSTAL 

t. 
MOISTURE FILM (HULL) 

AOSORPTIVE FORCES 

UPWARD SUCTION 

MOISTURE FILM (HULU 

SOIL PARTICLE 

Figure 3. Sketch I l lus t r a t ing the concept of the upward flow of s o i l moisture toward 
an ice crystal . 
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the surface of an adjacent soil part icle, can under certain circumstances be interrupt­
ed by the' formation of vapor or gas bubbles. Thus, diffusion and condensation of soil 
moisture would take place within the freezing soil system. 

SURFACE 

.6ROUr4D SURFACE 

TEMPERATURE 
- 4 - 2 0 2 

FROZEN ZONE 

ICE LENS-

FROST BOUNDARY' 

DIFFUSION OF 
VAPOR 

D* 0 200 ; 

a VAPOR CON-
3 FINED IN A 
f E SPHERICAL 
^ BUBBLE 

GROUND-WATER 
_ TABLE^ 

1 F R O S T 
uio PENETR 

DEPTH frozen soil - V / V 

unfrozen 

P.< : const 

GROUND-WATER 

2r IS THE DIAMETERI 
OF AN IDEALIZED 
CAPILLARY TUBE 
AND OF THE BUBBLE 

UPWARD 
DIFFUSION 

OF 
VAPOR 

THERMAL 
CONDUCTIVITIES 

TAUTOCHRONE 
AND 

TEMPERATURE 
CONDITIONS 

PRESSURE 
CONDITIONS 

PRESSURE 
GRADIENTS 
(DRIVING 
FORCE) 

Figure \ . The freezing s o i l system-upward d i f fus ion of vapors. 

I . Diffusion as a Function of Temperature 

Diffusion System— Assume that at the beginning of the freezing period and at the be­
ginning of observation there is present in an idealized soil capillary, besides soil mois­
ture, also some water vapor in the f o r m of bubbles which are surrounded by water. A s ­
suming also that those voids which are not occupied by water communicate with each 
other through the narrow necks at the contact points of the particles and that in these 
voids there is some vapor present, this case becomes essentially a problem of diffusion 
of one gas into another, or, in other words, diffusion of aqueous vapor to air (Fig. 4). 

Temperature Conditions—Now, upon freezing, the soil gradually chills f r o m the 
ground surface down (see tautochrone. Fig. 4). However, because the air in the bubble 
has a relatively smaller coefficient of thermal conductivity than the chill ing soil (includ­
ing a i r m the voids) above the bubble, there is established a relatively large temperature 
difference across the bubble between i ts temperature and that of the soil above the bubble. 
Because the temperature within the bubble is greater than that of the soil above i t , the aque­
ous vapor within the bubble is also greater than that outside and above the bubble. Such a 
condition may cause more vaporization and consequently cause the aqueous vapor m the soil 
to flow upward. Thus, the aqueous vapor has a tendency to diffuse f r o m places of higher 
pressure to places of lower pressure unti l a pressure equilibrium is achieved. Also when 
the moisture content of the soil is uniform throughout the system vapor diffuses with 
the temperature gradient, i . e., in the direction of heat flow. These conditions are 
illustrated schematically in Fig. 4. 

Soil temperature measurements during the years 1949 to 1955 at Rutgers University 
show that the average soil temperature gradient during several winters in 34 types of 
New Jersey soils fo r depths f r o m zero to about 30 inches below the ground surface vary 
f r o m i ^ = 0.038 to 0.078 deg C/cm, or approximately f r o m i ^ = 0.04 to 0.08 deg 
C/cm. 

Because of the physical quantities involved, as wel l as f o r convenience, let us in 
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this study avail ourselves of the significance of the soil moisture diffusion in the v ^ o r 
phase by vapor pressure as the driving force to the c. g. s. -system. 

Thermal Properties—Assuming fo r a i r containing some aqueous vapor a coefficient 

(10" ' ) 

and one f o r a moist soi l near f r e e z i i ^ temperature of 

of thermal conductivity of ' a i r (5.1) cal 
cm • sec 

their ratio 
Ksoi l 

^ a i r 

(252) 

(5.1) 

(10"") 
cal 

cm • sec • ' C > 

K soil (252) 
( 1 0 " ) ^ 1 

50 (10"") 
shows that i n this example the coefficient of thermal conductivity of a i r i s approxi­
mately 50 times less than that of the soi l . 

Upon chilling the soil downward, such a ratio of thermal conductivities wouldgive us 
a thermal gradient across the aid space or bubble of vapor or gas between 2 - 4 deg C/cm. 

Vapor Pressures—It is known that the pressure of a saturated vapor is determined 
only by i ts temperature. Also the pressure is independent of i ts volume i f the temper­
ature is unchanged. Thus, the vapor determines i ts own volume fo r any given temper­
ature. The saturation vapor pressure of an aqueous vapor is defined as the pressure 
at a given temperature when completely saturated. 

Aqueous vapor can be admixed to the soil a i r or to the atmospheric a i r i n a l imi ted 
amount only. This is true because i ts part ial pressure can never be greater than the 
saturation pressure at a given temperature. Therefore, i t is satisfactory in this 
study to neglect the consideration of the degree of saturation and/or the relative hu­
midity and to operate here merely with the saturation vapor pressure, which are the 
maximum pressures. 

Table 1, Column 2, gives an idea of the magnitudes of the saturation vapor pres­
sures Pmax ™™ mercury at various temperatures and pg = 760 mm Hg under 
standard pressure conditions. These Pmax -values were taken f r o m the International 
Cr i t i ca l "Tables (6). Column 3 of Table 1 shows pressure differences of water vapor 
in mm Hg. Column 4 shows the weight of water in grams per cubic meter of saturated 

aqueous vapor (= absolute moisture) Dy, 
which is also known as the density or unit 
weight of vapor at a given temperature. 
Vapor densities Dy as in Column 4 were 
calculated by the combined Boyle's-
Charles'-Gay Lussac's general gas law 
by means of the following equation (7): 

/ Pmax X 
\ O K ' ' 

p 

in mm Hg 

7 0 0 0 

t/m' 

eooo y 

5 0 0 0 
(mmH^ 

'mox 

> ^ ^ 4 D 0 0 

3 0 0 0 

D^ = (288.9) 

• K = 273" C + T " C 
(1) 
(2) 

- 5 
- T ' C 

- 4 - 3 - Z - I 

where 

is the absolute temperature of the vapor 
Dy, In Column 5 i t i s shown that the aver­
age aqueous vapor pressure differences f o r 
1 deg C temperature difference within a t em­
perature range f r o m 0 deg C to 5 deg C is ap­
proximately 0.38 mm Hg. 

Aqueous vapor pressures Pmax vapor 
densities Dy as a function of temperature 
are also shown in Fig. 5. From this graph 
i t can be seen that as the temperature of 
the soil moisture increases, the vapor ex-

.pands and the pressure of the saturated vapor increases. Viceversa, when the vapor is 
cooled heat is abstracted f r o m i t and the vapor w i l l contract 

Whenever the temperature of the soil moisture, v iz . , soi l , is known the vapor pres­
sure can be found f r o m Fig. 5 or f r o m Table 1. 

Figure 5. Vapor iiressure and density 
curves. 
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TABLE 1 

SATURATED AQUEOUS VAPOR PRESSURES 

Soil A i r 
Temper­
ature "C 

Saturated Aqueous 
Vapor Pressure 

Pmax> 
in mm Hg 

Differences, 
in mm Hg 

Vapor 
Density 

Dv 

in g / m ' 

Average 
Vapor 
Pressure 
Difference 

in 
mm H g / ' C 

1 2 

-5 3.163 
-4 3.410 
-3 3. 673 
-2 3. 956 
- 1 4.258 
0 4. 579 
1 4. 926 
2 5.294 
3 5. 685 
4 6.101 
5 6. 543 
6 7.013 

0. 247 
0. 263 
0.283 
0.302 
0.321 
0.347 
0.368 
0.391 
0.416 
0.442 
0.470 

3. 353 
3.615 
3.893 
4.193 
4.513 
4.854 
5.222 
5.612 
6.026 
6.467 
6.934 
7.434 

0. 380 

Pressure Differences—For temperatures of 2 deg C to 4 d ^ C (near freezing), as 
seen f r o m Columns 3 and 5 of Table 1, the average difference in aqueous vapor pres­
sure is about 0. 38 mm Hg per d^ ree centigrade. Thus, f o r temperatures f r o m 2 deg 
C to 4 deg C per width x of the a i r space, that i s , "thickness" of the bubble, the cor­
responding average vapor pressure differences can be calculated 

as 2 X 0.38 = 0.76 mm Hg 

and 4 X 0.38 = 1.52 mm Hg, 

respectively. This corresponds to a variation in unit pressure gradient of 1.034g/cm* 
and 2.06 g / cm ' , respectively, or, assuming that the unit weight of one cubic centimeter 
of water i s one gram, the above pressures, e:q>ressed in terms of pressure heads of a 
column of water, are: dp = 1.034 cm and dp = 2.06 cm, respectively. 

Diffusion Theory—The phenomenon of upward diffusion of so i l vapor is analogous to 
diffusion of a gas through another gas. In this study the two gases are the aqueous va­
por and a i r . Thus, our vapor diffusion problem in the soil freezing e:q>eriment can be 
treated by Fick's f i r s t law of diffusion (8). In this law i t is assumed that the diffusion 
of matter i s analc^ous to the heat transfer in the steady state through a slab according 
to Fourier 's law, the difference being that the coefficient of gas (vapor) diffusion D 
takes the place of the coefficient K of the thermal conductivity. 

Thus, according to Fick's law the quantity W of a gas or vapor in a translational 
perpendicular diffusion through a given cross-sectional area A of the diffusion capillary, 
in a short t ime interval dt, and at constant temperature, is proportional to this area, 
to the time and to the concentration gradient ^ • Generally, 

W = -D . A . ^ • dt (3) 
dx 

where 
W = quantity of a substance in grams diffused during t ime t through area A ; 

D = constant of proportionality, i n cm^/sec; 

A = cross-sectional area, i n cm*; 
c = the concentration of the diffusing substance given as amount of substance 

per cubic centimeter; 
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dc 
d5 

coordinate perpendicular to a reference plane, or distance in cm along 
the path of diffusion; and 

concentration gradient (Fig. 6). 

The minus sign indicates that diffusion takes place f r o m a region of higher concentration 
to one of lower concentration. 

The te rm "concentration" is a very important concept f o r the understanding of the 
solution of a problem. This term means a quantity of matter, expressed in moles or 
grams contained in a unit of volume, f o r example, cubic centimeter, or l i t e r , or cubic 
meter. 

According to Jost(9), the unit chosen fo r the quantity of a substance in the definition of 
diffusion W given above is not specif ied, since the law of diffusion is independent of the spe­
cial choice. Therefore, the following units, generally, can be chosen: mass (m grams or 
any other unit); number of molecules; cubic centimeters of gas at standard temperature 
and pressure conditions; or whatever unit may seem most convenient in the case under 
consideration. 

The coefficient of proportionality, D, is termed the coefficient of diffusion f o r one 
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a ) DIFFUSION SYSTEM b) PRESSURE DIAGRAM 

Figure 6. Vapor d i f fus ion . 
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gas to another gas, in ^™ • In this problem the two gases are vapor to air . Here, 
this coefficient represents a quantity of gas by we^ht diffusing one cm per second 
thro i^h an area of one square centimeter when the concentration gradient is a unity. 
At O'C and 760 mm Hg pressure, the coefficient of vapor diffusion into air is 

D =' 0.203 as determined by H. Houdaille ( 1 ^ , and 

D = 0.198 as determined by A. Winkelmann ( U ) . 

For this study i t is satisfactory to assume a value f o r vapor to a ir diffusion of D = 0.20, 
which is an average of the two values just given. 

Application of Diffusion Theory to Soil Mechanics, v i z . , Soil Freezing, Problem— 
In order to apply the diffusion theory to our soil system the molar concentration gradient 
dc/dx is replaced by the par t ia l pressure gradient dp/dx. According to the general gas 
law (12), r -, 

p = c - R - T , (4) 
j^cm* 

where 
R = gas constant in , and 

T = absolute temperature in degrees Kelvin. 

E}q)ressing f r o m Equation 4 the concentration c, 

- ^ 1 ' c m ' 
C = I I , (5) 

and substituting i t i n Equation 3, obtain 

W = -D • A . ^ . g . t g . (6) 

The minus s^n now accounts fo r diffusion that takes place f r o m higher values of pres­
sure to lower ones. Because diffusion is a slow process, instead of dt, time t is used. 
The unit of time was chosen to be the day = 86,400 seconds. Equation 6 is now rewrit ten 
showing the proper units: 

W (g) = -D . (cmVsec) • A • (cm*) 1 
R • (cm/K) • T(K) 

^ fe/^"*') . t (sec) , (7) 
dx (cm) 

W (g) = - D . A • t(cm») . ^ ^ / ^ ^ ' ^ . . (8) 
R(cm/K-T(K) dx . ( l ) 

From Equation 8 i t can be noted that the expression 

_ 1 i - = Pv-lg/cm^ ( g X 
RT cm» RT ^ cm" ' (9) 

represents the density of vapor, Dy, at pressure of pv = 1 g/cm*. Therefore Equation 9 
can be equated to Equation 1, and the latter substituted into Equation 8: 

W = -D • A • t • Dy • (10) 
Amount of Vapor Diffused—Since 1 g/cm* of pressure corresponds to 0. 735 mm Hg, 

the vapor density Dy is calculated as follows (at 0** C and 760 mm I ^ ) : 

Dy = (288. g) • - ^ ^ = 0.755 g/m» (11) 

or Dy = (0.755) • iC g / c m ' • (12) 

Thus, the amount in grams of aqueous vapor, W, diffused through an area of A = 1 cm* 

dx during a day (t=86,400 s e c ) , under a driving force of ^ = 1.034 g/cm** cm at a vapor 

density of D^ = 0.775 • lO" ' g / c m ' with a coefficient of diffusivi ty of D = 0.20, is 
a ) i n the f i r s t case: , 

W = | - (0 .20) . (1) ' (86 ,400) . (1 .034) . (0 .775) . (10 '" ) I =0.0138(g) (13) 
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(1) . (86,400) • (2.06) . (0.775) • (10"*)| = 0,0276fe) (14) 
b) i n the second case: 

W = I -(0.20) 

These quantities correspond to a sheet of water of . 14 mm per day and . 28 mm per 
day, respectively, which quantities, indeed, seem to be of too l i t t l e practical s ign i f i ­
cance to take them into consideration in the soil freezing e^er iment . 

n. Diffusion as a Function of Moisture Surface Tension 

General Considerations—Diffusion of soil moisture in the vapor phase with vapor 
pressure as a driving force can take place owing to the difference in capillary moisture 
surface tension. In essence, this case presents a problem of upward diffusion of water 
vapor through water. Now, in order that such a diffusion may take place, there must 
prevai l a certain relationship between the aqueous vapor pressure and the soil moisture 
tension. Further, consider that within a soil system containing in i ts voids some water, 
there are scattered many bubbles of gas (air, or vapor, or gas). According to the m i n i ­
mum principle i n nature the surface of these small bubbles should tend to decrease. 
This tendency results i n merging together of the small bubbles into a single bubble upon 
their direct contact with each oUer. The shape of the bubble then tends to approach a 

sphere which, according to geometry, has 
2r 

•VAPOR PRESSURE 

-MENISCUS 

-CAPILLARY TUBE 

-CAPILLARY WATER 

VAPOR PRESSURE 

the least surface area as compared with 
the equivalent volume of the sum of the 
small bubbles. 

If the small bubbles do not make contact, 
then i t is possible that their merger into a 
single bubble would take place upon vapor­
ization. 

The following stady is based on the gen­
eral concepts of capillary theory. Accord­
ing to this theory the capillary water i n a 
capillary tube is i n contact (through i ts me­
niscus) with i ts own vapor (Fig. 7). I t i s 
then assumed that upon f r eez i i^ there is 
enclosed vapor present between the upper 
meniscus and the lower 0° C-isothermal 
surface or bottom plane of the frozen soi l 
(Fig. 8). This assumption, however, i s a 
pretty weak point to defend; this i s because 
upon the attachment of water molecules to 
the ice lens no meniscus or (vapor) space 
between the ice lens and the water i n the 
capillary tube can be observed, unless i n ­
cidentally there happens to be a larger a i r 

void i n the soi l directly underneath the ice lens. However, i f we assume (a) that upon 
freezing the water i s i n contact with the solid ice, (b) that water i s connected to the ice 
lenses directly without the vapor phase, and (c) that the removal of water molecules 
f r o m the capil lary water and their attachment to the growing ice crystal or lens would 
cause an effect equivalent to that which would occur i f there were actually vapor pres -
sure present, then this problem can be studied by means of the capillary theory. 

Pressure, Surface Tension and Curvature of Meniscus—Suppose now that there is a 
spherical bubble of gas present i n the soil water. Assume that the diameter of the bub­
ble, v iz . the capillary tube, i s 2r. Also, assume that the bubble interrupts the contin­
uity of the capillary water i n the tube so that there is no water contact between the upper 
meniscus and the ground-water table (Fig. 9). 

Theoretically the spherical shape of the bubble i s possible because of the existence 
of an internal pressure pv inside the bubble. This internal pressure, f o r example va­
por pressure, acts on the inside surface of the sphere. Besides, the internal or vapor 
pressure, v iz . gas pressure, must be greater than the external or outside pressure p i> 

Figure 7. 

WATER 

Water In contact with i t s own 
vapor. 



105 

Under, these conditions, there exists inside the bubble a pressure difference or result­
ing (i=excess) pressure, py - p ^ , expressed in physical units of dynes per cm^. 

The total pressure tending to force the two hemispheres apart i s 

(Pv - PL> • • [ 'iynes , (15) 
where r is the radius of the spherical bubble, v iz . capillary tube. This total pressure 
is balanced by the surface tension of the hemispherical gas-moisture f i l m which acts 
circumferential ly around a c i rc le through the largest diameter plane. The magnitude 
of this total surface tension force is 

S^ • 2 ir r dynes , (16) 

where Ŝ  i s surface tension in dynes per cm. L 

At force equil ibrium, 

{pv - Pl) - v - =2' n • T ' S^. 

Then the difference in vapor pressure and water pressure is 

2 - r dynes 1 

(17) 

Pv - PL (18) 

This equation represents Laplace's law, and establishes the relationship between the 

pressure on the l iquid and i ts meniscus surface curvature. In Equation 18, —^—* 

is the excess pressure on one side of the f i l m (directed f r o m inside to outside of the 
spherical bubble) of constant surface tension. To increase the gas bubble in size or 
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Figure 8. Ice-vapor and ice-water interfaces. 
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Figure 9. Bubble i n capillary water, 

to expand i t within a void in the soi l , an excess pressure increment is needed, so that 

(Pv - PL) > ( ^ - F ^ ) • (19) 

At this point, however, i t is pertinent to remember that at the outset of this prob­
lem nothing was said as to the cause of the internal pressure py, v iz . pressure d i f f e r ­
ence (Pv - P L ) . 

If we assume that the cause of the pressure is vapor, then the following general r e ­
lationship (based on work consideratioi^ between vapor pressures p i and pz and surface 
tension S (or radius of the curved surface of the meniscus) as given by Kelvin (13) i s 
applicable: 

(20) P2 
where 

p i = vapor pressure over a plane reference surface of water, f o r 
example, ground-water table; 

P2 = vapor pressure over a concavely curved capillary meniscus 
surface; 

R = gas constant, in cm/deg T, 

T = absolute temperature in d^rees Kelvin; 

7 ^ = unit weight of water, in grams per cubic centimeter, and 

S = surface tension at temperature T, in grams per cm. 
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These conditions are i l lustrated in Figure 10. 

Developing I n E L 
P2 

obtain 

m £^ 
P2 

Pi - P2 

I n ( . P2 - P l ] ~ E L 
P2 

(for small pressures), 

. 2* S- p2 
•V w- r • R -T 

According to the general gas law, the expression 

• _ g _ ' 
cm* 

(21) 

(22) 

R . T Dy 

represents the density or unit weight of vapor, Dy (14). 

Thus, Equation 22 can be rewrit ten as 

Pl - pz 
2- S 

w 
Dv • - f - (23) 

The interpretation of this equation is that the vapor pressure over a concave meniscus 
in a capillary tube is less than that over a plane surface by an amount of 2- S' Dy / 'V^- r . 
The effect of surface tension on the vapor pressure is to vary the latter as the curva­
ture 1 of the capillary meniscus varies. However, because the variation in surface 
tension due to small soil temperature variations in winter below the frozen is small , 
the variation in pressure difference is also relatively small . 

The pressure differences (pi - P2) can now be calculated, provided that the quantities 
2- S 'Dy/Y^ and 1/r are known. These quantities are obtained f r o m the capillary theory. 

Capillary Pressure—According to Laplace, the capillary pressure P^, or the car ry­
ing capacity of the meniscus, i s equal to theweightof the capillary water column (Fig. 11): 

VACUUM 

2 r 

. G.W.T. . P. 

— 

2 • s* dynes (24) 

where 

g 
w 

He 
S. 

- unit weight of water, i n g/cm*; 

= 981.4 cm/sec^ = acceleration 
of gravity; 

= capillary height, in cm; 

= surface tension, in dynes/cm, and 

= radius of meniscus, in cm, which, 
when normally developed, equals 
the radius of the capillary tube. 

or 

I t follows that 

He = ^ 

2 • S 
He = , 

w • r 

1 r 

-f cm , 

cm , 

(25) 

(26) 

Figure 10. Kelvin's condition fo r relat ion- where S is now in grams per centimeter, 
ship between vapor pressure and surface ten- as one dyne equals (1 . 0197) • (10 ) grams, 

sion, v i z . radius of curvature. The te rm Hg is also called the capillary 
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suction height, or capillary coeff icient 
Multiplying He by a unit area and by the 

unit we^ht of water 7 ^ = 1 g / cm ' , one ob­
tains He as a unit pressure in g/cm^, 
which is also termed the capillary pres­
sure. 

Stress i n Capillary Water—It Is Inter­
esting to note that the capillary phenome­
non presupposes a tensile resistance of 
the capillary water (observe in Fig. 12 
that the capillary water column seems to 
be hanging wi th i ts f u l l weight at the me­
niscus). Besides, physically, wi th the 
ascent of the vapor f r o m the plane sur­
face of water the vapor pressure decreas­
es, i . e., vapor pressure decreases when 
rising f r o m a lower to a higher level. 
Thus, f o r the conditions i t can be said 
that the larger the n^a t ive capillary pres­
sure or subpressure, the larger i s the 
curvature of the capillary meniscus and 
the larger i s the vapor pressure pz as 
compared with p i . 

Bubble in a Capillary Tube—Assuming 
that the continuity of the capillary water 
column in a capillary tube Is Interrupted 
by a confined a i r space or a lar^e void 
in the f o r m of an entrapped, spherical 
bubble (Fig. 9), i t becomes 

G.W.T. 

Figure n . I l l i i s t r a t l n g weight of the 
capillary water columns. 

apparent to the reader that i n order that an upward d i f ­
fusion of soi l moisture in the vapor phase upon freezing may take place, there should 
exist a vapor pressure difference, v iz . capillary pressure difference between the 
plane surface of reference or the ground-water table and the curved meniscus surface 
of the capillary water. Further, refer r ing back to the study of vapor diffusion in a i r 
caused by temperature variations, i t can also be inferred that i n order to bring about 
some appreciable amount of vapor diffusion one would e3q)ect that the vapor pressure 
difference i n the freezing soi l system should be of a high order of magnitude. 

Stresses i n Capillary Water at the Position of the Bubble—The stress "^a-b in the 
capillary water at the position a-b of the bubble is 

'a-b ' w (He - he) g/cm* (27) 

The vapor pressure within the bubble is pv g/cm* (Fig. 13). 
A t force static equilibrium in section a-b c-d of the capillary column the f o l l o w l i ^ 

equation s p i l e s : 

p i - (He - he) •w Pv 
2 • S 

and the vapor pressure difference In such a case is 

2 . S 
Pi - Pv = (He - he) • If w 

(28) 

(29) 

Again, f r o m this equation i t can be seen that i f the variation in surface tension S due 
to the soil temperature variations is small , the vapor pressure difference (pi - Pv) is 
likewise smalL 

Vice versa, f r o m Equation 29 I t can also be seen that should large vapor pressure 
differences be needed, there should be concurrently also available large capillary 
pressure differences. These, of course, are not available in wintertime below the 
frozen soil layer because of the narrow temperature range above freezing ( f rom about 
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S 

P, T 

G.W.T. 

a) CAPILLARY HEIGHT b) WATER 
PRESSURE DIAGRAM 

c) VAPOR PRESSURE 
DIAGRAM 

Figure 12. Xenslon i n capillary water. 

0 deg C to about 6 deg C to 8 C). 
Capillary Constant—Referring now back to Equation 23, the quantity 2 • S/y-^ i s 

customarily termed the capillary constant, and is designated 

2 - S 
a cm^ (30) 

Thus, the capillary height H(. i n Equation 26 can now be e:q)ressed as 

â  • ^ cm 

and the vapor pressure difference based on work considerations as in Equation 23 now 

H r (31) 

is 
p i - P2 

2 . S 

w 
Dv (32) 

The capillary constants, a?, are computed and compiled in Column 4, Table 2. The 
(pi - P2) -values are computed as a function of r and are compiled in Column 6, Table 
2. From Columns 2 and 4, i t can be seen that as the temperature decreases the sur­
face tension and the capillary constants increase. Also, i t can be observed that w i th ­
in a temperature range f r o m -5 deg C to +5 deg C the capillary constants vary very 
l i t t l e . Therefore an average capillary constant, namely, â  = 0.1545 cm^ at 0 deg C 
can be used in calculating the radius of the meniscus, v iz . the radius of an ideal capil­
lary tube ( -size of uniform voids in a soil) f o r different capillary heights, H j , : 
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TABLE 2 
CAPILLARY CONSTANTS AND (pi - p2)-VALUES 

AT DIFFERENT TEMPERATURES 

TOC 
Surface 
Tension 

S 
g/cm 

Water 
Density 

g/cm 

Capillary 
Constant 

cm"'w 

Vapor 
Density 

Dy 
g / c m ' 

pi - P2 = 

a'.Dy. 1 

1 2 3 4 5 6 

-5 *77. 91-10"* 0.9992 0.1562 3.353. 10"' 0.522-10"' • -r 
-4 77. 76- 10"' 0. 9994 0.1559 3.615. 10"' 0. 562. 1 0 " ' . -r 
-3 77. 61- 10"' 0 9996 0. 1556 3. 830- 10"' 0. 594- 10"' - -

T 
-2 77.45- 10"' 0. 9997 0. 1552 4. 193- 10" ' 0. 649- 1 0 " ' - -r 
- 1 77. 29- 10"' 0. 9998 0. 1549 4.513- 10"' 0. 697- 1 0 " ' - -r 
0 77. 13- 10"' 0. 99986 0. 1545"*" 4.854-10"' 0. 748- 1 0 " ' - -r 
1 76. 99- 10"' 0. 99992 0. 1543 5. 222- 10"' 0. 803- 10"*--r 
2 76.83-10"' 0.99996 0.1540 5.612-10"' 0. 864- 10" ' - ^ 

3 76. 69' 10"' 0.99999 0. 1536 6.026-10"' 0. 924- l O " * - -r 
4 76. 54- 10"' 1. 00000 0. 1533 6. 467- 10"' 0. 989- 10"' • -r 
5 76. 40-10"' 0. 99999 0. 1530 6. 934- 10"' 1.059-10"'--r 
6 76. 25- 10"' 0. 99996 0. 1527 7. 434- 10"' 1.133- 10 " ' - i 

+ Values calculated f r o m International Cr i t ica l Tables 

* Average a" = 0.1545 at 0 deg C 
„2 

r = Si' _ 0. 1545 f 1 
- -^H^ 1̂  cm J . (33) 

The " r ' s " as seen in Table 3, are calculated f o r capillary pressure differences of 
Hp = 1 cm, 10 cm, 50 cm, 100 cm, 500 cm and 1,000 cm, respectively. 

Pressure Differences—One observes f r o m Table 3 that the vapor pressure d i f ­
ferences f o r each particular capillary pressure difference Hq and at temperatures at 
or near freezing ( » 0 deg C) (a condition that pertains to soil freezing and in which 
we are part icularly interested) are very small . In order to have vapor pressure d i f ­
ferences of 1. 035 g/cm^ to 2.06 g/cm" (as we had in the case of vapor diffusion into 
a i r ) to diffuse 0.0138 g andO. 0276 g per day, we ought to have at about 0 deg C a pressure 
difference about 1,000 times larger than those at HQ = 250 cm and He = 500 cm, respectively, 
that I S to say, we must have a capillary pressure difference of 250,000 cm per cm 
and 500,000 cm per cm of the thickness, viz. width of the air space, respectively, 
or 250 m to 500 m per one mil l imeter , respectively, which would give us a 1.21g/cm* 
and 2.42 g/cm" vapor pressure difference, respectively. The values of these would 
then be approximately equal to 1.035 g/cm" and 2.06 g/cm", respectively. 

Diffusion as a Function of S—As the capillary pressure is equal to 

P c = ^ w H c [4^] (34) 



I l l 

TABLE 3 

RADIUS OF MENISCI, r , IN CM 
AS A FUNCTION OF VARIOUS CAPILLARY HEIGHTS 

H« i n c m 1 10 50 100 500 1000 
H Q 111 inches 0.39 3.94 19, 70 39.37 196. 85 393. 70 

Radius 
r 0.1545 0. 01545 0.0031 0.001545 0.00031 0.0001545 
1 2 3 4 5 6 7 

T Hpff P 'DIFFERENCE IN VAPOR PRESSURE, pi - P2 =f(S), i n cm 
FOR VARIOUS RADH AND AT DIFFERENT TEMPERATURES 

_ 5 3. 37 33.7 168 337 1685 3370 
-4 3. 63 36.3 181 363 1815 3630 
-3 3. 84 38.4 192 384 1920 3840 
-2 4.20 42.0 210 420 2100 4200 
-1 4.51 45.1 225 451 2255 4510 
0 4. 84 48.4 242 484 2420 4840 
1 5.19 51.9 259 519 2595 5190 
2 5. 57 55.7 278 557- 2785 5570 
3 5.98 59.8 299 598 2990 5980 
4 6.40 64.0 320 640 3200 6400 
5 6.85 68.5 342 685 3425 6850 
6 7.46 74.6 373 746 3730 7460 

The (pi - pz) in this table consist of the true (pi - pz)-values multiplied by 
10*. To obtain the real (pi - pz)-values, multiply the f ^ u r e s in this table by 
10"". For example, p i - pz = 6.40 x 10"" = 0.00000640 at T = 4 d ^ C f o r 
He = 1 cm. 

For H = 250 cm, p i - pz = 1210 • 10"" g / cm ' = 0.00121 g/cm\ 

which at equilibrium is in balance with the difference in vapor pressure (pi - pz)g/cm^, 
then, substituting into the diffusion Equation 6 the vapor, pressure symbol dp by i ts 
equivalent capillary pressure, Ĥ . • y ^ , obtain the amount of moisture in grams per 
86,400 seconds (=24 hours) t ransferred in the vapor phase: 

W = -D • A • t 1 
R-T 

D • A • t • Dv 
Br 

S 

or 
W = - (1) • (1) • (86,400) • (0.755) • ( lO" ' ) 

H r 

100-X 

(0.0006696) • —^ g 

(6) 

(35) 

(36) 

Here H^. is now e}q)ressed in meters, and x is the width of the a i r space, which is the 
diameter of the spherical bubble (=2 • r ) , i n cm. 

The small amount of soi l moisture diffused in the vapor phase as a function of sur­
face tension is to be interpreted as fol lows: i n order to diffuse 6.7 g /cm of soil mois­
ture during one day, theoretically 1,000 m of capillary pressure would be needed. How­
ever, such an immense capillary pressure is practically very rarely available under 
normal conditions. On the other hand, i f the length of the freezing season is to be of 

1 m = 3. 28 feet, then the moisture 
One sees that the diffused quanti-

100 days duration, and the capillary pressure Hj, 
t ransferred during this t ime would be 0.067 grams. 
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ties of soil moisture, considering surface tensions, are really very insignificant. 
Therefore, i t seems that this kind of mechanism fo r the upward supply of soil mois­
ture toward the freezing ice lenses can be ignored. , g 

Effect of Capillary Radius on Vapor Diffusion—Expressing —'-— f r o m Equation 29 
obtain ^ 

2- S 
Pv - Pi + (He - he) ^ w (37) 

2 * S 
I t can be observed that the smaller he i s , the larger is , and the smaller is r , 
m turn. When he becomes zero, r is at its minimum. ^ 

For these conditions Equation 37 can be rewrit ten as fo l lows: 

2 . S 

' m m 
He • ^ w + Pv - Pi 

But 
He • ^w 

2 • S 

(38) 

(39) 

where rz is the upper meniscus in the tube, causing the capillary column, the height 

'c 

H c 
s 

_ . 5 . 

Pi 
f d 

2 r 

1 -

/K 
I. 

_ L _ 

Figure 13. Stresses i n capillary water at the position of the biibble. 
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of which is He, to r ise. Note that r2 + r (see Fig. 14). Hence Equation 38 can be 
rewrit ten as 

2 • S 2 • S 

' m i n V2 + P^ Pi (40) 

From here one sees that 

2 • S ^ 2 • S 
"^min 

and therefore 

^min > r2 

T2 
(41) 

(42) 

From Equations 40 and 42 we deduce that no matter what the position of the bubble, 
its radius r ^ ^ ^ w i l l always be larger than the radius r2 of the capillary. This r e ­
quires revision of Figure 9 as now shown in Figure 14. 

Besides, physically r2 cannot be less 

( ^ ''min > 

GWT. 

Figure 1̂ ;. Revision of Figure 9. 

than the radius ^ot the capil lary tube. 
These considerations lead to the deduction 
that formation of aqueous vapor and/or 
gas in soil is more l ikely to take place in 
coarse voids than in fine ones, f o r ex­
ample such sil ty sands, s i l t , si l ty clay, 
clayey s i l t or clay. 

Evaluation of Study 

Comparison of Calculated Values with 
Possible Field Conditions—Variation in 
soil temperature may cause soil moisture 
vapor in soil voids to vary in density and 
pressure. However, as seen f r o m Table 
1, as we l l as f r o m observations, soi l 
temperature below the frozen layer does 
not vary appreciably. Consequently, va­
por pressures during the freezing season 
are not of great magnitude, nor do they 
vary appreciably. Vapor diffusion is 
probably more pronounced in spring and 
f a l l , when temperatures change more r a ­
pidly. 

The intensity of vapor exchange in soil depends upon the texture of the soi l . In soils 
wi th large sizes of voids (= function of coarse soil particles and loose packing) vapor 
exchange would take place more intensively than in a soi l , the void sizes of which are 
of very fine dimensions. 

Because the most troublesome soils relative to upward migration of soil moisture 
upon freezing are the f ine s i l ty sands, the s i l t s i n part icular , and the s i l ty clays, a l l 
of which can be broadly classified as fine soilp, i t can be deduced that soil moisture 
transport i n the vapor phase in such soils would be of lesser quantity than in coarse­
grained soils. 

The amount of soi l moisture transferred m the vapor phase upon freezing is indeed 
very small as compared with the h ^ h moisture contents i n the frozen soil where ground­
water supply f o r the formation of ice lenses is available. The calculated values here 
can be taken as the maximum ones. Actually they would be even less i f we consider 
the following. 

Upon freezing the downward-prc^ressing freezing surface of the frozen soil is at a 
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temperature of about 0 deg C = 32 deg F. During a cold snap the temperature at the 
0 deg C-isothermal surface of the frozen soil layer drops somewhat below 0 d ^ C. 
Under these conditions more ice lenses are formed. 

Upon formation of ice latent heat is set f ree and the temperature at the downward-
progressing freezing isothermal surface returns to 0 deg C. Thus during a cold snap 
the freezing process is a slow one and the increase in f ro s t penetration with depth is 
relatively small . From what has been said above i t can be reasoned that during the 
seasons of freezing and thawing, temperature variations on the soi l or road surface 
have, practically speaking, l i t t le influence on the soil temperature conditions below 
the 0 deg C-line, which in turn explains the small order of magnitude of the soil mois­
ture diffused in the vapor phase. 

Comments—Owing to the small amount of vapor transferred, i t seems that f o r s im­
pl ic i ty the factor vapor diffusion within the freezing soil system can be disregarded. 
Because of some unavoidable uncertainties contained in the fundamental assumptions 
of the theories as wel l as in the assumed numerical values f o r the various coefficients, 
i t seems that in this instance simplicity is of much greater importance than accuracy 
at the start of our studies of the complex soil-freezing problem. In a s implif ied theory 
i t is easier to evaluate the practical consequences of various deviations f r o m the as­
sumptions, and then this would permit introducing improvements as our knowledge i n ­
creases. 

CONCLUSIONS 

This study considers two cases of soil moisture diffusion in the vapor phase, namely 

1. (a) diffusion of vapor to a i r as a function of temperature differences, i . e., the 
driving force or vapor pressure difference is a function of temperature 
variation, p i - pz = f ( T i - Tz), 

(b) diffusion across an air space (bubble) in soil water as a function of capil­
lary moisture surface tension, i . e . , Pi - pa = f(S')-

2. The study brings out the relatively small order of magnitude of the pressure 
differences when operating with such assumed values, which f r o m experience indicates 
that they are optimum, reflecting pretty nearly the actual or real conditions. 

3. The amounts of soil moisture transferred upward in the vapor phase toward the 
freezing ice lenses upon freezing can in both cases be considered as very insignificant. 
Therefore upward vapor transfer m soil upon freezing can be considered as an ineffec­
tive mechanism of moisture transport. 

4. Moisture diffusion in the vapor phase in soil would take place in soil wi th larger 
void sizes rather than wi th fine void sizes. 

5. This study reveals that the assumption made to serve as a basis f o r the soil 
freezing experiment, namely, that the upward f low of soil moisture f r o m ground water 
toward the freezing ice lenses in a frost-susceptible soil takes place vi r tual ly unaccom­
panied by vapor diffusion, can be considered as just i f ied. 

6. Other possible transport mechanisms f o r the upward f low of soil moisture upon 
freezing should be investigated. 
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The Effect of Freezing on a Capillary Meniscus 

ALFREDS R. JUMIKIS, Professor of Civ i l Engineering, Rutgers University 

• THE PURPOSE OF this article is to describe the effect of freezing on a capillary 
meniscus as observed in e^er iments performed at the Soil Mechanics Laboratory, 
Rutgers University, in pursuing the project "Upward Migration of Soil Moisture under 
Freezing Conditions," sponsored by the National Science Foundation. Experiments 
show that upon freezing the capillary meniscus disappears, and the water comes in 
direct contact wi th the downward-freezing ice lenses, thus furnishing the evidence f o r 
what was hitherto an assumption. This assumption forms a basis on which the project 
mentioned above part ial ly rests. 

Introductory Notes 

In designing a soil freezing experiment and the necessary equipment fo r studying the 
upward transport of soil moisture upon freezing, i t is necessary to make certain as­
sumptions upon which to base the study. Among several assumptions the following 
one is made: 

A growing ice lens is in direct contact wi th a thin hull or f i l m of soil moisture s i m i ­
lar to the adsorbed layers which f o r m on many other solids that are in contact wi th 
water, permitting i t to move up and supply the necessary moisture fo r the growth of 
the ice lenses. The moisture f i l m s , in turn, are in direct contact with the ground­
water table (1.). The question has often arisen as to what is the nature of the driving 
force fo r the upward flow of soil moisture upon freezing: is i t the open, curved capil­
lary meniscus, concave to its vapor, or is i t something else? 

The following has been indicated as the objection against the capillary theory: Un­
der actual conditions, one has to assume that i f on f reez i rg the f ros t reaches the cap­
i l l a ry meniscus, the lower boundary of the downward-growing frozen layer of soil (= 
ice lens) is i n direct contact wi th the upper boundary surface (= menisci) of the capil­
lary soil moisture. On the other hand, i t is understood that the capillary forces are 
present only at the time when there are open or free-surface menisci present which 
f o r m a moisture-air boundary. In other words, at the a i r -capi l lary water interface 
(= meniscus) the capillary water should be in contact wi th its own vapor. With regard 
to these two points, i t i s , therefore, d i f f icul t to imagine how a surface of f ree menisci 
at the lower ice boundary can exist, and at the same time capillary subpressure f o r 
the upward transport of soil moisture upon freezing develop. This inconsistency has 
been pointed out already by Taber (2j 3,4). 

Purpose of Experiment 

From physics, i t is known that under non-freezing conditions capillary water in an 
idealized, vert ical capillary tube is i n contact with its own vapor. The water and va­
por are separated by a concave interface or meniscus relative to vapor. These con­
ditions are i l lustrated in Figure 1. 

However, very l i t t l e is known as to what happens to the meniscus when f ros t pene­
trates the ground downwards, reaches the meniscus and passes by i t In other words, 
i t is interesting to know, as illustrated in Figure 2 (a), whether the concavely curved 
meniscus under freezing conditions s t i l l exists, which would mean that between the 
downward-freezing ice layer or lens and the water i n the capillary there is a space, 
probably occupied by aqueous vapor, or , as was assumed f o r the basis of study and 
as is i l lustratedin Figure 2 (b),the water is i n direct contact wi th the downward-freez­
ing ice lenses. 

In order to learn what happens to a capillary meniscus or water-vapor interface 
upon freezing and to examine and ve r i fy the validity of the assumption that the soil 
moisture f i l m s are in direct contact wi th the freezing ice lenses, appropriate labora­
tory experiments were improvised. 
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117 

p^' VAPOR P R E S S U R E 

•CONCAVE MENISCUS 

-CAPILLARY T U B E 

CAPILLARY WATER 

Method of Experiments 

The method which has been used in these 
improvised experiments consists of freezing 
dist i l led water in a vertlcle capillary tube 
and observing by means of optical magnif i ­
cation the changes in shape a capil lary me­
niscus undergoes under freezing conditions, 
and f ix ing the changes photographically (5). 

p = VAPOR P R E S S U R E 

WATER — 

Figure 1. Water-vapor interface. 

Apparatus 

The principle of the apparatus used in 
these experiments is shown In Figure 3. A 
capillary tube of pyrex glass of 1 mm I . D . 
was immersed indis t i l led water. The cap­
i l l a ry height was observed to be He = 11-0 
mm. The meniscus was kept at the upper 
end of the tube, upon which a container of 
dry ice was placed. This situation approxi­
mately corresponds to conditions in the 

f i e ld , the walls of the tube and the bottom of the container simulating the frozen miner­
al particles of the soil . 

The dry ice had to be kept in a container because when a fragment of dry ice was 
placed directly at the upper end of the tube, the developing gas forced the meniscus 
vigorously down, and such a condition simply does not duplicate the phenomenon in the 
f ie ld . The use of ordmary ice was too time-consuming. The temperatures of the water 
and the environment of the upper end of the tube were measured by means of thermistors 
and a Wheatstone bridge. The changes In the meniscus upon freezing were observed by 
means of a35mm reflex camera with a lens attachment which magnified the object to be 
observed about twice. Also, by means of this camera photos of the menisci were taken. 

As can be understood f r o m this description, the apparatus seems to be relatively simple. 
However, the preparation of the meniscus speclmenandtheworkof experimentation and ob­
servation are very tedious, cumbersome, time-consuming, and require much patience. 

Observations 
The experiments on the effect of freezing on a capillary meniscus permitted very 

GROUND SURFACE 

FROZEN 
LAYER'; 

p SEGMENTAL 
S SPACE 

INTERFACE 

UNFROZEN 
CO LAYER 

REGION OF 
CONTACT 
BETWEEN TWO 
PHASES. 
SOLID (ICE) 
AND 
LIQUID (WATER) 

WATER 

a) Segmental Space between 
Ice Lens and water 

b) Water in direct contact witli 
Ice Lens 

Figure 2. Ice-vapor and ice-water lnterfeu;es. 
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lOmm I D 

CAPILLARY TUBE 
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DISTILLED 
• WATER 

Th = Thermistor 

Figure 3- i^paratus. 

clear observation of the following pheno­
mena: Af te r commencement of freezing 
of the meniscus in the direction of the 
inner part of the tube by placing the ice 
container, the outside bottom of which was 
covered with a thin sheet of clean ice, i n 
contact with the upper end of the vert ical 
glass tube, the meniscus flattens out, be­
comes shallower, narrower, decreases 
concentrically i n size toward the center of 
the tube, and f inal ly disappears entirely. 
Thus a direct contact between the ice and 
water is established as shown in Figure 2 
(b), and the water is no longer m contact 
with i ts own vapor. 

The stages of disappearance of the meniscus upon freezing are i l lustrated in Figure 
4. This phenomenon takes place in one gradual, smooth, continuous process, and wi th ­
in a time of approximately 20 to 30 seconds, depending on the environmental tempera­
ture conditions around the meniscus. Also, the time depends upon whether the outside 
bottom of the ice container, which is covered with thin, clean ice, is covered with 
snow or not. In observing the disappearance of the meniscus one gets the impression 
that there exists some kiad of a central, effective force l i f t ing the meniscus and the 
water underneath the meniscus up and attaching the water f lush to the ice lenses of the 
cold outside bottom of the ice container. Thus, the meniscus is no longer present, nor 
is there a segmental space between the ice container and the water in the tube (Fig. 5). 
Upon the l i f t ing up of the water and attachment of the latter to the ice-covered bottom 
of the ice container no interruption of the water column in the tube was observed. This 
indicates that the amount of water which upon freezing is l i f t ed up and attached to the 
freezing ice lenses is replenished in the glass tube or capillary f r o m the beaker, v i z . , 
ground water. Continuing freezing, the water in the tube freezes, appearing opaque in 
color. The ice freezes and expands downward, i . e., in the direction of the least r e ­
sistance. No heave could develop because of the weight of the ice container. To pre­
vent supercooling the water the capillary was occasionally tapped (this simulated v ibra­
tions induced on roads by t r a f f i c ) . However, the disappearance of the meniscus upon 
freezing also took place without tapping the tube and without any noticeable difference 
in time as compared with tapping. 

Discussion of Observations 

The observations made in these experi­
ments seem to indicate that whatever a-
mount of moisture in the f o r m of vapor 
there might have been on the concavely 
curved meniscus at the moment of com­
mencement of freezing, a l l that moisture 
was frozen to f o r m a direct contact be­
tween the capillary water and ice lenses. 
The swift l i f t ing up of the meniscus and 
its direct attachment to freezing ice ind i ­
cates that the vapor pressure over the 
curved meniscus (or water-vapor inter­
face) I S neutralized and the meniscus des­
troyed. Thus, upon freezing, the solid 
phase (= ice) replaces the vapor phase, 
and, as there is no meniscus nor any seg­
mental space above the meniscus present, 
there is also no vapor pressure present, 
i . e., pz = 0. 

0.0 
0:11. 

1̂ 

WATER 

ICE SHEET 

-CAPILLARY TUBE 

WATER -
IN BEAKER 

Figure k. stages of disappearance of 
meniscus upon freezing. 

Hence, after the replacement of the vapor phase by ice, i t seems prac­
tical ly that the capillary presupposition that capillary water is i n contact wi th i ts own 
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Figure 5- Action of f r e e z i n g on a meniscus, showing ( a ) meniscus upon commencement of 
f r e e z i n g and ( t ) water i n d i r e c t contact with i c e l e n s e s . 

vapor (which is true under non-freezii^ conditions) no longer holds. We must, there­
fore, assume (after freezing causes the transition from the vapor phase to ice) that 
for freezing conditions there exists a different concept of the mechanism of the driving 
force for the upward supply of soil moisture from the ground water to the downward-
freezii^ ice lenses. 

That water from a water reservoir (ground water), located at some distance below 
the downward-freezing soil layer, is being sucked up or, better said, moved upward 
is evidenced experimentally in a soil freezing experiment by the loss of water from a 
burette to the soil under controlled conditions and by the increase in the amount of 
water in the experimental freezing soil sample over the original moisture content pre­
sent when the soil sample was prepared for the freezing experiment. 

CONCLUSIONS 
Although the freezing process by means of dry ice is an accelerated one, it is be­

lieved that it reflects pretty truthfully the stages of disappearance of the menisci. 
The observations made in these experiments are valuable because they (a) throw 

light on what really happens to the meniscus in the region of contact between the water-
vapor interface upon freezing; and (b) verify the soundness of the theoretical assump­
tion made which, amoi^ other assumptions, forms the basis for the theoretical-experi­
mental research on the upward migration of soil moisture upon freezing; (c) in particular, 
the results of these simple experiments establish the fact thatupon freezing the upward-
transported soil moisture is in direct contact with the downward-freezing ice lenses. 

The research work on the upward migration of soil moisture upon freezing is being 
continued. 
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DISCUSSION 

W I L L I A M S. HOUSEL, Professor of C iv i l Engineering, University of Michigan, Ann 
Arbor , M i c h . , and Research Consultant, Michigan State Highway Department — This pa­
per brings up the most intriguing subject of a mechanism f o r describing capil lary pheno­
mena and the forces which may be involved in the formation of a capillary meniscus. 
The growth of f ro s t plates and the forces involved in the flow of capillary moisture to 
the freezing surface, which are discussed by Penner (1) and Gold (2) may be explained 
in several ways, depending largely on a matter of viewpoint or perhaps a matter of 
definition. On the other hand, this may be refer r ing to the matter under discussion 
too casually, as the description of any physical phenomenon in anything but the most 
realistic terms may lead away f r o m the truth. A theory has been most aptly defined 
as a logical description of the results of observation; so, after a l l , the validity of any 
theory w i l l ultimately depend on the terms which have been used to describe the pheno­
menon under consideration, and whether these terms represent fact or f ic t ion . The 
ingenious experiments conducted by Professor Jumikis may prove to be a valuable 
contribution in that they serve to demonstrate more clearly the real mechanism invol ­
ved i n capil lar i ty. 

For almost twenty years the wr i te r has been trying without too much success to cal l 
attention to the misconceptions in the traditional concepts of capillarity (3, 4) and the 
confusion they have caused in soil mechanics. A substitute mechanism has been sug­
gested which avoids the inconsistencies involved in surface tension as the basic concept 
The suggested substitute postulates a f ixed volume of water proportional to the maxi­
mum area under the meniscus, wi th the supporting reaction supplied by the internal 
pressure in the liquid. The necessary pressure differential to sustain a column of 
water in a capillary tube, or to cause capillary movement of moisture, originates i n 
the molecular attraction of the solid surface. The forces involved are transmitted by 
the combined interaction of molecular attraction and repulsion in the l iquid, and their 
action does not require a gas-liquid interface, vapor pressure, or other attributes 
peculiar to the capillary meniscus. The capillary potential of any combination of solid 
and l iquid may be measured as an integrated boundary effect and expressed quantita­
tively as a f ixed volume or weight of l iquid per unit length of wetted perimeter. The 
dimensional properties of the capillary channels can then be conveniently evaluated in 
terms of their perimeter-area ratio (5, 6). 

The ejplanation of the behavior of the capillary column in terms of surface tension 
and the capillary meniscus with the differential vapor pressure seems strained and un­
realistic when i t is considered that the analogy of surface tension cannot be stretched 
to imply that the water-gas interface or boundary of the meniscus is a tensile membrane 
attached to the freezing surface. Actually, physical chemists declare that there is no 
structural continuity in this surface and the molecules m the interface are f ree to m i ­
grate in and out of the surface even thoi^h they are acted upon by molecular forces of 
attraction as wel l as forces of repulsion. Although Professor Jumikis indicates some 
of the inconsistencies which have been generally recc^nized, he seems to have d i f f i ­
culty in freeing himself f r o m the assumptions of surface tension outlined i n his in t ro ­
ductory statement At one point he states: " I t is understood that the capillary forces 
are present only at the time when there are open or free-surface menisci present which 
f o r m a moisture-air boundary." Later he speaks of the l i f t ing up of the meniscus and 
i ts direct attachment to the freezing ice, following which the meniscus is destroyed and 
water f r o m some distance below is sucked up to maintain the continuity of the capillary 
column of water. He then states that, "We must, therefore, assume . . . that f o r 
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freezing conditions there exists a different concept of the mechanism of the dr iving 
force f o r the upward supply of soil moisture f r o m the ground water to the downward-
freezing ice lenses." 

This statement appears to be as f a r as the author was prepared to venture in de­
parting f r o m the traditional description of capillary flow in terms of surface tension. 
He has si^gested no basic mechanism to take i ts place, al thoi^h he recognizes the 
need fo r one. In the wr i t e r ' s attempt to explain these phenomena, the e f for t has been 
made to think in terms of both molecular attraction and repulsion as forces acting on 
the molecules. In so doing, i t frequently seems to be more realistic to explain capi l ­
lary movement of moisture in terms of pressure differentials as a push rather than a 
pul l . Formulating a mechanism to explain f ros t plate formation provides an excellent 
example to i l lustrate the use of internal pressure rather than the mythical surface 
tension as the driving force. 

Molecular repulsion i s associated wi th the kinetic energy of the molecules, the 
forces which cause them to push about generating internal pressure in the liquid. At 
the beginning of the author's experiment, when the temperature begins to decrease, 
the kinetic energy of the molecules in the vicinity of the freezing zone is correspond­
ingly decreased. The result is to create a pressure differential with respect to the 
main body of water which increases the capillary height and moves the column of water 
toward the ice lens. When molecules reach the freezing surface, the attractive forces 
exerted by the solid ice neutralize correspondingly greater amounts of molecular r e ­
pulsion. This decreases the mobility of the molecules and causes a sharp drop in the 
kinetic energy of the molecules and the pressure which they exert in the l iquid phase. 
This pressure drop causes a more marked pressure differential within the l iquid and 
the water column is drawn quickly into contact wi th the freezing surface. I t may be 
pertinent to note that this pressure differential remains long after the meniscus has 
disappeared and the water column continues to feed the growing ice plate. At no t ime 
in such a sequence of events is there any necessity f o r surface tension, the f ic t i t ious 
membrane which i t implies, adsorbed layers of the wal l of the capillary to serve as 
channels f o r the water to f low to the ice lens, or a pressure differential across the 
gas-liquid interface which inconveniently disappears as the experiment concludes. 
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ALFREDS R. JUMIKIS, Closure — Professor Housel's comment that the validity of 
any theory w i l l untimately depend on the terms which are used to describe the pheno­
menon under consideration is quite pertinent. In this connection i t suggests that i n the 
progress in f ros t action research in soils sometimes several terms are used to desig­
nate one and the same thing; f o r example, driving force, driving pressure, pressure 
deficiency, subpressure, suction force, moisture tension, and other concepts. I t 
seems that a point has been reached where revisions and definitions of the various 
concepts are in order. The discusser's comments strengthen this point indirectly. 

In his th i rd paragraph Professor Housel cites the sentence: " . . . I t is understood 
that the capillary forces are present only at the time when there are open or f r e e -
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surface menisci present which f o r m a moisture-air boundary" as a source of argument, 
without apparently fu l ly appreciating the spi r i t of the corresponding part of the original 
text. At the end of the pertinent paragraph of the original art icle i t is mentioned that a 
certain inconsistency has been pointed out already by Taber. The lexical content of 
the matter is that in the o r i / i n a l ar t ic le , before describing observations f r o m experi­
ments there were presented at the beginning some concepts f r o m the capillary theory 
under nonfreezing conditions in an open capillary tube (not voids nor capillaries in soil). 

The object of the author's article is solely to report on the experiments; not to sug­
gest any new basic mechanism to take the place of the capillary, or any other theory. 
In this respect, the t i t le of the art icle seems to be satisfactorily l imit ing th ro i^h i n ­
clusion of the words "Capillary Meniscus. " 

However, the following point of Professor Housel's discussion is in agreement with 
the author's view; namely, that "when the temperature begins to decrease, the kinetic 
energy of the molecules in the vicini ty of the freezing zone is correspondingly decreas­
ed. The result is to create a pressure differential with respect to the mam body of 
water toward the ice lens." 

Because the ice lenses are coated with a f i l m of water, under certain packing condi­
tions of soil the ice lenses are connected, via the moisture f i l m s , with the ground water. 



Study of Subsurface Temperature in Six Soils 
During the Winter of 1953 -1954 
HERBERT L . LOBDELL, Soils Engineer, Greer Engineering Associates, ^ 
KENNETH A. TURNER, JR. , Assistant Research Specialist in Instrumentation, and 
ALFREDS R. JUMIKIS, Professor of C i v i l Engineering, Rutgers University 

During the winter of 1953-54 subsurface temperature measurements were 
performed on six New Jersey soils. The studies revealed that: 

1. Granular, non-plastic soils are better conductors of heat (and 
cold) than fine-grained soils and react to air temperature changes more 
quickly. Of the six soils studied, a clean sand (MRB A-3) , was the best 
conductor and an MRB A-7-6 soil was the poorest conductor. Therefore, 
f ros t enters and goes out of granular soils more rapidly than in the case 
of fine-grained soils, causing more frequent freeze and complete thaw 
cycles. 

2. A concrete slab is a better conductor of heat than soil of the same 
thickness. Therefore, freezing and complete thaw cycles occur more 
often below a concrete slab or pavement than in the adjacent shoulder. 

3. A combination of a concrete slab over a granular soil is one that 
reacts most quickly to cold and warm spells. A shoulder of f ine-gra in­
ed soil shows l i t t l e reaction to cold and warm spells (except at the sur­
face) and reflects the over-a l l intensity of cold of the winter. 

4. The freezing line generally penetrates to a greater depth in gran­
ular soils than in fine-grained soils. 

5. There is a lag between the minimum air temperature of winter 
and the maximum penetration of the 32 degree line. In the cases stud­
ied the lag was one day, except f o r some of the shoulders of f ine-gra in­
ed soils, where the lag was several days. 

6. Maximum heaving does not necessarily occur at the time of the 
maximum depth of the 32 degree line. 

7. Most thawing in soi l occurs f r o m the top downward during thaw 
periods; however, some thawing takes place f r o m the bottom. 

8. Temperature studies indicate the necessity of measuring and 
knowing the surface temperature of the slab or ground surface. 

• DURING the winter of 1953-54 subsurface temperature measurements were pe r fo rm­
ed on six New Jersey Soils which were also being used f o r the purpose of f ros t heave 
and bearing-power loss studies. These soils had been compacted in 9 f t square pits 
and were topped by 4 f t square by 6 in . thick concrete slabs. Soil temperatures were 
measured at two inch intervals of depth under the centers of the slabs and in the ad­
joining shoulders. 

INSTRUMENTATION 

Thermistors 
In order to measure subsurface soil temperatures some type of remote reading de­

vice was desirable. Type 17-A thermistors, obtained f r o m the Western Electr ic Co, , 
were selected. This type of thermistor is composed of an alloy of nickel oxide and man­
ganese oxide. The material has a high negative temperature coefficient of electrical 
resistance. For example, as the temperature of a 17-A thermistor drops f r o m 35 F 
to 25 F i ts electrical resistance increases f r o m 3,150 to 4,250 ohms. 

A 17-A Thermistor consists of a 3/16 in . diameter by a 1/32 m. thick disc having 
short wire leads soldered to each face. These leads were soldered to 20-strand plas­
tic-covered wi re used to conduct the thermistor circuits to the soi l surface. The ther-

^ Formerly Research Assistant i n C i v i l Engineering, Rutgers University. 
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Spaghetti Insulation I — 1 7 - A Thermistor 

20 Strand Colored Plastic 

Covered Wire L e a d 
3 / (6 I. D Plastic Tubing 

Ends Sea led by Application 

Of Heat And Pressure 

Figure 1, Section through a sealed thermistor unit. 

mistors and underground connections were sealed within short lengths of plastic tubing 
(Figure 1). The thermistors were arranged in groups, spaced at proper intervals, and 
the wires cabled together. 

Calibration 
Figure 2 shows the standard temperature-resistance curve for 17-A thermistors. 

Manufacturing control of the thermistor material is such that all thermistors wi l l have 
characteristics within + 10 percent of the standard curve. 

The thermistors were immersed, one group at a time, in an insulated tank of cir-
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Fahrenheit Thermometer 
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Vertical Reading 
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- S t e e l Shell 
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Water 
Figure 3. oaiermistor oailbratlon tank. 

culating ice water at a temperature of 32 F (Figure 3). The resistance of each ther­
mistor was then measured with a Wheatstone Bridge. A coefficient was determined 
for each thermistor by dividing the standard resistance at 32 F by the measured resis­
tance. 

Field Installation 
The thermistor groups were installed at proper depths in 8 in. diameter auger holes 

at the center of the slab location and in the shoulder of each of the selected soils. The 
concrete slabs were then poured. A section of a completed installation is shown in 
Figure 4. 

From the junction box at each installation underground multi-wire cables carried 
the thermistor circuits to an instrument shack. The cable resistance was measured 
and found to be negligible. Rotary selector switches, mounted conveniently on an in­
strument panel, were used to connect each thermistor individually to a Wheatstone 
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Figure k. F i e l d Xastallatiaii. 
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Subsurface Temperotures 
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Figure 5. Subsurface temperatiore ctirves. 

Bridge. When measuring thermistor resistance an optical galvanometer was used 
with the Wheatstone Bridge for ease in balancing. 
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Temperature Determination 
From the standard temperature-resistance curve a table was prepared showing re­

sistance ranges in ohms for each tenth of a deg F increment. The measured thermis­
tor resistances were recorded on prepared data sheets. Standard resistances were 
determined by multiplying each measured resistance by the respective thermistor coef­
ficient. Each thermistor temperature was then obtained from the table. 

Slab surface temperatures were measured with a mercury thermometer. The ther­
mometer was inserted in a small metal can fil led with mercury and insulated against 
air temperature on the sides and top. The assembly was placed on prepared smooth 
areas at the center of each slab and left until the mercury attained the same tempera­
ture as the slab surface. 

Temperatures of each soil were plotted as shown in Figure 5. 
Air temperature measurements were made at a central location. Maximum-mini­

mum thermometers were mounted on a post at elevations of 1 f t and 6 f t above the soil 
surface. The existing air temperatures were recorded at the time thermistor read­
ings were made. Daily maximum and minimum temperatures were also recorded. A 
recording thermograph was mounted on the post at a 3 f t elevation. This instrument 
produced a continuous air temperature record. 

SUBSURFACE TEMPERATURE STUDIES 
General Notes 

This study is based on subsurface thermistor readings in six soil installations in 
which readings were taken daily during the winter between December 31, 1953 and 
February 26, 1954, and between March 1 and March 9, 1954. Readings were taken 
four or more times a day during the periods January 12 to 14 and January 22 to Feb­
ruary 17, 1954. 

The six soils studied vary in type, ranging from a gravelly sand to a silty clay. 
The six soils with the Highway Research Board Classification and Atterberg limits 
for each are listed in Table 1. 

TABLE 1 
Pall 1953 

Soil HRB Liquid Plasticity Dry Density 
Installation Classification Limit Index Lbs. Per Cu.Ft. 

F-10 A - l - b Non-Liquid Non-Plastic 116 
F-17 A-3 Non-Liquid Non-Plastic 105 
F-5 A-5 41 7 94 
F-13 A-2-4 32 9 106 
F-15 A-7-6 41 15 80 
F-24 A-4 31 9 98 
Figure 6 shows the grain size distribution curves for these six soils. 
Graphs were plotted during periods of frequent thermistor readings of: 
1. Temperature at 2 in. intervals of depth against time (temperature oscillation 

graphs), and 
2. Isotherms against time, in which air and subsurface isotherms for 4 F inter­

vals were plotted. 

TOPICS COVERED IN STUDY 
1. Time of minimum air temperature, maximum penetration of 32 deg line, and 

maximum slab heave. 
2. Freeze and complete thaw periods between December 31, 1953 and February 17, 

1954. 
3. Trend of 32 deg line during cold spells. 
4. Observations from temperature oscillation graphs. 
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Time of Minimum Air Temperature, Maximum Penetration of 32 deg Line and Maxi-
mum Slab Heave 

Notes: A l l depths in this report are referred to slab or shoulder surfaces. 
Maximum heave in this report is defined as the maximum elevation to which 
a slab heaved about an original elevation which was assumed to be at zero 
at the start of the winter. 

The minimum air temperatures of the winter were recorded four days apart, on 
January 14 and January 18. The minimum air temperatures at the 1 f t elevations were 
-5. 5 deg and -11.0 F on January 14, and -6. 0 F and -10.4 F on January 18. 

The maximum penetrations of the 32 deg line and the date on which they occurred 
for each installation are listed in Table 2. There is also listed the heave of each slab 
at that time. 

In all cases except the shoulders of F-13, F-15 and F-24, there was a one-day lag 
between the time of the low air temperature of January 18 and the time of the maximum 
depth of the 32 deg line. The date of the maximum depth of the 32 deg line for the 
shoulders mentioned (F-13, F-15, F-24), i t was noted, was much later, which indicates 
a slower reaction to air temperature. 

There was a snow cover of a few inches on the shoulders on January 19 and 20 re­
maining from the snow storm of January 11. The snow had been removed from the 
slabs so as to simulate highway conditions. It was difficult to evaluate the insulating 
effect of the snow cover because the maximum depth of the 32 deg line occurred at this 
time (January 19, 20) in three of the shoulders (F-10, F-17, F-5) and at a later time in 
the other shoulders (F-13, F-24, F-15). The snow cover probably was not deep enough 
to act as an effective insulator at this time. 

The maximum heaves recorded for the slabs during the winter and the dates at 
which they occurred are listed in Table 3. The depth of the 32 deg line at these dates 
is also listed. Graphs showing slab movement throughout the winter are shown in 
Figure 7. 

It was noted there was an interval of many days (6 to 14 days) between the date of 
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TABLE 2 

Installation 
Max. Depth 

of 32 deg Line Date Slab Heave 
F-10 Slab 17. 8 in. Jan. 19 0. 013 It 
F-10 Shoulder 15. 8 in. Jan. 19 
F-17 Slab 16. 8 in. Jan. 19 
F-17 Shoulder 10. 0 in. Jan. 19 0. 012 f t 
F-5 Slab 15. 5 in. Jan. 19 0. 023 f t 
F-5 Shoulder 12.1 in. Jan. 19, 20 
F-13 Slab 14. 5 in. Jan. 19 0. 020 f t 
F-13 Shoulder 11. 0 in. Feb. 2 
F-15 Slab 13. 8 in. Jan. 19 0. 036 f t 
F-15 Shoulder 13. 5 in. Jan. 24 
F-24 Slab 12. 0 in. Jan. 19 0. 064 f t 
F-24 Shoulder 9. 5 in. Feb. 1, Feb. 14 

maximum penetration of the 32 deg line and the date of maximum heaving. Also, the 
depth of the 32 deg line at the time of maximum heaving was less than the maximum had 
been. 

Increased moisture content m the soil installations is believed to be the reason that 
maximum heaving occurred at a later time than when the depth of the 32 deg line was a 
maximum. Examination of the weather records indicates that this is probably true be­
cause prior to January 19 (the date of maximum depth of the 32 deg line) little moisture 
could have entered the ground as a result of precipitation. Very little precipitation 

Installation F- 10.15.24. 13.17. 5 Winter of 1953-54 
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Figure 7. 
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occurred prior to January 19 except the snow storm of January 11, and that remained 
largely unmelted. After January 19 (between January 20 and January 22) the snow melt­
ed and thus increased the moisture content of the soil installations. Because moisture 
is essential for the growth of ice lenses which cause heaving, i t seems reasonable to 
assume that an increase in moisture content would result in an increase in heaving. 

The maximum heave of F-24 Slab of 0. 076 f t , incidentally, was the greatest heave 
measured of all thirty soil installations on which level readings were taken during the 
winter. 

TABLE 3 
Installation Max. Heave Date Depth of 32 deg Line 

F-10 Slab 0.023 in. Jan. 29 10. 0 in. 
F-17 Slab 0. 016 in. Feb. 1 9. 5 in. 
F-5 Slab 0. 032 in. Feb. 2 12. 0 in. 
F-13 Slab 0.034 in. Feb. 2 9. 0 in. 
F-15 Slab 0. 047 in. Feb. 2 10. 5 in. 
F-24 Slab 0. 076 in. Jan. 25 11. 0 in. 

Installation _2_ F-JO. SLAB Winter of 1953-54 
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Figure 8. 

Freeze and Complete Thaw Periods Between December 31, 1953 and February 15, 1954 
December 31, 1953 was the date of the f i rs t thermistor readings and February 15, 

1954 was the beginning of a general thaw period that caused all frost to come out of the 
ground. By complete thaw period, i t is meant that the 32 deg line was completely 
above the ground. 

The installations and a brief account of the freeze and complete thaw periods for 
each during this period, are as follows: 
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F-10 Slab—The 32 deg line entered the ground steadily on January 7 and remained 
in until February 3 except for one brief thaw. Between February 3 and February 12, 
the 32 deg line entered the ground only at night. 

F-10 Shoulder—There were two brief complete thaws during the period. 
F-17 Slab—The 32 deg line entered ground steadily on January 7 and remained in 

until February 3 except for one brief thaw. Between February 5 and February 9, the 
32 deg line entered the ground only at night. 

F-17 Shoulder—There were four complete thaws between December 31 and February 
4. The 32 deg line entered the ground only at night between February 4 and February 11. 

F-5 Slab—The 32 deg line entered the ground steadily on January 7 and remained in 
until the end of the period except for one brief thaw. 

F-5 Shoulder—The 32 deg line remained below ground during the entire period. 
F-13 Slab—The 32 deg line entered the ground steadily January 7, and except for one 

complete thaw remained m until February 6. Between February 6 and February 11, the 
32 deg line entered the ground only at night. 

F-13 Shoulder—The 32 deg line remained below ground during the entire period. 
F-15 Slab—The 32 deg line penetrated the ground steadily on January 8 and remained 

in until the end of the period except for two complete thaws. 
F-15 Shoulder—The 32 deg line remained below ground during the entire period. 
F-24 Slab—The 32 deg line entered the ground steadily on January 8 and remained in 

until the end of the period except for one brief thaw. 
F-24 Shoulder—The 32 deg line remained below ground during the entire period ex­

cept for one brief thaw. 

Insta Motion _ 9 _ F-JO. SHOULDER Winter of 1953-54 
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Figure 9. 

Figures 8 through 19 are frost penetration curves for the winter based on daily morn­
ing readings which also illustrate the freeze and complete thaw periods. 

A study of the freeze and complete thaw periods indicates that the slabs of F-17, F-10 
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Instal lotion 1 6 _ p-_5_ SLAB Winter of 1953-54 
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Instol lot ion-Ll_ F - i 3 _ SLAB Winter of 1953-54 
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and F-13 showed similar characteristics in that thawing occurred frequently in the latter 
part of the period while at the same time the slabs of F-15, F-5 and F-24 maintained be­
low-freezing temperatures. In the shoulders, F-17 showed a rapid reaction to air tem­
peratures, resulting in frequent freeze and complete thaw cycles. The other five shoul­
ders showed a much greater capacity for retaining below-freezing temperatures, parti­
cularly F-13, F-5 and F-15, which maintained below-freezing temperatures throughout 
the entire period of December 31 to February 15. 

In the early part of the period (December 31 to January 7) the frost did not penetrate 
the ground beneath the slabs steadily, while at the same time the shoulders were frozen 
to a depth of 3 to 5 in. Apparently the 32 deg line was at some level in the slab but not 
deep enough to penetrate steadily into the ground beneath i t . 
Trend of 32 deg Line During Cold Spells 

Between December 31, 1953 and February 15, 1954, there were five cold spells (peri­
ods when air temperatures were below freezing for most of the time) and frequent ther­
mistor readings were taken in all but the January 18-19 cold spell. The cold spells dur­
ing which frequent readings were taken with the depth of the 32 deg at the start and at 
the end of the cold spells for each installation are listed in Tables 4, 5, 6 and 7. 

TABLE 4 
JANUARY 12 TO JANUARY 14 COLD SPELL 

Installation Depth of 32 deg Line, Inches Change, Inches 
Start End 

F-10 Slab 9.0 15.9 -6.9 
F-10 Shoulder 6. 8 13.5 -6.7 
F-17 Slab 8. 5 15. 0 -6.5 
F-17 Shoulder 2.0 9.5 -7.5 
F-5 Slab 9.0 13. 5 -4.5 
F-5 Shoulder 4.5 6.5 -2.0 
F-13 Slab 7.0 12. 8 -5. 8 
F-13 Shoulder 4.5 5.5 -1.0 
F-15 Slab 7.5 12. 5 -5.0 
F-15 Shoulder 7.0 10. 5 -3. 5 
F-24 Slab 7.0 11. 5 -4.5 
F-24 Shoulder 5.5 5.5 0.0 

It can be noted that there was a greater penetration of the 32 deg line in the granular 
soils F-10 and F-17 than in the other installations. In F-10 and F-17 the penetration 
in shoulders and slabs were about the same while in the other finer-grained soils, pene­
tration was greater beneath the slabs. 

The 32 deg line depth during the cold spell shown in Table 5 also reflects somewhat 
the effects of the cold spell on January 18-19, which was a colder period. The rise 
in F-10 is probably due to a comparative warming after the January 18-19 cold spell. 
The lowering of the 32 deg line in the shoulders of the other installations indicates a 
greater lag behind the same spell. At the same time there was practically no change 
in the slabs of these other installations. 

Table 6 shows that all shoulders but F-17 were frozen at the start of the period, 
which again illustrates the inability of F-17 to retain below freezing temperatures. 
In contrast, i t is seen that both shoulders and slabs of F-5 and F-24 remained frozen 
throughout. 

Table 7 highlights characteristics in the installations that were observed earlier, 
which are (a) greater changes occur beneath the slabs than in the shoulders; (b) the 
granular soils F-17 and F-10 react much more quickly to air temperature changes 
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TABLE 5 
JANUARY 22 TO JANUARY 24 COLD SPELL 

Installation Depth of 32 deg Line, Inches Change, Inches 
Start End 

F-10 Slab 15.0 13.0 +2.0 
F-10 Shoulder 13.5 13.0 +0.5 
F-17 Slab 11. 5 11. 5 0.0 
F-17 Shoulder 6.5 9.0 -4.0 
F-5 Slab 14.0 14.0 0.0 
F-5 Shoulder 10.0 11.9 -1.9 
F-13 Slab 12.5 12.5 0.0 
F-13 Shoulder 7.0 11.0 -4.0 
F-15 Slab 12. 5 12.0 +0.5 
F-15 Shoulder 11.5 13.5 -2.0 
F-24 Slab 11.4 11. 5 -0. 1 
F-24 Shoulder 6.0 8.0 -2.0 

than the other four soils (it can be seen that the shoulders of F-5, F-13, F-15 and 
F-24 retained below-freezing temperatures throughout the period); (c) the 32 deg line 
penetrates deeper in the F-17 and F-10 than in the other soils. 

The 32 deg line entered the soil of installations F-17 and F-10 very quickly with 
the beginning of the cold spell and also came out quickly with the beginning of the warm 
spell. 

The soil below the slabs of F-24, F-15, F-5 and F-13 was not frozen at the start 
of the period but the shoulders were frozen to a depth of 6.5 to 11 inches. The 32 deg 
line reached about the same depth beneath the slabs as in the shoulders of these four 
installations (F-24, F-15, F-5 and F-13) during the cold spell but came out much more 
quickly with the warm spell. The shoulders of these four installations did not thaw 
out completely until one to three days after the soil beneath the slabs thawed out. It 

TABLE 6 
JANUARY 28 TO FEBRUARY 1 COLD SPELL 

Installation Depth of 32 deg Line, Inches Change, Inches 
Start End 

F-10 Slab 0 13.0 -13.0 
F-10 Shoulder 10.5 13.0 - 2.5 
F-17 Slab 0 12.5 -12.5 
F-17 Shoulder 0 9.5 - 9 . 5 
F-5 Slab 13.0 13.0 0.0 
F-5 Shoulder 10.5 10.0 + 0.5 
F-13 Slab 0 lOrO -10.0 
F-13 Shoulder 9.0 10.5 - 1.5 
F-15 Slab 0 10.5 -10.5 
F-15 Shoulder 12.0 13.0 - 1.0 
F-24 Slab 11.0 10.8 + 0.2 
F-24 Shoulder 8.0 9.5 - 1.5 
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TABLE 7 
FEBRUARY 11 TO FEBRUARY 14 COLD SPELL 

Installation 
• 

Depth of 32 deg Line, Inches Change, Inches 
Start End 

F-10 Slab 0 12.7 -12.7 
F-10 Shoulder 0 9.5 - 9.5 
F-17 Slab 0 13.0 -13.0 
F-17 Shoulder 0 9.0 - 9.0 
F-5 Slab 0 10.0 -10.0 
F-5 Shoulder 6.5 10.0 - 3,5 
F-13 Slab 0 9.0 - 9.0 
F-13 Shoulder 8 10.5 - 2.5 
F-15 Slab 0 9.5 - 9.5 
F-15 Shoulder 11.0 11.0 0.0 
F-24 Slab 0 9.5 - 9.5 
F-24 Shoulder 7.0 9.5 - 2.5 

can be seen a thin lens of soil remained frozen in F-13 shoulder about two days after 
the other shoulders were completely thawed. 

It was noted that with this sudden thaw period, most thawing of the soils was from 
the top downward. 

Observations from Temperature Oscillation Graphs 
The soils F-17 and F-10 showed a marked difference from the other soils through­

out the winter because they reacted to air temperature changes much more quickly. 
Lower temperatures also penetrated deeper in these two soils, causing a smaller tem­
perature gradient with depth. Of the two, F-17 reacted more rapidly than F-10 to air 
temperature changes. 

In comparing the finer-grained soils F-5, F-24, F-13 and F-15, i t was found that 
lower temperatures penetrated deeper in F-5 and F-24 than in F-13 and F-15, with a 
corresponding lower temperature gradient with depth. Of all six soils studied, F-15 
showed the least reaction to air temperature changes. 

There was a period in February during which the daily variation in temperature was 
quite uniform. There was a daily variation in temperature in F-17 to a depth of about 
18 in. to 22 in. and in F-10 to a depth of about 10 in. to 18 in. and that there was a 
lag of about 4 to 6 hours behind the air temperature. In the other four soils there was 
little or no change m temperatures except to 8 in. or 10 in. below the surface, and 
here the change was generally slight. 

A study of the temperatures at the bottom of the installation (30 in. below the sur­
face) during the winter indicated that there was a slight but general lowering of tem­
peratures in F-5, F-24, F-13 and F-15 with only a faint reflection of cold spells. At 
the same time and at the same depth in F-17 and F-10, there were definite rises and 
falls with warm and cold spells. 

SUMMARY 
The granular, non-plastic soils, F-17 and F-10, reacted to air temperature changes 

much more quickly than the finer-grained soils, F-5, F-13, F-15 and F-24, and there­
fore are better conductors of heat and cold. The frost entered into and went out of 
these granular soils more quickly than the finer-grained soils because of their greater 
conductivity. 

The granular soils, F-17 and F-10, in general reacted in a similar manner dur i i^ 
the winter. Of the two soils, F-17 was a better conductor and showed the least capa-
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city for retaining low temperatures. 
The finer-grained soils, F-5, F-13, F-15 and F-24, as a group, reacted similarly 

and i t was difficult to find consistent differences as to frost penetration, temperature 
gradient with depth, and freeze and thaw periods. However of these four soils, F-15 
(HRB Classification A-7-6) appeared to react the most slowly to air temperature 
changes and can be considered to be the poorest conductor (or best insulator). The 
dry density of F-15 in the fa l l of 1953 was 80 lb per cu f t , which was considerably low­
er than the other soils. 

The 32 deg line generally penetrated to a greater depth in the granular soils (F-17, 
F-10) than in the finer-grained soils (F-5, F-13, F-24, F-15) during cold spells. The 
greatest penetration of the 32 deg line during the winter occurred below the slabs of 
F-17 and F-10. 

Freeze and complete thaw cycles occurred more often below the slabs than in the 
adjacent shoulders. Therefore i t can be said that the concrete slabs are better con­
ductors of heat and cold than soil of the same thickness. 

The shoulders of the finer-grained soils (F-5, F-13, F-24, F-15) showed little re­
action to cold and warm spells (except at the surface) during the period studied, but 
instead tended to reflect the overall cold weather of the period itself. The shoulders 
of F-5, F-13 and F-15 retained 32 deg or below temperatures throughout the period. 

There was a lag between the second minimum air temperature period of the winter 
and the time of the maximum penetration of the 32 deg line. The lag was one day for 
all but for the shoulders of F-13, F-15 and F-24, for which the lag was 6 to 14 days. 

Maximum heaving did not occur at the same time as the maximum depth of the 32 
deg line. In the cases studied, the maximum heave occurred many days (6 to 14 days) 
after the maximum depth of the 32 deg line and was attributed to an increase in the 
moisture content of the soils. Also, the depth of the 32 deg line at the time of maxi­
mum heaving was less than its maximum depth had been. 

During the thaw periods, most of the thawing in the soils occurred from the top 
downward. 

CONCLUSIONS 
1. Granular, non-plastic soils are better conductors of heat and cold than fine­

grained soils and react to air temperature changes more quickly. Of the six soils 
studied, F-17, a clean sand (HRB Classification A-3), was the best conductor and 
F-15 (HRB Classification A-7-6) was the poorest conductor. Therefore frost enters 
and goes out of granular soils more rapidly than fine-grained soils, causing more 
frequent freeze and complete thaw cycles. 

2. A concrete slab is a better conductor of heat and cold than soil of the same 
thickness. Therefore freezing and complete thaw cycles occur more often below a 
concrete slab or pavement than in the adjacent shoulder. 

3. A combination of a concrete slab over a granular soil is one that reacts most 
quickly to cold and warm spells. A shoulder of fine-grained soil shows little reaction 
to cold and warm spells (except at the surface) and reflects the over-all intensity of 
cold of the winter. 

4. The freezing line generally penetrates to a greater depth in granular soils than 
in fine-grained soils. 

5. There is a lag between the minimum air temperature of winter and the maxi­
mum penetration of the 32 deg line. (In the cases studied the lag was one day except 
for some of the shoulders of fine-grained soils, where the lag was several days.) 

6. Maximum heaving does not necessarily occur at the time of the maximum depth 
of the 32 deg line. 

7. Most thawing in soils occurs from the top downward during thaw periods. 
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DISCUSSION 
MILES S. KERSTEN, Professor, University of Minnesota—Temperature data beneath 
a simulated roadway surface such as presented in this paper are useful for checking 
methods which have been developed for calculating depths of freeze from air tempera­
tures and certain soil data. (1) The New Jersey measurements could be of particular 
value since they are for a variety of soil textures and would help in depicting the effect 
of such a variable. They are also for a location where the magnitude of the cold, as 
measured by degree-days of freeze, is sufficient to cause some freezing of subgrades, 
but of a much lesser magnitude than is typical for Minnesota and other more northern 
states where some previous measurements have been made. 

One very important item of needed information to calculate or estimate frost depths 
from air temperature data is the moisture content of the soil. No mention seems to 
have been made of this in the report. If i t can be furnished it would be useful. One 
would suspect that the two sandier soils, F-10 and F-17, had much lower moisture 
contents than the other four soils. This would have a great influence on the rate of 
freezing and depth of freeze. 

I believe care should be exercised in some of the terms which are used in problems 
of frost penetration. For example, conclusion (1) reads in part "Granular, non-plas­
tic soils are better conductors of heat and cold than fine-grained soils—." Referring 
to the words "better conductors", this property is usually indicated by a coefficient of 
thermal conductivity, k, measured in such units as Btu per deg F per in. temperature 
gradient per square foot of area per hour. According to measurements made at the 
University of Minnesota (2) a sandy soil at a dry density of 116 lb per cu f t and at a 
moisture content of 5 percent would have a k of about 10 (units as above) in a frozen 
condition. A soil such as the F-5 silty soil in the New Jersey tests with a dry density 
of 94 lb per cu f t , if i t existed at a moisture content of 22 percent, would have a k of 
12. Even though the conductivity of the sand is less than that of the silt, the frost pene­
tration for a given magnitude of "cold" could be much greater in the sandy soil than in 
the silt soil; this would be due to the much greater quantity of water in the silt which 
must be frozen, and the consequent greater quantity of heat represented by the latent 
heat of fusion which must be conducted out of the soil. With numerical values as in­
dicated above, calculations of frost penetration in the sandy soil, without any pavement 
surfacing, would give depths about 1.7 times as great as calculated frost depths for 
the silt. Hence, it may not be entirely proper to designate soils in which frost pene­
trates rapidly or to great depths "good conductors. " 

A similar reasoning could be applied to conclusion (2) which states that a concrete 
slab is a better conductor than soil of the same thickness. Most concrete has a ther­
mal conductivity, k, of about 10 to 12 Btu per deg F per in. per sq f t per hour. Froz­
en soils with relatively high moisture contents might have k-values appreciably greater 
than this. Even so, the frost might penetrate a few inches below a concrete pavement 
6 in. which, resulting in a total depth of say 8 or 9 in. while i t was penetrating only 4 
or 5 in. into the soil in the shoulder alongside the slab. Again this would be due to the 
appreciable magnitude of the latent heat of fusion of the soil in the shoulder, whereas 
the concrete might contain only a small, almost negligible amount of moisture which 
would give i t a small volumetric latent heat of fusion. 

The conclusion that the freezing line penetrates to a greater depth in granular soils 
than in fine-grained soils is in agreement with measurements made in Minnesota. 

REFERENCES 
1. Carlson, Harry and Kersten, Miles, "Calculation of Freezing and Thawing 
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A. R. Jumikis, Closure—Mr. Kersten's remarks concerning the lack of mention of 
soil moisture content in this report are pertinent. Moisture content in soil has a great 
influence on the rate of freezing and depth of frost penetration. 

Although moisture contents of these six soils in question were determined in the fa l l 
prior to the freezing season of 1953-4, and then again in the followii^ spri.ig after the 
frost went out of the ground, the soil moisture content data were not reported in this 
article. There were no moisture gages installed in the soil during the winter of 1953-4. 
Hence the variation m thermal properties of the soils because of the moisture changes 
during the freezing season could not be ascertained. 

Being aware of the importance of and necessity for information on soil moisture con­
tents during a freezing season, the authors installed soil moisture gages the following 
winter (1954-5) and included data on soil moisture contents obtained during the 1954-5 
freezing season in a subsequent report*, actually being published prior to the discus­
sion of the present article (concerning 1953-4). Illustrations on frost penetration 
depths and soil moisture contents and their variations are shown on pp. 97-108 of the 
previously mentioned report. 

Mr. Kersten is quite right in saying that the property of heat conductivity of soil 
( referr i i^ to the expression "better conductors") can be characterized by a coefficient 
of thermal conductivity; for example, in Btu per foot per hour per d^ree F or calories 
per centimeter per second per degree C. With such data on hand, the soil thermal pro­
perties are readily characterized quantitatively. However, if such data are not on hand 
and one has to say something about the soil, the performance and the end results of the 
performance of the soil, as in this case, when subjected to freezing, can also be des­
cribed qualitatively, especially when comparing the performance of several different 
soils among themselves, and particularly when heat transfer measurements and calcul­
ations are not and/or could not be done. 

Under the circumstances, therefore, i t is quite proper to compare the performance 
of several soils among themselves because all of the six soils were sulqected to the 
same climatic and geographic environment (in one and the same frost yard and same 
position of the ground-water table) at the same time and during the same length of time. 
Thus, naturally, because of the varying properties among the soil types under consider­
ation (their magnitudes are masked out, but they are there) one soil is obviously a 
"better conductor" of heat than another when compared for various climatic and geo­
graphic environmental conditions; then, of course, i t is very difficult to say which soil 
is a "better conductor". 

The author agrees that numerical heat conduction values of soils for varying mois­
ture contents, even for one and the same type of soil, are very desirable factors in 
thermal soil mechanics. Much effort is stil l to be devoted to obtain such data for vari­
ous types of soils, at various densities, moisture contents, and temperatures. Such 
data facilitate thermal calculations in highway and earthwork technolc^. 

The same can be said about "good conductors" of concrete pavement slabs. The 
authors' conclusions were based on careful observations and considerations. 

Mr, Kersten has studied frost penetration problems in Minnesota soils and i t is 
gratifying to learn that temperature measurements made by the Joint Highway Research 
Project at Rutgers beneath a simulated roadway surface are useful in h^hway techno­
logy, and that some observations r^arding frost penetration depths in granular soils 
made in New Jersey are in agreement with measurements made m Minnesota. 

* Turner, K. A. Jr . , and Jumikis, A. R. 
"Subsurface Temperatures and Moisture Contents in Six New Jersey Soils, 1954-5. 
HRB Bulletin 135, p. 77 (1956). 
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The thermal conductivity of soils and allied phenomena play a major role 
in several engineering fields. A few examples are the frost problem in 
highway engineering, the dissipation of the Joule heat from buried electric 
cables, and the thermal exchange in heat pump systems. 

It is not too difficult to measure actual heat conductivities of particular 
soils at specific moisture, density, and structural conditions. However, 
the values obtained can be used for purposes of prediction with regard to 
the normal weather - and seasonally conditioned changes in soil properties 
only by means of adequate hypotheses and theories. The more closely the 
theoretical concepts depict the actual mechanisms of heat transmission in 
soils, the fewer heat conductivity measurements must be made and the more 
useful to the engineer are those that are made. 

Soils normally consist of solid, liquid and gaseous phases, and the 
mechanism of heat transmission differs for these different states. There­
fore, the paper discusses thermal transmission in solid, liquid and gaseous 
phases before treating the more complex soil systems. The various the­
oretical and empirical equations available for the simple and complex sys­
tems are analyzed and results obtained with them are compared with actual 
experimental data. 

The inadequacy of the present theories concerning thermal conductivity 
in soils is pointed out and ways toward correcting some of the deficiencies 
are indicated. 

#SOILS ARE composed of solid, liquid and gaseous matter. In an undisturbed condition 
the solid particles and the liquid and gaseous phases in a grown soil are arranged in a 
definite structure or fabric, while in a completely disturbed condition distribution of 
particles and phases is random. The actual condition of most soils that are of interest 
to the engmeer lies between these two extremes. 

The thermal conductivity of a soil depends on the thermal conductivities of its solid, 
liquid and gaseous components, their volume proportions and their arrangement or 
structure. The structure itself is influenced by the size, shape and gradation of the 
components. Generally, solids conduct heat better than liquids, and liquids better than 
gases. It IS important, therefore, whether in a soil structure the well conducting solid 
particles are in intimate contact with each other or whether and to what extent they are 
separated from each other by intervening liquid and gaseous phases. 

In dispersed systems that are constituted of solid, liquid and gaseous phases, the 
transition from one phase to another is usually not abrupt. Rather, a transition zone 
is formed. This is especially important for the solid-liquid interfaces, in our case: 
the interface between soil particles and surrounding water films. The thickness and 
structure of this interaction zone are functions of the polar character of both, the solid 
surface and the surrounding liquid, and also of the temperature. This temperature de­
pendence is the main cause for the transport of liquid in porous hydrophilic systems 
subjected to temperature gradients. In addition, diffusion and distillation may occur 
through the gaseous phase from locations of higher to those of lower temperatures. 
Hence, application of a thermal gradient to moist soils causes not only a heat transfer 
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through the different phases but also a mass transfer of the liquid in either or both, 
f i lm and gaseous phases. Partial or complete removal of the liquid by these processes 
at a particular location in a soil lowers the thermal conductivity and also the heat 
capacity per unit volume of the soil at this location. 

Considering the great complexity of heat transfer in natural soils one could be 
tempted to despair of the possibility of any significant practical results to be gotten 
from fundamental theoretical considerations. A theory covering all phenomena involved 
would be too cumbersome to handle, while one simple enough to be handled mathemati­
cally could not be expressive of the events actually takmg place in a soil subjected to a 
temperature gradient. Such reasoning misses the most important point. It is better 
to have partial knowledge than none at all , as long as one realizes that it is partial. 
Also, all theory, even the best founded and simplest, proceeds by successive approxi­
mation, by starting with a simple picture and refining it when and as needed, employing 
physical parameters whenever it is easier to measure than to calculate them from basic 
assumptions. Even if we should never be able to do without actual determination of 
certain physical parameters, such as measured thermal resistivities, the mental 
discipline acquired and the creative imagmation developed in pushing the theory as 
far as possible may pay a thousandfold by indicating ways and means to achieve de­
sired practical ends. These ends are not only to predict thermal resistivities of soils 
from their composition and constitution, but also, and more importantly, to develop 
economical methods for maintaining the thermal behavior of soils at a level that is 
optimal for the intended purpose. 

For the reasons ^iven, the present report on the theory of heat transmission in soils 
and similar porous systems has been prepared. The treatment proceeds from the 
simpler to the more difficult aspects of the general problem. 

THE NATURE OF HEAT 

Heat is a form of energy. As m the case of other forms of energy a definite amount 
of heat can be expressed as the product of a capacity factor and an intensity factor. 
The former is the heat capacity, the latter the absolute temperature. The heat capacity 
per gram of a material is called its specific heat, that for the atomic weight in grams 
of an element is the atomic heat, and that for a gram mol of a compound is the mol 
heat. The total heat content U of a system possessing the heat capacity C and being 
at an absolute temperature T is expressed by 

CdT 

C itself is a function of the temperature. 
The concept of heat as a form of motion of the ultimate particulate components of 

matter dates back to the ancients. Scientific proof of the essential validity of this 
concept was furnished by Rumford (Phil. Trans. 1798) and Davy (1799). This, how­
ever, was just a beginning. Only after Laplace, Dalton, Gay-Lussac, Dulong and 
many others had made their important contributions to the knowledge of the properties 
of gases, was it possible for Joule, Waterstone, KrOn^ and Clausius to found the 
kmetic theory of heat which was brought to maturity by Maxwell and Boltzmann. 

The basic assumptions of this theory are amazingly simple. The experimentally 
found relationships between temperature, pressure and volume of normal gases led to 
the concept of the "ideal gas." The properties of the ideal gas are approached by many 
actual gases at normal temperature. The corresponding relationships can be expressed 
by the equation: 

PV = nRT, in which 
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P = pressure 
V = volume 
n = number of moles of gas 
T = absolute temperature 
R = gas constant. 

Both sides of the equation have the dimensions of energy or work, while R has the 
dimension of a specific heat or heat divided by temperature. 

Numerical values for the specific heats and the mole heats of gases depend on 
whether they are determined at constant volume or at constant pressure. If determined 
at constant pressure, the volume wil l be increased and work wil l be done against the 
outside pressure. This work uses up heat energy. The difference between the mole 
heat at constant pressure Cp and that at constant volume Cy equals R = 1.985 calories. 
The ratio Cp/Cy for mono-atomic gases is 5/3 or 1.667; the more complex the gas 
molecules become, the larger becomes Cy and the smaller becomes Cp/Cy. Also, 
the heat capacities of mono-atomic gases are relatively independent of temperature. 

3R 
These gases have mole heats approximating -g- or 3 calories while gases having mole­
cules composed of two and more atoms have temperature coefficients that increase 
with increasing complexity of the molecules. Between 0 deg and 1,000 deg C, the mol 
heats of Na, Oa, CO and HCl increase from about 5 calories to 6. 2, while those of HaO, 
COa and SOa start with about 6.7 and almost double m the given temperature range. 
From this type of evidence the theory concludes as follows: 

The mole heat at constant volume, i . e., the amount of heat required to raise the 
temperature of one mole by one degree absolute, depends upon the number of different 
mechanical movements the individual molecules can make, or on the number of motion 
mechanisms in which they can invest energy. For each type of movement the energy 
y is assigned per mole. Thus a mono-atomic gas, the atoms of which have no other 
possibilities than moving in the 3 dimensions of space, has a mole heat of 3 ̂  or about 
3 calories. Diatomic molecules add to these 3 possible translatory movements rotations 
around two axes which results in mole heats of 5 ^ , while molecules with even more 
atoms have possible rotations about 3 axes with resulting mole heats of 6 y or about 
6 calories. This assignment of y for each possible type of mechanical movement is 
called the equipartition theorem. In addition to the described types of movement there 
is the possibility especially at elevated temperatures for the various atoms in d i - t r i -
and polyatomic molecules to oscillate with respect to each other. This again Increases 
the mol heats. 

The amazing thing about the kinetic gas theory is not that it has its definite limita­
tions but rather how much can be done with a few simple assumptions, based, of eourse, 
on experimental results, and their logical mathematical development. The mechanical 
heat theory holds well for ideal gases and dilute solutions, but i t becomes increasmgly 
and often forbiddingly complex m the case of solids and liquids. Aside, however, from 
the unwielding complexity for many material systems, the purely mechanistic heat 
theory has its definite theoretical limitations. These become apparent when the thermal 
kinetic movements have grown sufficiently intensive to affect the electric constituents 
of the atoms and molecules in a way to result in electromagnetic phenomena and in the 
emission of electro-magnetic waves. Heat as a form of energy is, of course, also 
subject to Planck's quantum theory. 

The modern theory of the specific heat of gases which takes the electromagnetic 
phenomena into account is largely due to Albert Einstein while that for the specifiQ 
heat of solids has been developed mainly by Debye. The greatest difficulties to theoreti­
cal treatment are st i l l offered by the liquids. 

So far, main consideration has been given to the capacity factor of heat energy while 
the intensity factor, temperature, has been neglected. According to the kinetic theory 
of gases the absolute temperature is directly proportional to the kinetic translatory 
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energy present in the gaseous system under consideration. It is also a measure of the 
intensity of the total molecular movement in a gas. According to the kinetic theory of 
the specific heat the total translatory energy of one mole of a gas at an absolute temper-

op 
ature T equals ^ T. Recalling the ideal gas law PV = RT and the fact that PV also 
derives from the translational kinetic energy of a mol of gas at temperature T, one 
wonders why the proportionality constant on the right side of the equation is R and not 
3R . This can be explained m the following manner: 
2 

The pressure on the walls of a gas container is assumed to be the result of perfectly 
elastic recoil of the molecules hitting the walls at a particular moment. The molecules 
fly off the wall with the same speeds they had before the collision; that means they sti l l 
possess their previous kinetic energies although the direction of movement has been 
reversed. However, there was an exchange of momentum with the wall which has re­
ceived twice the momentum of the colliding particles. The pressure is, therefore, a 
function of twice the kmetic energy of the hitting particles or for one mol equal to 
f (3RT). Assuming that only one-third of the molecules in a mol hit the walls of the 
containing vessels at a particular moment the function becomes f (RT) or, as Boltzmann 
has shown in an exact presentation, the proportionality constant becomes equal to R. 
This IS in agreement with the experimentally found gas law. According to the latter 
there exists no energy at absolute zero (T = 0); this means that all motion has stopped 
at this point. 

In his derivation of the law of heat radiation from ideal black bodies Max Planck 
assumed that the walls of the hollow sphere representing the ideal black body consisted 
of oscillators. In order to accommodate the available experimental data Planck post­
ulated that the oscillators involved could not take up energy continuously in arbitrary 
small increments but only in fixed units, called quanta. The magnitude of the quantum 
of energy G depends on the oscillator frequency v according to 

C = h« (2) 
where h = Planck's constant (dimensions = Energy x time). 

The average energy G of an oscillator is derived to be: 
hv 
hv 

gkT. 
% hv (3) 

where e = the base of natural logarithms 
k = the Boltzmann constant = R 

R = universal gas constant 
N = Avogadro's number 
T = absolute temperature 

This equation shows that even at the absolute zero temperature (T = 0) the oscillator 
possesses a residual energy of 

^0 = V2 h« (4) 

Equation (3) yields the classical value of G = kT when hu becomes much smaller 
than kT. At the present time, the quantum theory is accepted not only for radiant 
energy but also for all other forms of energy. 

HEAT TRANSMISSION 
The second law of thermodynamics is concerned with the degeneration of energy and 

the increase of the entropy. In accordance with this law, energy tends to go from a 
higher to a lower level of intensity. In the case of heat energy, this means that heat 
wi l l flow from locations of higher to those of lower temperature. To achieve this end. 
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heat, as any other energy, wil l employ all ways and means at its disposition, though to 
different extent at different energy levels and depending on the composition and struc­
ture of the systems involved. Normally, there are available for heat transfer the 
following mechanism: radiation, conduction and convection. 
Radiation 

In heat emission by radiation the absolute temperature of the radiating body is the 
most important Single factor. Radiation is the transportation of heat through empty 
spaces or transparc-lit media. Total radiation follows the relation found by Stefan and 
Boltzmann for radiation of a perfectly black surface, viz: 

q = (TAT* 

q = time rate of energy flow 
A = the area through which the energy flows 
T = absolute temperature 
<r = a natural constant known as the constant of black body radiation. 

For imperfect black bodies a is replaced by another factor. The commonly used value 
for <r in the above equation is 4.96 x 10"' in the c. g. s. system (43). 

Conduction 
Generally, heat conduction means the exchange of heat between continuous bodies or 

parts of a body. According to the kinetic theory, heat conduction is due to elastic 
impacts of molecules in gases, to longitudinal oscillations in solids which do not con­
duct electricity and oscillations plus movement of electrons in metals. The basic law 
for heat conduction in one dimension, also called Fourier's equation, is given by: 

where q = k ^ A T , 

q = energy flowing through area A per unit time when a temperature drop A T exists 
over a length L 

k = coefficient of thermal conductivity, also called internal heat conductivity or just 
thermal conductivity. 

Convection 
Heat convection is the transportation and exchange of heat by mixing or interflow of 

multimolecular masses of liquids and gases that are at different temperatures. It is 
controlled by the laws of fluid dynamics as well as by those of heat conduction. 

Newton in 1701 recommended the equation 
q = h A A T 

to describe the transfer of heat q per unit time between a surface and a contacting 
fluid for a contact area A and a temperature difference AT; h is called the surface 
coefficient, f i lm coefficient or coefficient of heat transfer. However, this equation is 
not exact and is more a definition of h than a law (43). 

HEAT TRANSFER 

Heat is propagated through space or different media in various manners depending 
on the tvpe, composition and structure of the propagating substance. 

(a) Heat transfer through a vacuum: the only way that heat can be propagated through 
a vacuum is by radiation. Radiation of heat being the same as light radiation, follows 
the laws of optics, both with regard to its geometry and dynamics, in addition to the 
previously mentioned energy radiation laws. 

(b) Heat transfer through gases: the heat may be transported by radiation (if the gas 
is colorless), convection or conduction. 
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(c) Heat transfer through liquids: as in the case of gases, heat may be transferred 
by radiation (transparent liquid), convection and conduction. 

(d) Heat transfer through solids: in dense transparent solids, radiation may con­
tribute to the heat transfer. But, the most important mechanism at low temperatures 
is heat conduction. In porous or granular solids convection of gases or liquids in the 
pores contribute to the heat transfer. At very high temperatures, there wi l l be inter­
nal heat propagation by means of radiation from pore wall to pore wall, which increases 
the apparent heat conductivity. 

HEAT CONDUCTION IN HOMOGENEOUS SUBSTANCES 

Conduction in Gases 

According to the kinetic theory, the pressure of a gas is due to the force of the 
impacts of the gas molecules on the container wall. The temperature is proportional 
to the average translational kinetic energy of the molecules. The kinetic energy and 
its various manifestations such as pressure, temperature, specific heat, compressi­
bility and others, wil l therefore be the dominating factors with respect to mass and 
heat transfer in gases. 

The ideal gas is pictured as consisting of molecules, whose volume is no small as 
to be negligible in comparison with the total volume occupied by the gas. The mole­
cules are conceived as elastic spheres with no attraction or repulsion forces between 
them. The ideal gas law and the corresponding thermodynamical treatments can be 
applied to this situation. If the actual volumes of the molecules and the interaction 
between them cannot be neglected changes m the ideal gas laws become necessary. 
The modifications by Van der Waals, Berthelot, Kammerlingh-Onnes and Beatie and 
Bridgeman are especially valuable. 

It has been found that the coefficients of viscosity | i , thermal conductivity k , and 
diffusion D are proportional to one another. Within the normal range of pressures 
viscosity, thermal conductivity and diffusion are independent of the pressure. This is 
in ^reement with the kinetic gas theory. 

Consider two layers of gas molecules a distance S apart where S is the mean free 
path of a molecule. If the velocity gradient in the gas is given by ̂  , one layer of 
molecules wil l be moving relative to the other layer with a velocity 8 ̂ . Because of 
the thermal motion of the molecules in both layers, some molecules will be passing 
from the faster moving layer to the slower one, and vice versa. The molecules in the 
faster moving layer have a higher kinetic energy and those that pass over to the slower 
layer wil l transmit their excess energy to the new companion molecules of the slower 
layer, thereby increasing the kinetic energy of the slower layer. The reverse will 
happen when molecules from the slower layer pass over to the faster moving layer. 
The slow molecules increase their kinetic energy while the average kinetic energy of 
the faster layer is decreased. The over-all effect is a tendency to equalize the velocities 
of the two layers; the resulting physical phenomenon is that of viscosity. 

A molecule of mass m in traveling from a faster layer to a slower layer wil l trans­
port the momentum mS ̂  . If there are n molecules per cc and their average speed 

- au 
is c, the total momentum transported per second is 7s nmcSg^^ . Newton's law of 
viscous flow gives: 

Momentum change = Frictional force = 1* 
du 1, —, du ,133^= /snmcS ^ 

V-=% nmc6 
V.=%9 C8 

where 
p = nm, the density of gas. 
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The factor % derives from the assumption that about one -third of the molecules is 
moving from one layer to the other. The value of Ya (0.35 according to Boltzmann) is 
too low and a value of % should be used. 

When the value of s , the mean free path, is substituted in the equation the coeffi­
cient of viscosity becomes: 

mc 

3VT<r^-ir 

WhGP6 
o- is the molecular diameter. 

The last equation is independent of the pressure. This situation is only true for 
perfect gases. In the case of imperfect gases the equation fails and the viscosity in­
creases with the density of the gas. 

Because the temperature T is^proportional to the kinetic energy and, therefore, to 
the square of the average speed (c ) of the molecules, it follows from the last equation 
that the viscosity ji increases linearly with y/T. However, real molecules are not 
solid hard spheres but must be regarded as surrounded by force fields. The higher the 
speed of the molecules (higher temperatures), the further they penetrate the force 
fields of the molecules which they encounter. A correction for the effective cross-
section has been applied by Sutherland (93) which has the following form: 

<r =0-0, (1 + ^ ) 

where ao and C are constants, o-.. is the value of <r as T approaches or the diam­
eter of the hard core of the molecules, C the Sutherland constant, and T the absolute 
temperature. Numerical values for the dynamic viscosity of a few gases are given in 
Table 1. Bromley and Wilke (11) showed how the viscosities of various gases may be 

TABLE 1 
NUMERICAL VALUES OF THE DYNAMIC VISCOSITY OF SOME CASES AT 

ATMOSPHERIC OR LOWER PRESSURES 

Gas 
Chemical 
Formula 

Dynamic Viscosity m Poise x 10"' 
Gas 

Chemical 
Formula -200°C -100 "c O'C 100 "c 200 "C 300 "C 

Hydrogen H2 33 61 85 103 120 138 
Nitrogen Ns 114 165 208 246 
Air - 120 171 218 259 296 
Oxygen Oa 132.5 193 247 295 
Carbon Dioxide COa 139 188 

computed at various temperatures making use of tables of collision integrals published 
by Hirchfelder. Bird and Spotz (41). These collision integrals are based on an im­
proved kinetic theory developed by Chapman and Cowling (16). An assumption is made 
for the energy of interaction potential between molecules, and it is possible to calculate 
accurately the viscosity for non-polar smooth spherical molecules. 

The effect of pressure and temperature on the viscosities of gases has been in­
vestigated by Uyehara and Watson (96) on the basis of the law of corresponding states. 
They presented values of reduced viscosity against reduced temperatures for constant 
reduced pressure lines. Grunberg and Nissan (39) assumed that in a highly compressed 
fluid transfer of momentum may occur by two mechanisms, a translational type as in 
gases and a "vibrational"' type as in liquids. The viscosity is correlated with reduced 
temperature and reduced density. I t is claimed that the accuracy is in the order of 
10 percent and that the method is applicable to highly compressed gases and to liquids 
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near the critical point. Comings and Egly (18) described a graphical method based also 
on the concept of corresponding states, to determine the viscosity of pure gases and 
of vapors at high pressure from known critical temperature and pressure data and 
viscosity values at atmospheric pressure. Othmer and Josefowitz (69) showed that at 
constant temperature the viscosity of a gas plotted against the kinetmatic pressure and 
divided by the density gives straight lines on an arithmetic plot. 

Viscous flow involves the transfer of momentum across a momentum gradient, 
thermal conductivity the transfer of kinetic energy across a kinetic energy gradient 
and diffusion the transportation of mass across a concentration gradient. The concept 
employed for explaining viscous behavior of gases can also be applied to their thermal 
conductivities. The picture is that of molecules with higher kinetic energies moving 
to regions of lower kinetic energy (and vice versa) and exchanging energy by collisions. 
The basic relationship between the coefficient of thermal conductivity k and that of 
the viscosity | i is given by: 

k = G Cv K., 
m which: 

G = factor with values between 2. 5 and 1.0 
Cy = specific heat of the gas at constant volume 

According to the equipartition theorem the same fraction of the specific heat is 
contributed by each degree of freedom. The respective theoretical mol heats are: 

For monatomic gases Cy = % R 
Diatomic gases Cy = ^ R 
T r i - and more- atomic gases Cy = % R, 

R being the universal gas constant. The factor G may be considered as a measure 
of the effectiveness with which a molecule carries and disposes of its energy load by 
collision. According to Eucken (29) molecules possessing higher energies transfer 
energy faster than molecules possessing smaller energies. It has also been considered 
whether energies of rotation and oscillation wil l be reduced on impact in the same 
proportion as the translational energies. Chapman (15) calculated a value of G = 2. 5 
for monatomic, spherical molecules with no central forces between them. For 
molecules possessing more than one atom, Eucken (27) obtamed the following equation 
bv considering energies of rotation and oscillation independent of the energy of 
translation. 

G = ^ - ^ 1 
Cy 

Incorporating the expressions for the viscosity and the Sutherland formula it follows 
(43) that 

k= GC V 

or: BF(1 +GT) 

since within practical ranges: 
- 5 

Gcy= F (1 + GT). 

With appropriate values for B, F, G, C, this equation gives thermal conductivity co­
efficients with an accuracy of 0 to 6 percent in the range - 180 deg C to 200 deg C.Table 
2 gives some measured thermal conductivities of the most common gases. 

It was pointed out previously that diffusion, viscous flow and heat flow of gases 
follow the same mechanism according to the kinetic theory. The previous considera­
tions were for conditions of pure gases. It is obviously desirable to be able to predict 
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physical properties such as diffusion constants, coefficient of viscosity and thermal 
conductivity for gas mixture when the composition and properties of the pure sub­
stances are known. For the diffusion coefficient of gas A with respect to a mix-

TABLE 2 
THERMAL CONDUCTIVITY OF SOME GASES 

W3,tt —4 
Thermal Conductivity in x 10 

Gas Molecular Weight (sq cm) (°C per cm) 
-200°C -lOO'C ÔC 100°C 200''C 

Hydrogen Ha 2 5.0 11 6 17.1 21.4 
Nitrogen Na 28 .71 1 62 2.44 3.03 
Air - 29 - 1 62 2.44 3.08 
Oxygen Oa 32 .62 1 62 2.44 3.13 
Carbon Dioxide COa 44 1.40 2.09 2.68 

ture of gases, Wilke (99) derived an expression based on theories of Maxwell and 
Stefan. The expression is: 

D; - ^ 
A ^B ĉ yD 

D T T ^TTTTT^D: + -
'AB AC "AD 

where y^, yg, are the mole fractions of components A, B, C - - in the mixture 

and D^g, D^^^ are the diffusion coefficient of component A with respect to the 
pure components m the mixture. This relationship was verified experimentally by 
Fairbanks and Wilke (33). 

For the viscosity of a mixture of two gases Sutherland (92) and later Thiesen (95) 
proposed the formula for | i the viscosity of the mixture 

a „ = , |ia 
1 + ^ A 1 + ^ B Xi Xa 

where Hi , H-a are the viscosities of the pure components of the mixture and xi and xa 
their respective mole fractions. 
A and B are dimensionless constants. 

A simplification as shown by Schudel (82) results m 

A Pi _ B Pa _ „ 
1^1 Ha 

where Pi and Pj are the respective densities of the two components in the mixture, and 
C = Constant. 

Buddenberg and Wilke (13) developed empirically the constant C in the formula of 
Schudel. Their expression is: 

1*1 Hj 
•""^ . , xa 1 • 385 ITT ^ , , XI l - 3 8 5 T r 

xi Dia Pi Xa Dia Pa 
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Di2 being the diffusion coefficient oi^gas 1 with respect to gas 2. 
This equation was generalized to include multicomponent systems, resulting in: 

n n, 
E 

i = l j ^ l - 3 8 5 | i i 
•xjTT-

In a later article Bromley and Wilke (11) gave this e:?)ression as: 

n | i i 

i = l 1 1 J: x j + i , 
' ^ i j = 1 

where 

* i i = 

M j , Mj being the molecular weights of components i and j respectively. 
This treatment resulted from an extension by Wilke (100) of the treatment presented 
by Buddenberg and Wilke. 

Analogous to the expressions for the viscosity and diffusion coefficients of gas 
mixtures as given by the Sutherland expression, Wassiljewa (98) proposed an equation 
for the thermal conductivity of a mixture of gases given by 

K m 
1 + A „ g - 1 + A a g -

where k represents the heat conductivity with subscripts to indicate the components, 
xi and xa are the mole fractions of components 1 and 2 respectively. 
Alt and Aai are dimensionless constants. 

In a paper on the thermal conductivity of gas mixtures, Liindsay and Bromley (54) de­
veloped the following general equation from simple kinetic theory and using Sutherland's 
model: 

km= E ^ n 

X 
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and 

Aij = H 1 + 

C4) 
Si and Sj are the Sutherland constants for the gases i and j respectively and Sy is taken 
as the geometric mean of the two Sutherland constants 

Sij= VSrST"; 
Mi and Mj are the molecular weights. 
This equation was verified for a two-component gas mixture and is claimed to be 
accurate within an average deviation of 1.9 percent. An approximate value for the 
Sutherland constant was taken as S = 1. 5 Tg where T B is the boiling point at 1 at­
mosphere pressure. For gases where molecules have a strong dipole: 

Sij =ft733VSi Sj . 

Comprehensive reviews of literature on the molecular transport properties of fluids 
have been compiled by Johnson (46) during the past few years. Improvement of 
variable significance may be found in the literature listed. These reviews treat the 
viscosity, diffusion, thermal conduction and thermal diffusivity properties of gases 
and liquids. 

Conduction in Liquids 

In ideal gases the dispersive forces prevail and any interaction between individual 
molecules is negligible. The total energy of a gas is the sum of the kinetic energies 
of all the molecules. In liquids, the attraction forces between the molecules are 
sufficiently strong to lead to a condensed system but not strong enough to prevent 
considerable translation and rotation of the individual molecules. Liquids fal l thus 
between gases which, at high temperatures at least, are characterized by complete 
disorder or randomness of the molecules, and crystals that hold atoms and molecules 
in nature's most orderly arrangement. 

As a combination of the f i rs t and second law of thermodynamics we have the 
equation: 

where 
\ a v / T 

( | T ) V 

( m T = m -
= change in internal energy E with volume change dV at constant 

temperature T; 

= change of pressure dP with change in temperature at constant 
volume V. 

In words the equation means: 

Internal pressure = thermal pressure - external pressure. 

The thermal pressure is a measure of the tendency of a substance to expand as 
the result of the thermal kinetic motion of its molecules. For an ideal gas: 

in 0, 
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which means that there is no intermolecular attraction. For a typical liquid the in­
ternal pressure is of the order of magnitude of 3,000 atmospheres; for water the in­
ternal pressure is about 20,000 atmospheres according to J.H. Hildebrand (40). 

Another picture of the relation between vapors and liquids is that vapors may be 
considered as void space in which a few molecules are moving at random, while in the 
liquid state a number of holes are moving at random through the fluid substances. 
Increase in temperature of a liquid increases the concentration of molecules in its 
vapor and also the concentration of holes in the liquid. At the critical point the vapor 
density is the same as the liquid density. This behavior, pointed out by Cailletet and 
Mathias (1886) is called the law of rectilinear diameters. 

The kinetic-molecular mechanisms of viscosity are different for gases and liquids. 
The viscosity of a gas increases with temperature and is practically independent of 
pressure. In the case of a liquid, the viscosity increases with increasing pressure and 
decreases exponentially with increasing temperature. The viscosity coefficient | i of 
a liquid is given by DeGusman (21) as: 

AE (vis) . ^ ^ 

AE (vis) is a measure of the energy barrier to be overcome before viscous flow occurs 
or according to Eyring (38) the energy required to make holes of molecular size into 
which the moving molecules can slip. 

This equation was developed from the Arrhenius equation for chemical reaction 
rates (1): 

In k = In A - 1̂  
or 

E 
in which k = Ae " RT 

k IS the reaction rate 
A and E are constants, E being called the heat of activation. 

The equation of Arrhenius has become generally accepted as the expression of the 
temperature dependence of the specific rates of reaction. The form of equation also 
proved to be valid in expressing physical phenomena which require time for their occur­
rence and take place with a unique velocity under definite conditions. This was shown 
by Glasstone, Laidler and Eyring (38) for processes such as viscosity, diffusion, 
dipole orientation in an electric field, elecb:olytic conductance and electrode phenomena. 

From the free energy of activation AF Powell, Roseveare and Eyring C75) gave 
an expression for the fluidity 

4. (<t. = i ) , viz . : 

V 

*=irh« 
where: 

V = molal volume 
N = Avogadro's number 
h = Planck's constant 

As shown by these authors, there exists a close correlation between AF ̂  the free 
energy of activation for viscous flow and AEy^p the energy change of vaporization. 
From this was derived the equation: 

A Eyap 
Nh ^ 2 . 45 RT 
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A F ^ 
For many liquids the ratio A Eyap ^i^s between 7s to 7«; but for liquid metals the 
range is from %toy»a- This leads to the conclusion that the units of flow in liquid 
metals are ions that are surrounded by an electron gas. At vaporization, the whole 
metal atom has to be expelled leaving a hole of corresponding size. The success of 
this theory to explain viscosity can be seen in the way it takes into account the effect 
of compositions. The corresponding equation for solutions is: 

A F^ 
„ (Ni A F f + N a A F l ^ '2715 

, = N h e RT 

This reduces to the best known empirical mixture law for not too imperfect solutions: 

log |i. = ni log 111 + N» log in which 
Ni and N« are mole fractions of substance 1 and 2 respectively. 
AF^ is the free energy change of mixing (in excess of ideal). Similar molecular 

models are used for treating diffusion coefficients and ionic conductances. 
From the Clausius Clapeyron equation 

d l n P J i _ 
dT RT* 

and the deGuzman treatment of fluidity +, we obtain 

^ l n + E 
— j = j — in which 

dT jj^a 
P I S the vapor pressure, T the absolute temperature, L the latent heat of vapor­

ization, R the universal gas constant and E the activation energy for viscous flow; 
Othmer and Conwell (68) correlated viscosity, vapor pressure and latent heats of 
liquids. Their equation for viscosity |i, is given as: 

log V - ( f ) . o . P -

where C is a constant. The authors maintain that the use of critical constants gives 
even better plots. Another attempt to relate viscosity and vapor pressure in a two-
constant equation was made by Mitra and Chakravarty (62, 63). A simple two-
constant equation of Mukherjee (65) combines the logarithms of viscosity, temperature 
and vapor pressure based on the assumption of free volume in liquids. Molecular 
refraction was used by Lagemann (52) to construct a nomograph for the determination 
of liquid viscosities. In a flow constant equation by Baum (7) the logarithm of 
viscosity is given as a function of absolute temperature. This expresses the fact that 
vapor pressure and viscosity of ten times plot as straight lines on log-log paper. 

Cornelissen and Waterman (19) presented the following equation for the kinematic 
viscosity: 

V = ê  T " / J.Q correlate the variation of the kinematic viscosity 
V with the absolute temperature T; the other symbols represent constants. 

While heat conduction in liquids is just as in gases due to movement of atoms and 
molecules, its mechanism is quite different from that in gases. The most promising 
theory assumes that heat is transferred by longitudinal vibrations, similar to the 
propagation of sound in a medium. 

Bridgman (10) derived an equation for the thermal conductivity of a liquid on the 
above assumption. If R is the universal gas constant and N Avogadro's number, 
then 7i AT is the kinetic energy taken up by an atom of a monoatomic substance 
upon increase in temperature by AT. The energy increase per atom or molecule in 
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the solid state when heated fay I ' C will be x l" , one-half of which is kinetic, the 
N 

other half potential energy. Because the specific heat Cy does not change much in the 
transition from the solid to the liquid state, the e3q)ression for Cy previously derived 
for the solid state and the equipartition between potential and kinetic energy may be 
considered true for liquids also. 

For a temperature gradient in a liquid with a molecular energy of 3 _ T , the 
dx N 

difference of energy between adjacent molecules in the direction of the temperature 
gradient is 3^ ' • D, where D is the mean distance of the centers of neighboring 

molecules when a simple cubical array is assumed. The difference in energy is assumed 
to be handed down a row of molecules with the velocity of sound v. The total energy 
passing a fixed point of any row of molecules per unit time is: 

3R . dT „ . V 

Dividing this expression by the cross-section D*, we obtain a total energy transfer per 
unit cross-section of: 

3R- dT 
N dx " ^ 

dT 

By definition the transfer per unit cross-section equals kg^ , k being the coefficient 

of thermal conductivity. Combining the last two expressions, we obtain: 

This equation, despite its simplicity, renders data that are in good agreement with 
actual measurements, although considerable discrepancies are found for several liquids. 
A good agreement exists for the experimentally determined and the calculated thermal 
conductivity of water which is 2% to 5 times that of organic liquids. Bridgman reasoned 
that this high conductivity of water is due to its low compressibility. The formula 
gives the right sign for the temperature coefficient of thermal conductivity at atmos­
pheric pressure, both for organic liquids and for water. Table 3 shows the agreement 
between the measured conductivities of some liquids and the values calculated by 
means of the formulas of Bridgman and Kardos. Kardos (48) considered each molecule 
as a unit possessing a certain energy with the drop in energy AQ and in temperature 
dt restricted to the distances between molecules. For a cubical array the distance 
between the surfaces of adjacent molecules is taken as L . By multiplying by ^ , 

the energy gradient is reduced to that of a quasi-homogeneous body. If, as before, 
the heat is assumed to be transmitted with sound velocity v, the heat flow per unit 
cross-section is: 

q = - L v 

From the basic equation of heat flow: 

/ 1 dQ L \ / dt \ 
\D' ~dr tt) 

The subscripts D and L denote over which range the derivatives are taken. For 
a cubical packing we obtain: 

1 • dQ 
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T A B L E 3 

C O E F F I C I E N T S O F THERMAL CONDUCTIVITY O F LIQUIDS FROM EXPERIMENT 
AND CALCULATION ACCORDING TO THE EQUATIONS O F BRIDGMAN AND 

KARDOS, AT 30 "C 

V D k , watt/(sqcm) ("C per cm) x 10"* 
Liquid cm /sec X10"' cm X 10"" Bridgman Kardos Exper. 

Water H2O 145* 31.0* 6.21* p 
150*̂  31.0^ 6.41^^ 5.96*^ 6. lO"" 

Methyl alcohol CH4O 112* 40.2* 2.84* n Methyl alcohol 
113^ 40.8*^ 2.79*^ 2.02 2.11*^ 

Ethyl alcohol C2H6O 104* 45.9* 2.04* n Ethyl alcohol 
114*̂  46.0*^ 2.22^^ 1.98*̂  1.82*^ 

Isoamyl alcohol C5H12O 124̂ ^ 56.5^ i.eo'^ 2.21*^ 1.48̂ ^ 

Glycerine CsHflOs 191* 49.5* 3.20* 5.75^ 2.81*^ 

96j 46.0* 1.87* 
Carbon bisulfide CS2 106° ft 

118*̂  46.6'^ 2.23^ 1.47^ 1.59^ 

Acetone CsHeO 108* 49.5* 1.81* p 
114^ 50.0 1.88*̂  1.82^ 1.79*^ 

Ether C4H10O 92* 55.0* 1.25* n p 
92̂ ^ 55.9^ 1.21^ 1.37*̂  

Ethyl bromide CaHsBr 90̂ ^ 50.2*^ 1.48̂ ^ 1.13*̂  1.20^ 

Ethyl iodide CaHJ 78^ 51.2*^ 1.23^ 1.03*̂  1.11*^ 

*Data for calculating coefficients were taken from (a) Chemical Engmeer's Handbook. 
John H. Perry, McGraw-Hill, 1934; (b) Handbook of Chemistry and Physics. 
Chemical Rubber Publishing C o . , 1946. 

V a l u e s of speed of sound v taken from Smithsonian Physical Tables. 

^Other values taken from Heat Transfer (43). 

where p is the density of the liquid and Cp the specific heat of the liquid at constant 
pressure. The equation for the coefficient of heat conductivity k is then: 

k = p Cp vL 

Kardoes gives a value of L = 9. 5 (10)"' cm considering the theory of van der Waal's 
forces, molecular weights, density and compressibility. However, the calculation of 
L must be considered to be only semi-empirical. For some liquids the Kardos equa­
tion gives better values than that of Bridgman, but falls down in the case of glycerine. 

The model for the conduction of sound or heat according to Powell, Roseveare and 
Euring (75) follows that of Kardos. It assumes the signal to be transmitted between 
molecules by the speed of sound, and across the molecules almost immediately: 

U (liquid) ' " ^ 
U (gas) 

where 

V = molecular volume -

V{ = molecular free volume (or volume between molecules) 
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U (liquid), U (gas) are velocity of sound in liquid or in gas respectively. 

From the equation for the heat conductivity of gases (25) as interpreted by the 
authors: 

K(gas) = % 'y4^£P - 5 y ^ TT L C V » 

where 

Cp and Cv = the specific heat at constant pressure and volume respectively 
for one molecule 

U = average kinetic theory velocity 

L = mean free path 

N 

^ = number of molecules per cc, 

one obtains by multiplying the average velocity U by | ^ J , 

replacing the L by( ^ I and takmg a value of 3k (k is the Boltzman constant) for 

k (liquid) = 0.931 ^ 3k ) * U 

This equation has the same form as that of Bridgman. 
In an attempt to explain the abnormally high thermal conductivities of glycols and 

alcohols with respect to other "normal" liquids. Palmer (70) took into account the 
effect of the hydrogen bonding in these liquids. The "normal" liquids were classified 
as those which can be fitted with empirical equations. It is assumed that heat may 
be transported by two types of mechanisms - the transfer by collision between mole­
cules and for hydroxyl groups by making and breaking of hydrogen bonds. More 
hydrogen bonds are broken where the heat intensity is higher, thereby absorbing heat, 
and more formed where the temperature is lower, thus releasing heat - a concept 
similar to that of von Grotthus for the electrical conductance of hydrogen ions in 
water. Further assumptions are that the effects of the two mechanisms are additive 
and that the normal entropy of vaporization (Trouton's constant) divided by the ex­
perimental value provides the parameter expressing the effect of hydrogen bonding. 

A rather simple empirical equation by Weber: 

k = 0 . 0 0 4 3 t C p ( B ) ' 

in which 

k = thermal conductivity 

p = density 

Cp = the specific heat, and 

M = molecular weight, 

was shoAvn by Smith (^) to check experimental values to within an average error of 
14.8 percent. By modifying this equation as discussed above, Palmer was able to 
reduce the average error to 8. 8 percent. His equation is given as: 

k= 0 . 0 9 4 7 \ M ) 

- T " 
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where 
L v = latent heat of vaporization and 

T = absolute temperature; 

Trouton's constant - an average for all liquids - was assumed to be equal to 21. 
Various authors have attempted to correlate the thermal conductivity of liquids with 

other measurable properties. Sakiadis and Coates (80) proposed a revised correlation 
based on Kardos which fits the observed values better. They also based a correlation 
on the theorem of correspondmg states from which the thermal conductivity of liquids 
may be calculated. Johnson and Huang (46, 45) presented charts for calculating 
thermal conductivities from viscosity and specific heat data. Riedel (46, 79) corre­
lated thermal conductivity with compressibility and surface tension from consideration 
of corresponding states. 

In addition to the above more-or-less theoretical approaches, other investigators 
have attempted to derive pure empirical formulas. Smith (85) presented two empirical 
equations with one and five constants respectively. This is to a certain extent an adap­
tion of the equation by Weber. Bates (5, 4, 3) from determination of the thermal con­
ductivity of water-glycerol, water-methyl alcohol and water-ethyl alcohol mixtures 
presented tables, graphs and empirical equations for the calculation of the thermal 
conductivity of the above mentioned mixtures. Bates (6) also determined experimentally 
the coefficient of thermal conductivity for nine liquid silicones. He also derived an 
empirical equation relating the thermal conductivity of a series of polymers with 
viscosity and temperature. 

Conduction in Solids 

The ideal solid is the crystal. Between the solid and liquid state there exists a 
variety of intermediate forms represented by rubbers, resins, glasses, liquid crystals, 
fibers and protoplasm. Understanding of the thermal conductivity in solids presupposes 
an understanding of crystal structures. 

Crystal Structure. The first law of crystallography specifies that the corresponding 
interfacial angles (in different crystals) are constant and in no way dependent on the 
development of the respective faces. In 1784 the Abb^R^n^ Just Haiiy proposed that 
the regular external form of a crystal results from an internal regularity in the arrage-
ment of the primary building stones. This concept was later verified by the work of 
Max von Laue with x-ray diffraction. 

The faces of crystals and the planes within crystals can be specified by a set of 
three non-coplanar axes. It has been found that there always exists a set of axes on 
which the reciprocal intercepts of crystal faces are small, whole numbers. These 

T A B L E 4 

THE SEVEN CRYSTAL SYSTEMS 

System Axes Angles 

Cubic a = b = c a = P = IT = 90° Rock salt 

Tetragonal a = b; c a = p = 7 = 90° White tin 

Orthorhombic a; b; c a = P = 7 = 90° Rhombis sulfur 

Monoclinic a; b; c a = P = 90° 7 7̂  90° Monoclinic sulfur 

Rhombohedral a = b = c a = P = 7 90° Calcite 

Hexagonal a = b; c a = p = 90° 7 = 120° Graphite 

Triclinic a; b; c a ?^>?^90° Potassium dichromate 
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Figure 1. The six crystal systems. 

reciprocal mtercepts or Miller indices are used to define the crystal faces. 
According to the set of axes used to define the crystal faces, the crystals may be 

divided into seven systems. If a, b and c represent the three non-coplanar axes making 
angles of a, p, and Y, respectively, with each other, the seven systems can be 
represented (64) as given in Table 4 or Figure 1. 

The atoms in a crystal are orderly arranged in small groups or unit cells in such a 
way that the whole crystal may be built out of these small cells. If we take a correspond­
ing point in each of these cells, we will end up with a regular array of points in space 
which is called a lattice or a space lattice. The lattice points can be connected by a 
regular network of lines in various ways. Thereby the lattice is broken up mto the 
unit cells. A. Bravais (1848) showed that all possible space lattices can be organized 
into 14 classes (see Fig. 2). 
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By means of x-rays which are diffracted by the atoms in the crystal, the regular 
arrangement of the primary building stones was confirmed. The outstanding pioneer­
ing work in this connection was performed fay Max von Laue (1912) and fay W. H. Bragg 

TWO-DIMENSIONAL LATTICE 
WITH UNIT CELLS 

TRICLINIC 

HEXAGONAL 

b i l m i r c inpl lc iNTERED SIMPifE BODY^^CENTERED SrMPLE SlDE"-CENtERED SIMPLE BODY-
MONO-CLINIC MONOCLINIC TETRAGONAL TETRAGONAL 

SIMPLE END-CENTERED FACE-CENTERED BODY-CENTERED 
ORTHORHOMBIC ORTHORHOMBIC ORTHORHOMBIC ORTHORHOMBIC 

-X-
i 

SIMPLE 
RHOMBOHEDRAL cUBIC 

FACE-CENTERED BODY-CENTERED 
CUBIC CUBIC 

Figure 2. The fourteen Bravais crystal l a t t i c e s . 

and W. L . Bragg (9). Instead of usmg a single crystal with a definite orientation, 
P. Debye and P. Scherrer found that a mass of finely divided crystals with random 
orientations may be used. 

Symmetry is described in terms of symmetry operations; application of such sym­
metry operations to one or more crystal faces reproduces the geometric form of the 
crystal. The symmetry of a crystal is evident not only in the face development faut in 
all other physical properties such as electrical and thermal conductivity, density. 
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piezoelectric phenomena, and refractive index. The symmetry operations, rotation, 
reflexion, translation and their combinations follow from certain elements of symmetry 
such as rotation axes, mirror planes and centers of inversion. The total number of 
possible combinations of the symmetry elements found in crystals is 32. Hence, there 
exist 32 point-groups defining the 32 crystal classes. There are only seven crystal 
systems but each system contains several classes representing different degrees of 
symmetry. 

The packing of the primary building stones is of the greatest importance ui deter­
mining the crystal structure of a substance. Once the spatial requirements of the 
packing have been satisfied, the effect of cohesive forces or bonding must also be 
considered. There are two theoretical treatments with respect to bonding (64). 

The crystal structure is pictured as a regular arrangement of atoms, each with 
electrons used to form bonds with surrounding atoms. The bonds may be: 

(1) The Van der Waals-London bonds. These bonds are the result of second 
order forces between neutral atoms or molecules that are due to the polarization of 
one atom or molecule by the fluctuation of the charge distribution in a second, and 
vice versa. 

(2) The ionic bonds. This is the type of bond that exists in the NcCl molecule. 
The ionic bond is spherically symmetric with no preferred direction. An ion will be 
surrounded by as many oppositely charged ions as is geometrically possible, provided 
that over-all electrical neutrality is satisfied. 

(3) The covalent bonds. These bonds result from the sharing of electrons 
between atoms. They extend in three dimensions and may lead to a variety of crystal 
structures depending on the constituent atoms. The diamond crystal is an example 
of this type of bond. 

(4) Intermediate type bonds. Bonds of this type arise from resonance between 
covalent and ionic bonds. Examples are the structures of the silver hahdes. 

(5) The hydrogen bond. This type of bond is important in many crystal struc­
tures. Examples are certain inorganic and organic acids, salt hydrates and ice. 

(6) The metallic bond. This is closely related to the covalent bond. There 
are more orbitals available for bond formation than electrons to fill them. The co­
valent bonds thus oscillate among the available positions. Another picture of the 
metallic structure is that of a lattice of separate metal ions surrounded by an electron 
gas. A ready flow of electrons will take place when an electric field is applied. 

The band model theory assumes an arrangement of nuclei at their appropriate 
spacings. The total number of available electrons is poured into the resultant force 
field. The electrons will arrange themselves in bands of energy around the nuclei; 
each atomic orbital contributmg one level to a band. In partially filled upper bands, 
the electrons may readily move from one level to an unfilled level within the band, 
giving rise to current flow when an electric field is applied. If the outermost bands 
of the nuclei overlap, the electrons can flow freely through the whole structure. For 
nuclei arranged at the points of a perfectly periodic lattice, there will be no resistance 
to the flow of an electric current. The perfect periodicity is disturbed by thermal 
vibrations of the lattice nuclei and also by introducing foreign atoms in the structure 
(alloys). This is the picture for conductors of electricity or metals. 

Insulators have completely filled lower bands with a wide energy gap between the 
outermost filled band and the lowest empty band. Semiconductors have, in addition 
to the normal bands, also narrow impurity bands which are either unfilled levels 
closely above a filled band or filled levels below an empty band. The extra levels 
are a result of foreign atoms or departure from the ideal stoichiometric composition. 

Conduction in Crystals. According to the Nernst theorem, the specific heats of 
elements and compounds becomes zero at or close to the absolute zero temperature. 
For solid elements, the atomic heats increase slowly from zero temperature to a 
temperature of lOor 15degk, hence morerapidly; subsequently, they pass through a 
turning point and finally tend to reach asymptomatically an end value of 6 - 6.4 cal 
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according to the rule of Dulong and Petit. This rule, however, is only approximate. 
The atomic heat of cobalt reaches a value of 12 calories at 1,000 deg C while 
those of elements possessing atomic weights of less than 30 show slower increase 
with temperature. Immediately above the absolute zero point, the atomic heats are 
proportional to the third power of the temperature. The mole heats of compounds can 
be calculated approximately from the atomic heats of the components in accordance 
with Kopp's rule. The specific-, atom-, and mole-heats are important with respect 
to thermal diffusivity or thermometric conduction in addition to their theoretical 

T A B L E 5 

VARIATION O F THERMAL CONDUCTIVITIES OF CRYSTALS 
With Absolute Temperature k in watt/square cm °C per cm 

Crystal 
°K 

Temperature k Crystal 
°K 

Temperature k 
Quartz 373 0.0902 Rock salt NaCl 373 0.0485 
parallel to axis 273 0.1360 273 0.0698 

195 0.1960 195 0.1043 
88 0.4660 83 0.2666 
83 0.490 Potassium Chloride 373 0.0492 

Perpendicular 373 0.0559 K C l 273 0.0698 
to axis 273 0.0726 195 0.1041 

195 0.1010 83 0.2103 
83 0.246 23.1 0.478 
21 2.51 22 0.510 

Calcite perpen­ 374 0.0357 21 0.572 
dicular to axis 

0.572 

CaCOs 273 0.0430 Corundum 273 0.104 
195 0.0577 AI2O3 373 0.0865 
83 0.1586 473 0.0692 

MuUite 273 0.059 673 0.0588 
3 AI2O3 ' 2Si02 373 0.052 873 0.0519 

673 0.0346 1,073 0.0466 
1,073 0. 0294 1,273 0.0415 

From Eucken (30) Eucken (28) Jakob (43) 

importance. 
According to the trend of the specific heat near the absolute zero temperature, 

atoms and molecules have very little thermal motion at very low temperatures. It is 
logical to e}q)ect that the coefficient of thermal conductivity also becomes zero at the 
absolute zero temperature. Theoretical treatment of heat transfer is based on the 
assumption that the flow of energy between neighbormg locations is proportional to the 
gradient of the internal energy. The heat flow through a unit area in the x-direction 
can be written as (43): 

where 

„ d u _ _du 
^aSE" - ^ d T 

dT 

internal energy 

specific heat at constant volume 
constant 
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By definition: 

-•^ d5r 
Cv 

It follows, therefore, that - j ^ should be a constant. This is very roughly the case 
for quartz glass but not for quartz crystals. 

Another mechanism must, therefore, exist which opposes that of the specific heat 
and which prevails at low temperatures. Eucken (30) found that the thermal conductiv­
ity of crystals decreased with increase in temperature at a rate almost inversely 
proportional to the absolute temperature (see Table 5). 

Accordii^ to Debye (20) the heat transfer in solids from hot to cold regions is by 
means of thermo-elastic waves. Bragg visualized the crystalline structure as atoms 
linked together by springs. Vibrations caused by heat displace the atoms from their 
normal position and thereby propagate the heat energy. The waves are of two kinds, 
namely, compressional and distortional, propagated with different velocities. Many 
simultaneous wave trains exist which are unharmonic and, therefore, give rise to 
disturbances which greatly increase with temperature. The most important of the 
disturbances is the heat motion of the crystal lattice itself; this may control the 
dependence of heat conduction upon temperature. The disturbances cause a scattering 
of the waves analogous to that of light in an opaque medium. The mean free path 
X s I S defined as that distance m which the energy waves have been scattered in a 

ratio ^ where e is the base of the natural logarithms. Debye derived the following 

equation for the thermal conductivity: k = % Xg Wg PgCy , where Wg is the 
average propagation of the elastic waves, defined by: 

Ws = JK 
I's 

Ap 
M = AV = bulk modulus 

V 

Ps = density, and 

Cv = specific heat of solid. 

The evaluation of Xg, the distance of comparatively free passage of the thermal 
waves, is rather difficult. Debye obtained Xg numerically by expressing the mutual 
influence of the waves by the coefficients of thermal expansion and of mechanical 
compressibility. He showed that Xs is almost proportional to 1. from the fact that 

T 
the thermal oscillations and, therefore, the wave disturbances decrease with decreas­
ing temperature. 

Meissner (60) pictured the crystal as a chain of many slightly damped oscillators, 
turned to the same frequency and coupled very loosely. These chain links have to be 
incited one after another and, because of the great number of elementary oscillators, 
it follows that they must be very loosely coupled and very slightly damped. These 
waves can exist only in crystals. 

Experiments by de Haas and Biermasz (22) on quartz crystals, extending down to 
2.77 deg K showed that the thermal conductivity of quartz reaches a maximum at about 
10 deg K. The trend in the conductivity curve is towards zero at the absolute zero 
point. From measurements on K C l rods of different cross-sections and from different 
samples, de Haas and Biermasz (23, 22) concluded that the dimensions of the rods 
have an influence on the specific thermal resistance of a crystal. For thinner rods 
the resistance was more than for the thicker ones. The same was found in the case 
of quartz crystals. Table 6 and Figure 3, taken from de Haas and Biermasz's 
papers illustrate their conclusions. A discussion by Makinson (56) of the factors 
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determining the conductivity of real crystals may fae used to explain the deviations 
from the theory of Debye. He considers that the scattering of the thermal waves is 
also produced by irregularities of atomic dimensions as would be caused fay impurities 
and by large-scale interruptions of the lattice such as grain boundaries. A free path 
is defmed for each of these sources of scattering. At high temperatures, the effec­
tive wave-lengths of the thermal waves are so short that the various lattice impurities 
have almost no influence upon the scattering, which is primarily due to lattice motion. 
The conductivity will then be approximately inversely proportional to the afasolute 
temperature. 

With decrease in temperature the effective wave-lengths increase, the effect of the 
lattice motion diminishes and conduction 
is limited first by small-scale irregular­
ities and at very low temperatures fay 
the size of the crystal itself. Figure 4, 
taken from Makinson's paper illustrates 
these points. 

At very low temperatures, the con­
ductivity is limited fay reflection of the 
thermal waves at the faoundaries of the 
crystal grains. The smaller the grams, 
the higher is the temperature at which 
this condition faecomes important. Scat­
tering fay irregularities or impurities of 
atomic dimensions reduces the conductiv­
ity faelow the value determined fay lattice 
motion alone. The whole picture is still 
rather qualitative since it is not possifale 
to fix precise temperatures and propor­
tions of the curve for actual crystals. 
Furthermore, De Haas and Biermasz (23) 
have indicated that for a perfect crystal 
such as diamond the conductivity starts 
decreasing at a higher temperature than 
would have faeen faelieved from Makmson's 
concept. Measurements fay Eucken (28) 
show results similar to those of De Haas 
and Biermasz; the conductivity of diamond 
IS relatively temperature-independent or 
at least much less temperature conditioned 
than that of some other pure crystals. In 
Tafale 7 the average of three determina­
tions fay Eucken (28), De Haas and Biermasz 
(23) IS presented; as a matter of interest, 
conductivity values for an Acheson graphite 
are also included (43). 

01 
2 S 4 S 10 IS 20 25 

TEMPERATURE IN DEGREES KELVIN 

THERMAL RESISTIVITY OF KCl 

ID b l 
K a 

TEMPERATURE IN DEGREES KELVIN 

THERMAL RESISTIVITY OF QUARTZ 

Figure 3. Thermal r e s i s t i v i t y at low tem­
perature (after de Haas and Biermasz). Conduction in Metals. As in non-met­

allic crystalline sufastances, the thermal 
conductivity of metals increases with decreasing temperature (see Tafale 8). 

At low temperatures, Eucken's equation can fae applied: 

k 
ko 

To 
T 

where the sufascript 0 relates to O^C. By differentiation one ofatains: 

dk _ koTo 
dT - -W 

At high temperatures, impurities in the metals may cause k to pass through a 
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T A B L E 6 

DE HAAS AND BIERMASZ' DATA SHOWING THE INFLUENCE O F THE ROD 
DIMENSIONS ON RESISTIVITY 

w in deg C cm/watt 

K C l rods, square with side length d Quartz Si02 perpendicular to 
axis 

d = 0.763 cm d = 0. 511 cm d = 0. 383 cm d = 0.252 cm 
Diameter 
0.454 cm 

Diameter 
0.216 cm 

T(°k) w T(°k) w T(°k) w T(°k) 1 w T(°k) w T(°k) w 

19.27 
18.59 
16.95 
15.12 
3.90 
3.66 
3.51 
3.31 
2.94 
2.90 
2.47 

0.721 
0.693 
0.611 
0.493 
0.262 
0.290 
0.286 
0.322 
0.379 
0.388 
0.495 

19.83 
17.29 
16.38 
14.73 
4.12 
3.86 
3.50 
3.17 
2.83 
2.46 
1.87 

0.758 
0.637 
0.596 
0.498 
0.280 
0.285 
0.311 
0.352 
0.411 
0.537 
0.973 

19.25 
17.99 
17.05 
15.77 
4.18 
3.88 
3.75 
3.69 
3.52 
3.30 

0.778 
0.668 
0.647 
0.570 
0.290 
0.31 
0.36 
0.34 
0.36 
0.44 

19.24 
17.93 
16.41 
14.83 
4.28 
3.91 
3.55 
3.32 
3.02 
2.49 
1.92 

0.730 
0.674 
0.590 
0.507 
0.360 
0.419 
0.472 
0.527 
0.620 
0.921 
1.67 

19.81 
17.75 
16.75 
15.99 
15.40 

10 
83 
47 
13 
68 
32 

0.266 
0.213 
0.182 
0.164 
0.146 
0.331 
0.386 
0.439 
0.551 
0.745 
1.066 

20.12 
18.80 
17.17 
15.82 
15.11 
4.62 
3.81 
3.45 
3.10 
2.73 
2.37 
2.20 
1.80 
1.67 

0.270 
0.236 
0.196 
0.167 
0.151 
0.435 
0.66 
0.82 
1.06 
1.37 
2.09 
2.56 
4.54 
5.85 

T A B L E 7 

THE THERMAL CONDUCTIVITY k OF DIAMOND AND ACHESON GRAPHITE 
~ Graphite Diamond 

De Haas and Biermasz 
Temp °K k watt/cm°C 

Eucken 
Temp (°K) k watt/cm°C 

Jacob (43) 
Temp °K k watt/cm°C 

89.4 14.3 345 1.53 123 1.78 
20.6 8.3 273 1.51 273 1.75 
18.8 7.5 196 1.55 423 1.70 
17.0 5.89 88 1.27 573 1.54 
15.8 5.14 21 0.92 773 1.26 
14.9 4.45 These values obviously 973 0.93 
14.0 3.33 are too low as indicated 
12.8 3.18 by the investigator. 
11.5 2.86 

4.21 0.222 
3.59 0.154 
2.99 0.126 

minimum with increasing temperature. With some non-metallic solid bodies such 
as carborundum bricks, a maximum has been observed for the k-values as a function 
of temperature. Both kinds of behavior can be derived from the equation 

1 
k = aT + b + c 

T 

The constants a, b and c of the equation depend on the mixture of crystals and 
amorphous constituents and on the absolute values of their conductivities. These 
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constants may be found from measurements of k at three different temperatures. Im­
purities of metals must be considered as disturbances of the lattice structure. 

Metallic single crystals have much higher conductivities than ordinary crystalline 
metals and a much steeper increase of k with decreasing temperature. A sudden drop 
occurs when the metal is melting, a be­
havior which corresponds with that of melt­
ing non-metallic crystallme substances. 

There exists a simple relation between 
the thermal and electrical conductivity of 
most pure metals. It is expressed in the 
Wiedemann-Franz-Lorenz equation: 

k 
kgT constant 

where 

k = thermal conductivity 
kg = electrical conductivity 
T = absolute temperature 
L = so-called Lorenz number 

IMPURIT IES 

BOUNDARIES 

ANHARMONIC 

C O U P L I N G 

T E M P E R A T U R E ( K E L V I N ) 

Drude (26) assumed that both thether- Figure k. Variation of conductivity with 
mal and elictrical conductances in metals temperature in dielectric crystals (after 
are due to free electrons inside the metal Makinson). 
which behave like gas molecules and move freely across the lattice of ions that form 
the skeleton of a metal. He derived an equation for the thermal conductivity of this 
electron gas analogous to that of a real gas. An expression for the electrical conduc­
tivity is known from the ordinary theory of electrons. The comparison leads to: 

L = 
where 

k 
keT constant 

k 

G 

Boltzmann constant = 

elementary charge of an electron 

T A B L E 8 

THERMAL CONDUCTIVITY O F METALS 
in watt/cm* "C per cm 

Metal Copper Tin Zinc Nickel Iron Aluminum Lead 

Impurities 0.1 .03 0.2 0.1 0.1 .002 

Temperature 
percent 
-200 5.36 0.845 1.21 1.16 1.002 2.60 0.444 

-100 4.06 0.737 1.16 0.753 2.34 0.386 

0 3.89 0.670 1.123 0.838 0.719 2.25 0.373 

100 3.80 0.633 1.09 0.822 0.684 2.25 0.348 

200 3.72 0.600 1.055 0.735 0.615 2.25 0.338 

400 3.65 0.330* 0.934 0.588 0.485 2.25 0.15* 

600 3.54 0.58* 0.648 0.398 0.14* 

"Molten 
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Refinement of the theory leads to a factor 3.3 instead of 3. 
The deviations of L for pure metals are not great but for alloys they are. The 

deviations are explained by the fact that m addition to the proper metallic thermal con-
ductivitv which may be proportional to the electrical conductivity, a non-metallic 
thermal conductivity of the lattice must also be considered, such as in electrical non­
conductors. Its influence will be the greater, the smaller is the electrical conductivity 
of the material. Thus, for poor electrical conductors L should be very large. For 

T A B L E 9 

LORENZ NUMBER L FOR SOME METALS AND ALLOYS 
(taken from Jakob (43) ) 

Metal Alloy 
voltVC in 10"' voltVC in 10 voltVC 

Al 22.3 92% Al + 8% Cu 16.5 

Cu 22.3 77%Mg + 20% Cu + 3% Si 19.0 
Ni 23.3 82% Cu + 18% Zn < 26.5 

Zn 24.1 Steel with 1% C 27.7 
Pb 24.7 86% Al + 14% Mg 28.3 
Pt 25.1 88% Mg + 12% Al 35.8 

Solid Hg 28.0 70% Cu + 30% Mn 44.0 

Note: C is degree Centigrade or Kelvin 

T A B L E 10 
R E L A T I V E VALUES OF a. b AND c FOR VARIOUS MINERALS 

(from Thelen) 

c a b D 
Isometric All minerals 1.00 1.00 1.00 

Tetragonal Rutile 0.79 1.00 1.00 
Zircon 0.90 1.00 1.00 
Scapolite 0.85 1.00 1.00 
Vesuvanite 0.95 1.00 1.00 

Hexagonal Quartz 0.76 1.00 1.00 
Specularite 1.10 1.00 1.00 
Dolomite 1.05 1.00 1.00 
Apatite 0.96 1.00 1.00 
Tourmaline 1.15 1.00 1.00 
Calcite 0.91 1.00 1.00 

Orthorhombic Borite 1.00 1.06 1.03 
Anhydrite 1.00 0.971 0.943 
Staurolite 1.00 0.97 0.901 

Monoclinic Tremolite 1.00 0.60 0.75 -5» 
Hornblende 1.00 0.71 0.80 
Epidote 1.00 0.93 1.09 -14. 5° 
Gypsum 1.00 0.80 0.65 +17" 
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L-values of some pure metals and alloys see Tafale 9. 
The influence of temperature upon L is not great. Between 0° and QOO^C, increments 

of 15, 12 and 26 percent have been observed with Swedish iron. The electrical super­
conductivity of metals at low temperatures has no thermal analogy. 

Influence, of Crystal Structure on Conductivity. The theories of the mechanism of 
heat transfer through solids presented this far, are applicable only to isotropic crystals 
or crystals in the regular (cufaical) system. As was mentioned previously the thermal 
conductivity and other physical properties of the crystals vary along dissimilar crystal 
axes. 

The anisotropism of crystals with respect to thermal conductivity was first extensive­
ly investigated fay de Senarmont (24). His experimentations mcluded quartz and a great 
number of other minerals. The wax-figure technique used fay him was originated fay 
Ingen-Houtz (42). Thin slices of crystal are covered with wax and perforated by a hole; 
through the latter a heated silver tube is passed. When the wire or tube is heated, the 
wax melts away from the hole at a rate proportional to the thermometric conductivity 
a of the crystal in the direction under consideration: 

where 

k 

k = thermal conductivity coefficient 

P = density of the crystal 

Cp = specific heat of the crystal 

De Senarmont found spherical heat conductivity wax figures for the isometric system. 
For the tetragonal and hexagonal systems ofalate or prolate ellipsoids of revolution 
(the c-axis faeing axis of revolution) were ofatained. The orthorhomfaic, monoclinic and 
triclinic systems gave triaxial ellipsoids in all cases. In the orthorhomfaic system the 
three axes were parallel to the crystallographic axes. In the monoclinic system one 
axis was parallel to the orthodiagonal and in the triclinic no axis corresponded to any 
of the crystallographic axes. 

If we designate the lengths of the axes of the isothermal ellipsoids fay a, fa and c 
(faeing in the same direction as the crystallographic axes in the orthorhomfaic system) 
we have: 

„2 _ _ k l l . , 2 _ _ _ k22 . „2 _ _k33 

a = a u - 5 ^ , fa - a3. = — , C - a 3 3 - — 

The ratios of a, fa and c for minerals in the different systems are given m Tafale 10 
taken from Thelen (94). 

In the monoclinic system c signifies the length of the ellipsoidal axis paralled to 
the axis of elasticity which lies nearest to the crystallographic c-axis. The column 
headed D gives the position of the ellipsoidal c-axis with respect to the crystallographic 
c-axis. For a positive value of D the axis lies in the ofatuse angle between the c-axis 
and the a-axis or clinodiagonal. The numfaers show the magnitude of deviation from 
the c-axis. The third column indicates values parallel to the crystallographic b-axis. 
The second column indicates values along a line perpendicular to fa; and the direction 
of c is indicated in the first column. 

The equation for heat conduction in one direction was given as: 

where Qx is called the "heat flux," "density of heat," or "intensity of the heat current. " 
The general equation for heat flow in a crystal (83) (91) (97) (44) is derived later on. 

For homogeneous isotropic faodies the direction of the heat flow is perpendicular to the 
isothermal planes in the body. In a nonisotropic crystal, the direction of the heat flux 
coincides with n, the normal to the isothermal planes, only when n is an axis of 
symmetry of the crystal. 
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When temperature differences exist from point to point in the crystal we may choose 
X , Y , Z as fixed rectangular coordinates with Q^, Qy, Qz and dt/dx, dt/dy, dt/dz the 
components of heat flux and temperature differences, respectively, m the chosen di­
rections. The components of the heat flow will depend not only on the temperature 
differences in their respective directions but also on the temperature differences in 
the other two directions. From this the "fundamental law" of heat flow is derived. 

- Q x = k n | . . k » - | L . k „ | 

- Q y = k . . ^ . k . | - . k . 3 | -

- Q z = k 3 4 . k 3 « | ^ k 3 , | t 

The nine constants kn to k33 are called the internal heat conductivities. They de­
pend on the nature of the substance and the orientation of the coordinates. With in­
creasing symmetry of a crystal the number of constants required for complete descrip­
tion of the thermal flux decreases, becoming one in the cubic system. The number of 
parameters required for the different crystal systems is shown in the following: 

(1) AH-crystals in the cubical system: 

a = b = c, a = p = 7 = 90° 

- Q x = k ^ ; - Q y - k | - ; . Q , = k g -

(2) Anisotropic crystals with one isotropic axis and two-valued symmetry axes 
perpendicular to i t . 

a = b, c, a = p = 7 = 90° 

- Q x = k i i | ; - Q y = k u | | ; - Q z = k 3 3 | 

(3) Anisotropic crystals with one isotropic axis but no other symmetry axis. 

a= b, c, a= p = 90° 7 = 120° 

r, . a t , at . ^ , at . at 
-Ox = kn ^ - + k i 2 5^ ; -Qy = k i 2 ^ + k n ^ 

-Qz = k 3 3 | | 

(4) All rhombic crystals. They have the coordinates in the direction of the crystal-
lographic axes. 

a, b, c, a = P = 7 = 90° 

- Q x = k . i | ; - Q y = k 3 2 | ; - Q z = k 3 3 | | 

(5) Al l monoclinic crystals. When the Y-axis coincides with the b-crystallograph-
ic symmetry axis. ^ a = p = 90° ; 7 90° 

- Q x = k i . | - + k „ ^ ; - Q y = k 2 2 | | 

-Qz = k 3 x | . k 3 3 | | 
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(6) All triclinic crystals. 

a, b, c, a ?6 M Y ?6 90° 

The general equation applies in this case. 
If a heat source exists in a homogeneous crystal of infinite extent, the general 

equation will be applicable. Stokes (91>> indicated that the stream lines for classes 3, 
5 and 6 will not proceed in straight lines but in spatial spirals. Voigt (97) found from 
experiments on two apatites and dolomites that the differences kas - ksa, kis - ksi, 
kia - kai are almost zero or so small that their real value cannot be determined 
accurately. 

As shown previously: Qn = knc— - In this equation kn changes with the direction 
on 

n as the reciprocal square of the radius vector of a fixed ellipsoid. If k2s = ks2, 
kts = ksi, ki2 = k 2 i , the equation of the ellipsoid will be: 

knx* + k22y* + kssz' + 2k23yz + 2k3izx + 2ki2xy = 1. 

If the coordinates x, y, z are the main axes of this ellipsoid, then the equation becomes: 

kiix^ + k22y^ + kssz* = 1 ; 

and if the general equation is determined for the same coordinates, then: 
-Qx = k i i j % ; Q y = k . 2 | ; - Q , = k 3 3 | . 

In the cubical system an infinite number of coordmate orientations exists which is 
independent of temperature. The heat conductivity is then expressed by one value of k. 

For crystals in the hexagonal, rhombohedric and tetragonal systems the position of 
the main axes is fixed. This orientation is not temperature dependent. The heat con­
ductivity is characterized by two values kn and kss. The axes comcide with the crystal-
lographic axes. 

The main axes in the rhombic system are also fixed and temperature Independent; 
ku , k2a and kss express the main heat conductivities. The main axes correspond with 
the three crystallographic axes. 

In the monoclinic system only one mam conductivity axis is independent of the 
temperature - this axis corresponds to the crystallographic b-axis. The other two 
axes are temperature dependent and their direction must be given by the angle which 
they make with the crystallographic c-axis. In addition, the heat conductivity values 
are given by kii , ka2, kss (the main heat conductivities). 

The three main conductivity axes in the triclinic system are all temperature depend­
ent. The heat conductivity is characterized by kn, k22, kss and the positions of the three 
axes by their relation to the three crystallographic axes. 

The equation for the isothermal ellipsoid in a crystal is given by (44): 

y» z" , 

where the axes of the ellipsoid will beVET, >/5r, andVS^ respectively. The isothermal 
ellipsoid is not to be confused with the heat conductivity ellipsoid as given previously. 

If we consider the heat energy in an element (dx, dy, dz) of the material during the 
time element d x , the requirements for equilibrium are: 

Total heat entering \ / Total heat leavmg 
the element j \ the element 

Heat energy ( j Heat energy 
developed in ] | stored in 
the element / ' the element 



172 

This consideration leads to the equation 
in which: 

p = density 

Cp = specific heat at constant pressure 

q' = heat developed per unit volume and in unit t ime. 

The thermal conductivities k u , ka2 and kss are considered to be independent of tempera­
ture. I f they are temperature dependent the equation becomes: 

P^P Xr = ^ ) ^ W | ) ^ f z Tz) -
For the steady state with no heat evolution in the body and heat conductivities con­

stant we obtain: 

The mathematical treatment does not include the nature and extent of the influence 
various factors have on the absolute value of the thermal conductivity. B i rch and 
Clarke (8) concluded that at relatively high temperatures a more correct statement of 
the experimental data is that the thermal resist ivi ty tends to increase linearly with 
temperature and not direct ly proportional as was approximated by Eucken (30). From 
experiments on quartz crystals Bi rch and Clarke found that the conductivity does not 
decrease as rapidly as the theory would predict; indicating the possibility of some 
factor not included in the theory of Makinson. On some feldspar aggregates the con­
ductivity increased with temperature - a phenomenon which is attributed to some 
crystalline imperfection and not completely to aggregation as was suggested by Eucken 
and Kuhn (32). 

I t is accepted that very f ine imperfections may exist in crystals but the extent, 
degree of regularity and amount of disorientation in supposedly perfect crystals are 
not yet completely evaluated. I t has been proposed that the mentioned factors are 
dependent upon the conditions of crystal growth and the mechanical and thermal history 
of the crystals. Evidence of the dependence of the conductivity even to high tempera­
tures upon the fine-structure was presented by Powell and Gr i f f i ths (76). They found 
the thermal resistance of certain micas across the basal planes to decrease when the 
planes were pressed together as shown in Table 11. Wood (102) discovered, by means 
of x-rays, that the i rreversible decrease of conductivity when mica is heated over 
200 deg C (see Fig. 5) was due to the breaking up of the original mica structure into 
a group of small regions which were t i l ted f r o m their original positions. Bi rch and 
Clarke obtained values of the conductivity of rocksalt at temperatures where impurities 
and imperfections should have very l i t t l e effect. The resist ivi ty was very closely a 
linear function of the temperature but the absolute values were much lower than those 
reported by Eucken and Kuhn f r o m tests on crystals grown ar t i f i c ia l ly f r o m melts and 
solutions. Birch and Clarke concluded that the effect of fine-structure must persist 
to higher temperatures than was supposed previously. 

Wooster (103) attempted to correlated the anisotropies in the thermal conductivity 
of crystals with their structure. For this purpose the crystals were divided into 
three groups: 

(a) Crystals having bonds of about the same strength in the different directions. 
He assumes that the three principal conductivities k i , ka, ks are given by cos 'Si , 
J^Scos* Bs a n d ^ cos* 6 s respectively. The summation is taken over a l l the bonds 
in the unit cel l ; S is the number of equivalent bonds which makes angles B i , 9t and Os 
with the principal axes. 
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(b) Crystals having layered lattice structures; the conductivity in the plane of 
the layer is greater than that perpendicular to i t . 

(c) Crystals of the chain lattice type: the conductivity along the chains is greater 
than that perpendicular to i t . The theory of Wooster was applied only to the f i r s t group 
but not to the second and th i rd groups due to the inadequacy of the experimental data. 

Thermal conductivity increases when magnesium (in dolomite) is substituted fo r 
calcium (limestone), which is explained according to the Debye theory as due to i n ­
crease in density and sound velocity. The dense ultrabasic minerals having high 
elastic constants and high sound velocities give high conductivities as compared with 
the feldspars. Quartz, however, has a higher heat conductivity than either the u l t r a -
basic silicates or the feldspars despite its lower density. To what extent this is due 
to the greater perfection of the quartz crystals is not known. 

With increase in temperature the anisotropism in crystals with respect to thermal 
conductivity decreases as shown in Figure 6 taken f r o m Birch and Clarke. 

HEAT CONDUCTION IN HETEROGENEOUS SUBSTANCES 

Conduction m Aggregates 
The pr imary factors i n the thermal conductivity of homogeneous aggregates are the 

conductivity of the single crystals and the thermal contact between them. However, to 
determine the average conductivity of a specimen containing a large number of crystals 
oriented at random i t would be Impracticable to attempt any rigorous computation. 
An average value fo r random orientation is obtained by averaging the conductivity value 
over-a l l direction fo r a single crystal . When the conductivity of a crystal does not 
vary greatly in different directions, then the average conductivity w i l l not be very 
much different f r o m the reciprocal of the average resist ivity; f o r anisotropic crystals, 
however, they cannot be equal. 

I t was pointed out previously that the conductivity k^ in the direction n changes 
with the direction like the reciprocal square of the radius vector of a f ixed ellipsoid. 
I f f o r crystals having a principal axis the equation of the ellipsoid is expressed in 
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polar coordinates, then the thermal conductivity kn is given according to Voigt (97) 
by: 

k n = k j _ s i n ' ' P + k | | cos^ p 

where p is the angle between the principal axis and the given direction, k j_and k | | 
the thermal conductivities perpendicular and parallel , respectively to the principal 
axis. 

By taking the averages of sm* p and cos' p over a l l directions an average value of 
k is obtained. 

( s in ' 'p )av . = I and (cos* p ) av. = | ; k n = | k | + | k n 

The equation gives the conductivity of a single layer of crystals oriented at random, 

TABLE 11 

EFFECT OF PRESSURE ON THE THERMAL CONDUCTIVITY OF 
A MADAGASCAN DARK AMBER PHLOGOPITE 

(after Powell and Gr i f f i th) 

Pressure 
Ib/sq in . 

Thickness 
cm 

Density 
gm/cm 

Conductivity wat t /cm' "C per cm 
lOO'C 300''C 500"C 

23 0.109 2 80 0. 0046 0. 0021 0.0021 
48 0. 00586 0.00252 0.00252 

176 0.105 2 90 0. 0067 0.00335 0.00377 
330 0. 00755 0.0046 0.00503 

TABLE 12 

MEAN CONDUCTIVITY OF QUARTZ AND CALCITE CRYSTALS 
(in watt/sq cm 'C per cm) 

Temp. , 
"C 

Calcite Quartz 

Temp. , 
"C 

'^mean l^mean Temp. , 
"C f ^ k | | ys(k|| + 2k|) ^ k j ^ k | , '/3(k||+2k|) 

-190 0.1845 0.3070 0.2182 0.2253 0.2455 0.490 0.309 0.327 
0 0.0348 0.401 0.0365 0.0366 0.0684 0.1142 0.0811 0.0833 

50 0.0301 0.0340 0.0313 0.0314 0.0565 0.0940 0.0670 0.0690 
100 0.0272 0.0300 0.0281 0.0281 0.0495 0.0796 0. 0580 0.0595 
200 0.0238 0. 0256 0.0244 0.0244 0.0407 0.0632 0. 0471 0.0482 

with heat flow perpendicular to the plane. On substituting the resist ivi ty values f o r the 
various conductivities in the equation, the mean resist ivi ty of a crystal can be calculated. 
The reciprocal of this mean resist ivity is the conductivity of a filament of randomly 
oriented crystals placed on top of each other with the heat flowing along the filament. 
An aggregate may be considered to be composed of a great number of filaments or 
layers. Neither of these treatments is correct; fo r nearly isotropic minerals their 
results w i l l approach each other but they w i l l d i f fe r considerably m heterogeneous ag­
gregates of minerals of greatly di f fer ing conductivities. The method is considered 
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chiefly because of its simplici ty, Eucken and Kuhn (32) used the formula 

kmean = 3 V k j _ « k | | 

to calculate the mean conductivity kmean of calcite. I t may not be applicable to other 
minerals. 

From measurements on natural crystals, crystals grown f r o m melts and solutions, 
and on aggregates either natural or a r t i ­
f i c i a l l y pressed f r o m crystals powders, 
Eucken and Kuhn attempted to determme 
the effect of the grain size on the thermal 
conductivity. They found that the experi­
mental data obeyed approximately the 
following empirical equation: 

Oi 
CALCrTE 

g 

7 
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6 

sl.̂ f 1 
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CLARKE 

X - E U C K E R 

AKD 
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Figure 6. V a r i a t i o n w i t h temperature o f 
the r a t i o o f conduc t iv i t i e s perpendicular 
and p a r a l l e l t o the op t ic axis i n quartz 

and c a l c i t e . 

in which 

k = conductivity of the crystalline material 

kb = conductivity of the compact crystal 

n = number of grains per cm, and 

Temperature difference between 
adjacent grain surfaces 

Temperature decrease per 
cm length 

I t was indicated that the quality BC^ 
is 

approximately temperature independent. 
The formula does not apply for aggregates consisting of particles of one component 
crystal l izing in the regular system. 

According to data obtained by Birch and Clarke f r o m tests on a marble, the value 
of B , the constant in Eucken and Kuhn's formula, varies proportionally with the size 
of the crystals. These authors (8) suggested that the reduced conductivity in the ag-

T A B L E 13 

VALUES OF B ACCORDING TO EUCKEN AND KUHN'S FORMULA 

Temp, k ideal Marble Limestone 

• c Calcite k n B k n B k n B k n B 

-190 
0 
0 

50 
100 
200 

0.218 
0.0478 
0.0366 
0.0314 
0.0281 
0.0244 

0.0423 138 0.030 
0.0351 138 0.0026 

Eucken ai 
Dat 

0.0563 103 0.028 
0.0373 103 0.0027 

id Kuhn's 
a 

Birch a 

0.0305 30 0.0067 
0.0268 30 0.0057 
0.0244 30 0.0050 
0.0214 30 0.0047 

nd Clarke's 

0.0302 5,000 4 x lO'" 
0.0257 5,000 4.4 X 10' 
0.0232 5,000 4.2 X 10~ 
0.0200 5,000 4.4 X 10~ 

gregates is due to spaces of relatively low conductivity between some crystals. Sample 
calculations are shown in Tables 12 and 13. 

Mixed Aggregates 

The shortcomings of the theory regarding the thermal conductivity of pure crystals, 
even m the regular system, point out the diff icul t ies to be overcome in the develop­
ment of a theory for the thermal conductivity of aggregates consisting of more than 
one component. 
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Mixed aggregates s t i l l exhibit a negative temperature coefficient l ike the crystals 
of which they are composed. However as Eucken and Kuhn (32) have pointed out, mixed 
crystalline aggregates cause a marked decrease in the absolute value of the thermal 
conductivity and in the negative temperature coefficient of the constituents crystals. 
From mixed crystals of KCl with various percentages of K B r , they determined the de­
viation of the measured values f r o m the calculated ones using the mixing formula: 

too 

KCl 
KBr 

k, mix 
"KCl • ^ K C l + °KBr '^KBr 

" K C l + " K B r 

where n represents the proportion of the 
respective component present in the m i x ­
ture. The correlation between calculated 
and measured values is represented in 
Figure 7. 

The authors maintain that Mathiesen's 
law fo r expressing the effect of impurities 
on the electrical conductivity may also be 
used to indicate the effect of impurities 
on the thermal conductivity, viz : 

too 
0 

8 0 6 0 
2 0 4 0 

PERCENTAGE 

4 0 20 
6 0 8 0 

IN MIXTURE 

100 

where 

Wu = 

Wu = Wy + A 

thermal resist ivi ty of an impure 
aggregate 

Figure 7. The deviation of the measured 
values from that calculated according to 

formula (after Eucken and Kuhn). 

Wy = thermal resist ivi ty of a pure 
crystal = i 

K 
A = "Increment" resistance which 

should be independent of temperature. 
Bi rch and Clarke used the concept that the heat flows through piles in the aggregate; 

no heat was supposed to flow across the side walls of the piles. The piles were con­
sidered to be one crystal thick and to contain the constituents in the same proportion 
in which they occur in the whole mass, in random distribution and in orientation. When 
the thickness of the sample was too small with respect to the crystal size, the "series" 
treatment became inappropriate and a "paral le l" consideration was employed. 

Although the heat f low is much more complicated than the previous two treatments 
suggest, the "series" concept was found to agree wi th experimental data within 5 per­
cent, except where the crystal thickness was small with respect to the crystal size. 
In that case the parallel treatment gave correct values. The authors concluded that 
the grain size should not be important unless an appreciable proportion of the resist­
ance occurs at the intercrystalline contacts. This resistance is low f o r relatively 
f resh igneous rocks. They ascribed the permanent decrease in conductivity of the 
rocks when heated over 300 deg C in part to loss of moisture and development of i m ­
perfections. 

De Vr ies (25) expressed the thermal conductivity of a granular material as a function 
of the thermal conductivities and the volume fractions of its constituents by making use 
of the analogy between heat conductivity, electric conductivity, dielectric constant, 
magnetic permeability and diffusion coefficient. Because of mathematical diff icult ies 
only an approximate solution can be given. Different authors used different approxi­
mations to f ind a solution f o r the case of a composite material consisting of a con­
tinuous medium in which particles of spherical or ellipsoidal shape are distributed at 
random. A l l these theories were developed mainly in analogy with the theory of the 
dielectric constant. This means that the phenomena specifically associated with heat 
conduction are not taken into account. 

Before the various theories studied by De Vr ies are discussed in detail, i t might be 
advantageous to consider some other effects. 

In the calculation of the thermal conductivity of mixed crystals either the method 
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used by Bi rch and Clarke can be followed or the theory of Maxwell-Burger-Eucken. 
Table 14 gives the conductivities of mixed crystals as determined by Eucken and Kuhn 
f r o m pressed crystal pastes. The value of the conductivities of the pure crystals were 
also obtained f r o m Eucken and Kuhn's data. The values were calculated fo r 0 deg C. 

Table 15 gives examples taken f r o m the investigations of Birch and Clarke. The rocks 
tested were considered to consist of major constituents such as quartz (kav. = -069), 

TABLE 14 

THERMAL CONDUCTIVITIES OF MIXED CRYSTALS 
in watt/sq cm "C per cm 

Composition 
by Volume, Percent Shape of Particle 

Measured 
Conductivity 

Calc. Conduct. Composition 
by Volume, Percent Shape of Particle 

Measured 
Conductivity Bi rch 

and 
Clarke 

Burger 
and 

Eucken 
K c l KBr NaCl 

Shape of Particle 
Measured 
Conductivity Bi rch 

and 
Clarke 

Burger 
and 

Eucken 

100 -- — -- 0.0900 — — 
— 100 — — 0.0365 — — 
— -- 100 -- 0.088 — 

8.7 91.3 -- Spherical 0.0290 0.0385 0.0397 

22.3 77.7 -- Spherical 0.0196 0.0420 0.0452 

46.4 53.6 -- Spherical 0.0237 0.0504 0.0562 

72 28.0 -- Spherical 0.0336 0.0636 0.0704 

88.6 11.4 -- Spherical 0.0484 0.0770 0.0815 

58 42 Spherical 0.0694 0.0891 0.0892 

plagioclase feldspar (kav. = -OlS)* olivine (k^y. = .044),pyroxene (k^y. = -0415) and 
orthoclase feldspar (k = . 0193). The minor constituents were grouped'wlth some of the 
major components, e .g . : hornblende and magnetite with olivine or pyroxene; sericite 
with feldspar; microperthite assumed to have a k value of 0.020; biotite assumed to 
have the same conductivity as pyroxene. The thermal conductivities were calculated fo r 
50 deg C. 

HEAT CONDUCTION I N GLASSES 

It was observed that the thermal conductivity of quartz glass with the same chemical 
composition as that of a quartz crystal decreases with decrease in temperature. As 

was previously indicated is approximately constant for quartz glass where Cy = 

specific heat and k = thermal conductivity of the glass. Eucken (31) approximated the 
thermal conductivity of glass by the formula: 

in which: 

kg = thermal conductivity of the glass 

T = absolute temperature 

C and D are constants 
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THERMAL CONDUCTIVITIES OF CERTAIN ROCKS 
in watt / sq cm "C per cm 

Composition* Calc. Conductivity* 

Rock 
Mineral Percent 

Particle Size, mm Measured Conduct. Bi rch and 
Clarke 

Eucken and 
Burger 

Barre granite Quartz 
Albite 
Orthoclase 
Biotite 

26 
37 
25 
12 

1.2 xO.8 
medium 
1.5 X 1 
spheres 

0.0264 0.0268 0.0309 
(0.0280) 

Quartz monzonite Quartz 
Orthoclase 
AbraAnas 
Biotite 
Hornblende 

34 
27 
33 

5 
1 

1 xO . 8 
1.0 dia. 
medium 

spheres 

0.0294 0.0264 0.0320 
(0.0296) 

Tonalite Quartz 
AbssAntB 
Biotite 
Hornblende 

28 
50 
15 
7 

1 X 0.8 
medium 

1.2 ?• 0.9 

0.0260 0.0268 0.0326 
(0.0291) 

Wisconsin gabbro AbttAnao 
Pyroxene 
Olivine 

73 
15 
12 

medium 
spheres 
spheres 

0.0197 0.0209 0.0223 

Rockport granite Quartz 
Microperthite 
Amphibole 

30 
64 

6 

1 . 5 x 1 
medium 
spheres 

0.0340 0.0268 
(0.0348) 

0.0299 
(0.0334) 

Biotite grouped with feldspar instead of with pyroxene, gives the values in parentheses in the last column. Both 
calculated values for Rockport granite are fa r off. Following the suggestion by Birch and Clarke that a parallel 
treatment would be more appropriate in this case, the value m parentheses in the f i f t h column was obtained. The 
value in parentheses in the last column was obtained by considering the quartz as the continuous medium and the 
other components as dispersed in i t . 
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TABLE 16 

THERMAL CONDUCTIVITY OF SOME GLASSES 
in watt/sq cm °C per cm 

Glass -200 100 
Temperature 

0 100 
"C 

200 300 400 

Quartz Glass 0.00612 0. 0110 0.0136 0.0148 0.0158 0. 0170 0.0185 

Pyrex Glass 0.0120 0.0132 0.0144 0. 0155 0.0166 

Heavy Optical Flint 0.00303 0. 0058 0.0071 0.0075 

Obsidianite 0.0135 0.0146 0.0157 0. 0157 0.0179 

Soiled Quartz Glass 0.00467 0. 00900 0.01122 0.0125 0.0131 0.0150 

From the concept of glasses being liquids with high viscosities, i t was proposed that 
the Bridgman formula, developed f o r liquids, be used for calculating the thermal con­
ductivity of glasses. Some basic differences exist, however, as was pointed out by 
Birch and Clarke (8): The molecular weight of glass is not exactly defined and two 
types of waves exist in glasses instead of the one compressional wave in liquids. 

I f the formula is used to determine the average distance between the heat propagat­
ing units f r o m known conductivity values, i t is found that the distance comes out to be 
in the order of the distance .between nearest s i l ica atoms m si l ica glass (3,3 X), For 
this (8) a mean velocity V = % (Vi +2Vt) was used in the equation: 

3^V 
k T2 

TABLE 17 

CONDUCTIVITY, k, OF SOME FIREBRICKS 
in watt/sq cm "C per cm (from Ref 17) 

Br ick 

Type Constituents, Percent 
TCIgD FiiDi CiO SiO; AhOT 

Density, 
Ib/cu f t 

Temp. , 
"C 

Magnesite 86.8 6.3 3 2.6 _ _ 158 204 0.0381 Magnesite 86.8 
650 0.0277 

1,200 0.0190 

Alumina 82 170 500 0.0223 
800 0.0211 

1,100 0.0208 
41 115 500 0.0104 

800 0.0107 
1,100 0.0109 

Silica 93 105 500 0.0132 
800 0.0147 

1,100 0.0161 
96 — 110 500 0.0147 

800 0.0163 
1,100 0.0177 

Silicon carbide 129 600 0.1852 
800 0.1592 

1,000 0.1385 
1,200 0.1212 
1,400 0.109 
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where V i and Vt are the velocities of the longitudinal (compressional) and distortional 
waves, respectively, Ic is the Boltzmann constant and S is the distance between the 
nearest silicon atoms in si l ica glass. „ 

The D e b ^ formula gives greater distances fo r the mean f ree path (8.5 A fo r s i l ica 
glass, 4.9 A for diabase glass). This indicates an atom-to-atom heat exchange. The 
thermal waves are scattered in such short distances by the random assembly of the 
atoms that the wave concept becomes Irrelevant. For the same reason, small amounts 
of impurities probably have l i t t le influence. Table 16 gives a few values f o r the thermal 
conductivities of glasses. 

CONDUCTION I N CRYSTALLINE-AMDRPHOUS MATERIAL 

Eucken (30) found f r o m measurements on materials such as paraff in and ebonite that 
the thermal conductivity of these part ly crystall ine, partlyamorphous materials is l i t t l e 
temperature dependent. Jakob (43) discussed the variations encountered in the thermal 
conductivities of various sorts of magnesite bricks of about the same density and of 
moderately varying content in magnesium oxide (86 to 92 percent). He concluded that, 
in cases where small values of conductivity with positive temperature coefficients were 
observed, the bricks contained predominantly glassy substances. Where the conductiv­
i ty was large and had a negative temperature coefficient, the materials consisted mainly 
of crystalline components. Analogous results were found by Birch and Clarke (8) on 
some feldspar aggregates. 

Eucken (31) proposed the following approximate equations: 

for uniform crystals: i - ^ — = AT 
"'CU 

for mixed crystals: - g i - = AT + B 
cm 

fo r glasses: = C + 5_ 

in which kg and kg are the thermal conductivities of the crystals and glasses and 
A, B, C and D are constants. Assuming (43) that the material is an aggregate of heat 
resistors of crystalline and amorphous types connected in series, the following ex­
pression is obtained: 

" aT + b + C ' 
T 

a, b, and c being constants. 

The equation gives an increase of k with increasing temperature if T is small and 
a decrease of k with increasing temperature i f T is high. This results f r o m the 
three equations of Eucken. I t w i l l be noticed, too, that the f o r m of the equation is r e ­
lated to the curve by Makinson. 

The burning of a refractory material influences k considerably because of the 
chemical and crystallographic changes as wel l as the changes in density due to sintering. 
Sintering or cementation also reduce the surface area per unit volume thereby improv­
ing the interfacial conductivity. In f i r e bricks the chemical composition has an influence 
on the conductivity. Table 17 shows the influence of predommance of MgO, AI2O3 and 
SiOg on the thermal conductivity of f i r e bricks. 

CONDUCTION IN GRANULAR MATERIALS 

Granular materials are defined as systems composed of a solid phase or phases 
within a l iquid or gaseous environment. In such systems, the surfaces between the 
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phases are of more importance than in the case of pure solid aggregates. 
Fine Powders 

From considerations of the kinetic theory of gases, Kundt and Warburg (51) pointed 
out that f o r a gas flowing along a wal l a discontinuity of velocity occurs. They also did 
experiments to ve r i fy their conclusion. Smoluchowski (89) applied this concept to 
thermal conduction and found, also f r o m experiment, that a corresponding temperature 
discontinuity exists. The temperature discontinuity 6 if replaced by an assumed con­
tinuous change of gas temperature dT leads to the equation (43): 

in which 

k = thermal conductivity of the gas 

n = distance in direction normal to the wal l 

h = coefficient of heat transfer between wall and medium, and 

I = is a coefficient of discontinuity 

An analogous $ fo r the discontinuity 6 in the velocity v of a gas flowing along a 
wal l is given as: 

" = ^dK . 

The quantity I measured in centimeters is dependent on the type of gas and the 
character of the wal l . The coefficient of discontinuity is of the same order of magni­
tude as the f ree path of the molecules and proportional to the f ree path; i t is , there­
fo re , also inversely proportional to the absolute pressure of the gas. 

From measurements by Smoluchowski (90), Gehrcke (34) and Lasareff (53), 

where 
i = A x d O - " ) ^ , 

p = gas pressure in mil l imeters of mercury, and 

I is measured m centimeters. 

For a i r : A = 13.4 to 19.6 

ForCOa: A = 8.0 to 12.7 

For hydrogen: A = 105 to 145 

The rate of heat conduction for two parallel walls at distance L and temperature 
difference A T w i l l be 

q = k A A T . 

When a perfectly conducting plate of thickness s is inserted, the total width of gas 
layer w i l l be (L - s) but the effective length w i l l be (L - 2 + 2S). For n plates we 
obtain: 

^ = ' ' { L - n t + 2 n | ) 

With decrease in pressure 21 w i l l increase and w i l l eventually become greater 
than s. The use of fine powders and reduction of pressure can lead to lower conductiv­
ity values than possessed by a i r . 

While i t is s t i l l widely believed that the lowest value of the thermal conductivity 
under atmospheric pressure is that of stationary a i r , i t was shown by Kis t ler and 
Caldwell (50) on si l ica aerogel, by Johnstone, Jacobson and Prechshot (47) on zinc 
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Figure 8. Heat conduction lay a powder o f glass spheres i n d i f f e r e n t atmospheres a t 
d i f f e r e n t pressures. 

oxide, and by Smith and Wilkes (88) on carbon blacks, that s t i l l lower values can be 
reached when the above materials are used. An aerogel results when a gel is dehydrat­
ed without loss of the structure of the solid constituent. The si l ica aerogel (density 
7.49 Ib/cu f t ) had good mechanical strength (30 pounds per square inch without crush­
ing), a pore size of the order of 10~* cm in diameter and appeared optically empty 
under the ultra-microscope. Kis t ler and Caldwell also showed that the thermal con­
ductivity of cork decreases when the pressure is lowered. The zinc oxide powder 
(density 1.78 Ib/cu f t ) gave conductivities about the same as air at atmospheric pres­
sure. When the powder was compressed the conductivity increased. Reduction in 
gas pressure decreased the conductivity. Carbon blacks in the finely divided state 
have cbnductivities less than that of s t i l l a i r . For the commercial carbon black 
pellets (spheron) tested. Smith and Wilkes found a conductivity value close to that of 
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air . The density was 20.2 Ib/eu f t . 
From heat conduction measurement on powders in various gaseous atmospheres, 

Prins et al (77) found some residual conductivity at very low pressure (see Fig. 8). 
This conductivity was attributed to solid contact of the particles. Magnesium oxide 
being angular gave a lower residual value than glass spheres. The pressures ranged 
f r o m 880 mm to 4 x 10~* mm of mercury. Calculation of the contact radi i based on a 
formula by Hertz gave the right order of magnitude. 

De Vries (£5) employed a s implif ied method to calculate theoretically the l imi t s 
within which the thermal conductivity must l i e , taking mto account the touching of 
particles. In an assumed cubical array of spheres the lower l i m i t is obtained when a 
pile of spheres is divided into concentric cylinders and the cylinders are combined in 
parallel . The upper l i m i t is obtained when a l l planes perpendicular to the axis of the 
sphere pile are considered as isothermal planes - essentially a series treatment. As 
was observed by the investigator, the values obtained f r o m the two treatments d i f fe r 
widely, thereby l imi t ing its practical value. He believed that the correct value w i l l be 
close to the lower l im i t considering test data by Prins and others. 

Porous and Loose Materials 

In heat insulators use is made of substances composed of small particles with a high 
percentage of void space between them. The solid material may consist of porous 
particles (the solid phase being continuous), powders, grains, f ibers , etc. 

The use of fine powders fo r heat insulation has been discussed. Insulating materials 
of fibrous and porous material make use of the insulating value of the air m the mate­
r i a l which is kept stationary by the presence of the solid phase. This eliminates con­
vection currents of the air and thereby reduces the conductivity of the material . The 
f ibers themselves may possess a low heat conductivity. However, i t has been shown 
(58, 101) that material of high conductivity, l ike aluminum f o i l - plain or crumpled, 
may be used for insulation. The bright surface reflects the heat and reduces the trans­
mission of heat by radiation. The value of aluminum f o i l insulation is therefore greater 
at h ^ h temperatures where radiation plays a predominant role in heat transport. 

Calculation of Thermal Conductivities 

Eucken (31) proposed the following expression f o r the apparent conductivity k of 
a material consisting of a medium of conductivity ks m which small particles of con­
ductivity kn are dispersed. 

1 + (a - l ) b k = ks 

where 

3ks 
2ks + kp 

" V g + V b 
in which 

Vb = total volume of dispersed particles 

Vg = total volume of medium 

The equation can be used only f o r values of b that are less than 0. 5. When the 
particles in the medium consist of a i r then kp w i l l be small compared to kg , result­
ing in the equation: 
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, , 1 - b 
k = ks ^ 

For elliptic or tubular pores the equation becomes: 

1 - b k = k.= 
1 b 
1^3 

For plane gaps with one-third of a l l fissures extending perpendicular to the direc­
tion of heat f low, Eucken derived the formula: 

1 _ 1 b 
- k^ + T k ^ 

By considering a fissured body as a series of parallel solid plates and air layers of 
thickness L12 and Las respectively, Nusselt (66) derived the following equation taking 
into account the effect of radiation. Referring to Figure 11(A): 

t - Lia + Las 
^ ' u r ~ . I 

ks kp ^ 4 ^ ^ s 
Las 

in which <r is the radiation constant and T the absolute temperature. For very high 
temperatures: 4 < r T * » l , one obtains: 

Lia + Las 
Lis k = kg 

If radiation is neglected at low temperatures and kp « k s , then the lower l i m i t of the 
heat conductivity w i l l be: 

From the f ie ld of electr ici ty and magnetism, De Vries (25) applied the theories of 
the behavior of granular media to the problem of thermal conductivity. He considered 
an isotropic medium with dielectric constant Co in which there are grains of different 
types. A l l grains having the same dielectric constant and being of the same shape and 
size are grouped as one type of particle. The volume fract ion of grains of the i-type 
is given as x i , the volume of the medium is XQ . I f there are N types of particles, 
then: 

i 
1 = 0 

The mean apparent dielectric constant of the material is then: 

N ^ 
^ i X i Ei 

i = 0 (A) 

J , x i E l 

i = 0 
where: _ 

D = mean dielectric displacement, 
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E = mean electric field-strength 

=i- f E i dVi = mean electric field-strength within particle 
* i J i , and 

V i = volume of particle. 

Because^of mathematical diff icul t ies equation (A) cannot be solved exactly. To 
calculate E i , i t is assumed that a l l grains of the i-type are surrounded by a homogen­
eous, isotropic medium with dielectric constant in which a field-strength E^ exist 
at great distance f r o m the particle under consideration. 

By means of tensor analysis (74) it is possible to obtam a solution after values fo r 
G* and E* have been selected. The different theories treated by De Vries (25) d i f fe r 
mainly in the selection of and E \ The theories are as follows: 

(1) Theory of Maxwell (59), Burger (14), Eucken (31). 

Assumption: = GQ and E* = Eo; that means, the interaction of the grains 
is neglected. Maxwell used i t in the calculations fo r spherical grains; Burger extend­
ed i t to ellipsoidal particles fo r the electrical conductivity, while Eucken f i r s t applied 
i t to thermal conductivity. 

(2) Theory of Ollendorf (67) 

Assumption: G* = G Q , E ' = Ep , where Ep is the f ie ld which w i l l exist in 
the space of a removed ellipsoid. I t is further assumed that the polarization remains 
unchanged in the rest of the ellipsoids. Ollendorf then derived a formula fo r Ep , the 
magnetic permeability. 

(3) Dielectric constant. Theory of Polder and Van Santen (74) 

Assumption: G^ = G ; E ' = E . 

(4) Different ial Theory of Bruggeman (12) which has been improved upon by 
De Vries (25). 

Assumption: G* = G ; E* = E, the same as the previous but in order to get 
the volume fraction of A x i , the grain of the f i r s t type is thought to be added in small 
quantities with volume fract ion A X j approaching zero. 

In the-treatment of Rayle^h (78) the effect of the arrangement of the grains on the 
conductivity is taken into account. De Vries has shown how the theory could be extend­
ed to some other packings as was treated by Rayleigh. 

De Vriesthen compares the various theories with each other and also with experi­
mental data on grains of spherical shape. He concludes that fo r the ratio of particle 

conductivity k i to the conductivity ko of the medium ^ < 300 the correct value 

of the net conductivity k w i l l l ie between the theoretical values of Maxwell and 

Bruggeman while for 1000 < ^ < 2000 the value of k w i l l be within 10 percent of the 

value given by Bruggeman's formula and w i l l be greater. The volume fractions varied 
f r o m 0.42 to 0.69. The deviation of experimental data obtained f o r soil f r o m the 
Maxwell-Burger-Eucken theory is of the same order of magnitude as that f o r spherical 
particles. Because of the various assumptions i t was pomted out that the treatment is 
of semi-empirical character. 

At an earl ier stage we introduced the method of Bi rch and Clarke fo r calculating 
the thermal resist ivity of mixed aggregates. In this treatment, heat flow piles one 
crystal thick are made up of its components arranged m series; each constituent is 
present in the same proportion in which i t occurs m the whole mass. Compare with 
Figure 9(A) 

where 
kg = conductivity of the gas; xg its volume fract ion. 
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k w = conductivity of the water; x ^ i ts volume fract ion 

kg = conductivity of the solid; x s i ts volume fract ion. 

For the series treatment the effective conductivity k can be calculated f r o m : 
1 _ X g X ^ X s 
k ~ k ^ ^ 

The parallel treatment results in the equation: 

k = kgXg + k w x ^ + k s X g 

(1) 

(2) 

SOLID 

THERMAL 
FLOW 

SERIES TREATMENT 

60L ID 

THERMAL 
FLOW 

PARALLEL TREATMENT 

(A.) 

THERMAL ^ ^ ^ ^ ^ R 

! ! • SOUD 

DRY SOIL MOIST SOIL 

MiCKLEY'S MOIST-SOIL MODEL 
(B ) 

Figure 9 . 



187 

I t is obvious that actual values of k w i l l he somewhere between those given by (1) 
and ( 2 ) . The f i r s t equation does not take into account intergranular contact while the 
second one assumes perfect intergranular contact. 

Another method of approximating the thermal conductivity of a soil mass is that 
given by Mickley (61). His picture of the three-component system is as shown m 
Figure 9(B). The equations derived for the condition shown are as follows: (61) 

Completely Dry Soil: k = kga ' '+ kg (1-a)^ + S ) + kg^U-a) 

Completely Saturated ^ - i, o« ̂  t / i o^» ^ ks^w (2a-2a') 
Soin ^^-^^B. + ks (1-a) + kg(a) + k w ( l - a ) 

In these equations the volume fract ion of the solid Xs = 1 - 3a* + 2a* f r o m which a 
can be calculated if Xg is known. 

Moist Soil: 
2 k w k B C (a-c) 

k = kgc^ . ks (1-a)^ . kw (a-c)'' . ^ . ^ ^ / k g (1-c) 

(3) 
2kgk^kgC (1-a) 

kif/kgc + kskg (a-c) + kgk^^ (1-a) 

2kwks (a-c) (1-a) 
•*" ksa + kw (1 -a) 

Expressed in volume fractions xs , xw and 3 ^ i t follows: 

Xg + xw = 3a* - 2a' or X g = 1 - 3a* + 2a* 

Xg = 3c* - 2c*. 

Equation (3) yields the complete dry or saturated soil condition when b = 0 (Q=a) or 
b = a (c=0), respectively. This equation is a means of averaging between equations 
(1) and (2). As was stated by Mickley, the equation (3) does not hold fo r dry or nearly 
dry soil because the contact between grains is not always a face contact. The equations 
(1), (2) and (3) do not take into account the size, shape and arrangement of the com­
ponents of the soi l . 

W.O. Smith (87) took into account the possibility of structure in the soi l . His 
derivation runs s imilar to that of Mickley f o r dry or saturated soil except that he 
assumes a different ratio of voids in series to voids in parallel with the solid and 
neglects intergranular contact. From Figure 10 the thermal conductivity follows to 
be: 

where 

. £ A a ^ S As 1 
^ S— + / d s ' di \ 

kg = thermal conductivity of a i r 

kg = thermal conductivity of the solid 

Aa = area of the air column 

Ag = area of the grain pile column, 
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Further, 4 

ds = total length of grains in column length d, and 

di = total length of a i r gaps between grains in grain column 

A = total area of the soil sample 

Pa = part ial volume of a l l the soil air 

Pg = part ial volume of the solid framework 

GRAIN P I L E FOR DEVELOPMENT OF 
HEAT FLOW EQUATION 

PLATY PRISMATIC 

ds 

GRANULAR B L O C K Y 

VARIOUS SOIL STRUCTURAL FORMS 

Figure 10. Heat conduction in structured s o i l (after W. 0. Smith). 

Pi = partial volume of the material m the gaps between the 
grams in the grain column 

k = kg (Pa - Pi) + Ps + Pi 

Ps 
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I f kgPj IS neglected (being small) and a = f 2 then 

k = kgPa + 
Ps (1 + a) 

^ ^ (V • 4") ( T T T ) 

This formula may be used fo r calculatmg the thermal conductivity of structured soil 
i f a proper value of Pi is chosen. 

Pa denotes the total porosity structural and textural; 

P i denotes the pore space effective in introducing resistance in series with the 
grains and w i l l depend on the type of structure; 

Pi can be obtamed by calculating values of a f r o m observed data. The equation 
has the fo rm: 

k = kgPa + koPs or ko 
k - kgPa 

where 
1 4 a 
T 

and is called the effective conductivity of the soi l . From this equation a is calculated 
if ko is obtained f r o m experiments on structured soil and f r o m known values of ka 
and ks • A few values of ko are indicated in Table 18. 

Assuming the grains to be spherical and the water collected around the particle 

TABLE 18 

THERMAL STRUCTURE FACTORS OF DRY SOIL 
ko m 10"' watt/sq cm °C per cm 

Soil Structure Approx. Dimensions 
cm 

Structured Finely Fragmented 

Coarse Blocky 0.036 5.65 0.063 3.80 
1 to 3 0.039 5.30 0.060 3.91 

Medium Blocky 0. 8 to 2 0.045 4.94 0.072 3.42 Medium Blocky 
1 to 2.5 0.044 5.00 0.075 3.30 
0.6 to 1.9 0.045 4.81 0.071 3.45 

0.046 4.63 0.071 3.47 
1.3 to 1.9 0.047 4.65 0.058 4.01 

0.059 3.95 0.060 3.92 
1 to 2 0.041 5.15 0.063 3.80 

Coarse Platy 0.6 0.041 5.22 0.061 3.90 

Medium Platy 0.2 to 0.4 0.051 4.45 0.066 3.68 Medium Platy 
0.053 4.37 0.066 3.68 

Fine Platy 0.1 to 0.2 0.054 3.96 0.056 4.11 

Medium Granular 0.5 to 1.0 0.060 4.15 0.065 3.60 
0.069 3.72 0.074 3.35 

Fine Granular 0.1 to 0.3 0.094 2.77 0.075 3.38 
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Figure 11. 

contacts as shown in Figure 11(C), Gemant (37) derived an approximate formula fo r 
the thermal conductivity of moist soil . He neglected the conductivity of the air and the 
influence of the water rings around the middle four contacts of the grain. Strictly 
speaking, therefore, his formula only holds fo r moisture contents up to about 0.2 per­
cent. In the figure: KH = yg ; HJ = XQ ; AB = a = radius of the f la t contact surface; 
KF = r = the radius of the spherical particle. K m is the moisture content and kg 
and kw the thermal conductivities of solid and water, respectively, we have: 

(2y, ' o - 3yo' + 1) = 1. 272 m 

(1 + a'') kg - yo 'kw 
kg - k ^ 
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f ' = ( l + 2 )̂ kg 

The resist ivi ty of the soil is then given as: 

R = i = _2_ w (f + g) (f - gyp) + _ 2 _ w f ' - ^ g ' y p 
k TTfg (f - g ) ( f + gyo) TTfg' f - g'yo 

Gemant maintains that this equation gives good agreement with the experimental data 
above 5 percent moisture. Below 5 percent the experimental data are higher. Un­
fortunately the formula does not account fo r variation in densities or in grain sizes. 

Making use of a cubical array of spheres, Figure 11(B), and following De Vries ' 
(25) reasoning to calculate the l imi t s of the conductivity when touching of particles 
occurs, two equations which approximate the dry soil or saturated soil condition are 
obtained. 

For the lower l i m i t De Vries considers the circumscribed cube, and the formula 
becomes: 

- r hkskg 
4R'k = (4R' - 7rR')kg + J 2irksxdx +J 2TI (kg-kg) ' 

Integrated i t becomes: 

k = n l ks . ^kskg (R--r-) , ^ , \ „ 
4R^ 2RMks-kg) \ kg-kg ^" kg - l / + ^ l - 4 ' 

The upper l i m i t is given by the formula; 

h ^ dz . ^ ^ b hTT (ks-kg) 
k J TT • 

-'o ^ ( 1 - | ) ( k s - k g ) . ko 2 R l n ^ 
bR-h 

where: 

f o r kg » kg ; 

when 
kg = 0 the combined equations yield: 

ThkR 
— kg ^ k 5 ^ - r -
4R^ 2 R l n " - ' ^ R-h 

De Vries concluded that the value of the equation is minimized by the fact that the l imi t s 
are too fa r apart. Sample calculations fo r dry soil are given in Table 19. 

The examples were taken f r o m experimental work by Kersten (49), Smith (86) (87) 
and Smith and Yamauchi (84). The table contains the thermal conductivities as deter­
mined f o r the dry soils and also conductivities computed by means of the equations of 
Eucken (31), Smith (87), Nusselt (which is identical with the Bi rch and Clarke series 
treatmeritj", Mickley, andDe Vries f o r the lower l i m i t . The conductivity of dry air kg 
was taken as , 00024 watt /cm deg C in a l l cases. The conductivity of the solid particles 
ks was taken as given by the investigators whose experimental data were used. The 
value of kg for the Chester soil (derived f r o m gneiss) is given by Smith (87) as . 025 
watt per cm deg C, that of the Miami soils (glacial t i l l ) was . 0293 watt per cm deg C. 

For the soils investigated by Kersten the values were extrapolated to zero void space 



TABLE 19 

SAMPLE CALCULATION FOR THERMAL CONDUCTIVITIES OF DRY SOIL 

CO 

Soil Composition, 
Percent 

Porosity Thermal Conductivity, watts/sq cm "C per cm 
Soil Composition, 

Percent 
Porosity Measured Calculated Composition, 

Percent Measured 
Smith Eucken Nusselt Mickley DeVries 

Crushed quartz 95 quartz 0.37 
0.275 

0.00429 
0.00720 

0. 00351 
0.00380 

0.0160 
0.0191 

(0.00139) 
(0. 00199) 

0.00065 
0.00087 

0.01076 
0.01345 

0.0048 
0.0058 

Lowell sand 72 quartz 
22 feldspar 
6 pyroxene 

0.40 
0.325 

0.00271 
0.00357 

0.00259 
0.00290 

0.0082 

0.0093 

(0.00121) 
(0.00155) 

0.0006 
0.00074 

0.00975 
0.01148 

0.00275 
0.00352 

Healy clay 23 quartz 
55 kaolinite 
22 coal 

0.604 
0.48 

0.00156 
0.00296 

0.00166 
0.00209 

0.0099 

0.0137 

(0.0007) 
(0.0010) 

0.0004 
0.0005 

0.00583 
0.0081 

0.00217 
0.00352 

Chester loam 20-50 sand 
20-50 si l t 
20-30 clay 

0.439 0.00299 0.00295 0.0115 (0.0011) 0.00055 0.0091 0.00348 

Miami sil ty clay'' 50 sand 
20 clay 

0.552 0.00137 0.00137 0.0103 (0.00088) 0. 00043 0.00677 0.00268 

Miami si l ty clay 0-30 sand 
50-80 si l t 
20-30 clay 

0.348 0.00353 0.00354 0.0162 (0.0015) 0.00069 0.01113 0.0048 

B horizon, red-brown clay loam 

'A horizon, dark-brown si l t loam 

"C horizon, olive-drab sil ty clay loam 
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using his formula. For crushed quartz: ks = • 03; Lowell sand: kg = • 016; Healy clay: 
ks = • 0327. The bracketed data in column 6 are calculated assuming the a i r to be the 
continuous medium; the figures without brackets, assuming that the solid phase is con­
tinuous. De Vries ' formula was modified to include the effect of porosity. 

The conductivities were computed fo r a temperature of 50 deg C. 
The theory of Maxwell (59) Burger (14) Eucken (31) gives accordmg to de Vries the 

most_promising results of the various theories treated. I t assumes = Co and 
= Eo in the formula: N 

G 1=0 

i = 0 

Dividing through by Eo i t becomes: 
N 

1=0 

Because of the tensorial relationship between E ^ and E ' the values of k^ is given by 

' ' ^ " / ^ ( i . ( g - - D A / 1 . ( g - - 1) A. ' l - ^ ( g - l ) A , ) • 

For ellipsoidal particles the value of Ai is given by Scholte (81). Introducing a, b 
and c f o r the half-axes of the ellipsoid, we obtain for : 

(1) Prolate spheroid: a >b = c; | = p 

Ai = — i + — H _ . m (p + V̂ TT) 

A2 = As and Ai -f As + As = 1 

(2) Oblate spheroid: a < b = c; 5 = P 

1 P 
VTIpS-' 

Ai = - j - p j - cos"' p 

As = As and Ai + As + As = 1 

(3) Sphere: a = b = c 

Ai = As = As = % 

(4) Long cylinders with el l ipt ical cross sections: 

a = nb c = 00 
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(5) Lammae: b = c = 
Ai = 1 A2 = As = 0 

I t was indicated that the e r ro r w i l l be less than 20 percent using Eucken's formula 
when the ratio between the heat conductivity of the particles and that of the medium is 
less than approximately 20. In moist soil the water may be assumed as the medium 
over a wide range of moisture contents. The solid particles and a i r bubbles are 
treated as the mclusions. In this manner the requirements are satisfied. Also fo r 
inclusions having conductivities less than that of the medium the theory gives values 
that are too high and f o r inclusions having higher conductivity, values that are too low. 
In moist soil therefore the er rors tend to compensate each other. 
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The shape of the solid particles is assumed to be ellipsoidical. Ai is calculated 
f r o m data obtained f r o m vapor diffusion measurements (Ai = 0.144). In this case 
"effective flattening" is considered which w i l l not necessarily correspond to the real 
dimensions of the particles because i t includes the effect of angularity and other de­
viations f r o m ideal ellipsoidal f o r m . The shape of the air particles is also taken as 
ellipsoidal but i t changes with variation in moisture content. The conductivity of the 
a i r varies with the amount of free moisture in i t and depends, therefore, on the tem­
perature, the moisture content and the soil type. For the calculations of Ai of soil 
a i r De Vries made use of a simple calculation assuming linear interpolation. At 20 
deg C and f r o m experimental values of the thermal conductivity of a moist soi l (Ai = 
0.144 fo r soil) the formula is derived to be: 

A i = 0.333 - 0. 697xg fo r air . 

The mean thermal conductivity ks of the solid constituents is calculated according 
to their volume fractions and individual mean conductivities. A parallel treatment 
IS assumed leading to the equation fo r N types of soil minerals. 

N 
kg mean = 2 ^ k^Xj 

1=0 

where 
k i = thermal conductivity of the i-type of mineral 

X j = volume fract ion of the i-type 

From data obtained experimentally on nineteen soils ranging f r o m crushed rock and 
sand to clay and peat, Kersten (49) derived empirically formulas fo r calculation of the 
thermal conductivity of soil when the type of soi l , density and moisture content are 
known. The variation of conductivity with density and moisture content is shown in 
Figure 12. From these relationships the following equations fo r prediction of thermal 
conductivity are derived and given by Kersten: 

(1) Silt and clay soils (more than 50 percent s i l t and clay); unfrozen: 

k = [ 1 . 3 log (moisture content) - 0. 2 9 ) ] 10 °-

(2) Silt and clay soils; frozen: 

k = 1. 44 X loO- -5 , 2 (moisture content) x lO^" O^̂ S -5 . 

(3) Sandy soils; unfrozen (less than 50 percent s i l t and clay): 

k = [1 .01 log (moisture content) + 0. 58] lO*'" . 

(4) Sandy soils; frozen: 
k = 11.0 X loO- 013S-5^ 4.6 (moisture content) x lO^" ^^^^^ -5 

In these equations k is in watt/sq cm deg C per cm, S is the dry density in 
pounds per cubic foot and the moisture content is taken as a percentage of the dry soil 
weight. The equations for si l t and clay are valid f o r moisture contents of 5 percent 
or more; for sandy soils at a moisture content, one percent or more. For a sandy 
soil with f a i r l y high si l t and clay content the average obtained f r o m the two equations 
may be taken. The equations yield, with careful use, values of k within 25 percent 
accuracy. 

In a later article Gemant (35) (36) took into account the effect of density, temper­
ature, composition (sand-clayTand size of particles in developing an equation f r o m a 
soil grain model shown in Figure 13(A). The temperature determines the amount of 
water absorbed on the grain mo and this has to be subtracted f r o m the total amount 
of water present to give the water collected between the grains m , taking part in 
the conduction of heat; a,b and z ^ are linear dimensions as shown in the f igure. If 
s represents the density, and w the total moisture content we have: 
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0.078 

m = 0.16 X 10 sw - mo 

- ( H i ) •̂̂ > 

zw = ( ^ ) ( ^ ) 2' ~ 2b' 

Also kg = 58.4 0.33p = thermal conductivity of the solid constituents, where p 
percentage of clay in the mixture of sand and clay. 

The f ina l equation f o r the resist ivi ty r of the soil : 



TABLE 20 

CALCULATED THERMAL CONDUCTIVITIES OF MOIST SOIL 
in 10'* "C per cm 

Moisture Content Dry Density Porosity Conduct. Mickley Gemant Burger Kersten Nomograph 
soi l Weight Volume Ib/cu f t Meas. (2nd) Eucken 

Percent 

Crushed quartz 1.9 0.0312 102.8 0.379 13.72 23.1 3.9 18.1 9.13 8.5 Crushed quartz 
4.3 0.0706 102.7 0.380 18.5 23.5 12.2 18.7 13.0 13.4 
2.1 0.0403 119.6 0.276 23.6 28.5 11.0 24.7 14.2 13.5 
3.7 0.0535 120.2 0.273 30.4 29.1 19.7 25.3 18.3 19.5 

Lowell sand 4 .1 0.0656 99.8 0.400 12.23 22.5 11.4 11.9 11.9 13.0 
11.8 0.211 111.9 0.329 22. 53 27.7 19.9 15.2 21.8 20.0 
14.0 0.253 112.8 0.323 22.22 28.6 16.0 16.8 23.3 21.5 

Healy clay 10.7 0.143 83.6 0.482 6.38 12.6 8.4 10.5 7.2 8.8 Healy clay 
22.7 0.304 83.6 0.482 9.11 13.8 11.4 11.7 10.1 11.0 
34.8 0.,450 80.6 0.500 12.63 14.6 12.3 12.4 10.2 11.5 

Chester loam 7.49 0.094 75.5 0.545 2.53 14.1 7.68 8.7 4.8 8.5 
B-horizon 14.8 0.170 69.2 0.583 3.03 13.4 8.92 8.5 6.1 9.0 

25.2 0.324 77.3 0.534 4.28 16.2 13.7 10.4 9.1 12.5 

I .S. Clay 30.0 0.337 70 0.575 8.57 10.0 8. 26 9.6 8.17 7.65 I .S. Clay 
50.0 0. 560 70 0.575 10. 55 11.7 9.80 11.1 9.63 8.8 
18.0 0.318 110 0.331 1-3.0 16.6 15.80 15.5 16.7 16.2 

-a 
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where: 

k l_a J (m^/3 [ k ^ ( k g . k ^ j 

kw = conductivity of water = 6 

+ 1-Zw ^ , b ' 

f (—) is an experimental function of given linear dimensions a and b; 
k, kg and k ^ are aU measured in 10~* watt/sq cm deg C per cm. 

According to Makowski and Mochlinski (57) the previous formula has the same fo rm 
as the Kersten formula expressed by them as: 

S -3 

k = (a logio m + b) 10^^^ watt/sq cm deg C per cm 

in which a and b represent linear functions of the clay content p. 

a = 1. 42408 - 0. 00465p and b = 0. 4192 - 0. 00313p. 

The two authors constructed a nomograph using the Gemant and Kersten formulas f r o m 
which can be read directly the resist ivi ty or conductivity when the clay content, mois­
ture content and dry density are given. The nomograph is of the f o r m shown in Figure 
13(B). 

They discussed the Mickley, Gemant and Kersten equations and indicate that 
Gemant's give the best results f o r sandy soils, relatively high moisture contents and 
high densities. I t is not reliable f o r moisture contents below one or two percent and 
low densities. 

Calculated values of the thermal conductivity of moist soil are shown in Table 20. 
The experimental data used were obtained f r o m the same investigators as for the dry 
soil computations. The value of kg used in the calculation of conductivities by the 
Mickley and Gemant (second equation (35), (36)) equations were computed f r o m the 
formula (57): 

kg = 58.4 - 0.33p m mi l l iwat t s /cm deg C 

where p is the percentage of clay m the soil . The conductivity of water was taken as: 

kw = 6 mil l iwat t /cm^ deg C per cm 

In the Mickley and Burger-Eucken equations, the conductivity of air was assumed to 
be that of moist a i r at approximately 40 deg C. : 

kg = 2.5 mil l iwat t /cm^ deg C per cm. 

The equation of Burger-Eucken was used following the interpretation of De Vries (25). 

DISCUSSION OF RESULTS 

In the preceding treatment, the best available theories of thermal conduction in 
single, d i - and multiphase systems have been discussed and the results of their appli­
cation have been compared with experimental data. The purpose of a theory is , f i r s t l y , 
to permit a visualization of the action mechanism of a physical or chemical phenome­
non, preferably in terms of the science of mechanics, and, secondly, to provide a 
simple mathematical formulation of the phenomenon with the least possible number of 
physical parameters and of necessary assumptions. In the normal development of a 
theory, the visualization precedes the mathematical formulation. 
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The f ina l mathematical formulation may follow immediately the f i r s t visualization 
or may be separated f r o m i t by a shorter or longer chain of development. In fact, the 
latter may be so long that the original visualization is forgotten, or the phenomenon 
may be so complex that i t cannot be completely expressed by a simple picture, but 
requires a set of differential equations. Whatever be the f ina l mathematical formula­
tion, in the beginning is the picture, and the picture, if i t is essentially correct, leads 
not only to an understandmg of the phenomenon and to i ts expression m mathematical 
fo rm but also indicates physical or chemical means by which the phenomenon may be 
changed qualitatively or quantitatively. I f such change is the purpose of a study, then 
a relatively crude visualization may be more important that the refined mathematical 
formulation. 

The picture of the actual thermal phenomena, occurrmg m soil systems of interest 
to the engineer, is quite complex with heat conduction, heat convection and material 
convection taking place in multiphase systems. In order to develop an understanding 
systematically, the present treatment was restricted to heat conduction. Because of 
the presence of gaseous, liquid and solid phases in normal soils, the theories of heat 
conduction in gases, liquids and solids were introduced and discussed before treatment 
of the more complex granular systems and especially of soils was attempted. 

The theory developed for the gaseous phase conforms with the hypothesis of the 
molecular kinetic theory and is in good agreement with experimental data; in fact, the 
success of the theory to explain experimental data also in heat conduction was a proof 
of the kinetic theory of heat. The expression fo r heat conduction holds f o r an ideal 
gas over a large pressure and temperature range. In the case of non-ideal gases or 
more complex situations the basic concept remains the same but modification has 
become necessary. 

The liquid state is easily recognized and circumscribed in a general way, but i t is 
scientifically more complex than the solid and gaseous states. This is the reason why 
in its scientific exploration the liquid has been treated for a long time either as an i m ­
perfect gas or as a disturbed crystal , or as something intermediate between gas and 
crystal . Onlv now is evolving a molecular theory of liquids deserving of its name. 
Unfortunately, already in its present state this theory has become so abstract and has 
le f t i ts physical model concepts so f a r behind that i ts most modem version cannot be 
profitably applied to our problem. In addition, in soils one is dealing with a very 
peculiar liquid "water". 

The equation derived by Bridgman fo r the heat conduction in liquids has the advan­
tage of simplicity but gives only approximative results. The average e r ro r is 15.2 
percent with a maximum er ror of 39 percent (85). Some assumptions made by Kardos 
are erroneous as Avas pointed out by Smith (85)and his equation must be considered as 
only semi-empirical . However, m view of the close agreement of his calculated values 
with experimental data some physical significance may be attributed to his concepts. 
The velocity of sound through the medium may be regarded as a measure of the rate 
of energy exchai^e between molecules. To which degree the theoretical equation of 
Bridgman w i l l correspond with actual values at different temperatures and pressures, 
IS not known because of the inadequate experimental data. 

The theory of the crystal state is much more advanced than that of the liquid state; 
however, no heat conductivity theory has been developed as yet f o r the solid state of 
the same validity and simplici ty as that of Bridgman fo r liquids. The expression of 
Debye with modifications and additions by Peierls (72) (73) and Makinson, involves 
parameters that cannot be obtained accurately by computation or by direct measure­
ment. Yet evidence is not sufficient to disprove the basic principles on which the 
theory of Debye is based. 

As was pointed out by such investigators as Birch and Clarke, Eucken, De Haas and 
Biermasz, some additional variables, or different expression of the variables involved, 
must be taken mto account to provide f o r the differences in experimental data. I t is 
true and also logical that different workers in the f ie ld obtain different results, but the 
data should be within experimental e r ro r and should not d i f fe r as much as those which 
are found in the l i terature fo r the heat conductivity of crystals. As was mentioned, 
variation in purity and "micro structure" may account fo r some of the differences. 
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The influence of these factors is hard to evaluate because the degree of purity and 
"mosaic structure" developed is d i f f icu l t to determine and is usually not given with the 
other data. 

A further test of a theory is to apply i t m explanation f o r the different heat conduct-
t ivi t ies in different directions occurring in anisotropic crystals. Neither the theory 
of Wooster (103) which attempts to correlate thermal conductivity with the crystal 
structure, nor that of Eucken and Kuhn (32) which explains variation in conductivity in 
crystals in terms of their respective hardness (strength of chemical bonds) appears to 
be very successful. 

This is about as fa r as any theory went. From Tables 12, and, especially, 13 i t 
must be concluded that Eucken and Kuhn's theory regardmg aggregates cannot be valid. 
The data on mixed crystals presented by Eucken and Kuhn cannot be explained unless 
the contact between the crystals gives rise to the large deviation f r o m the formulas 
in Table 14. In contrast to the data m Table 14, the calculated values in Table 15 
show reasonable agreement with the experimental data. I t must be pointed out, how­
ever, that this good agreement is obtained only after adjusting the formulas or after 
experienced use of the equations and after knowledge of the governing factors m the 
material under consideration had been obtained. 

In glasses, the thermal conductivity increases with mcrease m temperature. This 
IS the case with a l l non-crystalline substances including liquids. By followmg this 
analogy and by applying Bridgman's formula fo r liquids the distance between heat prop­
agating units IS m the order of the distance between si l ica atoms in glass. I f we con­
sider the silicon atom the center of the "unit ce l l " ( f rom the crystal concept), the 
analogy between liquids and glasses becomes more apparent. However, as was pointed 
out by Bi rch and Clarke there exist the already mentioned basic differences. 

In granular systems the discontinuity of energy and temperature that exists on a 
solid-gas interface has been recognized and experimentally proven. I t is reasonable 
to assume that a s imilar phenomenon exists between a solid and a liquid phase. The 
reduction m conductivity which occurs when an aggregate is substituted f o r a pure 
crystal suggests the probability that an interfacial phenomenon exists also on sol id-
solid phase boundaries. F i o m Kersten's data on the relationship between heat con­
ductivity and crushed quartz content and gradation, i t was found that, fo r the same 
temperature and the same low moisture content (0.02 percent), the logarithm of the 
thermal conductivity plotted against density gave two parallel straight lines. The 
conductivitv of the crushed quartz was higher than that of the sand. Since crushed 
stone sand possesses greater mechanical resistance than rounded natural sand, i t is 
d i f f i cu l t to decide to what extent the increased thermal conductivity of the former 
at the same density was due to macro-factors of interlocking and contact or to m i c r o -
factors such as the different physico-chemical character of the fresh and old grain 
surfaces, respectively. 

The importance of the interfacial resistance has been recognized but not quantita­
tively evaluated. Even the qualitative picture of what is happenmg on the boundary 
between two phases has in many mstances defied comprehension. I t is fe l t that a 
thorough investigation of this point w i l l add markedly to the understanding of soil sys­
tems, not only with respect to thermal conductivity but also in regard to most of the 
important physical characteristics of soils. 

The total basic knowledge available on thermal conductivity is not very impressive. 
No simple equation could be developed even fo r pure crystals. This situation mdicates 
that a large deal of theoretical work must be accomplished before heat conduction m 
complex, multiphase systems such as soils can be thoroughly comprehended. On the 
other hand, the very pr imit ive state in which the theory finds itself gives hope that its 
fur ther rational development w i l l bear f ru i t s of practical as wel l as academic i m ­
portance. At the present time only empirical or semi-empirical equations have been 
developed to calculate the thermal conductivities of different soil types at different 
moisture and density conditions. These equations are a l l based on simplif ied assump­
tions concerning the geometry of the grains in contact. They vary f r o m the purely 
empir ical formulas of Kersten to what may be considered the more theoretical equa­
tions of De Vr ies , and Maxwell-Burger-Eucken. Tables 19 and 20 show the rel iabi l i ty 
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of these approaches. I t is obvious that none of the equations is able to give consistent­
ly dependable results. The greatest deviation of calculated f r o m experimental values 
was found f o r the structured soils - a situation which is l ikely to be encountered in 
the f ie ld . A l l the theories mentioned t ry to express the thermal conductivity of the 
whole system in terms of the various conductivities of its constituents; however, in 
their practical use the value of the solid phase conductivity is commonly selected so 
as to f i t the experimental data. This may be practically just if ied because of temper­
ature discontinuities existing at the boundaries but i t stamps the methods as no better 
than semi-empirical . However incomplete, the equations do give an indication of the 
order of magnitude of the thermal-conductivity of a soil in equilibrium. They are, in 
a way, a l l valuable because eaSh makes use of some different approach which may 

TABLE 21 

VARIATION OF THERMAL CONDUCTIVITY OF CORUNDUM POWDER 
with Grain Size in 10"' watt/cm^ "C per cm 

Average Grain 
Size mm 

Measured Density 
Ib/cu f t 

Measured 
Conductivity 

Calculated Conductivity 
at 113.8 1 6 / c u f t 

Density 

0.60 106.8 3.44 4. 28 (4. 05) 
0.45 113.8 5.89 5.89 (5. 89) 

0.30 111.6 5.04 5.39 (5. 30) 
0.175 94.7 3.74 6. 27 (5. 80) 
0.125 103.7 4.17 5. 70 (5. 27) 

0.090 104.4 4.80 6. 42 (5. 96) 
0.075 99.8 4.08 6. 30 (5. 64) 
0.015 66.0 2.14 9. 94 (6.44) 
0.006 58.5 1.78 9. 94 (6. 35) 

bear f r u i t in the comprehension of the total situation. The most rapid methods are the 
nomograms of Makowski and Mochlinski and Kersten's equations. The Maxwell-Burger-
Eucken theory has the better mathematical basis, while that of Gemant gives physical­
ly the best interpretation. For dry soil the formula of De Vries is considered to be 
the most representative. 

The influence of particle size on conductivity is not clearly pointed out in the f o r m ­
ulas treated. I ts effect is included in the designation sand, s i l t and clay ( f rom a size 
classification). However, the difference m mineralogical character of the different 
size fractions makes this effect dependent on mineral type as well as on size charac­
terist ics. The work of Patten (71) on dry carborundum powder of varying grain sizes 
produced the f i r s t data of real value in this respect. Table 21 gives the variation of 
the thermal conductivity as a function of the grain size of carborundum powder. The 
conductivities were calculated back to one density using Kersten's formula fo r con­
ductivity-density relationships m dry, crushed quartz. 

The calculation of the figures in brackets employs the equation found by Kersten fo r 
fine crushed quartz. However, the use of the formulas in this respect is somewhat 
debatable because, as Kersten's formulas show, the particle size has an effect on the 
influence of the density. The equations can be a useful practical tool in evaluating 
conductivities but may in certain cases hide the real mechanism of conductivity. A l ­
though not quite clear f r o m his data. Patten concludes that fo r the same moisture 
content coarse quartz has a higher conductivity than fine quartz flower. He explains 
i t by the assumption that less water is absorbed on the surface of large particles and 
that the available water can therefore accumulate between the grains and consequently 
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increase the conductivity. The specific and over-al leffect of granulometry s t i l l r e ­
mains to be formulated. L i t t l e doubt exists about the importance of size, shape and 
packing of component particles on the physical properties of soils including their 
thermal conductivities. Investigation of these granulometric and structural factors 
w i l l be given pr imary emphasis in the Princeton research. 
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