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Personnel of the Materials Laboratory and of the Com
puter Section of the Washington Department of Highways 
have developed a program for the IBM 650 magnetic 
drum data processing machine which will analyze a 
given foundation problem in a matter of minutes. At 
present the program wil l handle analyses of embank
ment stability where the foundation is composed of as 
many as 3 layers or strata of different material. A l 
though the present program is restricted to homogen
eous embankments, suitable modifications should en
able it to handle any number of embankment or founda
tion materials if they are placed or occur in a known 
geometric pattern in the cross-section. 

The following data are necessary for the machine 
analysis: cohesion, angle of internal friction, and unit 
weight of the soils involved; initial slope to be ana
lyzed; thickness of the foundation soli strata; height of 
embankment; and design safety factor. 

The program may be used in two ways: (1) To in
vestigate a given range of slopes, automatically ad
vancing to the next flatter slope if the safety factor 
against failure is found to be less than the predeter
mined value; and (2) To investigate a range of slopes, 
in individual analyses for each slope. 

#THE SWEDISH SLIP CIRCLE method of analyzing slope and embankment foundation 
stability is based upon studies which have indicated that failures in slopes usually occur 
along a cylindrical surface within the soil rather than along a plane surface, and that 
rotation takes place about the center of the cylinder. Early work on this was done by 
Petterson {1) and Fellenius (2) and later, D. R. May (3) who proposed the use of a plani-
meter in connection with a graphical solution of the problem. Tables and charts by 
Fellenius, Taylor (4), and others were also developed to aid in solution of the problem, 
using the ^ circle modification. 

In the past, the most common method of analysis made use of the graphical solution 
of the problem. This approach, though simplified to a great extent, is a time-consum
ing tr ial and error procedure which often lacks thorough analysis. The complex mathe
matical capabilities of the electronic computers appeared to offer a method for further 
simplifying the analysis. 

At the suggestion of the Materials Laboratory, the Computer Section of the Washing
ton Department of Highways initiated the development of a computer program for the 
complete analysis of embankment foundation stability. It was intended that this pro
gram would analyze all potential failure circles, or arcs, so that confidence in the 
thoroughness of investigation could be realized. The potential saving in engineering 
time was obvious from the start, and this point alone would justify the development of 
the program. 

Although time has not permitted as rigorous a check as might be desired, the com
pleted program is thought to be thorough in its coverage. Computation of a single safety 
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factor requires only 3 to 5 seconds. Complete analyses, involving many trials, may 
take anywhere from 1 to 5 minutes. However, as might be expected, any computer 
program which attempts to be all-inclusive, such as this one, has certain limitations, 
most of which appear to be potentially insignificant at this time. The limitations are 
covered in detail in a subsequent section. 

METHOD OF ANALYSIS 
It is not the intent of this paper to describe the theory of the Swedish Slip Circle 

analysis, but to discuss its implementation through use of a medium size electronic 
computer—in this particular case, the IBM 650. 

The purpose of the program is to solve for the minimum safety factor for a desig
nated slope, the safety factor being the ratio of the withholding force divided by the 
tendency to "slip." For equilibrium, or a safety factor of 1. 0, the sum of the moments 
about point "0", the center of the revolving cylinder, must be equal to zero. 

The determination of the minimum safety factor necessitates the investigation of a 
series of circles until the circle is found with the conditions that yield the minimum 
safety factor. This phase is ideally adapted to an electronic computer because of the 
decisions that can be built in to a computer program. Programming techniques have 
also made it possible to generate selected dimensions, by increments, which locate 
and describe the circles investigated. 

There are two general ways in which the program may be used. 
1. By using certain code numbers, in this case a code 8, the computer wi l l deter

mine the minimum safety factor beginning with the steepest slope designated for analy
sis. Computation of a safety factor less than 1. 0 wil l cause the program to branch and 
investigate flatter slopes in succession until a minimum safety factor greater than 1.0 
is found and punched out. Slopes of 1, 8:1, 2:1, 3:1, 4:1, 6:1, and 10:1 can be investi
gated in the present program form. Others may be included, or substituted, if desired. 

2. If the code number 9 is used, the minimum safety factor, regardless of value, is 
punched out for each designated slope. Any slope flatter than 1:1 may be investigated 
in this case. 

A typical cross-section of an embankment resting on questionable foundation soils is 
shown in Figure 1. The terminology of various dimensions used in the development of 
equations for the computer solutions is shown thereon. The coordinates of the center 
of the circle are represented by the distances A and B which are, respectively, the 
lateral distance from the crest of the slope and the vertical distance from the top of 
the embankment. Al l equations are in terms of A, B, R (the radius), the slope, and 
the values which describe the thickness and properties of embankment and foundation 
soil layers. The complete mathematical equations involved are shown in Appendix A, 
together with explanatory notes and sketches showing their derivation. 

The program has been set up to handle 4 soil layers, one of which is the embankment. 
Input data and their significant figures consist of the following types of information: 

W = Density, XXX lb / f t ' 
C = Cohesion, XXX Ib/U' 
tan <̂  = Coef. of friction, . XXX 
H = Height of f i l l or soil layers, XX. X f t 
The following data are required for the problem: 
1. Problem number; 
2. Identification number to indicate method of analysis desired (automatic slope 

change to a safety factor greater than 1, or safety factor for beginning slope). Code 8 
or 9; 

3. Beginning slope; 
4. F i l l height (Hi); 
5. Unit weight, cohesion and tangent of angle of internal friction of f i l l material 

(Wi, Ci tan<t>,); 
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Cntrl. 

Unit Weight = W, 
Cohesion - Ci 
tan. 0 = tan 0| 

Unit Weight = W2 
Cohesion - C2 
tan. 0 = tan 02 

Unit Weight = Ws 
Cohesion = C3 
tan. 6 = ton 0^ 

Unit Weight - W4 
Cohesion ' C4 
tan 0 > tan 04 

Figure 1. Terminology used i n computer solution of Swedish Slip Circle. 

6. Depth, unit weight, cohesion and tangent of angle of internal friction of f i rs t 
foundation soil layer (Ha, W2, Ca tan<j>a); 

7. Depth from ground surface to bottom of second foundation soil layer (H3); unit 
weight, cohesion and tangent of angle of internal friction of second foundation soil layer 
(Ws, Cs, tan<|>3); 

8. Unit weight, cohesion, and tangent of angle of internal friction of third founda
tion soil layer ( W 4 , C 4 , tan ( ^ 4 ) ; and 

9. Width of embankment to which analysis should be confined (CNTRL) 
A sample input data form is shown in Appendix B, in conjunction with the sample 

problem. It will be noted that as many as 3 foundation soil layers may be considered. 
If the particular problem should not encompass that many foundation strata, only the 
data for the layers involved need be entered, subject to the condition that the last layer 
described automatically will be considered infinite in depth. For example, if the foun
dation profile for any problem should consist of 30 f t of organic clay underlain by rela
tively f i rm sand, which persists in depth beyond a point of concern, data for both the 
clay and the sand should be entered, even if those for the latter have to be assumed. 

The flow chart for the IBM 650 program is shown in Figures 2 through 5. The f i rs t 
step of the calculation involves the computation of the initial values of A, B, and R 
which define the f i rs t trial circle. The following empirical equations are used to ob
tain these values: 

A = Va (Hi + D) 

B = His' + 2D - 3Hi 
8 

R = V(Hi + B ) ' + (D - A)* + 1 

(1) 

(2) 

(3) 
in which 

s = slope 
Hi = ht of embankment 
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Figure 2. Flow chart ( l ) , Swedish Slip Circle analysis on IBM 650. 
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Figure 5- Flow chart (1|-), Swedish Slip Circle analysis on IBM 65O. 
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These empirical equations give results such that the circle defined thereby will not in
tersect the slope, wil l not pass beyond the control point (cntrl), and wil l penetrate a 
minimum depth into the f i rs t foundation soil layer. 

Using the initial values of R, A, and B together with the pertinent input data, a safety 
factor for the f i rs t circle is calculated. The value of Ris then increased and another safety 
factor computed. The second safety factor is compared to the f irs t , andifless, Ris in-
creased again until a minimum safety factor is reached. If the second safety factor is 
greater than the first , the value of Ris decreased until a minimum safety factor is reached. 
After Ris varied until a minimum safety factor is reached, Aisvaried, thenBandR are 
varied together in the same manner. With the resultant values of R, A, and B, the entire 
procedure is repeated until the safety factor found equals the previous safety factor, thus 
establishing a minimum. This minimum safety factor, together with the related values 
of R, A, and B, is stored in a special comparison area. 

The program then checks to see if all foundation layers have been investigated. Since 
the starting conditions are such that the upper foundation layer is investigated initially, 
this check operation consists mainly of resetting the initial values of R, A, B so that 
the circle passes into the second and/or third layer. The entire procedure is then re
peated with these initial conditions, and the minimum safety factor resulting from all 
the above calculations is punched out of the special comparison storage area along with 
the radius and center coordinates of the circle providing this safety factor. 

The above sequence of operations is followed in the calculation of the minimum 
safety factor, regardless of value, for any one designated slope (code 9). In the auto
matic operation (code 8) the same procedure is followed except that calculation of a 
safety factor less than 1. 0 wil l cause the program to branch and investigate the next 
flatter slope. This will continue until a minimum safety factor greater than 1. 0 is 
found or until a slope of 10:1 is investigated, whichever occurs f irs t . 

Output data consist of the problem number, the code number specifying the type of 
analysis, the initial slope investigated, the slope for which the minimum safety factor 
is calculated, the value of this safety factor, and the values of R, A, and B which 
locate and describe the circle that provides this safety factor. The form used in tabu
lating these data is shown in connection with the sample problem. Appendix B. 

LIMITATIONS 
It has been necessary to include certain limitations to the scope of the analysis. 

First, the stratification of foundation soil layers must be essentially horizontal, or 
capable of being represented so, for correct operation of the program. 

A second limitation is that the circle should not intersect the slope. This does not 
appear to be a serious limitation inasmuch as the weakest circle, or the circle with 
the lowest safety factor rarely passes through the slope on a simple embankment cross-
section. 

Another control point is the width of embankment to which the analysis should be con
fined. Many limit the investigation to half the top width of the embankment. Since this 
distance is a variable, provision is made for this point to be included in the input data. 

At present the program is compatible with homogeneous f i l l material only. It is 
not, as now constituted, capable of analyzing a heterogeneous embankment such as an 
earth f i l l dam, nor wil l it handle the analysis of an embankment incorporating berms 
in the cross-section. A modification to accomodate this latter feature is currently 
underway. 

Some difficulty is being experienced in efforts to apply the program to analyses of 
embankments placed over a relatively thin layer of soft foundation soil, particularly 
where this layer is underlain by a fairly f i r m material. Although the extent of this 
limitation has not been pinpointed, i t does appear that the program wil l be satisfactory 
for all cases where the ratio of the effective embankment width to the thickness of the 
soft foundation layer is less than 4. 0. When this ratio exceeds 4. 0, it is probable that 
the failure surface wil l be other than cylindrical. Such conditions should be analyzed 
by other methods. Answers given by this program analysis are subject to possible 
error in these cases, and should be checked in light of the above statements. 
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Another limitation to the present program is that the water table cannot be above 
ground surface. Modifications to handle this condition are also underway. 

APPLICABILITY 
In its present form the program is quite versatile. With very minor modifications, 

it can be used to calculate a safety factor from a given set of coordinates defining any 
desired circle—and can do so in less than 5 seconds. With the machine on automatic 
operation, slight changes in the program can be made so that each safety factor cal
culated, together with data on the slope and coordinates defining the circle, will be 
punched out. This gives a check on the thoroughness of scanning. 

This program should be a valuable aid to those who desire to construct tables or 
charts for use in design or control of embankments. It will eliminate the long and 
tedious calculations usually associated with this procedure. 

The program provides a means of evaluating situations involving 3 different founda
tion soil layers, which are often encountered in the work. Water table elevation is 
considered as a foundation soil boundary since the effective weight of material below 
this point is equal to the submerged weight. This, then, represents a change in soil 
properties necessitating the consideration of this portion of the foundation soil as a 
different material in the analysis. 

CONCLUSION 
It is felt that the program for use of the IBM 650 computer in analyzing embankment 

foundation stability by the Swedish Slip Circle method will be of definite value to those 
concerned with the design of embankment foundations. This program is available for 
use and is offered to those who might desire it . It is hoped that it wil l serve as a 
stepping stone to even more versatile programs for this analysis—programs brought 
about by the modifications others wil l discover and incorporate to meet their particu
lar needs. 

ACKNOWLEDGMENT 
The major part of the program development was accomplished by Jon Petersen, 

presently an undergraduate at Stanford University, while employed with the Washington 
Department of Highways during the summer of 1957. The credit for the program is 
rightfully his. Recognition should also be given to personnel of the Computer Section, 
namely Paul Yeager, Charlene Travis,- L. C. Reynolds and Eugene Lee for a great 
amount of assistance in the incorporation of minor modifications and to M. P. O'Neill 
and Harold Dunn of the Planning Division Drafting Section for the preparation of flow 
charts and drawings. Acknowledgment of the beneficial suggestions of Carl E. Minor 
and Lloyd Morgan of the Materials Laboratory relative to the development of the pro
gram and the prepartion of the paper is gratefully made. And last, but far from least, 
sincere appreciation of the able assistance and advice in checking the program and 
suggesting modifications is given to Henry Sandahl of the Materials Laboratory. 

REFERENCES 
1. Petterson, K. E., "Kajraseti Goteborg des 5te Mars 1916. " Tekniske Tidskrift, 

Vol 46, p 289 (July 29, 1916). 
2. Fellenius, W., "Erdstatische Berechnungen mit Reibung und Kohasion (Adhasion). " 

Wilhelm Ernst und Sohn, Berlin (1927); 4th edition (1948). 
3. May, D. R., "Application of the Planimeter to the Swedish Method of Analyzing the 

Stability of Earth Slopes." Report on the Second Congress on Large Dams, 
Vol IV (1936). 

4. Taylor, D. W., "Stability of Earth Slopes. " Journal of the Boston Society of Civil 
Engineers (July 1937). 



40 

Equations 

I i = 6 tan<|)i Wi 

la = 12 tan<t>a Wa 

I s = 12tan«j)3W3 

I 4 = 12 tan <|>4 W 4 

Ja = 12 tan«^a F i 

J 3 = 12 tan<|>3 F a 

J 4 = 12 tan<|>4 F 3 

Gi = 6 K i 

Ga = 6 Ka 

tan<^4 

+ tan <̂ a 

tan(|>4 

Appendix A 

\l R ' - B » 

/ ( R ' - - B V R ' - X ' ) dx 
V R* - (Hi + B ) * 

* (Hi + B ) » 

f ( R * - X* - [ H I + B ] V R * - X") dx 
\l R' - (Hi + Ha + B ) ' 

/

sj R* - (Hi + Ha + B ) ' 

( R » - X* - [ H i + Ha + B ] \ / F o ? ) dx 

V R ' - (Hi + H3 + B ) * 

\l R' - (Hi + Ha + B ) ' 

/ (R* 
0 

X* - [ H i + Hs + B ] V R * - X*) dx 

\J R' - (Hi + B ? 

X ' d x 
(Hi + Ha + B ) ' 

V R ' - (Hi + Ha + B ) ' 

\ / R ' - (Hi + H3 + B ) ' 

/

\J R' - (Hi + Ha + B ) ' 

^ R ' - X * dx 

0 

/

\ / R ' - (Hi + Ha + B ) ' 

\y R ' - X dx 
n 

s = slope 

F i 
WiHi 

2 
Fa = WaHa H 

Fa = W3(H3 
+ Fa 

K i = WiHi 

K i 

(A<D) 

Ka = ^ ( A > D - A) 

Ka = - ^ (D - A 

>A) 

If D - A > A, N = 
D - A, M = A 

H A > D - A, N = 
A, M = D - A 

+ tan<^3 

0 
M 

/ R" - (Hi + Ha + B ) * 

R ' X* dx 
(Hi + Ha + B ) ' 

dx 
V R ' - (Hi + Ha + B)»J 

/

\j R ' - (Hi + Ha + B ) * 

(A - X ) V R ' - X * dx + tan 

M 

- (Hi + Ha + B ) ' 

(A - X) V R ' - X» d3 

V R ' - ( H I + HS + B ) " 

The limits of integration are as given if these values are^M. If a limit is>M, then 
it is set equal to M. 
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V R ' - (Hi + B ) ' N 
+ tan<|)2 / ( A - X ) \ / R * - X ' dx + tan*})! / ( A - X ) \ / R ' - X ' dx 

V R * - (Hi + H 2 + B ) ' ''\/r' - ( H I + B ? 

Mjj = WiHi 3 R " + 3 A ( D - A ) - 3 B ( H i + B ) - D ' - H i ' ] 

"ci -'^f^' 

-lb 

M = 6R c Sin + (2C2 - Ci ) Sin • I V R ' - (Hi + B ) ' 

+ 2(C3 - C2) Sin - I V R ' ' - (Hi + H 2 + B ) ' 
R 

+ 2(C4 - C3) Sin 

Mp = I i + I 2 + I3 + I4 + Ja + J 3 + J 4 - Gi - G2 

- W R ' - ( H 1 + H 2 + B ) ' 
R 

DISCUSSION OF EQUATIONS 
In the equations modified for computer use, all the forces are multiplied by 6 R to 

eliminate fractions and a number of divisions by R . This multiplication gives results 
which are six times the moments due to these forces. The intergral giving M^, which is 
six times the driving moment, can be easily evaluated to give the result shown above. 

The f rictional moment, however, cannot be explicitly presented as easily, so all 
equations for the I , J and G integrals are left in integral form. The integrals are all 
of the form: 6 R cos 0 dW, or 6 V R " - 3 ? dW. The program initially considers the prob
lem to have the geometries shown in Figure 6(a). The regions with which each of the 

Figure 6. 

The limits of integration are as given if these values are > M and <N. If a limit is 
<M, then it is set equal to M. If a limit is >N, then it is set equal to N. 
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I and J integrals are associated, are labeled on this drawing. The shape of the embank
ment cross-section in Figure 6(a) is equivalent (as far as friction forces are concerned) 
to the shape in Figure 6(b). From this shape the G integrals (shown in Figure 6(c) are 
subtracted, leaving the configuration shown in Figure 6(d), which is frictionally equiva
lent to that shown in Figure 1—the usual embankment cross-section. Thus M^,, which 
is 6 times the f rictional moment, equals the sum of the I and J integrals, minus the sum 
of the G integrals. 

The cohesive force is calculated by multiplying the length of the arc by the cohesion 
of the material through which the arc is passing. The sum of these products for each 
materials considered is multiplied by 6R to obtain M^. The formula for this is given 
explicitly in the section, "Equations. " ^ 

The safety factor then equals: 
(M^ + M ^ / M ^ 

Appendix B 

Sample Problem 

Yellow-Brown Clay-Sand 
W, = I25pcf pr 12" 
C | = 750psf tan p(|=.2l3 

Water table 

Organic Grey Clay 
14'=Hz W2= 30pcf 02= 0° 

C2 = 200psf tan 0 30'= H3 

16' 
Blue-Grey Clay-Silt 

W3 = 4 0 pcf 03 = 8° 
C 3 = 250psf tan 03 --.141 

Blue Fine Sand (firm) 
W4= 45 pcf J34 = 2 0 " 

C4 = 1 0 0 psf tan 04 = .364 
Figure 7. Sample problem. 



43 
I N P U T D A T A 
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