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Field Applications of Soil Consolidation Under
Time-Dependent Loading and

Varying Permeability

ROBERT L. SCHIFFMAN, Assistant Professor of Soil Mechanics
Rensselaer Polytechnic Institute

In 1958 an extension to the Terzaghi theory of consolidation of fine-grained
soil was presented (_1_). This new theory established the basis for consid-
ering variable loading during the consolidation process as an external
condition. In addition the theory included mathematical procedures for
analyzing the permeability variation of the soil during the process of con-
solidation.
The present paper presents computed results of the extended consoli-
dation theory, to enable soil engineers to use these theories in practice.
Certain specific problems of consolidation are covered in this study,
as follows:

1. One-dimensional consolidation of a doubly drained layer of clay.
The soil mass is loaded with a construction loading that is linear in time
until the end of construction and is constant thereafter. Tables and
charts are presented for the value of the excess pore pressure within
the clay mass as a function of time and space position of the piezometer
installation.

2. Radial flow to a sand-drain for the time-independent loading but
variable permeability. Tables and charts are presented for the exact
solution to the equal strain, radial sand-drain problem. In this problem,
the drain is considered to be a perfect drain, with no smear zone. The
tabulations presented are for the average excess pore pressure as a
function of time.

3. The effect of variable load for equal-strain sand-drains under
radial flow is presented in the form of tables and charts of average excess
pore pressure for conditions of peripheral smear in the case of constant
permeability.

4. The approximate theory of consolidation is presented for sand-
drains for equal strain in the case of construction loading and variable
permeability. This case presents tabular and charted values for the
average excess pore pressure where no smear zone is considered.

In addition to these specific problems, general procedures are pre-
sented for the interpolation of the tabular and charted values, so that
accurate pore pressure predictions can be made for any piezometer
position and any time.

THEORY OF CONSOLIDATION

Theory

A generalized theory of consolidation considering a time-dependent loading and
variable permeability has been presented in a previous paper (1.
The working conditions upon which the theory is based are as follows:

1. The soil mass is completely saturated with an incompressible fluid, and is made
up of incompressible small particles.

2. Darcy's law of permeability is instantaneously valid. The coefficient of per-
meability, as measured along a velocity path is a scalar point function of time and
space.



¥ = k(Vh) (1)
in which
¥ = vector velocity function;
k = coefficient of permeability; and
h = total fluid head.

3. The change in volume with imposed pressure is linear and small as compared
to the original volume.

The resulting differential equation for consolidation in which there is an internal
pressure generation is

Vi Vu+rkVU+QYy = mYy oo )
in which
u = excesS pore pressure;
Q = rate of head generation;
Yw = unit weight of water; and
m = modulus of volume change.

Computational Theorem

There are many cases of practical interest when the permeability of a soil mass
can be regarded as constant throughout the process of consolidation. If the rate of
surface loading (and thus the rate of pore pressure development) is further restricted
to space functions only, Eq. 2 reduces to

CVu +R(P) = % (3)
in which
R = rate of imposition of surface load; and
C = coefficient of consolidation.

As shown in Figure 1, Eq. 3 refers to the behavior of the excess pore pressure, u,
as a function of time, t, and the generalized space variable, P. To completely specify
a solution to this equation a set of conditions on the boundary P' must be designated,
together with a set of initial conditions. In general these conditions will be

n
%T‘;(p', ) = F(P, 0 0<t<o (4a)
u(P, 0) = G(P) 0OSPSP (4b)
Eq. 4a specifies the nth space deriva-
tive of excess pore pressure on the boun- P

dary P'. If the consolidating mass were
bounded by free-draining soils such as
sands, the pore pressure (for example,
the zero derivative of u) would vanish.
For impermeable boundaries the first
derivative of the pore pressure, at the
boundary, would vanish. Egs. 4a and 4b
are set up to consider any general boun-
dary and initial conditions that may apply.
The computational theorem used here
is based on a similar theorem proposed
by Awberry (2). This theorem breaks up
the solution to Eq. 3 into two separate

solutions, as follows: Figure 1. Generalized consolidating por-
u(P, t) = w(P) + us(P, t) (5 ous mass.
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In addition to Eq. 5, it can be further specified that ui(P) will be the solution to the
following Kelvin type of differential equation with arbitrary boundary conditions:

CVw+R(P) = 0 (6a)
S (@) = HE@) (6b)

The boundary function, H, in Eq. 6b is completely arbitrary and can be chosen in
such a way as to fit the ease of the computer.

Given Egs. 5, 6a, and 6b, a substitution in Eq. 3 will result in the necessary dif -
ferential equation which ua(P, t) must satisfy. This is

_ Sua
CVi: = —5 M
By substituting the prescribed boundary and initial conditions (Egs. 4a and 4b) in
Eq. 5, along with the arbitrary boundary condition (Eq. 6b), the necessary boundary
and initial conditions associated with ua(P, t) become

84 (p, 9 = F(P, O - H(P) 0St<w (8a)
uzP, 0) = G(P) - ui(P) 0SPSP (8b)

Thus, a transient consolidation problem with a forcing function has been broken
down into a linear combination of a steady-state problem and an unforced transient
problem. This separation is particularly convenient because there are many computed
solutions to Eq. 7 both in the soil mechanics literature and the literature on heat trans-
fer (3).

ONE-DIMENSIONAL CONSOLIDATION

General Equations

Classically, the one-dimensional consolidation case considers a clay stratum
bounded by layers of sand, as shown in Figure 2. For true one-dimensional compres-
sion to take place the imposed surface loading must be infinite in lateral extent, as
would occur for a blanket fill. In terms of the coordinate system and loading shown in
Figure 2, the governing differential equation and boundary conditions for time-depen-
dent loading and constant permeability are

C—gur +R(z, t) = % (9a)
w0, ) = 0 0St<s® (9b)
u(2H, 0) = 0 0St<s> (9¢c)
u(z, 0) = o(z) 0<z<2H (9d)

The general solution to Egs. 9a, 9b, 9c, and 9d is

uz, t) = -}%Z sm% z ’_“o [j;zHR(z, 9 sm% 2 dz] e-(Cn’-,ra/4n=)(t -7) d,r!
n=1

)
1 i . - 2.2 2
+q Z [1;21'1 a(z) Slng—;{r z dz]sm;_;l" z e (Cn*w*/4H")t (10)

n=1

The solution as presented in Eq. 10 is readily computable, once the functions R and
o are known. It is not, however, in the form for efficient computation. To develop
the most efficient computational scheme the previously developed computational theorem
will be used.



Pt Constant Load
LAV RE P bbb bibgly The classical theory of consolidation,
as formulated by Terzaghi (4), is most
SAND widely applied for a case of constant
2=0 initial excess pore pressure. The for-
l mulation of this problem is as follows:
z
CLAY — SOIL z 8 u _ 8u
=2H  y(0,t) = 0 0SSt <o (11v)
SAND u(2H, t) = 0 0t (11c)
Fi, 2. Double-drain lay 1 ;
e one atmenston. o0 u(@, 0) =uw  0Sz<2H (11d)

The solution to the differential equation
and boundary and initial cond1t10ns, as expressed by Egs. 11a, 11b, 11c, and 11d is

uz, T) = 4 E lg _21 -(n*x?/4)T
;3,5

T % e (12a)

:J

T = Ct/H? (12b)

in which T is the time factor.

The constant-load case as expressed in Eq. 12a is a special case of the variable-
load problem involved in later computation. As a result, detailed theoretical point
pore pressure values were developed as a matter of course. These computations were
performed on an IBM 650 computer. Values of (u/uo) for various values of the dimen-

TABLE 1

POINT PORE PRESSURE RATIOS (u/uo) FOR CONSTANT LOAD AND CONSTANT PERMEABILITY;
ONE-DIMENSIONAL CONSOLIDATION

0. 00247 0. 00492 0.00972 0.01428 0.01848 0.02223 0.02544 0,02802 ©,02991 0.03106 0.03144
0. 00072 0. 00143 0.00283 0.00416 0. 00538 0.00647 0.00741 0.00816 0.00871 0.00904 0.00916
0. 00006 0. 00012 0.00024 0. 00035 0. 00046 0.00055 0.00063 0.00069 0.00074 0.00077 0. 00078
0. 00001 0. 00001 0.00002 0.00003 0.00004 0.00005 0.00005 0.00006 0.00006 0.00007 0. 00007
0 [ 0 0 0 0 0 0 0.00001 0. 00001 0. 00001
0 0 0 0 0 0 0 0 0 0 0

z/H
T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.001 0.73645 0.97465 0.99999 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
0.0015 0.63869  0.93211 0.99974 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
0.002 0.57080  0.88615 0.99843 1,0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
0.003 0.4813%  0.80328  0.99018 0.99989 1.0 1.0 1.0 1.0 1.0 1.0 1.0
0.004 0.4238¢ 0.73645 0.97465 0.99920  0.99999 1.0 1.0 1.0 1.0 1.0 1.0
0.005 0.38292  0.68269  0.95450 0.99730  0.99994 1.0 1.0 1.0 1.0 1.0 1.0
0.006 0.35192  0.63869  0.93211 0.99383 0.99974 0.99999 1.0 1.0 1.0 1.0 1.0
0,007 0.32740  0.60198  0.90903 0.98877  0.99928  0.99998 1.0 1.0 1.0 1.0 1.0
0.008 0.30737 0.57080  0.88615 0,98229 0.99843  0.99992 1.0 1.0 1.0 1.0 1.0
0.009 0.20061  0.54394 0.86396 0.97465  0.99713  0.99981 0.99999 1.0 1.0 1.0 1.0
0.01 0.27633  0.52050  0.84270 0.96611 0.99532  0.99959 0.99998 1.0 1.0 1.0 1.0
0,015 0.22717  0.43630  0.75179 0.91674  0.97908  0.99611 0.99947 0.99995 1.0 1.0 1.0
0.02 0.19741 0.38292  0.68269 0 86639  0.95450  0.98758 0,99730 0.99953 0.99994 0,99999 1.0
0.03 0.16174  0.31691 0.58578 0.77933  0.89753  0.95877 0.98569 0,99573 0.99891 0.99975  0.99991
0.04 0.14032  0.27633  0.52050 0.71116  0.84270  0.92280 0,96610 0.98667 0.99530 0.99844  0.99919
0,05 0.12563  0.24817  0.47291 0.65722  0.79410  0.88615 0.94221 0.97310 0.98844 0.99507  0.99687
0,06 0.11477  0.22717  0.43630 0.61352 0.75178  0.85107 0.91668 0.95651 0.97855 0.98913  0.99222
0.07 0.10631  0.21073  0.40702 057732 0.71493  0.81849 0.89101 0.93812 0.96615 0.98056  0.98495
0.08 0.09948  0.19741 0.38292 0.54672  0.68263  0.78852 0.86592 0.91873 0.95180 0.96959  0.97516
0.09 0. 09381 0.18633  0.36263 0.52044 0.65406  0.76100 0.84173 0,89886 0.93598 0.95658  0.96316
0.1 0. 08901 0.17692  0.34522 0.49752  0.62856  0.73565 0.81854 0.87882 0.91907 0.94192 0. 94931
0.15 0.07255  0.14447  0.28404 0.41423 0.53132  0.63252 0.71609 0.78114 0.82741 0.85504  O0.86422
0.2 0.06215  0.12387  0,24425 0.35783  0.46165 0.55318 0.63040 0.69181 0.73633 0.76329  0.77231
0.3 0.04778  0.09526  0.18812 0.27627  0.35751  0.42984 0.49152 0.54106 0.57730 0.59939  0.60680
0.4 0.03725  0.07426  0.14663 0.21550  0.27899  0.33560 0.38393 0.42281 0.45120 0.46865  0.47449

5 0.02903  0.05801 0.11458 0.16834 0.21795  0.26219 0.20997 0.33037 0,35263 0.36621 0. 37078

6 0.02273  0.045632  0.08953 0.13153 0.17020  0.20486 0.23438 0.25813 0.27553 0,28614  0.28971

1 0.01776  0.03541 0.06995 0,10277  0.13305 0.16006 0.18313 0.20169 0 21528 0.22358  0.22636

8 0.01388  0.02767  0.05465 0.08030  0.10396  0.12506 0.14309 0.15759 0.16821 0.17469 0, 17687

9 0.01084  0.02162  0.04270 0.06274  0.08123  0.09772 0.11180 0,12313 0.13143 0.13649  0.13819

0 0.00847  0,01689  0.03337 0.04802  0.06347  0.07635 0.08736 0.09621 0.10269 0.10665 0. 10798

5
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sionless depth ratio , z/H, and the time
factor, T, are presented in Table 1, The Mt
point pore pressure values are presented
as continuous curves in Figures 3 and 4.
In Figure 3, T is carried as the indepen-
dent variable and z/H as a parameter.

In Figure 4, T is carried as a parameter,
with z/H as the independent variable.

Linear Loading R= % R= O

A linear loading often can be used to
approximate the surface load build-up o
during construction. Such a construction
loading will be approximated as shown in Figure 5. Construction loading.
Figure 5. In this type of loading the sur-
face load will be built up at a constant rate, in time to to a uniform load of po. Subse-
quent to time to the loading will remain constant. Thus, the rate of loading will be

R = po/to (13)

In the development of numerical values for this type of loading, certain additional
working conditions on the theory are postulated, as follows:

0 te t

1. The permeability of the soil mass is considered to be constant at all times.

2. The imposed pore pressure, u', is a constant with respect to the thickness of
the clay-soil stratum.

3. The rate of imposition of the surface load is equal to the rate of imposition of
excess pore pressure, culminating at the end of construction in a total imposed excess
pore pressure of magnitude uo. This condition can be formulated as follows:

R = w/to (14)

As a result of all the working conditions postulated, the consolidation problem has
the following formulation, applicable during construction:

8211 Uo Su

R 7 i 13 (152)
u(0, t) = 0 0<t<to (15b)
u(@H, t) = 0 0<t<to (15¢)
u(z, 0) = 0 0<z<2H (15d)

Although Eq. 15a can be solved directly, the previously offered computational theo-
rem will aid in presenting the results in a form more readily useful to computation,
with the solution to the boundary value problem being broken down into the sum of two
solutions, as follows:

u(z, t) =u(z, t) + uxz) (16)
On the basis of Eq. 16, the boundary value problem during construction becomes
5% 8
C57 = 30 (17a)
u(0, t) = 0 0<t<to (17b)
w(2H, t) = 0 0<t<to (17c)
ui(z, 0) = -uzz) 0<z<2H (17d)
82113 Uo _
Car *% = ° (el

uz(0) = 0 0<t<t (17)



wz(2H) = 0 0St<to (17g)
The resulting solution is
wH | 16 - 1 .. DT 2 -(Cn"xr’/4H’)t z 1{fz\?
ue ) =g w2 wemy oge +ﬁ'§(ﬁ)
n=1,35,
0z <2H 0<t<to (18)

The boundary value problem for post-construction consolidation follows the usual
Terzaghi theory, where the initial condition is the excess pore pressure developed at
the end of construction.

ci - (18a)
u(©, t) =0 toStL o (190)
u(2H, t) = 0 toLtL» (19¢)
@
u(z, to) = ucigi % - %(é)z - % Z n—}’ Sin-n2— _Izi -(Cn*x*/48)to
mn=1,3,5,
0<sz<2H (194d)
The solution to the post-construction consolidation problem is:
-]
e, 0 = P 1 g 2 -(Cn' /AR - 1)
n=1,3,5,
= 2_2
- E K}f sin 37 Z o-(Cn’n/4H )t
n=1,3,5
0z <2H tr<t< (20)

By introducing the concept of a time factor, T, and an end time factor, To, the
problem can be put on a dimensionless basis:

To = Cto/H? (21)
For computational purposes, two new functions are introduced, as follows:
uz oy - 2 _1(z\?
w® TH- Z(H) (222)
2_2
up 16 1 nw z —(n w°/4)T
e, T - E 5 Sin 3T (220)
n=1,35,

The solution of point pore pressure for the consolidation under time-dependent
loading then becomes:

ufz = _1_ | Uz fz) Upfz |

u, (H ’ T) T Tol wo (H) Uo (H’ T) 0LST<To (233)

__Ll =. T = _l I_E T -1 __Q =. T I T S '|'Sm b
(II’ ) TO (II, 0) (}I, ) ] (23 )

The computations for u, /uo are presented in Figures 6 and 7. In Figure 6 the depth
ratio, z/H, is heldas a parameter while the time factor, T, is the independent vari-
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TABLE 2

POINT PORE PRESSURE RATIOS (up/un) FOR LINEAR LOADING AND CONSTANT PERMEABILITY,
ONE-DIMENSIONAL CONSOLIDATION

z/H

T 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.001 0,04787  0.09401  0.17900 0.25400  0.31900  0.37400 0.41900 0.45400 0.47900 0.49400  0.49900
0.0015 0.04752  0.09353  0.17850 0.25350  0.31850  0.37350 0.41850 0.45350 0.47850 0.49350  0.49850
0.002 0.04722  0.09307  0.17800 0.25300 0.31800  0.37300 0.41800 0.45300 0.47800 0.49300  0.49800
0.003 0.04670  0.09223 0.17701 0.25200  0,31700  0.37200 0.41700 0.45200 0.47700 0.49200  0.49700
0.004 0.04625 0. 09146 0.17602 0.25100 0. 31600 0.37100 0.41600 0,45100 0.47600 0.49100 0. 49600
0.005 0.04585 0.09075 0.17506 0.25000 0. 31500 0.37000 0.41500 0.45000 0.47500 0.49000 0.49500
0.006 0,04548 0. 09009 0.17411 0. 24901 0. 31400 0.36900 0.41400 0.44900 0.47400 0,48900 0. 49400
0.007 0.04514 0. 08947 0.17319 0.24801 0. 31300 0.36800 0,41300 0.44800 0.47300 0.48800 0. 49300
0.008  0.04482 0.08889 0.17230 0.24703 0. 31200 0.36700 0.41200 0,44700 0.47200 0, 48700 0. 49200
0.009  0.04452 0.08833 0.17142 0. 24605 0. 31100 0.36600 0.41100 0.44600 0.47100 0,48600 0.49100
0.01 0. 04424 0. 08780 0.17057 0.24508 0. 31001 0.36500 0.41000 0.44500 0.47000 O0.48500 0. 49000
0.015 0.04299 0.08542  0.16659 0.24037  0.30507  0.36001 0.40500 0.44000 0.46500 0.48000  0.48500
0.02 0.04194 0. 08339 0.16301 0.23591 0. 30023 0.35505 0.40001 0.43500 0.46000 0.47500 0.48000
0.03 0.04016 0. 07992 0.15671 0.22770 0. 29097 0.34531 0.39009 0.42502 0.45000 0.46500 0. 47000
0.04 0. 03866 0. 07697 0.15119 0.22026 0. 28227 0 33590 0.38032 0.41510 0.44003 0.45501 0. 46000
0.05 0.03733 0.07435 0.14624 0.21343 0.27409 0.32685 0.37078 0.40530 0,.43011 0.44504 0. 45002
0.06 0,03613 0. 07098 0.14170 0.20709 0.26637 0.31817 0.36148 0.39565 0.42027 0,43512 0. 44007
0.07 0.03503  0.06979  0.13749 0.20114  0.25904  0.30982 0.35244 0.38618 0.41056 0.42527  0.43019
0.08 0. 03400 0. 06775 0.13354 0.19552 0. 25205 0.30179 0.34366 0.37689 0.40096 0.41551 0.42038
0.09 0. 03304 0. 06584 0.12982 0.19019 0. 24537 0.29404 0.33512 0.36781 0.39152 0,40588 0.41069
0.1 0.03212 0. 06402 0.12628 0.18510 0.23896 0.28656 0.32682 0.35892 0.38224 0.39639 0.40113
0.15 0.02812 0. 05606 0.11069 0.16248 0.21013 0.25249 0.28854 0.31744 0.33855 0.35140 0. 35571
0.2 0.02477 0.04938 0.09753 0.14324 0.18539 0.22292 0.25494 0.28066 0.29948 0.31095 0. 31481
0.3 0.01932 0.03852 0.07608 0.11177 0.14471 0.17407 0.19915 0.21932 0.23409 0, 24310 0. 24612
0.4 0.01509 0. 03009 0.05943 0.08732 0.11305 0.13600 0.15560 0.17136 0.18291 0,18996 0.19232
0.5 0.01179 0. 02351 0.04644 0, 06822 0.08833 0.10626 0.12157 0.13389 0.14282 0.14842 0. 15027
0.6 0. 00921 0. 01837 0.03628 0.05331 0. 06901 0.08302 0,09499 0.10462 0.11167 0,11597 0.11741
0.7 0. 00720 0. 01435 0.02835 0.04165 0.05392 0.06487 0.07422 0.08174 0.08725 0.09061 0.09174
0.8 0. 00562 0.01121 0.02215 0.03254 0. 04213 0.05069 0.05799 0.06387 0.06817 0.07080 0.07168
0.9 0.00439 0. 00876 0.01731 0.02453 0.03292 0.03960 0,04531 0.04890 0.05327 0, 05532 0. 05601
1.0 0.00343 0. 00685 0.01352 0.01987 0.02572 0.03094 0.03540 0.03899 0.04162 0.04322 0.04376
1.5 0. 00100 0.00199 0.00394 0,00579 0.00749 0.00901 0.01031 0.01135 0.01212 0,01259 0.01274
2,0 0. 00029 0. 00058 0.00115 0.00168 0. 00218 0.00262 0.00300 0.00331 0.00353 0.00367 0. 00371
3.0 0. 00002 0. 00005 0.00010 0.00014 0. 00018 0.00022 0.00025 0.00028 0.00030 0.00031 0. 00031
4.0 0 0 0.00001 0, 00001 0. 00002 0.00002 ©0,00002 0,00002 0.00003 O.00003 0.00003
5.0 0 0 0 0 0 0 0 0 0 0 0

able. In Figures 7, the depth ratio is the independent variable, while the time factor

is held as a parameter.

The presentation of the data in these two fashions will enable

cross-interpolation for values which were not computed. Complete values of the com-

putation for up/uo are presented in Table 2.

The theoretical data presented in Table
2 can be used as a check against field
piezometer readings. Because piezomet-
ers cannot always be located in positions
where theoretical calculations have been
made, it may become necessary to inter-
polate between calculated points. The
simplest interpolation which will achieve
a high order of accuracy is the Gregory-
Newton difference interpolation scheme
(5). Such schemes exist using either for-
ware or backward differences, depending
on the range of data available.

The usefulness of the computation
scheme presented in Eqs. 23a and 23b
can be demonstrated by a simple example.
Consider that it is desired to compute the
excess pore pressure-time factor rela-
tion when the end time factor is 0.1 and
the piezometer is located at the mid-point
in the clay stratum. The computation is
outlined in Table 3. The values listed in
Col. 1 are the time factors that are de-
sired in the computation. Col. 2 presents

TABLE 3

SAMPLE COMPUTATION OF TIME-PORE PRESSURE

RELATION

To=0.1 z/H=1.0
(1) (2) 3 ) (5) (6) (7
T  ug/uw %g('r) T-To ‘-’uf(T-T.,) Ta/ua  u/uo
0.01 0.5 0.49000 - 0.01000 0. 1000
0.015 0.5 0.48500 - - 0.01500 0.1500
0.02 0.5 0.48000 - - 0.02000 0. 2000
0.03 0.5 0,47000 - - 0.03000 0. 3000
0.04 0.5 0.46000 - - 0.04000 0.4000
0.05 0.5 0.45002 - - 0.04998 0. 4998
0.06 0.5 0.44007 - - 0.05993 0.5993
0.07 0.5 0.43019 - - 0.06981 0.6981
0.08 0.5 0.42038 - - 0.07962 0.7962
0.09 0.5 0.41069 - - 0.0893t 0.8931
0.1 0.5 0.40113 - - 0.09887 0.9887
0.15 - 0.35571 0.05 0.45002  0.09431 0,9431
0.2 - 0.31481 0.1 0.40113 0.08632 0.8632
0.3 - 0.24612 0.2 0.31481  0.06869 0.6869
0.4 - 0.19232 0.3 0.24612  0.05380 0.5380
0.5 - 0.15027 0.4 0.19232  0.04205 0.4205
0.6 - 0.11741 0.5 0.15027  0.03286 0.3286
0.7 - 0.09174 0.6 O0.11741  0.02567 0,2567
0.8 - 0.07168 0.7 0.09174  0.02006 0.2006
0.9 - 0.05601 0.8 0.07168  0.01567 0,1567
1.0 - 0.04376 0.9 0.05601 0.01225 0.1225
1.5 - 0.01274 1.4 0.01631  0.00357 0.0357
2.0 - 0.00371 1.9 0.00475 0.00104 0.0104
3.0 - 0.00031 2.9 0.00041  0.00010 0.0010
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u‘=lmposed Excess Pore Pressure p=Rt
uo=Intial Excess Pore Pressure u l 1 1 1 ‘1 ;
u = Excess Pore Pressure s
C= Coefficient Of Consolidation AND
R= Rate Of Loading l
10 —TT ﬂ CLAY lta] 2
/\ 2/H=10
[e]
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08} / \
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Figure 8. Point pore pressure example.

the value of uz as computed from Eq. 22a. Col. 3 lists the values of up at the various
time factors. These values are either read from Figures 6 and/or 7 or taken from
Table 2. For this example they were taken from Table 2. For values of T less than
To, Col. 4 and 5 are not used. Col. 6 is the difference between Cols. 2 and 3 in ac-
cordance with Eq. 23a. The excess pore pressure ratio (Col. 7) is finally determined
by dividing the values in Col. 6 by To. To determine the pore pressure subsequent to
construction, the argument T - To must be determined, as in Col. 4. The value of up
for this argument is presented in Col. 5. In accordance with Eq. 23b, the values in
Col. 6 for values of T greater than To are the difference between Col. 5 and Col. 3.
Col. 7 again computes the excess pore pressure ratio. The results of this example
are plotted in Figure 8.

EQUAL-STRAIN SAND-DRAINS

The theory of equal-strain sand-drains was developed originally by Barron (6). In
this work several solutions were computed -
for sand drains placed in a triangular pat-
tern, as shown in Figure 9. If the drains
are placed in a triangular pattern the zone
of influence becomes hexagonal and can
be approximated by a circle. The basic
sand-drain theory for triangular patterns
considers that the drain itself acts as a
pressure-free "hole" surrounded by an in-
finite cylinder with the cylinder boundary
being flux-free. In some instances the Sond Drain
remolding effects (smear) of installing ' °
the drain can be included in the analysis. Figure 9. Sand-drain pattern.

o

— Zone of Influence
of Sand Droin
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A dimensioned section of the drain is
shown in Figure 10.

Constant Load, Variable Permeability

An exact solution to the equal-strain
sand-drain theory has been developed (1)
for situations in which the following con-
ditions apply:

n=d/a

1. The surface load activating the s = b/a

sand-drain action is time-independent.
2. The drain is perfect and the soil

surrounding the drain is completely un-

disturbed (that is, no smear). o- PERIPHERAL SMEAR
3. The soil permeability is time-

dependent according to

k(t) = au(t) + ke (24)
in which
k = average coefficient of per-

meability; ﬁ
coefficient of permeability at v

the end of consolidation;

a = coefficient of variation; and n= d/a
u = average excess pore pressure.

kg

The solution of the consolidation prob-

lem under the foregoing conditions and
when the soil is consolidating under an b— NO SMEAR
imposed average excess pore pressure, Figure 10. Sand-drain section.
uo, is
2(Tf) = — L (25a)
uo wr + p(1 - wr)
W = U . 8TY/F) (25b)
Uo
p = ko/kt (25¢)
2 2
_ n 3n“-1
Fmn) = o1 In(n) - T (25d)
Tf = Cgt/4d® (25€)

In Eq. 25, ko refers to the initial average coefficient of permeability, and Cg is the
coefficient of consolidation based on the final permeability. As a result of this defini-
tion of Cf, the time factor, T, is also defined.

It may be interesting to note that this exact solution for excess pore pressure with
variable permeability is expressible in terms of u,, the solution for excess pore pres-
sure when the permeability is constant, and p, the ratio of end point permeabilities.
Thus, the computations for Eq. 25a can take advantage of the available wealth of com-
puted data on sand-drains.

Figures 11, 12, 13, 14 and 15 are charts in which various parameters of Egs. 25a
through 25e are computed. These charts are arranged for relative ease of interpola-
tion. Figures 14 and 15 plot identical entities, except that Figure 15 enables the com-
putation at early times during consolidation.

In addition to the values in Figures 11 through 15, computed values of F are pre-
sented in Table 4.
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TIME FACTOR (T;)

Figure 11. Average pore pressure for equal-strain sand-drains, for no

stant load (drain ratio parameter).
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& T=C,t/4d* co 1
n=d/a U, = Average Excess Pore Pressure
U'= Average Imposed Excess Pore Pressure
Uo= Average Imhal Excess Pore Pressure
Ce= Final Coefficient Of Consolidation
T;= Time Factor
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Figure 12. Average pore pressures for eq_ual-s'—bra.in sand-drains, for no smear and con-

stant load (time factor paremeter).
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p=Ko/ky
w,=0,/To co t
n=d/a A
i=Average Excess Pore Pressure Ro

i’=Average Imposed Excess Pore Pressure
o= Average Initial Excess Pore Pressure

G, = Average Excess Pore Pressure (k= Constant)
Ko= Average Initial Coefficient Of Permeability
ky=Final Coefficient Of Permeability
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Figure 13, Average pore pressures for equal-strain sand-drains under constant load and
varisble permesbility with no smear (constant permesbility pore pressure parameter).
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Figure 14, Average pore pressures for equal-strain sand-drains under constant load and
veriable permeability with no smear (permeability ratio perameter).
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n=d/a
o -
U/lo = —"'—wr +al=w)
Constant Load peResly
/ W= U, /To
00l
0.00i 0.0l al 10

/0

Figure 15. Expanded-scale relation of average pore pressures for equal-strain sand-
drains under constant load and varisble permeability with no smear (permeability ratio
parsmeter).

Constant Permeability, Construction Loading

The exact equal-strain sand-drain solution can be achieved for a sand-drain with
smear and for a construction loading. To achieve a closed form solution, the perme-
ability of the soil was held to a constant during the process of consolidation. The con-
struction loading was considered to be a linear build-up of average imposed excess
pore pressure; that is,

R = u/te (26)

in which uo is the average imposed excess pore pressure at the end of construction, to.
Essentially the rate, R, is the rate of build-up of the surcharge loading.

The excess pore pressures, both during and after construction, are in accordance
with the following:

%o - = [F@, 9 +G(—‘;(—s)] [1- e 8TW/E®, o] ThSTo (ga)

3 's'lr—o [F(n’ o) + G_(x;(,_i)] [1 _ o~8Tu/Fln, s)] o-8(Th - To/F(n, s)
o Th 2 To (2Tb)
Fin, ) = grior In®) Lk (27¢)
Faln, 8) = 235 In(s) (274)
G, ) = L s;;}j -21ns) (27e)
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TABLE 4

GEOMETRIC PARAMETERS FOR NO-SMEAR
EQUAL-STRAIN SAND-DRAINS UNDER

CONSTANT LOAD

n F(n) 8/F(n)
2 0.23670 33. 79859
3 0.51372 15.57279
4 0.74434 10. 74779
5 0.93650 8.54247
6 1.09990 7.27341
7 1. 24155 6.44355
8 1. 36635 5. 85499
9 1.47778 5.41354

10 1.57834 5.06861

20 2,25387 3. 54946

30 2, 65526 3.01289

40 2.94134 2.71985

50 3.16369 2. 52869

60 3. 34555 2, 39123

70 3.49941 2. 28610

80 3.63275 2.20219

90 3.175040 2.13311

100 3. 85566 2.07487

radial coefficient of consolidation (undisturbed); and

F(n, s) = Filn, s) + 0Fa(n, s)  (27f)
0 = kr/ky' (27g)
X = Cn/Ch (27h)
in which
Fin, s) = geometric drain
parameter;
Fa(n, s) = geometric drain
parameter;
G(n, s) = geometric drain
parameter;
ky = radial coefficient of
permeability (undis-
. turbed);
kp = radial coefficient of
permeability (re-
molded);
Ch =
Cp =

radial coefficient of consolidation (remolded).

Figures 16 through 21 present charts which will enable the computation of the geo-
metric parameters Fi, F2, and G. These parameters also are presented in Table 5.

As an example of the type of time-average pore pressure calculations that can be
made, the following problem is presented:

n=10,s=2, 0=5 x=2, To=0.2.

I I T TR
T @ /j'f g
AN
= | A
ool o
o8 - /V/;/I/é///%//////

| ||

parsmeter).
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Figure 17. Geometric smear factor F; (n, s) for equal-strain sand-drains (drain ratio

parameter).
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Figure 18. Geometric smear factor Fp (n, s) for equal-strain sand-drains (smear ratio
parsmeter).
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Figure 19. Geometric smear factor Fy (n, s) for equel-strain sand-drains (drain ratio
parameter).
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Geometric smear factor G (n, s) for equal-strain sand-drains (drain ratio
parameter).



TABLE 5
GEOMETRIC SMEAR FACTOR FOR EQUAL-STRAIN SAND-DRAINS WITH CONSTANT PERMEABILITY; CONSTRUCTION LOADING

\n 2 3 4 5 6 7 8 9 10 20 30 40 50 60 70 80 90 100
8

a. Smear Factor Fi(n, s)
1.0 0.23670 0.51372 0.74434 0.93650 1.09990 1.24155 1,36635 1.47778 1.57834 2.25387 2.65526 2.94134 3,16369 3.34555 3.49941 3.63275 3.75040 3.85566
1.1 0.18274 0.44275 0.66551 0.85324 1.01385 1.15363 1.27709 1.38752 1.48734 2.15998 2.56067 2.84648 3.06868 3.25046 3.40427 3.53757 3.65519 3.76044
1.2 0.13816 0.38082 0.59555 0.77874 0.93650 1.07433 1.19641 1.30582 1.40484 2.07448 2.47443 2,75994 2,98199 3.16369 3.31744 3.45071 3.56830 3.67352
1.3 0.10157 0.32652 0.53307 0.71164 0.86646 1,00231 1.12296 1.23131 1.32952 1.99602 2,39521 2.68040 2.90230 3,08390 3.23759 3.37082 3.48838 3.59358
1.4 0,07186 0.27877 0.47700 0.65086 0.80269 0.93650 1.05569 1.16294 1.26032 1.92358 2.32196 2.60683 2.82855 3.01006 3.16369 3.20687 3.41441 3.51958
1.5 0.04818 0.23670 0.42648 0.59555 0.74434 0.87606 0.99376 1.09990 1.19641 1.85633 2.25387 2.53839 2.75994 2.94134 3.0949% 3.22805 3.34555 3.45071
1.6 0.02984 0.19960 0.38082 0.54502 0.69072 0.82033 0.93650 1.04149 1.13713 1.79360 2.19027 2.47443 2.69580 2.87710 3.03060 3.16369 3.28116 3.38629
1.7 0.01628 0.16692 0.33945 0.49872 0.64128 0.76873 0.88335 0.98717 1.08191 1,73485 2.13062 2.41442 2.63560 2.81678 2,97021 3,10325 3,22069 3.32579
1.8 0.00703 0.13816 0.30189 0.45617 0.59555 0.72081 0.83385 0,93650 1.03032 1.67963 2.07448 2.35789 2.57887 2.75994 2,91330 3,04629 3,16369 3.26877
1.9 0.00170 0.11295 0.26775 0.41698 0.55314 0.67619 0.78763 0.88907 0.98195 1.62757 2.02146 2.30448 2.52526 2.70621 2.85948 2.99242 3,10979 3,21484
2.0 0 0.09094 0.23670 0.38082 0.51372 0.63453 0.74434 0.84457 0.93650 1.57834 1,97125 2.25387 2.47443 2.65526 2.80846 2.94134 3.05867 3.16369
2.5 0 0.02030 0.11804 0.23670 0.35279 0.46204 0.56345 0.65733 0.74434 1,.36635 1.75042 2.03444 2.25387 2.43401 2.58678 2.71837 2.83648 2.94134
3.0 0 0 0.04818 0.13816 0.23670 0.33386 0.42648 0.51372 0.59555 1.19641 1.57834 1.85633 2.07448 2.25387 2.40614 2.53839 2.65526 2.75994
3.5 0 0 0.01114 0.07186 0.15207 0.23670 0,32022 0,40056 0.47700 1,05569 1.43148 1,70683 1.92358 2.10213 2.25387 2.38574 2,50234 2.60683
4.0 0 0 0 0.02984 0.09095 0.16258 0.23670 0.30993 0.38082 0.93650 1.30582 1.57834 1.79360 1.97125 2.12239 2,25387 2.37017 2.47443
45 0 0 0 0.00703 0.04818 0.10635 0.17078 0.23670 0.30189 0.83385 1.19641 1.46597 1.67963 1,85633 2.00684 2.13788 2.25387 2.35789
5.0 0 0 0 0 0.02030 0.06452 0.11894 0.17735 0.23670 0.74434¢ 1.09990 1.36635 1.57834 1.75402 1.90387 2.03444 2,15009 2, 25387
5.5 0 0 0 1] 0.00484 0.03457 0.07868 0.12939 0.18274 0.66551 1.01385 1.27709 1.48734 1.66195 1,81109 1,94117 2.05647 2,15998
6.0 0 0 0 4] 0 0.01470 0.04818 0.09095 0.13816 0.59555 0.93650 1.19641 1.40484 1.57834 1.72676 1.85633 1.97125 2.07448
6.5 0 0 0 0 0 0.00353 0.02602 0.06064 0.10157 0.53307 0.86646 1.12296 1.32952 1.50187 1.64952 1.77856 1.89309 1.99602
7.0 0 0 0 0 0 0 0.01114 0.03737 0.07186 0.47700 0.80269 1,05569 1.26032 1.43148 1.57834 1.70683 1,82096 1,92358
7.5 0 0 0 0 0 0 0.00268 0.02030 0.04818 0.42648 0.74434 0.99376 1,19641 1.36635 1.51240 1.64031 1,75402 1.85633
8.0 0 0 0 0 0 0 0 0.00873 0.02984 0,38082 0.69072 0.93650 1,13713 1,30582 1.45102 1.57834 1.69162 1.79360
8.5 0 0 0 0 0 0 0 0.00212 0.01628 0.33945 0.64128 0.88335 1.08192 1.24932 1,39367 1.52038 1.63321 1,73485
9.0 0 0 0 0 0 0 0 0 0.00703 0.30189 0.59555 0.83385 1.03032 1.19641 1,33988 1.46597 1.57834 1,67963
9.5 0 0 0 0 0 0 0 0 0.00171 0.26775 0.55314 0.78763 0.98195 1,11467 1.28928 1.41474 1.52664 1.62757

b. Smear Factor Fa(n, s)
1.0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1.1 0.06648 0.08250 0.08810 0.09070 0.09211 0.09296 0.09351 0.09389 0.09416 0.09502 0.09518 0.09524 0.09526 0.09528 0.09529 0.0952% 0.09530 0.09530
1.2 0.11669 0.15315 0.16591 0.17182 0.17503 0.17696 0.17822 0.17908 0.17970 0.18167 0.18203 0.18216 0.18222 0.18225 0.18227 0.18228 0,18229 0.18230
1.3 0.15152 0.21310 0.23465 0.24463 0.25005 0.25332 0.25544 0.25689 0.25793 0.26126 0.26187 0.26209 0.26219 0.26224 0.26227 0.26229 0.26231 0.26232
1.4 0.17160 0.26320 0.29525 0.31009 0.31815 0.32301 0.32617 0.32833 0.32988 0.33482 0.33574 0.33606 0.33621 0.33629 0.33634 0.33637 0.33639 0.33641
1.5 0.17739 0.30410 0.34845 0.36897 0.38012 0.38685 0.39121 0.39420 0.39634 0.40318 0.40445 0.40489 0.40510 0.40521 0.40528 0.40532 0.40535 0.40537
1.6 0.16920 0.33631 0.39480 0.42188 0.43658 0.44545 0.45120 0.45515 0.45797 0.46700 0.46867 0.46925 0.46952 0.46967 0.46976 0.46982 0.46986 0.46988
1.7 0.14725 0.36024 0,43479 0.46929 0.48803 0.49933 0.50667 0.51170 0.51529 0.52679 0.52892 0.52967 0.53001 0.53020 0.53032 0.53039 0.53044 0,53047
1.8 0.11168 0.37618 0.46876 0.51161 0.53489 0.54892 0.55803 0.56428 0.56874 0.58303 0.58567 0.58660 0.58702 0.58727 0.58740 0.58749 0.58755 0.58760
1.9 0.06258 0.38440 0.49704 0.54917 0.57749 0.59457 0.60565 0.61325 0.61868 0.63606 0.63928 0.64041 0.64093 0.64121 0.64138 0.64149 0.64157 0.64162
2.0 0 0.38508 0.51986 0.58224 0.61613 0.63656 0.64983 0.65892 0.66542 0.68622 0.69007 0.69141 0.69204 0.69238 0.69258 0.69271 0.69280 0.69287
2,5 0 0.27998 0,55836 0.68722 0,75721 0.79942 0.82681 0.84559 0.85902 0.90197 0.90993 0.91271 0.91400 0.91470 0.91512 0.91540 0.91558 0.91572
3.0 0 0 0.48064 0.70311 0.82396 0.89683 0.94412 0.97654 0,99974 1.07389 1.08763 1.09243 1.09466 1.09587 1.09659 1.09707 1.09739 1.00762
3.5 0 0 0.29362 0.63891 0.82648 0.93957 1.01298 1.06330 1.09930 1.21440 1.23571 1.24317 1,24662 1.24850 1.24963 1.25037 1.25087 1.25123
4.0 0 0 0 0.49907 0.77016 0.93363 1.03972 1.11246 1.16449 1.33084 1.36164 1.37243 1.37742 1.38013 1.38177 1,38283 1.38356 1.38408
4.5 0 ] 0 0.28577 0.65803 0.88249 1.02818 1.12806 1.19950 1,42793 1.47024 1.48504 1.49189 1.49562 1,49786 1.49932 1.50032 1.50103
5.0 0 0 0 0 0.49177 0.78830 0.98075 1.11270 1.20708 1.50885 1.56473 1.58429 1.59334 1.59826 1.60123 1.60315 1.60447 1.60541
55 0 0 ] 0 0.27229 0.65233 0.89899 1.06810 1.18906 1.57583 1.64745 1.67252 1.68412 1,69042 1.69422 1.69669 1.69838 1.69959
6.0 0 0 0 0 0 0.47536 0.78389 0.99542 1.14673 1.63050 1.72009 1.75144 1.76596 1.77384 1,77860 1,78168 1.78380 1.78531
6.5 0 0 0 0 0 0.25785 0.63612 0.89546 1,08097 1.67409 1.78393 1,.82237 1.84017 1.84983 1.85566 1.85945 1.86204 1.86389
7.0 0 0 0 0 0 0 0.45607 0.76875 0.99241 1,70754 1.83997 1.88632 1.90777 1.91942 1.92645 1.93101 1.93414 1.93638
7.5 0 0 0 0 0 0 0.24399 0.61566 0,.88152 1.73156 1,88898 1.94407 1,96957 1.98342 1.99177 1.99719 2.00091 2.00357
8.0 0 0 0 0 0 0 0 0.43643 0.74860 1,74673 1.93157 1.99626 2.02621 2,04247 2.05228 2,05865 2,06301 2.06613
8.5 0 0 0 0 0 0 0 0.00212 0.59387 1.75352 1.96827 2.04343 2.07822 2.09712 2,10851 2,11591 2.12098 2.12460
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Figure 21. Geometric smear factor G (n, s) for equal-strain sand-drains (smear ratio
parameter).

@ = Average Imposed Excess Pore Pressure
Bo= Average Initial Excess Pore Pressure

0 = Average Excess Pore Pressure

G,= Coefficient Of Consolidation

R = Rate Of Loading '
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Figure 22, Average pore pressure example for construction loading of equal-strain sand-
drains with constant permeability.
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of permeability can be determined at beginning and end of consolidation by a radial
drainage test.

The actual computation of Eqs. 29a and 29b follows similarly to the previously eval-
uted equations.
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HE NATIONAL ACADEMY OF SCIENCES—NATIONAL RESEARCH COUN-

CIL is a private, nonprofit organization of scientists, dedicated to the

furtherance of science and to its use for the general welfare. The
ACADEMY itself was established in 1863 under a congressional charter
signed by President Lincoln. Empowered to provide for all activities ap-
propriate to academies of science, it was also required by its charter to
act as an adviser to the federal government in scientific matters. This
provision accounts for the close ties that have always existed between the
ACADEMY and the government, although the ACADEMY is not a govern-
mental agency.

The NATIONAL RESEARCH COUNCIL was established by the ACADEMY
in 1916, at the request of President Wilson, to enable scientists generally
to associate their efforts with those of the limited membership of the
ACADEMY in service to the nation, to society, and to science at home and
abroad. Members of the NATIONAL RESEARCH COUNCIL receive their
appointments from the president of the ACADEMY. They include representa-
tives nominated by the major scientific and technical societies, repre-
sentatives of the federal government, and a number of members at large.
In addition, several thousand scientists and engineers take part in the
activities of the research council through membership on its various boards
and committees.

Receiving funds from both public and private sources, by contribution,
grant, or contract, the ACADEMY and its RESEARCH COUNCIL thus work
to stimulate research and its applications, to survey the broad possibilities
of science, to promote effective utilization of the scientific and technical
resources of the country, to serve the government, and to further the
general interests of science.

The HIGHWAY RESEARCH BOARD was organized November 11, 1920,
as an agency of the Division of Engineering and Industrial Research, one
of the eight functional divisions of the NATIONAL RESEARCH COUNCIL.
The BOARD is a cooperative organization of the highway technologists of
America operating under the auspices of the ACADEMY-COUNCIL and with
the support of the several highway departments, the Bureau of Public
Roads, and many other organizations interested in the development of
highway transportation. The purposes of the BOARD are to encourage
research and to provide a national clearinghouse and correlation service
for research activities and information on highway administration and
technology.
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