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Survey of Dynamic Methods of
'esting Roads and Runways

. JONES and A.C., WHIFFIN, Department of Scientific and Industrial Research,
bad Research Laboratory, Harmondsworth, Middlesex, England

The object of this paper is to indicate how far dynamic
methods of testing roads have developed in the various
countries and to summarize the present state of the
work.

The vibrational method of testing roads originatedin
Germany where, before World War II, mechanical vibra-
tors were used to investigate the mechanical properties
of different types of soil. During and after World War II,
further developments of the technique were made by the
Royal Dutch Shell Co.'s Laboratory at Amsterdam, and
the method was applied to testing roads and runways. The
dynamic stiffness of the construction was deduced from
the applied vibratory force and the resultant amplitude of
vibration. Tests on a variety of roads indicated that high
values of the stiffness were associated with strong forms
of construction, and low values with weak ones. The ulti-
mate objectives of this form of nondestructive test are
to predict the performance of roads under traffic and to
determine where and when failure of the construction is
beginning. Testing techniques to these ends have been
developed recently in Germany.

The British Road Research Laboratory has been
studying the velocity of propagation of vibrations in layered
constructions using electro-mechanical vibrators covering
a much wider frequency range than is possible with the
rotary machines normally employed. The relations ob-
tained between velocity and frequency are being studied to
deduce the elasticities and thicknesses of the layers partly
to assess the quality of the construction and partly to obtain
data which might be later employed for pavement design.
The application of vibrational testing to pavement designis
still in its infancy and it is too early yet to decide whether
or not such a design technique will ultimately be possible.

THE VIBRATIONAL TESTING of roads and runways originated in Germany, where,
)etween 1928 and 1939, mechanical vibrators were used to investigate the mechanical
yroperties of different types of soil. During and after World War II, further develop-
1 ents of the technique were made by the Royal Dutch Shell Co. 's Laboratory at Amster-
lam, and the method was applied to testing roads and runways. Attempts were made
o correlate the data obtained from vibrational testing with the performance of the
onstruction under traffic. During the past few years, the Road Research Laboratory
n England has studied the propagation of vibrations in road constructions and has at-
empted to interpret the relation between the velocity of these vibrations and their
requency in terms of the elasticities and thicknesses of the various layers forming
he road.

The main purpose of this paper is to indicate how dynamic methods of testing roads

1
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have developed in the various countries and to summarize the present state of the wo.
There are still divergences of opinion on the interpretation of some of the results in
terms of the mechanical properties of the materials and these are discussed.

OBJECTS OF DYNAMIC TESTING

At present, roads and runways are largely designed on the basis of knowledge of t
performance of other roads under similar traffic and subgrade conditions and by test
the soil to estimate its bearing capacity under the conditions of moisture and density
likely to occur under the completed road. Roads giving a satisfactory performance
under traffic normally take a long time to prove their worth, and one of the objects o
the development of vibrational testing was to provide a rapid, nondestructive testing
technique for assessing the probable performance of a road. By making tests at vari
ages on the same road, the commencement of changes which might result in failure c
be observed, and, when sufficient experience has been obtained, the technique might
used as the basis of decisions as to where remedial action is necessary. It is shown
later that these objectives have been partially attained.

One of the functions of a road is to spread the loads applied by the wheels of movi
vehicles so that the stresses communicated to the soil subgrade are sufficiently redu
so as not to cause permanent deformation. Theoretical values of the stresses and de
formations (1, 2, 3) generated in multi-layered elastic structures have shown that th
stresses applied to the soil subgrade by moving vehicles, and the deflections of the
construction under them, depend on the relative values of the dynamic elasticity of th
layers forming the road and their thicknesses. The dynamic elasticities of the layer
and their thicknesses can be determined in many cases by vibrational tests made both
during and after construction of the road. Because high dynamic elasticity is often
accompanied by good strength in the case of the materials used in flexible constructio|
vibrational measurements may be expected to indicate the quality of the construction.

The ultimate objective of the measurement of the dynamic elasticities and thicknes
of the layers forming a road is to develop a method of pavement design based on the
stresses generated by traffic, the mechanical properties of the materials used for co
structing the road, and the properties of the subsoil. Before such 2 method of design
becomes possible, it will be necessary to check experimentally that the dynamic stre
generated by traffic can be predicted theoretically from knowledge of the dynamic ela
ticities of the layers and their thicknesses. It will also be essential to obtain infor
tion concerning the dynamic elasticities of the common road-making materials and to
determine their mechanical properties under repeated loading of the form applied by
traffic. Many of the materials employed in road construction, such as granular base
are unsuitable for preparation as laboratory specimens, and there are obvious advan-
tages in determining their dynamic elasticities in situ under the conditions existing in
roads. It may well be many years before all the information required for pavement
design along the lines suggested is accumulated. Some progress will be possible, h
ever, once the theoretical work on the distribution of stress and deformation in multi-
layered elastic structures has been checked experimentally, and when information has
been obtained on the dynamic elasticities of the common road-making materials. For
example, it should then be possible to design a variety of constructions to give thesa
dynamic stress at the soil/base interface with a given soil. When this has been done i
will still have to be proved, however, that equality of this interfacial stress gives
equality of performance of the various types of construction under traffic. It is to be
expected that repeated loading may well cause the different constructions to behave in
different ways if fatigue is an important property, in which case knowledge of this pro
erty will have to be taken into consideration.

The dynamic elasticities and thicknesses of the layers forming roads can be deduce
from the relationship between the velocity of propagation and frequency of vibrations
generated in the surface. This aspect of the work is as yet far from complete, largely
because of difficulties in interpreting these relationships. The theoretical studies of
stress and deformation have been reported and some results of the necessary ancillary
computational work are available (2, 3). The computations are being extended. Meas
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ents are being made of the dynamic stresses generated in roads by moving vehicles,
t it is too early yet to say whether the theoretical values of these stresses have been
nfirmed. It will be apparent that the application of the results obtained from vibra-
nal testing to pavement design is thus still in its infancy and it is too early to decide
ether or not such a design technique will become an engineering method.

DEVELOPMENT OF VIBRATIONAL METHODS

The vibrational technique originated in Germany during the period from 1928 to 1939,
d the publications (4, 5, 6) of the Deutsches Gesellschaft fur Bodenmechanik (DEGEBO)
e well known to workers in this field. A mechanical oscillator of the rotary out-of-
lance mass type was employed and its vibratory characteristics were studied while
was operated on many different types of soil. Attempts were made to deduce the
echanical properties of the soil from the results. The resonant frequency of the
brator varied with the bearing capacity of the soil but attempts to explain the results
terms of a simple mass and spring system were unsuccessful. It was concluded that
e properties of the soil could not be represented by a spring or even a damped-spring
cause the resonant frequency of the vibratory varied with the applied vibratory force.
ere was also some conjecture as to whether or not allowance should be made for the
ertia of part of the soil in computing the behavior of the mechanical vibrator.

The DEGEBO workers also measured the velocity of propagation of vibrations along
e surface of the soil within the frequency range from 10 to 50 ¢/s (6). They observed
t, on most soils, "dispersion phenomena" occurred, that is to say, the meas-
ed phase velocity varied systematically with the frequency of the vibrations.
ttempts were made to explain the dispersion phenomena in terms of variation of the
operties of the soil with depth and a comparison was made between theoretical predic-
ons and the variations of soil type found at boreholes. Although some of these com-
risons were reasonably successful, development of the technique was hampered by
ck of information of the types of surface waves being studied and, even within Germany,
ere was divergence of opinion on this point. One practical result which emerged was
t a qualitative relation was found between the velocity of propagation of the vibrations
d the bearing capacity of soils which were reasonably uniform with depth.

Immediately after World War II, further work on soil was reported from Sweden
). In these experiments, the elastic modulus of a fairly uniform clay soil was obtained
om the velocity of propagation of sustained vibrations at frequencies between 14 and

c¢/s. Plate-bearing tests were also made on the soil using plates of various diameters
d thicknesses, and a soil constant was derived from the product of the modulus of
bgrade reaction and the radius of the plate. The same constant was also computed
om the elastic properties of the soil by assuming Poisson's ratio to be 0.5 and the
lastic modulus that derived from the wave propagation measurements. The soil con-
tants derived from the plate-bearing tests with plates of 3 meters radius were in good
greement with those computed from the elastic modulus derived from the vibration
xperiments: results from smaller plates gave poorer agreement. It was concluded
t the dynamic method of test gave a correct impression of the deformational charac-
ristics of the clay soil under the action of a distributed load and could, therefore,
‘rrovide the appropriate value of the elasticity of the soil subgrade beneath roads where
onsiderable load-spreading had resulted from the action of the upper layers.

Since 1948, the development of vibrational testing has been considerably influenced
y the work of Van der Poel (8) and Nijboer (9) of the Dutch Shell Laboratory at Amster-
am. Van der Poel devised a machine, now well-known as the "Dutch Shell Vibrator",
mploying rotating cut-of-balance masses to apply vibrational forces of 2 ¥ 2 tons to
1e road surface at frequencies between 5 and 60 ¢/s. The peak vibratory force (Fp)
leveloped in the road was calculated from the masses on the machine and the speed of
otation while the peak vibratory displacement (x) was measured under the plate by
7hich the force was applied to the road surface. Van der Poel introduced the concept
f the dynamic stiffness of the construction (S), given by S =Fp/x, which is a function
f the mechanical properties and thicknesses of the layers forming the construction,

t, unfortunately, it is neither independent of frequency nor force. Measurements on
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a variety of roads, however, have shown that the value of S will, under certain condi
tions, indicate the condition of a flexible road (10). High values of S indicate a stron,
construction and low values show the construction to be weak.

The Shell vibrator was designed to apply forces to the road similar to those appli
by vehicle wheels. There is, however, an important difference between the two typ
of loading which may affect the relation between dynamic stiffness and the performa
of the road under traffic. A vibrating machine loads both the surface and the lower
layers at the same rate of loading. A moving wheel loads the surface with a stress
pulse which rises from zero, reaches a peak, and returns to zero again in the time
taken for the tire contact area to travel over a point on the road surface. Due to the
load-spreading action of the road construction, the moving wheel applies a stress pu
to the soil subgrade which is of longer duration and lower intensity than that applied
the road surface, while intermediate rates of loading and peak stresses occur in the
various layers forming the road. Soil and many of the materials employed in road
construction have mechanical properties dependent on the rate of loading, and this is
particularly true of the dynamic elasticity of the bituminous layers which play an im
portant part in spreading wheel loads. Measurements of the transient deformation o
the road surface under a loaded wheel (_1_}) during the American WASHO tests showed
that the deformation was greatest under a stationary load and decreased with increas
of vehicle speed up to about 15 mph, beyond which it hardly varied. The transient d
formation under a nearly stationary vehicle agreed with data given by the Benkelman
beam. The stiffness at zero frequency, deduced from measurements made with the
Shell vibrator, has been found not to agree with data obtained from tests with the
Benkelman beam; different relationships have, in fact, been found for each type of r
construction, These differences are probably due to differences in the rates of loadi
produced by the two methods of test which affect the elasticities of the various layer
forming the road.

The Bundesanstalt fur Strassenwesen at Cologne (12) has developed a vibrator si
to that devised by Van der Poel and covering the frequency range from 10 to 80 ¢/s.
The road is assumed to consist of a surface layer acting as a plate and resting on a
lower semi-infinite layer, and analysis of the results gives the spring constant and
damping factor of each layer. Measurements made on experimental roads have show|
that decrease of the spring constant and increase of the damping factor of either laye
are usually associated with failure of that layer under traffic. The German workers
state that one of their objectives, when they have obtained sufficient practical data by
testing a wide range of roads, is to include spring constants and damping factors in
their road specifications.

Although there has always been agreement on the qualitative significance of stiffne
when used as an approximate index for comparing roads, there are divergences of
opinion between workers when an attempt is made to relate stiffness to the mechanic
properties of the layers. As has been said already, the Dutch and German workers
analyze their data in different ways and derive different quantities as indicative of th
quality of the road construction. The U.S. Waterways Experiment Station has used
Dutch Shell Vibrator and has followed the Dutch method of analysis. The non-linear
behavior of the stiffness with applied force and its anomalous variation with the test
frequency have always been stumbling blocks in deriving a simple interpretation of the
test results. Simplifying assumptions have had to be made to achieve this purpose an
consequently, the deductions depend on these assumptions. Moreover, a single value
of dynamic stiffness may be given by a number of constructions having different thick-
nesses of layer and elasticities, so that prior knowledge of these quantities is essenti
when attempting to interpret the data. Nijboer has made most progress in this direct
(13) and has computed the strain occurring in the road surface under a given wheel
load from the measurements of stiffness, the thicknesses of construction and the elast
properties of the layers. Measurements of the surface strain under moving vehicles
agreed with those predicted by this method.

The Shell machine has also been used as the source of vibrations within the range
from 10 to 60 ¢/s while measurements were made of the velocity of propagation of
vibrations along the road surface. At these frequencies, it is primarily the charac-
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istics of the soil subgrade under the road which determine the velocity of propagation
the vibrations and Nijboer has attempted to deduce the shear modulus of elasticity of
soil from these results.

The Road Research Laboratory in England collaborated with the Dutch Shell Labora-
ry in making vibrational experiments on a number of British roads (_1_0)and later
veloped apparatus to measure the phase velocity of vibrations over a much wider
equency range (to at least 30 kc/s) so enabling data to be obtained for estimating the
stic properties and thickness of the various layers forming roads. The objects of
is work were to develop tests for assessing the quality of existing roads and to obtain
ormation concerning elasticities of road materials for later use in computing stresses
der moving vehicles. The portable vibration equipment constructed at the Road Re-
arch Laboratory is described fully by R. Jones elsewhere in this Bulletin. Part of
is apparatus, extending the frequency range up to about 5 ke/s, has also been in-
rporated into the equipment now used by the Shell Laboratory and it is likely that
eir equipment will be further supplemented to cover the higher range of frequencies.

The Road Research Laboratory has studied the variation of surface wave velocity
ith frequency (or wave length). Because such relationships are complex, theoretical
terpretation of the results is difficult. Data derived from simple types of construction
n often be evaluated satisfactorily and progress is being made in interpreting the
sults obtained in the more complicated cases. The theory has been based on the
opagation of vibrations in plates (or multiple plates) lying on uniform layers of other
terials: the results obtained in some of the cases studiedare givenin the accompanying
per by Jones.

As far as the authors are aware, the work on vibrational testing in the United States
s been largely confined to the experiments on soil made by Bernhard at Rutgers
niversity and to tests made in collaboration with the team from the Dutch Shell
boratory. There appears to be growing interest in the United States in these tech-
iques and apparatus for studying surface wave propagation is now being constructed by
e Shell Development Company. Work done in America on the vibration compaction of
oil and the design of machine foundations was described in a symposium organized by

e American Society for Testing Materials in 1953 (1§). One feature of this symposium
f particular interest was the development of a theory for the vibration of a mass on a
emi-infinite elastic subgrade.

So far, the vibrational testing of roads has been largely restricted to the measure-
ent of their stiffness under traffic stresses and then attempting to predict their per-
ormance under traffic from comparison of this stiffness with the values attained on
oads of known performance. However, the work of Nijboer indicated that roads behave
easonably elastically under the stress conditions imposed by the passage of a vehicle
heel, and Acum and Fox (3), and others, showed how to compute the stresses and de-
ormations within a multi-Iayer elastic structure. In consequence, the idea has gradu-
lly developed that it might ultimately be possible to design a road on the basis of the
tresses developed in the road by moving vehicles and those which cause failure.
ibrational methods can provide details of the elastic properties of the constituent
aterials, often at frequencies well above those giving stress-strain relations similar
o those produced by traffic. Before pavement design will be possible along the lines
dicated, it will be necessary to know how the stress-strain relations of the materials
re affected by decrease of the rate of loading down to that occurring under vehicles,
and to obtain data concerning the conditions causing failure of these materials under
such loading. Designs cannot yet be made on the basis of elastic theory because of
lack of information on many points, but such a technique was anticipated at the sympo-
jum organized by the Dutch Shell Co. in Amsterdam, in April 1959, by the inclusion
f papers from England and France reviewing the theories available for computing
;tresses and displacements in layered elastic systems together with papers from the
5hell Laboratory discussing the deformation and fatigue properties of bituminous mate-
rials.



NON-VIBRATIONAL TECHNIQUES FOR TESTING ROADS

Much of the work in this group involves measurements on or under the road while
vehicles of known wheel load travel along the surface.

In this category may be placed the Benkelman beam which is used to measure the
vertical deflection of the road surface resulting from a loaded wheel moving slowly
away from the point at which the measurements are made. Considerable research hal
been done on this technique in the United States and work is also in progress in Great
Britain and France. Because the Benkelman beam test provides a measure of the
stiffness of the road, consideration is now being given to its possibilities as an alter
tive to the dynamic stiffness as measured by the low frequency rotary vibrators. Th
Benkelman beam test may be easier to make, particularly now that an automatic vers
has been devised by the Department of Highways in California. There may well be a
difference between the properties measured by the Benkelman beam and by the vibrat
technique because the elastic characteristics of the constituent materials may vary w
the rate of loading. Moreover, the stiffness or deflection value given by the Benkel
test has the same limitation as the dynamic stiffness obtained by vibration tests in
it cannot provide detailed information about any individual constituent of the road
construction.

The dynamic stresses produced in roads by moving vehicles are being measured a
the Road Research Laboratory in England (16), largely to compare the load-spreading
characteristics of the various common forms of construction. One early result of thi
work was to show how, with a given thickness of construction, the peak value of the
dynamic vertical compressive stress at the soil-base interface depended markedly on
the elasticity of the upper layers of the road (17). The stresses in the soil decrease
with increase of the vehicle speed from near zero up to about 15 mph and then remain
approximately constant (this relation is similar to that mentioned earlier concerning
the variation of transient deflection of the road surface). The magnitude of this chan
of stress with speed depends on the materials employed in the road, and is probably
due to the changes of the relative elasticities of the layers with rate of loading. With
bituminous construction, there is an increase of the dynamic stress with increase of
the temperature of the road, again probably due to change of the relative elasticities
of the layers. Vibration techniques are used to determine the elastic properties of th
layers both during and after construction and attempts are being made to compare the
measured values of the dynamic stress with those which are computed from the theori
of multi-layered elastic systems.
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Measurement and Interpretation of Surface
Vibrations on Soil and Roads

R. JONES, Department of Scientific and Industrial Research, Road Research
Laboratory, Harmondsworth, Middlesex, England

The Road Research Laboratory is developing nondestructive tech-
niques for measuring the dynamic mechanical characteristics and
thicknesses of the layers forming a road. The mathematical theory
for computing stresses and deformations requires knowledge of
these data and the development of these testing techniques is a nec-
essary step towards a system of pavement design based on the
stesses encountered in the road and the mechanical properties of
the materials. Apart from this, the techniques are already able
to provide information of immediate value in that they provide data
of assistance in appraising the performance of experimental and
other roads under traffic, they can be used to locate areas where
variations of mechanical properties or thickness occur, and they
can be used to study the changes produced by traffic and weather.
The first part of this paper deals with the experimental tech-
nique for measuring the wave length and phase velocity of mechani-
cal vibrations propagated along the surface of soil or road constru-
ctions. The vibrations are produced electro-mechanically by ap-
paratus working within the frequency range from 40 to 60,000 ¢/s
and have wave lengths ranging from a few inches to several feet.
The results are normally expressed graphically as the relation
between phase volocity and the wave length obtained at selected
frequencies. This curve has a number of characteristics which
depend on the elastic properties and the thicknesses of different
parts of the construction: the second part of the paper discusses
theoretical analyses to calculate these parameters. So far, most
of the work has been limited to experimental constructions and
all the relevant data concerning thicknesses and type of material
have been known, while vibratory experiments have also been
made, where necessary, on laboratory specimens of the mate-
rials to determine their elastic properties. These data have en-
abled checks to be made of the validity of predictions from the
vibrational experiments.

@ APPARATUS has been developed at the Road Research Laboratory which enables
vibrations in the range 40 to 60,000 c¢/s to be propagated along the surface of soil or
road constructions. The purpose of the present paper is to interpret the results in
terms of the elastic properties and, where possible, the thickness of the construction.

So far, most of the work has been limited to experimental constructions, and the
relevant data concerning thicknesses and types of material have therefore been availal
from laboratory records and experiments have also been made to determine the elasti
properties of the materials. These data have enabled checks to be made of the validit
of predictions from the vibrational experiments.

In the experiments, the wave length of the vibrations is measured at specific frequ
cies and their phase velocity is derived from the product of their wave length and fre-
quency. For purposes of analysis, it has been found preferable to express the resul

8
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s a graph relating phase velocity to wave length and then to fit theoretical curves de-
ced from the propagation of plane waves in an equivalent type of layered construction:
e thicknesses and elastic properties in the theoretical curves are adjusted to provide
e best fit to the experimental results. This method of analysis is applied in this

aper to the following types of construction:

1. Soil formations in which the elastic properties are uniform or have only slight
ariation with depth.

2. Soil formations in which there is a distinet transition with a sudden increase in
lastic modulus at a particular depth: this corresponds to a surface layer of lower
lastic modulus than that of the underlying material. A typical example of this type of
ormation is a layer of soil overlying gravel or rock.

3. Road constructions consisting of a surface layer with considerably greater
lastic modulus than the underlying material. An example of this type of construction

a concrete slab laid directly on soil or on a deep granular base.

4, Road constructions with a surface layer and an intermediate layer overlying a
niform medium: the material in the surface layer is taken to have an elastic modulus
hich is considerably greater than in either of the two lower materials while the com-
ressional wave velocity in the material of the intermediate layer is assumed to be less
han that in the underlying material. This system is an idealized representation of a
bituminous surfacing on certain granular base materials overlying clay soil.

There are many more combinations of properties within the three-layer system
hich need to be considered and the analysis offered here represents a very limited
ontribution to what will ultimately be required.

EXPERIMENTAL TECHNIQUES

irst Technique

A schematic diagram of the apparatus is shown in Figure 1: different types of vibra-
or and pick-up are used for different parts of the frequency range.

Below 5, 000 ¢/s, the vibrations are producedby an electro-dynamic vibration generator
iven by an oscillator and a power amplifier; details of the vibration generatorare shown in
igure 2 and specifications for the generator, oscillator and power amplifier appear in Table 1.
e oscillator alsofeeds intoa phase-mark generator which squares and differentiates the

aveform andultimately produces a voltage pulse once per cycleas shown in Figure 3. The
oltage pulse is used to suppress the beam of the cathode-ray oscilloscope and so providea ref-
erence mark which is fixed in relation to the phase of the vibrations produced by the generator.

The vibrations are received by a vibration pick-up, whose output is amplified and
applied to the vertical deflection plates of the cathode-ray oscilloscope. Thus, the
waveform of the vibrations is displayed on the oscilloscope with the reference mark
appearing as a short break in each cycle (Fig. 3). In the present apparatus a geophone
is used as the vibration detector at frequencies below 400 c¢/s, and a crystal accelerom-
eter at frequencies between 400 and 5,000 c/s; details of these pick-ups are given in
Table 1.

Vibrations within the frequency range of 5-24 kc/s are obtained as specific reso-
nances of a ferro-electric ceramic transducer in the form of a hollow cylinder. The
ceramic transducer is driven by the oscillator through a tuned amplifier which has
switched outputs, each tuned to one of the resonant frequencies of the transducer. The
vibrations in the high-frequency range are detected by a hollow cylinder transducer
which is identical with the generator; the specifications of the transducers are given in
Table 1. For convenience, the diaphragm of the receiving transducer has been tapered
to a point to enable the shortest wave lengths (about 2 in.) to be located accurately.

In operation, the generator, which is either an electro-dynamic or a ceramic trans-
ducer, is placed on the road surface and the oscillator is tuned to the required frequency.
The appropriate pick-up is moved progressively away from the generator and successive
positions are found at which the vibrations are alternately in phase and in anti-phase
with the fixed reference phase. These positions are indicated by the phase mark coin-
ciding with a peak or a trough of the waveform display. The distances between succes-
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TABLE 1
BRIEF SPECIFICATION OF APPARATUS
Oscillator Minimum frequency range: 30-60, 000 c/!
Accuracy better than T 1 percent
Power amplifier Output 50 watts in frequency range from
30 ¢/s to 5,000 c/s
Oscilloscope Single beam with amplifier response to a

least 60 kc/s and provision for coupling t
modulator grid

Electro-dynamic vibration generator Modified Goodmans, Model 390A
Geophone Pye. Sensitivity about 2V/in./s
Crystal accelerometer Rochelle-salt bimorph.

Ceramic transducers Hollow cylinders of Casonic III (barium

titanate) 6 in. long x 1 in. O.D. x % in.
I.D. on %ie-in. thick diaphragm, giving
resonant frequencies of about 6, 10, 14
and 24 ke/s. Also solid prisms of Casoni
on /ig-in. thick diaphragms, 1 in. squar
x 2 in., resonating at about 38 kc/s, and
lin. x 1in. x 1 in. resonating at about
57 ke/s

sive positions are then equal to half wave lengths and, in practice, measurements are
made over about four or more wave lengths in order to obtain a reliable average value
It must always be realized that the vibrator produces cylindrical waves so that the
wave lengths occur at distances corresponding to the roots of a Bessel function andno
at equal increments of distance as they do in plane waves. The discrepancy is most
marked near to the vibrator and it is sufficiently accurate to regard the first wave
length as being 0.75 as long as the equivalent wave length of plane waves with all sub-
sequent wave lengths equal to that of plane waves. The most satisfactory way of ana-
lyzing the measurements is to plot the number of wave lengths moved by the pick-up
against its distance from the vibrator. If the site is uniform all results beyond the
first wave length should be approximately collinear and should extrapolate back to
zero distance at the equivalent of about % wave length: the slope of the line provides a
reliable value for the average wave length (L) of equivalent plane waves. The phase
velocity (c) is derived from the relation:

c=nL (1)
in which
n = vibrator frequency.

Second Technique

In this experimental technique the apparatus is basically the same as the foregoing,
except that provision is made for a circular time base on the oscilloscope. The appa-
ratus is also shown in Figure 1 and becomes operative when the three switches are
thrown over to connect to the dotted part of the circuit. The display on the oscilloscor
consists of a single bright spot whose position on the circular time base indicates the
relative phase difference between the vibrations at the oscillator and at the pick-up.

It is convenient to measure this difference by means of a graduated circle on a graticu
in front of the screen of the oscilloscope; divisions at tenths with sub-divisions at
twentieths provide adequate measuring points and enable the position of the spot to be



Figure 1. General view of the operation of the vibration apparatus.

stimated to 0. 01 of the circumference. The circular time base makes one complete
evolution per cycle of the applied vibrations so that the spot of the oscilloscope dis-
lay moves once round the graduated circle as the pick-up moves one wave length. The
elation between the phase change ( ¢ ) and the distance moved by the pick-up (x) is:

(2)

To set up the apparatus for operation it is necessary to adjust the circular time base
n coincidence with the graduated circle. This is done by turning up the brilliance of
he oscillescope to brighten up the complete time-base trace and adjusting its size by
neans of the X and Y amplifier gains on the oscilloscope. The brilliance control is
hen turned back so as to black out the circular trace except for the bright spot due to
he modulation arising from the pick-up signal via the phase-mark generator.
In practice it has been found convenient to move the pick-up away from the vibrator
y fixed increments of distance and to measure the fractional change in wave length as
iven by the movement of the spot around the graduated scale. It is necessary, of
ourse, to add one wave length for each complete rotation of the spot and the incremental
listance should preferably be chosen to be less than half a wave length. The technique
s somewhat simpler and quicker to use than the first technique and has considerable
dvantages when the test length is so short that it is less than three wave lengths. In
his case the incremental distance can be made as small as about 0.1 of a wave length
o that a larger number of results are obtained from which to obtain the average wave
ngth. The measurements are analyzed in the same graphical manner as described
nder the first technique and allowance must also be made for the inequality between
e first and subsequent wave lengths.
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NOTES ON PERFORMANCE

In the original amplifier apparatus the receiver amplifier had a flat response fro
15 ¢/s to 350 ke/s. As a result, vibrations below 40 c¢/s produced by passing traffic
were amplified and formed a background noise. As the pick-up was moved away fro
the vibrator, the traffic vibrations became so large in relation to the required vibra-
tions that measurements could only be made when there was a lull in the traffic. The
frequency analyzer, now used, is tuned to the vibrator frequency and discriminates
effectively against traffic noise. The distance to which measurements can now be
made is almost double what it was originally and there is now considerably less inter
ference from traffic noise. It is usually possible to obtain measurements over about
6-10 wave lengths throughout most of the frequency range. Thus, at 60 c/s, the dis-
tance traversed may be over 80 ft whereas at 24 kc/s it may only be a few feet. The
normal practice employed in the present work has been to place the vibrator at one |
end of the line of measurement at low frequencies (below 360 c/s on bituminous roads,
then move the vibrator to the middle of the line and measure on either side at the high
frequencies: further subdivision may be made at the highest frequencies. When testin
soil alone, vibrations above 400 c¢/s are usually very highly attenuated and this imposi
an upper limit to the practical range of frequencies.

In plotting the number of wave lengths to the pick-up against its distance from the
vibrator the results may not be collinear due, it seems, to one of three reasons. Fir:
variability in the construction due to differences in materials or cracks: deviations du
to this cause usually occur at the same distance from the vibrator for several consec-
utive frequencies. Second, changes in the contact compliance between the vibrator an
surface due to a bedding down process causes a gradual phase change to be superimpo
on the measurements: whether this effect is present is easily checked by repeating on
or two of the initial measurements. A more usual cause of anomalous results is due
to interference between two or more different types of vibration being propagated.
When the vibrations are of comparable magnitude the interference may be sogreatas tom
it impossible to obtain the phase velocity of any one of the vibrations. Inother cases, onet
of vibration may predominate near to the vibrator andanother vibration beyonda region of
terference: the phase velocity of both types of vibration can then be derived (l) .
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PROPAGATION OF SURFACE VIBRATIONS IN SPECIFIC TYPES OF SOIL
FORMATION AND ROAD CONSTRUCTION

The nomenclature to be used in this section is given in Figure 4 which applies to
he road construction with two surface layers considered in (d). The simpler types of
onstruction considered earlier in this section are merely degenerate cases. For
xample, the material with subscript 3 always represents soil which is assumed to
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have uniform elastic properties down to an infinite depth, so that in case (a) the two
surface layers are absent (that is, Hi, Ha =0). The medium with subscript 2 in the
intermediate layer is assumed to have elastic moduli less than those in medium 3, st
that for case (b) the surface layer is absent (that is, H1 =0). The material subscrip
1 in the surface layer is considered to have elastic moduli which are considerably
greater than in either of the underlying media and in case (c) the intermediate layer
is absent (that is, Ha = 0).

(a) Soil Having Uniform Elastic Properties

Miller and Pursey (5) have shown that a vibrator, on a circular base, operating
normal to the surface of a semi-infinite elastic solid ( p = 0.25) radiates 67. 4 perce
of the power as a surface wave. The surface wave here is a Rayleigh wave, which h:
its maximum particle displacement normal to the surface with a smaller particle dis:
placement in the direction of propagation. The velocity (ya)of the Rayleigh wave is
given by:

vi=¢ pior () 3)
in which
Bs = velocity of the shear wave,
Gs = modulus of shear elasticity of the medium, and
d = density of the medium.
p =0.2 p = 0.911
p =023 p = 0.928
p=0.4 p = 0,942
p=0.5 p = 0.955



15

Ilele]
o
®  June 1955
1000 a 4 November 1955
o] 2|:December 1955
a 3January 1956
@ SMarch 1956
900 m 25April 1956
x 3OMay 1956
<
\ 800
: S
— 700 G
3 N
o
> \ . Dec /Jon
w 600 \ Mar
<
a
N
500 X —o x\‘_4==l MCIYI__
June/NovI955
. April 1956
400 S '
\\" %= Dec /Jan. |
\Q‘U-'\E! Mar
300 I

0 40 80 120 6O 200 240
FREQUENCY - %

FPigure 5. Variation of the phase veloclty of Rayleigh waves with frequency on &
Harmondsworth soil site (# ££-10 in. silty clay on gravel).

In the case of soil the value of p is usually about 0.4 to 0.45 so that the surface
ave travels about 5 percent slower than the shear wave.

The shear and longitudinal waves produced by the vibrator are radiated into the

tire volume of the medium and suffer much larger attenuation than the Rayleigh
ave, which propagates near the surface. Consequently, the vibrations that are de-
xcted along the surface of a semi-infinite solid from a vibrator normal to the surface
re almost exclusively Rayleigh waves.

Other theoretical work by Miller and Pursey (4) indicates that if the vibrators per-
rm rotary oscillations at the surface, the Rayleigh wave is absent and shear waves
redominate.

Natural soil formations are rarely uniform with depth and this is reflected in the
brational measurements by a variation in phase velocity with wave length. In Figure
examples are shown of two types of variation of phase velocity which can occur with

ange of wave length. The results from section 54 (Alconbury Hill Expt. A.1) indicate
1at the shear modulus of the soil decreased towards the surface whereas the inverse
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Figure 10.

The vibrator in position.
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ype of variation occurred on section 49 (also Alconbury Hill Expt. ). In either case
he data is extrapolated to give the phase velocity (ys) at zero wave length and the shear
“odulus (Gs) is calculated from the relation (1):

Gs = 2.4 y3d x 107 psi (4)

which
d = density of the soil (pcf).

The shear modulus (Gs) given by Eq. 4 refers to the soil nearest to the surface
shich, under a road construction, is subjected to higher stresses than the deeper soil:
| is modulus is considered to be one of the properties required in calculations of stress
listribution.

b) Soil Formations Having a Well Defined Surface Layer with a Lower Shear Elastic
odulus than that of the Underlying Material

The nomenclature for this case (Fig. 4) is as follows:

H,=0

Ga < Gs

Ba < Fa

Ya < Vs

Two types of vibration have been studied according to the orientation of the vibrator

and pick-up to the surface of the soil. Rayleigh waves are produced when both vibrator
'nd pick-up are perpendicular to the surface. Love waves are produced when the vi-
orator and pick-up are placed on their sides so as to operate parallel to the surface
and transversely to the direction of measurement.
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When vibrations of the Rayleigh wave type are propagated in a layered medium,
their velocity depends on the frequency of the vibrations and the thickness, density,
and elastic properties of the strata. The solution of the wave equation for the case o
one surface layer of a semi-infinite medium involves the computation of a sixth ordes
determinant, which can yield more than one velocity at each frequency. Here the
solution giving the lowest velocity refers to the principal mode of propagation of the
Rayleigh waves and computations have usually been derived for this particulare mod
Sezawa and Kanai (8) have also obtained solutions for another mode of propagation,
designated as the M3 mode. Theoretical results obtained for the principal mode of
propagation of Rayleigh waves by Sezawa and Kanai are shown in Figure 6 from whic
it will be seen that at short wave lengths the phase velocity approaches Ya: this enab
the shear modulus of elasticity (Ga) of the surface material to be calculated as in Eq.
It will also be seen from Figure 6 that the shape of the curve relating phase velocity
wave length depends on the thickness (H:) of the layer and on the ratio of the elastic
moduli (thatis, Gs:Ge). Differences in the density between the media would also intrc
duce a further variable into the analysis. At wave lengths which are long in relation
the thickness of the layer, the phase velocity is asymptotic to Ys which, if attained,
enables the shear modulus (Gs) of the underlying medium to be calculated.

For layered media in which the shear modulus increases with depth, the shear wa:
(horizontally polarized) gives rise to the type of surface waves known as Love waves.
The theory is more tractable than for Rayleigh waves and, in the case of Love waves
in a single surface layer, the frequency equation is as follows:

I v
2 1 2
tan 2711.{’ (__c - 1) A_Gs | B (5)
:H Ga c?
—_—-1
B3
in which
L = the wave length of the vibrations, and
¢ = the phase velocity of the vibrations.

The solution to Eq. 5 indicates that the phase velocity at a particular wave length
has different values corresponding to successive branches of the tangent function. Th
principal mode of propagation corresponds to the lowest branch for which:

0 <(5-)"* <

Limits for higher branchesare w to 3m, 3wto 5w, etc.
2 2 2 2

L]

Asymptotic solutions of Eq. 5 show that for high frequencies (that is, short wave
lengths) the velocity of the Love waves approaches the velocity of shear waves in the
medium of the surface layer ( Ba). At low frequencies, the velocity of the Love waves
approaches the velocity of shear waves in the base ( Bs).

The relation between the phase velocity and wave length for the principal mode of
propagation of Love waves has been computed from Eq. 5 for ratios of Gs: Gz of \/ 3,
3 and infinity, and for equal densities; that is, da = ds: the results are shown in Figur
7.

Experimental results from the propagation of Rayleigh waves and Love waves have
been obtained on several layered soils and some of the more interesting results are
shown in Figure 8 for a sandy soil before and after compacting by a roller. On the un
rolled site, measurements at different depths showed a marked transition in soil



23

78
|
A o " Cycle of increasing curr
o ZM n [} L} ]
76 ® A 3"4 " " " "
A 4"‘ " " ] [}
°
74
R
72
X 70
N
\2) (o) Total mass 755
[¥¥)
2
3 68
w
&
—
Z 54
3 e
(0]
w
&
52
]
50
(b) Total mass 1181b
‘x
44 ——
\‘\"
42
(c) Total mass 1bi1b
0] 10 20

CURRENT IN VIBRATOR COIL — amp

Figure 13. Variation of resonent frequency with current passing through vibrator coll.



24

SO00
4000
Theoretical curve
for H = 4in.
Y 3000
=
i 2™ mode " mode
> Hy = 12in. H,* 12in.
5 ocy=2'50c, @y=25cc,
g o
£ 20
1000
° )
© 10 70

Figure 1k.

WAVELENGTH = feet

Comparison of experimental results of Figure 12 with theory.



ft ] sec

PHASE VELOCITY

Fgure 15. Changes in the intermediate branch of the phaae-veloci'by/wave length relation caused by traffic.

J4
4
/,,
4
4
V4
d
’/
V4
V4
4
P d
V4
2000 2
® Tested 15-10-57
° « 18-6-58
a «  12-1-58
1009% o

WAVELENGTH — feet

20

Ge



26

properties between 3 and 9 in. : for example, in-situ CBR tests gave average values ¢
2.6, 13.2, 15,6 and 16.6 at depths of 3, 9,15 and 21 in. A method of analyzing the

experimental results for Love waves using Eq. 5 has been discussed by Jones (1)whic
indicated that the transition in elastic properties occurred at a depth of about 7in. : tl
shear modulus of the unrolled surface layer was calculated to be 1,700 psi. After ro{
ling, analysis of the Love wave data indicated a surface layer 8 in. thick in which the
shear modulus was 4,000 psi. Thus, rolling the sand produced compaction primarily
in the top 7 to 8 in. of soil, |

Analysis of the Rayleigh wave data gave values for the shear modulus of elasticity
the surface soil of 1, 700 psi before rolling and 3, 100 psi after rolling. The discrepa
in the estimation of the shear modulus from Love wave and Rayleigh wave data after
rolling was considered to be due to anisotropy produced by the compaction of the sand
It is also possible to analyze the experimental results for the Rayleigh wave data usin
the curves of Figure 6 so as to calculate the thickness of the surface layer: the result
are in good agreement with similar deductions from the Love wave data.

Other cases of the propagation of vibrations in clay soil overlying gravel have beer
studied in which the thickness of the clay layer was about 5 ft. Estimation of the thicl
ness from the Love wave data gave extremely good agreement with the actual thicknes
as measured at boreholes (l). In some of these experiments, there were two distinct
types of vibration present in the Rayleigh waves of which the one corresponding to the
Principal Mode predominated nearer the vibrator. Once this wave had decayed, a
second faster wave was obtained which was attributed to another mode of propagation
of the vibrations (1).

(c) Road Constructions with a Single Surface Layer of Considerably Higher Elastic
Moduli than the Underlying Material

In this case:

Ha =0,

a1 >B1 > as>Ps

Under these conditions, surface vibrations of the Rayleigh wave type can only exist
for a limited range of phase velocity (c) given by

Bs >c >Vs.

The solution for ¢ within this range is obtained from an eight order determinant (9)
and the computation is somewhat laborious. At very long wave lengths the phase
velocity will approach Y5 but it is difficult to predict what will happen when the phase
velocity becomes comparable with or exceeds Bs. In order to simplify the problem it
has been assumed that, once the phase velocity exceeds Bs, the underlying material
may be treated as a liquid. This is not a particularly drastic assumption since the
Poisson's ratio of most soils is of the order of 0.45 so that a s is 5 to 10 times Bs.
The most convenient form for the solution of the problem of the propagation of plane
waves in a plate resting on a liquid has been given by Press and Ewing (7)and the
analysis for the propagation of flexural waves has now been obtained (Jones unpublishe
The results of the analysis are shown in Figure 9. It will be seen that the phase veloc:
wave length curve has at least one discontinuity which occurs near the velocity of com-
pressional waves ( as) in the underlying medium. Above as » the resulis are generall
in very good agreement with the solution obtained by Lamb (3) for the propagation of
flexural vibrations in a free plate, As the phase velocity approaches as , the discrep-
ancy between the phase velocity in the free plate case and in the case of an underlying
liquid becomes greater and there is also a considerable increase in attenuation of
vibrations. Below as, the branch of the curve denoted by (b) is expected to account
best for the propagation of the vibrations. The short wave length part (a) of this branc
represents a type of vibration which has its maximum amplitude at the interface betwe
media 1 and 3 and which will not be found experimentally in the presence of the surface
vibrations characterized by the upper branch. The analysis does not give any indicatic
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the nature of the transition between part (b) of the curve and the Rayleigh wave

ution (c) for the propagation of very long waves and phase velocities less than Bs.

considered likely from theoretical considerations that there will be a discontinuity

r Bs.

Thg theoretical analysis indicates that over most of the frequency range there is

ely to be more than one type of vibration being propagated and the question arises as

how this will affect the experimental observations. Van der Poel (10) has shownthat

wave with the greatest amplitude will be detected and that it is only when there is a

r equivalence in amplitude that destructive interference occurs. Thus, the discontin-

y between the upper and lower branches of Figure 9 is expected to be characterized

erimentally by a narrow range of frequencies within which there will be strong inter-

ence and ill-defined propagation of the vibrations.

It is only rarely that a practical road construction approximates to the case of the

gle surface layer considered previously. However, three such constructions were

t with when, in an experimental road, sections were laid with dense asphalt bases

4,3, 6.4 and 8.4 in. thickness. Results obtained from these bases are shown in

re 10 in which the phase velocity is plotted against the ratio of wave length to thick-

s. Unfortunately, the length of each section was only 15 ft so that the longest wave

gth which could be measured with reasonable accuracy was 5 ft.

The theoretical curves shown in Figure 10 were obtained directly from Figure 9 and

re adjusted to fit the experimental results at an L/H; ratio of 3. It will be seenthat
experimental results deviate progressively from the theoretical curve for flexural

ves in a free plate when L/H, exceeds 5. Although part of this disprepancy has been

counted for in the theory given, it is considered that a major contribution arises from

change in the elastic shear modulus of the asphalt with the frequency of the vibrations.

is effect is also considered to account for the remaining experimental results falling

low the lower branch of the theory.

A practical construction which is free from visco-elastic effects within the experi-
ntal range of frequencies is that of a concrete slab laid directly on soil or on a thick
anular base. The results shown in Figure 11 were obtained from experiments on a
ncrete slab, nominally 9 in. thick, laid on a well-compacted hoggin base 2 ft thick.

e theoretical curves shown in Figure 11 have been calculated from the following data:

1. The value of Y1, for concrete has been taken as 8, 350 ft/sec: this is fixed by
experimental results at about 60 ke/s (thatis, L =0. 139 ft).

2, Poisson'sratio for concrete has been taken as 0.25. This value was deduced
m Y: in conjunction with the compressional wave velocity a1, measured by an
asonic pulse method (2) at the surface of the slab.

3. The ratio of the densities of the hoggin to concrete was assumed to be 2:3.

An excellent fit with experimental results is given in Figure 11 when the thickness
assumed to be 9.5 in. Subsequently, two cores were drilled from the slab and indi-
ted thicknesses of 9. 55 in. at the center and 9. 85 near one corner.
, It will be seen from Figure 11 that the experimental results at wave lengths of 5.4
id 5. 65 ft deviated from the theoretical curve for flexural vibrations in a free plate.
his deviation is predicted by the theory given earlier and indicates that the phase
locity at these wave lengths is just above the velocity as of compressional waves in

hoggin (about 3, 000 ft/sec).

) Road Construction with a Surface and an Intermediate Layer

In the case to be considered below the nomenclature is as Figure 4 and the magnitudes
the phase velocities were as follows:

a1 > B1>az > BaxfPs
This particular problem was analyzed because of some very anomolous results ob-

ined in experiments on a section consisting of an asphalt surfacing 4 in. thick on a
nd base about 13 in. thick overlying clay. The experimental results are shown in
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Figure 12 in the form of the phase-velocity-wave length curve. Experimentally, the
measurements commenced at a frequency of 40 ¢/s and the frequency was increased
increments up to 13,750 c¢/s. At frequencies of 40, 70 and 90 ¢/s the phase velociti
were 460, 462 and 504 ft/sec as indicated on the lowest branch of Figure 12. A fur
increase of frequency to 120 c/s caused a very large increase in wave length and a
jump in the phase velocity to 2, 320 ft/sec. Subsequent increases in frequency to 36
¢/s produced decreasing phase velocities and gave rise to what will be called the int
mediate branch of the phase-velocity-wave length curve. Between 360 c¢/s and 460 ¢
there was another jump in phase velocity from 1, 150 to 2, 220 ft/sec followed by a d
crease to 1, 680 ft/sec when the frequency increased to 575 ¢/s. At frequencies hi
than 875 c/s, the results gave the well-defined upper branch.

The intermediate branch of the curve of Figure 12 bears a strong resemblance to
the dispersion of longitudinal waves in a liquid layer on a liquid substratum (6) and i
was considered that this branch represented longitudinal waves in a form of wave-gu
For this to be possible requires that the velocity of compressional waves in the sand
should be about 1,000 ft/sec and should be less than the velocity of compressional
waves in the clay (about 2, 300 ft/sec). Samples of the sand and clay were molded
into specimens suitable for test by the ultrasonic pulse method (2) and it was found t
the pulse velocities were consistent with these values. -

The theoretical analysis has been carried out treating the sand and clay as liqui
(Jones unpublished). The results of the analysis are therefore not applicable when
velocities become comparable with Ba or Bs but it is expected to apply to phase ve-|
locities which exceed Bz or s by 25 percent or more. Computations have been ma
for ratios of wave velocities and thicknesses consistent with the experimental cons
ction (thatis, a1 =2 Bi=4as=10a2, di=1.2ds =1.1ds, Ha:H, =3 and 4). Th
results are shown in Figure 13 and show clearly the various branches of the curve
found experimentally in Figure 12, Direct comparison between experimental and th
retical results is made in Figure 14 and it will be seen that the main deviations are
long wave lengths on the intermediate branch and at the long wave length (11.4 ft, 46
ft/sec) on the lowest branch. The deviations on the intermediate branch may be due
variations in the properties of the clay with depth or to the sand layer being thicker
than allowed for in the analysis. In practice, the sand layer had a thickness varying
from 9 to 23 in. over the 200 ft length of section and measurements were made over
length for which the nominal thickness was from 10 in. to 17 in. : this variation in thi
ness along the line of measurement may also have influenced the results. The phase
velocities along the lowest branch of the curve were becoming comparable with the
velocity of shear waves in the clay and sand so that deviations were to be expected
here because of the inadequency of the analysis.

The factors which can be positively identified from the experimental data are:

1. The velocity of shear waves in the asphalt at a frequency of about 30,000 c/s;
this enables the shear modulus of elasticity of the asphalt to be estimated.

2. The thickness of the asphalt layer.

3. The velocity of compressional waves in the sand.

In addition an estimate can be obtained of the velocity of compressional waves in t
clay.

One item of practical interest has been to deduce changes occurring in the propert]
of the subbase of this construction under traffic. It is the intermediate branch of the
phase-velocity-wave length relation which provides these data and experimental results
obtained initially and about 7 months and 13 months after the road was opened to traff
are shown in Figure 15. It will be seen that the value of a: increased from about 1,
to 1,450 ft/sec during the winter and spring while there was a further increase to abd
1,950 ft/sec during the summer. These increases were due to compaction of the san
subbase by the relatively high stresses generated below the thin construction. It is
interesting to observe that there was a greater incremental increase during the sumn
months when the effective elastic moduli of the surfacing were relatively low so that
the imposed stress was higher than in the colder periods of the year.
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Non-Destructive Testing of Pavements

A.A. MAXWELL, Chief, Flexible Pavement Branch, Soils Division, US Army
Engineer Waterways Experiment Station, Vicksburg, Mississippi

A vibratory-type machine was developed by the Royal Dutch
Shell Company, Amsterdam, Holland, for non-destructive
testing of pavements. This machine was made available to
the Corps of Engineers for about six months, during which
tests were made on pavements and unsurfaced soil areas.
For the greater part of the time the tests were under the
direct supervision of engineers from the Royal Dutch Shell
Company. Evaluations of the pavements can be made based
on two distinct principles. The machine can be made to
serve as a source of vibrations from 10 to 2,000 cycles per
second, and the wave velocity can be determined. The elastic
modulus of the pavement can then be established based on
accepted relationships between the velocity of the wave
propagations and elastic constants. A second approach is

a determination of the so-called stiffness factor, which is
the relationship between a dynamic load and the resulting
deflection of the pavement surface under a circular loaded
area. This paper presents typical results obtained with

the machine,

@ THE SHELL ROAD vibration machine was developed at the Shell Laboratories in
Amsterdam, Holland. The U.S. Air Force made arrangements with Shell for the us
of the machine, and it was brought to this country in April 1958. The machine has
been used at the Corps of Engineers' Rigid Pavement Laboratory in Cincinnati, Ohio,
the Flexible Pavement Laboratory in Vicksburg, Miss., and the Columbus Air Force
Base, Miss. William Heukelom and Theodorus W. Niesman accompanied the machin
Niesman returned to Amsterdam as soon as an operator had been trained, but Heukel
remained throughout most of the test program. Thus, almost all the tests were made
under the supervision of Heukelom. Tests were made on three occasions at Columbu:
AFB by Corps personnel after Heukelom's departure for Holland. After completion o
the tests at Columbus AFB, the machine was transferred to the custody of the Trans-
portation Corps for use on the AASHO Test Road.

SHELL ROAD VIBRATION MACHINE

This paper presents the results of tests made with the Shell road vibration machin
which furnish some measure of the accuracy of the method and some indications of it
potential usefulness and limitations. The machine and the method of operation have
been described fully in the papers in the list of references, and only the basic elemen
will be discussed in this paper.

Two quantities are measured with this machine, the "'stiffness modulus" and the
velocity of waves over a wide range of frequencies. The stiffness modulus is defined
as the ratio of a dynamic load and the resulting deflection. It is expressed in kilogra:
per centimeter or tons per inch and is therefore similar to a spring constant, |

The machine can be operated so as to induce vibration over a range of frequencies
of about 5 to 2,000 cycles per second. Vibrations with frequencies of 5 to 60 cycles
per second are produced by counter rotating eccentric weights powered by a gasoline
engine. This vibrating mass is attached to a 30-cm-diameter circular plate and rest
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the pavement surface. Forces up to about 4 tons can be applied with this low fre-
ency unit. This unit is used to determine the stiffness modulus as well as a source
low frequency waves which are required for other purposes.

Vibrations at frequencies of 40 to 2,000 cycles per second are induced by a high
equency electromagnetic vibrator. This unit is used solely as a wave source, as the
rces developed are too small to determine the stiffness modulus.

VELOCITY MEASUREMENTS

In operation, a probe or pickup is placed on the ground or pavement surface at a
own distance from the source of vibrations. This pickup is wired through an oscillo-
ope on which the wave form can be viewed. Further, a phase mark is superimposed

the wave so that the position of the pickup with respect to the crest and troughs of
e wave at the point of generation is immediately apparent. The distance between the
ckup and the source of vibration is changed a little at a time until the phase mark
pears exactly at the crest or trough of a wave. The distance is recorded and is then
creased until the phase mark appears at the next trough (one-half the wave length) or
est (one wave length). Thus, the wave length is determined directly. Knowing the
equency of vibration and the wave length, the velocity is given by the relation

V =Ln
which
V = velocity in meters per second,
L = length in meters, and
n = frequency.

sually, the probe is operated over a distance of several wave lengths, and distance

om the source is plotted against number of wave lengths. The slope of the line de-

ed by these points is the wave length. This method gives greater accuracy than the

easurement of a single wave length.

Questions have been raised by several investigators as to the type of waves generated.

ey are generally thought to be shear waves, although the occurrence of Rayleigh or

ther type waves is possible. The difference in velocity of shear and Rayleigh waves
only a few percent and is not considered significant in this type of work. The veloc-

y of propagation of shear waves in a medium is related to the modulus of elasticity

d Poisson's ratio of the medium in accordance with the following classic equation:

v =‘/ 2
YT+p)

velocity,

Young's modulus,
acceleration of gravity,
unit weight, and
Poisson's ratio.

n which

F <R E<
i unn

king p as 0.5, squaring, and transposing gives

E =3 y2
g
he shear modulus G can be computed from the relation
E =2(1+p)G

From the foregoing, it is apparent that the wave velocity V, the unit weight of the
oil Y, and Poisson's ratio must be known in order to compute the modulus of elasticity
The wave velocity is measured. The unit weight can be measured or in most cases
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with the road vibration machine have shown
that if the depth of travel is taken as one-
half the wave length, the results agree
remarkably well with known depths to the
various layers in a pavement structure,

Figure 1 illustrates typical test results.
It is a plot of E versus depth where the
depth is taken as one-half the wave length.
Each test point shown is based on a wave
velocity measurement at a different fre-
quency of vibration. The test point at the
greatest depth was determined at a fre-
quency of 60 cycles per second. The fre-
quency was increased by steps up to 2,000
cycles per second.

The evaluation of a pavement structure
is greatly facilitated if the subsurface
materials can be separated into layers
and specific properties assigned to these
layers. It can be noted that lines have
been drawn through the test points on Fig-
ure 1 with this end in view. It is neces-
sary to determine the E-value of bitumi-

estimated as a small variation has little
effect on E. Poisson's ratio p is proba
bly more nearly 0.40 to 0. 45, but, as wi
unit weight, small differences do notgr
affect the results.

In practice, the elastic moduli deter-
mined as outlined here are plotted aga
depth. It is known that waves induced by
low frequency vibrations (long wave len
travel at relatively great depths, while
waves induced by higher frequency vibra
tions (shorter wave length) travel at re-
latively shallow depths. Results of tests
by the Royal Dutch Shell Company engine
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nous surface layers by laboratory methods. This determination was not made and no
values are shown. A value of 1,900 is shown for the layer beneath the pavement to a
depth of about 0.25 m. At this depth, the E-value increases to 2, 700 and then shows
with increasing depth a gradual decrease to about 1, 300. |
The data shown in Figure 1 are the results of measurements taken at a small munic
pal airport by Shell Oil Company personnel who had no knowledge of the subsurface ¢
ditions at the time the test was conducted. Figure 1 also shows a section showing the
actual construction at this site. The bituminous pavement surface consists of 1% in.
of sand asphalt with about a % - in. surface treatment. Below this is a 9 in. base of
plastic clay gravel. The surface of the natural ground, a sandy silt, was compacted
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prior to placement of the base course. The
subsurface soils were not tested by conven-
tional methods at the time of the vibration
tests; however, it is known from pavement
performance and from several series of
earlier tests that the plastic clay gravel
now has a high water content and a relativ-
ely low strength. It is considered that in
this particular case, the results of the vi-
bration tests agree satisfactorily withknown
relative strengths and depths to the sub-
surface layers.

Some idea of the capability of this method
of exploration to resolve the subsurface
properties adequately can be gained by an
examination of Figure 2. Wave velocities
are plotted against depth. Curve 1 was
obtained from a test made May 8, 19568, at
which time the surface was at point No. 1
on the log. The other curves were obtained
from tests made after the addition of 11 in.
of base course material and after construc-
tion of a 2 % - in. bituminous binder course.
Obviously the curves are not coincident,
but it should be remembered that the data
were taken over a period from May 8 to
August 27 as noted in Figure 2. It is sus-
pected, and some supporting evidence is
available, that a wetting and drying took
place between May and August which may
account for the differences occurring at
the 40- to 60-in. depth interval. Evenwith

o0 attempt to correct for such a possibility, the velocity values in the deeper layers
fore and after the addition of other layers at the surface are in good agreement.
Figure 3 shows that it is sometimes possible to detect changes in properties of the
ubsoil by means of velocity measurements. In this case, a portion of silty clay sub-
ade constructed under controlled conditions was subjected to traffic and other portions
ere not. These data show the increase in E-value caused by the effects of traffic.
ta were also obtained from conventional soil tests made at depths of 2, 8, and 14 in.
trafficked and untrafficked areas and are given in Table 1 together with the E-value

letermined from vibration measurements.

TABLE 1
Before Traffic After Traffic
J epth Water Water
(in.) Y Content (%) CBR _E Y  Content (%) CBR __E
2 108.7 13.8 41 - 110.2 10.6 70 -
8 107.6 13.2 44 2,600 108.5 11.8 68 4,100
14 105.5 12.1 36 2,600 106.3 12.3 38 2, 500

Atadepth of 8in., traffic causedthe CBR value to increase from 44 to 68, an increase

55 percent. Referring to Figure 3, it can be seen that the E-value at the 8-in. depth,
etermined from vibration measurements, increased from about 2, 600 to about 4, 100,

increase of 58 percent. It should also be noted that at a depth of 14 in., both CBR

d E-values indicate that little or no change occurred.
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When S cos ¢ is plotted against a function of the square of the frequency, a straight
line through the experimental points intersects the S cos ¢ axis at a value R which is
called the elastic stiffness. Figure 4 shows such a plot. The data shown in this figure
were obtained from tests made at the same location as the velocity measurements show
in Figure 1.

Returning now to Figure 1, it will be recalled that E-moduli of 1,900, 2,700, and
1, 300 kg/cm® were found for the 9-in. base course, the compacted subgrade, and the
deep soil, respectively, but that the E-modulus of the bituminous pavement was not
determined. If this value was known, the elastic stiffness R of the entire system coul¢
be computed and this would permit a check on the R value determined as shown in
Figure 4. The E-modulus of a bituminous pavement depends on the bitumen content,
penetration value of the bitumen, temperature at the time of test, and rate of loading.
Nijboer and others have developed theoretical methods whereby the E-modulus can be
estimated, but a direct determination in the laboratory is much to be preferred. Fol-
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ing Nijboer's method, the E-modulus was estimated to be 7,000 kg/cm®. Using this
lue, and values for the underlying layers determined experimentally, R was computed
be 113 t/cm as compared with 116 t/cm determined from direct measurements. Too
uch significance cannot be given to the close check obtained in this particular case as
was necessary to estimate one of the one of the values used. The example was pre-
ented to illustrate that when all data are available, the determination of R by two dif-
rent methods is possible which provides a check on the work. It is also evident that
the E-modulus of the surface layer is not known and cannot be accurately estimated,
can be treated as the "unknown" and determined, knowing the E-modulus of theunder-
ing layers and the elastic stiffness of the whole system.

Several values of elastic stiffness in tons per centimeter, together with a brief de-
cription of the materials (to illustrate the range of values encountered) are given, as
pllows:

115-130 — unsurfaced, well-compacted, silty clay; CBR 40-60 percent.

160-170 — 5~ to 10-in. crushed gravel over 24-in. clay gravel.

170-180 — 10- to 12-in. crushed gravel and slag over 10-in. sand gravel
over clay-gravel subgrade.

200-210 — % -in. bituminous surface over 10- to 12-in. crushed gravel and
slag over 10-in. sand gravel over clay-gravel subgrade.

250-400 — Heavy-duty airfield flexible pavement.

POTENTIAL USES

The material in this paper has been restricted to essentially a presentation of ex-
imples of the type of data obtained directly with the Shell road vibration machine and
he initial treatment of these data. A study of the references will show that many uses
an be made of these data. For example, actual deflections measured under given
pads can be related to deflections to be expected under vehicles or aircraft of similar
oadings. Also, with measured deflections, strains can be computed which can in turn
je compared with strength available. Such uses involve assumptions and theories be-
ond the scope of this paper.

It appears highly probable that useful relations can be developed between the values
letermined from vibratory measurements and the conventional values used in design
ind evaluations, such as unconfined compressive strength, subgrade modulus (K, from
plate bearing tests), density, CBR, and others. To establish such relationships, it is
1ecessary to make the vibration measurements at locations where complete information
n the subsurface conditions at the time of test is available.

The Shell road vibration machine has been used for sometime in Europe with consid-
rable success. The Waterways Experiment Station had the use of the machine for
bout six months and based on the observations during that period, it is believed the
nachine has immediate application in the evaluation of airfield pavements. The machine
5 usually operated by a crew of three men; however, a fourth man is desirable when
he test data are to be reduced in the field for immediate use. In a normal working day,
\ four-man crew can determine the stiffness moduli of the pavement at four locations.
rhese determinations will show relative over-all strength and will permit definition of
'weak" and "strong" areas. After stiffness moduli have been determined, velocity
neasurements can be made at selected locations dependent on the particular problem
nd information on the strengths of individual subsurface layers obtained to supplement
he stiffness measurements. While proven methods are not presently available to relate
esults obtained with this machine directly to bearing capacity or performance, data
btained from satisfactory and unsatisfactory areas would permit an estimate of perform-
1 ce. It also appears highly probable that periodic measurements would provide use-
ul information on the seasonal changes taking place in a pavement structure such as
etting and drying or feezing or thawing.
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Non-Dimensional Approach to the Static and
ibratory Loading of Footings

. L. KONDNER and R.J. KRIZEK, respectively, Instructor of Civil Engineering, The

ohns Hopkins University, Baltimore, Md.; and formerly Research Assistant, The
hns Hopkins University, presently Instructor of Civil Engineering, The University
Maryland, College Park

An investigation of the surface deformations of rigid footings

on homogeneous, cohesive soils under vertical static and vi-
bratory loadings which is based on the methods of dimensional
analysis in conjunction with small-scale model studies is re-
ported. The physical quantities included are the strength and
energy dissipation characteristics of the soil, the geometry of
the footing, the magnitude of the static and dynamic loading,

and the effects of frequency and amplitude of vibration. Practi-
cal illustrative examples are worked using the methods and data
reported in this paper and the solutions are compared with those
obtained for the conventional methods given by Housel, Kogler
and Scheidig, and numerous authors in the field of soil mechanics.

THE BASIC PURPOSE of this paper is to report the results obtained from a small-
cale laboratory investigation of the vertical static and vibratory loading of frictionless
igid footings on the surface of a homogeneous cohesive soil. Because the study is

sed on the methods of dimensional analysis and the results are presented in non-di-

ensjonal form, the results can be expected to hold for similar full-scale studies, pro-
ided all of the important variables have been included in the dimensional analysis and

ere is similitude between the corresponding non-dimensional parameters of the model
nd prototype. Thus, the seemingly impossible task of modeling is avoided. It must
e recalled that dimensional analysis and model analysis are quite different, with di-
ensional analysis being a much more powerful and fundamental tool. Because of the
omplexity of soil as a structural material and the difficulty of soil problems in general,
t is felt that a more extensive use of the methods of dimensional analysis will contri-
ute to the field of soil mechanics.

Although some quantitative results are given, the results presented in this paperare
n1tended to be qualitative indications of the possible results obtained using dimensional
nalysis as an experimental guide in problems in soil mechanics, The methods of di-
| ensional analysis have been very successful in the field of hydraulics but their use in
0il mechanics has been very limited, possibly because of the influence of boundary
onditions, the water table, and the non-homogeneity and stratification of soils. The
ienior author intends to extend the present study to include the effects of stratification,
ccentricity of loading, friction between the footing and the soil, single impulse load-

L g, and the influence of a rigid ledge below the soil mass for both cohesionless and
ohesive soils. It is felt that these difficult conditions can also be handled with the
nethods of dimensional analysis,

THEORETICAL CONSIDERATIONS

The methods of dimensional analysis as used to determine relationships among
hysical quantities which can be related by an equation are illustrated in a detailed
er in a companion paper by Kondner (_1_2) on the static and vibratory cutting and
netration of soils.
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The following physical quantities using the force-length-time system of fundamenta
units have been selected for use in the dimensional analysis:

sinkage (contact deformation or surface settlement), L;
time, T;

total applied force, F;

static force, F; _

forcing frequency, T *;

natural frequency, T ';

maximum unconfined compressive strength of the soil, FL™?;
viscosity of soil, FL™ *T;

mass density of soil, FL *T?;

acceleration of gravity, LT ?;

cross-sectional area of footing, L?;

perimeter of footing, L; and

amplitude of vibration, L.

uA
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A discussion of the foregoing physical quantities is included in the paper previously
mentioned (12).

Since there are 13 physical quantities and 3 fundamental units, there must be 10
independent, non-dimensional w terms. These 7 terms can be methodically obtaine
by choosing three physical quantities, which contain all three fundamental units and
cannot be formed into a 7 term by themselves (for example, Fp, @ , and T ), and
combining them with each of the remaining quantities, one at a time.

There is nothing unique about the form of the non-dimensional terms obtained; hen
it is possible to algebraically transform them so long as the final w terms are non-
dimensional and independent. Because of the great difficulty in experimentally deter-
mining the exact nature of the function F, the 7 terms obtained, by the method indi-
cated, were algebraically manipulated into the following non-dimensional parameters.
In this study the sinkage (x) is considered the dependent variable and hence occurs in
only one  term.
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The functional relationship among the various physical quantities can therefore be
expressed as

F F F
x=c@ __T_Tgi;@gc_w_wwthPVTT @

The interpretations of the non-dimensional terms are similar to those given by the
senior author for the static and vibratory cutting and penetration of cohesive soils (1_2
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dropping from the study the 7 terms containing p and p (12), Eq. 2 can be reduced
o the form

Fp Fr ¢
x = c¢, (F_s’ T‘r,-%’%l%l %” wt) (3)

hich is assumed to have a solution in an eight-dimensional space.

Although the natural frequency has been dropped from the functional relationship, it
ill be discussed qualitatively later in the paper. When comparing the relationship
etween any two w terms, the remaining w terms must not be forgotten. It must be
oted that it is the value of the 7 term that is important and not its individual parts.

us, the value x/c should be unique for constant fixed values of w1 although the indi-
idual physical quantities composing the ™ terms may change.

EXPERIMENTAL APPARATUS

Model Footings

The model footings used in the studyare
shown in Figures 1 and 2. They include a
set of six circular footings of various diam-
eters, a square footing, four rectangular
footings, and a special footing in the form
of a symmetric cross. The circular foot-
ings have cross-sectional areas of 0.5, 1.0,
1.5,) 2.0, 2.5and 3.0 sq in. and a value

D of ¢*/A equalto4T which is a constant for
all circular footings and the geometric
minimum value for ¢*/A. The square foot-
ing has a cross-sectional area of 2 sq in.

2@ and a value of c*/a equal to 16 which is a
== 47T constant for all square footings. The rec-
A tangular footings and the cross-shaped

footing all have constant cross-sectional
areas of 2 sq in. but have variable values

, 2 of c*/A as shown in Figure 2. All of the
inches | inches inches model footings are made of aluminum and
D A C have a polished finish.

Static Test Apparatus

The two types of static test apparatus
0.79 0.5 2.48 used are shgywn in schematic form in
Figures 3 and 4. As shown in Figure 3,
L3 1.O 3.55 the static weight is applied to the footing
i through a ball bearing with the use of a
lever system consisting of a rigid arm
.38 1.5 434 pivoted at point e.
The apparatus in Figure 4 operates as
follows. The load is applied to the footing
.59 | 2.0 5.00 through a ball bearing and a shatt by plac-
ing weights on the loading platform. The
shaft is free to move vertically in the
.78 2.5 559 guides. The sinkage is measured with an
indicator dial.

.95 3.0 6.13

Vibratory Test Apparatus

The vibratory test apparatus is schemat-
Figure 1. Circular footings. ically shown in Figure 5. The load is ap-
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Footing c A plied to the footing through a ball bearing
j and a solid shaft which is connected in
Lea"

series with a dynamometer and static
566 20 16 weights both of which are attached to the
T moving coil of the electro-magnetic ex-
citer. When the shaft is not bearing on
:[ the footing, the weight acting on the movin
113"

coil is transferred by small, leaf springs
580 20 16e to the field coil which is suspended on the
T guide track by counter weights. By use of
the adjustment reel the shaft is brought to
bear on the footing. The position reel is
jloo. used to raise or lower the exciter along
) 600 2.0 I8 the guide track in order to maintain an
average relative displacement of zero be-
tween the field coil and the equilibrium
position of the moving coil and thus a con-
. stant resultant static force. The output of
:I° e the exciter used was limited to a maximu
e 683 20 234 gjnusoidal dynamic force amplitude of 10
1b for a frequency range of 20 to 60 cycles
per second.
[ “To.s0" Static and dynamic forces are measure
by the electric dynamometer whose respo
900 20 405 js amplified and viewed on a cathode-ray
oscilloscope. The amplitude of vibration
is measured with a piezoelectric crystal-
type accelerometer and a vibration meter
calibrated to read in micro-inches. The
sinkage of the footing is measured by mea
of an indicator dial calibrated in thousand
of an inch with a range of 1 in,

165 2.0 136

Fi 2., Footings of constant area and
B B e e imaten: MATERIAL TESTED
The soil used to date in this investigati
is a Jordan buff clay obtained from the
United Clay Mines Corporation. It is mined on US 40 approximately 6 miles north of
Baltimore at Popular, Maryland. The deposit is a part of the Patapsco formation of

the Potomac group which is of the lower Cretaceous period. The characteristics of th
clay are as follows:

Liquid limit 2%

Plastic limit 21%

Plasticity index 21%

Specific gravity 2.68

Optimum moisture content 15%

Maximum dry density 114 pcf
(Modified AASHO)

Test samples were prepared to approximately the desired unconfined compressive
strengths by a compaction process using moisture-density-strength relationships pre-
viously obtained (11).

EXPERIMENTAL RESULTS
Static Tests

Since this was the first time, to the authors' knowledge, that small-scale model
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studies in conjunction with the methods of
dimensional analysis had been used to
investigate the loading of frictionless and
rigid footings on the surface of a homoge-
neous cohesive soil, it was decided to first
conduct experiments with only static load-
ings. Egs. 1 and 3 show that the static
load-sinkage relation can be expressed in

the form
a loading platform e pivot
b ;tnic weights f l‘wl:‘ioint 2
: l:::reu::: dial g .:‘1’1 sguple 'q; " — c Tt (4)
AT ) ’ 11
Figure 3. Schematic dlagram of static
apparstus.

The non-dimensional term Tt/M was
obtained from Eq. 1 by dividing a7 by me.
Thus, Eq. 4 includes time effects which are known to be of great practical consequence.
Those persons familiar with the use of rheological models in the field of high polymers
ill recognize the term /7 as being proportional to the relaxationtime for a Maxwell
aterial and as being proportional to the retardation time of a Kelvin material. Thus,
the non-dimensional term Tt/m controls the rate of sinkage in a static test. The present
tate of development of the field of soil mechanics is such that very little in a quantitative
manner can be done with this term., The senior author has recently initiated an extensive
research program into the static and dynamic viscoelastic properties of soils and is
hopeﬁzl t;xat considerable progress can soon be made in stress-strain-time phenomena in
soils (11).

Pressure Intensity, Soil Strength and Shape Effects. — To illustrate the convergent
nature of the non-dimensional form of presenting the experimental data, load-sinkage
tests were conducted on a very soft sample using circular footings. The effects of the
cross-sectional area on the sinkage of
footings was evaluated by using different
values of A while maintaining a constant
value of ¢2/A. For circular footings of
any diameter the value of c?/A is equal
to 4w. Thus, such tests will give the -

=N
relationship between the de Pendent vari- 10
able (x/c) and Fp/A~ for c¢*/A =4w. . $=[

loading platform
static weights
pointer
penetration scale
indicator dial
shaft

guides

ball joint
footing

soil sample

Figure 6 is a conventional plot of the
load-sinkage data for the aforementioned
tests. The same data are plotted in the g
non-dimensional form of x/c versus 2:1
Fp/A7 in Figure 7. It is important to
note that the rate of loading for all of
these tests was 1 kg per min with sink- . 9 9
age readings being taken at the end of the 7
1 min intervals. Although the load ap-
plication rate was constant, the rate of
stress application was not constant be-
cause of the difference in cross-sectional
area. The senior author's recent work
in stress perturbations about various
stress levels indicates that the viscous
response of the soil being studied is a
function of the stress level; thus, the TITTIFIIITTTIITIITTTTTTTT
viscous nature of the soil is non-Newtonian

d the time effects should be different Figure 4. Schematic diagram of static
apparatus.

xerdmeSo TR

=
L
b4

k

177/ AT FTIIIT




42

for the different footings. This means
that to obtain a unique relationship betwee
x/c and Fp/AT a constant value of Tt/q

would have been required for all of these
tests. Theoretically, this could have bee
done by varying the loading rate for each
test either by varying the load interval or
by changing the time interval of loading.

u Unfortunately, the field of soil mechanics
has not yet reached a state of developmen
where such loading rates can be predicted
It may be that a reverse process could be
used to investigate such viscous phenome
Thus, the "scatter' in Figure 7 is probab
due to viscous effects as well as experi-

° [ mental error.
. e [° Theoretically, the same curve of x/c
versus Fp/AT could be obtained by vary
77 the value of T for any one of the circular

pos{tion reel field coil

‘Ill:
4w

a . N Tt

b vibration meter 1 Teot springs footings provided the remaining w terms

¢ exciter power supply, oscillator 1 moving coil M

d smplifier n electro-mgnetic exciter  Are kept constant and equal to their values

e dual channel oscillescope n dynamometer s = .

f con;:la: b:ll(nnce welght for exciter ° {oﬁinq 1n the preVIOuS teStS. Figure 8 18 the re-
uide tra a olnt s

‘.:. Secelerometer § ndlchtor dfals sult of such tests conducted on a stiff sam

r

static weights soil sample

ple using the same loading rate as in the
Figure 5. Schematic diagram of vibratory Previous tests. Once again variations in
apparatus. the term T t/n seem to prevent a complet
agreement with the results of Figure 7.
If term Tt/n had been kept constant in
the foregoing tests, the results obtained
would have been expected to hold in the field. For circular cross-sections the only
field data that was located is that reported (4) on the presentation of rigid plate bearing
test data. Load versus sinkage data of subgrade for plate diameters ranging from 1 to
T ft (4 Tables 3 and 5) have been plotted in non-dimensional form in Figure 9. The
value of the unconfined compressive strength which was used was estimated froman-
other paper connected with the same study (5). Figure 9 shows a surprisingly small
amount of scatter for the wide range of plate sizes and pressures used. When compar
with Figures 7 and 8, the best agreement is obtained with Figure 8. The results given
in Figure 8 were obtained for a "'stiff" soil sample having an unconfined compressive
strength closer to that of the field tests. Therefore the viscous effects are less when
comparing Figures 8 and 9 than when comparing Figures 7 and 9. The generally good
agreement obtained from the non-dimensional plots for the wide range of cross-section:
areas, soil strengths and applied loads seems very encouragi

To obtain the variation of the sinkage (x/c) as a function of c*/A, a series of tests
were conducted on footings of equal cross-sectional area but with different values of
c®/A for soil samples having approximately the same unconfined compressive strengths
The range of c*/A tested was from the geometrical minimum of 4wfor circular footings
to a value of 136 for the cross-shaped footing of Figure 2. The results of these tests
are given in Figures 10 and 11. Figure 10 isa plot of x/c versus FT/AT for various
values of ¢®/A. Figure 11 is a plot of x/c versus ¢*/A for various values of Fq/AT.
For a constant value of /AT, the sinkage parameter (x/c) increases as c'/A decreas
es. Thus, for a constant cross-sectional area, a circular-shaped footing has the most
undesirable sinkage characteristics.

The results of Figures 7, 8, 9, 10, and 11 are in agreement with the observations
on size effects reported by Taylor (15) and Tschebotarioff (18).

It must be recalled that the foregoing data were obtained from carefully controlled
tests on homogeneous cohesive soil in which any eccentricities of loading were care-
fully avoided. Thus, the failure mechanism was such that failure occurred by a grad
sinkage without any tipping of the footing. In actual field studies the soil deposit may
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Figure 6. Sinkage versus load: circular footings.

10t be homogeneous and the accentricities may be considerable, thus inducing
lifferent failure mechanisms for different cross-sectional shapes of constant

rea. There are two different phenomena to be considered; namely, the sinkage char-
cteristics as indicated by Figure 11 and the stability characteristics which may be a
unction of the homogeneity of the cohesive soil and both the shape of the footing and
he magnitude of the load eccentricity.

Load History and Creep Effects. — To get some qualitative indication of the impor-
ance of time effects on the study, a series of load history and creep tests were con-
lucted on soft samples using a circular footing with a cross-sectional area of 2 sq in.
The selection of a circular footing and a soft soil was to accentuate viscous effects
hrough large sinkages and to increase stability against tipping of the footing.

The results of the creep tests for various stress levels are given in Figure 12 in
he form of x/c versus t. Since the ratio of /% is approximately constant for any one
reep test but not for different creep stress levels (non-Newtonian effects), the time t

approximately proportional to the non-dimensional term Tt/n. Thus Figure 12 can
e considered as giving in a qualitative manner the variation of x/c with Tt/q for dif-
rent values of Fp/ATand a constant value of ¢*/A =4,

The slopes of these curves for various stress levels at constant times are an indica-
on of the manner in which the strain rate varies as a function of the applied stress
vel. This indicates that the strain rate increases with the increase in stress level

a non-linear manner. Thus, the viscous response is non-Newtonian. The rate at
hich the strain rate is increasing with increase in stress level indicates a quasi- Bing-
m behavior (Fig. 13) for the soil being studied, This agrees with the senior author's
eliminary results on the dynamic viscoelastic properties of the clay in question as
ported to the U.S. Army, Corps of Engineers (11).
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Figure 7. Non-dimensional plot for circular footings of x/c versus FT/A T.

Figure 13 illustrates several kinds of viscous behavior. A Newtonian material has
a linear relationship (from the origin) between stress and strain rate while non-Newto:
ian is any other curve. Bingham response is also linear but flow does not develop un:
til a yield stress is reached. Note that the linear relationships mean a constant viscos
ity. The actual response of the soil considered is non-linear and each stress level is
associated with a different viscosity.

The results of the tests conducted with different load histories are shown in Figure
14, The loading sequences used for these tests were 0.5 kg per min, 1.0 kg per 2 mi
2.0 kg per 4 min, and 4.0 kg per 8 min. Thus, for all of the tests, the average load-
ing rate was 0.5 kg per min and the average rate at which the applied stress was being
increased was 0. 55 psi per min. A comparison of the values of x/c for times of 8 mir
and 16 min shows an increase in x/c for an increase in the loading sequence. A check
of the unconfined compressive strengths showed that the larger load sequences were
run on soils with slightly lower values of T and consequently lower values of . Sinc
the applied stresses were equal at these times and the viscosity is lower for the large
load sequences, the strains for the larger load sequences should be greater. This
agrees with the larger values of x/c for the larger load sequences even though the
average rate of stress increase was constant.

Although this study is primarily concerned with the rheologic characteristics (re-
ferred to by many as plastic, viscous, or secondary time effects) and not with "cons
dation" phenomena, the results of this section agree with those obtained for consoli
studies. For the so0il tested the smaller increments of load and hence the correspon
ingly larger number of increments gave smaller surface deformations. When the loa,
is applied gradually the soil skeleton has time to reorient itself and hence to develop
a greater resistance to the next increment of load than would be the case if a larger

increment of load was applied.
The different results given in Figures 7, 8, 9, 12 and 14 can be reconciled by re-

calling that variations in 7 and the applied stress FT/A cause different changes in 1
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Figure 8. Non-dimensional plot for circular footings of x/c versus FT/AT.

and that the various rates of stress application mean that different values of time should
be used. Therefore the relationship between (x/c) and F/AT for different size foot-
ings under different rates of stress application on cohesive soils having various uncon-
fined compressive strengths will not be a unique relation until the non-dimensional
parameters c’/A andTt/q or its equivalent expression Fqt/an are maintained constant.

Practical Applications

The authors believe that the methods of dimensional analysis offer considerable
promise in the transformation from model studies to prototype response. Toillustrate
some of the possible applications of the results presented, several practical problems
are solved using the methods presented and the solutions are compared with the solu-
tions obtained using conventional methods of analysis. In this section the viscous ef-
fects expressed by the term Tt/ are neglected and it is assumed that Figures 10 and
10-a can be used to obtain the surface deformations under a rigid footing of a homog-
neous, cohesive clay mass of any consistency as a function of the total applied verti-
al load regardless of the cross-sectional area of the footing for a variety of cross-
ection shapes. Figure 10-a is an enlarged detailed plot of the experimental data near
e origin in Figure 10 for square footings.

Specific Problems. — Example A: Comparison with the Housel Method. The follow-
g example is taken from Andersen (1, p. 81). It is desired to design a square footing
o transmit a load of 94 kips to a cohesive soil without exceeding a settlement of % in.

o tests are made with bearing areas of 1 ft by 1 ft and 2 ft by 2 ft; they give settle-
ents of % in. for loads of 7,600 and 20, 800 b, respectively.

The solution by the Housel method gives the desired footing having a side length
ual to 5 ft.
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Figure 9. Non-dimensional plot of field data: x/c versus FT/A Te

Using the non-dimensional method as expressed in Figure 10-a, the solution is as
follows:
For the 1- by 1-ft test plate

Fr 17600

T _ 0.5
Ar - It

35 - 0.01042

and X -
c

Entering Figure 10-a with x/c = 0,01042, one obtains a value of Fp/AT=0,614. The

value of T is obtained by equating the two values of FT/A'r. Inasmuch as the T for the

test plate and the footing is the same, this value is then substituted into the prototype
expression and

Fr _94,000x0.614 _ 7.6
At 7, 600b° 1

»lo
col*
o

and _x_ =
Cc

With the use of Figure 10-a the solution of the two equations is easily obtained by
trial and error to be b =4,93 ft.

The same process can be used for the 2- by 2-ft test plate to obtain a solution of
b =5.01 ft.

The non-dimensional method required the data from only one load test. The agree-
ment between the Housel and the non-dimensional method is excellent.

Example B: Comparison with the Housel Method. A second problem was selected
from Andersen (1, p. 85, No. 4).

1t is desired to des1gn a square footing to transmit 328 kips to a cohesive soil with
out exceeding a settlement of Y4 in. Two tests are made with bearing areas of 1 ft by
1ftand 2 ft 3 in. by 2 ft 3 in. They gave 7 in. settlements for 7,600 lb and 25,000 1
respectively.
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Figure 10-a. Non-dimensional plot for square footings.
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Figure 11. Non-dimensional plot of x/c versus c2/A for constent values of Fp/AT.

The solution by the Housel method is b = 10 ft and by the non-dimensional method,
as previously illustrated, is approximately 10.4 ft. The agreement for this example
is also fairly good.

Example C: Proportioning Footings to Prevent Differential Settlement. The founda-
tion designer is frequently required to design spread footings for a structure such that
harmful differential settlements are prevented. It is well known that footings of dif-
ferent sizes will settle unequally even though they carry the same unit pressure intens:
The following problem is taken from Andersen (1, p. 84) where it is solved by the mett
of Kogler and Scheidig.

It is desired to find the square contact areas for three single footings carrying,
respectively, 36, 48, and 72 kips. The compressible layer in which the footings are
resting extends 6 ft below the contact areas. It is assumed that a square footing of
9 sq ft will be used for the load of 36 kips and the other footings will be proportioned s
that the final deflections will be approximately equal for the three loads.

The solutions given by Andersen using the Kogler and Scheidig method are

b =3 ft for the 36-kip load,
b = 3.66 ft for the 48-kip load, and
b =4.92 ft for the 72-kip load.

The solution obtained using the non-dimensional method is as follows. Because a
three footings are on the same soil and the settlements are to be equal, the soil prop
erties should not affect the solution. The 3-ft by 3-ft footing carrying the 36-kip loa
will be used in the same manner as the test plates in Examples A and B. Inasmuch a
the settlement of the 3-ft by 3-ft footing is unknown, a value may be assumed (for ex
ample % in.).

Fr _ 36000
AT T 9T

x _ 0.5 _
<1 - 0. 00347 and
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Figure 12. Static creep tests.

For x/c =0.00347 Figure 10-a gives Fp/AT = 0.37. Following the procedure of il-
lustrative Example A gives for the other two loading conditions

F
T _ 4.45 x _ 0.5 .
AT TR and < “1806 for the 48-kip load,
and
TT_ 86T g X - 05 o tne 72-kip load
At T c - 480 p load.

These two sets of equations can be solved by trial and error to give

b = 3.58 it for the 48-kip load, and
b = 4,56 ft for the 72-kip load.
The solutions were repeated using assumed settlements of 1 and 2 in. with the fol-
owing results:
For an assumed settlement of 1 in., b was equal to 3. 58 ft and 4. 67 ft for the 48-
ip and 72-kip loads, respectively, while b was 3. 66 ft and 4. 87 ft, respectively,
sing an assumed settlement of 2 in.
It must be noted that the Kogler and Scheidig method was developed to include the
epth of the soil to a rigid ledge. The senior author has not yet extended the non-di-
ensional method to include this condition although it should be done in the near future.
spite of this difficulty the largest discrepancy (assumed settlement of % in. for 72-
ip load) was only 7.3 percent. If one considers the location of the 10 percent pressure
1b as a function of the length of the side of the footing and with regard to the depth of
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Flgure 13. Bingham and gquasi-Bingham material.

the soil layer given, such a small percent error is to be expected for the 48-kip load
but a somewhat larger error would be expected for the 72-Kkip load.

Limited Generalizations. — The following are some generalizations obtained from
the non-dimensional method.

Non-Linear Case. For a constant cross-sectional shape and a constant value of
FT/A'r (that is, for a constant applied pressure and the same soil), a constant value
of x/c will be obtained regardless of the total load and the cross-sectional area, This
does not involve any assumption regarding the linearity of the load versus surface de-
formation relationship. Therefore, under these conditions

= constant =k.

e

For circular footings

X1 _ Xa_ X _d
7 "we T m & (5)

x
c

This agrees with observations attributed to Terzaghi by Andersen (1). For square
footings

x._ —_ — —— =
E—constant =ky = =7

or

X =% (6)
Xa
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Figure 14. ILoad history tests.

For rectangular footings

x IR T - X2
¢ -constant = ks =gp=—y = 5T a)

X _b 7
Xz ba @

which a is the ratio of the length to the width of the footing and is a constant for both
otings.

Linear Case. If one assumes an initially linear load versus settlement relationship,
8 numerous authors do (14, Fig. 5: 18-b, p. 128), then the relationship for Fp/AT
ersus x/c for a constant value of c®/A can be written as:

[_i_ﬂ_M - @ | (8)
=l Ll

which subscripts M and F refer to the model (test plate) and the prototype footing,
spectively. Note that for the linear assumption Eq. 8 can be used for any pressure
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Figure 15. Natural frequency versus unconfined compressive strength.

intensity Fp/A. The validity of the linear assumption is discussed later. For consta
pressure Fp/A and T =7F Eq. 8 reduces to Eqs. 5, 6 and 7 for circular, square, a
rectangular footings, respectively. Various forms of Eqs. 5, 6, and 7 are given inth
literature; for example, by Sowers and Sowers (14, Eq. 5: 12a, p. 129, and stated in
words by others p. 583).

Discussion of Linearity. The following example illustrates some of the possible
effects that the linearity assumption can have on the computed settlements.

A load test conducted on a clay with a 2- by 2-ft test plate gave a settlement of %
in. under a load of 12 kips. Estimate the surface settlement of an 8- by 8-ft rigid foo!
ing under a load of 128 kips.

It is important to note that the pressure intensities are 3 kips per sq ft and 2 kips
per sq ft for the bearing plate and the footing, respectively. A first order approxi
solution to this problem (which some people might use) would be to reduce the bearin
plate data to that for a pressure intensity of 2 kips per sq ft (the same as that of the
footing) by using the assumption of a linear relationship between the load and the surf]
settlement. Thus, for a pressure intensity of 2 kips per sq ft the bearing plate woul
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Figure 16, Natural frequency versus contact stress.

e assumed to give a surface settlement of % in. Now that the pressure intensitiesare

qual, Eq. 6 (1_4, Eq. 5: 12a, p. 129) could be used to obtain a prototype surface settle-
ent of 1.33 in.

With the linear assumption the non-dimensional method as expressed by Eq. 8 gives

12 0.5
4T _ _2x48
128 - X

64T 8§x48

x =1.33 in.
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For comparison the same problem will be solved by the non-dimensional method
without making the assumption of a linear load versus settlement curve. Neglecting
the time effects, Figure 10-a for square footings may be considered to hold for any
pressure intensity on a cohesive soil of any unconfined compressive strength.

From the load test data

Fr _ 12000
At 4T
and
x 06 _
= “Ix4zx13 - 0.00521

For a value of x/c = 0.00521, Figure 10-a gives

Fr
AT

12000
4T

= 0.433 =
Substituting for T in the prototype footing gives

Fr 128000 x 4 x 0.433

AT - 64 x 12000 = 0.2886

For

Fr
& = 0.2886

Figure 10-a gives
X - 0.00164
c
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Figure 18. Dynamic creep curve.

Therefore

x = 0.00164c =0.00164 x 4 x 12 x 8 = 0. 63 in.

which is only 47. 4 percent of the surface settlement estimated with the linear assump-
tion.

The reason for the smaller value of the surface settlement, as given by the non-di-
mensional data of Figure 10-a, when compared with that obtained for the linear assump-
tion, isasfollows. Thedatafrom the load testareactually only one point (point Q of Fig.
10-a) on the non-linear curve of Fp/AT versus x/c. The linear assumption gives a
straight line from the origin through point Q. Therefore, for pressure intensities less
than that of the load test the surface settlement predicted by Figure 10-a will be less
that obtained with the linear assumption, while for pressure intensities greater
that of the load test, the predicted values will be greater than those for the linear
ssumption.

Experimental evidence indicates considerable non-linear behavior in cohesive soils.
herefore considerable caution should be exercised in the use of linear approximations
nd it should be realized that such linear approximations are only valid over a limited
ange of variables. Such limitations are clearly pointed out in the literature. For ex-
mple, when writing on loading tests on cohesive soil Terzaghi (16) states "...we al-
ays find that the ratio between the settlement and the unit load increases with increas-
g load.” Terzaghi (16) also states, "the increase of the rate of settlement under high-
r loads is due to the fact that soils do not obey Hooke's law. "

Because of the great number of variables involved, numerous authors in the field
f soil mechanics have wisely expressed caution in the extrapolation of the results of
mall-scale loading tests to the surface settlements of prototype footings. The illustra-
ve examples given in this section seem to indicate that the use of non-dimensional
rameters obtained with the methods of dimensional analysis provide a rational basis
r the transformation from model studies to prototype response. Although the examples
ven show very good agreement with the methods of Housel, Kogler and Scheidig, and
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Figure 19. Semi-logarithm fit of dynemic creep data.

with some of the observations of Sowers, Taylor, Terzaghi, Tschebotarioff, Andersen,
Peck, Krynine and others, the authors must caution the would-be user that the work
reported in this paper is only the initial preliminary part of the study and much resear
is needed, particularly with regard to viscous effects, before any general quantitative
results can be expressed and used with confidence.

Vibratory Tests

The vibratory experimental results presented in this section are of a qualitative
nature only and no quantitative conclusions should be drawn until a more extensive
research program is conducted.

Natural Frequency Tests. — In the interpretation of the non-dimensional parameters
it was noted that the natural frequency of the soil-footing system is primarily a func-
tion of the magnitude and configuration of the equipment used and may be entirely dif-
ferent for model and prototype. Although the mechanical resonance of the system is
important, the present study is more concerned with the response of vibratory loaded
footings due to the basic frequency dependent properties of the soil. As a qualitative
indication of field response and as a basis of comparison with the data yet to be given,
the following information regarding the mechanical natural frequency is presented.
The variation of the natural frequency of a circular footing with a cross-sectionalare
of 2.5 sq in. under a constant static force for changes in the unconfined compressive
strength is given in Figure 15. The natural frequencies were obtained by measuring
the free vibrations of the system as a function of time when the footing system was
displaced from its equilibrium position by a small impulsive force. For the same so
type the natural frequency increases with an increase in the unconfined compressive
strength. Whether, for simplicity, one considers a linear or a non-linear (soft) soil
spring characteristic curve, the point value of the spring "constant" will increase wi
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an increase in the unconfined compressive
strength. Therefore the results of Figure
15 are to be expected. The results also
agree with the increase of the compressive
modulus with an increase in the compres-
sive strength (11).

Figure 16 shows the variation of the
natural frequency under different applied
stresses for the same footing used in the
foregoing on a hard sample (high T) and a
circular footing having area of 1.5 sq in.
on a soft sample.

Figure 17 shows the variation of the
natural frequency with the cross-sectional
area of the footing for constant soil contact
pressures on the same soil. The natural
frequency decreases as the contact area
increases. This agrees with the results

given by Tschebotarioff (18). Although the results of Figures 16 and 17 seem to indicate
a reduction in natural frequency because of an increase in the total oscillating mass,
the possibility also exists that the effective spring characteristics of the soil are non-
linear and also changing. Much additional research is required before any definite
conclusions can be made regarding the aforementioned variations.,

In addition to these results, it was found that the size of the bin used to hold the soil
for the model footing tests can affect the value of the natural frequency.

Time Effects. — Figure 18 is a typical curve of x/c versus wt and is actually a
dynamic creep test. Note the similarity between Figure 18 and the shape of curves in
Figure 12. The most consistent fit of such data was obtained by plotting log (a - x/X)
versus ot, as shown in Figure 19, where X is the ultimate sinkage and A is a constant.
Inasmuch as the resultant curve is approximately a straight line, the sinkage can be

expressed in the form

x=X(A-Be-"’swt) (9)

where B and S are the intercept and slope of the curve.
it may be possible to get A, B, S and X as functions of the other 7 terms.
such an ambitious test program has not been conducted.

R=0.67

R=025

\ . N L
ooz 20 40 33} 80 100
Lfw -4
ot " 10

Sinkage parameter
frequency parameter.,

Figure 21. versus

For a controlled set of tests

To date
st
R=10

ol

% s
R=067
2|
—— e ™ .R:025
0 —5 %0 50 1} 0o
%% n 10°*

Figure 22, Sinkage ratio versus fre-

quency parsmeter.



37Scpa

50 cps

I 20¢cpe
Zo
Ty
RS

X -
3 004

003 |

L 1 L [
002 050 o

1 y 1 A
5 078 100 o2s 050 075 100
Force Ratio R Force Rate R

0 02s

Figure 23. Sinksge parameter versus Figure 24, Sinkage ratio versus force
force ratio. ratio.

Amplitude Effects. — Figure 20 shows the variation of sinkage as a function of the
amplitude of vibration for the same footing, static contact pressure and soil with a
constant frequency of vibration at various values of wt. The exponential increase in
sinkage as a function of the amplitude agrees with the results obtained by the senior
author, Kondner (11), for the vibratory unconfined compression testing of the soil being
used. It must be remembered that the results of such a non-dimensional plot will
change with variations in soil type and strength characteristics, frequency of vibration
and magnitude of the stress level about which the stress perturbations are takingplace.

Frequency and Force Ratio Effects. — The variation of the sinkage parameter (x/c)
as a function of the frequency parameter (¢ w /gt) is presented in Figure 21 for differe
values of the force ratio R. The force ratio is the ratio of the dynamic to static con-
tact stresses and its relation to the s term is given by Eq. 1. These results were
obtained on a soft sample with a footing having a cross-sectional area of 1.5 sq in.
The total force (static plus maximum dynamic force amplitude) was kept constant for
these tests. Asabasis of comparison the natural frequencies of the footing for the
various static stress levels used in the experiments were found by the free vibration
method to be 63, 57, and 58 cycles per second for values of R =1.0, 0.67, and 0.25,
respectively. Figure 22 is a plot of the ratio of the dynamic sinkage to the static sink-
age xD/xs as a function of the frequency parameter for constant force (stress) ratios.
The variation of x/c and xp/xg as functions of the force ratio for various values of the
frequency are presented in Figures 23 and 24. These figures show that the sinkage
parameter, frequency term and the force ratio are all interrelated. Figure 21 shows
a decrease in the frequency of the peak response for an increase in the force ratio
while the natural freduency data show there should have been a slight increase in the
peak response frequency. Thus, the influence of the amplitude of the dynamic force ol
the peak response is an indication of non-linear spring and damping characteristics.

The non-linearity seems to increase with an increase in the magnitude of the dynam
force amplitude. When related to spring characteristics this indicates a "'soft spring"
response. This agrees with the results of the senior author's recent work on the dyna
mic viscoelastic properties of the soil in question (11).

Figures 21 through 24 show that the dynamic sinkage is not necessarily a mechani
resonance phenomenon but may also be a function of the frequency and stress level de
pendence of the soil properties. Although in many cases it is difficult to separate thei
effects, it is believed that the frequency and stress level dependence is more importa
in some cases than the mechanical resonance. Because of the limited power output o
the vibratory apparatus currently being used, a wider range of force ratios and fre-
quencies could not be studied.

FAILURE MECHANISM
The failure mechanism involved in the vibratory sinkage of rigid footings on homo
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yeneous, cohesive soils is similar to that given by the senior author for the vibratory
0 enetration of soils (12).

CONCLUSIONS

The method of dimensional analysis forms a rational basis for investigating the
5 inkage (surface settlement) of rigid footings on homogeneous cohesive soils under
static and vibratory loads. Such a basis greatly enhances the transformation from
n odel studies to prototype phenomena by avoiding the difficult task of model analysis.
Illustrative practical static problems have been solved using the non-dimensional
n ethod and the results were in very good agreement with the methods of analysis of
1 ousel, Kogler and Scheidig and with some of the published observations of Sowers,
Taylor, Terzaghi, Tschebotarioff, Andersen, Krynine and others.
Thus, the illustrative examples and the non-dimensional analysis of reported field
lata indicate that the static sinkage of rigid footings on homogeneous soils can be
ccurately predicted from x/c versus Fq/AT relations as functions of ¢c*/A, regardless
 { the combination of total applied force, shape of footing and unconfined compression
 trength of the soil. The accuracy of the method seems to be somewhat affected by
7iscous time effects. These viscous effects seem to be not only a function of the soil
> onsidered, but also a function of the stress level applied to the soil. An extension of
ome of the tests reported, in conjunction with other rheological experiments, might
ossibly be used to obtain quantitative information about such phenomena.
The influence of the cross-sectional shape of the footing seems to be adequately
‘aken into account in the non-dimensional method by the parameter c/A, where c is
he perimeter and A the cross-sectional area of the footing. Some generalizations for
elating the surface settlement and the size of footing have been obtained from the non-
imensional method and found to agree with those given by numerous authors. The
 enior author intends to extend the present study to include the effects of stratification,
' ccentricity of loading, friction between the footing and the soil, single impulse load-
ng, and the influence of a rigid ledge below the soil mass for both cohesionless and
 ohesive soils. It is felt that these difficult conditions can also be handled with the
methods of dimensional analysis.
The vibratory sinkage of footings is not only a function of the shape of the footing
t also a function of the amplitude and frequency of vibration, the ratio of the dynamic
tress to the static stress applied, and the dynamic viscosity of the soil. Although the
tural frequency of the soil-footing system is important, considerable sinkage can be
btained at frequencies other than the mechanical resonance. Such response is believed
0 be due to the frequency and stress level dependence of soil properties. Thus, the
inkage of footings under vibratory loading is a highly non-linear problem and consider-
ble investigation is needed before accurate predictions of field response can be made.
There is a necessity in the field of soil mechanics for more coordinated, compre-
ensive investigations of the rheological properties of soils both statically and dynami-
ally. A systematic investigation should be conducted to determine the effects of mois-
re content, grain size distribution, mineral content, and nature of the pore water on
e elasticity, anelasticity, creep and stress relaxation spectra, recovery behavior
d dynamic frequency response of both cohesive and non-cohesive soils. Such studies
ill indoubtedly lead to a better understanding of stress-strain-time effects and hence
more rational solutions to many of the problems facing the field of soil mechanics.
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Stresses Under Circular Flexible Foundations

H.S. GILLETTE, Soils Engineer, Fort Worth, Texas

This paper outlines a new simple, and convenient method of
computing stresses underneath uniformly loaded flexible
circular foundation of a definite given radius: (a) along the
vertical axis underneath the circular surface flexible founda-
tion; and (b) along horizontal plane at any outward distance

from the vertical axis at right angles to
the horizontal plane surface boundary.

it, and parallel to

@ EMPLOYING the geometrical dimensions outlined in Figure 1, and the original pre-
limenary assumptions of Boussinesq (1) for point loads, Love (2) developed the basic
differential equations for the deflections and stresses beneath uniformly loaded flexible

circular surface foundations.

I

ZZ

gure 1.

To use these differential equations conveniently in practi-
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calfoundation design problems Tufts (3), employing eliptic integral tables, developed "infl
ence values" (that is, expressing the differential equations interms of dimensionless ratic
the quantities being dimensions that can be measured from a load plan). In this form th
righthand member of the equation can be solved for various values of the dimensionless
ratios. These influence value tables are set forth in the Appendix.

With the aid of these influence tables in the Appendix the author drew up quickly and
easily the stress contour curves outlined in Figures 2 to 16 for a flexible surface foun-
dation of radius A and a definite uniform surface loading in pounds per square inch or
square foot. These stress contour curves are self explanatory.

For purposes of this paper, the following nomenclature or symbols have been
adopted:

radius of circular loaded area;

unit vertical pressure on loaded area;
o, p = cylindrical coordinates (Fig. 1);
= vertical normal stress;

= radial normal stress;

@@ =tangential normal stress;

PZ = shear stress in the § % plane;

Tr = major principal stress;

Tz = minor principal stress;

S = stress difference = T: - Tx;

s = maximum shearing stress = % S; and
i oro = Poisson's ratio.

:)E)vN L -3 ]

Attention is directed to the fact that the value of Poisson's ratio (j.) does not
affect the stresses acting vertically but does cause stress variations in all stresses
acting at an angle with the vertical.

The vertical stress contours have been found to be of considerable value in the
design of flexible base courses for bituminous surfaces.
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HE NATIONAL ACADEMY OF SCIENCES—NATIONAL RESEARCH COUN-

CIL is a private, nonprofit organization of scientists, dedicated to the

furtherance of science and to its use for the general welfare. The
ACADEMY itself was established in 1863 under a congressional charter
signed by President Lincoln. Empowered to provide for all activities ap-
propriate to academies of science, it was also required by its charter to
act as an adviser to the federal government in scientific matters. This
provision accounts for the close ties that have always existed between the
ACADEMY and the government, although the ACADEMY is not a govern-
mental agency.

The NATIONAL RESEARCH COUNCIL was established by the ACADEMY
in 1916, at the request of President Wilson, to enable scientists generally
to associate their efforts with those of the limited membership of the
ACADEMY in service to the nation, to society, and to science at home and
abroad. Members of the NATIONAL RESEARCH COUNCIL receive their
appointments from the president of the ACADEMY. They include representa-
tives nominated by the major scientific and technical societies, repre-
sentatives of the federal government, and a number of members at large.
In addition, several thousand scientists and engineers take part in the
activities of the research council through membership on its various boards
and committees.

Receiving funds from both public and private sources, by contribution,
grant, or contract, the ACADEMY and its RESEARCH COUNCIL thus work
to stimulate research and its applications, to survey the broad possibilities
of science, to promote effective utilization of the scientific and technical
resources of the country, to serve the government, and to further the
general interests of science.

The HIGHWAY RESEARCH BOARD was organized November 11, 1920,
as an agency of the Division of Engineering and Industrial Research, one
of the eight functional divisions of the NATIONAL RESEARCH COUNCIL.
The BOARD is a cooperative organization of the highway technologists of
America operating under the auspices of the ACADEMY-COUNCIL and with
the support of the several highway departments, the Bureau of Public
Roads, and many other organizations interested in the development of
highway transportation. The purposes of the BOARD are to encourage
research and to provide a national clearinghouse and correlation service
for research activities and information on highway administration and
technology.
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