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n Bulletin 277, in the paper by R. Jones (pages 8-29), 
ires 1 to 13, inclusive (pages 11-23), should be replaced 
I those given here. 

amplifiar 

Powir 
ompllfier 

Ceramic Transducers 

V.br.t„<" ( 5 - t O k < = / 0 \ 
, . .»rator 

Geophone 
( 4 0 - 4 0 0 C / 4 ) 

'77777777777777777/77777777 '7^77/ 

Electro'dynamic 
vibration qenerator 

( 4 0 - S 0 0 0 c / t ) 

Crystol 
accelerometer 
( 4 0 0 - 5 0 0 0 c / i ) 

Frequency 
analyser 
D-669-A 

C R O 
Mod 

II 
II 
II 
II 

4f 

Amp 

9 t f 
Pkaie 
shifter 

re 1. Schematic diagram of apparatus; switches set for f i r s t experimental 
technique. 



Sprinq 

Moving coil 
-"Vlbrnfor phoitmotk 

qtntrator 

I I 

lli'l' 'I"*—Armature 
^ ni II 

• I 

' t ' 

Oufpur 

Diiploy of 
rcctlvtd 

on C RO 

-Foot 

Flgvire 3 . Waveforms i l l u s t r a t i n g m 
used for indicating phase of rec 

s igna l . 

fa inches 
J 

Figure 2 . ELectro-dynaaiic .vibration gen­
erator. 

G, , E| . d , , oc, , p, , y, 

G j . ^ . ^2. <=2. Y i 

G , , E , , d j , o c j , p,, - y , 

/ / / / / / / / / / / / / / / / / / / / / / / / / / . 
•\- ' \ - , \ ' y / / / / / / / / / / / / . • / / / / / / / 

G = Shear modulus of elasticity 

E = Younq's modulus of elasticity 

d = Density 

oc = Compressional wave velocity 

p = Shear wove velocity 

"If = Rayleiqh wave velocity 

Figure 14-. Nomenclature of layers i n 
structure. 



5 0 0 

1 
>-

2 

< 
X 4 0 0 

Saction 54 

Stetmn 49 

2-5 

2 3 4 
WAVELENGTH - feat 

Figure 5. Variation of phase velocity with wavelength on two so i l s 
at Alconbury. 

Ui 
> 

si y 

C l . 3 
fil— 

WAVELENGTH _ i _ 
THICKNESS OF LAYER H j 

Figure 6. Hxase veloci ty of Raylelgh waves In a single I s ^ r 
over a semi-Infinite medlm (dg = d j ) . 



5 2 - 0 

3 4 

WAVELENGTH L 
THICKNESS OF LAYER* IT , 

Figure 7. Phase velocity of Love vaves i n a single layer over a 
semi-infinite mediimi (dg » d3). 

X 

50O 

u 
o 

400 

30O 

Rolled 

LOVE 
WAVES 

nro ed 

AYLEICH 
WAVES 

Unrolled 

^ 6 8 0 12 
WAVELENGTH-feet 



Lamb's solution for flexural 
, woves in a free plafe 

Solutions for plate on medium 
with relotively low shear modulus 

Lower braneh--
CeO Solution at very short wovelenqths 
Ch) . . lonq 
(c) Asymptote at very lonq wovelenqths 

WAVELENGTH 

Figure 9. Theoretical re lat ion tetween phase veloci ty and wavelength 
for a plate overlying a medium with re la t ive ly low shear modulus 

(p l = 2 ag = IOP3; d i = d j ; mi = I / 3 ) . 

3 0 0 0 

a 20001 
LU 
> 
UJ 
< 

1000 

• Section 2 4'3 in. thick 

® Section 7 b 4 in. thick 

& Section 8 8-4 in. thick 

Theoretical solution for flexural 
waves in a free plate 

Theoretical solution' 
for lower branch 

10 
L/ - WAVELENGTH 

THICKNESS 

Figure 10. Experimental resul ts obtained from dense 
bases l a i d d irect ly on s o i l . 

IS 



8 0 0 0 

I 6 0 0 0 

O 

< 
X 
Q. 

200CH 

\ 

\ Theore 
y waves 

ical solution for fie 
n a free plate 94 ir 

xural 
ttiick 

\ 
s 

• 

Theoretic 
for lower 

y • 
]l solution 
branch 

WAVELENGTH - feet 

Figure 11. Results from concrete slab ncminally 9 i n . thick l a i d on 
vell-ccnipacted hoggin. 

500O1 

Intermedkite branch 

1000 

8 , 10 12 
WAVELENGTH - feet 

Figure 12. Experimental results from a road construction consisting of l)~in. ro l led asphaj 
13-In. (approx.) sand Ijase on clay subgrade. 



Flexural woves in a free plaM 
of thickness H| 

I'* mode of 
intermediate branch 

2"' mode of 
intermediate branch 

Lower branch 

2 0 3 0 
WAVELENGTH 

Figure 13. Theoretical solutions for the propagation of vibrations in a system 
with two Biffface layers . 

/ a i = 2^1 = = lX)tt2\ 
\ d i = l«2d2= l ' l d 3 / 



Survey of Dynamic Methods of 
["esting Roads and Runways 

JONES and A.C. WHIFFIN, Department of Scientific and Industrial Research, 
load Research Laboratory, Harmondsworth, Middlesex, England 

The object of this paper is to indicate how far dynamic 
methods of testing roads have developed in the various 
countries and to summarize the present state of the 
work. 

The vibrational method of testing roads originated in 
Germany where, before World War n, mechanical vibra­
tors were used to investigate the mechanical properties 
of different types of soil. During and after World War n, 
further developments of the technique were made by the 
Royal Dutch Shell Co. 's Laboratory at Amsterdam, and 
the method was applied to testing roads and runways. The 
dynamic stiffness of the construction was deduced from 
the applied vibratory force and the resultant amplitude of 
vibration. Tests on a variety of roads indicated that high 
values of the stiffness were associated with strong forms 
of construction, and low values with weak ones. Hie u l t i ­
mate objectives of this form of nondestructive test are 
to predict the performance of roads under traffic and to 
determine where and when failure of the construction is 
beginning. Testing techniques to these ends have been 
developed recently in Germany. 

The British Road Research Laboratory has been 
studying the velocity of propagation of vibrations in layered 
constructions using electro-mechanical vibrators covering 
a much wider frequency range than is possible with the 
rotary machines normally employed. The relations ob­
tained between velocity and frequency are being studied to 
deduce the elasticities and thicknesses of the layers partly 
to assess the quality of the construction and partly to obtain 
data which might be later employed for pavement design. 
The application of vibrational testing to pavement design is 
s t i l l in its infancy and i t is too early yet to decide whether 
or not such a design technique w i l l ultimately be possible. 

^THE VIBRATIONAL TESTING of roads and runways originated in Germany, where, 
>etween 1928 and 1939, mechanical vibrators were used to investigate the mechanical 
>roperties of different types of soil. During and after World War n, further develop-
nents of the technique were made by the Royal Dutch Shell Co. 's Laboratory at Amster-
lam, and the method was applied to testing roads and nmways. Attempts were made 
o correlate the data obtained from vibrational testing with the performance of the 
:onstruction under traffic. During the past few years, the Road Research Laboratory 
n England has studied the propagation of vibrations in road constructions and has at-
:empted to interpret the relation between the velocity of these vibrations and their 
requency in terms of the elasticities and thicknesses of the various layers forming 
lie road. 

The main purpose of this paper is to indicate how dynamic methods of testing roads 
1 



have developed in the various countries and to summarize the present state of thewoj 
There are s t i l l divergences of opinion on the interpretation of some of the results in 
terms of the mechanical properties of the materials and these are discussed. 

OBJECTS OF DYNAMIC TESTING 
At present, roads and runways are largely designed on the basis of knowledge of t 

performance of other roads under similar traffic and subgrade conditions and by test 
the soil to estimate its bearing capacity under the conditions of moisture and density 
likely to occur under the completed road. Roads giving a satisfactory performanqe 
under traffic normally take a long time to prove their worth, and one of the objects oi 
the development of vibrational testing was to provide a rapid, nondestructive testing 
technique for assessing the probable performance of a road. By making tests at vari« 
ages on the same road, the commencement of changes which might result in failure c 
be observed, and, when sufficient experience has been obtained, the technique might 
used as the basis of decisions as to where remedial action is necessary. It is shown 
later that these objectives have been partially attained. 

One of the functions of a road is to spread the loads applied by the wheels of movin 
vehicles so that the stresses communicated to the soil subgrade are sufficiently reduc 
so as not to cause permanent deformation. Theoretical values of the stresses and de 
formations {1, 2, 3) generated in multi-layered elastic structures have shown that th( 
stresses applied to the soil subgrade by moving vehicles, and the deflections of the 
construction under them, depend on the relative values of the dynamic elasticity of th 
layers forming the road and their thicknesses. The dynamic elasticities of the layers 
and their thicknesses can be determined in many cases by vibrational tests made both 
during and after construction of the road. Because high dynamic elasticity is often 
accompanied by good strength in the case of the materials used in flexible constructio 
vibrational measurements may be expected to indicate the quality of the construction. 

The ultimate objective of the measurement of the dynamic elasticities and thicknes 
of the layers forming a road is to develop a method of pavement design based on the 
stresses generated by traffic, the mechanical properties of the materials used for coi 
structing the road, and the properties of the subsoil. Before such a method of design 
becomes possible, i t wi l l be necessary to check experimentally that the dynamic stres 
generated by traffic can be predicted theoretically from knowledge of the dynamic elas 
ticities of the layers and their thicknesses. It wi l l also be essential to obtain infornu 
tion concerning the dynamic elasticities of the common road-making materials and to 
determine their mechanical properties under repeated loading of the form applied by 
traffic. Many of the materials employed in road construction, such as granular bases 
are unsuitable for preparation as laboratory specimens, and there are obvious advan­
tages in determining their dynamic elasticities in situ under the conditions existing in 
roads. It may well be many years before a l l the information required for pavement 
design along the lines suggested is accumulated. Some progress wi l l be possible, hen 
ever, once the theoretical work on the distribution of stress and deformation in multi-
layered elastic structures has been checked experimentally, and when information has 
been obtained on the dynamic elasticities of the common road-making materials. For 
example, i t should then be possible to design a variety of constructions to give thesan 
dynamic stress at the soil/base interface with a given soil. When this has been done i 
wi l l s t i l l have to be proved, however, that equality of this interfacial stress gives 
equality of performance of the various types of construction under traff ic . It is to be 
expected that repeated loading may well cause the different constructions to behave in 
different ways if fatigue is an important property, in which case knowledge of this proi 
erty w i l l have to be taken into consideration. 

The dynamic elasticities and thicknesses of the layers forming roads can be deducei 
from the relationship between the velocity of propagation and frequency of vibrations 
generated in the surface. This aspect of the work is as yet far from complete, largelj 
because of difficulties in interpreting these relationships. The theoretical studies of 
stress and deformation have been reported and some results of the necessary ancillary 
computational work are available (2, 3). The computations are being extended. Measv 



ents a r e be ing made of the dynamic s t resses generated i n roads by m o v i n g veh i c l e s , 
t i t i s too e a r l y ye t t o say whether the t h e o r e t i c a l values of these s t resses have been 
( n f i r m e d . I t w i l l be apparent that the app l i ca t ion of the r e s u l t s obtained f r o m v i b r a -
)nal t e s t i n g t o pavement design i s thus s t i l l i n i t s in fancy and i t i s too e a r l y to decide 
le ther or not such a des ign technique w i l l become an engineer ing method . 

D E V E L O P M E N T O F V I B R A T I O N A L M E T H O D S 

The v i b r a t i o n a l technique o r i g i n a t e d i n Germany d u r i n g the p e r i o d f r o m 1928 t o 1939, 
id the pub l ica t ions (4, 5, 6) of the Deutsches Gese l l schaf t f u r Bodenmechanik (DEGEBO) 
•e w e l l known t o w o r k e r s i n th i s f i e l d . A mechan ica l o s c i l l a t o r of the r o t a r y o u t - o f -
ilance mass type was employed and i t s v i b r a t o r y c h a r a c t e r i s t i c s w e r e s tud ied w h i l e 
was opera ted on many d i f f e r e n t types of s o i l . A t t e m p t s w e r e made to deduce the 
echanica l p r o p e r t i e s of the s o i l f r o m the r e s u l t s . The resonant f r e q u e n c y of the 
b r a t o r v a r i e d w i t h the b e a r i n g capaci ty of the s o i l but a t tempts t o exp la in the r e s u l t s 
t e r m s of a s i m p l e mass and s p r i n g s y s t e m w e r e unsucces s fu l . I t was concluded tha t 

e p r o p e r t i e s of the s o i l cou ld not be r ep resen ted by a s p r i n g o r even a d a m p e d - s p r i n g 
bcause the resonant f r e q u e n c y of the v i b r a t o r y v a r i e d w i t h the app l i ed v i b r a t o r y f o r c e , 
jhere was a l so some con jec tu re as to whether o r not a l lowance should be made f o r the 

e r t i a of p a r t of the s o i l i n comput ing the behavior of the mechan ica l v i b r a t o r . 
The D E G E B O w o r k e r s a l so m e a s u r e d the v e l o c i t y of propagat ion of v i b r a t i o n s a long 

e s u r f a c e of the s o i l w i t h i n the f r e q u e n c y range f r o m 10 to 50 c / s (6) . They obse rved 
^ t , on mos t s o i l s , " d i s p e r s i o n phenomena" o c c u r r e d , that i s t o say, the meas -

ed phase v e l o c i t y v a r i e d s y s t e m a t i c a l l y w i t h the f r e q u e n c y of the v i b r a t i o n s , 
t t empts w e r e made to exp la in the d i s p e r s i o n phenomena i n t e r m s of v a r i a t i o n of the 

^ope r t i e s of the s o i l w i t h depth and a c o m p a r i s o n was made between t h e o r e t i c a l p r e d i c -
ons and the va r i a t i ons of s o i l type f o u n d at boreho les . A l though some of these c o m -

^ r i s o n s w e r e reasonably succes s fu l , development of the technique was hampered by 
ck of i n f o r m a t i o n of the types of s u r f a c e waves be ing s tudied and, even w i t h i n Germany , 
lere was d ivergence of op in ion on th i s p o i n t . One p r a c t i c a l r e s u l t w h i c h e m e r g e d was 
lat a qua l i t a t i ve r e l a t i o n was found between the v e l o c i t y of p ropaga t ion of the v i b r a t i o n s 
i d the bea r i ng capaci ty of so i l s w h i c h w e r e reasonably u n i f o r m w i t h depth. 

I m m e d i a t e l y a f t e r W o r l d W a r n , f u r t h e r w o r k on s o i l was r e p o r t e d f r o m Sweden 
I n these expe r imen t s , the e l a s t i c modulus of a f a i r l y u n i f o r m c lay s o i l was obtained 

•om the v e l o c i t y of p ropaga t ion of sus ta ined v i b r a t i o n s at f r equenc ies between 14 and 
2 c / s . P l a t e - b e a r i n g tes ts w e r e a l so made on the s o i l u s ing p la tes of va r i ous d i a m e t e r s 
nd th icknesses , and a s o i l constant was d e r i v e d f r o m the p roduc t of the modulus of 
ubgrade r e a c t i o n and the r a d i u s of the p l a t e . The same constant was a lso computed 
•om the e las t ic p r o p e r t i e s of the s o i l by a s suming Poisson 's r a t i o to be 0 .5 and the 
l a s t i c modulus that d e r i v e d f r o m the wave p ropaga t ion measuremen t s . The s o i l con-
tants d e r i v e d f r o m the p l a t e - b e a r i n g tes ts w i t h pla tes of 3 me te r s r ad iu s w e r e i n good 
greement w i t h those computed f r o m the e l a s t i c modulus d e r i v e d f r o m the v i b r a t i o n 
x p e r i m e n t s : r e s u l t s f r o m s m a l l e r pla tes gave p o o r e r agreement . I t was concluded 
la t the dynamic method of tes t gave a c o r r e c t i m p r e s s i o n of the d e f o r m a t i o n a l cha rac -
e r i s t i c s of the c l ay s o i l under the ac t ion of a d i s t r i b u t e d load and cou ld , t h e r e f o r e , 
r o v i d e the app rop r i a t e value o f the e l a s t i c i t y of the s o i l subgrade beneath roads w h e r e 
lonsiderable load- sp read ing had r e s u l t e d f r o m the ac t i on of the upper l a y e r s . 

Since 1948, the development of v i b r a t i o n a l t e s t i n g has been cons iderab ly i n f l uenced 
ly the w o r k of V a n der Poe l (8) and N i j b o e r (9) of the Dutch Shel l L a b o r a t o r y at A m s t e r -
lam. Van der Poe l dev i sed a machine , now w e l l - k n o w n as the "Du tch Shel l V i b r a t o r " , 
tmploying r o t a t i n g ou t -o f -ba lance masses to apply v i b r a t i o n a l f o r c e s of 2 - 2 tons to 
he r o a d s u r f a c e at f r equenc ies between 5 and 60 c / s . The peak v i b r a t o r y f o r c e (Fp) 
leveloped i n the r o a d was ca lcu la ted f r o m the masses on the machine and the speed of 
o ta t ion w h i l e the peak v i b r a t o r y d i sp lacement (x) was measured under the p la te by 
rh ich the f o r c e was app l i ed to the r o a d s u r f a c e . Van der Poe l i n t r o d u ced the concept 
)f the dynamic s t i f f n e s s of the cons t ruc t ion (S), g iven by S = F p / x , w h i c h i s a f i m c t i o n 
if the mechan ica l p r o p e r t i e s and thicknesses of the l aye r s f o r m i n g the c o n s t r u c t i o n , 
ki t , un fo r tuna t e ly , i t i s ne i ther independent of f r equency nor f o r c e . Measurements on 



a v a r i e t y of roads , however , have shown tha t the value of S w i l l , under c e r t a i n condil 
t i o n s , ind ica te the cond i t ion of a f l e x i b l e r o a d (10). H i g h values of S ind ica te a s t r o n ] 
cons t ruc t i on and low values show the cons t ruc t ion t o be weak . 

The Shel l v i b r a t o r was designed to apply f o r c e s to the r o a d s i m i l a r to those applic 
by v e h i c l e w h e e l s . T h e r e i s , however , an i m p o r t a n t d i f f e r e n c e between the t w o type 
of load ing w h i c h m a y a f f e c t the r e l a t i o n between dynamic s t i f f n e s s and the p e r f o r m a n 
of the r o a d under t r a f f i c . A v i b r a t i n g machine loads both the su r f ace and the l o w e r 
l a y e r s at the same r a t e of load ing . A m o v i n g w h e e l loads the s u r f a c e w i t h a s t r e s s 
pulse w h i c h r i s e s f r o m ze ro , reaches a peak, and r e t u r n s t o z e r o again i n the t i m e 
taken f o r the t i r e contact a rea t o t r a v e l over a po in t on the r o a d s u r f a c e . Due to the 
load - sp read ing a c t i o n of the r o a d c o n s t r u c t i o n , the m o v i n g w h e e l appl ies a s t r e s s pu: 
t o the s o i l subgrade w h i c h i s of longer du ra t i on and lower in tens i ty than that app l i ed 
the r o a d s u r f a c e , w h i l e i n t e rmed ia t e ra tes of load ing and peak s t resses occur i n the 
va r ious l a y e r s f o r m i n g the r o a d . So i l and many of the m a t e r i a l s employed i n r o a d 
c o n s t r u c t i o n have mechan ica l p r o p e r t i e s dependent on the r a t e of load ing , and t h i s i s 
p a r t i c u l a r l y t r u e of the dynamic e l a s t i c i t y of the b i tuminous l aye r s w h i c h p lay an i m ­
po r t an t p a r t i n sp read ing w h e e l l oads . Measu remen t s of the t r a n s i e n t d e f o r m a t i o n ol 
the r o a d s u r f a c e under a loaded w h e e l ( U ) d u r i n g the A m e r i c a n WASHO tests showed 
that the d e f o r m a t i o n was greates t under a s t a t iona ry load and decreased w i t h inc reas 
of veh ic le speed up to about 15 m p h , beyond w h i c h i t h a r d l y v a r i e d . The t r ans i en t d( 
f o r m a t i o n under a n e a r l y s t a t iona ry veh ic le a g r e e d w i t h data g iven by the Benke lman 
beam. The s t i f f n e s s at z e r o f r equency , deduced f r o m measurements made w i t h the 
Shel l v i b r a t o r , has been f o u n d not t o agree w i t h data obta ined f r o m tes ts w i t h the 
Benke lman beam; d i f f e r e n t r e l a t i onsh ip s have, i n f a c t , been f o u n d f o r each type of r o 
c o n s t r u c t i o n . These d i f f e r e n c e s a r e p robab ly due t o d i f f e r e n c e s i n the r a t e s of l o a d i 
p roduced by the two methods of tes t w h i c h a f f e c t the e l a s t i c i t i e s of the va r i ous l ayers 
f o r m i n g the r o a d . 

The Bundesanstal t f u r Strassenwesen a t Cologne (12) has developed a v i b r a t o r s i m | 
to tha t dev i sed by Van der Poe l and c o v e r i n g the f r e q u e n c y range f r o m 10 t o 80 c / s . 
The r o a d i s a s sumed to cons is t of a su r f ace l a y e r a c t i n g as a pla te and r e s t i n g on a 
l o w e r s e m i - i n f i n i t e l a y e r , and ana lys i s of the r e s u l t s gives the s p r i n g constant and 
damping f a c t o r of each l a y e r . Measurements made on e x p e r i m e n t a l roads have show 
that decrease of the s p r i n g constant and inc rease of the damping f a c t o r of e i the r laye: 
a r e u sua l ly assoc ia ted w i t h f a i l u r e of that l aye r under t r a f f i c . The German w o r k e r s 
state that one of t h e i r ob j ec t ives , when they have obtained s u f f i c i e n t p r a c t i c a l data by 
t e s t i n g a w i d e range of roads , i s to inc lude s p r i n g constants and damping f a c t o r s i n 
t h e i r r o a d s p e c i f i c a t i o n s . 

A l though the re has a lways been agreement on the q u a l i t a t i v e s ign i f i cance of s t i f f n e 
when used as an app rox ima te index f o r c o m p a r i n g roads , t he r e a r e d ivergences of 
op in ion between w o r k e r s when an a t t empt i s made to r e l a t e s t i f f n e s s to the mechanica 
p r o p e r t i e s of the l a y e r s . A s has been sa id a l r eady , the Dutch and G e r m a n w o r k e r s 
analyze t h e i r data i n d i f f e r e n t ways and d e r i v e d i f f e r e n t quant i t i es as i nd i ca t i ve o f the 
qua l i ty of the r o a d c o n s t r u c t i o n . The U . S . Wa te rways E x p e r i m e n t Stat ion has u sed th 
Dutch Shel l V i b r a t o r and has f o l l o w e d the Dutch method of ana ly s i s . The non - l i nea r 
behavior of the s t i f f n e s s w i t h app l i ed f o r c e and i t s anomalous v a r i a t i o n w i t h the tes t | 
f r equency have a lways been s t u m b l i n g b locks i n d e r i v i n g a s i m p l e i n t e r p r e t a t i o n of th^ 
tes t r e s u l t s . S i m p l i f y i n g assumpt ions have had to be made t o achieve th i s purpose an 
consequently, the deductions depend on these a s sumpt ions . M o r e o v e r , a s ing le va lue 
of dynamic s t i f f n e s s m a y be g iven by a number of cons t ruc t ions hav ing d i f f e r e n t th ick­
nesses of l aye r and e l a s t i c i t i e s , so that p r i o r knowledge of these quant i t ies i s e s sen t i 
when a t t emp t ing t o i n t e r p r e t the data . N i j b o e r has made m o s t p r o g r e s s i n t h i s d i r e c t 
(13) and has computed the s t r a i n o c c u r r i n g i n the r o a d s u r f a c e under a g iven w h e e l 
load f r o m the measurements of s t i f f n e s s , the thicknesses of cons t ruc t ion and the elast 
p r o p e r t i e s of the l a y e r s . Measu remen t s of the s u r f a c e s t r a i n under m o v i n g veh ic l e s 
ag reed w i t h those p r e d i c t e d by th i s me thod . 

The Shel l machine has a l so been used as the source of v i b r a t i o n s w i t h i n the range 
f r o m 10 to 60 c / s w h i l e measurements w e r e made of the v e l o c i t y of p ropaga t ion of 
v i b r a t i o n s a long the r o a d s u r f a c e . A t these f r e q u e n c i e s , i t i s p r i m a r i l y the charac -



r i s t i c s of the s o i l subgrade under the r o a d w h i c h de t e rmine the v e l o c i t y of propagat ion 
the v i b r a t i o n s and N l j b o e r has a t t empted to deduce the shear modulus o f e l a s t i c i t y of 

e s o i l f r o m these r e s u l t s . 
The Road Research L a b o r a t o r y i n England co l l abora ted w i t h the Dutch Shel l L a b o r a -

r y i n m a k i n g v i b r a t i o n a l expe r imen t s on a number of B r i t i s h roads (10) and l a t e r 
iveloped apparatus to measure the phase v e l o c i t y of v i b r a t i o n s over a much w i d e r 
equency range ( to a t l eas t 30 k c / s ) so enabl ing data t o be obta ined f o r e s t i m a t i n g the 
as t i c p r o p e r t i e s and th ickness of the v a r i o u s l a y e r s f o r m i n g r o a d s . The objec ts of 
i s w o r k w e r e to develop tes ts f o r assess ing the q u a l i t y of e x i s t i n g roads and to obta in 
f o r m a t i o n conce rn ing e l a s t i c i t i e s of r o a d m a t e r i a l s f o r l a t e r use i n comput ing s t resses 
ider m o v i n g v e h i c l e s . The por t ab le v i b r a t i o n equipment cons t ruc ted at the Road Re -
i a r c h L a b o r a t o r y i s d e s c r i b e d f u l l y by R . Jones e l sewhere i n t h i s B u l l e t i n . P a r t of 
i s apparatus , extending the f r equency range up to about 5 k c / s , has a l so been i n -
) rpora ted in to the equipment now used by the Shel l L a b o r a t o r y and i t i s l i k e l y tha t 
e i r equipment w i l l be f u r t h e r supplemented t o cover the h igher range of f r e q u e n c i e s . 

The Road Research L a b o r a t o r y has s tud ied the v a r i a t i o n o f s u r f a c e wave v e l o c i t y 
i t h f r equency (or wave l eng th ) . Because such r e l a t i onsh ips a r e complex , t h e o r e t i c a l 
i t e rp re t a t ion of the r e s u l t s i s d i f f i c u l t . Data d e r i v e d f r o m s i m p l e types of cons t ruc t i on 
i n o f t e n be evaluated s a t i s f a c t o r i l y and p r o g r e s s i s be ing made i n i n t e r p r e t i n g the 
;sul ts obtained i n the m o r e c o m p l i c a t e d cases. The theory has been based on the 
:opagation of v i b r a t i o n s i n plates (or m u l t i p l e p la tes) l y i n g on u n i f o r m l a y e r s of other 
Later ia ls : the r e s u l t s obtained i n some of the cases s t u d i e d a r e g iven i n the accompanying 
i p e r by Jones. 

A s f a r as the authors a r e aware , the w o r k on v i b r a t i o n a l t e s t i n g i n the Un i t ed States 
IB been l a r g e l y conf ined to the expe r imen t s on s o i l made by B e r n h a r d a t Ru tge r s 
n i v e r s i t y and t o tests made i n c o l l a b o r a t i o n w i t h the t eam f r o m the Dutch Shel l 
a b o r a t o r y . The re appears to be g r o w i n g i n t e r e s t i n the Un i t ed States i n these t e c h -
Lquesandapparatus f o r s t udy ing s u r f a c e wave propaga t ion i s now be ing cons t ruc ted by 
le Shel l Development Company. W o r k done i n A m e r i c a on the v i b r a t i o n compac t ion of 
o i l and the des ign of machine foundat ions was desc r ibed i n a s y m p o s i u m organ ized by 
le A m e r i c a n Society f o r T e s t i n g M a t e r i a l s i n 1953 (15) . One f e a t u r e of t h i s s y m p o s i u m 
f p a r t i c u l a r i n t e r e s t was the development of a t h e o r y f o r the v i b r a t i o n of a mass on a 
e m i - i n f i n i t e e l a s t i c subgrade . 

So f a r , the v i b r a t i o n a l t e s t i n g of roads has been l a r g e l y r e s t r i c t e d t o the measu re -
l en t of t h e i r s t i f f n e s s under t r a f f i c s t resses and then a t t empt ing to p r e d i c t t h e i r p e r -
ormance under t r a f f i c f r o m c o m p a r i s o n of th i s s t i f f n e s s w i t h the values a t ta ined on 
oads of known p e r f o r m a n c e . However , the w o r k of N l j b o e r ind ica ted that roads behave 
•easonably e l a s t i c a l l y under the s t r e s s condi t ions i m p o s e d by the passage of a veh ic l e 
i^heel, and A c u m and Fox (3) , and o the r s , showed how to compute the s t resses and de-
o rma t ions w i t h i n a m u l t i - l a y e r e las t ic s t r u c t u r e . I n consequence, the idea has g r a d u -
i l l y developed tha t i t m i g h t u l t i m a t e l y be poss ib le t o des ign a r o a d on the basis o f the 
stresses developed i n the r o a d by m o v i n g vehic les and those w h i c h cause f a i l u r e . 
V ib ra t iona l methods can p r o v i d e deta i ls of the e las t i c p r o p e r t i e s of the const i tuent 
n a t e r i a l s , o f t e n at f r equenc ie s w e l l above those g i v i n g s t r e s s - s t r a i n r e l a t i o n s s i m i l a r 
:o those produced by t r a f f i c . B e f o r e pavement des ign w i l l be poss ib le a long the l ines 
nd ica ted , i t w i l l be necessa ry to know how the s t r e s s - s t r a i n r e l a t i o n s of the m a t e r i a l s 
i r e a f f e c t e d by decrease of the r a t e of load ing down to that o c c u r r i n g under veh ic l e s , 
ind to obta in data concern ing the condi t ions causing f a i l u r e of these m a t e r i a l s under 
such load ing . Designs cannot yet be made on the bas is of e las t ic t h e o r y because of 
lack of i n f o r m a t i o n on many po in t s , but such a technique was an t i c ipa ted at the s y m p o ­
s i u m organ ized by the Dutch She l l Co . i n A m s t e r d a m , i n A p r i l 1959, by the i n c l u s i o n 
of papers f r o m England and France r e v i e w i n g the theor i e s ava i lab le f o r comput ing 
s t resses and displacements i n l a y e r e d e l a s t i c sys tems together w i t h papers f r o m the 
Shel l L a b o r a t o r y d i scuss ing the d e f o r m a t i o n and f a t i gue p r o p e r t i e s o f b i tuminous m a t e ­
r i a l s . 



N O N - V I B R A T I O N A L TECHNIQUES FOR T E S T I N G ROADS 

M u c h of the w o r k i n t h i s group involves measurements on o r under the r o a d w h i l e 
veh ic les of known w h e e l load t r a v e l a long the s u r f a c e . 

I n t h i s ca tegory may be p l aced the Benke lman beam w h i c h i s u sed t o measu re the 
v e r t i c a l d e f l e c t i o n of the r o a d s u r f a c e r e s u l t i n g f r o m a loaded whee l m o v i n g s l o w l y 
away f r o m the po in t at w h i c h the measurements a r e made. Considerable r e s e a r c h ha 
been done on th i s technique i n the Un i t ed States and w o r k i s a l so i n p r o g r e s s i n Grea t 
B r i t a i n and F r a n c e . Because the Benkelman beam tes t p rov ides a measure of the 
s t i f f n e s s of the r o a d , cons ide ra t ion i s now be ing g iven to i t s p o s s i b i l i t i e s as an a l t e r n 
t i v e t o the dynamic s t i f f n e s s as measiu-ed by the low f r equency r o t a r y v i b r a t o r s . Tht 
Benke lman beam tes t may be eas ier t o make , p a r t i c u l a r l y now that an au tomat ic vers : 
has been dev ised by the Depa r tmen t of Highways i n C a l i f o r n i a . The re may w e l l be a 
d i f f e r e n c e between the p r o p e r t i e s measured by the Benke lman beam and by the v ib ra t : 
technique because the e las t i c c h a r a c t e r i s t i c s of the const i tuent m a t e r i a l s may v a r y w: 
the r a t e of load ing . M o r e o v e r , the s t i f f n e s s o r d e f l e c t i o n value g iven by the Benke lm 
tes t has the same l i m i t a t i o n as the dynamic s t i f f n e s s obtained by v i b r a t i o n tes ts i n tha 
i t cannot p r o v i d e d e t a i l e d i n f o r m a t i o n about any i n d i v i d u a l cons t i tuent o f the r o a d 
c o n s t r u c t i o n . 

The dynamic s t resses p roduced i n roads by m o v i n g vehic les a r e be ing measured at 
the Road Research L a b o r a t o r y i n England (16), l a r g e l y to compare the load - sp read ing 
c h a r a c t e r i s t i c s of the va r ious c o m m o n f o r m s of c o n s t r u c t i o n . One e a r l y r e s u l t of this 
w o r k was to show how, w i t h a g iven th ickness of c o n s t r u c t i o n , the peak value of the 
dynamic v e r t i c a l compres s ive s t r e s s at the so i l -base i n t e r f a c e depended m a r k e d l y on 
the e l a s t i c i t y of the upper l aye r s of the r o a d (17). The s t resses i n the s o i l decrease 
w i t h inc rease of the veh ic l e speed f r o m near z e r o u p t o about 15 m p h and then r e m a i n 
a p p r o x i m a t e l y constant ( th is r e l a t i o n i s s i m i l a r to tha t ment ioned e a r l i e r conce rn ing • 
the v a r i a t i o n of t r an s i en t de f l ec t i on of the r o a d s u r f a c e ) . The magni tude of th i s changj 
of s t r e s s w i t h speed depends on the m a t e r i a l s employed i n the r o a d , and i s p robab ly 
due to the changes of the r e l a t i v e e l a s t i c i t i e s of the l a y e r s w i t h r a t e of load ing . W i t h 
b i tuminous c o n s t r u c t i o n , t he re i s an inc rease of the c^namic s t r e s s w i t h inc rease o f 
the t e m p e r a t u r e of the r o a d , again p robab ly due to change of the r e l a t i v e e l a s t i c i t i e s 
of the l a y e r s . V i b r a t i o n techniques a r e used to de t e rmine the e las t i c p r o p e r t i e s of tht 
l a y e r s bo th d u r i n g and a f t e r c o n s t r u c t i o n and a t t empts a r e be ing made t o compare the 
measured values of the dynamic s t r e s s w i t h those w h i c h a r e computed f r o m the theor i ( 
of m u l t i - l a y e r e d e l a s t i c s y s t e m s . 
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Measurement and Interpretation of Surface 
Vibrations on Soil and Roads 
R . JONES, Depar tmen t of S c i e n t i f i c and I n d u s t r i a l Research , Road Research 
L a b o r a t o r y , H a r m o n d s w o r t h , Midd l e sex , England 

The Road Research L a b o r a t o r y is developing nondes t ruc t ive t e c h ­
niques f o r m e a s u r i n g the dynamic mechan ica l c h a r a c t e r i s t i c s and 
th icknesses of the l aye r s f o r m i n g a r o a d . The m a t h e m a t i c a l t heo ry 
f o r comput ing s t resses and d e f o r m a t i o n s r e q u i r e s knowledge of 
these data and the development of these t e s t i ng techniques i s a nec­
essa ry s tep towards a s y s t e m of pavement des ign based on the 
stesses encountered i n the r o a d and the mechan ica l p r o p e r t i e s of 
the m a t e r i a l s . A p a r t f r o m t h i s , the techniques a r e a l r eady able 
to p r o v i d e i n f o r m a t i o n of i m m e d i a t e va lue i n tha t they p r o v i d e data 
of ass is tance I n a p p r a i s i n g the p e r f o r m a n c e of e x p e r i m e n t a l and 
other roads under t r a f f i c , they can be used to locate areas w h e r e 
v a r i a t i o n s of mechan ica l p r o p e r t i e s or th ickness occu r , and they 
can be used t o s tudy the changes p roduced by t r a f f i c and wea the r . 

The f i r s t p a r t of t h i s paper deals w i t h the e x p e r i m e n t a l t e ch ­
nique f o r m e a s u r i n g the wave length and phase v e l o c i t y of mech an i ­
c a l v i b r a t i o n s propagated a long the s u r f a c e of s o i l o r r o a d c o n s t r u ­
c t i o n s . The v i b r a t i o n s a r e p roduced e l e c t r o - m e c h a n i c a l l y by ap­
para tus w o r k i n g w i t h i n the f r equency range f r o m 40 to 60 ,000 c / s 
and have wave lengths r a n g i n g f r o m a few inches t o s e v e r a l f e e t . 
The r e s u l t s a r e n o r m a l l y expressed g r a p h i c a l l y as the r e l a t i o n 
between phase v o l o c i t y and the wave length obtained a t se lec ted 
f r e q u e n c i e s . T h i s cu rve has a number of c h a r a c t e r i s t i c s w h i c h 
depend on the e las t i c p r o p e r t i e s and the th icknesses of d i f f e r e n t 
p a r t s of the cons t ruc t i on : the second p a r t of the paper discusses 
t h e o r e t i c a l analyses to ca lcu la te these p a r a m e t e r s . So f a r , mos t 
of the w o r k has been l i m i t e d t o e x p e r i m e n t a l cons t ruc t ions and 
a l l the r e l e v a n t data conce rn ing th icknesses and type of m a t e r i a l 
have been known , w h i l e v i b r a t o r y expe r imen t s have a l so been 
made, w h e r e necessary , on l a b o r a t o r y specimens of the ma te ­
r i a l s to d e t e r m i n e t h e i r e las t ic p r o p e r t i e s . These data have en­
ab led checks t o be made of the v a l i d i t y of p r ed i c t i ons f r o m the 
v i b r a t i o n a l e x p e r i m e n t s . 

# A P P A R A T U S has been developed a t the Road Research L a b o r a t o r y w h i c h enables 
v i b r a t i o n s i n the range 40 t o 60 ,000 c / s to be propagated a long the s u r f a c e of s o i l o r 
r o a d cons t ruc t ions . The purpose of the p resen t paper i s to i n t e r p r e t the r e s u l t s i n 
t e r m s of the e l a s t i c p r o p e r t i e s and, w h e r e poss ib l e , the th ickness of the cons t ruc t i on . 

So f a r , mos t of the w o r k has been l i m i t e d t o e x p e r i m e n t a l cons t ruc t ions , and the 
r e l evan t data conce rn ing th icknesses and types of m a t e r i a l have t h e r e f o r e been ava i l a l 
f r o m l a b o r a t o r y r e c o r d s and expe r imen t s have a l so been made to d e t e r m i n e the e l a s t i 
p r o p e r t i e s of the m a t e r i a l s . These data have enabled checks to be made of the v a l i d i t 
of p r e d i c t i o n s f r o m the v i b r a t i o n a l e x p e r i m e n t s . 

I n the e x p e r i m e n t s , the wave length of the v i b r a t i o n s i s measured a t s p e c i f i c f r e q u i 
c ies and t h e i r phase v e l o c i t y i s d e r i v e d f r o m the p roduc t of t h e i r wave length and f r e ­
quency. F o r purposes of ana ly s i s , i t has been f o u n d p r e f e r a b l e to express the r e su l t ^ 

8 
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s a graph r e l a t i n g phase v e l o c i t y to wave length and then to f i t t h e o r e t i c a l cvu:ves de­
uced f r o m the propaga t ion of plane waves i n an equivalent type of l a y e r e d c o n s t r u c t i o n : 
le thicknesses and e l a s t i c p r o p e r t i e s i n the t h e o r e t i c a l curves a r e ad jus ted to p rov ide 
le best f i t to the e x p e r i m e n t a l r e s u l t s . Th i s method of ana lys i s i s app l i ed i n th i s 

]aper to the f o l l o w i n g types of cons t ruc t i on : 

1 . So i l f o r m a t i o n s i n w h i c h the e las t i c p r o p e r t i e s a r e u n i f o r m o r have only s l i g h t 
a r i a t i o n w i t h depth . 

2 . So i l f o r m a t i o n s i n w h i c h there i s a d i s t i n c t t r a n s i t i o n w i t h a sudden inc rease i n 
l a s t i c modulus at a p a r t i c u l a r depth: t h i s cor responds to a su r f ace l aye r of l o w e r 
l a s t i c modulus than tha t of the u n d e r l y i n g m a t e r i a l . A t y p i c a l example of t h i s type of 
o r m a t i o n i s a l a y e r o f s o i l o v e r l y i n g g r a v e l o r r o c k . 

3. Road cons t ruc t ions cons i s t ing of a s u r f a c e l aye r w i t h cons iderab ly g rea te r 
l a s t i c modulus than the u n d e r l y i n g m a t e r i a l . A n example of t h i s type of cons t ruc t i on 

|s a concrete s lab l a i d d i r e c t l y on s o i l o r on a deep g ranu la r base. 
4 . Road cons t ruc t ions w i t h a s u r f a c e l aye r and an i n t e rmed ia t e l aye r o v e r l y i n g a 

n i f o r m m e d i u m : the m a t e r i a l i n the s u r f a c e l aye r i s t aken t o have an e las t i c modulus 
rhich i s cons iderab ly g rea t e r than i n e i the r of the t w o lower m a t e r i a l s w h i l e the c o m -
) ress iona l wave v e l o c i t y i n the m a t e r i a l of the i n t e r m e d i a t e l aye r i s assumed t o be less 
han that i n the u n d e r l y i n g m a t e r i a l . Th i s s y s t e m i s an idea l i zed r ep re sen t a t i on of a 
) i tuminous s u r f a c i n g on c e r t a i n g r anu l a r base m a t e r i a l s o v e r l y i n g c lay s o i l . 

The re a r e many m o r e combina t ions of p r o p e r t i e s w i t h i n the t h r e e - l a y e r s y s t e m 
?hich need to be cons ide red and the ana lys i s o f f e r e d he re r ep resen t s a v e r y l i m i t e d 
:on t r ibu t ion to what w i l l u l t i m a t e l y be r e q u i r e d . 

E X P E R I M E N T A L TECHNIQUES 

i F l r s t Technique 

A schemat ic d i a g r a m of the apparatus i s shown i n F i g u r e 1: d i f f e r e n t types of v i b r a -
|;or and p i c k - u p a r e used f o r d i f f e r e n t p a r t s of the f r e q u e n c y r ange . 

Below 5,000 c / s , the v i b r a t i o n s a r e p roduced by an e l e c t r o - dynamic v i b r a t i o n genera tor 
I r i v e n by an o s c i l l a t o r anda power a m p l i f i e r ; de ta i l s of the v i b r a t i o n genera tor a r e shown i n 
F igure 2 and spec i f i ca t ions f o r the genera tor , o s c i l l a t o r and power a m p l i f i e r appear i n Table 1 . 
The o s c i l l a t o r a l s o feeds i n t o a p h a s e - m a r k genera tor w h i c h squares and d i f f e r e n t i a t e s the 
w a v e f o r m a n d u l t i m a t e l y produces a vol tage pulse once per cyc le as shown i n F i g u r e 3. The 
voltage pulse i s used to suppress the beam of the ca thode- ray osc i l loscope and so p r o v i d e a r e f ­
erence m a r k w h i c h i s f i x e d i n r e l a t i o n t o the phase of the v i b r a t i o n s p roduced by the genera to r . 

The v i b r a t i o n s a r e r e c e i v e d by a v i b r a t i o n p i c k - u p , whose output i s a m p l i f i e d and 
appl ied to the v e r t i c a l d e f l e c t i o n pla tes of the ca thode-ray osc i l lo scope . Thus , the 
w a v e f o r m of the v i b r a t i o n s i s d i sp l ayed on the osc i l loscope w i t h the r e f e r e n c e m a r k 
appear ing as a s h o r t b r eak i n each cyc le ( F i g . 3 ) . I n the p resen t apparatus a geophone 
i s used as the v i b r a t i o n detector at f r equenc ie s below 400 c / s , and a c r y s t a l a c c e l e r o m -
e te r a t f r equenc ie s between 400 and 5,000 c / s ; de ta i l s o f these p i c k - u p s a r e g iven i n 
Table 1 . 

V i b r a t i o n s w i t h i n the f r equency range of 5-24 k c / s a r e obtained as s p e c i f i c r e s o ­
nances of a f e r r o - e l e c t r i c c e r a m i c t r ansduce r i n the f o r m of a ho l low c y l i n d e r . The 
c e r a m i c t r ansducer i s d r i v e n by the o s c i l l a t o r th rough a tuned a m p l i f i e r w h i c h has 
sw i t ched outputs , each tuned to one of the resonant f r equenc ies of the t r ansduce r . The 
v i b r a t i o n s i n the h i ^ - f r e q u e n c y range a r e detected by a ho l low c y l i n d e r t r ansducer 
w h i c h i s i d e n t i c a l w i t h the genera tor ; the spec i f i ca t ions of the t r ansduce r s a r e g iven i n 
Table 1 . F o r convenience, the d i aph ragm of the r e c e i v i n g t r ansducer has been t ape red 
t o a po in t to enable the sho r t e s t wave lengths (about 2 i n . ) to be loca ted a c c u r a t e l y . 

I n opera t ion , the genera to r , w h i c h i s e i the r an e l e c t r o - d y n a m i c or a c e r a m i c t r a n s ­
duce r , i s p l aced on the r o a d s u r f a c e and the o s c i l l a t o r i s tuned to the r e q u i r e d f r e q u e n c y . 
The app rop r i a t e p i c k - u p i s moved p r o g r e s s i v e l y away f r o m the genera tor and success ive 

I pos i t ions a r e found at w h i c h the v i b r a t i o n s a r e a l t e rna t e ly i n phase and i n ant i -phase 
w i t h the f i x e d r e f e r e n c e phase. These pos i t ions a r e i nd i ca t ed by the phase m a r k c o i n ­
c i d i n g w i t h a peak o r a t r o u g h of the w a v e f o r m d i sp lay . The distances between succes-
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T A B L E 1 

B R I E F S P E C I F I C A T I O N O F A P P A R A T U S 

O s c i l l a t o r M i n i m u m f r e q u e n c y range: 30-60 ,000 c/i 
A c c u r a c y bet ter than * 1 percent 

Power a m p l i f i e r Output 50 wa t t s i n f r e q u e n c y range f r o m 
30 c / s to 5,000 c/s 

Osc i l loscope Single beam w i t h a m p l i f i e r response to a 
leas t 60 k c / s and p r o v i s i o n f o r coup l ing t 
modu la to r g r i d 

E l e c t r o - d y n a m i c v i b r a t i o n genera tor M o d i f i e d Goodmans, M o d e l 390A 

Geophone Pye . Sens i t iv i ty about 2 V / i n . / s 

C r y s t a l a c c e l e r o m e t e r R o c h e l l e - s a l t b i m o r p h . 

C e r a m i c t r ansduce r s H o l l o w c y l i n d e r s of Casonic m ( b a r i u m 
t l tana te ) 6 i n . long x 1 i n . O . D . x % i n . 
I . D . o n % 6 - i n . t h i c k d i a p h r a g m , g i v i n g 
resonant f r equenc ie s of about 6, 10, 14 
and 24 k c / s . A l s o s o l i d p r i s m s of Casoni 
on / i 6 - i n . t h i c k d i aphragms , 1 i n . square 
X 2 i n . , r e sona t ing at about 38 k c / s , and 
1 i n . x 1 i n . x 1 i n . r e sona t ing at about 
57 k c / s 

s i v e pos i t ions a r e then equal to ha l f wave lengths and, i n p r a c t i c e , measurements a r e 
made over about f o u r o r m o r e wave lengths i n o r d e r to obta in a r e l i a b l e average value 
I t mus t a lways be r e a l i z e d that the v i b r a t o r produces c y l i n d r i c a l waves so that the 
wave lengths occur at distances co r r e spond ing to the r o o t s of a Besse l f u n c t i o n andnot 
a t equal i nc r emen t s of dis tance as they do i n p lane w a v e s . The d i sc repancy i s mos t 
m a r k e d near to the v i b r a t o r and i t i s s u f f i c i e n t l y accura te to r e g a r d the f i r s t wave 
length as be ing 0 .75 as long as the equivalent wave length of plane waves w i t h a l l sub­
sequent wave lengths equal to tha t of plane waves . The mos t s a t i s f a c t o r y way of ana­
l y z i n g the measurements i s to p l o t the number of wave lengths moved by the p i c k - u p 
against i t s distance f r o m the v i b r a t o r . I f the s i t e i s i m i f o r m a l l r e s u l t s beyond the 
f i r s t wave length shou ld be a p p r o x i m a t e l y coUinear and should ex t rapola te back t o 
z e r o dis tance at the equivalent of about % wave length : the slope of the l i n e p rov ides a 
r e l i a b l e value f o r the average wave length ( L ) of equivalent plane waves . The phase 
v e l o c i t y (c) i s d e r i v e d f r o m the r e l a t i o n : 

c = n L (1) 

i n w h i c h 

n = v i b r a t o r f r e q u e n c y . 

Second Technique 

I n t h i s e x p e r i m e n t a l technique the apparatus i s b a s i c a l l y the same as the f o r e g o i n g , 
except tha t p r o v i s i o n i s made f o r a c i r c u l a r t i m e base on the osc i l loscope . The appa­
ra tu s i s a l so shown i n F i g u r e 1 and becomes opera t ive when the th ree swi tches a r e 
t h r o w n over to connect to the dot ted p a r t of the c i r c u i t . The d isp lay on the o s c i l l o s c o p 
cons is t s of a s ing le b r i g h t spot whose p o s i t i o n on the c i r c u l a r t i m e base ind ica tes the 
r e l a t i v e phase d i f f e r e n c e between the v i b r a t i o n s at the o s c i l l a t o r and a t the p i c k - u p . 
I t i s convenient to measure th i s d i f f e r e n c e by means of a graduated c i r c l e on a g r a t i c u j 
i n f r o n t of the sc reen of the osc i l loscope ; d iv i s i ons a t tenths w i t h s u b - d i v i s i o n s a t 
twent ie ths p r o v i d e adequate m e a s u r i n g poin ts and enable the p o s i t i o n of the spot to be 
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• 
Figure 1. General view of the operation of the v i h r a t l o n apparatus. 

Istimated to 0.01 of the circumference. The circular time base makes one complete 
evolution per cycle of the applied vibrations so that the spot of the oscilloscope dis-
lay moves once round the graduated circle as the pick-up moves one wave length. The 
elation between the phase change (<|> ) and the distance moved by the pick-up (x) is: 

A. - 2 L 
2tr ~ L 

(2) 

To set up the apparatus for operation it is necessary to adjust the circular time base 
n coincidence with the graduated circle. This is done by turning up the brilliance of 
he oscillescope to brighten up the complete time-base trace and adjusting its size by 
aeans of the X and Y amplifier gains on the oscilloscope. The brilliance control is 
hen turned back so as to black out the circular trace except for the bright spot due to 
he modulation arising from the pick-up signal via the phase-mark generator. 

In practice it has been found convenient to move the pick-up away from the vibrator 
)y fixed increments of distance and to measure the fractional change in wave length as 
fiven by the movement of the spot around the graduated scale. It is necessary, of 
;ourse, to add one wave length for each complete rotation of the spot and the incremental 
listance should preferably be chosen to be less than half a wave length. The technique 
s somewhat simpler and quicker to use than the first technique and has considerable 
idvantages when the test length is so short that it is less than three wave lengths. In 
his case the incremental distance can be made as small as about 0.1 of a wave length 
o that a larger number of results are obtained from which to obtain the average wave 
length. The measurements are analyzed in the same graphical manner as described 
nder the first technique and allowance must also be made for the inequality between 
Jie first and subsequent wave lengths. 
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Figure 2. Theoretical variation of phase velocity of Love waves i n a surface layei| 
on a semi-infinite tase for different ratios of shear moduli (GgrGi). 

NOTES O N P E R F O R M A N C E 

In the o r i g i n a l a m p l i f i e r apparatus the r e c e i v e r a m p l i f i e r had a f l a t response f r o m ] 
15 c / s to 350 k c / s . A s a r e s u l t , v ib ra t i ons below 40 c / s p roduced by pass ing t r a f f i c 
w e r e a m p l i f i e d and f o r m e d a background no ise . As the p i c k - u p was moved away f r o n 
the v i b r a t o r , the t r a f f i c v i b r a t i o n s became so l a rge i n r e l a t i o n to the r e q u i r e d v i b r a ­
t ions tha t measurements cou ld only be made when there was a l u l l i n the t r a f f i c . The 
f r equency ana lyze r , now used, i s tuned to the v i b r a t o r f r equency and d i s c r i m i n a t e s 
e f f e c t i v e l y against t r a f f i c no i se . The dis tance t o w h i c h measurements can now be 
made i s a lmos t double what i t was o r i g i n a l l y and there is now cons iderab ly less inter-1 
f e r ence f r o m t r a f f i c no i se . I t i s usua l ly poss ib le to obtain measurements over about 
6-10 wave lengths throughout mos t of the f r e q u e n c y range . Thus , a t 60 c / s , the d i s ­
tance t r a v e r s e d may be over 80 f t whereas at 24 k c / s i t may only be a f ew f e e t . The 
n o r m a l p r a c t i c e employed i n the presen t w o r k has been t o p lace the v i b r a t o r a t one 
end of the l i n e of measurement at low f requenc ies (below 360 c/s on b i tuminous roads] 
then move the v i b r a t o r to the m i d d l e of the l i n e and measure on e i ther s ide at the h igh 
f r equenc ie s : f u r t h e r subd iv i s ion may be made at the highest f r e q u e n c i e s . When t e s t i n 
s o i l a lone, v i b r a t i o n s above 400 c / s a r e u sua l ly v e r y h igh ly at tenuated and th i s impost 
an upper l i m i t t o the p r a c t i c a l range of f r e q u e n c i e s . 

In p l o t t i n g the number of wave lengths to the p i c k - u p against i t s dis tance f r o m the 
v i b r a t o r the r e su l t s may not be co l l i nea r due, i t seems, to one of th ree reasons . F i r ; 
v a r i a b i l i t y i n the cons t ruc t ion due to d i f f e r ences i n m a t e r i a l s o r c r a c k s : deviat ions du 
to th is cause usua l ly occur at the same distance f r o m the v i b r a t o r f o r s e v e r a l consec­
u t ive f r equenc i e s . Second, changes i n the contact compl iance between the v i b r a t o r an 
su r f ace due to a bedding down process causes a g radua l phase change to be s u p e r i m p o 
on the measurements : whether th i s e f f e c t i s present is eas i ly checked by repea t ing on< 
or two of the i n i t i a l measurements . A m o r e usua l cause of anomalous r e s u l t s i s due , 
to i n t e r f e r e n c e between two o r m o r e d i f f e r e n t types of v i b r a t i o n being propagated . 
When the v ib ra t i ons a r e of comparab le magnitude the i n t e r f e r e n c e may be so grea t as to ms 
i t imposs ib l e to obtain the phase ve loc i ty of any one of the v i b r a t i o n s . I n other cases, one t 
of v i b r a t i o n may predomina te near to the v i b r a t o r and another v i b r a t i o n beyond a r e g i o n of 
t e r f e r e n c e : the phase ve loc i t y of both types of v i b r a t i o n can then be d e r i v e d (1) . 
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Figure 3. Data for analysis of Love wave results. 

P R O P A G A T I O N O F SURFACE V I B R A T I O N S I N SPECIFIC T Y P E S O F SOIL 
F O R M A T I O N A N D R O A D CONSTRUCTION 

The nomencla tu re to be used i n th i s sec t ion is g iven i n F i g u r e 4 w h i c h appl ies to 
lie r o a d cons t ruc t ion w i t h t w o su r f ace l a y e r s cons idered i n (d) . The s i m p l e r types of 
ons t ruc t ion cons ide red e a r l i e r i n t h i s sec t ion a r e m e r e l y degenerate cases. F o r 
x a m p l e , the m a t e r i a l w i t h subsc r ip t 3 a lways represen t s s o i l w h i c h i s assumed to 
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have i m i f o r m e l a s t i c p r o p e r t i e s down t o an i n f i n i t e depth, so tha t i n case (a) the t w o 
s u r f a c e l a y e r s a r e absent (that i s . H i , H 2 = 0 ) . The m e d i u m w i t h s u b s c r i p t 2 i n the 
i n t e r m e d i a t e l a y e r i s a s sumed t o have e l a s t i c m o d u l i l e ss than those i n m e d i u m 3, S( 
that f o r case (b) the su r f ace l aye r i s absent (that i s . H i = 0 ) . The m a t e r i a l s u b s c r i p l 
1 i n the s u r f a c e l a y e r i s cons ide red t o have e l a s t i c m o d u l i w h i c h a r e cons iderab ly 
g rea te r than i n e i t he r of the u n d e r l y i n g med ia and i n case (c) the i n t e r m e d i a t e l aye r 
i s absent ( that i s . Ha = 0 ) . 

(a) So i l Hav ing U n i f o r m E l a s t i c P r o p e r t i e s 

M i l l e r and Pu r sey (5) have shown that a v i b r a t o r , on a c i r c u l a r base, ope ra t ing 
n o r m a l to the s u r f a c e of a s e m i - i n f i n i t e e las t i c s o l i d ( | l = 0 .25) rad ia tes 67 .4 p e r c e i 
of the power as a s u r f a c e w a v e . The s u r f a c e wave he re i s a R a y l e i ^ wave , w h i c h hs 
i t s m a x i m u m p a r t i c l e d i sp lacement n o r m a l to the s u r f a c e w i t h a s m a l l e r p a r t i c l e dis 
p lacement i n the d i r e c t i o n of p ropaga t ion . The v e l o c i t y ( Y 3 ) of the Ray le igh wave i s 
g iven by : 

i n w h i c h 

Gs 
d 

I * 
V-
V-

P a (^) (3) 

v e l o c i t y of the shear wave , 
modulus of shear e l a s t i c i t y of the m e d i u m , and 
densi ty of the m e d i u m . 

= 0 .2 
= 0.3 
= 0 .4 
= 0 . 5 

p = 0 .911 
p = 0.928 
p = 0.942 
p = 0 .955 
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Figure 5. Variation of the phase velocity of Rayleigh waves with frequency on a 
HarmondBWorth s o i l s i t e ft-10 i n . s l l t y clay on gravel). 

I n the case of s o i l the value of |ji i s u s u a l l y about 0 . 4 to 0 .45 so that the s u r f a c e 
ave t r a v e l s about 5 pe rcen t s l o w e r than the shear wave . 

The shear and long i tud ina l waves p roduced by the v i b r a t o r a r e r a d i a t e d in to the 
n t i r e v o l u m e of the m e d i u m and s u f f e r much l a r g e r a t tenuat ion than the Ray le igh 
ave, w h i c h propagates near the s u r f a c e . Consequently, the v i b r a t i o n s that a r e de-
jc ted a long the s u r f a c e of a s e m i - i n f i n i t e s o l i d f r o m a v i b r a t o r n o r m a l to the s u r f a c e 
re a l m o s t exc lu s ive ly Ray le igh waves . 

Other t h e o r e t i c a l w o r k by M i l l e r and Pur sey (4) indicates that i f the v i b r a t o r s p e r -
) r m r o t a r y o sc i l l a t i ons at the s u r f a c e , the Ray le igh wave i s absent and shear waves 
redomina te . 

N a t u r a l s o i l f o r m a t i o n s a r e r a r e l y u n i f o r m w i t h depth and th i s i s r e f l e c t e d i n the 
i b r a t i o n a l measurements by a v a r i a t i o n i n phase v e l o c i t y w i t h wave leng th . I n F i g u r e 
examples a r e shown of two types of v a r i a t i o n of phase v e l o c i t y w h i c h can occur w i t h 

hange of wave leng th . The r e s u l t s f r o m sec t ion 54 (Alconbury H i l l Exp t . A . 1) ind ica te 
lat the shear modulus of the s o i l decreased towards the s u r f a c e whereas the i n v e r s e 
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Figure 10. The vibrator i n position. 
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ype of v a r i a t i o n o c c u r r e d on sec t ion 49 (a lso A l c o n b u r y H i l l E x p t . ) . I n e i the r case 
lie data i s ex t rapo la ted t o g ive the phase v e l o c i t y (ya) a t z e r o wave length and the shear 
aodulus (Gs) i s ca l cu la t ed f r o m the r e l a t i o n (1): 

Gs = 2 . 4 Y l d X 10"* p s i (4) 

n w h i c h 

d = dens i ty of the s o i l ( p c f ) . 

The shear modulus (Gs) g iven by E q . 4 r e f e r s to the s o i l nea res t t o the s u r f a c e 
irhich, under a r o a d c o n s t r u c t i o n , i s sub jec ted to h ighe r s t resses than the deeper s o i l : 
h i s modulus i s cons ide red t o be one o f the p r o p e r t i e s r e q u i r e d i n ca lcu la t ions of s t r e s s 
L i s t r ibu t ion . 

b) Soi l F o r m a t i o n s Hav ing a W e l l D e f i n e d Surface L a y e r w i t h a L o w e r Shear E l a s t i c 
Modulus than tha t of the U n d e r l y i n g M a t e r i a l 

The nomenc la tu re f o r t h i s case ( F i g . 4) i s as f o l l o w s : 

H i = 0 
Ga < Gs 
ps < Ps 
"Va < "Ys 

T w o types of v i b r a t i o n have been s tud ied a c c o r d i n g to the o r i e n t a t i o n of the v i b r a t o r 
m d p i c k - u p t o the s u r f a c e of the s o i l . B a y l e i g h waves a r e p roduced when both v i b r a t o r 
i n d p i c k - u p a r e pe rpend icu la r to the s u r f a c e . Love waves a r e p roduced when the v i -
s ra to r and p i c k - u p a r e p l a c e d on t h e i r s ides so as to operate p a r a l l e l t o the s u r f a c e 
i n d t r a n s v e r s e l y to the d i r e c t i o n of measuremen t . 
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W h e n v i b r a t i o n s of the Ray le igh wave type a r e propagated i n a l a y e r e d m e d i u m , 
t h e i r v e l o c i t y depends on the f r equency of the v i b r a t i o n s and the th ickness , dens i ty , 
and e las t ic p r o p e r t i e s of the s t r a t a . The so lu t i on of the wave equation f o r the case o 
one s u r f a c e l aye r of a s e m i - i n f i n i t e m e d i u m invo lves the computa t ion of a s i x t h o r d e i 
de t e rminan t , w h i c h can y i e l d m o r e than one v e l o c i t y at each f r e q u e n c y . H e r e the 
s o l u t i o n g i v i n g the lowes t v e l o c i t y r e f e r s t o the p r i n c i p a l mode of p ropaga t ion of the 
Ray le igh waves and computat ions have usua l ly been d e r i v e d f o r t h i s p a r t i c u l a r e mode 
Sezawa and K a n a i (8) have a l so obta ined so lu t ions f o r another mode of p ropaga t ion , 
designated as the M2 mode . T h e o r e t i c a l r e s u l t s obtained f o r the p r i n c i p a l mode of 
p ropaga t ion of Ray le igh waves by Sezawa and Kana i a r e shown i n F i g u r e 6 f r o m w h i c t 
i t w i l l be seen that at s h o r t wave lengths the phase v e l o c i t y approaches "Ya: t h i s enab 
the shear modulus of e l a s t i c i t y (G2) of the s u r f a c e m a t e r i a l to be ca lcu la ted as i n E q . 
I t w i l l a l so be seen f r o m F i g u r e 6 tha t the shape of the c u r v e r e l a t i n g phase v e l o c i t y 1 
wave length depends on the th ickness (H2) of the l aye r and on the r a t i o of the e las t i c 
m o d u l i ( t h a t i s , Gs'.Ge). D i f f e r e n c e s i n t he dens i ty between the med ia w o u l d a l so in t rc 
duce a f u r t h e r v a r i a b l e in to the a n a l y s i s . A t wave lengths w h i c h a r e long i n r e l a t i o n 
the th ickness of the l a y e r , the phase v e l o c i t y i s a sympto t i c to Y s w h i c h , i f a t ta ined, 
enables the shear modulus (Gs) of the u n d e r l y i n g m e d i u m to be ca l cu la t ed . 

F o r l a y e r e d med ia i n w h i c h the shear modulus increases w i t h depth, the shear wa i 
( h o r i z o n t a l l y p o l a r i z e d ) g ives r i s e to the type of s u r f a c e waves known as Love w a v e s . 
The theory i s m o r e t r a c t ab l e than f o r Ray le igh waves and, i n the case of Love waves 
i n a s i ng l e s u r f a c e l a y e r , the f r e q u e n c y equat ion i s as f o l l o w s : 

2 cf_ 
P2 

(5) 

i n w h i c h 

L = the wave length of the v i b r a t i o n s , and 
c = the phase v e l o c i t y of the v i b r a t i o n s . 

The so lu t i on to E q . 5 indica tes tha t the phase v e l o c i t y a t a p a r t i c u l a r wave length 
has d i f f e r e n t values co r r e spond ing to success ive branches of the tangent f u n c t i o n . Thi 
p r i n c i p a l mode of p ropaga t ion cor responds to the lowest b ranch f o r w h i c h : 

< 

L i m i t s f o r h igher branches a r e jr_ t o Sir, 3 u t o Sir, e tc , 
2 2 2 2 

A s y m p t o t i c so lu t ions of E q . 5 show that f o r h i g h f r equenc ies ( that i s , s h o r t wave 
lengths) the v e l o c i t y of the Love waves approaches the v e l o c i t y of shear waves i n the 
m e d i u m of the s u r f a c e l a y e r ( ^2). A t low f r e q u e n c i e s , the v e l o c i t y of the Love waves 
approaches the v e l o c i t y of shear waves i n the base ( p s ) . 

The r e l a t i o n between the phase v e l o c i t y and wave length f o r the p r i n c i p a l mode of 
p ropaga t ion of L o v e waves has been computed f r o m E q . 5 f o r r a t i o s of G s : G2 of \/~2, 
3 and i n f i n i t y , and f o r equal dens i t i e s ; tha t i s , d2 = ds: the r e s u l t s a r e shown i n F i g u r 
7. 

E x p e r i m e n t a l r e s u l t s f r o m the propaga t ion of R a y l e i ^ waves and L o v e waves have 
been obtained on s e v e r a l l a y e r e d s o i l s and some of the m o r e I n t e r e s t i n g r e s u l t s a r e 
shown i n F i g u r e 8 f o r a sandy s o i l b e f o r e and a f t e r comi)ac t ing by a r o l l e r . On the u n 
r o l l e d s i t e , measurements a t d i f f e r e n t depths showed a m a r k e d t r a n s i t i o n i n s o i l 
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p r o p e r t i e s between 3 and 9 i n . : f o r example , i n - s i t u CBR tests gave average values c 
2 . 6 , 1 3 . 2 , 15 .6 and 16 .6 at depths of 3, 9 ,15 and 21 i n . A method of ana lyz ing the 
e x p e r i m e n t a l r e s u l t s f o r Love waves u s ing E q . 5 has been d iscussed by Jones ( l . )whi ( 
Ind ica ted tha t the t r a n s i t i o n i n e las t i c p r o p e r t i e s o c c u r r e d a t a depth of about 7 i n , : t l 
shear modulus of the u n r o l l e d s u r f a c e l a y e r was ca lcu la ted to be 1, 700 p s i . A f t e r r o 
l i n g , ana lys i s o f the L o v e wave data i nd i ca t ed a s u r f a c e l a y e r 8 i n . t h i c k i n w h i c h the 
shear modulus was 4 ,000 p s i . Thus , r o l l i n g the sand produced compac t ion p r i m a r i l y 
i n the top 7 t o 8 i n . of s o i l . 

A n a l y s i s of the R a y l e i g h wave data gave values f o r the shear modulus of e l a s t i c i t y 
the s u r f a c e soU of 1, 700 p s i be fo re r o l l i n g and 3 ,100 p s i a f t e r r o l l i n g . The d i sc repa j 
i n the e s t i m a t i o n of the shear modulus f r o m L o v e wave and Ray le igh wave data a f t e r 
r o l l i n g was cons ide red to be due to an i so t ropy produced by the compac t ion of the sand 
I t i s a l so poss ib le t o ana lyze the e x p e r i m e n t a l r e s u l t s f o r the Ray le igh wave data u s i n 
the cu rves of F i g u r e 6 so as to ca lcu la te the th ickness of the s u r f a c e l a y e r : the r e s u l t 
a r e i n good agreement w i t h s i m i l a r deductions f r o m the L o v e wave data . 

Other cases of the p ropaga t ion of v i b r a t i o n s i n c lay s o i l o v e r l y i n g g r a v e l have been 
s tud ied i n w h i c h the th ickness of the c lay l a y e r was about 5 f t . E s t i m a t i o n of the thic^ 
ness f r o m the L o v e w a v e data gave e x t r e m e l y good agreement w i t h the ac tua l thicknes 
as m e a s u r e d at boreholes {1). I n some of these e x p e r i m e n t s , t he r e w e r e two d i s t i n c t 
types of v i b r a t i o n p resen t i n the R a y l e i g h waves of w h i c h the one c o r r e s p o n d i n g t o the 
P r i n c i p a l Mode p r edomina t ed n e a r e r the v i b r a t o r . Once th i s wave had decayed, a 
second f a s t e r wave was obtained w h i c h was a t t r i b u t e d t o another mode of p ropaga t ion 
of the v i b r a t i o n s (1.). 

(c) Road Cons t ruc t ions w i t h a Single Surface L a y e r o f Cons ide rab ly H i g h e r E l a s t i c 
M o d u U than the U n d e r l y i n g M a t e r i a l 

I n t h i s case: 

Ha = 0 . 

a i > p i > a s > P s 

Under these cond i t ions , s u r f a c e v i b r a t i o n s of the Ray le igh wave type can only ex i s t 
f o r a l i m i t e d range of phase v e l o c i t y (c) g iven by 

ps > c > Y s . 

T h e s o l u t i o n f o r c w i t h i n t h i s r ange i s obta ined f r o m an eight o r d e r de t e rminan t (9) 
and the computa t ion i s somewhat l a b o r i o u s . A t v e r y long wave lengths the phase 
v e l o c i t y w i l l approach Y s but i t i s d i f f i c u l t t o p r e d i c t w h a t w i l l happen when the phase 
v e l o c i t y becomes comparab le w i t h o r exceeds Ps . I n o r d e r t o s i m p l i f y the p r o b l e m i t 
has been assumed tl>at, once the phase v e l o c i t y exceeds Ps , the u n d e r l y i n g m a t e r i a l 
may be t r e a t e d as a l i q u i d . Th i s i s not a p a r t i c u l a r l y d r a s t i c a s sumpt ion s ince the 
Po isson ' s r a t i o of mos t so i l s i s of the o r d e r of 0 .45 so that a s i s 5 to 10 t i m e s P s . 
The m o s t convenient f o r m f o r t he s o l u t i o n of the p r o b l e m of the p ropaga t ion of plane 
waves i n a p la te r e s t i n g on a l i q u i d has been g iven by P res s and E w i n g (7) and the 
ana lys i s f o r the p ropaga t ion of f l e x u r a l waves has now been obta ined (Jones unpubl ishe 
The r e s u l t s of the ana lys i s a r e shown i n F i g u r e 9. I t w i l l be seen tha t the phase veloci 
wave length cu rve has a t leas t one d i scon t inu i ty w h i c h occur s near the ve loc i t y of com-
p r e s s i o n a l waves ( a s ) i n the u n d e r l y i n g m e d i u m . Above a s , the r e s u l t s a r e g e n e r a l l 
i n v e r y good agreement w i t h the so lu t i on obtained by L a m b (3) f o r the p ropaga t ion of 
f l e x u r a l v i b r a t i o n s i n a f r e e p l a t e . A s the phase v e l o c i t y approaches a s , the discrep­
ancy between the phase v e l o c i t y i n the f r e e p l a t e case and i n the case of an u n d e r l y i n g 
l i q u i d becomes g rea t e r and t he re i s a l s o a cons iderab le inc rease i n a t tenuat ion of 
v i b r a t i o n s . Below a s , the b r anch of the cu rve denoted by (b) i s expected to account 
best f o r the p ropaga t ion of the v i b r a t i o n s . The s h o r t wave length p a r t (a) of th i s branc 
r ep resen t s a type of v i b r a t i o n w h i c h has i t s m a x i m u m ampl i tude at the i n t e r f a c e betwe 
med ia 1 and 3 and w h i c h w i l l not be found e x p e r i m e n t a l l y i n the presence of the surface 
v i b r a t i o n s c h a r a c t e r i z e d by the upper b r a n c h . The ana lys i s does not g ive any indicatic 
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the na tu re of the t r a n s i t i o n between p a r t (b) of the cu rve and the Ray le igh wave 
[ution (c) f o r the p ropaga t ion of v e r y l o n g waves and phase v e l o c i t i e s less than ^ 3 . 
s cons idered l i k e l y f r o m t h e o r e t i c a l cons idera t ions that the re w i l l be a d i scon t inu i ty 
i r Pa . 

The t h e o r e t i c a l ana lys i s indicates that over mos t of the f r equency range the re i s 
ely to be m o r e than one type of v i b r a t i o n being propagated and the ques t ion a r i s e s as 
how th i s w i l l a f f e c t the e x p e r i m e n t a l obse rva t ions . Van der Poe l (IJO) has shown that 
J wave w i t h the grea tes t amp l i t ude w i l l be detected and that i t i s on ly when the re i s a 
i r equivalence i n ampl i t ude tha t de s t ruc t ive i n t e r f e r e n c e o c c u r s . Thus , the d i s c o n t i n -
y between the upper and l o w e r branches of F i g u r e 9 i s expected to be c h a r a c t e r i z e d 
l e r i m e n t a l l y by a n a r r o w range of f r equenc ies w i t h i n w h i c h the re w i l l be s t r o n g i n t e r -
•ence and i l l - d e f i n e d propaga t ion of the v i b r a t i o n s . 
I t i s only r a r e l y tha t a p r a c t i c a l r o a d cons t ruc t ion approx imates to the case of the 

| igle su r f ace l aye r cons ide red p r e v i o u s l y . However , t h r ee such cons t ruc t ions w e r e 
;t w i t h when , i n an e x p e r i m e n t a l r o a d , sec t ions w e r e l a i d w i t h dense asphal t bases 
4 . 3 , 6 .4 and 8.4 i n . t h i ckness . Resul ts obtained f r o m these bases a r e shown i n 
gure 10 i n w h i c h the phase v e l o c i t y i s p lo t t ed against the r a t i o of wave length to t h i c k -
ss. Unfo r tuna t e ly , the length of each sec t ion was only 15 f t so that the longest wave 
igth w h i c h cou ld be measured w i t h reasonable accuracy was 5 f t . 
The t h e o r e t i c a l cu rves shown i n F i g u r e 10 w e r e obtained d i r e c t l y f r o m F i g u r e 9 and 

ire ad jus ted to f i t the e x p e r i m e n t a l r e s u l t s a t an L / H i r a t i o of 3. I t w i l l be seen that 
i e x p e r i m e n t a l r e s u l t s devia te p r o g r e s s i v e l y f r o m the t h e o r e t i c a l c u r v e f o r f l e x u r a l 
ves i n a f r e e p la te when L / H i exceeds 5. A l though p a r t of t h i s d isprepancy has been 
counted f o r i n the t heo ry g iven , i t i s cons idered tha t a m a j o r c o n t r i b u t i o n a r i s e s f r o m 
; change i n the e las t i c shear modulus of the asphal t w i t h the f r equency of the v i b r a t i o n s , 
lis e f f e c t is a l so cons ide red to account f o r the r e m a i n i n g e x p e r i m e n t a l r e s u l t s f a l l i n g 
low the lower b r anch of the t h e o r y . 

A p r a c t i c a l cons t ruc t i on w h i c h i s f r e e f r o m v i s c o - e l a s t i c e f f ec t s w i t h i n the e x p e r i -
lental range of f r equenc ies i s tha t of a concrete s lab l a i d d i r e c t l y on s o i l o r on a t h i c k 
anula r base. The r e s u l t s shown i n F i g u r e 11 w e r e obtained f r o m expe r imen t s on a 
Increte s lab , n o m i n a l l y 9 i n . t h i c k , l a i d on a w e l l - c o m p a c t e d hoggin base 2 f t t h i c k . 
|ie t h e o r e t i c a l cu rves shown i n F i g u r e 11 have been ca lcu la ted f r o m the f o l l o w i n g data: 

1 . The value of 7 i , f o r concre te has been taken as 8,350 f t / s e c : t h i s i s f i x e d by 
|e e x p e r i m e n t a l r e s u l t s a t about 60 k c / s ( t h a t i s , L = 0 . 1 3 9 f t ) . 

2 . Poisson*s r a t i o f o r concre te has been taken as 0 . 2 5 . Th i s value was deduced 
b m Y i i n con junc t ion w i t h the c o m p r e s s i o n a l wave v e l o c i t y a i , measu red by an 
b^asonic pulse method (2) a t the s u r f a c e of the s l ab . 

3 . The r a t i o of the densi t ies of the hoggin to concre te was assumed to be 2 :3 . 

A n exce l len t f i t w i t h e x p e r i m e n t a l r e s u l t s i s g iven i n F i g u r e 11 when the th ickness 
assumed to be 9. 5 i n . Subsequently, two cores w e r e d r i l l e d f r o m the s l ab and i n d i -

i ted th icknesses of 9. 55 i n . a t the center and 9.85 near one c o r n e r . 
, I t w i l l be seen f r o m F i g u r e 11 that the e x p e r i m e n t a l r e s u l t s a t wave lengths of 5.4 
Id 5.65 f t devia ted f r o m the t h e o r e t i c a l cu rve f o r f l e x u r a l v i b r a t i o n s i n a f r e e p l a t e , 
liis dev ia t ion i s p r e d i c t e d by the theory g iven e a r l i e r and indicates that the phase 
l o c i t y a t these wave lengths i s j u s t above the v e l o c i t y as of c o m p r e s s i o n a l waves i n t hoggin (about 3 ,000 f t / s e c ) . 

Road Cons t ruc t ion w i t h a Surface and an In t e rmed ia t e Laye r 
I n the case to be cons idered below the nomenc la tu re i s as F i g u r e 4 and the magnitudes 
the phase ve loc i t i e s w e r e as f o l l o w s : 

a i > pi > a2 > s p 3 

T h i s p a r t i c u l a r p r o b l e m was analyzed because of some v e r y anomolous r e s u l t s ob -
ined i n exper imen t s on a sec t ion cons i s t i ng of an asphal t s u r f a c i n g 4 i n . t h i c k on a 
nd base about 13 i n . t h i c k o v e r l y i n g c l a y . The e x p e r i m e n t a l r e s u l t s a r e shown i n 
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F i g u r e 12 i n the f o r m of the phase -ve loc i ty -wave length c u r v e . E x p e r i m e n t a l l y , the 
measurements commenced a t a f r equency of 40 c / s and the f r equency was inc reased 
Inc remen t s up to 13,750 c / s . A t f r equenc ies of 40, 70 and 90 c / s the phase v e l o c i t i 
w e r e 460, 462 and 504 f t / s e c as i nd i ca t ed on the lowes t b r a n c h of F i g u r e 12. A f u r t h 
inc rease of f r e q u e n c y to 120 c / s caused a v e r y l a r g e Increase i n wave length and a 
j u m p i n the phase v e l o c i t y t o 2 ,320 f t / s e c . Subsequent increases i n f r equency to 36( 
c / s p roduced dec reas ing phase ve loc i t i e s and gave r i s e to what w i l l be c a l l e d the i n t 
media te b ranch of the phase -ve loc i ty -wave length c u r v e . Between 360 c / s and 460 c 
t he re was another j u m p i n phase v e l o c i t y f r o m 1,150 to 2 ,220 f t / s e c f o l l o w e d by a d( 
crease to 1, 680 f t / s e c when the f r equency inc reased to 575 c / s . A t f r equenc ie s h i g l 
than 875 c / s , the r e s u l t s gave the w e l l - d e f i n e d upper b r a n c h . 

The i n t e rmed ia t e b ranch of the cu rve of F i g u r e 12 bears a s t r o n g resemblance to 
the d i spe r s ion of l ong i tud ina l waves i n a l i q u i d l aye r on a l i q u i d subs t r a tum (6) and i 
was cons ide red tha t t h i s b r anch r e p r e s e n t e d l o n g i t u d i n a l waves i n a f o r m of w a v e - g u 
F o r th i s to be poss ib le r e q u i r e s that the ve loc i t y of compres s iona l waves i n the sand 
should be about 1,000 f t / s e c and should be less than the v e l o c i t y of c o m p r e s s i o n a l 
waves i n the c lay (about 2 ,300 f t / s e c ) . Samples of the sand and c l ay w e r e m o l d e d 
in to specimens su i tab le f o r t e s t by the u l t r a s o n i c pulse method (2) and i t was f o u n d th 
the pulse ve loc i t i e s w e r e consis tent w i t h these va lues . 

The t h e o r e t i c a l ana lys i s has been c a r r i e d out t r e a t i n g the sand and c lay as l i qu ids 
(Jones unpubl i shed) . The r e s u l t s of the ana lys i s a r e t h e r e f o r e not app l i cab le w h e n t l 
ve loc i t i e s become comparab le w i t h 2̂ o r fls but i t i s expected t o apply t o phase v e ­
l o c i t i e s w h i c h exceed p a o r P 3 b y 2 5 percen t o r m o r e . Computat ions have been m a 
f o r r a t i o s of wave ve loc i t i e s and thicknesses consis tent w i t h the e x p e r i m e n t a l c o n s t r 
c t i on (that i s , a i = 2 P i = 4 as = 10 a 3 , di = 1.2 d2 = 1.1 ds, H2:Hi = 3 and 4 ) . The 
r e s u l t s a r e shown i n F i g u r e 13 and show c l e a r l y the va r i ous branches of the cu rve 
f o u n d e x p e r i m e n t a l l y i n F i g u r e 12. D i r e c t c o m p a r i s o n between e x p e r i m e n t a l and the 
r e t i c a l r e s u l t s i s made i n F i g u r e 14 and i t w i l l be seen tha t the m a i n devia t ions a r e s 
long wave lengths on the i n t e r m e d i a t e b r anch and at the long wave length (11 .4 f t , 46 
f t / s e c ) on the lowes t b r a n c h . The devia t ions on the i n t e rmed ia t e b r anch may be due 
v a r i a t i o n s i n the p r o p e r t i e s of the c l ay w i t h depth o r to the sand l aye r be ing t h i c k e r 
than a l l owed f o r i n the ana ly s i s . I n p r a c t i c e , the sand l aye r had a th ickness v a r y i n g 
f r o m 9 to 23 i n . over the 200 f t length of s ec t ion and measurements w e r e made over 
length f o r w h i c h the n o m i n a l th ickness was f r o m 10 i n . to 17 i n . : t h i s v a r i a t i o n i n t h i 
ness a long the l i n e o f measu remen t m a y a l s o have i n f l u e n c e d the r e s u l t s . The phase 
ve loc i t i e s a long the lowes t b r anch of the cu rve w e r e becoming comparab le w i t h the 
ve loc i t y of shear waves i n the c lay and sand so that devia t ions w e r e t o be expected 
here because of the inadequency of the a n a l y s i s . 

The f a c t o r s w h i c h can be p o s i t i v e l y i d e n t i f i e d f r o m the e x p e r i m e n t a l data a r e : 

1 . The ve loc i t y of shear waves i n the asphal t at a f r equency of about 30 ,000 c / s ; 
t h i s enables the shear modulus of e l a s t i c i t y of the asphal t to be e s t i m a t e d . 

2 . The th ickness of the asphal t l a y e r . 
3. The v e l o c i t y of c o m p r e s s i o n a l waves i n the sand. , 

I n add i t ion an es t ima te can be obtained of the v e l o c i t y of c o m p r e s s i o n a l waves i n t l 
c l a y . 

One i t e m of p r a c t i c a l i n t e r e s t has been to deduce changes o c c u r r i n g i n the p r o p e r t 
of the subbase of t h i s cons t ruc t ion tmder t r a f f i c . I t i s the i n t e r m e d i a t e b ranch of the 
phase -ve loc i ty -wave l eng th r e l a t i o n w h i c h p rov ides these data and e x p e r i m e n t a l r e su l t ! 
obtained i n i t i a l l y and about 7 months and 13 months a f t e r the r o a d was opened to t r a f f 
a r e shown I n F i g u r e 15. I t w i l l be seen tha t the value of as i nc reased f r o m about 1, 
t o 1,450 f t / s e c d u r i n g the w i n t e r and s p r i n g w h i l e t h e r e was a f u r t h e r inc rease t o abc 
1,950 f t / s e c d u r i n g the s u m m e r . These increases w e r e due to compac t ion of the san 
subbase by the r e l a t i v e l y h i g h s t resses genera ted below the t h i n cons t ruc t i on . I t i s 
i n t e r e s t i n g t o observe tha t t he r e was a g rea t e r i n c r e m e n t a l inc rease d u r i n g the sumnj 
months when the e f f e c t i v e e l a s t i c m o d u l i of the s u r f a c i n g w e r e r e l a t i v e l y low so that 
the imposed s t r e s s was h igher than i n the co lder pe r iods of the y e a r . 
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Non-Destructive Testing of Pavements 
A . A . M A X W E L L , Chie f , F l e x i b l e Pavement B r a n c h , Soils D i v i s i o n , US A r m y 
Engineer Wa te rways E x p e r i m e n t Stat ion, V i c k s b u r g , M i s s i s s i p p i 

A v i b r a t o r y - t y p e machine was developed by the R o y a l Du tch 
Shel l Company, A m s t e r d a m , H o l l a n d , f o r non-des t ruc t ive 
t e s t i n g of pavements . Th i s machine was made ava i l ab le to 
the Corps of Engineers f o r about s i x months , d u r i n g w h i c h 
tes ts w e r e made on pavements and unsu r f aced s o i l a r eas . 
F o r the g rea t e r p a r t of the t i m e the tes ts w e r e under the 
d i r e c t s u p e r v i s i o n of engineers f r o m the R o y a l Du tch She l l 
Company. Evaluat ions of the pavements can be made based 
on t w o d i s t i n c t p r i n c i p l e s . The machine can be made to 
s e rve as a source of v i b r a t i o n s f r o m 10 to 2 ,000 cycles pe r 
second, and the wave v e l o c i t y can be de t e rmined . The e las t ic 
modulus of the pavement can then be es tabl i shed based on 
accepted r e l a t i onsh ips between the v e l o c i t y of the wave 
propagat ions and e l a s t i c constants . A second approach i s 
a d e t e r m i n a t i o n of the s o - c a l l e d s t i f f n e s s f a c t o r , w h i c h i s 
the r e l a t i o n s h i p between a dynamic load and the r e s u l t i n g 
d e f l e c t i o n of the pavement s u r f a c e under a c i r c u l a r loaded 
a r e a . T h i s paper p resen ts t y p i c a l r e s u l t s obtained w i t h 
the mach ine . 

• T H E S H E L L R O A D v i b r a t i o n machine was developed a t the Shel l L a b o r a t o r i e s i n 
A m s t e r d a m , H o l l a n d . The U . S. A i r F o r c e made a r rangements w i t h Shel l f o r the use 
of the machine , and i t was brought to t h i s coun t ry i n A p r i l 1958. The machine has 
been used a t the Corps of Eng inee r s ' R i g i d Pavement L a b o r a t o r y i n C i n c i n n a t i , Ohio, 
the F l e x i b l e Pavement L a b o r a t o r y i n V i c k s b u r g , M i s s . , and the Columbus A i r F o r c e 
Base, M i s s . W i l l i a m Heuke lom and Theodorus W . N ie sman accompanied the m a c h i n 
N i e s m a n r e t u r n e d to A m s t e r d a m as soon as an ope ra to r had been t r a i n e d , but Heuke l 
r e m a i n e d throughout m o s t of the t es t p r o g r a m . Thus , a l m o s t a l l the tes ts w e r e made 
under the s u p e r v i s i o n of H e u k e l o m . Tes ts w e r e made on t h r ee occasions a t Columbu: 
A F B by Corps pe r sonne l a f t e r Heuke lom ' s depa r tu re f o r H o l l a n d . A f t e r comple t ion o 
the tes ts at Columbus A F B , the machine was t r a n s f e r r e d to the custody of the T r a n s ­
p o r t a t i o n Corps f o r use on the AASHO T e s t Road. 

S H E L L R O A D V I B R A T I O N M A C H I N E 

Th i s paper presents the r e s u l t s of tes ts made w i t h the Shel l r o a d v i b r a t i o n m a c h i n 
w h i c h f u r n i s h some measure of the accuracy of the method and some ind ica t ions of it£ 
po t en t i a l use fu lness and l i m i t a t i o n s . The mach ine and the method of ope ra t ion have 
been desc r ibed f u l l y i n the papers i n the l i s t of r e f e r e n c e s , and only the basic e lemen 
w i l l be d iscussed i n t h i s paper . 

T w o quant i t i es a r e measu red w i t h t h i s machine , the " s t i f f n e s s m o d u l u s " and the 
v e l o c i t y of waves over a w i d e range of f r e q u e n c i e s . The s t i f f n e s s modulus i s de f ined 
as the r a t i o of a dynamic l oad and the r e s u l t i n g d e f l e c t i o n . I t i s expressed i n k i l o g r a i j 
pe r cen t ime te r o r tons pe r i n c h and i s t h e r e f o r e s i m i l a r to a s p r i n g constant . 

The machine can be opera ted so as to induce v i b r a t i o n over a range of f r equenc ie s 
of about 5 t o 2 ,000 cyc les pe r second. V i b r a t i o n s w i t h f r equenc ie s of 5 to 60 cyc les 
pe r second a r e p roduced by counter r o t a t i n g eccen t r i c weights powered by a gasol ine 
engine. Th i s v i b r a t i n g mass i s a t tached to a 3 0 - c m - d i a m e t e r c i r c u l a r p la te and rest^ 
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f the pavement s u r f a c e . Forces up t o about 4 tons can be app l i ed w i t h t h i s low f r e -
pency u n i t . Th i s u n i t i s used to de t e rmine the s t i f f n e s s modulus as w e l l as a source 

low f r equency waves w h i c h a r e r e q u i r e d f o r o ther pu rposes . 
V i b r a t i o n s a t f r equenc ie s of 40 to 2 ,000 cycles p e r second a r e Induced by a h i g h 

equency e lec t romagne t ic v i b r a t o r . T h i s u n i t i s used so l e ly as a wave source , as the 
r ce s developed a r e too s m a l l to d e t e r m i n e the s t i f f n e s s modulus . 

V E L O C I T Y M E A S U R E M E N T S 

I n opera t ion , a p robe o r p i ckup i s p laced on the g round o r pavement s u r f a c e a t a 
lown dis tance f r o m the source of v i b r a t i o n s . Th i s p i ckup i s w i r e d th rough an o s c i l l o -
:ope on w h i c h the wave f o r m can be v i ewed . F u r t h e r , a phase m a r k i s supe r imposed 
1 the wave so that the p o s i t i o n of the p i ckup w i t h r espec t to the c r e s t and t roughs of 
le wave at the po in t of genera t ion i s i m m e d i a t e l y apparent . The distance between the 
ckup and the s o u r c e of v i b r a t i o n i s changed a l i t t l e a t a t i m e u n t i l the phase m a r k 
ipears exac t ly a t the c r e s t o r t r o u g h of a w a v e . The dis tance i s r e c o r d e d and i s then 
ic reased u n t i l the phase m a r k appears a t the next t r o u g h (one-half the wave length) o r 
:est (one wave leng th) . I l i u s , the wave l eng th i s d e t e r m i n e d d i r e c t l y . K n o w i n g the 
equency of v i b r a t i o n and the wave length , the ve loc i t y i s g iven by the r e l a t i o n 

V = L n 

h w h i c h 

V = 
L = 

v e l o c i t y i n m e t e r s per second, 
length i n m e t e r s , and 
f r e q u e n c y . 

sua l l y , the p robe i s opera ted over a dis tance of s e v e r a l wave lengths , and distance 
[•om the source i s p lo t t ed against number of wave lengths . The slope of the l i n e de-
j i e d by these poin ts i s the wave leng th . Th i s method gives g rea te r accu racy than the 
leasurement of a s ing le wave l eng th . 

Questions have been r a i s e d by s e v e r a l inves t iga to r s as to the type of waves generated, 
phey a r e genera l ly thought t o be shear waves , a l though the occu r r ence of Ray le igh o r 
the r type waves i s pos s ib l e . The d i f f e r e n c e i n v e l o c i t y of shear and Ray le igh waves 
3 only a f ew percen t and i s not cons idered s i g n i f i c a n t i n t h i s type of w o r k . The v e l o c -
ty of p ropaga t ion of shear waves i n a m e d i u m i s r e l a t e d to the modulus of e l a s t i c i t y 
n d Poisson 's r a t i o of the m e d i u m i n accordance w i t h the f o l l o w i n g c l a s s i c equation: 

in w h i c h 

V = v e l o c i t y , 
E = Young's modulus , 
g = acce l e r a t i on of g r a v i t y , 
V = u n i t we igh t , and 
\L = Po isson ' s r a t i o . 

| raking | j . as 0 . 5 , squa r ing , and t r anspos ing gives 

S 

\rhe shear modulus G can be computed f r o m the r e l a t i o n 

E = 2 ( l + | i ) G 

F r o m the f o r e g o i n g , i t i s apparent that the wave v e l o c i t y V , the u n i t we igh t of the 
i o i l 7 , and Poisson 's r a t i o mus t be known i n o r d e r to compute the modulus of e l a s t i c i t y 
S. The wave v e l o c i t y i s m e a s u r e d . The un i t we igh t can be measured or i n m o s t cases 
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es t ima ted as a s m a l l v a r i a t i o n has l i t t l e 
e f f e c t on E . Poisson ' s r a t i o |L i s p roba­
b l y m o r e n e a r l y 0 .40 to 0 .45 , but , as w i 
u n i t w e i g h t , s m a l l d i f f e r e n c e s do not gre: 
a f f e c t the r e s u l t s . 

I n p r a c t i c e , the e las t i c m o d u l i deter­
m i n e d as ou t l i ned he re a r e p l o t t e d agalns 
depth. I t i s known that waves induced by 
low f r equency v ib ra t i ons ( long wave lengi 
t r a v e l a t r e l a t i v e l y g r ea t depths, w h i l e 
waves induced by h igher f r equency v i b r a ­
t ions ( sho r t e r wave length) t r a v e l a t r e ­
l a t i v e l y sha l low depths . Resul t s of t e s t s 
by the R o y a l Dutch She l l Company engine 
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w i t h the r o a d v i b r a t i o n machine have shown 
that i f the depth of t r a v e l i s taken as one-
hal f the wave length , the r e s u l t s agree 
r e m a r k a b l y w e l l w i t h known depths t o the 
v a r i o u s l a y e r s i n a pavement s t r u c t u r e . 

F i g u r e 1 i l l u s t r a t e s t y p i c a l tes t r e s u l t s . 
I t i s a p l o t of E ve r sus depth w h e r e the 
depth i s taken as one-ha l f the wave leng th . 
Each tes t poin t shown i s based on a wave 
v e l o c i t y measurement a t a d i f f e r e n t f r e ­
quency of v i b r a t i o n . The tes t po in t a t the 
grea tes t depth was de t e rmined a t a f r e ­
quency of 60 cyc le s pe r second. The f r e ­
quency was inc reased by steps up to 2 ,000 
cyc les pe r second. 

The evaluat ion of a pavement s t r u c t u r e 
i s g r ea t l y f a c i l i t a t e d i f the subsur face 
m a t e r i a l s can be separa ted i n t o l a y e r s 
and s p e c i f i c p r o p e r t i e s ass igned to these 
l a y e r s . I t can be noted that l ines have 
been d r a w n t h r o u g h the tes t po in t s on F i g ­
u r e 1 w i t h t h i s end i n v i e w . I t i s neces­
s a r y to d e t e r m i n e the E-va lue of b i t u m i ­
nous s u r f a c e l a y e r s by l a b o r a t o r y methods . T h i s d e t e r m i n a t i o n was no t made and no 
values a r e shown. A value of 1,900 i s shown f o r the l a y e r beneath the pavement t o a 
depth of about 0 .25 m . A t t h i s depth, the E-va lue increases to 2 ,700 and then shows 
w i t h i n c r e a s i n g depth a g radua l decrease t o about 1,300. 

The data shown i n F i g u r e 1 a r e the r e s u l t s of measurements taken at a s m a l l m t m l c 
p a l a i r p o r t by She l l O i l Company pe r sonne l w h o had no knowledge of the subsur face c o i 
d i t ions at the t i m e the tes t was conducted. F i g u r e 1 a l so shows a sec t ion showing the 
ac tua l cons t ruc t ion at t h i s s i t e . The b i tuminous pavement su r f ace consis ts at iVtin. 
of sand asphal t w i t h about a 74 - i n . s u r f a c e t r e a t m e n t . Below th i s i s a 9 i n . base of 
p l a s t i c c lay g r a v e l . The s u r f a c e of the n a t u r a l g round , a sandy s i l t , was compacted 
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p r i o r t o p lacement o f the base c o u r s e . The 
subsur face so i l s w e r e not tes ted by conven­
t i o n a l methods at the t i m e of the v i b r a t i o n 
t e s t s ; however , i t i s known f r o m pavement 
p e r f o r m a n c e and f r o m s e v e r a l s e r i e s of 
e a r l i e r tes ts that the p l a s t i c c l ay g r a v e l 
now has a h igh w a t e r content and a r e l a t i v ­
e ly low s t r e n g t h . I t i s cons idered tha t i n 
t h i s p a r t i c u l a r case, the r e s u l t s o f the v i ­
b r a t i o n tes ts agree s a t i s f a c t o r i l y w i t h known 
r e l a t i v e s t rengths and depths to the sub­
s u r f a c e l a y e r s . 

Some idea of the capab i l i ty of t h i s method 
of e x p l o r a t i o n to r e s o l v e the subsur face 
p r o p e r t i e s adequately can be gained by an 
examina t ion of F i g u r e 2 . Wave ve loc i t i e s 
a r e p l o t t e d agains t depth . C u r v e 1 was 
obtained f r o m a tes t made M a y 8, 1958, a t 
w h i c h t i m e the su r f ace was a t poin t No . 1 
on the l o g . The other curves w e r e obta ined 
f r o m tes ts made a f t e r the add i t ion of 11 i n . 
o f base course m a t e r i a l and a f t e r cons t ruc ­
t i o n of a 2 % - i n . b i tuminous b inder cour se . 
Obvious ly the curves a r e not co inc ident , 
but i t shou ld be r e m e m b e r e d that the data 
w e r e taken over a p e r i o d f r o m M a y 8 to 
Augus t 27 as noted i n F i g u r e 2 . I t i s sus ­
pected, and some suppor t i ng evidence i s 
ava i l ab l e , that a w e t t i n g and d r y i n g took 
p lace between M a y and Augus t w h i c h m a y 
account f o r the d i f f e r e n c e s o c c u r r i n g a t 
the 40 - to 6 0 - i n . depth i n t e r v a l . E v e n w i t h 

lo a t t empt t o c o r r e c t f o r such a p o s s i b i l i t y , the v e l o c i t y values i n the deeper l a y e r s 
e f o r e and a f t e r the add i t i on of other l a y e r s a t the s u r f a c e a r e i n good ag reement . 

F i g u r e 3 shows that i t i s some t imes poss ib l e to detect changes i n p r o p e r t i e s of the 
lubsoi l by means of v e l o c i t y measu remen t s . I n t h i s case, a p o r t i o n of s i l t y c l ay sub-
3:ade cons t ruc t ed under c o n t r o l l e d condi t ions was su lqected t o t r a f f i c and other p o r t i o n s 
r e r e no t . These data show the i nc rease i n E - v a l u e caused by the e f f e c t s of t r a f f i c 
3ata w e r e a l so obta ined f r o m convent ional s o i l tes ts made at depths of 2 , 8, and 14 i n . 
n t r a f f i c k e d and x m t r a f f i c k e d a reas and a r e g iven i n Table 1 together w i t h the E -va lue 
l e t e r m i n e d f r o m v i b r a t i o n measu remen t s . 

X^NOT COMPACTED 
r BY TRAFFIC 

Figure 3. 

T A B L E 1 

B e f o r e T r a f f i c A f t e r T r a f f i c 

Depth 
( i n . ) 

W a t e r 
Content (%) C B R E 

W a t e r 
V Content (%) C B R E 

2 
8 

14 

108.7 
107.6 
105.5 

13 .8 
13.2 
1 2 . 1 

41 
44 
36 

2 , 600 
2 ,600 

110.2 10 .6 
108.5 11 .8 
106.3 12.3 

70 
68 
38 

4 ,100 
2 ,500 

A t a depth of 8 i n . , t r a f f i c caused the CBR value to inc rease f r o m 44 to 68, an inc rease 
55 pe rcen t . R e f e r r i n g to F i g u r e 3, i t can be seen tha t the E -va lue a t the 8 - i n . depth, 

l e t e r m i n e d f r o m v i b r a t i o n measu remen t s , i nc r ea sed f r o m about 2 ,600 to about 4 , 100 , 
m inc rease o f 58 pe rcen t . I t shou ld a l so be noted tha t at a depth of 14 i n . , both C B R 
i n d E-va lues ind ica te that l i t t l e o r no change o c c u r r e d . 
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s cos 6 STIFFNESS M O D U L U S 

Data p resen ted thus f a r have shown t y 
c a l r e s u l t s tha t have been obtained f r o m 
v e l o c i t y measurements only and have i n d 
cated that such measurements can provic 
i n f o r m a t i o n on condi t ions throughout the 
depth of the cons t ruc t ion except f o r the t( 
s e v e r a l inches . A s s ta ted p r e v i o u s l y , a 
s t i f f n e s s modulus f o r the who le s y s t e m c 
be de t e rmined d i r e c t l y . Th i s s t i f f n e s s 
modulus was de f ined as the r a t i o of a dyn 
ic load to the r e s u l t i n g d e f l e c t i o n . The 1 
f r e q u e n c y v i b r a t o r i s used i n t h i s tes t be 
cause the f o r c e s developed a r e g rea t eno 
to r e s u l t i n measurab le d e f l e c t i o n s . 

The f o r c e on the pavement i s dependei 
on the f r equency and the machine constan 
Mach ine constants take i n t o account the 
mass of the machine , e c c e n t r i c i t y and m i 
of the r o t a t i n g w e i g h t s , and phase ang le . 
The de f l ec t i on i s measured by e l ec t ron i c 
means . F u r t h e r deta i ls a r e beyond the 
scope of t h i s paper but a r e ava i l ab le i n tti 
r e f e r ences l i s t e d . 

I t i s obvious that the h ighe r the f r e q u e 
a t w h i c h the machine i s opera ted the grea 
w i l l be the f o r c e genera ted . Thus , a s t i f f 
ness modulus as p r e v i o u s l y de f ined can b 
d e t e r m i n e d f o r each f r e q u e n c y used . 0 t h 
inves t iga to r s have f o u n d the s t i f f n e s s mo( 
lus to v a r y w i t h the f r equency and tha t the 

v a r i a t i o n i s gene ra l ly not l i n e a r . Heuke lom showed that the value of the s t i f f n e s s mo< 
lus depended on the mass of the s o i l i n m o t i o n . I n a s y s t e m cons i s t ing of mass M , a 
s p r i n g R, and a dashpot, i t can be shown tha t 

S cos «|> = R - W ' M 

' —1 i 
/? //6 T/CM 

> — 

— 

— 

FREQUENCY (CYCLES/SEC) 

Figure l ^ . 

i n w h i c h 

S = dynamic s t i f f n e s s ( s t i f f n e s s modulus as p r e v i o u s l y def ined) 
<|> = phase l a g of the d e f l e c t i o n w i t h r espec t to the app l i ed f o r c e 
W = angular f r equency (2 i r n w h e r e n = f r e q u e n c y i n cyc les pe r 

second) 

When S cos <|> i s p l o t t e d against a f u n c t i o n of the square of the f r e q u e n c y , a s t r a i g h t 
l i n e th rough the e x p e r i m e n t a l po in t s i n t e r sec t s the S cos ^ ax i s a t a value R w h i c h i s 
c a l l e d the e las t i c s t i f f n e s s . F i g u r e 4 shows such a p l o t . The data shown i n th i s f i gu re 
w e r e obtained f r o m tes ts made at the same loca t ion as the ve loc i t y measurements show 
i n F i g u r e 1 . 

R e t u r n i n g now to F i g u r e 1, i t w i l l be r e c a l l e d tha t E - m o d u l i of 1,900, 2 ,700 , and 
1,300 k g / c m ' w e r e f o u n d f o r the 9 - i n . base course , the compacted subgrade, and the 
deep s o i l , r e s p e c t i v e l y , but that the E -modu lus of the b i tuminous pavement was not 
d e t e r m i n e d . I f t h i s value was known , the e las t i c s t i f f n e s s R of the e n t i r e s y s t e m could 
be computed and t h i s w o u l d p e r m i t a check on the R value de t e rmined as shown i n 
F i g u r e 4 . Tbe E-modu lus of a b i tuminous pavement depends on the b i t umen content , 
pene t ra t ion value of the b i t u m e n , t e m p e r a t u r e at the t i m e of tes t , and r a t e of load ing . 
N i j b o e r and o thers have developed t h e o r e t i c a l methods whereby the E-modu lus can be 
es t ima ted , but a d i r e c t d e t e r m i n a t i o n i n the l a b o r a t o r y i s much to be p r e f e r r e d . F o l - | 
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owing Nijboer's method, the E-moduhis was estimated to be 7,000 kg/cm'. Using this 
alue, and values for the underlying layers determined e^erimentally, R was computed 
a be 113 t/cm as compared with 116 t/cm determined from direct measurements. Too 
luch significance cannot be given to the close check obtained in this particular case as 
t was necessary to estimate one of the one of the values used. The example was pre-
ented to illustrate that when all data are available, the determination of R by two dif-

f rent methods is possible which provides a check on the work. Jt is also evident that 
the E-modulus of the surface layer is not known and cannot be accurately estimated, 
can be treated as the "unknown" and determined, knowing the E-modulus of theunder-

|ying layers and the elastic stiffness of the whole system. 
Several values of elastic stiffness in tons per centimeter, together with a brief de-

cription of the materials (to illustrate the range of values encountered) are given, as 
lollows: 

115-130 —unsurfaced, well-compacted, silty clay; CBR 40-60 percent. 
160-170—5- to 10-in. crushed gravel over 24-In. clay gravel. 
170-180— 10- to 12-ln. crushed gravel and slag over 10-in. sand gravel 

over clay-gravel subgrade. 
200-210— - in . bituminous surface over 10- to 12-in. crushed gravel and 

slag over 10-ln. sand gravel over clay-gravel subgrade. 
250-400 - Heavy-duty airfield flexible pavement. 

POTENTIAL USES 
The material in this paper has been restricted to essentially a presentation of ex-

mples of the type of data obtained directly with the Shell road vibration machine and 
file initial treatment of these data. A stuc^ of the references w i l l show that many uses 
:an be made of these data. For example, actual deflections measured under given 
oads can be related to deflections to be expected under vehicles or aircraft of similar 
oadings. Also, with measured deflections, strains can be computed which can in turn 
e compared with strength available. Such uses involve assumptions and theories be-
ond the scope of this paper. 

It appears h i ^ l y probable that useful relations can be developed between the values 
letermined from vibratory measurements and the conventional values used in design 
nd evaluations, such as unconfined compressive strength, subgrade modulus (K, from 
ilate bearing tests), density, CBR, and others. To establish such relationships, i t is 
lecessary to make the vibration measurements at locations where complete information 
m. the subsurface conditions at the time of test is available. 

The Shell road vibration machine has been used for sometime in Europe with consid-
irable success. The Waterways Experiment Station had the use cf the machine for 
ibout six months and based on the observations during that period, it is believed the 
nachine has immediate application in the evaluation of airfield pavements. The machine 
s usually operated by a crew of three men; however, a fourth man is desirable when 
he test data are to be reduced in the field for immediate use. In a normal working day, 
L four-man crew can determine the stiffness moduli of the pavement at four locations, 
rhese determinations wi l l show relative over-all strength and w i l l permit definition of 
'weak" and "strong" areas. After stiffness moduli have been determined, velocity 
neasurements can be made at selected locations dependent on the particular problem 
ind information on the strengths of individual subsvirface layers obtained to supplement 
he stiffness measurements. While proven methods are not presently available to relate 
•esults obtained with this machine directly to bearing capacity or performance, data 
>btained from satisfactory and imsatisfactory areas would permit an estimate of perform-
mce. It also appears h i ^ l y probable that periodic measurements would provide use­
ful information on the seasonal changes taking place in a pavement structure such as 
getting and drying or feezing or thawing. 
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Non-Dimensional Approach to the Static and 
jî ibratory Loading of Footings 

L. KONDNER and R.J. KRIZEK, respectively. Instructor of Civil Engineering, The 
Johns Hopkins University, Baltimore, Md. ; and formerly Research Assistant, The 
|ohns Hopkins University, presently Instructor of Civil Engineering, The University 

Maryland, College Park 

An Investigation of the surface deformations of rigid footings 
on homogeneous, cohesive soils under vertical static and v i ­
bratory loadings which is based on the methods of dimensional 
analysis in conjunction with small-scale model studies is re­
ported. The physical quantities included are the strength and 
energy dissipation characteristics of the soil, the geometry of 
the footing, the magnitude of the static and dynamic loading, 
and the effects of frequency and amplitude of vibration. Practi­
cal illustrative examples are worked using the methods and data 
reported in this paper and the solutions are compared with those 
obtained for the conventional methods given by Housel, Kogler 
and Scheidig, and numerous authors in the field of soil mechanics. 

THE BASIC PURPOSE of this paper is to report the results obtained from a small-
cale laboratory investigation of the vertical static and vibratory loading of frictionless 
igid footings on the surface of a homogeneous cohesive soil. Because the study is 
ased on the methods of dimensional analysis and the results are presented in non-di-
aenslonal form, the results can be expected to hold for similar full-scale studies, pro-
ided a l l of the important variables have been included in the dimensional analysis and 
lere is similitude between the corresponding non-dimensional parameters of the model 
nd prototype. Thus, the seemingly impossible task of modeling is avoided. It must 
e recalled that dimensional analysis and model analysis are quite different, with di-
lensional analysis being a much more powerful and fundamental tool. Because of the 
omplexity of soil as a structural material and the difficulty of soil problems in general, 
t is felt that a more extensive use of the methods of dimensional analysis wi l l contri-
nite to the field of soil mechanics. 

Although some quantitative results are given, the results presented in this paper are 
ntended to be qualitative indications of the possible results obtained using dimensional 
inalysis as an experimental guide in problems in soil mechanics. The methods of di-
nensional analysis have been very successful in the field of hydraulics but their use in 
loil mechanics has been very limited, possibly because of the influence of boundary 
:onditions, the water table, and the non-homogeneity and stratification of soils. The 
lenior author intends to extend the present study to include the effects of stratification, 
!ccentricity of loading, friction between the footing and the soil, single impulse load-
ng, and the influence of a rigid ledge below the soil mass for both cohesionless and 
•.ohesive soils. It is felt that these difficult conditions can also be handled with the 
aethods of dimensional analysis. 

THEORETICAL CONSIDERATIONS 
The methods of dimensional analysis as used to determine relationships among 

hysical quantities which can be related by an equation are illustrated in a detailed 
lanner in a companion paper by Kondner (12) on the static and vibratory cutting and 
enetration of soils. 

37 
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The following physical quantities using the force-length-time system of fundamental 
units have been selected for use in the dimensional analysis: 

X = sinkage (contact deformation or surface settlement), L ; 
t = time, T ; 
Fx = total applied force, F ; 
Fs = static force, F ; 
a = forcing frequency, T ~ *; 
p = natural frequency, T~ ^; 
T = maximum unconfined compressive strength of the soil, FL ~ ̂ ; 
H = viscosity of soil, F L " * T ; 
p = mass density of soil, FL "* ; 
g = acceleration of gravity, LT ; 
A = cross-sectional area of footing, ; 
c = perimeter of footing, L ; and 
a = amplitude of vibration, L . 

A discussion of the foregoing physical quantities is included in the paper previously 
mentioned (12). 

Since there are 13 physical quantities and 3 fundamental units, there must be 10 
independent, non-dimensional ir terms. These ir terms can be methodically obtained] 
by choosing three physical quantities, which contain all three fundamental units and 
cannot be formed into a ir term by themselves (for example, F f , « , and T ), and 
combining them with each of the remaining quantities, one at a time. 

There is nothing unique about the form of the non-dimensional terms obtained; hen<\ 
i t Is possible to algebraically transform them so long as the final -ir terms are non-
dimensional and independent. Because of the great difficulty in experimentally deter-
miniag the exact nature of the function F , the i r terms obtained, by the method indi­
cated, were algebraically manipulated into the following non-dimensional parameters. 
In this study the sinkage (x) is considered the dependent variable and hence occurs in 
only one i r term. 

TTi = - i r ? = cot c 

a « * 

- » (1)1 ITS = - J - '"•9 

F t 
•ir4 = - S - = 1 + R TTlD 

p 

- I P . VEl 
- T » T 

T Fipt 
176 or either of the convenient forms ^ and 

The functional relationship among the various physical quantities can therefore be 
expressed as 

^ . , T . a » T , cw « gp VS^I 
^ = '=* ^ F - s , ^ , X , T , — , i t , T , ^ - J 

(2) 

The interpretations of the non-dimensional terms are similar to those given by the 
senior author for the static and vibratory cutting and penetration of cohesive soils (12 
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pY dropping from the study the ir terms containing p and p (12), Eq. 2 can be reduced 
:o the form 

F T ^ _a_ j o i c « \ 
^ , ^ A , c , T , gt, "'y (3) 

= 4 n 

^hich is assumed to have a solution in an eight-dimensional space. 
Although the natural frequency has been dropped from the functional relationship, It 

r i l l be discussed qualitatively later in the paper. When comparing the relationship 
>etween any two ir terms, the remaining ir terms must not be forgotten. It must be 
loted that i t is the value of the ir term that is important and not its individual parts, 
rhus, the value x/c should be unique for constant fixed values of i n although the indi-
ridual physical quantities composing the -ir terms may change. 

EXPERIMENTAL APPARATUS 
Model Footings 

The model footings used in the study are 
shown in Figures 1 and 2. They include a 
set of six circular footings of various diam­
eters, a square footing, four rectangular 
footings, and a special footing in the form 
of a symmetric cross. The circular foot­
ings have cross-sectional areas of 0.5, 1.0, 
1.5. 2.0, 2.5 and 3.0 sq in. and a value 
of c /A equal to 4 IT which is a constant for 
all circular footings and the geometric 
minimum value for <?/A. The square foot­
ing has a cross-sectional area of 2 sq in. 
and a value of c'/a equal to 16 which is a 
constant for a l l square footings. The rec­
tangular footings and the cross-shaped 
footing al l have constant cross-sectional 
areas of 2 sq in. but have variable values 
of c'/A as shown in Figure 2. A l l of the 
model footings are made of aluminum and 
have a polished finish. 

Static Test Apparatus 
The two types of static test apparatus 

used are shown in schematic form in 
Figures 3 and 4. As shown in Figure 3, 
the static weight is applied to the footing 
through a ball bearing with the use of a 
lever system consisting of a rigid arm 
pivoted at point e. 

The apparatus in Figure 4 operates as 
follows. The load is applied to the footing 
through a ball bearing and a shaft by plac­
ing weights on the loading platform. The 
shaft is free to move vertically in the 
guides. The sinkage is measured with an 
indicator dial. 

Vibratory Test Apparatus 
The vibratory test apparatus is schemat­

ically shown in Figure 5. The load is ap-

1 n e h e i 

D 

2 
inches 

A 

inches 

c 

0 . 7 9 0 . 5 2 . 4 8 

1.13 1.0 3 . 5 5 

1 .38 1.5 4 . 3 4 

1 . 5 9 2 . 0 5 . 0 0 

1 . 7 8 2 . 5 5 .5 9 

1 . 9 5 3 . 0 6 . 1 3 

Figure 1. Circular footings. 
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Footing I 

5 66 2 0 16 

5 80 2.0 

600 2.0 

16.8 

18 

6 83 2.0 23.4 

9.00 2.0 40.5 

16 5 2.0 136 

Figure 2. Footings of constant area and 
VEirlable perimeter. 

plied to the footing through a ball bearing 
and a solid shaft which is connected in 
series with a dynamometer and static 
weights both of which are attached to the 
moving coil of the electro-magnetic ex­
citer. When the shaft is not bearing on 
the footing, the weight acting on the movin| 
coil is transferred by small, leaf springs 
to the field coil which is suspended on the 
guide track by counter weights. By use of I 
the adjustment reel the shaft is brought to [ 
bear on the footing. The position reel is 
used to raise or lower the exciter along 
the guide track in order to maintain an 
average relative displacement of zero be­
tween the field coil and the equilibrium 
position of the moving coil and thus a con­
stant resultant static force. The output of I 
the exciter used was limited to a maximuii| 
sinusoidal dynamic force amplitude of 10 
lb for a frequency range of 20 to 60 cycles| 
per second. 

Static and dynamic forces are measured 
by the electric dynamometer whose respoq 
is amplified and viewed on a cathode-ray 
oscilloscope. The amplitude of vibration 
is measured with a piezoelectric crystal-
type accelerometer and a vibration meter 
calibrated to read in micro-inches. The 
sinkage of the footing is measured by mean 
of an indicator dial calibrated in thousandt 
of an inch with a range of 1 in. 

MATERIAL TESTED 
The soil used to date in this investigaticj 

is a Jordan buff clay obtained from the 
United Clay Mines Corporation. It is mined on US 40 approximately 6 miles north of 
Baltimore at Popular, Maryland. The deposit is a part of the Patapsco formation of 
the Potomac group which is of the lower Cretaceous period. The characteristics of th^ 
clay are as follows: 

Liquid l imit 
Plastic l imit 
Plasticity index 
Specific gravity 
Optimum moisture content 
Maximum dry density 

(Modified AASHO) 

42% 
2 1 % 
2 1 % 
2.68 
15% 
114 pcf 

Test samples were prepared to approximately the desired unconfined compressive 
strengths by a compaction process using moisture-density-strength relationships pre­
viously obtained (11). 

EXPERIMENTAL RESULTS 

Static Tests 
Since this was the f i rs t time, to the authors' knowledge, that small-scale model 
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studies in conjunction with the methods of 
dimensional analysis had been used to 
investigate the loading of frictionless and 
rigid footings on the surface of a homoge­
neous cohesive soil, it was decided to f i rs t 
conduct experiments with only static load­
ings. Eqs. 1 and 3 show that the static 
load-sinkage relation can be expressed in 
the form 

loading platform 
i t a t l c weights 
lever arm 

d Indicator d i a l 

Figure 3. 

e pivot 
f b a l l Joint 
g foot ing 
h s o u sample 

Schematic diagram of 
apparatus. 

c ^l'' 
s t a t i c 

/ £ T ^ Tt \ 
^ A T , A , r\ J 

(4) 

The non-dimensional term Tt/r\ was 
obtained from Eq. 1 by dividing i r7 by ire. 

Thus, Eq. 4 includes time effects which are known to be of great practical consequence. 
Those persons familiar with the use of rheological models in the field of high polymers 

(will recognize the termT]/Tas being proportional to the relaxation time for a Maxwell 
[material and as being proportional to the retardation time of a Kelvin material. Thus, 
Ithe non-dimensional term Tt/r\ controls the rate of sinkage in a static test. The present 
(state of development of the field of soil mechanics is such that very little in a quantitative 
manner can be done with this term. The senior author has recently initiated an extensive 
research program into the static and ctynamic viscoelastic properties of soils and is 
hopeful that considerable progress can soon be made in stress-strain-time phenomena in 
soils ( n ) . 

Pressure Intensity, Soil Strength and Shape Effects. — To illustrate the convergent 
nature of the non-dimensional form of presenting the experimental data, load-sinkage 
tests were conducted on a very soft sample using circular footings. The effects of the 
cross-sectional area on the sinkage of 
footings was evaluated by using different 
values of A while maintaining a constant ^ 
value of c'/A. For circular footings of 
any diameter the value of c*/A is equal 
to 4 I T . Thus, such tests w i l l give the 
relationship between the dependent vari­
able (x/c) and F-p/Axfor c / A =417. 

Figure 6 is a conventional plot of the 
load-sinkage data for the aforementioned 
tests. The same data are plotted in the 
non-dimensional form of x/c versus 
Frp/Ar in Figure 7. It is important to 
note that the rate of loading for al l of 
these tests was 1 kg per min with sink-
age readings being taken at the end of the 
1 min intervals. Although the load ap­
plication rate was constant, the rate of 
stress application was not constant be­
cause of the difference in cross-sectional 
area. The senior author's recent work 
in stress perturbations about various 
stress levels indicates that the viscous 
response of the soil being studied is a 
function of the stress level; thus, the 
viscous nature of the soil is non-Newtonian 

land the time effects should be different 

b b 
i i — 1 | 

a loading p l a t f o r n 
b s t a t i c weights 
c pointer 
d penetration scale 
e indicator d i a l 
t shaf t 
g guides 
h b a l l Jo in t 
1 foo t ing 
k s o i l saople 

Figure h. Schematic diagram 
apparatus. 

of s t a t i c 
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Figure 5. Schematic diagram of vitratory 
apparatus. 

for the different footings. This means 
that to obtain a unique relationship betwee| 
x/c and F-p/Ar a constant value o f r t / i ] 
would have been required for al l of these 
tests. Theoretically, this could havebeei| 
done by varying the loading rate for each 
test either by varying the load interval or | 
by changing the time interval of loading. 
Unfortunately, the field of soil mechanics I 
has not yet reached a state of development! 
where such loading rates can be predicted! 
It may be that a reverse process could be [ 
used to investigate such viscous phenomenl 
Thus, the "scatter" in Figure 7 is probablj 
due to viscous effects as well as experi­
mental error. 

Theoretically, the same curve of x/c 
versus F>p/AT could be obtained by varyinj 
the value of T for any one of the circular 
footings provided the remaining ir terms 
are kept constant and equal to their values] 
in the previous tests. Figure 8 is the re­
sult of such tests conducted on a stiff sam-l 
pie using the same loading rate as in the 
previous tests. Once again variations in 
the term T t/t] seem to prevent a complete] 
agreement with the results of Figure 7. 

If t e rmr t / i ] had been kept constant in 
the foregoing tests, the results obtained 

would have been expected to hold in the field. For circular cross-sections the only 
field data that was located is that reported (4) on the presentation of rigid plate bearing 
test data. Load versus sinkage data of subgrade for plate diameters ranging from 1 to 
7 f t (4, Tables 3 and 5) have been plotted in non-dimensional form in Figure 9. The 
value of the unconfined compressive strength which was used was estimated from an­
other paper connected with the same study (5). Figure 9 shows a surprisingly small 
amount of scatter for the wide range of plate sizes and pressures used. When compare] 
with Figures 7 and 8, the best agreement is obtained with Figure 8. The results given 
in Figure 8 were obtained for a "stiff" soil sample haviog an imconfined compressive 
strength closer to that of the field tests. Therefore the viscous effects are less when 
comparing Figures 8 and 9 than when comparing Figures 7 and 9. The generally good 
agreement obtained from the non-dimensional plots for the wide range of cross-section: 
areas, soil strengths and applied loads seems very encouraging. 

To obtain the variation of the sinkage (x/c) as a function of ^ / A , a series of tests 
were conducted on footings of equal cross-sectional area but with different values of 
CVA for soil samples having approximately the same unconfined compressive strengths 
The range of c^/A tested was from the geometrical minimum of 4Trfor circular footings 
to a value of 136 for the cross-shaped footing of Figure 2. The results of these tests 
are given in Figures 10 and 11. Figure 10 is a plot of x/c versus F,p/ATfor various 
values of c'/A. Figure 11 is a plot of x/c versus CVA for various values of Frj/Ar. 
For a constant value of Frp/Ar, the sinkage parameter (x/c) increases as CVA decreas 
es. Thus, for a constant cross-sectional area, a circular-shaped footing has the most 
undesirable sinkage characteristics. 

The results of Figures 7, 8, 9, 10, and 11 are in agreement with the observations 
on size effects reported by Taylor (J15) and Tschebotarioff (18). 

It must be recalled that the foregoing data were obtained from carefully controlled 
tests on homogeneous cohesive soil in which any eccentricities of loading were care­
fully avoided. Thus, the failure mechanism was such that failure occurred by a gradua| 
sinkage without any tipping of the footing. In actual field studies the soil deposit may 
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Figure 6. Slnkage versus load: circular footings. 

lot be homogeneous and the accentricities may be considerable, thus inducing 
lifferent failure mechanisms for different cross-sectional shapes of constant 
irea. There are two different phenomena to be considered; namely, the sinkage char-
icteristics as indicated by Figure 11 and the stability characteristics which may be a 
'unction of the homogeneity of the cohesive soil and both the shape of the footing and 
he magnitude of the load eccentricity. 

Load History and Creep Effects. — To get some qualitative indication of the impor-
ance of time effects on the study, a series of load history and creep tests were con-
lucted on soft samples using a circular footing with a cross-sectional area of 2 sq in. 
rhe selection of a circular footing and a soft soil was to accentuate viscous effects 
|hrough large sinkages and to increase stability against tipping of the footing. 

The results of the creep tests for various stress levels are given in Figure 12 in 
|he form of x/c versus t. Since the ratio otr/t] is approximately constant for any one 
reep test but not for different creep stress levels (non-Newtonian effects), the time t 

approximately proportional to the non-dimensional te rmxt / r ] . Thus Figure 12 can 
e considered as giving in a qualitative manner the variation of x/c wi thr t / r i for dif-
erent values of Fx/Arand a constant value of CVA = 4 i r . 

The slopes of these curves for various stress levels at constant times are an Indica-
^on of the manner in which the strain rate varies as a function of the applied stress 

vel. This indicates that the strain rate increases with the increase in stress level 
a non-linear manner. Thus, the viscous response is non-Newtonian, The rate at 

hich the strain rate is increasing with increase in stress level indicates a quasi-Bing-
| i m behavior (Fig. 13) for the soil being studied. This agrees with the senior author's 

eliminary results on the dynamic viscoelastic properties of the clay in question as 
^ported to the U.S. Army, Corps of Engineers (11). 
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Figure 7. Hon-dimensional plot for circular footings of x/c versus F^AT. 

Figure 13 illustrates several kinds of viscous behavior. A Newtonian material has 
a linear relationship (from the origin) between stress and strain rate while non-Newtoi 
ian is any other curve. Bingham response is also linear but flow does not develop un< 
t i l a yield stress is reached. Note that the linear relationships mean a constant visco£ 
ity. The actual response of the soil considered is non-linear and each stress level is 
associated with a different viscosity. 

The results of the tests conducted with different load histories are shown in Figure 
14. The loading sequences used for these tests were 0. 5 kg per min, 1.0 kg per 2 m i 
2.0 kg per 4 min, and 4.0 kg per 8 min. Thus, for al l of the tests, the average load­
ing rate was 0.5 kg per min and the average rate at which the applied stress was beinf 
increased was 0. 55 psi per min. A comparison of the values of x/c for times of 8 mii 
and 16 min shows an increase In x/c for an increase in the loading sequence. A check 
of the unconfined compressive strengths showed that the larger load sequences were 
run on soils with slightly lower values of T and consequently lower values of i ] . Sinci 
the applied stresses were equal at these times and the viscosity is lower for the large 
load sequences, the strains for the larger load sequences should be greater. This 
agrees with the larger values of x/c for the larger load sequences even though the 
average rate of stress increase was constant. 

Although this study is primarily concerned with the rheologic characteristics (re­
ferred to by many as plastic, viscous, or secondary time effects) and not with "conso 
dation" phenomena, the results of this section agree with those obtained for consolida 
studies. For the soil tested the smaller increments of load and hence the corresponc 
ingly larger number of increments gave smaller surface deformations. When the loa 
is applied gradually the soil skeleton has time to reorient itself and hence to develop 
a greater resistance to the next increment of load than would be the case if a larger 
Increment of load was applied. 

The different results given in Figures 7, 8, 9, 12 and 14 can be reconciled by re­
calling that variations in T and the applied stress Frp/A cause different changes in il 
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Figure 8. Non-dimensional plot for circular footings of x/c versus F^A T . 

and that the various rates of stress application mean that different values of time should 
be used. Therefore the relationship between (x/c) and F ^ / A T for different size foot­
ings under different rates of stress application on cohesive soils having various uncon­
fined compressive strengths w i l l not be a imique relation until the non-dimensional 
parameters c*/A andrt/r] or its equivalent expression Fji/si-r\ are maintained constant. 

Practical Applications 
The authors believe that the methods of dimensional analysis offer considerable 

promise in the transformation from model studies to prototype response. To illustrate 
some of the possible applications of the results presented, several practical problems 
are solved using the methods presented and the solutions are compared with the solu­
tions obtained using conventional methods of analysis. Li this section the viscous ef­
fects expressed by the term rt/t] are neglected and it is assumed that Figures 10 and 
10-a can be used to obtain the surface deformations imder a rigid footing of a homog­
eneous, cohesive clay mass of any consistency as a function of the total applied verti­
cal load regardless of the cross-sectional area of the footing for a variety of cross-
section shapes. Figure 10-a is an enlarged detailed plot of the e}q>erimental data near 
Jie origin in Figure 10 for square footings. 

Specific Problems. — Example A: Comparison with the Housel Method. The follow­
ing example is taken from Andersen (J., p. 81). tt is desired to design a square footing 

0 transmit a load of 94 kips to a cohesive soU without exceeding a settlement of H in* 

Pvo tests are made with bearing areas of 1 f t by 1 f t and 2 f t by 2 f t ; they give settle-
ents of Va in. for loads of 7,600 and 20,800 lb, respectively. 
The solution by the Housel method gives the desired footing having a side length 

•qual to 5 f t . 



46 

Figure 9. Non-dimensional plot of f i e l d data: x/c versus Frj/A T . 

Using the non-dimensional method as expressed in Figure 10-a, the solution is as 
follows: 

For the 1- by 1-ft test plate 

Fx 
A^^ 

7600 
" T T and c 

0 .5 0.01042 

Entering Figure 10-a with x/c = 0 .01042, one obtains a value of F J / A T = 0 .614 . The 
value of T is obtained by equating the two values of F ^ / A T . Inasmuch as the T for the 
test plate and the footing is the same, this value is then substituted into the prototype 
expression and 

^T ^ 94.000 X 0.614 
"ST 7,600b^ 

and — c 
0 ,5 

- i8b 

With the use of Figure 10-a the solution of the two equations is easily obtained by 
t r ia l and error to be b =4.93 f t . 

The same process can be used for the 2 - by 2 - f t test plate to obtain a solution of 
b = 5 . 0 1 f t . 

The non-dimensional method required the data from only one load test. The agree| 
ment between the Housel and the non-dimensional method is excellent. 

Example B: Comparison with the Housel Method. A second problem was selected 
from Andersen (1, p. 85, No. 4). 

It is desired to design a square footing to transmit 328 kips to a cohesive soil with' 
out exceeding a settlement of % in. Two tests are made with bearing areas of 1 f t by 
1 f t and 2 f t 3 in. by 2 f t 3 in. They gave in. settlements for 7,600 lb and 25 ,000 l b | 
respectively. 
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Figvire 10. Non-dimensional plot of x/c versus F ^ A T for constant values C ^ / A . 
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Figure 10-a. Non-dimensional plot for square footings. 
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Figure 11. Non-dljnensional plot of x/c versus c ^ / A for constant values of F ^ / A T , 

The solution by the Housel method is b = 10 f t and by the non-dimensional method, 
as previously illustrated, is approximately 10.4 f t . The agreement for this example 
is also fairly good. 

Example C: Proportioning Footings to Prevent Differential Settlement. The founda­
tion designer is frequently required to design spread footings for a structure such that 
harmful differential settlements are prevented. It is well known that footings of dif­
ferent sizes w i l l settle unequally even though they carry the same unit pressure intens: 
The following problem is taken from Andersen (1., p. 84) where i t is solved by the met! 
of Kogler and Scheidig. 

It is desired to find the square contact areas for three single footings carrying, | 
respectively, 36, 48, and 72 kips. The compressible layer in which the footings are 
resting extends 6 f t below the contact areas. It is assumed that a square footing of 
9 sq f t w i l l be used for the load of 36 kips and the other footings wi l l be proportioned ; 
that the final deflections w i l l be approximately equal for the three loads. 

The solutions given by Andersen using the Kogler and Scheidig method are 
b = 3 f t for the 36-kip load, 
b = 3.66 f t for the 48-kip load, and 
b = 4.92 f t for the 72-kip load. 

The solution obtained using the non-dimensional method is as follows. Because a l 
three footings are on the same soil and the settlements are to be equal, the soil prop­
erties should not affect the solution. The 3-ft by 3-ft footing carrying the 36-kip load 
w i l l be used in the same manner as the test plates in Examples A and B. Inasmuch a 
the settlement of the 3-ft by 3-ft foot i i^ is unknown, a value may be assumed (for ex­
ample Va in . ) . 

^ 0 -5= 0.00347 and ^ - 36000 
144 and 
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Figure 12. Static creep t e s t s . 

20 

For x/c = 0.00347 Figure 10-a gives FJ/AT = 0.37. Following the procedure of i l ­
lustrative Example A gives for the other two loading conditions 

and 
A F 

Fx 
A T 

4.45 

6.67 

and — 0.5 ^ for the 48-kip load, 

and 0.5 c " ^2-kip load. 

These two sets of equations can be solved by t r ia l and error to give 
b = 3.58 f t for the 48-kip load, and 
b = 4.56 f t for the 72-kip load. 

The solutions were repeated using assumed settlements of 1 and 2 in. with the fo l -
|lowing results: 

For an assumed settlement of 1 i n . , b was equal to 3.58 f t and 4.67 f t for the 48-
kip and 72-klp loads, respectively, while b was 3.66 f t and 4.87 f t , respectively, 
^sing an assumed settlement of 2 in. 

It must be noted that the Kogler and Scheidig method was developed to include the 

Eepth of the soil to a rigid ledge. The senior author has not yet extended the non-di-
lensional method to include this condition although i t should be done in the near future, 

spite of this difficulty the largest discrepancy (assumed settlement of ya in. for 72-

Ep load) was only 7.3 percent. If one considers the location of the 10 percent pressure 
lib as a function of the length of the side of the footing and with regard to the depth of 
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Figure 13. Bingham and quasl-Bingham m a t e r i a l . 

the soil layer given, such a small percent error is to be expected for the 48-klp load 
but a somewhat larger error would be expected for the 72-kip load. 

Limited Generalizations. — The following are some generalizations obtained from 
the non-dimensional method. 

Non-Linear Case. For a constant cross-sectional shape and a constant value of 
Fx/AT(that is, for a constant applied pressure and the same soil), a constant value 
of x/c wi l l be obtained regardless of the total load and the cross-sectional area. This 
does not involve any assumption regarding the linearity of the load versus surface de­
formation relationship. Therefore, under these conditions 

— = constant = k , 

For circular footings 

c 
X i 

i r d 
Xz 
ird2 or X i 

X2 
^1 
d2 

(5) 

This agrees with observations attributed to Terzaghi by Andersen ( J . ) . For square 
footings 

5 = constant = k . = ^ = 4 % 

or 

X i 
Xa 

Jbi_ 
b. 

(6) 
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Figure li t . Load history t e s t s . 

For rectangular footings 

- = constant = ks 2b2 a + a ) 

br 

X2 
bi 
h2 

(7) 

in which a is the ratio of the length to the width of the footing and is a constant for both 
lootings. 

Linear Case. If one assumes an initially linear load versus settlement relationship, 
s numerous authors do (14, Fig. 5: 18-b, p. 128), then the relationship for F X / A T 
ersus x/c for a constant value of c*/A can be written as: 

El 5 
. A T J M _ L c . M (8) 
' F T "I rx" 
A T C 

J F L . 
which subscripts M and F refer to the model (test plate) and the prototype footing, 

ftspectively. Note that for the linear assumption Eq. 8 can be used for any pressure 
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intensity F^/A. The validity of the linear assumption is discussed later. Forconstai 
pressure Fx/A andTjj =TF Eq. 8 reduces to Eqs. 5, 6 and 7 for circular, square, an 
rectangular footings, respectively. Various forms of Eqs. 5, 6, and 7 are given inth 
literature; for example, by Sowers and Sowers (14, Eq. 5: 12a, p. 129, and stated in 
words by others p. 583). 

Discussion of Linearity. The following example illustrates some of the possible 
effects that the linearity assumption can have on the computed settlements. 

A load test conducted on a clay with a 2- by 2-ft test plate gave a settlement of % 
in. under a load of 12 kips. Estimate the surface settlement of an 8- by 8-ft r igidfoo| 
ing under a load of 128 kips. 

It is important to note that the pressure intensities are 3 kips per sq f t and 2 kips 
per sq f t for the bearing plate and the footing, respectively. A f i rs t order approximal 
solution to this problem (which some people might use) would be to reduce the bearing 
plate data to that for a pressure intensity of 2 kips per sq f t (the same as that of the 
footing) by using the assumption of a linear relationship between the load and the surf l 
settlement. Thus, for a pressure intensity of 2 kips per sq f t the bearing plate woulc^ 
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f)e assumed to give a surface settlement of Ya in. Now that the pressure intensities are 
qual, Eq. 6 (14, Eq. 5: 12a, p. 129) could be used to obtain a prototype surface settle-

inent of 1.33 in. 
With the linear assumption the non-dimensional method as expressed by Eq. 8 gives 

12 
T T 
128 

0.5 

X = 1.33 in. 
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Figure 17« Natural frequency versus cross-sectional area for constant contact stress. 

For comparison the same problem wi l l be solved by the non-dimensional method 
without making the assumption of a linear load versus settlement curve. Neglecting 
the time effects, Figure 10-a for square footings may be considered to hold for any 
pressure intensity on a cohesive soil of any unconfined compressive strength. 

From the load test data 

F T 12000 

and 

c 

4T 

0.5 
2x4x12 = 0.00521 

For a value of x/c = 0.00521, Figure 10-a gives 

F T 
A T = 0.433 12000 

Substituting for T in the prototype footing gives 

F T 128000 x 4 x 0.433 
A T ~ 64 X 12000 = 0.2886 

For 

Figure 10-a gives 

F T 
X T 0.2886 

— = 0.00164 c 
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Therefore 
X = 0.00164 c = 0.00164 x 4 x 12 x 8 = 0.63 in. 

which is only 47.4 percent of the surface settlement estimated with the linear assump­
tion. 

The reason for the smaller value of the surface settlement, as given by the non-di­
mensional data of Figure 10-a, when compared with that obtained for the linear assump­
tion, is as follows. The data from the load test are actually only one point (point Q of Fig. 
10-a) on the non-linear curve of F-p/AT versus x/c. The linear assumption gives a 
straight line from the origin through point Q. Therefore, for pressure intensities less 
than that of the load test the surface settlement predicted by Figure 10-a wi l l be less 
than that obtained with the linear assumption, while for pressure intensities greater 
than that of the load test, the predicted values w i l l be greater than those for the linear 
issumption. 

Experimental evidence indicates considerable non-linear behavior in cohesive soils. 
|rherefore considerable caution should be exercised in the use of linear approximations 
Lnd i t should be realized that such linear approximations are only valid over a limited 

ange of variables. Such limitations are clearly pointed out in the literature. For ex-
mple, when writing on loading tests on cohesive soil Terzaghi (IG) states " . . .we al-

•rays find that the ratio between the settlement and the unit load increases with increas-
^ g load." Terzaghi (16) also states, "the increase of the rate of settlement under high-

r loads is due to the fact that soils do not obey Hooke's law." 
Because of the great number of variables involved, numerous authors in the field 

jf soil mechanics have wisely expressed caution in the extrapolation of the results of 
imall-scale loading tests to the surface settlements of prototype footings. The illustra-
ve examples given in this section seem to indicate that the use of non-dimensional 
rameters obtained with the methods of dimensional analysis provide a rational basis 

B r the transformation from model studies to prototype response. Although the examples 
ven show very good agreement with the methods of Housel, Kogler and Scheidig, and 
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Figure 19. Semi-logarithm f i t of dynamic creep data. 

with some of the observations of Sowers, Taylor, Terzaghi, Tschebotarioff, Andersen, 
Peck, Krynine and others, the authors must caution the would-be user that the work 
reported in this paper is only the initial preliminary part of the study and much resear( 
is needed, particularly with regard to viscous effects, before any general quantitative 
results can be expressed and used with confidence. 

Vibratory Tests 
The vibratory experimental results presented in this section are of a qualitative 

nature only and no quantitative conclusions should be drawn until a more extensive 
research program is conducted. 

Natural Frequency Tests. — In the interpretation of the non-dimensional parameterd 
it was noted that the natural frequency of the soil-footing system is primarily a func- • 
tion of the magnitude and configuration of the equipment used and may be entirely dif­
ferent for model and prototype. Although the mechanical resonance of the system is 
important, the present study is more concerned with the response of vibratory loaded I 
footings due to the basic frequency dependent properties of the soil. As a qualitative 
indication of field response and as a basis of comparison with the data yet to be given, 
the following information regarding the mechanical natural frequency is presented. 
The variation of the natural frequency of a circular footing with a cross-sectional are^ 
of 2.5 sq in. under a constant static force for changes in the unconfined compressive 
strength is given in Figure 15. The natural frequencies were obtained by measuring 
the free vibrations of the system as a fimction of time when the footing system was 
displaced from its equilibrium position by a small impulsive force. For the same so| 
type the natural frequency increases with an increase in the unconfined compressive 
strength. Whether, for simplicity, one considers a linear or a non-linear (soft) soill 
spring characteristic curve, the point value of the spring "constant" wi l l increase w i i 
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an increase in the unconfined compressive 
strength. Therefore the results of Figure 
15 are to be expected. The results also 
agree with the increase of the compressive 
modulus with an increase in the compres­
sive strength (U) . 

Figure 16 shows the variation of the 
natural frequency under different applied 
stresses for the same footing used in the 
foregoing on a hard sample (high x) and a 
circular footing having area of 1.5 sq in. 
on a soft sample. 

Figure 17 shows the variation of the 
natural frequency with the cross-sectional 
area of the footing for constant soil contact 
pressures on the same soil. The natural 
frequency decreases as the contact area 
increases. This agrees with the results 

given by Tschebotarioff (18). Although the results of Figures 16 and 17 seem to indicate 
a reduction in natural frequency because of an increase in the total oscillating mass, 
the possibility also exists that the effective spring characteristics of the soil are non­
linear and also changing. Much additional research is required before any definite 
conclusions can be made regarding the aforementioned variations. 

In addition to these results, it was found that the size of the bin used to hold the soil 
for the model footing tests can affect the value of the natural frequency. 

Time Effects. — Figure 18 is a typical curve of x/c versus at and is actually a 
dynamic creep test. Note the similarity between Figure 18 and the shape of curves in 
Figure 12. The most consistent f i t of such data was obtained by plotting log (a - x/X) 
versus <ot, as shown in Figure 19, where X is the ultimate sinkage and A is a constant. 
Inasmuch as the resultant curve is approximately a straight line, the sinkage can be 
expressed in the form 

l^gure 20. Sinkage parameter versus 
amplitude of vibration. 

X ( A Bg-2 .3S» t J (9) 

where B and S are the intercept and slope of the curve. For a controlled set of tests 
it may be possible to get A, B, S and X as fimctions of the other ir terms. To date 
such an ambitious test program has not been conducted. 

R-0 .67 

I Figure 21. Sinkage parameter versus 
frequency parameter. 

Figure 22, Sinkage ratio versus fre­
quency parameter. 
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Figure 23. Slnkage parameter versus 
force ratio. 

Figure 2k, Slnkage ratio versus force 
ratio. 

Amplitude Effects. — Figure 20 shows the variation of sinkage as a function of the 
amplitude of vibration for the same footing, static contact pressure and soil with a 
constant frequency of vibration at various values of wt. The exponential increase in 
sinkage as a function of the amplitude agrees with the results obtained by the senior 
author, Kondner {11), for the vibratory unconfined compression testing of the soil being 
used. It must be remembered that the results of such a non-dimensional plot wi l l 
change with variations in soil type and strength characteristics, frequency of vibration 
and magnitude of the stress level about which the stress perturbations are takingplace. 

Frequency and Force Ratio Effects. — The variation of the sinkage parameter (x/c) 
as a function of the frequency parameter (c « /gt) is presented in Figure 21 for differer 
values of the force ratio R. The force ratio is the ratio of the dynamic to static con­
tact stresses and its relation to the ir* term is given by Eq. 1. These results were 
obtained on a soft sample with a footing having a cross-sectional area of 1. 5 sq in . 
The total force (static plus maximum dynamic force amplitude) was kept constant for 
these tests. As a basis of comparison the natural frequencies of the footing for the 
various static stress levels used in the experiments were found by the free vibration 
method to be 63, 57, and 58 cycles per second for values of R = 1.0, 0.67, and 0.25, 
respectively. Figure 22 is a plot of the ratio of the cfynamic sinkage to the static sink-
age xi j /xg as a function of the frequency parameter for constant force (stress) ratios. 
The variation of x/c and xj j /xg as functions of the force ratio for various values of the 
frequency are presented in Figures 23 and 24. These figures show that the sinkage 
parameter, frequency term and the force ratio are all interrelated. Figure 21 shows 
a decrease in the frequency of the peak response for an increase in the force ratio 
while the natural frequency data show there should have been a slight increase in the 
peak response frequency. Thus, the influence of the amplitude of the dynamic force oi | 
the peak response is an indication of non-linear spring and damping characteristics. 

The non-linearity seems to increase with an increase in the magnitude of the dynam| 
force amplitude. When related to spring characteristics this indicates a "soft spring" 
response. This agrees with the results of the senior author's recent work on the dynaj 
mic viscoelastic properties of the soil in question (11). 

Figures 21 through 24 show that the dynamic sinkage is not necessarily a mechanic^ 
resonance phenomenon but may also be a function of the frequency and stress level den 
pendence of the soil properties. Although in many cases it is difficult to separatetheil 
effects, i t is believed that the frequency and stress level dependence is more importa| 
in some cases than the mechanical resonance. Because of the limited power output of 
the vibratory apparatus currently being used, a wider range of force ratios and fre­
quencies could not be studied. 

FAILURE MECHANISM 
The failure mechanism involved in the vibratory sinkage of rigid footings on homol 
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geneous, cohesive soils is similar to that given by the senior author for the vibratory 
penetration of soils (12). 

CONCLUSIONS 
The method of dimensional analysis forms a rational basis for investigating the 

sinkage (surface settlement) of rigid footings on homogeneous cohesive soils under 
static and vibratory loads. Such a basis greatly enhances the transformation from 
model studies to prototype phenomena by avoiding the difficult task of model analysis. 

Illustrative practical static problems have been solved using the non-dimensional 
method and the results were in very good agreement with the methods of analysis of 
Housel, Kogler and Scheidig and with some of the published observations of Sowers, 
Taylor, Terzaghi, Tschebotarioff, Andersen, Krynine and others. 

Thus, the illustrative examples and the non-dimensional analysis of reported field 
data indicate that the static sinkage of r igid footings on homogeneous soils can be 
accurately predicted from x/c versus F i j / A T relations as functions of CVA, regardless 
of the combination of total applied force, shape of footing and unconfined compression 
strength of the soil. The accuracy of the method seems to be somewhat affected by 
viscous time effects. These viscous effects seem to be not only a function of the soil 
considered, but also a function of the stress level applied to the soil. An extension of 
some of the tests reported, in conjunction with other rheological experiments, might 
possibly be used to obtain quantitative information about such phenomena. 

The influence of the cross-sectional shape of the footing seems to be adequately 
taken into account in the non-dimensional method by the parameter c^/A, where c is 
the perimeter and A the cross-sectional area of the footing. Some generalizations for 
relating the surface settlement and the size of footing have been obtained from the non-
dimensional method and found to agree with those given by numerous authors. The 
senior author intends to extend the present study to include the effects of stratification, 
eccentricity of loading, friction between the footing and the soil, single impulse load­
ing, and the influence of a rigid ledge below the soil mass for both cohesionless and 
cohesive soils. It is felt that these difficult conditions can also be handled with the 
methods of dimensional analysis. 

The vibratory sinkage of footings is not only a function of the shape of the footing 
jot also a function of the amplitude and frequency of vibration, the ratio of the dynamic 
stress to the static stress applied, and the dynamic viscosity of the soil. Although the 
latural frequency of the soil-footing system is important, considerable sinkage can be 
>btained at frequencies other than the mechanical resonance. Such response is believed 

be due to the frequency and stress level dependence of soil properties. Thus, the 

tinkage of footings under vibratory loading is a highly non-linear problem and consider-
ble investigation is needed before accurate predictions of field response can be made. 

There is a necessity in the field of soil mechanics for more coordinated, compre-
ensive investigations of the rheological properties of soils both statically and dynami-

jally. A systematic investigation should be conducted to determine the effects of mois-
l i re content, grain size distribution, mineral content, and nature of the pore water on 
ne elasticity, anelasticity, creep and stress relaxation spectra, recovery behavior 
|nd dynamic frequency response of both cohesive and non-cohesive soils. Such studies 

i l l indoubtedly lead to a better understanding of stress-strain-time effects and hence 
more rational solutions to many of the problems facing the field of soil mechanics. 
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Stresses Under Circular Flexible Foundations 
H.S. GILLETTE, Soils Engineer, Fort Worth, Texas 

This paper outlines a new simple, and convenient method of 
computing stresses underneath uniformly loaded flexible 
circular foundation of a definite given radius: (a) along the 
vertical axis underneath the circular surface flexible founda­
tion; and (b) along horizontal plane at any outward distance 
from the vertical axis at right angles to i t , and parallel to 
the horizontal plane surface boundary. 

• EMPLOYING the geometrical dimensions outlined in Figure 1, and the original pre-
limenary assumptions of Boussinesq (1_) for point loads. Love (2) developed the basic 
differential equations for the deflections and stresses beneath uniformly loaded flexible 
circular surface foundations. To use these differential equations conveniently in practi-

COCO = omeyci-onne<^a 
FP^^ rho-rho 
ZZ ' zee-zee 

|.gure 1. Geometrical dimensions used to develop theoretical stresses underneath a 
circular area. 
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calfoundation design problems Tufts (3), employing eliptic integral tables, developed "infli 
ence values" (that is, expressing the differential equations in terms of dimensionless ratic 
the quantities being dimensions that can be measured from a load plan). In this form th( 
righthand member of the equation can be solved for various values of the dimensionless 
ratios. These influence value tables are set forth in the Appendix. 

With the aid of these influence tables in the Appendix the author drew up quickly and 
easily the stress contour curves outlined in Figures 2 to 16 for a flexible surface foim-
dation of radius A and a definite uniform surface loading in pounds per square inch or 
square foot. These stress contour curves are self explanatory. 

For purposes of this paper, the following nomenclature or symbols have been 
adopted: 

a = radius of circular loaded area; 
p = unit vertical pressure on loaded area; 

« , p = cylindrical coordinates (Fig. 1); 
zz = vertical normal stress; 
"f? = radial normal stress; 
iS(3 = tangential normal stress; 

= shear stress in the (Tz plane; 
T i = major principal stress; 
Tx = minor principal stress; 
S = stress difference = Ti - T i ; 
s = maximum shearing stress = % S; and 
| i oro- = Poisson's ratio. 

Attention is directed to the fact that the value of Poisson's ratio (h-) does not 
affect the stresses acting vertically but does cause stress variations in all stresses 
acting at an angle with the vertical. 

The vertical stress contours have been found to be of considerable value in the 
design of flexible base courses for bituminous surfaces. 

Figure 2 . zz = p contours of stress, z 



63 

Off-dA ,\2. /.^ 2\c z l f . 3r\? 

Figure 3 . Tangential Sou stress contours. 
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Figure h. Tangential am stress contours. 
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Figure 6. Stress-difference (S) contours. 
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Figure 10. Minor principal stress contours. 
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r p H E NATIONAL A C A D E M Y OF S C I E N C E S — N A T I O N A L R E S E A R C H COUN-
C I L is a private, nonprofit organization of scientists, dedicated to the 
furtherance of science and to its use for the general welfare. The 

A C A D E M Y itself was established in 1863 under a congressional charter 
signed by President Lincoln. Empowered to provide for all activities ap­
propriate to academies of science, it was also required by its charter to 
act as an adviser to the federal government in scientific matters. This 
provision accounts for the close ties that have always existed between the 
A C A D E M Y and the government, although the A C A D E M Y is not a govern­
mental agency. 

The NATIONAL R E S E A R C H COUNCIL was established by the ACADEMY 
in 1916, at the request of President Wilson, to enable scientists generally 
to associate their efforts with those of the limited membership of the 
ACADEMY in service to the nation, to society, and to science at home and 
abroad. Members of the NATIONAL R E S E A R C H COUNCIL receive their 
appointments from the president of the ACADEMY. They include representa­
tives nominated by the major scientific and technical societies, repre­
sentatives of the federal government, and a number of members at large. 
In addition, several thousand scientists and engineers take part in the 
activities of the research council through membership on its various boards 
and committees. 

Receiving funds from both public and private sources, by contribution, 
grant, or contract, the ACADEMY and its R E S E A R C H COUNCIL thus work 
to stimulate research and its applications, to survey the broad possibilities 
of science, to promote effective utilization of the scientific and technical 
resources of the country, to serve the government, and to further the 
general interests of science. 

The H I G H W A Y R E S E A R C H BOARD was organized November 11, 1920, 
as an agency of the Division of Engineering and Industrial Research, one 
of the eight functional divisions of the NATIONAL R E S E A R C H COUNCIL. 
The BOARD is a cooperative organization of the highway technologists of 
America operating under the auspices of the ACADEMY-CoUNCiL and with 
the support of the several highway departments, the Bureau of Public 
Roads, and many other organizations interested in the development of 
highway transportation. The purposes of the BOARD are to encourage 
research and to provide a national clearinghouse and correlation service 
for research activities and information on highway administration and 
technology. 
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