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This paper presents a correlation of forced vibration theory with dynamic
impact tests for three continuous highway bridges and a simple span
highway bridge. The experimental impact was determined at the center-
line of the single span highway bridge and in the outer and inner spans
and at the interior supports for the three types of continuous four-span
highway bridges. The effect of the vehicle is assumed to be an oscilla-
ting forcing function whose frequency is the frequency of axle repetition
and whose force 1s the oscillating load effect of a constant force travers-
ing a beam. The correlation of the theoretical and experimental impact
indicates that the simplifications made in the effect of the vehicles are
justified for the bridges tested and the experimental vehicle velocities
used. These results show qualitatively that the amount of impact is a func-
tion of the ratio of the frequency of axle repetition to the loaded natural
frequency of the structure.

¢IN THE DESIGN of highway bridges, the static live load is multiplied by a factor to
compensate for the dynamic effect of moving vehicles. This factor, commonly referred
to as an impact factor, is intended to provide for the dynamic response of the bridge to
moving loads and suddenly applied forces. Many investigators have published research
that contradicts the current impact formula (1, 4, 18). Some investigators feel not only
that the problem of impact deals with the increase in over-all static live load but also
that it is an integral part of a dynamic load distribution problem (25).

The current expanded highway program with the large number of required bridge
structures emphasizes the need for investigating some of the dynamic behavior problems
that have been generally ignored by highway engineers. These problems generally result
from the 1nability of a designer to predict the dynamic response of a bridge structure.
Many different investigations have been made of particular portions of the over-all dy-
namic problem. The results of these varied investigations are inevitably followed by a
number of unanswered questions. Ironically, many of the unanswered questions are
those of immediate concern in the design of highway bridges, and this emphasizes the
need for additional research on the problem of impact.

Nature of the Investigation

This investigation is a study of the dynamic magnification of static load, commonly
referred to as impact, resulting from the vibrations produced by a vehicle traversing
the length of the bridge. More specifically, the purpose of this investigation is to cor-
relate the response of actual continuous highway bridges under the effects of moving
vehicles with vibration theory. The problem is then to determine by means of experi-
mental data, the important parameters affecting bridge vibration and to develop thereby
a theoretical correlation of these parameters.

The experimental investigation was designed to determine if the simplifications made
in the theoretical impact analysis are justified in the application of this theory to actual
structures. In this experimental work the impact was determined at midspan of a single
span highway bridge and in the outer and inner spans and at the interior supports for
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three types of continuous four-span highway bridges. The bridge structures investi-
gated are as follows:

1. A simple span bridge with six post-tensioned prestressed concrete beams 100 ft
long constructed to act compositely with a reinforced concrete roadway. The roadway
is 30 ft wide with a 3-ft safety curb on both sides.

2. A fully continuous structure, 220 ft long with four aluminum stringers constructed
to act compositely with a reinforced concrete roadway. The roadway is 30 ft wide with a
3-ft safety curb on both sides.

3. A fully continuous composite structure 240 ft long and similar to the previous
bridge but with four steel wide flange stringers. The reinforced concrete roadway is
28 ft wide with a 3-ft safety curb on both sides.

4. A continuous reinforced concrete roadway 24 ft wide with a 2-ft safety curb on
both sides supported by six pretensioned prestressed concrete beams in each of the four
spans.

The ends of the simple span beams were encased by a cast-in-place diaphragm at the
piers. The continuous roadway slab, constructed to act compositely with the stringers,
and the pier diaphragm result in a relatively continuous 198.75-ft bridge.

The types of bridges chosen give a wide range of the various parameters involved in
vibration. The aluminum stringer bridge is outstanding in that it allows a comparison
of the effect of a lighter material with a smaller elastic modulus in a structure similar
in its other aspects to the steel stringer bridge. The continuous pretensioned pre-
stressed concrete bridge resembles the other continuous bridges except that it is only
partially continuous in its action.

The mass per unit length is nearly equal for the three continuous bridges. To in-
vestigate the effect of a variation in the mass per unit length, the much heavier post-
tensioned prestressed concrete bridge was studied. Also these bridges provide a number
of variables in their structural qualities which may affect structural damping. The
characteristic of damping is theoretically important because it provides an upper limit
for the amplitude of forced vibration and might determine the maximum amount of im-
pact for that structure.

Definitions

Impact Factor.—The impact factor used herein, is the ratio of the difference between
the dynamic and static effect of a vehicle to the static effect. It is therefore the frac-
tional increase in the static live load; in this case, the vehicle, which is required for
the static live load to produce an effect equivalent to that of the dynamically applied live
load.

Natural Frequency.—The frequency of a free vibration is called the natural frequency
of the elastic system. The elastic system used herein is the bridge structure itself.

Resonance. —When an elastic system is acted on by an external periodic forcing
function having the same frequence as a natural frequency of the system, itis ina state
of resonance.

Notations
E = modulus of elasticity;
f = patural frequency in cycles per unit of time;
f L = loaded natural frequency in cycles per unit of time;
f(x, t) = a function of position and time;
g = acceleration due to.gravity;
I = moment of inertia;
L = length of span;
M = mass of the load;
m = mass per unit length of span;
N = number of cycles;



damping coefficient;

spacing of the vehicle axles;

time;

a function of time;

velocity;

weight of the load;

frequency of the forcing function;

horizontal coordinates a distance measured in the direction of the length
of the span;

a function of the horizontal coordinate;

vertical ordinates deflected displacement due to the static live load;
vertical ordinates deflected displacement due to the dynamic live load.
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THEORETICAL INVESTIGATION
Forced Vibration

The analytical work of Inglis (10), although not touching on this problem, does offer a
great dealof insight into an analysis of the effect of multiple axle vehicles traversing a
flexural system.

Inglis incorporates the use of a Fourier sine series for the representation of the
various bridge loadings. A concentrated load W at section x =a is expressed by a
Fourier series in the form

i=m
Loading = gLﬂ Z sin 1ra ;’Ja sin _1£x (1)
i=1

in which L is the span length. The deflection resulting from this load function provides
a basis for some simplifications of the load function. The deflection curve must satisfy
the relationship

dy _ .
EI P Loading

or

i=m
1 g- = % Z sin _1£a sin __ilzx . (2)

i=1

When the load is near the center of a simple span, the static centerline deflection is ob-
tained approximately by using only the first harmonic component of the load series. The
resulting static deflection is

_awp®_ wr’
Y = S¥ET "~ 18.7EI @)

in which El is the elastic constant of the beam. Therefore, by using only the first
harmonic component of the load, a very close approximation to the exact value of
WL3/48EI is obtained. Thus, only the first harmonic component was used by Inglis for
most of his solutions.

The preceding calculation for deflection was made with the assumption that the elastic
curve of the beam is free to rotate at the support, which is the elastic curve of a simply
supported beam. The exactness of this solution for deflection is a result of the small
difference between the simple beam deflection curve for a concentrated load and the



4

deflection resulting from the first component of the harmonic representation of load, a
sine curve. Therefore, the type of solution that results in a sine deflection curve is
applicable to a simply supported beam, but it requires some justification before it can
be applied to a continuous beam. However, to do this it is only necessary to consider
the computations for natural frequency by the energy method. It has been shown by
Linger and Hulsbos (13) that the assumed sine deflection curve gives a very good ap-
proximation in determining the first mode natural frequency. This indicates the close-
ness of the sine curve to the exact theoretical first mode vibration curve of a continuous
beam.

To represent a moving load, the distance that the load travels is taken as vt, where
v is the velocity of the load and t is the time required for the load to traverse the dis-
tance a. The series representing the moving load of constant magnitude then takes the
form

T2 s ptem i @
i=1
Moving Loads of Constant Magnitude.—The oscillations produced in a beam by a
single moving load of constant magmitude are found by solving the differential equation of

motion (Eq. 5) with the load function given in Eq. 4. The differential equation of motion
is :

Eld‘;-}:+m%=f(x,t) (5)
dx dt

in which m is the mass per unit length of span, and f(x, t) is load function. The solu-
tion of this problem by Inglis (10, p. 27) is shown, using only the primary component of
the load function, in Eq. 6. The dynamic deflection due to a single concentrated force
is

... X
i ZWLS sin = L
d wEr |- (2L)

(sin 2 11( ) t - (m) sin 2 rft (6)

Due to the practical limitations of speed, the term (%)a in the denominator is negli-

gible in comparison with unity and can be ignored. Similarly it can be shown that a
simplification of this equation for the maximum dynamic deflection at midspan (i.e.,
vt = L/2 and x = L/2) becomes

_ v .
Vg =Ygt [1-(2-1—‘f) sin 211ft] )]
1 which Vst is the static deflection for the given load function. It is apparent that the

right-hand term in the parenthesis 1s an amplification factor representing the vibratory
oscillations resulting from a single force traversing the beam, or that the increased
dynamic effect can be represented by a static oscillating load factor of

W (%f) sin 27t

Therefore, the effect of a series of forces can be represented by a load function whose
frequency of application is determined by the repetition of axles and whose magmtude of
oscillation is W (v/2Lf).



5

Repetition of Axles.—The frequency of the impulses representing the passage of axles
is given by

(8)

W =

nj<

1n which s 1s the spacing of the axles and v is the velocity of the vehicle. The harmonic
oscillation which is assumed to represent the dynamic effect of the repetition of axles is
then taken as

w %‘f) sin 27wt (9)

The differential equation of motion used in the forced vibration analysis will include
the effect of damping:

EI%+4wnbmth+m%atxz-=f(x, t) (10

in whach 4 o m is the damping constant. The harmonic forcing function f (x, t) which

represents the dynamic effect of the axle impulses is represented by the first harmonic
component of the load series and includes the effect of the mass of the load. The load-
g function, or forcing function, 1s

=3 |w L si M| gy X
f(x’ t) - (L) W zu sin ZTTWt M dtz sin T (11)

in which y 1s the vertical deflection of the mass. The form of the solution of this par-
tial differential equation may be taken, as shown by Inglis (10), as

X

y = T(t) sin T

(12)

The solution of Eq. 10 using the forcing function in Eq. 11 is given by

[ N
sin (27wt - «)

e (—f!—) swn 2nf t
_ 2WL® v, L X (13)

= = (579 = = —-—
¥4 rEl 2L ‘/ (1-!12 ) ) (if?ﬁ) sin
L ke

in which

LV
q=2"n (7);
f = the natural frequency of the bridge; and
f1,= the natural frequency of the bridge with the load on it.

The right-hand term in the numerator of the brackets varies as a function of the damping.
Consequently, it dies out as the load passes along the bridge. Therefore, the maximum

amplitude of this vibration occurs when the term [sin(Z rwt- «) sin ELE ] is a maximum,
and is given by



21?,:3‘1‘l ‘Tnbw (14)
(1- + (&)

Because this deflection occurs as a result of the oscillating load factor w(v/21Lf), it is
in effect the dynamic variation of the elastic curve about the static deflection position
of this curve. Therefore, the impact factor as previously defined, for the maximum

amplitude of vibration is the ratio of this amplitude to the static deflection. This im-
pact factor can be written

(15)

‘/ (1 ] _Wnbw

This impact factor closely resembles the amplification factor normally associated
with forced vibrations. The ratio (v/2Lf) in the numerator represents the amount of the
load effective in the forcing function as the driving force, and is evaluated from the
oscillations produced in a beam by a single moving load of constant magnitude. These
oscillations, although they result from a single load of constant magnitude, are similar
to those of an oscillating driving force. The effect of these oscillations will be increased
if a repetition of axles occurs with the moving load of constant magnitude and if these
axles are in phase with the oscillating load. The phase difference between these two
effects is not considered here since it is possible for the oscillating load effect and the
repetitive axle effect to occur together at many different positions in a continuous struc-
ture. Instead, these two effects are considered to be in phase, thus giving an upper
boundary impact factor for the forced vibration of bridges by the optimum combination
of the repetition of axles with the oscillating effect of a smoothly rolling load.

EXPERIMENTAL INVESTIGATION
Test Structures

The bridges tested in this research are part of the Interstate highway system around
Des Moines, Iowa. They have all been built within the last seven years and are similar
to the type of bridge being built in Iowa's primary and Interstate road system. The ap-
proaches to these structures are paved and there is a smooth transition to the bridge
roadway. One factor used in selecting the bridges was the uniformity of their actual
roadway profile. All of the bridges tested are constructed of longitudinal stringers de-
signed to act integrally with a reinforced concrete roadway slab. However, a variety
in this general type of structure was desirable to determine the limitations of the theo-
retical forced vibration approach presented herein. The variety was obtained by se-
lecting three continuous bridges in which different materials were used to fabricate
the longitudinal stringers. The mass per unit length is approximately the same in
these bridges. A simple span bridge with a mass per unit length approximately double
that of the other structures was also tested.

Simple Span Prestressed Concrete Bridge.—The simple span bridge investigated has
six post-tensioned prestressed concrete beams and a span of 100 ft. The stringers are
designed and constructed to act compositely with the reinforced concrete roadway slab.
The roadway is 30 ft wide with a 3-ft safety curb on both sides (Fig. 1). This structure
is one span of a seven-~-span bridge carrying westbound traffic on Interstate 35 over the
Des Moines River north of Des Moines, Iowa. Each span of this bridge is isolated
from adjacent spans by a 1-in. expansion joint.

Continuous Aluminum Stringer Bridge.—This structure is a 220-ft continuous four-
span bridge with four aluminum stringers which act compositely with a reinforced con-
crete roadway. This bridge has a 30-ft roadway with a 3-ft safety curb on both sides
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(Fig. 2). It carries traffic on Clive Road over Interstate 35 northwest of Des Moines,
Iowa.

Continuous Steel Stringer Bridge.—This 240-ft continuous four-span structure is
similar to the previous bridge except for the longitudinal stringers. The four steel
stringers act compositely with a reinforced concrete roadway that 1s 28 ft wide with a
3-ft safety curb on both sides (Fig. 3). This structure carries the traffic on Ashworth
Road over Interstate 35 west of Des Moines, Iowa.

Partially Continuous Prestressed Bridge. —This four-span bridge 1s 198.75 ft long
with a 24-ft roadway. The reinforced concrete roadway slab 1s continuous over the in-
terior supports and has a 2-ft safety curb on both sides. In each of the four spans there
are six pretensioned prestressed concrete beams. The ends of the simple span beams
are encased by a cast-in-place diaphragm at the piers. These pier diaphragms plus the
continuous roadway slab, which acts compositely with the stringers, result in a rela-
tively continuous bridge structure (Fig. 4). This structure carries traffic over Inter-
state 35 at the Cumming Interchange southwest of Des Momes, Iowa.

Test Vehicles

The vehicle effect has been simplified as much as possible in the theoretical analysis.
The only parameters considered to be affected by the vehicles are the forcing function
and the loaded frequency of the bridge. The forcing function 1s a function of the axle
spacing and the velocity of the vehicle, and the loaded frequency of the bridge is a func-
tion of the ratio of the mass of the vehicle to the mass of the bridge span. The other
variables of the loading vehicles, and there are many, were disregarded.

Vehicle A is an International L-190 van-type truck (Fig. 5). This truck, used to
check the Jowa State Highway Commission scales, has a wheelbase of 14 ft 8 in. and a
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tread of 6 ft. It weighs 40,650 Ib with 31, 860 Ib on the rear tandem axle. The forced
vibration resulting from this vehicle at any velocity has two possible frequencies; that
is, this vehicle could have the forced vibration frequency determined by the passage of
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the individual axles in the tandem rear axle, in which the forcing frequency is v/4, or
it could have a frequency determined by the passage of the front and rear axles, in
which the forcing frequency is v/14.67. In the latter the axle spacing has been taken as
the distance to the center of the rear tandems.

Vehicle B is a tandem axle, International VF-190 truck tractor pulling a 36-ft Monnon
flat bed trailer (Fig. 6). The tractor has a wheelbase of 13 ft 1 in. and a tread of 6 ft.
The trailer wheelbase is 23 ft, and the tread of the trailer wheels is 6 ft. The total
weight of this vehicle is 73,500 1b, with 32,900 1b on the trailer tandem axle and 31,700
b on the tractor tandem rear axle. This vehicle has three effective axle spacings, and
therefore the forced vibration resulting from this vehicle for any given velocity has three
possible frequencies. These three frequencies are v/4 resulting from the individual
axle spacings of the tractor and trailer tandem axles, v/13.08 resulting from the tractor
wheelbase axle spacing, and v/23 resulting from the trailer wheelbase axle spacing.

For the tractor and trailer wheelbase, the axle spacing has been taken as the distance to
the center of the tandems.

Instrumentation

To determine the dynamic effect of the vehicles, the static and dynamic bridge mo-
ments were computed from the strain measured at the extreme bottom fiber of each
stringer. To measure the strains, standard SR-4 strain gages were used. The types
of SR-4 gages used were A-1, A-5, and A-9. The resistance to the ground of the SR-4
gages used on the steel and aluminum girders was as follows: the A-1 gages, 1, 000, 000
to 1, 000, 000 chms; the A-5 gages, 500, 000 to 1, 000, 000 ohms. The A-9 gages have
approximately a 6-in. gage length and were used to record the strains in the concrete
girders.

The strain readings were recorded by a Brush universal amplifier (BL-520) and a
Brush direct-writing recorder (BL-274). This equipment produces a continuous record
of strain for which the time base can be varied by the speed of the recording paper.

The speeds available vary from 1 to to 250 mm per sec. For a check of the time base
as determined by the speed of the paper, a 1-sec timer was used to actuate an event
marker on the edge of the record. The Brush Universal amplifiers have a number of
attenuator settings which vary from 1 g in. per in. of strain per Attenuator-Line to
1,000  in. per in. of strain per Attenuator-Line, and therefore allow a wide choice of
amplification of the strain. The power for this Brush recording equipment was obtained
from a 10 KW Onan motor generator.

The strains were measured in all the stringers at the centerline of the single span
bridge and in the outer and inner spans and at the interior supports for the continuous
bridges. This allowed the impact to be evaluated at all the sections of maximumbending

SIDE VIEW REAR VIEW

Figure 6. Vehicle B.
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moment for the entire length of the bridge structures. Because the continuous bridges
are symmetrical about their center imterior support it was necessary to instrument only
one-half of these bridges with strain gages.

Experimental Sections. —The experimental sections instrumented for the evaluation
of the bridge moments are described and shown on the elevation view of each respective
bridge plan.

1. Section I is located at a point four-tenths of the outer span from the end support
for all the four-span continuous bridges. Section I for the simple span prestressed
concrete bridge is at the middle of the span.

2. Section II is located at the middle of the interior span for the continuous steel
stringer and aluminum stringer bridges. In the partially continuous four-span pre-
stressed concrete structure, Section II was offset 1t 6 in. toward the center interior
support to eliminate the effect of a transverse diaphragm at the middle of the interior
span.

3. Section III is located at the first interior support of the continuous bridges. To
eliminate or reduce any effect the reaction diaphragms might have, Section Il was off -
set from the centerline of the reaction toward the exterior span 1 ft 6 in. and 1 ft 8 in.
for the aluminum stringer, the steel stringer, and the prestressed concrete stringer
bridges, respectively.

4. Section IV is located at the center interior support of the continuous bridges.
This section is offset from the centerline of the reaction a distance equal to the offset
of Section II for each respective continuous structure.

All of the bridges were instrumented at each of these section with an SR-4
strain gage at the center of the bottom flange, or the extreme lower fiber of each
stringer.

Experimental Neutral Axes.—To obtain the moments required to evaluate the im-
pact, the section moduli or relative section moduli of the stringers were required at the
sections where the stramns were measured. The effective section of the steel and the
aluminum stringers vary considerably depending on their cross-section, due to cover
plates or variable flanges, and the proximity of the curbing to the outer stringers.
These changes in cross-section result in large changes in the moments of inertia and
section moduli from one section to another. The actual section moduli and moments of
inertia of the longitudinal stringers were determined experimentally by obtaining the
position of the neutral axis of the longitudinal stringers. Because the bridges are
symmetrical about their lateral and longitudinal centerlines it was necessary to instru-
ment only one quadrant of each bridge for the determination of the position of the neu-
tral axes of all the experimental sections used to evaluate impact. To obtain the neu-
tral axis five SR-4 strain gages were positioned on each stringer. One gage was lo-
cated at the center of gravity of the longitudinal stringer, and the other four gages at
the extreme fibers and the quarter points of the stringer. The locations of the neutral
axes were then used to determine the amount of concrete slab that acts compositely with
the stringers. The entire roadway slab thickness was used in these calculations. The
moment of inertia was then determined using the necessary amount of slab. A modular
ratio of 10 was used for the steel stringer bridge and a ratio of 3.33 was used for the
aluminum stringer bridge in these calculations. However, once the position of the neu-
tral axis is known the moment of nertia is independent of the modular ratio used.

In both of the prestressed concrete stringer bridges, the lateral spacing of the stringers
is much smaller and the cross-sections of the stringers do not vary along thebeams. More-
over, the magnitude of the strains in the web and upper flanges of the prestressed concrete
stringers was so small that it made the determination of aneutral axis very uncertain.
Therefore, the section moduli of the longitudinal prestressed concrete stringers were
assumed to be equal at each section investigated. It was found that inthe steeland aluminum
stringers in which the experimental neutral axes were determined the actual variationin
the section moduli made very little difference in the impact because the impact 15 a
difference in moments or a relative difference in the recorded strains. Thus the
assumption made in the prestress concrete bridges will not appreciably affect the re-
sults regardless of the exact section moduli.
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Experimental Procedure

The 1mpact resulting from the action of the loading vehicles has been derived analy-
tically. To determine experimentally the dynamic effect (the impact), static tests were
first performed by the loading vehicle creeping across the bridge with the motor idling.
The maximum moment in the bridge cross-section and the longitudinal position of the
vehicle were computed. This was used as a base for the evaluation of the results of the
dynamic tests. The dynamic tests were then conducted at vehicle speeds beginning at
approximately 10 mph and increasing by increments up to the maximum attainable speed.
The maximum dynamic moment was obtained in the cross-section for the vehicle in ap-
proximately the same longitudinal position as the maximum static moment. The dynamic
and static tests were performed along four different lanes on the bridge roadway, two
lanes for each direction of travel with one lane corresponding to the highway lane and
the other lane at the longitudinal centerline of the bridge. For each assigned lane, the
left front tire on the vehicle was guided along a painted stripe indicating the lane on the
bridge roadway. During the runs a variation to one side or the other of the painted
stripe was never more than 1% in.

Pneumatic tubes were placed across the bridge roadway at the centerline of one ex-
terior support and at the centerline of the center interior support for the continuous
bridges and at the centerline of both exterior supports for the simple span bridge. The
signal produced when the vehicle tire passed over this tube activated an event marker
on the strain record. Knowing the chart speed and the distance between tubes, the
average vehicle velocity was computed. These event markers on the stramn record also
enabled the longitudinal position of the vehicle to be determined at any time.

The testing of the continuous aluminum and steel stringer bridges was divided into
two series for both test vehicles due to the limitation of the number of channels of
Brush recording equipment. Section I and III were tested in one series and Sections II
and IV in the second series. Both vehicles A and B were used in the dynamic testing of
these bridges. The increased number of stringers in both the prestressed concrete
bridges necessitated one series of tests for the test vehicle for each experimental sec-
tion. Only Vehicle A was used in the dynamic testing of these bridges. At each test
section the strain was measured at the extreme lower fiber of the stringers. In each
series of tests the vehicle made four static runs, one in each lane, and sixteen or
twenty dynamic runs, four or five in each lane, depending on the maximum speed ob-
tainable for the particular structure. A continuous strain time record was obtained for
each run. Each strain record, therefore, contains a continuous recording of the outer
fiber strains for the stringers at the test section, an event marker trace for the longi-
tudinal location of the vehicle and vehicle speed, and a time base with a 1-sec interval.

The test record shown in Figure 7 is a typical dynamic strain record showing the
variation of the outer fiber strain as a vehicle moves across the bridge. The static
strain time curve has been superimposed on the dynamic strain time curve and is indi-
cated by a dotted line. This record was obtained from a stringer at Section I of the
simple span prestressed concrete stringer bridge with Vehicle A traversing the bridge
at 38.4 ft per sec.

The maximum static bridge moment is obtained by summing the moments in all the
stringers computed from the maximum static strains. Similarly, the total maximum
dynamic bridge moment is determined by
summing the dynamic moments in all the
stringers computed from the maximum
dynamic strains. The dynamic effect, or
the impact, of the vehicle was then evalu-
~Ona second time trace Time, ated from the moments as the ratio of the
_ e e difference of the total dynamic and static
- PRE [ EER P e bridge moments to the total static bridge
== JN3 AMEaRaBEIA-a-23-H-30- moment.
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hicle 18 moving from left to right, and this trace indicates the time each individual axle
crosses over the centerline of the exterior supports.

The upper event marker, used as the time base, indicates time in 1-sec intervals.
This time base was used for determining the vehicle speed and the frequency of bridge
vibration. The frequency of vibration of the bridge at maximum moment was determined
by using the maximum peak-to-peak period of vibration indicated by the T in Figure 7.

The amplitude of the residual vibration that continues after the vehicle has gone off
the bridge was very small in this run. This was the usual case for the concrete stringer
bridges; however, the amplitude of residual vibration for the steel and aluminum
stringer bridges was usually much larger. The unloaded natural frequency of the bridge
and the bridge damping was evaluated from this residual vibration.

RESULTS
Natural Frequencies

The theoretical methods that may be employed to determine the natural frequency of
bridges and the effect of live load on the natural frequencies of bridges can be found in
many references on vibrations and are discussed by the authors (13).

First Mode of Vibration. —The theoretically computed natural frequencies determined
by the authors (5, 13) are compared in Table 1 with the experimentally obtained natural
frequencies. The moment of inertia used in the theoretical computations is the moment
of inertia of the entire cross-section and includes the sidewalk curb. A modular ratio,
the modulus of elasticity of the stringer over the modulus of elasticity of the reinforced

TABLE 1
NATURAL FREQUENCIES

Bridge
1 . Simple
Frequency Aluminum Steel ch:)t;:(::::n: Span
Stringer Stringer Stringer Concrete
ge Stringer
La(ft) 68.75 67.50 56.25 100.0
= 0.600 0.777 0.766 -
2
Ez1a(psi) 185.1 %10 213.4x10*° 197.8%10"° 1,609 x10*°
EI, -
EL 0.615 1.0 1.0
2
(Ib/sec) g 934 0.889 0.889 1.721
(in.?)
oL 0.989 1.0 1.0 -
ma
KLa(rad) 3.400 3.399 3.408 3.1416
fipeo. (cPS) 3.825 4,34 6.06 3.34
fexper.(cps) 3.97 4.57 7.80 . 4.26
ftheo
— 0.964 0.951 0.780 0.784
exper.

lsubscripts ; and 5 indicate exterior and interior spans, respectively.
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concrete roadway slab, of 3.44, 10, and 1.25 was used in the aluminum, steel, and both
concrete bridges, respectively. Thus the modulus of elasticity of the reinforced con-
crete roadway slab and the prestressed concrete stringers were taken as the value used
in design for each case; this probably accounts for most of the error in the theoretical
frequency determination of the prestressed concrete stringer bridges. It was observed
during the experimental testing that the natural frequency of the bridges reduced more
than theory indicates it should, when a vehicle first enters the bridge span. However,
once the vehicle is on the bridge the reduction in natural frequency, as the vehicle posi-
tion changes, is similar to the theoretically calculated value; but it is extremely diffi-
cult to measure accurately.

Higher Modes of Vibration. —The first mode of vibration was usually found to be
prevalent in controlling the response of the bridges to the forcing function of the axles.
This was true in most cases and at Sections III and IV where the first mode, or higher
odd modes, have the least effect. However, an outstanding exception occurred in the
case of the aluminum stringer bridge. In this structure the experimental impact at
Section IV, the section at the center interior support, was found to be a function of a
higher mode of vibration. The resonance condition in this case is a function of the
second mode. This is the first root of the even-mode frequency equation for a four-span
symmetrical bridge, and corresponds approximately to the vibration of the beam with
both ends fixed. Therefore, it is reasonable to assume that this vibration, when it
occurs, will result in the largest dynamic increase in moment at the supports. The
second mode frequency computed theoretically agrees closely with the measured fre-
quencies occurring while the vehicle was on the inner spans vibrating the bridge at its
second mode. However, this frequency could not be compared with an experimental
unloaded natural frequency because this mode of vibration occurred only when the ve-
hicle was on the inner span.

Effect of Vehicle.—The loaded natural frequency is the natural frequency of the
bridge which occurs when the vehicle is on the span. This value of loaded natural fre-
quency will control the resonance conditions of the frequency of the vehicle forcing func-
tion with the natural frequency of the bridge. This resonance condition has the greatest
effect on the amount of impact when the vehicle is near the position of maximum moment.

The reduction in natural frequency due to the mass of the vehicle has been theoreti-
cally determined and although it could not be correlated with the experimental reduc-
tion, due to the difficulty of measuring it, it is desirable that the effect of the vehicle
mass be taken into account.

The different lengths of the spans inthe continuous bridges result in a different loaded
natural frequency for the load in each span. Therefore, in the correlation of the experi-
mental and theoretical impact, an impact curve is obtained for the loaded frequency as
each span is loaded. Moreover, inasmuch as the truck tractor and trailer of Vehicle B
were used as separate masses, the reduction in frequency is different for each part of
the vehicle. All of the various values of loaded frequency will have an individual impact
curve determined by Eq. 15. To reduce the number of these closely spaced curves and
to simplify the presentation of the impact data, only two curves are shown for the reduc-
tion in natural frequency. These curves are for Vehicle A and the truck tractor of Ve-
hicle B in the outer and inner spans. These two loads have the same effect on the re-
duction in frequency because their masses are within 0.1 percent of each other. The
various theoretical loaded natural frequencies obtained for the vehicles in the outer and
inner spans are 98 and 94.9 percent, 97.1 and 95.2 percent and 96.6 and 94.6 percent
of the unloaded natural frequencies of the continuous aluminum, steel and concrete
stringer bridges, respectively. The loaded natural frequency of the simple span bridge
is 95.3 percent of the unloaded natural frequency for Vehicle A at the center of the

span.

Forced Vibration

In the determination of impact, the frequency of the forcing function of the vehicle
has been taken as the cyclical repetition of the axles. This cyclical repetition is de-
termined by the frequency of passage of the axles across the bridge. To determine
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the applicability of this concept, it must be shown that the forcing frequency of the axles
is predominant in the forced vibration of the bridge, or that the response of the bridge
is similar to that of a steady state forced vibration. The frequency of vibration of the
structure was determined at the time the vehicle was producing the maximum moment.
This value of frequency was obtained by using the one or two cycles of vibration at the
maximum amplitudes of vibration. It was found in this experimental work that the natu-
ral frequency of the structure was prevalent as the vehicle entered the bridge, and fur-
ther, that this natural frequency more nearly corresponds to the computed value than to
the experimental value of natural frequency obtained after the vehicle had left the bridge.
As the vehicle approached the position of maximum moment the frequency became ap-
proximately equal to the frequency of the forcing function (Figs. 8 to 12). Because
there are two different forcing frequencies available for Vehicle A and three for Vehicle
B, there were a number of different frequencies that could be used as the frequency of
the forcing function. However, only one axle spacing was predominant in determining
the frequency of the forcing function. This is readily shown in Figures 8 to 12 in which
the frequency of the bridge vibration caused by the vehicle at the maximum moment
point (w = v/s) is shown as a function of the velocity of the vehicle. Variations in this
result from the tendency of the bridge vibration to remain near the resonant frequency
of the structure at higher speeds where the forcing frequency is impressed by the axle
spacing of the vehicle wheelbase.

An exception to the well-defined forcing frequency of the velocity divided by the axle
spacing occurred in the continuous prestressed concrete bridge (Fig. 13). This struc-
ture was constructed by placing a continuous reinforced concrete roadway over four
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spans of simply supported prestressed concrete beams. Unlike the other bridges tested,
this bridge does not have a point bearing to allow free rotation at the supports and it is
not fully continuous. The interior supports have a 15-in. reinforced concrete diaphragm
resting on an 11/32-in. preformed fabric bearing pad. These diaphragms encase the
ends of the beams at each interior support and combine with the roadway slab to make
the structure partially continuous. The exterior supports have approximately 16 in. of
the end of the beam resting on similar 11/32-in. bearing pads. The effect of the large,
flat bearing surfaces at the supports heavily damps the vibration of the continuous
bridge. These bearings also cause a certain amount of fixity at each support, thus fur-
ther complicating the vibratory system. Moreover, the pier diaphragms acting with the
continuous reinforced concrete roadway slab allow only the negative moments to be
transmitted across the piers or interior supports. Positive bending at the piers is elim-
inated due to the tension in the bottom fibers of the pier diaphragms. These diaphragms
are not reinforced to resist tension in that direction. Therefore, it is very difficult to
establish a well-defined vibratory system in such an incongruous structure. This is
shown in Figure 14 by the random vibration of the structure at the maximum moment
which results from the passage of Vehicle A. For this reason, the application of the
forced vibration theory presented herein for the determination of the response of this
structure to the forcing function of the repetition of axles has little significance.

The impact as determined herein is a function of the amplitude of forced vibration.
The derivation of the theoretical impact was made by assuming that the forcing frequency
of the axles was predominant in producing the impact. The denominator of the theoreti-
cal impact factor is a function of the ratio of the forcing freqency to the loaded naturalfre-
quency of the structure and the ratio of the
damping factor to the unloaded natural fre-
quency of the structure. The numerator of
this impact factor is a function of the ratio
velocity to the length of the span. There-
fore, because the forcing frequency is the
ratio of the velocity of the vehicle to the
axle spacing, the magnitude of the theo-
retical impact will depend on the velocity,
axle spacing, length of span, loaded natu-
ral frequency, unloaded natural frequency,
and the damping factor.

The damping factor was obtained experi-
M mentally from the decreasing amplitude of

the residual vibrations. To determine this

experimentally, the amplitude of displace-
Figure 1h. Impact for simple span concrete ment Y of the strain time curve is meas-
stringer bridge at Section I for VehicleA. ured at time t, and at a later time ty which

INPACT
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is N cycles later. The ratio of these amplitudes (Y,/Yy) is a constant, for viscous
damping, and 1/N times the natural logarithm of this ratio is called the average loga-
rithmic decrement.. This quantity therefore does not depend on the way the damping
was defined in the original equation of motion and thus is often used as the measure of
the damping capacity of a structure. The average logarithmic decrement is then given
as

Y
1 o
N 198 7

The damping capacity of each bridge is given in terms of the average logarithmic decre-
ment.

Simple Span Prestressed Concrete Bridge.—The correlation of the experimental and
theoretical impact for the post-tensioned prestressed concrete bridge is shown in Figure
14. The experimental impact values determined at the centerline of the simple span
(Section 1) are shown with the theoretical impact curves obtained by Eq. 15. A loaded
natural frequency which is 95.3 percent of the theoretical natural frequency of 3.34
cycles per sec was used in determining the theoretical impact curves. The average
logarithmic decrement for this bridge is 0.0916. The resulting amount of damping did
not affect the theoretical curves except at resonance. Therefore, for the portion of the
impact curves shown in this figure, the effect of the damping is insignificant. Resonance
occurs when the ratio of the forcing frequency or the frequency of the repetition of the
axles to the loaded natural frequency of the structure is one. This condition occurs two
times for Vehicle A. The individual axles of the tandem rear axle unit acting individu-
ally cause a resonance at the smaller velocities, and the front axle combined with the
tandem rear axle acting as one unit cause resonance at the larger velocities. The im-
pact increases as the ratio of the forcing function to the loaded natural frequency ap-
proaches one. The experimental impact values agree with the theoretical impact
curves, which, as previously discussed yield an upper limit of impact for the assump-
tions made in the derivation. The maximum vehicle velocity limited a complete inves-
tigation of the wheelbase resonance condition.

Continuous Aluminum Stringer Bridge.--The experimental and theoretical impact for
this structure is shown in Figures 15 to 18. The theoretical curves show a good agree-
ment with the experimental impact values. As previously discussed an additional reso-
nance occurred in this structure when the bridge was excited at its second mode of vi-
bration by the individual axles of the tandem rear axle unit. This condition is most
prominent at the center interior support. A correlation of the theory presented herein
for the upper limit of the wheelbase resonance condition was not obtained due to the
limited velocity of the vehicles. Similarly, the resonance condition of the trailer
wheelbase could not be investigated. A loaded natural frequency of 98.0 percent and

Figure 15. Impact for aluminum stringer  Figure 16. Impact for aluminum stringer
bridge at Sections I & II for Vehicle A, bridge at Sections III & IV for Vehicle A.
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94.9 percent of the theoretical natural frequency of 3.825 cycles per sec was used for
the outer and inner span resonance curves, respectively. The average logarithmic dec-
rement for this bridge is 0.050. The resulting amount of damping did not affect the
theoretical curves except at resonance. The maximum values of impact written as a
percentage vary from 20.6 to 31.9 percent and 19.1 to 20.8 percent for Vehicles A and
B at the positive and negative sections, respectively. Moreover, the resonance condi-
tion of the individual axles of the tandem rear axle unit causes an experimental impact
almost as large as the resonance condition of the vehicle wheelbase at higher velocities.
Therefore, the resonance effect of the repetition of axles is important at the slower
speeds.

Continuous Steel Stringer Bridge. —The correlation of the experimental and theoreti-
cal impact for this bridge is shown in Figures 19 to 22. More experimental impact
values lie outside the theoretical impact envelope in this bridge than in the previous
bridges. The greatest discrepancy occurs as the resonance condition is approached
from the left side of the figure. That is, the large number of experimental points out-
side the theoretical envelope at velocities lower than the resonance velocities might re-
sult from the loaded natural frequency of the bridge being smaller than the value used
to obtain the impact curves. A smaller loaded natural frequency would move the theo-
retical curves to the left in these figures. However, the theoretical curves shown still
qualitatively describe the variations in the experimental impact. There is no indication
in this structure of any higher modes of vibration. Moreover, not enough experi-
mental data were obtained for a good evaluation of the resonance condition of the
individual axles of the tandem axle unit with the first mode of vibration. There-
fore, the experimental impact values for the tandem axles were smaller than those ob-
tained by the resonance condition for the vehicle wheelbase. Also, a large enough ve-
locity was not obtained for the trailer wheelbase to cause a resonance condition. The
maximum values of impact, written as a percentage, vary from 44.1 to 26.5 percent
and 22.8 to 39.2 percent for Vehicles A and B at the positive and negative sections,
respectively. A loaded natural frequency of 97.1 and 95.2 percent of the theoretical
unloaded natural frequency of 4.34 cycles per sec was used for the outer and inner
span impact curves, respectively. The average logarithmic decrement of this bridge
is 0.062. This amount of damping did not affect the theoretical curves except at reso-
nance.

Partially Continuous Concrete Stringer Bridge. —The correlation of the experimental
and theoretical impact for this bridge is shown in Figures 23 and 24. A loaded natural
frequency of 94.6 percent of the theoretical unloaded natural frequency of 6.06 cycles
per sec was used to obtain this curve. The curve for the vehicle on the outer span is
not shown inasmuch as it is just to the right of this curve similar to those inthe previ-
ous figures. This curve includes the effect of damping, which was considerably larger
for this structure than for the previous structures. The average logarithmic decrement
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of the residual vibration of this structure is 0.406. This amount of damping results in
a reasonable upper limit for the impact curves of 0.298 for the resonance condition
caused by the individual axles of the tandem axle unit. Because there are not enough
experimental impact data at the velocity corresponding to this resonance condition, this
upper limit could not be verified. The experimental impact values show some agree-
ment with the theory at the positive moment sections. However, at the negative moment
sections some of the impact values are large at the higher velocities. But, because the
total moment in the section is small, the large impact value does not result in an over-
stress. The large impact results because a very small static live load strain at the
center interior support was obtained as the vehicle moved across the bridge with the
motor idling. Then, when the load was applied dynamically at larger velocities, the
strains became significantly larger. Therefore, the values of impact at Section IV be-
come quite large due to a relatively large increase in small value. This action is the
result of the different dynamic and static responses of a bridge that acts as a continuous
beam for negative moments at the interior supports and as a simply supported beam for
positive moments at these supports. This inconsistent response is, therefore, due to
the nonhomogeneous or incongruous structural system. It was shown previously that the
experimental unloaded natural frequency of this structure corresponds to the theoretical
unloaded natural frequency determined on the basis of a continuous structure. However,
the forced vibration frequency of this structure did not correspond at all to the fre-
quency of the forcing function at maximum moment. These inconsistencies in the re-
sponse of the bridge will not allow the dynamic response of this structure to be analyzed
by the forced vibration analysis as presented herein.

CONCLUSIONS
Natural Frequency

The theoretical unloaded natural frequencies of the bridge structures, neglecting
damping, agree very well with the experimentally determined unloaded natural fre-
quencies for the aluminum and steel stringer bridges and rather well for the concrete
stringer bridges. When the theoretical loaded natural frequency reduction is applied to
both frequencies to obtain the theoretical and experimental loaded natural frequencies,
it is found that the theoretical loaded natural frequency compares better with the forced
vibration resonances than the experimental loaded natural frequency, which was quite
difficult to determine accurately.

The reduction in natural frequency due to the addition of the vehicle mass to the vi-
bratory system was analyzed by the authors using an energy method (13). The use of an
assumed sinusoidal curve enabled the effect of the mass of the vehicle on the unloaded
natural frequency to be taken into account. The accuracy of the sinusoidal curve in de-
termining the unloaded natural frequency also led to the assumption that the deflection
curve in the forced vibration analysis of continuous bridges is a sine curve.

Forcing Function

The effect of the vehicle is assumed to be an oscillating forcing function whose fre-
quency is the frequency of axle repetition and whose oscillating force is the oscillating
load effect of a constant force. Thus the effect of the vehicle has been simplified as
much as possible. The correlation of the theoretical and experimental 1mpact indicates
that the simplifications made in the effect of the vehicle are justified for the bridges
tested and the experimental velocities used.

Forced Vibration

Impact, as presented herein, is determined by the application of forced vibration
theory to the dynamic problem of multiple axle vehicles traversing continuous highway
bridges. The results of this study show a good quahitative correlation between the
amount of impact and the proximity of the frequency of axle repetition to the loaded
natural frequency of the structure, or the resonance condition. The correlation 1s good
for bridge structures that have a well-defined vibratory system. That 1s, if the
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structure responds to a forced vibration without changing its natural modes of vibration,
as obtained for the free vibrations of the structure, the response of the structure is
similar to that of a steady state forced vibration.

RECOMMENDATIONS

The research contained in this study has taken into account, theoretically, the factorsina
bridge structure that will affect its response to a forced vibration. The correlation of this
theory is obtained by field testing of existing bridge structures. Thefieldtesting, as a means
of evaluating impact indicates that forced vibration theory is applicable to the problem of
bridge impact. However, the factors affecting the response of the bridge structure needtobe
investigated further. An example of this is the variation in the amount of composite action
exhibited between the reinforced concrete slab and the longitudinal stringers along the length
of the bridge. This aspect of the bridge structure is not entirely known for continuousbridges,
and is basic to the response of the bridge to live loads. Another problem in the response of the
bridge is the effect of the live load mass. A theoretical analysis was used in this re-
search, but the irregularities exhibited by the concrete bridges indicate that the effect
of the load may be more complicated than the simple effect of the mass of the vehicle.
An experimental investigation of this phenomenon could include an additional objective
which might be more important than the analysis of the effect of the live load mass. The
other problem that could be investigated in a similar manner is the very important prob-
lem of an upper limit for the amplitude of forced vibration at resonance. At the onset
of this research it was felt that the damping would limit the maximum impact for the
resonance condition. I has been shown that this is not true for most of the bridges
tested. This problem of the maximum amplitude of forced vibration (or maximum im-
pact) and the lesser problem of the effect of the vehicle mass on the natural frequency of
the structure could be investigated by a study of the forced vibration of a structure with
a large variable speed oscillator. This oscillator, used in conjunction with a stationary
vehicle on the bridge, would provide some answers to the problem of the natural fre-
quency of the bridge and vehicle. In addition, the use of this oscillator with varying
amounts of the oscillatory force could be used to investigate the problem of an upper
limit for the impact curves. I is felt by the authorsthataform of damping, which is
evidently not viscous, limits the amplitude of the vibratory motion of the structure, not-
withstanding the effect of the springing of the vehicle which has been disregarded. It
is possible that this damping becomes a function of amplitude after the amplitude of vi-
bratory motion exceeds a certain value.

The research indicated is based on the theory that before the effect of the various
parameters of the vehicle and the roadway surface is integrated into the problem of im-
pact, a thorough knowledge of the vibratory action and response of the structure is de-
sirable.
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