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A formula connecting the speed distribution measured 
in time with the speed distribution measured in space 
IS derived and applied to the cases of (a) Pearson type 
i n distributions, and (b) lognormal distributions. In 
the f i rs t case, conversion tables from time to space 
measurements are provided both for the mean and vari
ance and for the percentage of cars going more slowly 
than some fixed speed. 

• IT IS APPARENTLY a fixed characteristic of drivers that they are unwilling to sacri
fice their use of the road network for the sake of scientific research. Perhaps they are 
justified in this attitude; nevertheless, i t introduces experimental difficulties that have 
no counterpart in the laboratory. The quantities available to the traffic engineer (and 
to the traffic theorist) are those that can be obtained without hindrance or" substantial 
inconvenience to the driver. In these circumstances, it is natural that a large propor
tion of available data relates to the behavior of vehicles as recorded by various kinds 
of road tapes. Some drivers object even to these inoffensive sources of information 
and regard with apprehension the possibility of their driving characteristics being re
corded. But the majority are sufficiently inured to road tapes and vaguely aware of 
their harmless or even useful nature, so that information of this sort is widely available. 

However, road tape information (no matter which particular variable it records) pre
sents to the research worker only a silhouette of the true traffic picture; namely, var
iation in time at a fixed point in space. Aerial photography gives the dual silhouette: 
variation in space at a fixed time. For some purposes it is better to regard the latter 
as the "true" picture. 

For example, if a collection of vehicles moves around a circular track an aerial 
photograph would record all of them and consequently give equal weight to each, where
as a tape at one point in the track would receive the imprints of faster cars more f re 
quently than slower ones and give biased results. 

The foregoing remarks apply to a greater or lesser extent depending on the quantity 
being measured. Three basic quantities are considered : 

1. Flow or volume, in cars per time; interarrival time, in time per car. 
2. Density, concentration or gap, m cars per distance or distance per car. 
3. Velocity, in distance per time. 

Each of these is measureable (for an individual car) by either of the two methods. There 
IS , for example, a time speed distribution (so often obtained) and a space speed distri
bution (which seems impossible to obtain). It is the purpose of this paper to show how 
certain properties of the space speed distribution can be obtained from the time speed 
distribution, if a few assumptions are made. 

Before leaving these general questions, however, it is worthwhile to point out that the 
corresponding relationship between the time gap distribution and the space gap distribution 
IS at present unknown. Even in the simplest situation, where every car travels in a linear 
space-time trajectory without interference from any other car, the connection between the 
two gap distributions eludes mathematical solution. Geometrically, the problem may be 
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expressed as follows: given a set of points on one of the coordinate axes, with an 
arbitrary distribution of the distances between consecutive points, and given a distri
bution of slopes of lines through these points, to find the distribution of the gaps that 
these lines produce on the other coordinate axis. 

TIME SPEED AND SPACE SPEED DISTRIBUTIONS 
Table 1 gives notation for speed distributions. 

TABLE 1 

Item '^'"'^ ^P '̂̂ ^ Distribution Distribution 
Density function f(x) F(x) 
LaPlace transform g(t) G(t) 
Arithmetic mean m M 
Harmonic mean y, 
Variance v V 
kth moment about the origin Ajj 

To obtain the relationship between f(x) and F(x), a case that is intermediate between 
time and space is considered. If an airplane of constant speed z flies over the roadway, 
forming a distribution of speeds of all vehicles that it passes over, the resulting dis
tribution \ ( ^ ) wil l be related to the time and space speed distributions as follows: If 
the plane goes infinitely fast, the space distribution will be obtained; i .e . , Ha)(x) = F(x), 
and if the plane hovers, the time distribution wil l be obtained; i .e . , ho(x) =f{x). 

Now, assuming the true probabilities of speeds to be F(x), the probabilities observed 
by the plane will be proportional to F(x), but weighted with the relative speed of the 
plane | z - x | . In other words, 

h,(x) = C | z - x | F(x), 
z 

in which C is a constant to be determined so that h^(x) dx = 1. 
Putting in the constant, ° ^ 

h (X) = ' " - ^ ' F(x) (J) 
z 

1 z - X I F(x) dx 
Jo 

The probability of the plane observing a car of speed z is zero, as is expected, and 
letting z approach infinity, the formula hoD(x) = F(x) is confirmed. The formula on 
which this paper is based comes from setting z = 0; namely, 

Mf(x) = xF(x) (2) 
No doubt a more rigorous proof of Eq. 2 could be devised, but for the purposes of the 
present paper, it is enough that the formula is true in all circumstances of practical 
interest. The corresponding relationship between the LaPlace transformations is st i l l 
simpler, 

M g(t) + dG(t)/dt = 0 (3) 
and from this, or direct integration of Eq. 2, the formula connecting the moments 
can be written down as 

Ak = M ak - 1 (4) 
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This equation involves the harmonic mean of the time distribution, but that too can be 
found easily by integrating Mf/x = F; the result is 

= M (5) 
Similarly, the space variance is given in terms of time arithmetic and harmonic means 
as 

V = M m - (6) 
which IS always positive by virtue of the fact that the harmonic mean is less than the 
arithmetic mean. 

TYPE m DISTRIBUTIONS 
A Pearson type HI distribution, defined over 0 < x < co, is specified by the density 

function 

l A r <" 
in which p and q are parameters easily expressible in terms of the mean and variance. 
Such distributions, with appropriate choice of parameters, can be made to f i t a wide 
variety of data, ranging from a simple exponential pe "P^, for q = 1, to near normality 
for large values of p and q. In case time speed measurements are satisfactorily fitted 
to a type II I distribution with parameters p and q, then an application of Eq. 2 yields 
the fact that the space speed distribution is also type I I I , but with parameters p and q - 1. 

The mean of a type II I distribution with parameters p and q is q/p, its harmonic 
mean is (q- l ) / p and its variance is q/p^. Using these facts with Eqs. 5 and 6 the 
space mean and variance can be written in terms of the time mean and variance: 

U = ^ ' V ^ " ^ " " - / (8) m m 2 

Another quantity of some interest in speed measurements is the proportion of cars 
traveling more slowly than some fixed speed, for example, the speed limit. If L is any 
fixed speed, then this proportion can be ejq)ressed in the two cases as 

,L L 
r = f(x) dx and R = F(x) dx (9) 

" 0 0 

Substituting the value of f(x) from Eq. 7 and integrating by parts, the first part of Eq. 9 
yields exactly R for the residual integral, where F(x) is also given by Eq. 7, but with 
q replaced by q - 1. The expression is 

Therefore, replacing p and q by their values m/v and m^/v, respectively, the value 
of R can be found by adding a correction term to r: 

(m/v)^"^'/^^-^ ^ { m ' - v ) / y ^ . m U ^ ^^^^ 

[(mVv) - 1]'. 

The 85th percentile speed is of interest in finding the proper speed limit for a given 
section of roadway. To determine the true (space distributed) 85th percentile, Eq. 9 is 
evaluated for L with R set equal to 0. 85. As before, F(x) is given by Eq. 7 where q 
IS replaced by q - 1. On substitution into Eq. 9 the resulting expression to be evaluated 
is 

o - ^ ^ - ^ K ^ - ' ^ 

or on substitution of px = y, 
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in which 
p = m/v, and 
q = mV v. 

If in Eq. 11 q is replaced by q+1 the time distributed 85th percentile can be evaluated. 
LOGNORMAL DISTRIBUTIONS 

Apart from the Pearson type IH, the only other well-known statistical distribution 
with the correct domain of defimtion which would apply to speed measurements is the 
lognormal. In this case the result is particularly simple and should be easy to apply 
without tables. If the logarithm of the space-measured speed is normally distributed 
with mean n and variance w, then the logarithm of the time-measured speed is also 
normally distributed with mean n + w and variance w. The converse is also true: in 
passing from time to space measurements, if logarithms are taken, the variance is 
unaltered and the mean is reduced by an amount equal to the variance. 

The proof of these facts is nearly the same and depends on simple statistical calcu
lations. For assumed space distribution, it is assumed that 

X = speed measured in space; 
X = log x; 
y = speed measured in time; and 
Y = log y. 

Then, by hypothesis, the density function for X is 

C exp [ - ] -oo<X<oo 

in which 
C (2ffw)'='= 1 

Using the transformation X = log x, the density function of x becomes 

with mean value 

M = exp (n + i w) 

Using Eq. 2, the distribution of y is 

C e x p [ - ( l 2 i i U ^ ) ^ „ , . l w ] , 0 < y < a > 

and that of Y = log y is 

= C e x p [ - ( Y - , ^ - " > ' ] , - o o < Y < c o 

which is normal with mean m + w and variance w. 
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A p p e n d i x 

NUMERICAL TABLES 
Eq. 8 has been evaluated for m = 5(5)-70 and v = 1(1)-15, (5)-90(10)-230, (Tables 

2-4; Eq. 10 for L = 5(5)-70, m = 5(5)-70 and v = 1(1)-15, (5)-90, (10)-230, (Tables 
5-18); and Eq. 11 for both space (5) and time (T) distributed 85th percentile speeds by 
m = 5(5)-70 and v = 1(1)-15, (5)-90, (10)-230 (Tables 19-21). 
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