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This paper is concerned with the definition of vertical normal
stresses in an isotropic, linearly elastic half-space loaded
axisymmetrically by an element that is flexible and produces
only normal loadings at the contact with its foundation. Fol-
lowing the presentation of a general formulation for any axi-
symmetrical loading function, integrations are performed for
some specific loading functions. The variation of vertical
normal stress with vertical and lateral position in the mass is
graphically illustrated for a uniform loading and for a para-
bolic loading function. For a conical loading function, center-
line vertical normal stresses only are computed.

Centerline stresses are compared for the three loading
functions. In addition, stresses at various vertical and lateral
positions are compared for the parabolic loading function and
an approximation of it afforded by a series of disks. Practical
use of the particular vertical stress solutions is suggested by
example, including a preload embankment for a tank structure.

¢ STRESS conditions within a loaded earth mass are of interest to the potential solution
of a variety of engineering problems. The magnitude and distribution of vertical nor-
mal pressures are required particularly in the determination of settlements.

In the stress analysis it is necessary to define: (a) the loaded area and the dis-
tribution of pressures over it; (b) the boundaries of the soil layer(s) loaded and the
stress and/or displacement values at these boundaries; and (c) the relation between
stress and strain in the loaded layer(s).

The equations and plots presented are for a set of assumptions that can be ex-
pressed both physically and theoretically (Fig. 1). A single homogeneous and semi-
infinite layer (uniform half-space) has applied to its horizontal boundary a load dis-
tribution that is symmetrical about the vertical z axis. The loading element is a
flexible one, and there is no friction between it and the loaded element (75 = Tzy
= 0). The soil layer is both isotropic and linearly elastic, It is assumed that the
strains are small and that the soil behaves as a continuum. Body forces are set equal

A PAnA
U Z3T0.

Within the restrictions of these assumptions, a general formulation for any axisym-
metrical loading is developed. This is followed by integrations which produce particu-
lar solutions for certain specific loadings. Although much of the material preseénted
here may be found in various forms in other references, it was felt that an orderly
development of it, with certain original contributions, in a widely available engineer-
ing publication would be of considerable value. Practical applications of these particu-
lar solutions, both in direct and superposition of components form, are suggested.

FORMULATION OF GENERAL AXISYMMETRICAL LOADING

The formulation of the vertical normal stress (o) at any point in an isotropic
and linearly elastic half-space due to any flexible and frictionless axisymmetrical
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Figure 1. General axisymmetrical loading.
loading' (Fig. 1) can be stated as follows (1):
0y = |22 22 (1)
oz  oz?
in which .
¢ = / D(@) Jo(ra)e'azdoe, D(a) = unknown coefficient to be determined from

1]
boundary conditions at z = 0 (plane of loading);
Jo(ra) = Bessel's function of the first kind of zero order; and
r

The axisymmetric loading function (interior to the circle of radius R) can be ex-
pressed as the Fourier-Bessel integral,

F(r) = /0:30(1‘0() D(e) da (2)
in which
D(a) = f xF(x) Jo(ax) dx; and

0

F(x) = the intensity of loading at z = 0.

1The generalized Boussinesq problem.
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DISTRIBUTION OF VERTICAL STRESS UNDER UNIFORMLY
LOADED CIRCULAR AREA

For this case F(x) = q = constant, and hence, from Eq. 2,

©

F(r) = Rq f J1(Ra) Jo(ra) do (32)

0

At the loading surface (z = 0), and from Eq. 1,

_ (3¢
),y = (32) 0
=
where, by substitution for ¢,
(o), o = - / oD(0) Jo(ro) da (3b)
(4]

On the loading surface, as

F(r) = e (Gz)Z=0
from Egs. 3a and 3b,
D(o) = RqJ1@

Substituting D(e) in Eq. 1, the vertical normal stress at any radial distance r and any
depth z is

©

_a -Za .
oz = -Rq J J1{Ra) Jo(ra) (1+za)je ~ da (3¢

0

Performing the indicated integration in Eq. 3¢, Egorov (1) obtained

oz=q

A = mi-14 gy 1ot k 3d
T+ (14t [mzm-t)z (k) + 3¢ + molk, m) (3d)

in which

E(k), m,(k, n) = complete elliptic integrals of the second and third kind,
respectively, of modulus k and parameter n (4);
z/R; B
r/R;
4t
m? +(t+1)*
4
= - w, and
1, r<R
A=1%,r=R
0, r>R

o o+ B
I

For the special case of vertical normal stress under the center of the uniformly
loaded circular area (r = 0),

(o) = 171‘:’—;—)— - q 1[@)—1;]—/_ (3¢

Equation 3d is plotted as Figure 2.
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Figure 2. Uniform load (flexible and frictionless) over a circular area—after Egorov (1).

For examples of other approaches to this solution see Terzaghi (2) and Jurgenson (3).
The presentation here follows more closely to that of Egorov (1).

DISTRIBUTION OF VERTICAL STRESS UNDER CIRCULAR AREA
WITH PARABOLIC LOADING FUNCTION

The loading is a parabola of revolution, symmetrical about the z axis (Fig. 1b).
For this case F(x) = q (1-**/R?), hence from Eq. 2,

D(e) = q/i(ax)[l -gf]xdx

0

Performing the indicated integration (cf. Eq. 9, p. 63, McLachlan, 5):
29
D(&) = e Jz (QtR)
o

Substituting D(¢) into the expression for ¢ (Eq. 1)and in turn substituting in Eq. 1, the
vertical normal stress is

o, = - 2q 'Klzaz)Jz(aR) Jo(re)e” “%dy (4a)

0

or

/Jz(O!R) Jo(ar)e—za d% + Z ‘/‘;z(OtR) Jo(ar)e-zada
0 0

=L +Lk (4b)
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The integrals I and I. were obtained (cf. p. 399, Watson, 6) for values of z >R as

® r2 m
o
8(1+-;—2) m=0 4(1+IZ:{_2) %
m+1 s/2'11‘1' 3 Rz (40)
: T R+
z o ol m
R 2
1 = __L_/ Z T (2m+12)'aF1
8(1+£2—>3 ’ m=0 4(1+ zg) (m !)
R’ ]
RZ
m+%, 1-m; 3; - (4d)
where the hypergeometric function
(@)p(B)pz
:Fila, B; p; z) = — 2
n! (p)n
and
(@) = ola+l) (@+2) . . . (o+n-1)

It has been proved that I; and I, are absolutely convergent only in the case |r| < z.
The series in Eq. 4c and 4d were programmed and computed for a large range of
values. A plot of the resulting stress distribution as a function of z/R is shown in
Figure 3. The dashed curves are only approximate, as a consequence of the range of
convergence of Eqs. 4c and 4d for large values of r/R.
When r = R (beneath the perimeter of the loaded area), the integrals I, and I sim-~
plify to (cf. p. 402, Watson, 6).

23

1y (R? R? m (R\*™ (m+1) 2m+1)
5L = /(Z?) P B Zm=1 (-1) (;) T (4¢)
LE LBy m(E™ 1
L = 47 + 47 Ern:l ( 1) (Z) (m!)z (m+2)2 (4f)

DISTRIBUTION OF VERTICAL STRESS UNDER CENTER OF CIRCULAR AREA
WITH PARABOLIC LOADING FUNCTION

For this case, r = 0, hence Jo (0) = 1, and Eq. 4b reduces to

Oy e =
(ﬁ‘) - f_é(_dn;) e % 44 + 7 sz (aR)e—az da (5a)
r=0 o

0
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Figure 3. Parabolic load (frictionless and flexible) over a circular area (dashed
portions are approximate).

Performing the indicated integration (cf. Eqs. 7 and 8, p. 386, Watson, 6),

(Uz) 1 2 2(%)

—q‘;r=0: z Z\2 Pt Z\2 =
ﬁ+«/1+(ﬁ) 1+(—R7)

DISTRIBUTION OF VERTICAL STRESSES UNDER CENTER OF CIRCULAR
AREA WITH CONICAL LOADING FUNCTION

The solution for this case may be obtained in two steps. For simplicity, the load-
ing function will be taken as shown in Figure 4a. The solution for this function may
then be subtracted from that for a uniform loading (Eq. 3e) to obtain the desired solu-
tion for the conical loading (symmetric about the z axis).

Boussinesq (7) gave for the vertical normal stress under a point load Q at the sur-

face of a lineally elastic and isotropic half space,
_ 3Qz°

Oy =
z 2(r2+Z2)572

in which r and z are the space coordinates of the point of vertical normal stress o,.
In Figure 4a, the differential load dQ is

p
aQ = R pdgdp

and the vertical normal stress under the center is

2r R 3a,6
(@) =/ f R p dpdp
Zr=0 ) J o (pa+za)s/z
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R

3 2
(°z) - 3qz / pdp
r=0 R (p2+z2)5/2

0

Performing the indicated integration (cf. Eq. 205.05, Dwight, 8)
R 2
L6
Z r=0 [(I?‘)2 ] 3/2

—)+1

Z

b

(6)

Figure L. Center stress under conical loading, by parts (flexible and frictionless).
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Figure 5. Three loading functions (flexible and frictionless) over a circular area.

6.0

As shown in Figure 4b, the desired stress along the z axis for the conical loading
may be obtained by subtracting the stress produced by the loading function of Figure
4a from that produced by a uniform load. Or the vertical normal stress under the
center of a conical load is the difference in values produced by Egs. 3e and 6.

©) = R S _(_%2__
R ORI I C BT
]

Equation 6 a is plotted in Figure 5. Integration for vertical normal stress under coni-
cal loading at values of 4/R other than r/R = 0 requires tedious numerical methods,
and is not currently available. Therefore, it is pertinent to consider what approxi-
mations might be effected in the solution of practical problems involving conical load-
ing functions and vertical stresses at r/R > 0.

1
el
1

t
o]

(oz)r:0 =

APPROXIMATION OF DISTRIBUTION OF VERTICAL STRESSES UNDER CIRCULAR
AREA WITH CONICAL LOADING FUNCTION—PRACTICAL PROBLEMS

The two obvious approaches to an approximation of the conical loading function are
(a) replacement by a comparable continuous loading function, and (b) replacement by a
stepped loading function. Figure 5 uses the former approach and compares the center
stresses for a disk, parabola and cone of equal maximum load intensity q. These
stresses are everywhere different, except at the surface, and have an order which
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Figure 6. Approximation of parsbolic loading function by series of disks.

would be predicted from the nature of the loading function. Along the centerline where
vertical normal stresses are the largest, the parabola is seen to be a fair approxima-
tion of the cone.

A stepped loading function afforded by a series of thin disks built up in the z direc-
tion could presently be compared with the conical loading function only for the center-
line stresses. Such an approximation is compared with the parabolic loading function
in truncated form® at positions of r = 0 by the example of Figure 6. It is shown that the
approximation can be quite good with a reasonable number of steps, particularly over
those portions of the loaded soil which have large vertical normal stress. Logically,
the conical loading function could also be satisfactorily approximated by a reasonable
number of steps. On the basis of relationships shown and inferred, both the parabolic

®The truncation is accomplished by passing an XY plane through the figure generated by
the loading function at any value g3 < q (Fig. 3).
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and the series of disks approximations are conservative (produce higher vertical nor-
mal stresses than the conical loadings).

Practicing engineers may be able to cite from their own experiences a number of

practical loading situations which have in total or part the approximate shape of a trun-
cated cone. One such example is the soil preload for a tank foundation described by
Lambe (9). In this example, the soil preload was approximated by an "equivalent cylin-
der' or a stack of circular plates in the calculation of certain foundation stresses, in-
cluding vertical ones. An additional alternative in the solution of vertical normal
stresses for such a problem is afforded by a parabolic approximation (Fig, 3), handling
the truncation by parts, The centerline stresses for a continuous conical loading func-
tion are available in Figure 5, again handling the truncation present in the practical
problem by parts.

Another potentially pertinent field loading is the terminal portion of an embankment,

such as occurs at a structural abutment. In simplified form, the loading could be en-
visioned as a halved truncated paraboloid, joined on its vertical face by a long strip of
trapesoidal shape. Solution would be by parts.

SUMMARY

A general formulation for the vertical normal stresses produced in a lineally elastic

homogeneous and isotropic mass of semi-infinite extent loaded symmetrically with
respect to an axis normal to its horizontal surface was presented. The loading element
was assumed to be flexible and without friction with respect to the foundation soil. Inte-
grations were performed and data plotted which conveniently permit the determination
of vertical normal stress at any point in the mass due to a circular area of uniform
loading (Fig. 2), and with a parabolic loading function (Fig. 3). Centerline vertical
normal stresses for a conical loading function were developed (Figs. 4 and 5), and the
approximation of a conical loading function (either in whole, or truncated) by either a
parabolic function or a stepped function of circular disks was discussed. It was sug-
gested that the methods and data presented have practical applicability for foundation
soil loadings such as preloads for tanks and "'rounded" embankment terminals.
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Discussion

ROBERT L. SCHIFFMAN, Professor of Soil Mechanics, Rensselaer Polytechnic
Institute, and Lecturer in Civil Engineering, M.I.T.—This paper presents some very
useful and interesting new results in the evaluation of stress and displacement com-
ponents in an elastic half- spacc subjceted to normal surface tractions.

The general formulation of the axisymmetric problem, in terms of integrals with
Bessel kernels goes back to Lamb (10). More recently Sneddon (11) has formalized
integral transform techniques to this same end. o

If the free surface of an elastic half-space were loaded axisymmetrically, by nor-
mal loads only, of distribution [-p(r)], the stress and displacement components at
any point (r, z) within the half-space would be

up(r,z) = 222 [(1- 20)NC(r, z) - zNi(r,2) ] (Ta)
ug(r,z) = - 1;3“ ((2-v) N (r,2) + zNi(r,2) ] (Th)
orr(r,z) = No(r,z) - zNo’(r,z) - 1-1‘21/ N.%(r, z) +—:—N{(r,z) (7e)
ogglr,z) = 2uNs(r,z) + l_rz” NS (r,z) - %Ni(r,Z) (7d)
0,7(r,z) = No(r,z) + zNo’(r, 2) (7e)
oppiT; 2) = 2Ni*(r; 2) (7f)
in which
qu(r,z) = /mmpM(m)e—szq(mr)dm (72)
(1]

and a

M(m) = f p(r)Jo(mr)dr (7h)
0

The sign convention in the preceding formulation follows the theory of elasticity in
which tension is positive, and compression is negative.

These formulations hold for all cases within the semi-infinite solid (z >0). If the
loading function p(r) is discontinuous, some problems arise in the calculation of the
stress and displacement components at the discontinuity. This question has been dis-
cussed by Love (12).

The surface settlement w, follows from Eq. 7a:

Wz u,(r,0) = -2—(1%2) N’ (r,0) (8a)

in which
N’ (r,0) = f M(m)Jo{mr)dm (8h)

Along the centroidal axis (r = 0), the component of shear stress oy, is zero, and
the radial stress component opy is equal to the tangential component of stress ogg.
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orr(0,2) = 0gg(0,2) =-;* [(1 +2V)Ns (0, z) - ZNoz(O,Z)] (9a)
0452(0,2) = Ng(0,2) + zNo*(0, z) (9b)

in which =
NoP(0, z) :f mPM (m)e"™Zdm (9¢)

0

If the loading function, p(r), is prescribed as a constant Po, Over a circular area of
radius a, the formulation will reduce to the well-known Boussinesq relations (13).

The authors have analyzed the vertical stress components o,y due to a parabolic
loading function of the form

p(r) = £2 (a®-r?) (10)
a

Substituting Eq. 10 in Eqs. Tg and 7Th results in

M(m) = - znf)o Ja(ma) (11a)

2

and ”
qu(r,z) = - 2pof mp'ze_szz(ma)Jq(mr) dm (11b)

0

The integral (Eq. 11b) can be evaluated in terms of an infinite series of hypergeometric
functions as shown in this paper (6).
Substituting Eq. 11a into Eq. 8 results in a general expression for the surface settle-

ment w.
4(1-v*) po 1 3 -
W= F{—~,-—;1,— 12
3E 2l 9 ’ 2 » Loy 3.2 ( )
where (2F;) is the hypergeometric function, and is defined by the authors in its infinite
series form. The surface settlement at the center (r = 0) of the loaded area wo is

2
wo = 2(1-v7)poa (13)
3E

The surface settlement at the edge (r = a) of the loaded area we is

2
=L6_(1‘V )pDa (14)
91 E

In their paper, the authors analyze the development of vertical stress components.
In settlement analysis, the principal stress components are often of major concern
(9). In general, the calculation of the principal stress components requires a knowl-
edge of the four independent components of stress (vertical, radial, shear, and tangen-
tial). Along the centroidal axis, however, the shear stress component is zero, and the
radial and tangential components of stress are equal. Thus the vertical and radial
stress components are the principal stress components.

The two integrals of interest in the computation of the radial stress component are

(No) and (No% ., These integrals have the form,

No(0,2) = - Zpo[ lr%e'szz (ma)dm (15a)

0
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and ™
No%(0,2z) = - Zpo/ e"MZ 5y, (ma)dm (15b)

0

Evaluation of Eq. 15 and substitution in Eq. 9 results in expressions for both the radial
and vertical stress components (_f_S):

arr(0,8) = 0gg(0,2) = - po[“zz” I - Clz] (16a)
022(0,0) = = po [T1 + 2T (16b)
in which 2
I, = [(1 + P ] (16¢)
L=[+e)”- e ] (e (164)
and
L =1z/a (16e)

The numerical values for the radial and vertical siress componeuls can be obtained
from the same set of depth dependent formulas. The profile of the radial stress com-
ponent along the centroidal axis is shown in Figure 7.

The conical loading can theoretically be treated in the manner just described. This
method, however, will lead to certain computational difficulties. The integrals NgP
cannot, in general, be evaluated in closed form. The function M(m) will be an infinite
series of Bessel functions (6). Subsequently, the function NP will be an infinite
series of infinite integrals with the series summed over the order of the Bessel kernel.

In the special case, where the stress and displacement components are desired only
along the centroidal axis (r = 0) a direct integration of the point load solution, as used
by the authors is desirable (13). By this method the surface settlement w, at the cen-
ter of a conical loading whose maximum load po is at r = 0 is

rrr/,bn VFI'/P«
o0.1 o -0,2 -0.4 -0.6 -0.8 -1.0 . or o -0.2 -0.4 -0.6 -0.8 ~1.0
— —
V=0 /// 7=0 /
/ Vz0.5 . Y=d.5
/ /
1.0 1.0 (
% — 2
Sl b
2.0/ 2.0
a ga ‘" @ X
o, 8
- fir
3.0 3.0

Figure 7. Radial stress component along Figure 8. Radial stress component along
centroidal axis (parabolic loading). centroidal axis (conical loading).
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_ (l—v;)poa (17)

The radial stress component along the centroidal axis of the described conical
loading has the expression

Wo

oprr(0,8) = 0gg(0,8) = - p—2° [(1 +2v) + I - 2(1 + V)I4] (18a)

in which
Is = £(1 + £2)" /2 (18b)
Is = Cloge[ﬂl—zcz——)l/—z] (18¢)

Figure 8 shows the profile of the radial stress component beneath the center of the
loaded area.
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