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Traffic Assignment Analysis and Evaluation

DAVID K. WITHEFORD, Pittsburgh Area Transportation Study

Traffic assignment by computer is one of the most useful tools
presently available to the transportation planner. But like all
tools, traffic assignment is only as good as the manpower be-
hind it. To use it most advantageously requires understanding
of the capabilities and limitations not only of the tool but also
of the inputs and related assumptions that go hand in hand.
Properly employed, the assignment is invaluable, and not just
in producing volumes on networks.

Assignment analysis should be designed and carried out with
the following purposes in mind: (a) establishing validity of as-
signment results; (b) systematically producing workable data
for evaluation (including economic evaluations, further general
planning, design volumes); (c) permitting evaluation of inter-
nal system performance (identifying good and weak points in
system, spotlighting deficiencies, etc.); (d) permitting com-
parative evaluations with other outputs to aid in planning and
design toward the "best'" system; and (e) permitting evaluation
and interpretation of results for use by highway designers.
These points are discussed both in general and with particular
reference to PATS procedures. Emphasis is also given to the
application and interpretation of results within the study for its
own benefit and also for the benefit of participating agencies.

®TRAFFIC assignment is a process of allocating trips to a system to ascertain prob-
able loads on part or all of the system. Although this can be accomplished in many
ways, in this paper assignment refers to the process as done by electronic computer.
Even though there are a variety of computer assignment techniques and disagreements
concerning the most suitable approach, there is general similarity in both the end prod-
ucts and the end uses. Further, this paper is not concerned with trip forecasting or
trip distribution techniques, which also exist in some variety and which frequently are
associated directly with the computer assignment of trips to a system.

What is discussed here are the applications of computer outputs, their values and
limitations, and the consequent responsibilities which thereby appear to devolve on the
agency making the assignments. These comments are centered principally on the ex-
periences and procedures reported elsewhere (1, p. 159). However, they are probably
applicable to other groups similarly engaged, despite the different trip distribution or
assignment techniques that may be employed. It is hoped, therefore, that this paper
will be mutually useful toward the exchange of information and ideas between those in-
volved in making assignments and also useful toward increasing understanding of com-
puter assignment among other users of the output data.

CONTRIBUTION OF TRAFFIC ASSIGNMENT

The principal benefits of traffic assignment (including, as needed, the preceding
steps of trip forecast and distribution) are its speed and low cost as a means of assess-
ing traffic volumes. This may be done in terms of one ramp, one route, or an entire
metropolitan area. It permits the highway designer to test many alternate schemes
for an interchange or route. It permits the planner to design transportation systems
using something more substantial than intuition.

Paper sponsored by Committee on Origin and Destination.
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Assignment procedures can beandobviously are varied according tothe specific need
at hand. But a general characteristic of all assignment techniques is that they provide,
as an output, volumes on all parts of the system being tested. Variations in techniques
are designed principally to give additional related output data or to include differing de-
grees of complexity in loading trips onto the network. Assignment philosophy may ac-
cept "minimum path" loadings or diversion curves, may or may not employ capacity
restraints. Whatever the case, output data could include "trees," could show the ori-
gins of trips on selected links, could include travel costs, etc. However, these mat-
ters are generally subsidiary to the desired end of network loadings. These network
loadings are needed by two types of users: the transportation system planner and the
route designer (either highway or transit). The nature of application by the two types
of users differs, and this is perhaps why problems sometimes arise. Although traffic
assignment by computer developed as a tool for both the system planner and the design-
er, it has characteristics that are more appropriate at the planning level than at the
design level.

TRAFFIC ASSIGNMENT AND THE TRANSPORTATION SYSTEM PLANNER

Assignment Values

The value of traffic assignment to the transportation planner is sometimes miscon-
strued. It does not take the place of planning; it merely enables the planner to deter-
mine the salient good and bad characteristics of various preconceived plans. The plan-
ner is concerned with providing a total transportation system that maximizes benefits
and minimizes costs, according to whatever criteria might have been established. The
traffic assignment technique that will be most useful, therefore, is that which will per-
mit the planner to determine how well his goals have been achieved by a given plan, to
determine the plan's shortcomings, and to provide information that may guide him
toward a better plan. But even then, this is just one part of the planning process. The
performance of a plan as it can be measured by assignment does not necessarily reflect
its performance in meeting other criteria based on design standards or, more impor-
tantly, on other community objectives, such as the preservation of residential neigh-
borhoods, the economic health of a business district, or encouragement of industrial
or recreational development. The merits and limitations of a transportation plan
reach beyond the aspects that are measurable through traffic assignment. These con-
siderations, however, do not detract from the value of assignments as a tool in the
development of a sound plan.

Useful Outputs from Traffic Assignment

The basic output from assignment is a listing of all the segments or "'links" in a net-
work with the traffic volumes that have been assigned individually to them. Such an
output, which can be arrived at through a variety of techniques, is almost always sup-
plemented with additional data. These might pertain to summaries useful as validity
checks on the "run, ' to network usage from selected zones, to the source and/or des-
tination of trips using certain selected links, or to other special subroutines of assign-
ments, such as travel cost data or overflows from expressways fo arterials.

A typical output from the assignment program in use at the Pittsburgh Area Trans-
portation Study (PATS) contains the following data: on-line printouts from computer
storage, principally various summary data; printouts obtained from off-line tapes of
link loads and selected characteristics of zonal interchanges; and two separate decks
of punch cards, totaling about 3,500 cards, containing data by zone and by link. This
total volume of output, requiring little more than brief-case space, is sufficient to gen-
erate up to 50 man-days of work in analysis and presentation procedures (2).

The test of one network generally will involve the following work: a "free'" assign-
ment, more or less a trip desire line map fitted to the network regardless of link capa-
city; a "restrained" assignment, which forces a pattern of loading reflecting the capa-
city limitations of links in the network; one or more '"trees,' which indicate the paths
followed to all other zones by trips from selected origins; and a conversion of the as-
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signed travel characteristics of each link to the costs of travel. Of course, the design
of the outputs is influenced primarily by the type of analysis to follow and, secondarily,
by the desire to facilitate processing on EAM equipment.

Analysis Procedures

For discussion purposes, analysis procedures may be put into three categories:
validity checks, manual and graphic procedures, and machine analysis of punch card
outputs. The first need is to confirm the validity of the computer outputs. If some in-
put or operating error, not apparent during the assignment run itself, caused an error
in the results, then it needs to be found before other analysis proceeds. The reason-
ableness of results is initially established largely from over-all summaries. These
can be judged against summaries of vehicle-miles and vehicle-hours of travel, travel
costs, screenline and cordon crossings, and various other measures from previous
comparable assignments. Because the PATS trip distribution and assignment are
coupled together, a plot of the trips distributed to and from each zone is a performance
check generally made of the distribution technique. Accounting machine checks are
made at the same time, to verify card totals against printout totals and to insure that
no omissions or errors have occurred in the tape-to-card conversion. This series of
initial checks can be completed within a day after the computer work is accomplished.

Following these operations, the task of posting link volumes is begun. The arterial
network and freeway system are depicted on a series of maps covering the 420-sq mi
study area at a scale of 1 in. to 2,000 ft. These maps are assembled from the culture
plates of standard USGS quadrangles on which have been drafted the basic network with
complete numbering of nodes and interchanges (3). Volumes assigned to each link are
posted on a reproducible set of the maps so that they can be distributed later as needed.
Thus, complete detail of the network loading is available. Figure 1 is a section of a
typical assignment map, showing the degree to which the network is coded. The arte-
rial network comprises the major streets, in this case at fairly close spacing because
of the travel density in the part of Pittsburgh illustrated. Nodes prefixed on this map
with double zeros are where trips are loaded on the network from the surrounding ori-
gin zone. On the right is shown typical coding of a freeway interchange, where indi-
vidual ramps are coded in detail.

The manual posting of volumes is clearly a time-consuming and tedious task. With
over 1,500 arterial links and almost the same number of freeway and ramp links when
a freeway system is superimposed, over ten man-days often are required to complete
the entire posting for one network test. The use of data plotters and node numbering

LEGEND

ARTERIAL STREET

ZONE LINE

SCHEMATIC INTERCHANGE

=——@=—— NODE 8 NUMBER
(USED FOR CODING)

LOADING NODE AND
NUMBER

————— ONE WAY RAMP
( INSERT)

.............. ARTERIAL STREET
(INSERT)

to3e0) ADJACENT NODE
(INSERT) ACTUAL INTERCHANGE

(PENN-LINCOLN PKWY.)

Figure 1. Typical network coding on base map (source: 1).
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Figure 2. Minimum path tree for Golden Triangle to all other zones (1958 network).

based on a coordinate system is being developed by some studies to accelerate the proc-
ess. But even so, manual work will still probably be necessary to show desirable de-
tail at the scale of interchange layouts.

The value of the maps arises primarily from the fact that a permanent, detailed
record of each assignment is available, not only for analysis of small areas or for tak-
ing off information used to make other study area evaluations, but also for comparisons
with assignments made earlier or that may follow subsequently.

The maps themselves are used in a variety of ways for further analysis. For exam-
ple, screenline checks can be summarized readily or examined by area. Volumes on
links crossing the outer cordon line in different sectors of the study area can be taken
off readily. The raw information is available to construct traffic flow maps for the
benefit of technical or advisory committees or for public presentation. In such cases,
volumes may be shown for the freeway system only or on both arterials and freeways
by color coding and band widths. Such maps can be prepared best from the detailed

assignment maps.
The volumes posted for planning purposes are generally those from both "free" and
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"restrained" assignments. Free assignments, as used in Pittsburgh, assign all trips
via the minimum time-paths between zones based on freely moving travel speeds.

Some links develop loads far beyond their capacity, and others develop no loads at all.
Such results are of particular value in planning because they show whether the precon-
ceived network tends to satisfy the travel desires of present or future users. Analysis
of free network volumes after posting presents a good opportunity to evaluate a network,
because both underloaded or overloaded routes indicate network deficiencies that should
be corrected.

Equally valuable is the restrained assignment. In this type of assignment zonal
transfers still follow minimum paths, but path times are increased as the ratio of as-
signed volume to link capacity increases inthe assignment of trips. Original minimum
paths increase in time until another path may become faster, the net effect being more
evenly distributed travel and more realistic simulation of traffic flows. What may have
appeared as a highly loaded route in a free assignment may appear as a group of less
heavily loaded routes. The restrained assignment, which recognizes the realistic ca-
pacity limitations of network segments, will show where freeways are relieving arterial
capacity problems as well as those areas where congestion may be expected as a result
of inadequate design. Because both types of assignments are useful in system planning,
all network tests at PATS include an assignment with each technique.

Another graphic version of output analysis can be obtained from "trees." Here the
paths followed by trips from selected origins to all destination zones are plotted. The
principal objectives in tree plotting are either to check the reasonableness of network
coding or to demonstrate the part played by a freeway system in serving the origin
zone. Posting minimum path trees tends to point up travel time deficiencies in network
coding which might otherwise pass unnoticed. Devious routes that appear as minimum
paths, or heavily loaded paths, may suggest either error in or unreasonable establish-
ment of link travel times.

However, of greater interest is the use of trees in depicting the role of a system.
For example, Figure 2 shows a somewhat abstracted version of a tree. In this case,
an east-west freeway serving the Golden Triangle (GT) clearly carries the burden of
GT trips. Shaded in is the "watershed'" of this one freeway as a distributor of GT trips.
By itself, the illustration is not overly significant; added to other assignment results,
however, it provides further insight into system performance.

An illustration of zone-to-zone movements using a selected link, or of the origin
zones contributing trips to a link of special interest, is another useful form of presen-
tation for analysis purposes. But of more value than graphics is the machine-account-
ing evaluation of assignment results.

The link output cards are the source of most tabulations prepared from assignment
data. They are summarized and processed to produce results at several levels of in-
terest. Analyses by ring and sector (the largest units of the study area), by district,
by zone, and by link, all play a part in the total evaluation of assignment results.
Starting with the link card data, more than thirty tabulations are often developed by the
PATS machine room.

Study area values are selected first. These are part of the early checks and sum-
maries of network performance. Of particular value here are the travel costs incurred
on the network—a function of speeds on each link after the capacity restraint is applied
(4). Although over-all volume-capacity relationships also are compiled, the principal
value is in summarizing travel costs for later use in benefit-cost analysis.

Investigation into performance by ring, sector, and district follows similar lines.
There are 54 internal districts in the PATS study area, and in these it is possible to
compare the amounts of travel on arterials and freeways with the total capacity pro-
vided by each type of route. Travel costs can be studied to assess where the system
is performing efficiently or inefficiently. For more detailed inspection, the 226 zones
can be used as the base point.

An example of evaluations at the zone level is shown in Figure 3, which illustrates
the degree of service provided by freeways. One of the assignment outputs on punch
cards can be used to determine the percent of total trips from each zone that used free-
ways. Grouping of zones into three levels of freeway trip percentages (0 to 19, 20 to
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Figure 3. Map showing degree of freeway service (source: 2).

39, and 40 percent and over) provides a dramatic illustration, in this case, of service
inequalities. One would not expect, for example, that a suburban area would make as
extensive use of freeways as would a downtown commerical district. The illustration
points out the obvious but provides a measure of the inequities, suggesting the degree
of necessary additional facilities in various area. To a lesser extent, the effectiveness
of proposed interchange spacing can be evaluated. A similar graphic summary, also
compiled from punch card data, can show the relationship of travel to network capacity
by zone. Some areas, because of low trip densities or relatively high amounts of free-
way mileage may show unused capacity. Others may show a major deficiency in street
capacity. Here, again, the map points out the obvious but, at the same time, shows
both the degrees of deficiency and the generalized locations. This type of information,
coupled with the data on assignment maps, forms a measure of what may be needed to



bring the transportation system to an ade- y ! !
quate level of service. s -

Lastly, the punch card output data can PLAN
be aggregated by individual links to as-
sess performance. Average speeds can
be computed; the amounts and costs of
travel on different classes of arterials
can be assessed, and the underloaded and
overloaded proportions of the network
can be derived. Figure 4 shows a cumu-
lative curve plot of arterial street mile-
age against volume-capacity ratios result-
ing from three different assignments. A
ratio of 1.0 represents a balance between -
assigned volume and link capacity. Ob- / /
viously, extremes of underloading or
overloading are equally inefficient even if Ve
underloading represents a high quality of
service. The three curves represent
conditions on arterials in 1958, conditions NOLUME~CARNCITY RATIO
in 1980 without highway improvements,
and conditions in 1980 with PATS recom- Figure li. Cumulative percentage curve of
mended plan. In all cases, there are a arterial network by volume-capacity ratio
few links with volumes more than double (source: l) )
their capacity. This result is a reflection
of computer mechanics, particularly on
links connecting with loading nodes, and is an example of one of the difficulties that can
arise from evaluating assignment data at the individual link level. The indicated over-
loads do not disturb the system planner who is aware of their cause—the necessity of
loading trips at a zone centroid rather than distributing them over local streets to and
from their actual terminals.

The situation just described points out the paradox in the use of traffic assignments
for transportation planning. The assignment produces a wealth of details, some of
which could be termed minutiae; for example, the cost of vehicle operations on a link
%10 mi long in the business district. But the planner cannot and must not accept this
degree of detail. Instead, after measuring performance with an apparently fine degree
of precision, he must apply his evaluations much more broadly in solving a metropoli-
tan area transportation problem. If the assignment shows a need for improvement in
a specific area, the planner must then apply judgment as to whether such improvement
should be provided by tightening freeway spacing, by providing more freeway capacity
on existing routes, by adding another freeway, by improving arterial access to free-
ways, or simply by adding arterial capacity. Individually balancing capacity and vol-
umes on overloaded links is probably the least likely solution even though it might ap-
pear appropriate from examination of assignment link loads.

The objective behind the analysis of minutiae is to sift out the travel-related advan-
tages and disadvantages of a transportation system for a given level of travel movement.
The planner may want to develop a shift of through traffic away from the downtown area
and may test various proposals accordingly. He may find that too extensive a freeway
system is producing too small a return in travel cost reduction and is leaving existing
arterial capacity unused. He may find an imbalance in freeway loadings because free-
way spacing does not fit the underlying trip desires. The assignment provides this
type of information, enabling the planner to improve his designs and to work toward
the solution that best satisfies his planning criteria.

What can be accomplished by assignment is naturally dependent on the computer
programs and the design of the output data. The more supporting detail the assignment
can offer, the more soundly and quickly can a plan be achieved and the less intuitive
and subjective will be its development and evaluation. The traffic assignment, because
of its low cost and speed, makes possible the testing of many alternate schemes and

80
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provides results in a degree of detail that permits sound evaluations. It does not pro-
vide all the answers, even on just the traffic-related criteria of system planning; it
does provide direction, however, to the planning effort. It is when assignments as
used by the planner are modified or adapted to the more specific ends of the highway
designer that the technique calls for even more discretion in its application.

TRAFFIC ASSIGNMENT FOR THE HIGHWAY DESIGNER
Assignment Values

The principal utility of traffic assignment to the highway designer appears to be in
obtaining design traffic estimates on the facility with which he is immediately concerned.
Traffic assignment tests the facility as a part of a system, and thus represents a tre-
mendous technical gain over past procedures for estimating traffic on a single route.
The assignment works with trip inputs for a whole area and a network of highways to
provide, in effect, a working model of the route under consideration. A given route
can be tested at various stages: for example, as partly built under stage construction
or as a complete facility at different periods when it may be subject to the influence of
other proposed projects. Traffic volumes for each situation can be predicted.

Assignment can produce traffic volumes with design variations for the individual
route. Alternate alignments may be tested, or interchanges relocated or dropped, to
determine the shifts in traffic flow on both the route and adjacent facilities; or the as-
signment can produce, in a difficult weaving area, for exa'npw, data on the origins,
destinations, and volumes of weaving movements.

The outputs of greatest value to the designer are, therefore, the individual link
loads, whether these give truck percentages and design-hour volume directly or re-
quire further manipulation. Though the designer does not need to know all about as-
signments or the values of different outputs to the system planner, he does need to
know the qualifications that should be applied to the posted numbers appearing on an
assignment map. These qualifications, which arise in part out of the design of assign-
ments for planning purposes, must be made clear.

Some Dangers in Using Assignments for Design

Assignment outputs developed for use in system planning cannot be applied to design
problems without discrimination. Assignment techniques and network design developed
principally for regional transportation studies are concerned with planning on an area-
wide scale. The degree of detail in network design, trip interchange, and trip assign-
ment is thereby conditioned. The sensitivity of the computer technique employed in
PATS and other transportation studies is more than sufficient for area planning but,
perhaps, is insufficient for the degree of detail desired by a designer.

The matter of scale in network design and in its representation to the computer is
the source of some difficulties. In PATS' case, link lengths are coded to tenths of a
mile; travel speeds are represented in 5-mph increments; and capacity in a series of
increments is calculated from standardized intersections. Such characteristics are
not refined sufficiently to use in determining individual intersection performance.

Added to this are the gross techniques (from a designer's viewpoint) of loading trips
from an area of major trip generation at one intersection within the area. Many thous-
ands of trips to and from a zone, consequently, may appear on just one link within the
zone or on a series of links leading to a ramp being studied. A prime example of this
occurred in Pittsburgh when one ramp developed volumes exceeding 20, 000 vehicles
per day, whereas the adjacent ramp showed almost no traffic. This was a result of
loading node placement. Obviously, trips, in reality, are generated on a plane surface
rather than at a point; and ramp volumes should be distributed accordingly. But the
scale of network design and the mechanics of assignment for system planning really do
not need to reflect this degree of detail when the concern is to develop a transportation
system for an area of several hundred square miles.

What is less evident, and perhaps of greater concern to the system planner when
his assignment results are used for design, are qualifications that need to be applied
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because of programing or other techniques. Here, again, the techniques—even though
providing detail—are designed for broader analysis than that of the designer. Every-
thing leading up to the individual link load in the computer output is designed for region-
al rather than local use. This is true of forecasts, mode splits, trip inputs, network
design, trip distribution techniques, and the assignment itself. Developers of trip dis-
tribution models and assignment programs are far from agreement on what constitutes
the best approach to traffic forecasting. It is not unreasonable, as a result, that the
transportation planner should shrink from standing pat on an assigned volume of 4,256
vehicles on ramp X of a downtown interchange.

The significance of predicting turns or delays at arterial intersections in 1980 is
even more questionable. For example, in PATS' assignments, the intrazonal trips do
not even appear on the network, and all trips between adjacent zones cross the common
boundary on one link only. In either case, this is not a simulation of movement in re-
ality. How then can turning movements be predicted for design purposes? This gets
to the fundamental questions of how much accuracy of detail is needed and how it is to
be achieved.

It would be unseemly for transportation planners to suggest the level of detail needed
by the designers. But, as pointed out in a recent report (5, pp. 45-56) the reporting of
design-hour volumes as a neatly packaged, arithmetically balanced presentation on de-
sign drawings seems neither necessary nor appropriate. Design-hours on the ramps
and roadways of a freeway do not necessarily occur in the same hour of an evening or
morning peak. In some cases, they may not coincide with any of the traditional peak
periods. Perhaps the designer should work more within, ranges of volume than with
specific values. In PATS' experience, at least, it appears that designers expect too
much detail and that planners (as assignment makers) obligingly provide it.

Assignments can, and some do, provide peak-hour turning movements at arterial
intersections, and perhaps it is best that they do so. Despite the limitations that exist
within any assignment technique, traffic assignment does provide the most sound basis
on which to establish design-hour volumes. However, computer-produced numbers in
such detail are almost certainly spurious if taken literally, even though they may appear
realistic. Computer outputs, thus, are of most value in design when used compara-
tively, with judgment based on knowledge of the forecasting and other limitations inher-
ent in the processes.

In effect, the designer should examine closely the details available and then form
his conclusions from a broader perspective in the same sense as the system planner
must. To insure this approach, there is a need for interpretive judgment somewhere
between the computer laboratory and the drafting room. The agency generating assign-
ments would appear most responsible for providing such advice.

Responsibilities for Assignment Interpretation

Without the intermediate step of interpretation, there are too many opportunities
for misunderstanding, misguidance, or misuse of assignment data by the many agen-
cies that need this type of information. The problem may not arise when the assign-
ment and its application to design is performed within, and is wholly restricted to, one
organization. But in most cases, the assignment makers and the design users are or-
ganizationally removed from one another. At PATS, it has become clear that trans-
mittal of assignment data to other agencies must incorporate some means of conveying
judgments related to application of the data. Several procedures could be followed.

First, the assignment-making agency can transmit data to designers with accom-
panying explanations and qualifications on how the data can be used. However, such a
procedure generates much report writing and places the burden of translating numbers
plus qualifications into design-hour volumes on the designer —who is not likely to be in-
terested in this additional work. In addition, the assignment maker should feel re-
sponsible to follow up and ascertain whether the data have been properly interpreted.

A second possibility would be for the assignment makers to provide analysis and in-
terpretation for all data requests. Considering the variety of these requests and their
sources, this could be a really burdensome task. It is possibly the best solution in



10

terms of getting the most meaningful interpretation of assignment results, but the time
and manpower involved would add considerably to budgets. A drawback might be that
the assignment agency may not be properly qualified to assess other important aspects
of the requesting agency's problem, such as the influence of right-of-way costs in one
design location versus another, or the planner's need for balancing street capacity re-
quirements against requirements for public open space or other activities.

A third possibility is for the agency making assignments to designate a staff member
to work closely with the requesting agency as long as assignment daia are being used.
Such a procedure certainly would be effective in providing good guidance and under-
standing on both sides. But this takes a lot of staff time, and qualified staff is gener-
ally in short supply, at least on most transportation studies. In a similar but reversed
manner, the requesting agency could assign a designer to work with the assignment
makers. All requests for traffic estimates for design purposes could be channeled
through this individual, who would be able to assess the designer's needs and provide
information accordingly.

A fourth alternative, which is being practiced in the Pittsburgh area with some suc-
cess, is to bring in an intermediary person who is familiar with the problems of both
the assignment makers and the designers. Using PATS' assignment data as the start-
ing point, a local traffic consultant is providing the Pennsylvania Department of High-
ways with traffic estimates for design purposes. Introducing a third party obviously
means added direct cost, but it also means that both PATS and design personnel are
enabled to concentrate on their individually specialized tasks. The consultant, through
experience with assignment techniques, is familiar with the capabilities and limitations
of assignment data. He has a knowledge of local conditions and problems which are be-
yond the scope of a regional study and is familiar, also, with the geometric and struc-
tural considerations of design. A principal benefit is minimization of the duplicated
work that might occur if the study staff had to explore local conditions which were al-
ready known elsewhere. Furthermore, because a local highway engineer was quoted
as "'viewing PATS with a mixture of awe and suspicion, " it appears to be beneficial for
the Department of Highways to obtain an outside view on the meaning of assignments.
The consultant, of course, eventually may find himself viewed dubiously from both di-
rections.

Regardless of the procedure followed (and each of the preceding is practiced at PATS
according to the nature of the data request), all require initiative on the part of the
agency making assignments. This group must provide information on the significance
of output data, because it is generally the only group qualified to do so. The assign-
ment makers should feel, also, a responsibility to follow through and ascertain that
assignment outputs have been used properly. This is partly for their own self-protec-
tion but more importantly to prevent what, otherwise, might be costly mistakes. In
addition to the Department of Highways and its consultants, organizations that have
made use of PATS' assignment results include the City of Pittsburgh's City Planning
Department, Traffic Engineering Bureau, and Urban Renewal Authority; the Allegheny
County Redevelopment Authority; Pittsburgh Regional Planning Association; and con-
sultants with clients ranging from the Federal government to local department stores.
Most, if not all, of these users wish to make local or detailed application of assignment
information. All need to be advised of the limitations on assigned link-load values for
such purposes.

The use of assignment results in design applications must be regarded, by transpor-
tation planners at least, as a secondary benefit to be obtained from what is primarily
a tool for regional planning. Assignments can be devised to specify turning movements
at individual intersections, but it must be remembered that the accuracy of such pre-
dictions is as much a function of forecasting and trip distribution techniques as it is of
assignment technology. Because assignment results are sought out for design or other
local applications, the assignment makers have a clear responsibility to assure proper
evaluation and avoid misuse on the part of other organizations.
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SUMMARY

The end uses of traffic assignment are, of course, directly related to the character-
istics of computer programs. But regardless of the diversity that exists in the tech-
niques, all assignment outputs have basic similarity in their production of individual
link volumes after distributing trips over a network of highway or transit routes. This
discussion has not been concerned with areas in which improvement in technique would
be desirable, only with the uses that can be made of assignment output data, based on
the experience of one transportation study.

It is felt that traffic assignment is most beneficial as a planning tool in the develop-
ment of area-wide systems. Its employment and value in design (for example, in de-
veloping design volumes on interchange ramps) is a collateral benefit. Traffic assign-
ments are undoubtedly the best means available today of reaching design-hour traffic
estimates, but computer outputs cannot be applied without qualification and considerable
study. Possibly, assignments for design should provide the maximum level of detail
attainable, so that the designer can examine the details but ignore them as such, ex-
tracting the broader conclusions only in the same sense as the system planner must.
The danger lies in the assumption of accuracy merely because results are detailed.
Because the computer does produce detailed results quickly and cheaply, its virtues
lie in permitting more testing of alternates, more freedom of choice, and the bringing
to bear of more complex relationships, all of which require judgment in evaluation and
in making subsequent decisions. These aspects, of course, represent the principal
benefit of traffic assignment for design purposes. The agency making assignments for
system planning purposes thus has a dual responsibility. First, in using assignments
to derive a plan, the agency must apply the judgments needed for its own purposes and
then must weigh the traffic advantages with the other criteria essential to system plan-
ning. Second, the assignment makers must be certain that the proper judgments are
made by the many other agencies which expect to, and can, benefit from traffic assign-
ment techniques.
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A Comparative Description of a Capacity-
Restrained Traffic Assignment
ROBERT B. SMOCK, Detroit Area Traffic Study, Wayne State University

®* THIS PAPER specifically presents a step-by-step case history of a "capacity-re-
strained traffic assighment' and compares it to three other kinds of assignment that
are in use today. It has also the more general purpose of starting to move the capacity-
restraint method out of the research institutes and into the State highway departments
and local planning offices where it will do the most good. Traffic assignment in gen-
eral is the technique used to determine in advance how well a proposed highway system
will work. Its components are (a) a table giving traffic volumes between traffic analy-
sis zones in some future year, (b) a highway network proposed for the same year, and
(c) a program for routing all the interzonal trips through the network and totaling the
volume "assigned' to each link. Testing alternate proposed systems in this way, it is
possible to produce one that will function without undue traffic congestion.

Doing away with traffic congestion requires a number of steps in addition to traffic
assignment, including steps in the planning and design areas, as well as all those in
the areas of finance, construction, maintenance, and operation. However, without re-
liable traffic assignments it is not possible to pursue any transportation plan with con-
fidence that it will succeed.

Before the introduction of traffic assignment, highway planning tended to proceed on
the basis of estimates of percentage increases in the loads to be carried by individual
existing roads. This approach has been made rather obsolete by changes such as
the growing recognition of individual highways as parts of highly interdependent sys-
tems, and by the large-scale additions of new facilities to existing systems—particu-
larly freeways. The start of highway-system planning, at least within urban areas,
might be dated from the introduction of the origin and destination (O-D) survey. This
kind of research produces "trip tables" which indicate the interzonal trips people make
independent of the routes they select. Once there is a trip table, there can be traffic
assignment.

A typical situation today might include a town which has had an O-D survey and has
projected its trip table to 1980. On the basis of the projection it is concluded that two
or more freeways will be needed, and a total highway system is proposed for construc-
tion by 1980. At this point at least three important questions can be raised: (a) Does
the proposed network provide sufficient highway capacity where it is needed, so as to
minimize congestion? (b) Does it provide no more than the minimum amount of nec-
essary highway capacity to be paid for from the public purse? (c) How is the network
to be degigned in terms of lancs and turning movements? These are questions that can
be answered by traffic assignments.

This hypothetical town can consider four different types of assignment. It can trace
a path through the network by hand for each interzonal connection, and assign the ap-
propriate volumes to each link for each path. This ""hand-trace assignment" could take
a great deal of time, however, and if an electronic computer is available, its use is
likely to be considered.

The major planning problem is posed by new facilities—especially freeways--and
for some years when computers were new to this field, their contribution was limited
to assigning parts of interzonal volumes to freeways alone. The computer "freeway
assignment' was a giant stride forward, especially in large cities where hand tracing
was almost prohibitively time consuming, but it left unanswered the important questions

Paper sponsored by Committee on Origin and Destination.
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about the adjustment of the other parts of the network to the new facilities,

Only in recent years has it become possible to program a computer to trace paths
through an entire major street system. The products of the simplest of such programs
are called "desire assignments' because every interzonal volume is assigned to the
best path that could be desired, regardless of the capacities of the streets. Such an
assignment was made in Detroit for 1958, and it was found that more than 300, 000
vehicles desired to use some individual links of the freeway network. This was an in-
teresting statistic, but not very useful for planning purposes because it was not con-
sidered practical to try to provide that much capacity in a single facility.

The development of "capacity-restrained assignment" is a very recent achievement
but its advantages are so obvious that future assignments may be expected to be of this
type just as quickly as computers with their programs, and the necessary know-how,
can become available to highway planners. Once capacity-restrained assignment is in
general use, that hypothetical town is not likely to choose hand-trace, freeway, or de-
sire assignments. Instead, there is likely to be general agreement on the following
six capacity-restrained assignment steps as constituting good highway system planning
from the assignment point of view (1). For the most part these steps are applicable
and desirable regardless of the particular assignment technique adopted.

First, present-day volumes are assigned to the present-day street network, and
the results compared to traffic counts. This serves to validate the trip table and the
O-D survey sample from which it is derived.

Second, at least two alternative future land-use plans are developed, perhaps one
assuming a continuation of present trends and the other assuming some reasonable
planned improvements. Each land use plan will produce a different future trip table,
and both of them are assigned to the present major-street network to provide a start-
ing point for the planning of future networks.

Third, the future-trip table based on the first land use plan is assigned to several
alternative proposed future networks until a good one can be demonstrated.

Fourth, alternative networks are tested with the trip table based on the second land
use plan until a final proposed network can be selected.

Fifth, morning and afternoon peak-hour volumes are assigned to the selected net-
work as an aid to its geometric design.

Finally, five-year step forecasts between the present year and the future planning
year are assigned as an aid to the determination of priorities for construction. Also,
five years pass fairly quickly and these five-year interval assignments allow a periodic
checking of forecasts against the actual situation.

These six steps call for 15 or 20 traffic assignments, which means considerable
work and cost. The time and money for such research and planning are not a large
part of the total costs of well-planned highway construction, however, and are actually

. small when compared to the high costs of poorly-planned construction with its possible
waste and continuing traffic congestion. This report is intended to illustrate how use-
ful a capacity-restrained assignment can be to good highway planning, as well as to
demonstrate how it works.

ASSIGNMENT BACKGROUND
The Program

The essence of capacity-restraint assignment is a program for an electronic com-
puter. Computers have proved themselves capable of performing extremely intricate
tasks with great speed and accuracy, and it is some times overlooked that they can do
absolutely nothing except what they are instructed to do. A set of computer instructions
is a "program," and the development of a program for the performance of something
as intricate as traffic assignment is a long, difficult, and costly job.

The one whose workings are described in this paper was developed by the Detroit
Area Traffic Study and the Computing Center at Wayne State University. The original
objective was to program a high-speed computer to assign traffic to the major streets
of Detroit, but two interim objectives have developed. One is to prepare the IBM 650
to assign traffic to a 240-intersection network, which is probably large enough to handle
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TABLE 1
TYPICAL SPEEDS AND CAPACITIES2 ON FOUR-LANE HIGHWAYS

Speed (mph) Capacity (thousands)
Area Arterial Arterial
Freeway Freeway
Standard Major Standard Major
CBD 10 20 45 22 27 78
City 15 25 50 16 19 56
Suburbs 20 30 55 12 15 42

a21+—hr average weekday; practical, not ultimate.

all Michigan cities except Detroit. The other is to specify every step of the capacity-
restrained assignment procedure in an operating manual that will allow the Michigan
State Highway Department to perform such assignments on a routine basis.

At its present stage of development, this method includes the following steps. First,
every link in the network to be tested is classified as to its type, the area in which it is
located, and its pavement width. A distinction is made between three types: freeways,
major arterials (such as divided highways), and standard arterials; and three areas:
the central business district (CBD), the rest of the city, and the suburbs.

Next, a capacity can be given every link by looking it up in a table on the basis of its
type, area, width, and kind of intersecting streets (2). A typical speed can be given
each link on the basis of its type and area. Table 1 gives typical speeds and typical
capacities for four-lane streets. These generalized measures should be replaced by
more exact measures when they are available.

Then, the length of each link is measured by the computer on the basis of a coordi-
nate-coding of each intersection. From its length and speed, the computer determines
a travel time for each link, and this time is the ''value" (V) of each link which the com-
puter uses to determine paths through the network. With this information and a trip
table, the actual assignment can begin.

The assignment proceeds in a series of '"passes' over the network. On each pass
the computer determines the shortest time path between every pair of intersections
which has been identified as the origin and destination of a trip. On the first pass,
travel times are determined on the basis of typical speeds and all volumes are assigned
to their quickest paths, thus providing a "desire assignment." At the end of the first
pass, the computer determines the ratio (R) between assigned volume and capacity for
every link, and this quantity is used to compute a new travel time on each link accord-
ing to the conditions of congestion pictured by the desire assignment. Where R is high,
speed is reduced below typical speeds and travel time is increased; where R is low,
speed is increased above typical speeds and travel time is reduced.

The formula according to which these increases and decreases are determined is
the keystone of the capacity-restrained program.

vy =i~ Uy (1)
in which
Vi = travel time on a link for a given pass;
e = 2.71828;

R; = ratio of averaged assigned volumes (from all preceding passes) to capacity; and
Vo = original (typical) travel time on link.

The formula was derived both by mathematical logic and by trial-and-error experimen-
tation (3).
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For the second pass these travel times reflecting congestion on original best paths
are used in the computation of a second set of paths between every pair of origin-des-
tination intersections. Each interzonal volume is then divided evenly between the two
paths that have been traced for that trip, and the averaged volumes are used to com-
pute new values of R and another set of travel times. For the third pass the same pro-
cedure is followed, and such passes can be repeated, dividing interzonal volumes over
more and more paths, until capacity-adjusted speeds, on the average, come to approx-
imate typical speeds. The two measures of speed will converge as assigned volumes
converge on capacities. This particular type of "'convergence' will happen quickly
when the network provides sufficient capacity exactly in the places where it is needed,
and will never happen completely if the network does not contain sufficient capacity for
the volumes assigned to it.

This approach was tested by using it to assign a 1950 trip table to the 1950 arterial
streets of Flint, Mich., and comparing the assigned volumes to traffic counts (ﬁ). It
also has been the approach followed in the assignment to a proposed 1980 network for
Flint.

Volumes and Network

The network proposed in Flint for 1980 was selected not because it was suspected
of being poor and in need of testing, but because it was known to be the well-planned
product of lengthy research by the City of Flint, by the city-planning firm of Ladislas
Segoe and Associates, and by the State Highway Department. Douglas Carroll helped
conduct one of the early O-D surveys in Flint in 1950, and further research in 1960
had forecasted its trip table to 1980 (5). Being able to rely on network and volumes
was a great help in this continued experimentation with the assignment program: it was
expected to be a '"'good" network, as defined later.

A part of the network shown in Figure 1 is the major street system of Flint in 1950.
When a "desire assignment" of 1980 traffic volumes was made to this network, about
two-thirds of its links were loaded beyond their capacity. Because these overloaded
links tended to be the high-capacity ones, it is obvious that no amount of capacity re-
straint and the tracing of alternate paths could bring about 'convergence' with capacity
for these volumes on this network. In fact, the volumes were so far beyond the capa-
city of the system that one-third of the links were loaded to more than twice their capa-
city, and one out of every ten links was assigned a volume more than five times its
capacity.

Figure 1 also shows the additional facilities proposed for 1980 Flint, and Figure 2
shows the types of facilities proposed. The major addition is a system of three free-
ways: an east-west one running just south of the CBD, a north-south one along the west-
ern edge of the metropolitan area, and a branch of the north-south one passing through
the city just to the east of the CBD and rejoining the other at the northwestern edge
(top of map). The freeways along two sides of the CBD carry only "through' traffic,
as all turning movements to and from the CBD are carried by service drives connecting
with the freeways only at the outer corners of the downtown section.

Flint is astride a major north-south route through Michigan, and traditionally its
two major arterials have been Dort Highway which runs north-to-south on the eastern
edge of the city, and Saginaw Avenue which is shown in Figure 2 as branching off from
Dort on the south to run through the CBD, and rejoining Dort on the north. Other major
arterials reach into the four quarters of the area, except to the far northwest, and are
joined together by a grid of standard arterial streets.

The detailed design of this network is not complete, but tentative widths were ob-
tained for every part of it. All the freeways sections were treated as if they were of
four-lane width, and many of the existing arterials streets were treated as if they had
been considerably widened from their width as of today. This, then is the network ex-
pected to be a '"good" one, and in general it was not disappointing. Of course, to a
large extent, its satisfactory nature was a function of the way in which "good" was de-
fined.
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Figure 1. 1950 and 1980 netw
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A "Good" Network

A good highway system is one that provides sufficient capacity where it is needed to
avoid undue congestion, without providing unneeded capacity. The idea of "sufficient
capacity' has a relatively clear meaning, but the idea of capacity "where it is needed"
is a little harder to define in practice. In American cities it is common for major
corridors of vehicular movement to contain more vehicles than can be carried on a
single facility, so that it is unavoidable that some vehicles will travel on paths through
street systems that are different from the paths composed of the most direct facilities
between their origins and destinations. On the other hand, it seems unlikely that more
than two or three parallel facilities would be required for any such corridor in order
to avoid forcing any trip to take an extremely indirect path. One exception to this is
that the unusually long trip through a modern city should use a freeway, so long as the
cost of the possible indirectness of the freeway path is offset by a savings in travel
time.

These general considerations about what constitutes a good highway system can be
stated in the form of a four-part operational definition of '"good" in terms of the char-
acteristics of a capacity-restrained traffic assignment. A good highway system allows
the following:

1. "Convergence'" of assigned volumes and capacity in three or four assignment
passes, because two or three paths as alternatives to the ""best' path should handle
practically all trip volumes.

2. Total vehicle-miles of driving through the system which are not greatly in ex-
cess of the mileage required for all trips to take their ""best" paths, otherwise capacity
has not been provided where it is needed.

3. Total vehicle-hours of driving through the system which are not greatly in ex-
cess of the hours required for all trips to take their '"best' paths at typical speeds,
which is the same as saying that congestion-adjusted speeds should converge to be ap-
proximately the same as typical speeds in three or four assignment passes.

4, TFreeways should tend to carry the longer rather than the shorter trips, because
the costs of freeways are only justified by the benefits of removing "through' traffic
from standard arterial streets.

The indefinite quality of phrases like ''not greatly in excess of' is not the handicap
it appears to be. The usual purpose of traffic assignment is to compare alternate net-
works, although that is not the case for the Flint assignment discussed here. When
alternate networks are tested, "excess' vehicle-miles or vehicle-hours can be simply
defined as the additional miles or hours required to travel through one network as com-
pared to another. Each of these general principles can be illustrated in terms of the
actual workings of the Flint assignment.

THE ASSIGNMENT
Convergence

Figure 3 shows the assigned volume on each link of the Flint 1980 network, expressed
as a percentage of the capacity of that link. This is a picture of the situation at the con-
clusion of the first pass or "'desire" assignment. At this point, all volumes have been
assigned to the path between their particular origin and destination which can be tra-
veled in the shortest amount of time at typical speeds. This kind of path is said to be
the "best'" path. The lightest links on this map were included in no best paths and
therefore have zero volumes.

In connection with the next darker class of links, it should be noted that no traffic
assignment assigns to a network every vehicular trip reported during an O-D survey.
Those trips having both their origin and destination within a single traffic analysis zone
cannot be assigned. Such intrazonal trips have to be considered 'local traffic'" and be
kept off the arterial street system. This is not entirely realistic because local trips
can make up a large proportion of the traffic on major streets in the CBD, and perhaps
20 percent of the traffic on other arterial streets in the city. The next darker links in
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Figure 3 have been assigned a volume at least 25 percent below-capacity, and therefore
a volume likely to move without congestion even when local traffic is taken into consid-
eration.

The next class of links have been assigned a volume within 25 percent of their esti-
mated capacity, and those in the class after that are definitely congested, having been
assigned a volume between 125 and 199 percent of capacity. Links in black are heavily
congested, having been assigned more than twice their capacity.

On this first pass, every link but one in the 25-link freeway system is loaded to
capacity, and almost one-half the freeway links are congested, two of them heavily.

Of the other heavily congested links in the system, about three-quarters are funneling
traffic onto or off the freeways. A fact to be especially noted, however, and one that
illustrates clearly the danger in using desire-assigned volumes for design purposes,
is that the majority of these congested links are adjacent and parallel to underassigned
links. This means that, were this network in actual operation, its links would not
carry volumes like those assigned on this first pass. Furthermore, it might operate
much more effectively than the number of congested links suggest because many vehi-
cles could avoid congestion by taking paths along the underassigned adjacent and par-
allel links, which probably would be only slightly less direct than their '"best' paths.

If the first pass is called a "desire assignment, ' then the second pass might be
called a "rush-hour assignment" in that its paths have been traced through a network
in which popular links have had their speeds slowed to the minimum. It can be consid-
ered the "rush-hour pass' only in the limited sense that, for the average trip, the path
traced at this point is likely to be the one that deviates the farthest from the "best"
path, and this is analogous to the real situation in which drivers are most likely during
rush hours to seek the suggested alternatives to their own choices of best paths.

During the second pass, volumes are divided evenly between the two paths that have
been traced for each trip. The averaged volumes on each link are expressed as per-
centages of capacity, with results in Flint that are shown in Figure 4. Here the dis-
tribution of heavily congested links is considerably different from that at the conclusion
of the first pass. Only two links originally assigned more than twice their capacity
are still in that class after the second pass. These two links are parts of standard
arterial streets in the suburbs carrying traffic to and from freeway ramps; they were
assigned more than four times their capacity on the first pass. Therefore, they are
left with at least a double load from their averaged assigned volumes even if they were
zero-volume links on the second pass. In addition, 21 links which were not heavily
congested after the first pass are heavily congested after the second, although they
have been assigned only one-half the volume of any particular trip.

On the whole, there are more links assigned volumes near their capacity after the
second pass than after the first, so that it can be said that convergence has begun. On
the other hand, a few links that were congested after the first pass are underloaded
after the second, and the opposite is also true. The third and subsequent passes are
"balancing assignments, ' then, and convergence should proceed rapidly. Figure 5
shows the situation at the conclusion of the third pass. Now there are no zero-volume
links, and the number of heavily congested links has been reduced by two-thirds.

It is after the third pass, however, that there is the first hint of a few trouble spots
in the network, in the form of congested links that are not paralleled by underassigned
links. After the fourth pass, a considerable amount of convergence has taken place
(Fig. 6). A number of links continue to be congested, however, and four links are
loaded to more than twice their capacity at this point. Again, they are links providing
access to the freeways, specifically to the branch north-south freeway passing through
the city.

At this point there was an inclination to consider the assignment complete, and to
view the remaining degree of lack of convergence as an indication of points in the pro-
posed network that were in need of change. However, a fifth pass was made to check
this conclusion, with the results shown in Figure 7. There continue to be four heavily
congested links, and they continue to be links providing access to the branch north-
south freeway.
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TABLE 2

LINKS BY ASSIGNED VOLUME AS A PERCENTAGE OF CAPACITY
AT BEGINNING OF CAPACITY RESTRAINT

P
Capacity First Senond Pass

(#) Pass 0# 1-24% 25749 75-124%  125-199%  200%+
0 21 2 3 2 3 3 8
1-24 66 0 11 27 13 11 4
25-74 85 0 1 42 29 8 5
75-124 60 0 0 36 16 6 2
125-199 44 0 0 8 26 8 2
2000 2 0 0 K 10 K 2
Total 297 2 15 115 97 45 23

One important question is whether the balancing process is continuing with different
links being congested on different passes, or whether links that are congested on one
pass continue to be congested on the next. This question is answered in Tables 2 and
3. Table 2 shows that a number of originially underassigned links are overassigned
after the second pass. Also, 8 links originally overassigned were underassigned after
the second pass. Table 3 shows that nearly all the links that were congested after the
fourth pass had also been congested after the third.

Vehicle-Miles

At this point it could be concluded that, in terms of speed of convergence, this net-
work needs certain revisions in street widths before its design is finalized, but that it
is generally a good network. There are other criteria, however, and one of them is
given in Table 4—vehicle-miles. This table shows that the 930, 000 vehicles assigned
to the network would travel a total of 3, 928, 000 vehicle-miles on their average week-
day if all of them could travel over their ""best'" paths, for an average of 4.22 miles
per vehicle trip.

The paths traced for the secondpass are longer, however, requiring nearer 4, 000, 000
vehicle-miles of travel. When volumes are averaged over the first two sets of paths
there are 31, 000 additional miles of travel compared to the desire assignment. Paths

TABLE 3

LINKS BY ASSIGNED VOLUME AS A PERCENTAGE OF CAPACITY
AT CONCLUSION OF CAPACITY RESTRAINT

Capacity Third Fourth Pass

(# Pass 0% 1-24% 25-74% 75-124% 125-199%  200%+
0 0 0 0 0 0 0 0
1-24 8 0 6 2 0 0 0
25-74 112 0 2 99 11 0 0
75-124 111 0 0 15 91 5 0
125-199 59 0 0 0 17 39 3
200+ _1 0 0 0 0 6 1
Total 297 0 8 116 119 50 4
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TABLE 4
VEHICLE-MILES

Vehicle-Miles (thousands)

Type
1st Pass 2nd Pass 3rd Pass 4th Pass 5th Pass
Total 3,928 3,959 3,997 3,988 3,975
Avg. trip-miles 4,22 4,26 4.30 4.29 4,27
Freeways 1,983 1,339 1,512 1,581 1,594
Hi-types 1,171 1,255 1,232 1,266 1,277
Lo-types 774 1,365 1,253 1,141 1,104
CBD 603 568 612 603 589
City 2,103 2,188 2,224 2,227 2,216
Suburbs 1,222 1,203 1,161 1,158 1,170

of the third pass are longer still, but there is some reduction on the fourth pass.

If the four passes are considered to be the complete assignment, then the effort to
avoid congestion in this particular network requires some 60, 000 additional vehicle-
miles of travel on an average weekday, compared to the mileage required if all trips
could travel their "best' paths. Whether this is excessive depends on whether the ad-
ditional mileage could be less on an alternative network. Averaged over all the 930,000
vehicular trips, this appears to be a minimal increment.

Due to capacity restraint about 400, 000 fewer miles are assigned to the freeways
than would be the case if all vehicles took their "best'" paths. About 460,000 more
miles are required on other arterial streets: 100, 000 on major arterials (divided high-
ways, one-way streets, etc.), and 360, 000 on standard arterials. In Flint, the addi-
tional miles are driven in the general city, rather than in the CBD or the suburbs.

In terms of vehicle-miles, then, this appears to be a generally ""good" network at
supplying capacity where it is needed. Its degree of goodness is measured by the dif-
ference between 4.22 vehicle-miles driven on the average interzonal trip over its "best"
path, and 4. 29 vehicle-miles for the average trip after the capacity-restraint adjust-
ments.

TABLE 5
VEHICLE-HOURS AT TYPICAL SPEEDS

Vehicle -Hours (thousands)

Type
1st Pass 2nd Pass 3rd Pass 4th Pass 5th Pass
Total 135 166 161 156 154
Avg. trip-minutes 8.7 10.7 10.4 10.1 10.0
Freeways 39 26 30 31 31
Hi-types 48 52 51 52 53
Lo-types 47 88 80 73 70
CBD 21 27 27 26 25
City 79 101 97 94 93

Suburbs 35 38 317 36 36
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TABLE 6
VEHICLE-HOURS AT CONGESTION-ADJUSTED SPEEDS

Vehicle-Hours (thousands)

Type =

1st Pass 2nd Pass 3rd Pass 4th Pass 5th Pass
Total 388 311 186 164 155
Avg. trip-minutes 25.0 20.1 12.0 10.6 10.0
Freeways 71 24 29 32 32
Hi-types 56 51 46 47 48
Lo-types 261 236 111 85 75
CBD 19 34 24 20 19
City 145 175 103 93 88
Suburbs 224 102 59 51 48

Vehicle Hours and Speed

If all 930, 000 vehicular trips are considered as being driven at typical speeds on
every pass, regardless of congestion, the vehicular hours of driving time required on
this network are as given in Table 5. On their "best™ paths, vehicles would drive a
total of 135, 000 vehicle-hours on an average weekday, and the average trip would take
a little less than 9 minutes. Capacity restraint adds about 21, 000 vehicle-hours, how-
ever, and brings the average trip to about 10 minutes. This is not a realistic picture,
of course, because congestion on "best' paths would reduce speeds below the typical.

Table 6 gives the influence of congestion on vehicle-hours. They are increased so
much on the "desire' assignment that the average trip takes 25 minutes instead of 9.
Nothing like this could occur in actuality, however, because all trips could not possibly
be contained in their ""best' paths. By the end of the fourth pass, a major degree of
convergence has taken place, and the average trip in congestion-adjusted hours takes
only about Y, minute longer than in unadjusted hours. The convergence is even greater
at the conclusion of the experimental fifth pass but, as noted earlier, the fourth pass
can be considered to end the assignment because the problems remaining at its con-
clusion are still there after the fifth pass.

This is particularly clear when speeds are considered, as in Table 7, where vehicle-
miles have been divided by the two measures of vehicle-hours. At typical speeds, all
these 930, 000 vehicle-trips on an average weekday could be made at an average speed
of 29 mph. The effect of congestion as measured by Eq. 1 is to reduce this average
speed to 10 mph if all vehicles were to use their "best'" paths.

On each successive pass, the congestion-adjusted speed comes closer to the typical
speed for the same traffic distribution, and by the end of the fourth pass they are near-
ly the same. The convergence of average speeds for all trips is complete after the
fifth pass, but after both the fourth and fifth pass it is clear that congestion is contin-
uing on some standard arterial streets in the suburbs. Like the convergence of as-
signed volumes and capacity, then, this convergence of typical speeds and congestion-
adjusted speeds suggests a generally good proposed network, but also indicates that
certain types of streets in certain areas are in need of design revision.

Paths

The fourth criterion of a ''good' network is that its freeways should tend to carry
the longer trips. In the trip table assigned here, the 930, 000 vehicle-trips are divided
over 3,980 specific interzonal exchanges, and a path must be computed through the net-
work for each of these 3, 980 interzonal trips. Table 8 gives the number of such paths
using the freeways, and the number not using them, by path length in miles. The gen-
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TABLE 7
TYPICAL SPEEDS AND CONGESTION-ADJUSTED SPEEDS

Speed (mph)

Type 1st Pass 2nd Pass 3rd Pass V 4th Pass 5th Pass
Typi- Ad- Typi- Ad- Typi- Ad- Typi- Ad- Typi- Ad-
cal justed cal justed <cal justed cal justed <cal justed

Total 29 10 24 13 25 21 26 24 26 26

Freeways 51 28 52 56 50 52 51 49 51 50

Hi-types 24 21 24 25 24 27 24 27 24 27

Lo-types 17 3 16 6 16 11 16 13 16 15

CBD 29 32 21 17 23 28 23 30 24 31
City 27 15 22 13 23 22 24 24 24 25
Suburbs 35 5 32 12 31 20 32 23 33 24

eral conclusion to be drawn is that the vast majority of short trips do not use the free-
ways, whereas the vast majority of long trips do.

There is another important point to be made about paths—the success of a traffic
assignment in predicting actual traffic counts depends on two things: (a) the validity of
the assigned trip table and (b) the realism of the selected paths. All other factors such
as the character of the capacity-restraint formula, the accuracy of the estimates of
capacity and speed, and the quality of classifications of street by type and area are of
importance only as they lead to the computer simulation of actual driver behavior in
the selection of paths.

A sample of paths was selected for examination from the tape record for the present
assignment passes, although this operation is not a necessary part of capacity-re-
strained traffic assignment. The most typical situation which was found (Fig. 8) shows
the paths traced on each pass between the external station at Saginaw and Dort on the
south and the same two highways on the north. For its '"best" path (from the desire
assignment), the trip has been routed up Saginaw to the first street giving access to the
branch north-south freeway, and thence to the freeway itself. It travels up the freeway
to the northernmost ramp and then takes one link of Saginaw to its destination.

The so-called "'rush-hour' path (second pass) avoids the congested freeway and

TABLE 8
LENGTH? OF FREEWAY AND NON-FREEWAY PATHS BY PASS

First Pass Second Pass Fourth Pass
Miles
Freeway Non-Freeway Freeway Non-Freeway Freeway Non-Freeway
0-3 300 1,520 80 1,660 230 1,560
4-6 880 410 360 1,130 670 680
7-9 610 30 290 320 530 100
10+ 230 0 100 40 200 10
Total 2,020 1,960 830 3,150 1,630 2,350

a‘Rou.nded to tens.
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travels up Dort Highway all the way from origin to destination. When all volumes have
been divided between their first two paths, congestion-adjusted speeds on the freeway
are high enough again to bring the path back to it, with the exception of one link. This
is shown by the third path, which indicates that the southernmost freeway link in the
"best'" path has remained congested enough, and the alternative is good enough, so that
the path continues up Saginaw to the second street giving access to the freeway. From
the point of entering the freeway, this third path is the same as the first path. The
fourth pass is exactly like the first, and the fifth pass is exactly like the third.

Although this rapid convergence is typical of many parts of the network, another
situation is shown in Figure 9. These paths connect two intersections in the northwest
section where there is insufficient capacity in the network. No two of the five paths
are exactly alike, and to some extent the situation is one of paths moving farther away
from the congested north-south corridor through the center of the area. Of course, at
the conclusion of the fifth pass, 20 percent of this trip's volume is on each one of these
paths so that some of its drivers are assumed to prefer the freeway and some are as-
sumed to prefer the more direct but slower routes over standard arterial streets.

Figure 10 shows another situation in the case of the paths connecting the intersec-
tions at the outer southeast and northwest corners of the network. Here the upper
parts of three of the paths use the branch north-south freeway and two use the outer
north-south freeway, whereas on later passes their southern parts avoid the congested
central corridor by staying to the east until they can take the east-west freeway to its
interchanges with the others.

As mentioned earlier, a more limited number of alternative paths than this is the
usual situation. In fact, in the case of 3 of the 22 paths examined, exactly the same
path was traced for all five passes. For example the trip between the southern and
the northern terminals of the north-south freeway along the western edge of town do
not leave that freeway on any pass.

The important point is that this proposed network has been tested by a capacity-
restrained assignment method which has distributed volumes over paths reflecting
familiar driver behavior. That is, they are distributed over reasonable and realistic
paths. The consequences have been discussed in terms of convergence, mileage,
speeds, and paths, with the conclusion that the network is generally a ''good' one in
terms of the locations of major facilities. All of these considerations refer to only
one of the two uses of traffic assignment, however—the use for network testing. The
other use is in connection with the design of individual facilities. The kind of informa-
tion provided by a capacity-restrained assignment for this purpose can be illustrated
by the link record.

Link Record

Table 9 gives the kind of information available for every link in the network before
and after an assignment. Reading across are the fifteen crucial digits which constitute
the complete description of the link that the computer must have before the assignment
begins. These are the numbers of the two intersections the link connects, the type and
the area of the link, its pavement width in feet, its practical 24-hr capacity in thou-
sands of vehicles, and its length in miles.

Table 10 gives the link's travel time and assigned volume, pass by pass. At the
far end of the first line is its original (or typical) speed for the desire assignment.
This number varies with both type and area (Table 1). The length of the link divided
by its speed gives the link's "value" (V) for path-tracing purposes, which is travel
time expressed in thousandths of hours. Beside it is recorded the same travel time
expressed in minutes, simply for ease of interpretation.

When the computer has the fifteen crucial digits plus V for every link the assign-
ment can begin. Link record A is the link record for the curved segment of the branch
north-south freeway which appeared as heavily congested in Figure 3 (after the first
pass). On the line for Pass 1 of this record is the volume of 129, 000 vehicles which
was assigned to this link on a "'desire" basis. This is followed by 2. 30, which means
that the assigned volume is 230 percent of the capacity of the link (that is, R = 2. 30).
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TABLE 9
LINK RECORDS

Link ; Width Capacity Length
Record Intersections Type Area (£t) (x1, 000) (mi)
A 150 152 1 2 48 56 2.09
B 177 178 3 2 44 14 0.55
C 38 125 3 2 44 16 0.55

At this point Eq. 1 is applied, and the "typical' travel time is increased by 2.7
raised to the R™! power. In this case, the equation produces a V of 150, which means
9 minutes of travel time, which in turn means that the speed on the link is dropped to
14 mph for the second pass. This speed is only slightly below the typical speed of a
standard major street in the city, but such streets tend to be underassigned on the first
pass and to have higher than typical speeds for the second pass. In any case the speed
of 14 mph was such that this freeway link was included in no path on the second pass
and was assigned no volume. But one-half the volumes of the trips using this link on
the first pass are still considered to be assigned to it, so its average assigned volume
after the second pass is 64, 000 vehicles, or 115 percent of its capacity.

This volume allows a speed of 44 mph on the link, according to Eq. 1, and this
speed determines its travel time for the third pass. At that point the trips whose paths
include this link have a total volume of 93, 000 vehicles, but only one-third of this vol-
ume, along with one-third of previously assigned volumes, is considered to be actually

TABLE 10
ASSIGNED VOLUMES AND TRAVEL TIMES FOR LINK RECORDS

Assigned Volume Travel Time
Rlél:(l){r d Pass Per
Avg. Pass R v Min Speed
(x1,000)  (x1,000) (hr x 1079 (mph)
A 0 - - - 41 2.5 50
1 - 129 2.30 150 9.0 14
2 64 0 1.15 47 2.8 44
3 T4 93 1.32 55 3.3 38
4 K 88 1.38 59 3.5 35
5 70 39 1.24 52 3.1 40
B 0 - - - 37 2.2 15
1 - 0 0 13 0.8 42
2 33 66 2,36 144 8.6 4
3 22 0 1.56 65 3.9 8
4 17 0 1.18 44 2.6 13
5 13 0 0.95 35 2.1 16
C 0 - - - 37 2.2 15
1 - 2 15 15 0.9 37
2 8 13 47 21 1.3 26
3 14 26 85 31 1.9 18
4 14 15 88 32 1.9 17
5 14 14 88 32 1.9 17
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assigned to the link. Its average assigned volume, then, is 74,000 vehicles after the
third pass, or 132 percent of capacity.

After the fourth and final pass, the average assigned volume is 77,000 vehicles, or
138 percent of capacity, which is the capacity-restrained assigned volume. It allows
a speed of 35 mph on the link, and would lead the planner to consider increasing the
width of the link from four lanes to six. (Assignment of peak-hour or design-hour vol-
umes could be relied on to lead to the same conclusion only to the extent that such
hourly volumes are some fairly constant percentage of the 24-hr volumes used here.)
The assigned volume after the experimental fifth pass is somewhat closer to the orig-
inal capacity but still represents a degree of congestion and a necessity for redesign.

Link record B is a link record of a different kind. It represents a link of a standard
major street in the city which is about four lanes wide and can carry an estimated
14,000 vehicles per day without congestion, at an average speed of 15 mph. On the
first pass, it was assigned no volume at all and its speed was increased to 42 mph.

In this case, the increased speed led to an overassignment on the second pass and
speed dropped to a mere 4 mph. No volumes were assigned to it thereafter, and its
final volume was close to capacity.

Link records A and B both represent extreme situations, whereas link record C is
the record for a more typical link. It appeared in few paths on the first pass and its
speed was more than doubled, then reduced again on subsequent passes. By the third
pass, its assigned volume was close to capacity and did not change again, so that it ap-
pears that the link is designed about as it should be for 1980 traffic volumes.

This completes the description of the kind of information available from a capacity-
restrained traffic assignment. Consideration has been given to (a) the four tests of the
total system in terms of convergence, miles, speeds, and paths, and (b) the test of
every individual link with the related data of assigned volume, width, and speed. The
following section compares this with the kind of information available from other types
of traffic assignment.

COMPARISON TO OTHER ASSIGNMENTS

Freeway System

In the process of planning a Flint network, the State Highway Department made a
hand-trace assignment to the version tested here as well as to two earlier versions.

In addition, a diversion-curve assignment was made on the computer to the freeway
subsystem of the network. Therefore, with the desire assignment and the capacity-
restrained assignment described in this report, a comparison can be made of the re-
sults of four different assignments to this particular freeway layout. All of the assign-
ments obtained both link volumes and turning movements, so that a mass of informa-
tion is available for analysis, but it is summarized here in the form of four maps
(Figs. 11 through 14).

Figure 11 shows the kind of freeway system that would be constructed if the volumes
assigned by the hand-trace method were to be treated as design volumes. The broken
line indicates that the assigned volume could be handled without undue congestion by a
two-lane freeway, and the narrowest solid line indicates that four lanes would be re-
quired. The solid line is widened by % in. for each additional needed pair of lanes and
the widest line indicates that a ten-lane freeway is called for by the assigned volume
to that particular link.

The Highway Department does not intend to use these particular hand-assigned vol-
umes for design purposes; they were produced as a general test of the freeway-system
layout. For example the Department would not design and construct the ten-lane free-
way section shown, but instead would conclude that "". . . there must be revisions in
the original system to provide capacity on other facilities in the immediate vicinity."
This is a useful approach and one clearly preferable to less systematic and more sub-
jective methods of traffic estimating.

On the other hand, at the conclusion of this particular hand-trace assignment there
were other facilities in the immediate vicinity which were loaded with volumes signifi-
cantly smaller than their capacities. This raises the possibility that the system might
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not appear to need added capacity if the assignment technique allowed individual inter-
zonal volumes to be divided between alternate ""best paths.'" Such a procedure is rec-
ommended by the probability that all drivers making the same interzonal trip are not
likely to select the same route if there are very many choices to be made along the way.

When hand-trace volumes are compared to the results of other kinds of assignments,
another kind of question can be raised. For example, the hand-trace assigned 23, 000
more vehicles to the most heavily assigned link than any of the other methods (to be
specific, a total of 152, 000 vehicles compared to 129,000, 115, 000 and 77, 000 by the
other methods). What factors did the hand tracers take into account to produce this
volume? They could be correct, but the computer volumes always have one advantage:
the factors taken into account to produce them can be precisely specified.

Figure 12 shows the results of a computer freeway ''diversion curve' assignment,
mapped in the same way as the results of the hand-trace. The two assignments pro-
duce a similar pattern of results, and the computer assignment has the advantage al-
ready mentioned. On the other hand, the computer assignment, too, can be questioned
on the basis of the desirability of alternate paths. In addition, the freeway assignment
has the major shortcoming of providing no assistance for the process of adapting an
existing street system to a new freeway system, which is the reason the Highway De-
partment had to do the hand tracing.

Figure 13 shows the same network as it was described at the conclusion of the first
pass or desire assignment reported in this paper. Compared to Figure 12, it makes
clear the effects of not dividing interzonal volumes by means of a diversion curve be-
fore assigning them (in that there are even more unrealistically high volumes), but
again its general pattern is comparable to the results of the other two methods. This
kind of desire assignment has been used for planning purposes in a number of cities,
because it combines the advantage of objectivity offered by a computer assignment with
the advantage of testing a total major street system as does the hand-trace assignment.
However, the results of this assignment, too, can be questioned on the grounds that
heavily overassigned and underassigned links make it unavoidable that some of its
assigned volumes will vary from actual traffic flows, and this might not be the case if
alternate paths could be determined by the assignment technique.

Figure 14 shows the results of the fourth pass of the capacity-restrained assignment
mapped in the same way as the others. This is the only assignment discussed here that
can meet the objection mentioned. It prescribes a system of seventeen freeway links
of six lanes each and eight freeway links of four lanes each. It demonstrates an as-
signed volume on every link beyond the capacity of a smaller freeway (thus justifying
construction), and within the prescribed capacity (thus realistically aiding in design).

It is confidently predicted that, if the network were revised to provide these freeway
capacities and to provide additional capacity at the indicated points of access to the
freeways, the revised network would pass the assignment test by ''converging' quickly
to typical speeds and capacities, requiring minimal additional vehicular miles and
hours, and carrying longer trips on its freeways. In other words, it would prove to be
a "good" network providing sufficient capacity where it is needed. More important, it
is probable that the revised network would carry Flint traffic in 1980 without undue
congestion, assuming the validity of the 1980 trip table and a typical distribution of
local (intrazonal) traffic.

Comparative Time and Cost

It has been difficult to compare time and cost for the various assignments discussed
here. The largest part of the capacity-restraint costs have been for experimental pro-
gram development that will not need to be repeated. The Highway Department's record
of expenditures for the hand trace includes only direct costs, and it is difficult to sepa-
rate costs of the other assignments from various overhead charges. One reliable com-
parison is that the path-tracing part of the hand assignment took 44 man-days at the
Highway Department and the path-tracing part of one comparable pass took 12 hr on
the 650-RAMAC computer at Wayne State University.

This is by no means a reliable estimate of the ratio of total times and costs, how-
ever. A computer-hour is more expensive than a man-day, and a network for the
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computer needs more preparation than a network for hand tracing. The Highway De-
partment reports that it can complete a hand-trace assignment to a network like the
present one in about one month at a total direct cost of about $2, 000.

It seems likely that, with their own 650 computer, a capacity-restrained assignment
would take them about the same amount of time from beginning to end, although much
less time would be spent on path-tracing and much more time on network description
and output analysis. The computer assignment probably would cost at least twice as
much as the hand-trace, although the cost consequences of reducing it to a routine,
mass-production operation are hard to estimate.

So long as relatively small computers are the only ones readily available to highway
departments and local planning offices, the capacity-restrained assignment must justify
itself on the grounds of its superior usefulness and reliability; it cannot be entirely
competitive in terms of cost. This paper has tried to demonstrate, however, that they
are nevertheless superior enough to justify a greater cost, and now that a 650 program
can be made generally available it is to be hoped that they will be more widely used,

In the long run, the solution to the need for such assignments on a routine basis is
the wider availability of high-speed computers. The U. S, Bureau of Public Roads is
developing programs for the IBM 704 and 7090 which are comparable to the one des-
cribed here but reduce assignment time to a matter of minutes and reduce costs to a
few hundred dollars, and such computers are becoming more readily available around
the country for traffic assignment on a routine basis. If this work continues, there is
no doubt that it will soon be possible to provide more and better traffic assignments
for highway planners than have been availabie in the past.
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A Capacity-Restraint Algorithm for Assigning
Flow to a Transport Network

WALTER W. MOSHER, JR., Assistant Research Engineer, Institute of
Transportation and Traffic Engineering, University of California, Los Angeles

The task of assigning units of movement to a complex transport
network has, in the past, been accomplished by techniques that
are limited by their requiring constant network link costs. In
general, these existing transport flow assignment techniques
ignore thefact that as the number of units of movement assigned
to a network is increased, localized congestion will occur and
total network cost will rise disproportionately. Thus, the ef-
fect of link capacity ontransport flow is not considered, and as
a rebult many links in the transport network become unrealis-
tically overloaded and others receive very little or no assigned
flow.

This paper presents a '"capacity-restraint' algorithm which
permits the evaluation of network performance based on arbi-
trarily selected network figures of merit. The values of these
figures of merit depend on network loading, and are governed
by individually determined link performance functions. Each
link performance function may be any linear or nonlinear rela-
tion of link flow to cost (e.g., distance) for that flow. Once a
performance function is established for each network link, the
network can be loaded in an optimum manner either by mini-
mizing the figure of merit for the entire system or by equaliz-
ing the path figures of merit over appropriate sets of paths.
For road networks, the latter is the one most likely to occur.

e THE QUESTION of how a complex transport system should be designed must be con-
sidered in the context of what the ultimate goals are of the affected socio-economic
group. Further, because these ultimate goals are not static but dynamic functions of
the progress of society, it is necessary to have planning techniques that allow new tech-
nology to influence the design and ultimate realization of the system.

The problem reduces to that of supplying to the populace a system designed to achieve
optimum living conditions. This implies maximum interaction and freedom of move-
ment at a minimal cost, and therefore requires that desired living conditions be com-
promised if the minimum total cost for a particular system cannot be borne by the pop-
ulace.

To design such a system it is necessary to determine what factors comprise optimum
living conditions. A recent survey of 400 recognized leaders of the planning profession
established that there are at least 6 broad planning criteria (8). These are resources,
land use, economic, transportation, socio-humanistic, and catastrophe. Of course,
the tabulation of these broad planning criteria does not imply that the relative impor-
tance of them and their associated subcriteria is known. The nature of these criteria
is such that they interact with each other to a great extent, thereby making it extremely
difficult to determine absolute relations between them and the desired, social-oriented,
living conditions.

It is evident from the preceding that the first step in designing a transport system
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is to establish, empirically or theoretically, these relations between the various plan-
ning criteria. Inasmuch as the determination of the relative importance of the factors
constituting "optimum' or "desired' living conditions is subject to individual interpre-
tation, and because they are also subject to change as society advances, it is impera-
tive that these relations provide for dynamic system goals.

After this has been accomplished, an analytical model representing the proposed
system as well as the present system must be devised. This entails the determination
of mathematical relations for and between the various planning criteria as functions of
time and cost (in the general sense; e.g., safety, travel time, distance, and psycho-
logical stress). Boundary conditions in consonance with the proposed society goals
must also be determined. Whenever possible, these boundary conditions should not be
expressed as discrete values, but instead as regions within which system realization
would be acceptable. For example, in the case of land allocation to families, rather
than state a particular square footage per person (e.g., 15,000 sq ft), the constraint
should be given as not less than a flxed amount or as between two fixed limits (e.g.,
7,500 to 20, 000 sq ft).

When thls has been accomplished, analytical techniques may be used to determine
the compatibility of the various subsystems comprising the planned system, and to in-
dicate necessary revisions where incompatible situations exist. Further, as the
planned system is effectuated, information concerning its operation at any given time
may be used to check the correctness of the system model and to indicate changes that
will improve the accuracy with which future system configurations can be forecast.

THE TRANSPORT PLANNING PROBLEM

Once a set of defining factors for a proposed system has been established, including
its associated equations and parameters, it is necessary to determine the type and ex-
tent of facilities required to accommodate it. In the transportation sense, this task
amounts to the design of roads, streets, freeways, and mass transit facilities such
that the desired system interaction and freedom of movement is provided. For the
support functions of the system (e.g., communication, power, sewage, and flood con-
trol), the design task is that of providing adequate capacity to handle the expected
loads. For both transportation and support, it is desirable to build toward the ultimate
required capacity in parallel with total system realization and in such a way that the
partially realized system is operating in its optimum manner at each moment of time.

It is apparent that many alternate designs for accommodating the various transport
fluxes are possible. Route selection, capacity, configuration, accessibility, etc., of
each network link will affect the overall system realization, because the cost of con-
structing each link as well as the cost to society for using that link will vary as these
factors are changed. It is, therefore, necessary to cansider many alternate plans
when attempting to find the best configuration for a given system, and to balance the
cost of constructing each configuration with the benefits derived therefrom.

Because there is no assurance that any particular design will attain a solution in con-
sonance with the defined system goals, each proposed design must be tested and, if
necessary, modified until an allowable solution is achieved. These considerations in-
dicate that an iterative procedure is required that will allow the evaluation of how well
the system goals are satisfied after each iterative pass, and which will indicate changes
that should or must be effectuated to achieve these goals better.

The heart of such a procedure will be a technique for the determination of patterns
of movement within a proposed system over its proposed transport links. This entails
the determination of the number of units of movement, for each transport flux, between
every pair of origins and destinations, and then the assignment of these units of move-
ment to appropriate transport links. Because the number of units of movement between
zones is a function of the cost to accomplish these movements, which is, in turn, de-
pendent on the total network loading, an iterative procedure is again suggested. In this
instance, the first iteration cycle begins by determining the number of units that will
move between each zone pair for an estimated set of link use costs. These costs might
be estimated from the link cost function by arbitrarily setting all link flow values to
zero. Next, the network is loaded, and the resulting link costs determined. From
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these new costs, the interzonal movements are redetermined, thus beginning the
second iteration cycle. This procedure is repeated until the interzonal movements do
not change significantly from one iteration cycle to the next.

From the preceding discussion, three distinct phases to the transport planning
problem become evident. They are (a) design of the transport networks, (b) determi-
nation of interzonal movements for each transport flux, and (c) assignment of the in-
terzonal movements to the transport networks.

Figure 1 shows the sequence of these phases of the transport planning problem
within the framework of the total socio-economic system planning task. As shown, a
mathematical representation of the "desired' or "optimum' living conditions is es-
tablished by relating the various planning criteria to each other and to the socio-
economic group. These relationships form the framework for a mathematical model
of the transport plans, and are used to determine the extent to which any proposed
transport plan is compatible with the "desired' living conditions. From the mathe-
matical model, the transport networks are designed and loaded. Network loading is
done in consonance with the mathematical relationships of the model that govern in-
terzonal movement. Using the loaded networks as a basis, the cost (e.g., freedom
of movement, esthetics, safety, as well as dollars) to the socio-economic group for
using the proposed system is determined and compared to their desired goals.

The next section of this paper is a brief review of existing techniques for the fore-
casting phase (phase 2) and the assignment phase (phase 3) of the transport planning
task.

EXISTING NETWORK TRANSPORT ASSIGNMENT AND
PERFORMANCE EVALUATION TECHNIQUES

During recent years, the transport forecasting and transport assignment phases of
the transport planning task have received considerable attention from the planning pro-
fession. The end result is a multiplicity of techniques for studying transport network
performance. Transport forecasting involves the prediction of future travel patterns
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and requirements for a transport system. Transport assignment, on the other hand,
entails the determination of routes, within the proposed or existing transportation

network, over which the forecast transport flows will move.

Transport Forecasting

Numerous theories and procedures have been developed to assist the transport
planner in the task of predicting future transport requirements. The common denomi-
nator of these techniques is a recognition that future transport requirements depend on
the ultimate configuration of the land use plan. In this respect, the type, intensity,
and rate of development of the land use for each zone of a planned system greatly in-
fluences the evolution of every transport network within the system. If a region is to
expand and grow according to some master plan, it is imperative that techniques be
made available with which the system planner can determine how to provide transport
facilities at a rate commensurate with total region expansion. To this end, transport
forecasting and transport assignment work hand in hand; however, the best transport
assignment technique cannot reliably determine network performance if the transport
forecast is inaccurate.

The multitude of transport forecasting techniques fall within four broad classifica-
tions. These are growth factor models, gravity models, opportunity models, and
multiple regression models.

Until recently, the most popular techniques were based on the growth factor model.
These techniques accomplish the forecasting by multiplying the existing transport in-
terzonal flows by predicted growth ratios. These ratios were determined by dividing
the expected future transport demand by present transport demand. The original
techniques did this, based on a system-wide ratio of expected growth, and thus the re-
sulting forecasts were not accurate in zones where extreme differential growth oc-
curred. This problem was very serious, particularly in metropolitan areas where urban
development was replacing agricultural land use. In these situations, the demand for
transport service at the time of a study could be less than one-thousandth of the ex-
pected demand required at the forecast time, yet the average growth factors would pre-
dict only small increases in transport demand.

To overcome these difficulties, methods were designed that provide for differential
growth in the various study zones. The first such technique was developed by T. J.
Fratar in 1952 in conjunction with a traffic survey in Cleveland, Ohio. Subsequently,
modified versions of this technique have been proposed and used. Of these, the more
well known are the Detroit method (5) and the average factor method.

Growth factor techniques have several severe handicaps. The most significant is
that they ignore the distance between zones as well as the cost, congestion, speed,
etc., of the routes over which the interzonal flows must travel. The end result is that
it is as attractive for units of movement to move between two zones that are adjacent
and directly connected as it is for them to move between zones at opposite extremities
of the system which can be reached only by slow, costly, and lengthy paths. For some
simple and geographically small systems, this characteristic will not be of major
significance, but most transport systems do not fall within this category.

A second major handicap is that no provision has been made to consider bidirectional
flow. Interzonal flows are estimated as a total flow without regard to direction. This
makes it impossible to study the effect of peak system loads on the network because,
for most transport systems, the directed peak loads are not in balance. Quite fre-
quently, in complex transport systems, the relative magnitudes of the directed inter-
zonal flows will differ by several orders.

Finally, the computer requirement for processing a moderate-size system (500
zones) is in the microsecond clock time, 32, 000-word storage class. Even with
machines such as the IBM 7090, the processing time will be approximately 10 minutes
for one such forecast. To forecast large networks, such as those that would be re-
quired for metropolitan areas, approximately 10 to 20 times as many zones must be
considered. Because the amount of high-speed storage required and the computing
time used will increase as the square of the number of zones in the system, it is ap-
parent that large systems cannot be processed by these techniques.
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At present, the most widely used forecasting techniques are extensions of the basic
gravity model. Gravity model techniques overcome the major objections of the growth
factor model techniques first, by including friction factors between zone centroids to
discourage undesirable trips, and second, by providing a mathematical structure that
treats that interzonal flow as two separate directed flows.

Initially, the gravity model postulated that the transport flow desire between any two
zones in a transport system is directly proportional to the product of the population in
each zone and inversely proportional to some power of the distance between the centroids
of the zones. In use, however, modifications were made on this basic model so that it
would more closely approximate observed, real world, network performance. Friction
factors were incorporated into the model whereby the flow between zones is governed,
in part, by empirically determined functions of time, distance, etc.

The primary weakness of gravity model techniques, which is incidently a weakness
of all existing forecasting techniques, is that the effect of network capacity on the fore-
casted flows is not considered. This problem has been partially overcome in several
instances by the inclusion of an assignment procedure in the forecasting model. These
techniques begin by assigning the forecasted interzonal flows to the transport network.
Then, based on the resulting network congestion in the loaded network, new interzonal
friction factors are determined. These friction factors are fed back to the forecasting
model and a new forecast of interzonal flow is obtained. This cycle is repeated until
stable interzonal forecasts are achieved.

A second weakness is that the effect of socio-economic factors on the system's
transport requirements is not included in the gravity equations. This is not an inherent
fault of the model, but stems from lack of information as to how these factors influence
the transport requirement for each zone and socio-economic group. If these relation-
ships could be determined, they can be incorporated into the friction factors of the
gravity model equation, and will thereby greatly increase the reliability and accuracy
of the forecasted interzonal movements.

A final fault is that the forecasted interzonal movements do not necessarily yield
the required number of trip ends at each destination zone. This indicates that the in-
terzonal friction factors were not in consonance with the actual impedance to flow be-
tween those zones. To overcome this problem, an iterative approach is used wherein
the friction factors are modified between successive iteration passes. Convergence is
generally achieved after two or three passes.

The opportunity model, sometimes called the Chicago method, was developed by the
Chicago Area Transportation Study group (CATS) and is based on the following premise:
Total travel time from each origin zone to all destination zones is minimized, subject
to the condition that every destination zone has a stated probability of being accepted
as a trip end if it is considered. To simplify the model, these probabilities are as-
sumed to be constant.

The premise has been restated as follows: A trip prefers to remain as short as
possible, but its behavior at any destination node in the network is determined by the
probability of it ending at that node. I the nearest destination node is an unacceptable
trip end, the trip must consider the next nearest destination node, and if that is un-
acceptable, consider the next nearest, and so on.

This technique has essentially the same limitations and disadvantages as gravity
model techniques have. In use by CATS, however, it has achieved good success. When
compared with seven different gravity model forecasts in a test forecast study, the
Chicago method did a better job of forecasting known interzonal movements.

The multiple regression model, developed by the California Division of Highways,
approaches the forecasting task in a manner considerably different than the approaches
used by the previously mentioned models. This model consists of a system of equa-
tions, each of the same form, with coefficients determined from empirical transport
performance data. After the coefficients have been determined, a forecast of current
interzonal flows is made and compared to actual observed flows., If they do not agree,
the form of the equations is changed, either by adding more or higher order terms,
until the current forecast agrees with the observed current interzonal flows.

The most serious limitations of the multiple regression forecasting model are com-
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putation time and reliability of equation form. Because of the complexity of the re-
gression technique, its computation time will be between 10 and 20 times as great as
that required for any of the previously mentioned techniques. Because the time re-
quired for computing the regression coefficients increases as the square of the number
of zones in the network, the upper limit to network size with existing computer tech-
niques is in the neighborhood of 1,000 zones.

The question of validity of the equation form results from the nature of the technique.
Equations that fit the survey year data may predict lower or in some cases negative
interzonal flows for the forecast year. This can be caused by negative regression coef-
ficients for the "growth' characteristics, and may occur, even when all characteristics
are positive, for any of the following reasons: The variables associated with the various
characteristics are highly correlated, the zone variables are not descriptive of the zone,
or an incorrect equation form has been used.

On the positive side, in several different network studles comparison forecasts
with the gravity and growth factor techniques were made, and the multiple regression
technique yielded the best forecasts in each instance.

In summary, of the existing techniques, the gravity and the opportunity models offer
the most promise for future research in the transport forecasting field. These tech-
niques entail relatively simple computational procedures and provide for considerable
flexibility in choice of equation form, Where research could do the most good, is the
area of developing relations between the many variables affecting the desirability or
probability of a trip transfer cccurring between pairs of zones.

Transport Assignment

The transport assignment phase of the transport planning task has received con-
siderably more attention than has the transport forecasting phase. In general, trans-
port assignment consists of loading a proposed network and then determining how the
loaded network performs. Most assignment techniques begin with the allocation of
forecasted interzonal flows to the interconnecting links of a proposed transport net-
work. When this is complete, system performance is checked with the planned goals
of the system. Measures such as average travel time per unit of distance, cost per
unit of movement, and density of flow per network link can be evaluated and used to
locate regions within the system where network design improvements are required if
the proposed system goals are to be achieved.

In accomplishing the preceding, the usual assignment criterion is to assign inter-
zonal flow such that total network operating cost will be minimized. Unfortunately,
most existing techniques fall far short of accomplishing this goal. The underlying
problem is that all techniques employ some form of ''shortest route' algorithm wherein
the interzonal flows are assigned to a supposed shortest or best route interconnecting
each zone pair,

It is evident that the determination of which routes are the "shortest' or "best"
within a complex network is not a simple task. The best path between two zones when
the network is moderately loaded does not necessarily remain the best path as net-
work loading increases. Assignments based on network link costs for any pre-
determined value of link flow will, in general, be incorrect for other values of link
flow.

To date, the mathematical models proposed for the assignment task are very limited
in number. Most techniques are digital in nature and can be grouped into two groups:
shortest route tree techniques and matrix techniques. All are based on the doubtful as-
sumption that link loading does not affect the selection of route for a given interzonal
flow. Only three investigators have attempted to modify these basic techniques to cir-
cumvent this problem,

Within the shortest route tree techniques, there are several basic digital algorithms
as well as a couple of analog methods. The analog methods however, are not applicable
to transport planning andare not discussed. Ingeneral, shortest route tree techniques
determine the ''shortest' or '"best" route tree (distance, time, cost, or other arbitrary
parameter or combinations thereof may be used as the '"'shortest" criterion) from any
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single node to all other nodes in a network. The shortest route tree is defined as the
set of links and nodes, connected such that no loops occur, that constitute the least
cost paths from the origin or starting node to all of the other nodes in the network. In
networks where more than one path between a pair of nodes has the same least cost,
only one of these paths is included in the shortest route tree.

The first algorithm for determination of the shortest route tree, suggested by
Dantzig (6), is based on the simplex method, and is very slow and cumbersome to
apply. It is generally used only for simple hand solutions. The techniques of Minty
(24) and Moore (22) are considerably more efficient, and are suitable for computer
solution, Both Minty and Moore have formulated their algorithms so that the links
of the networks are directional, Because very few practical transport networks are
symmetrical, and because each link in these networks can usually be traversed only
in one direction, directional links are an essential part of any transport network. Of
the two, Moore's algorithm is less time consuming and easier to implement, a fact
that makes it attractive for large complex networks.

The problem of simultaneously finding the shortest route between every pair of
nodes in a network was first solved by Shimbel (29). Subsequently, Bellman (2) formu-
lated a matrix method algorithm for obtaining solutions according to Shimbel's tech-
nique. Although Bellman's method is applicable to the solution of large transport net-
work assignment problems, it is not feasible to use, because the amount of computer
memory and computation time required for the determination of all minimum paths in
a network is too great. To date, those who have developed computer programs for
the transport assignment task have used techniques based on the repeated application
of Moore's algorithm.

To present a complete discussion of each transport assignment program presently
in use would be too voluminous for this paper. Instead, Table 1 gives the relative
capabilities and limitations of the various techniques. Because some of the programs
listed include transport forecasting techniques as a part of the transport assignment
package, they are so identified. Detailed discussions of each listed program are found
in a report by Mertz (7).,

Most of the existing techniques are limited as to size of network that can be studied
(Table 1). Even more disconcerting is the fact that only three of the programs are
published, and of these only two are programed for computers available in the United
States. Of the two, only the Washington, D. C.,program is of adequate size to study
complex networks.

The most serious limitation of these existing programs is treatment of the capacity-
restraint problem. Only three of the systems consider the problem at all, and then
only in a limited sense.

The Detroit Arterial system, after the completion of the assignment cycle, deter-
mines all paths that are loaded in excess of their maximum capacity. It then redis-
tributes the loads for these paths to several of the next best paths in proportion to
their ability to receive them.

The Chicago system treats capacity restraint on a zone-by-zone basis. After the
trips from one zone are distributed to their destinations in accordance with the ap-
propriate minimum path tree, new link impedances are computed from the partially
loaded network. From these new link impedances, the minimum path tree for another
zone is determined, and the trips from this zone are assigned accordingly. This cycle
is repeated until all trips have been assigned.

Traffic Research Corporation, Ltd., uses a relaxation technique whereby trips are
assigned to as many as four different paths between each pair of zones, and are as-
signed in a manner such that the loaded path costs are equal for all paths of each zone
pair. To accomplish this, the first step is to load the minimum path trees based on
their zero flow link impedances. Next, new link impedances are computed from the
link flow volumes of the loaded network, and new minimum path trees are computed
therefrom. Finally, the network is reloaded by assigning each interzonal flow to
its original and new minimum path in inverse proportion to its respective path costs.
This process is repeated until the system stabilizes with up to four paths allowed for
each pair of zones.



TABLE 1
TRANSPORT ASSIGNMENT PROGRAMS

8¥

Number of Computer
System or Number of Number Number : Capacity Forecasting " Time for = .
Organization Computer Zone Centroids of Nodes of Links IAI:‘\);SZ(::? Restraint Option Published Typical Job Corresponding Typical.Job
(hr)
Chicago system 32K IBM 704 700 4,095 14,000 Unlimited Optional  Opportunity No 5 650 centroids, 4,000 nodes, 13,000
links, no capacity restraint
Washington, D. C., IBM 7042 Any node a 4,000 4 No Growth Yes 5 500 centroids, 3,500 nodes
and Minnesota system centroid factor
Detroit Expressway IBM 650 400 75 425 No No 20 30 nodes, 20,000 interzonal move-
with 2 tape ments
units and
1 Ramac
Detroit Arterial IBM 704 Any node a 999 Yes No 4 Maximum network size
centroid
Service Bureau Corp. 8K IBM 704 Up to 300 nodes 1,350 T No Gravity No 6 250 centroids, 1,300 nodes
a centroid
Traffic Research IBM 6500 100 1, 800 Yes Gravity No 60 100 centroids, 250 nodes
Corp., Ltd. with tapes
State of Connecticut Remington Up to 145 nodes 10, 000 No Gravity No 39 120 centroids, 1,400 nodes, 2, 500
Rand File a centroid links
Model 1
California IBM 650¢ Any node a 699 1,000 No No 125 699 nodes, 210 of which centroids
centroid
Missouri IBM 650 200 791 No Yes 120 270 centroids, 1,300 nodes
Road Research Lab.  Ferranti 44 255 No Yes 1 100 links
Pegasus

a‘Reprogramed to run on IBM 7090 with use of IBM 704-7090 compatibility program.
cBeing reprogramed for IBM 7070.
Being reprogramed for IBM BK 704.
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Of these three systems, only the Traffic Research Corporation system approaches
a realistic solution. Granted that the other systems are better than ignoring capacity
altogether, they leave much to be desired. Even the TRC system has several draw-
backs, the most significant of which is the number of times the minimum path trees
must be constructed before system stability is achieved. Tests of convergence made
by Irwin etal, (E), indicate that approximately ten assignment cycles are required be-
fore the system stabilizes. For large networks, this could be very time consuming.
Another questionable aspect of the technique is the limitation to four paths for any
interzonal flow. In many transport networks it is entirely possible that ten, twenty
or even a hundred alternate routes of near equal cost might exist. This is particularly
true for flows between network zones that are geographically far apart. That all feas-
ible alternate routes should be considered is self evident, yet they cannot be, for their
inclusion would certainly increase, to an impractical extent, the number of assignment
cycles required to achieve system stability.

In spite of these limitations, the TRC system is far more sophisticated than any of
the others in Table 1. Some other interesting features of this system are forecasting
feedback, land use feedback, and consideration of transport mode capacity restraints.
The forecasting feedback option allows the forecast interzonal flows to be changed as
a consequence of network congestion. In this manner, the forecasted flows will be
consistent with the ultimate path costs of the loaded network. Similarly, units of move-
ment may switch from one transport mode to another as a function of the loaded net-
work cost for each transport mode. The land use feedback option allows the planner to
determine the compatibility of the proposed transport plans and the land use plan., If
ultimate land use realization is known as a function of freedom of movement within the
system, changes in the land use plan, due to network performance, can be estimated
and new assignments made.

In the next section of this paper a new approach to the transport assignment task
is offered. It is an analytical matrix technique, and is designed to overcome the net-
work assignment and analysis difficulties, inherent in existing assignment techniques,
that are due to inadequate consideration of network link capacity-flow relations.

THE CAPACITY-RESTRAINT ALGORITHM

The primary feature of the capacity-restraint algorithm is its provision for arbi-
trary linear or nonlinear network link cost functions. In addition, it allows an entire
transport network to be treated at once, with any number of permissible paths for
each interzonal movement. Finally, because the technique is analytic, it will yield
the solution for all paths of each interzonal movement, simultaneously. Provision has
been made for limiting the permissible paths for any origin-destination pair to those
meeting various desirability criteria, such as complexity, cost, and distance. Also,
if network capacity is inadequate to accommodate any given interzonal movement, the
saturated network links, responsible for each flow constriction, are determined and
identified.

There are two basic options available with this assignment algorithm: (a) loading
of the network to obtain optimum total system figure of merit, and (b) loading of the
network so that for each pair of centroids the corresponding path figures of merit are
equalized. These figures of merit can be any desired measure of network and path
performance. The first option is appropriate for networks in which the route assign-
ment for each unit of movement can be enforced. In networks in which each unit of
movement is a free agent, the ultimate network assignment will be more realistically
given by the second option. This latter option is applicable to such networks as those
for highway transportation.

The following are several phases applicable to both assignment options:

1. Construction of the "connection matrix."

2, Expansion of the matrix as a set of modified determinants.

3. Determination of the "link cost" functions.

4. Determination of the "path cost' functions, elimination of undesirable paths,
and making of preliminary checks for inadequate link capacity.
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5. Establishment of the system of equations describing the network.

6. Elimination of path flow variables that must be zero to satisfy the boundary con-
ditions; determination and identification of any links that are supersaturated.

7. X no links are supersaturated, solution of the system of equations.

All seven phases of this algorithm are extensions of existing mathematical techniques.
Before the detailed procedures for each phase are presented, a brief description of the
underlying theory and purpose of each phase is given. Perhaps the most interesting
aspects of the algorithm are those of phases 1 and 2. The procedure used here was
first described by Yoeli (30), To the author's knowledge, no concise, and simple ex-
planation of this procedure has been published. Briefly, the technique determines all
possible paths between each pair of nodes in a complex network in a manner such that
all redundant paths are eliminated, and only paths that do not double back on themselves
remain,

Link cost functions are established during phase 3. For each link, these are gen-
erally nonlinear functions of link loading, and represent the cost, time, safety, dis-
lance, etc., or combinations thereof, of using that link. Linear functions and con-
stants, however, should be used whenever possible because their use reduces the
overall complexity of the system of equations to be solved during phase 7.

Phase 4 of the algorithm serves three purposes: first, to determine the path cost
functions from the link cost functions; then, to find links with inadequate link capacity;
and last, to provide to the investigator the opportunity to eliminate paths from the net-
work that are not satisfactory to him. The elimination of paths at this stage in the al-
gorithm will greatly reduce the complexity of the equations to be solved, and thereby
substantially reduce the required computer time.

The fifth phase consists of setting up a system of network describing nonliner equa-
tions. This set of equations will have more unknowns that equations, and will be
solved in phase 7 either by the Lagrange method of undetermined multipliers (if total
network cost is to be minimized), or, after writing equal path cost equations, as
simt)lltaneous nonlinear equations (if origin-destination flow path costs are to be equal-
ized).

Phase 6 produces a preliminary interzonal flow assignment to determine the exist-
ence of any regions of the network wherein the links are saturated so that some of the
network's interzonal flows are not accommodated. In such instances, the saturated
links are tabulated and the analysis is terminated until the network is modified to pro-
vide the required additional capacity. In addition, if the first assignment option is
selected, the zero flow and saturation flow boundary conditions are introduced during
this phase. It is necessary to eliminate any variable from the system of equations for
which the first partial derivative of the total network cost equation with respect to that
variable does not vanish for some value within that variable's allowed range of variation.

The final phase of the algorithm consists of the solution of the system of equations.
Because of the complexity of the equation, this cannot be done by analytical techniques.
The method of solution proposed is that of successive evaluation and minimization of
error, a technique that has been programed for the IBM 7090 and has been used suc-
cessfully for problems of this type. A user's manual is available (33).

Following is a detailed description of the procedure for each phase of the capacity-
restraint algorithm. These descriptions are intended to provide a base from which
computer programs can be written.

Phase 1-Construction of Connection Matrix

To construct the connection matrix, the network must be represented as a lattice-
weighted, directed, linear graph. This is accomplished by splitting the area served
by the network into subareas of arbitrary size and configuration. Each subarea,
referred to as a zone, is assigned a mnemonic which is associated with its mathe-
matical centroid. These mathematical centroids, each of which is located at its cor-
responding zone's center of gravity are determined from the zone characteristics.
After all zone centroids have been located, the network graph is constructed by inter-
connecting these centroids with the transport links of the proposed network. Finally,
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each link is assigned a mnemonic for each direction of allowed traversal. During
phase 3, these mnemonics are replaced by mathematical functions of link flow.

Figure 2 is an example of a lattice-weighted, directed, linear graph for a trans-
port network of 10 zones, interconnected by 21 directed links. The arrows on the
graph indicate the allowed directions of movement over each link, and the associated
mnemonics identify each directed link's use function. The network nodes are identified
by mnemonics A through J.

The connection matrix for a network of N nodes will be a square matrix of order N,
and will be constructed with the assistance of the lattice-weighted linear graph in the
following manner. First, the rows and columns of the matrix are labeled with the
network's node mnemonics. The rows of the matrix are arbitrarily chosen to repre-
sent origin nodes, and the columns represent destination nodes. Because each network
zone can be both an origin and a destination zone, it is evident that the network node
mnemonics of each zone centroid must appear as the label of one row and one column
in the matrix. Next, the values for each cell of the matrix are entered directly from
the lattice graph. This is accomplished by recording the link mnemonic for each
origin-destination pair in a cell of the matrix located at the intersection of the link's
origin row and destination column, ¥ a particular destination cannot be reached
directly from a given origin (because no direct link exists), the matrix cell correspond-
ing to that origin-destination pair receives a zero entry. Matrix cells for which the
origin and destination zones are the same receive an entry of one.

Using this procedure, the connection matrix for Figure 2 is shown in Figure 3, In
the situation where each link is bidirectional and has the same use function in each
direction, the entries fi j and fj j will be identical, and the matrix will be symmetrical.
For most complex networks, however, this matrix will be nonsymmetrical.

Phase 2—Expansion of Matrix as a Set of Modified Determinants

To determine the routes of all paths from every origin to every destination in a net-
work, the connection matrix is split into N? submatrices. When each submatrix is ex-
panded as a determinant, an expression results which, after changing all arithmetic
signs to a plus and simplifying by Boolean techniques, indicates all possible paths be-
tween a given origin and a given destination.’ The submatrix for a particular origin-
destination pair is obtained from the connection matrix by eliminating the matrix
column corresponding to the given origin and the matrix row corresponding to the given
destination. The elimination of the column corresponding to the origin centroid pre-
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Figure 2. Lattice-weighted, directed, linear graph.

1In Boolean algebra techniques, the expression a + b is read a "or" b; thus if two points
in a network are connected by two paths, for example a and b, the admissible paths be-
tween these two points are given by the expression a + b.
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A B € D E F G H I J
A 1 a 0 b 0 O 0 0o 0 ©
B 0 1 c e 0 0 d 0 0 0
c 0 v 1 0 o0 O 0 g 0 0
D o0 f 0 1 h O 0 © 0 0
E 0 O 0 0 1 i §j 0 0 o0
F 0 0 0 0 O 1 k O 0 o0
G 6 t 0 0 o0 O 1 £ m n
H O 0 u 0 0 0 p 1 q 0
I 0 o 0 0 o© s 0 R
J 0o 0 o0 o0 o0 o0 0o 0 o0 1

Figure 3. Connection matrix.

cludes that centroid from being used in any path as an infermediate destination. Like-
wide, the elimination of the row corresponding to the destination centroid prevents that
centroid from occurring in any path as an intermediate origin.

After the Boolean expression for a submatrix has been simplified, it is rewritten as
a first-order expression.” In this expression, each concatenation of mnemonics repre-
sents one possible path for the given origin-destination zone pair. Each such path can
be traced on the network lattice graph by marking each link whose mnemonic appears
in that concatenation. Because of the techniques used in expanding the submatrix and
in the subsequent Boolean simplification, the sequence of the mnemonics in each con-
catenation does not necessarily correspond to the sequence in which the corresponding
links are encountered when moving between the given origin and destination. The
terms are, however, all-inclusive and nonredundant. That is, all links of a path are
represented once and only once in that path's concatenation. Likewise, the simplified
Boolean submatrix expansion is all-inclusive and nonredundant. Any redundant con-
catenations occurring as a result of the determinant expansion (i.e., concatenations
that do not include the mnemonics for enough links to form a contiguous path from the

A B € D
A 1 a 0 h
B O 1 b+ec f
cC o0 0 1 d
D i g e 1

| <t

Figure L. Simplified network.

2A first-order expression is one that contains only concatenated link mnemonic terms
separated by the Boolean "or." Each such term represents a path between the origin and
destination zones of the submatrix from which it was obtained. For example, if the path
between two zones consists of hypothetical links ¢, d, and e, the term representing this
path could be written as (c)(d)(e), ced+e, or simply cde. In any case, the concatenation
indicates that the path consists of links ¢ "and" d "and" e. It should be noted that
the sequence of the link mnemonics within the path concatenation is not important.
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origin zone to the destination zone, and concatenations that include some mnemonics
more than once) are eliminated by the Boolean simplification procedure.

To illustrate this procedure, the simplified network shown with its connection
matrix in Figure 4 is given. For example, to determine all paths from origin B to
destination C, column B and row C are eliminated from the connection matrix. The
resulting submatrix is expanded and simplified as shown in Figure 5.

As Figure 5 shows three paths exist from origin B to destination C: (a) the path
consisting of link b; (b) the path consisting of link c¢; and (c) the path consisting of
links f and e. Terms hbi and hci, both of which represent noncontiguous and there-
fore improper paths, were eliminated by the Boolean simplification of the expression.
The Boolean algebra rule used to eliminate these terms was (1 + X) = 1. In the pre-
ceding case, the hbi term is eliminated by the b term, whereas the hci term is elimi-
nated by the ¢ term; for example, b + hbi = b(1 + hi) = b.

In a like manner, all paths for each remaining origin-destination zone pair can be
found. Table 2 gives all paths between all origins and all destinations for the network
shown in Figure 4.

Phase 3—Determination of Link Cost Functions

Because the link cost functions should include all factors influencing the perform-
ance of each network, the form of these functions may vary considerably for different
transport fluxes. For some, the functions may be linear relations, whereas for others,
highly complex mathematical relations might be required. Considerable research by
economists, sociologists, engineers, and land use planners is necessary before ac-
curate link cost functions can be formulated. For certain transport fluxes, however,
these functions can be approximated to a degree sufficient for useful network per-
formance studies. Because it is beyond the scope of this paper to determine or argue

A c D
A 1 0 h PBC=b+c+fe+h(b+c)i
B 0 bt+te f =b + ¢+ fe + hbi + hei
D i e i =b+c + fe

Figure 5. Submatrix and resulting paths from B to C.

TABLE 2

ALL PATHS BETWEEN ALL ORIGIN-DESTINATION PAIRS FOR
NETWORK OF FIGURE 4

Origin Destination Path
A B Pap=a+hg
A C PAC = ab + ac + afc + he + hgb + hge
A D Pap =abd+acd+af +h
B A Ppa = bdi + cdi + fi
B C Ppc=b+c +fe
B D Pgpp = bd + cd +f
C A Pcp =di
C B Pcp =dg + adi
C D Pep=d
D A Ppa =1
D B Ppp =g +ai
D € Ppc = e + bg + cg + aib + aic
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the merits of various cost function formulations, the following discussion is limited
to illustrating two or three proposed functions and their relationship to the capacity-
restraint algorithm.

The most widely used link cost function is the constant. As mentioned previously,
existing network analysis techniques with few exceptions, use constant link cost func-
tions for all links. The few exceptions use "'step' link cost functions, whereby the
cost functions change, either at fixed points in the assignment process, or between
successive iterative assignments to the network. Step link cost functions are suitable,
for some links, in networks for certain of the "'service' transport fluxes such as com-
munications, water, and power where cost increases occur at discrete levels of flow.

Another function, more suitable for general use, is the '"linear' link cost function.
This function allows cost per unit of flow to increase linearly with flow, but it does
not prevent inordinately high link loadings from occurring; therefore, link loadings
in excess of link capacity can occur in densely loaded networks.

Because neither of the preceding functions is able to prevent flows in excess of
link capacity from being assigned to the links, they are not suitable for the general
transportlink cost function. They can, however, beusedto great advantage inthe capacity
restraint model whenever they closely approximate a particular network link cost
function throughout its range of conceivable assigned usage. The advantage in these
instances is that the network equations, to be solved at later stages in the algorithm,
become simpler as the number of constant or linear link cost functions used is in-
creased.

Two functions that have been suggested as reasonable candidates for the general
transport link cost function are the hyperbolic and logarithmic [unctions. The char-
acteristics of these functions are such that the change in "cost per unit of flow" as flow
increases is small for low flow values, but large as saturation flow is approached. For
both functions, both incremental "cost per unit of flow' and "total link cost' approach
infinity as link saturation flow is approached.

The logarithmic link cost function is given by

fi(mi) = log (Mi) - log (Mi - mi) + Ti (1)
in which
fi(mj) = cost per unit of flow for mj units of flow;
mj = number of units of flow using link i;
M; = saturation flow for link i; and
T; = zero flow cost for link i.

From Eq. 1, the cost as the limits of possible flow are approached is described by
the following:

As m, » Mi’ fi(mi) -

As m, ~ 0, f.(m,) - T..
i i i

The logarithmic link cost function is shown in Figure 6.
The hyperbolic link cost function is

M(T, - )
fim) =7 - —g—wd < T 2
i i
in which

fi(mj) = cost per unit flow for mj units of flow;
mj = number of units of flow using link i;
Mj = saturation flow for link i;
ri = function's cost asymptote; and

T; = zero flow cost for link i.
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Figure 6. Logarithmic link cost function.

fi(mi)

Figure 7. Hyperbolic link cost function.

The function cost asymptote, 7i, controls the flatness of the function at low values
of mj. As 7i decreases, the rate of change of fi(mj) for low values of mj increases,
and for increasing values of ri, the rate of change of fi(mj) decreases. The smallest
possible rate of change for fj(mj) occurs at the upper limit of ri, namely Ti. From
the hyperbolic link cost function, the link costs as the limits of possible link flow are
approached are given by the following:

As m, - Mi’ fi(mi) - @
As m, - 0, f.(m,) - T,
i ii i

Figure 7 shows the hyperbolic link cost function. This function is used as the link
cost function in the discussion of the remaining phases of the capacity-restraint al-
gorithm. Zero flow cost for any link is assumed to be analogous to the zero flow
travel time required to traverse that link and, for simplicity, it is assumed that the
cost asymptote for all link cost functions is zero.

In Figure 4, an assignment of hypothetical forecast flows from centroid A to cen-
troids B and D, and from centroid D to centroid B will be accomplished. These three
flows will be assumed to be
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M, =25 (3)
MAD =100 (4)
MDB = 450 (5)

For the purpose of this example all other interzonal flows will be assumed zero. From
Table 2, the paths for the three non-zero flows are

PAB=a+hg (6)
P,p=2bd +acd +af +h (7
PBD=g+ai (8)

From Egs. 6 through 8, it is observed that link cost functions are required for links a,
b, ¢, d, f, g, h, and i.

Table 3 gives, for each of these links, the assumed values of their zero flow travel
time (Tj) and their saturation link flow (Mj). Also given for each link are the hyper-
bolic link cost function [fj(mi)], the unit flow cost [fi(1)], and the maximum allowable
number of units (max;) that may be assigned to that link. The maximum flow limit,
maxij, is one unit of flow less than Mj.

Phase 4—Determination of Path Cost Functions and Test Links

Phase 4 begins by assigning to each path a mnemonic that will identify that path and
its subsequent flow. Once this is accomplished, each path cost function is obtained by
adding the link cost functions for every link included in that path. Next, these path
cost functions are evaluated for unit flow loading, thereby providing a means for com-
paring the various paths of any particular origin-destination pair at the zero flow
boundary. The flow capacity of each path is then obtained by determining the smallest

"maximum link flow' of any link in that
path,
At this point in the algorithm, tests
and conditions are applied to the paths
TABLE 3 which, if they are not satisfied, will elimi-
LINK COST FUNCTIONS nate those paths from further consideration.
The number and type of such tests change

Ty for each type of network under considera-
Link M;j (sec) £3(m;) fi(1) maxi tion, and may vary in complexity to what-
ever extent the investigator is willing to
1. 000 apply logic to the system under study. The
a 100 10 ﬁ‘d_—m—a 10.10 99 elimination of paths at this time will greatly
1,000 simplify the balance of the analysis, and
b 200 5 m 5.03 199 thereby decrease the required computa-
125 tional time,
£ 25 5 25 - m¢ 5.21 24 The tests and conditions discussed next
2. 000 are not intended to be exhaustive. Many
d 200 10 m 10.05 199 other considerations will become obvious
4.500 as particular networks are studied.
£ 300 15 300 - my 15.05 299 In communication networks, a reason-
5. 000 able limitation to the number of links in a
g 500 10 m 10.20 499 path is a realistic restriction. The num-
500 g ber of links in any path is easily determined
h 50 10 50 - mp, 10.20 49 from the path equations obtained during
i 500 4 2,000 4.01 499 phase 2, All paths consisting of more than

a predetermined number of links might be

500 - mj
: eliminated from the list of allowable paths.
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From the path use function evaluation, it is possible to limit the assignment to the
best N paths between each pair of zones. These best paths are determined by com-
paring the path unit flow costs., Caution must be exercised in applying this type of
restriction because it is entirely possible that when the network is loaded with all in-
terzonal flows, the individual costs for some or all of these best paths will greatly
exceed that of the best path that was discarded.

Paths may also be eliminated for reasons such as total cost is too great, distance
is too long, or travel time is too great. Such restrictions require detailed knowledge
of the link characteristics, but considerable information of this type is already avail-
able, because it is required in phase 3 to determine the link use functions. Excessive
cost and travel time paths can be rejected at this point in the algorithm only on the
basis of unit flow loading, or on approximate equal path cost loading.

As undesirable paths are eliminated from the list of allowable paths for any origin-~
destination pair, the total capacity of the balance of the paths for that origin-destination
pair must be compared to the required interzonal flow over them. If these remaining
paths do not have adequate excess capacity, the analysis must stop, and the network
must be redesigned. The question of how much excess capacity there should be for a
given interzonal flow cannot be determined analytically; after some experience has
been gained with the use of this algorithm, however, it should be possible to estimate
appropriate values.

Continuing the example of Figure 4, each path was assigned a mnemonic. The path
cost functions were determined and evaluated for unit flow, and maximum path flows
were obtained (Table 4).

Phase 5—Establishment of System of Equations

The system of equations to be solved during phase 7 is obtained from the network
link use functions, the interzonal flow requirements, the network total cost equation,
and a set of relations between path and link flow. Many of these equations are linear
relations, and can be used to eliminate variables from the system of equations through
simple substitution techniques. For solution by conventional manual techniques, much

TABLE 4
PATH COST FUNCTIONS

Unit Path
g'P Path s Path Cost Function Flow Flow
AL TCRIGIMS Cost Capacity
1,000 _ 1,000 2, 000
A-D  abd 1 o6 * B0 et Ty, 2518 99
1,000 125 2, 000
acd 2 100 - mg + 75 - g + 500 - mgq 25.36 24
1,000 . 4,500
af 3 o0 T0h a5 25.15 99
500
h 4 o 10. 20 49
1,000
A-B a 5 m 10. 10 99
500 5, 000
he 6 o T 20.40 49
D-B g 7 : L 10.20 499
500 - mg
al 8 1,000, 4,200 14.11 99

100 - mz & 500 - mj
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simplification is achieved if this is done. Substitution is not advisable if computer
techniques are to be employed for the algorithm, because the required computer pro-
gram logic for accomplishing the substitution would be very complex, and the elimina-
tion of these variables would not greatly reduce the computer solution time,

The system of equations consists of three basic equation types. First, the relation-
ship between the link cost functions and total network use cost yields

Crp =Zi: mifi(mi) (9)

in which
Cr = total network use cost;
i = index of summation (taking on mnemonic for each link in analysis);

m; = number of units of movement assigned to link i; and
£;(m;) = link cost function for link i evaluated for mj units of movement.

An alternate form of this equation, found by summing the individual origin-destina-
tion cost equations, is

Cp=2X, Coq= X T Ng; (10)
P,q p.q ]

in which

CT = total network use cost;
p,q = index of summation (taking on mnemonics for each origin-destination
pair in analysis);
Cp,q= total cost of flow from origin p to destination q by all paths intercon-
necting them;
j = index of summation (taking on mnemonics for each path of a given origin-
destination pair);
N; = number of units of movement using path j; and
gj = path cost function for path j found by summing link cost functions of
all links comprising that path.

Because in most network studies it is important to individually evaluate the total cost
(Cp,q) for each interzonal flow of the network, this second form of the total cost equa-
tion is more convenient.

The next group of equations are restraining equations, and are formulated by setting
each required interzonal flow equal to the sum of all of the path flows which could ac-
commodate it. There will be as many equations of this type as there are interzonal
flows in the network. These equations are of the form:

M =2, N. 11
p»‘l%] 1)

in which

Mp = required interzonal flow from origin p to destination g;
= index of summation (taking on mnemonic for each path of a given origin-
destination pair); and
Nj = number of units of movement using path j.

The last group of equations are also constraining equations, and are formulated by
setting the link flow variable of each link equal to the sum of all path flows that traverse
that link. There will be one equation of this type for every network link. These equa-
tions are of the form:
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m; =§ Ny (12)

in which

mj = number of units of movement assigned to link i;
k = index of summation (taking on mnemonic for each path using link i); and
Nk = number of units of movement using path k.

Returning to Figure 4, Eq. 9 becomes
CT = mafa(ma) + mbfb(mb) + mcfc(mc) + mdfd(md) +
mfff(mf) + mgfg(mg) + mhfh(mh) + mifi(mi) (13)
Eq. 10 and its individual total interzonal cost functions are written, with the help

of Table 4, as follows:

CT =CAB+CAD+CDB (14)

Cup = Ns[fa(ma)] + N6]:fh(mh) + fg(mg)] (15)

Cap = Ny[fy(my) + 1 (my) + £4(my) ] +

Ny[f(my) +£o(m) +14(m) | +

Ny[ £ (my) + £ymy) | + N[, (my) | 8
Cp * N’?[fg(mg):l + Ng[£,(m)) +£,(m,) | (1

Next, from Eq. 11, using Table 4 and Eqs. 3, 4, and 5, three constraining equa-
tions are

M, =N. +N,. (18) M,.=N

ap = N5+ Ng i R

g +Ng + N, (19) Mpp= N, +Ng (20)

Last, from Eq. 12, using Table 4, eight more constraining equations are

m, = N1 + N2 + N3 + N5 + N8 (21) m, = N3 (25)
m, = N1 (22) mg = N6 + N7 (26)
m = N2 (23) m, = N4 + N6 (27)
m, = N1 + N2 (24) m, = N8 (28)

Eqs. 13 through 28 now define the entire network, but inasmuch as there are more
unknowns than equations, an explicit solution of them is not possible. If the first as-
signment option is chosen, this situation will be handled by the Lagrange method of
undetermined multipliers, and a solution will be found that minimizes the total net-
work cost function, C. If the second assignment option is chosen, additional equa-
tions will be written from the path cost functions (gj) of Eqs. 15through 17. In this
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case, each path cost function in each of these equations (the bracketed expressions in

each equation are the path cost functions) will be set equal to an undetermined constant.

These conslants will be the same for all path cost functions of a given interzonal cost

equation, but different for those of different interzonal cost equations, When this is

accomplished, there will be as many unknowns as equations and an explicit solution

for them will be possible. This solution will load the network so that, for each pair

of network zones, the path costs per unit of flow of each of its paths will be equalized.
Before these equations can be solved, boundary conditions must be applied and the

network must be tested for supersaturation.

Phase 6— Testing for Supersaturated Links and Applying Boundary Conditions

At this point in the algorithm, the network is loaded by assigning all flow between
each pair of origin and destination zones to the best paths (least cost for unit flow
paths) between them. From the required interzonal flows, the list of permissible
paths (determined in phase 3), and the list of unit flow path costs (determined in phase
4), the network assignment is accomplished as follows:

1. All interzonal flows for origin-destination pairs having only one admissible
path are assigned.

2. Interzonal flows for which there is more than one admissible path, are assigned
in sequence to inereasing number of admissible paths.

3. The interzonal flow for each multi-path origin-destination pair is assigned to its
best zero flow path until that path is saturated. Any remaining flow is assigned to the
next best paths, in order of their desirability, until either the entire flow is assigned
or all allowable paths for that flow are saturated.

4, After each interzonal flow has been assigned, the cumulative link loadings must
be determined. Whenever a link becomes saturated, all paths, for interzonal flows
not yet assigned, which use that link are temporarily eliminated from the list of ad-
missible paths. If any interzonal flow cannot be accommodated because all of its paths
contain at least one saturated link, these saturated links and that interzonal flow are
noted, and the additional capacity required to accommodate the flow is determined.

When the network capacity is inadequate to satisfy all interzonal flows, the analysis
terminates at the completion of the preceding assignment. The tabulation of saturated
links and unsatisfied interzonal flows can be used either to redesign the transport
network, or to indicate where changes must be made in the land use plan.

If the assignment is successful, and the second assignment option has been selected,
phase 6 is complete. The next step is to obtain the solution of the system of equations
by the procedure in phase 7.

When the first assignment option is chosen, phase 6 continues. The next step is
to modify the system of equations for the network such that the conditions imposed by
the Lagrange technique are satisfied. Because it is desired to find variable values
that will minimize total network cost, and because the necessary condition for the
existence of such an extremum for a differentiable function is the vanishing of the first
partial derivatives of the function with respect to its independent variables (29), it is
necessary to determine the behavior of each first partial derivative of the cost func-
tion throughout the admissible range for its corresponding variable, Each first partial
derivative of the cost function must vanish for an admissible value of its corresponding
variable.

The differentiation and solution of complex functions is a time-consuming and dif-
ficult task to accomplish with a digital computer, especially when the form of the
equation can change from application to application. Because the nature of this
algorithm is such that a digital computer must be used, and because each network
studied will undoubtedly have equations of a form peculiar to itself, it is not feasible
to use classical methods to obtain the first partial derivatives of the network cost
equation. Instead, a procedure that requires only the repeated evaluation of the cost
equation and a comparison of the resulting values has been devised.

As background, the total network cost equation consists of the arithmetic sum of
the products of link flow and the corresponding link cost functions. The link cost
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functions are monotonic increasing functions of the link flow variables. Each link
flow variable is a dependent variable, and is dependent on the path flow variables of
all paths using that link. All path flow variables that received assigned values during
the preliminary assignment are also dependent variables, and are dependent on the
network's interzonal flows and link saturation values, The path flow variables that
received no assigned flow during the preliminary assignment are the independent
variables of the system of equations, and are, therefore, the variables for which the
first partial derivatives of the cost equation must vanish. Any such variable, for
which the corresponding partial derivative does not vanish for an admissible value of
that variable, must be set equal to zero and eliminated from the system of equations.
This implies that the minimum total network cost is achieved when these variables
are zero, and therefore when no flow is assigned to their corresponding paths. All
link flow variables that are functions only of eliminated path flow variables must also
be dropped from the equations, Finally, because the link cost functions are monotonic
increasing functions of flow, their evaluation as saturation link flow is approached
yields successively higher values of cost per unit of flow.

Keeping the preceding facts in mind, the path flow variable test procedure is as
follows:

1. The total network cost function is evaluated for the assigned flows that were
determined by the preliminary assignment of this phase of the algorithm,

2. These assigned path flows are decremented one at a time, by one unit of flow,
and a new total cost is computed for each case.

3. These new total costs are grouped by origin-destination pairs.

4, For each zone pair group, the path flow variable which when decremented yields
the lowest total network cost is determined. These path flow variables are used as
reference variables for the balance of this test procedure, and are used at their decre-
mented value whenever they are used as reference.

5. By zone pair group, the path flow variables that received no initial assignment
are incremented one at a time by one unit of flow. Using the appropriate reference
variable, the new total network cost is computed. (At this point in the procedure,
situations may oceur where some link loadings are incremented to their saturation
boundary limit. Whenever this happens, one of the other path flow variables using
that link must be decremented by one unit, and a corresponding path flow variable
not using that link must be incremented by one unit of flow. This must be done in a
manner such that the decremented variable produces the maximum decrease in total
network cost, and the incremented variable produces the minimum increase in total
network cost. )

6. The total network costs computed in step 5 are now compared to the total net-
work cost computed in step 1. If the new cost is higher than the original cost, the
corresponding path flow variable will be zero and it is eliminated from the system
of equations. If the new cost is less than the old cost, the corresponding path flow
variable remains in the system of equations, Variables passing this test, and thereby
remaining in the analysis, will not necessarily be assigned non-zero values in the
final assignment. Because units of movement are integral entities, the final path flows
will be rounded off to their nearest integral values, thus it is entirely possible that
some paths will be assigned zero flow.

The following is offered as proof that the preceding procedure eliminates all vari-
ables for which the corresponding first partial derivatives of total network cost do not
vanish for an admissible value of those variables, and furthermore that it eliminates
no other variables. As outlined, the procedure determines the differential of the total
cost function at each independent variable's zero flow boundary. If the increment used
in determining this differential cost is allowed to approach zero, the true derivative at
the boundary is obtained. Now, if the partial derivative of the total cost function is
negative at a variable's zero flow boundary, it is only necessary to show that this
derivative becomes positive somewhere in the admissible range of that variable in
order to establish the existence of a minimum extremal value of the function for that
variable. Because any partial derivative of the function is always positive at the
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saturation flow boundary of its corresponding variable (because total cost approaches

infinity as a variable approaches its saturation value), it follows that any variable that
has a negative derivative at the zero flow boundary has an admissible value for which

the corresponding first partial derivative will vanish, )

To complete this proof, it is necessary to show that if, at any variable's zero flow
boundary, the partial derivative of the total cost equation is positive, it will remain
positive throughout that variable's admissible range. Now, because the path use func-
tions are monotonic increasing functions of link loading, and because the derivatives
of the individual link use functions are also monotonic increasing, it follows that the
derivatives of the path's use functions are monotonic increasing. Because the total
cost equation is given by the sum, for all network paths, of the products of path flow
and the corresponding path use function, it is apparent that the partial derivative of
this equation with respect to any path flow variable will be monotonic and will be
arithmetically smallest at the zero flow boundary of that variable. Therefore, if the
differential of total cost with respect to a particular variable is positive at that var-
iable's zero flow boundary, it will remain positive throughout that variable's ad-
missible range.

To illustrate this phase of the algorithm, the network of Figure 4 is considered,
From the required interzonal flows of Egs. 3, 4, and 5, and the unit flow path costs
of Table 4, a preliminary assignment is made in accordance with the rules for part 1
of this phase. The resulting flows are as follows:

N, = 0 N = 25
Ny= 0 Ng= 0
N, = 51 N, = 450
N, =49 Ng= O

From these path flows, and Eqs. 21 through 28, the individual link flows are as follows:

m, = 76 m, = 51
m, = mg = 450
m, = m, = 49
m, = m, = 0

Because all interzonal flow requirements are satisfied, the analysis may advance
to the test procedure of part 2 of this phase. For step 1 of the test procedure, the
total network cost function is evaluated with the help of the path cost functions given
in Table 4, using Eq. 9 as follows:

Cop = ? mifi(mi)

" 1,000 1,000 125
S Wﬁ@]*mb[m@] T {ﬁ] o

2,000 4,500 5,000
M4 200-m ] * mf[so‘o-mf] +mg 5‘0‘6—ng| §

d

i[ 2,000

m 900 +m
h[ 50- m, 500- m,

=3,167+0+ 0 + 0 + 922 + 45,000 + 24,500 + O
= 73,589 (29)



63

TABLE 5 The results of the next three steps of

the test procedure are given in Table 5.
UNIT DECREMENTED VARIABLE VS

The results of step 5 of the test pro-
RESULTING NETWORK COST cedure are given in Table 6. In the case

of path 6, the special situation where a

Decremented Resulting

Zone Pair Variabl link flow cannot be incremented occurred,
ariable  Network Cost  ppom Eq. 27 it was noted that mp, = N4 +
Ng, and because N4 already used all avail-
A-D Ns 73,400 able capacity for link h, it was necessary
Nq 61, 089 to decrement N4 by one unit before Ng
g:g §3 ;g; ‘égg could be incremented. As a result of this,

it was necessary to increase one of the
alternate path flows for zone pair A-D by
one unit in order to maintain the required
A to D interzonal flow. Because there
are three such alternate paths to choose from (namely, paths 1, 2, and 3), all were
individually incremented and the respective total network costs were computed. These
costs are 61,104, 61,104, and 61,111. Because the minimum of these total costs
occurred for both path 1 and path 2, the path 1 flow was arbitrarily chosen to be in-
cremented. The total network cost shown in Table 6 for incremented Ng was there-
fore computed with N4 decremented by 1 and N1 incremented by 1.

Comparing the total network costs of Table 6 to the original total network cost of
Eq. 29 shows that variable Ng must be set equal to zero and eliminated from the sys-
tem of equations. Variables N1, N2, and Ng must remain in the system of equations.

Phase 7—Solution of System of Equations

The equation solution procedure of this phase of the algorithm is entirely different
for the two assignment options, and is therefore presented as two distinct processes.
For the first assignment option, which requires total network cost to be minimized,
the Lagrange technique of undetermined multipliers is used. The second assignment
option, which requires the path costs for each origin-destination group of paths to be
equalized, employs an iterative technique to solve a consistent set of equations for the
flow variables.

The procedure for the first option begins by eliminating from the system of equa-
tions of phase 5 all variables so destined by phase 6. When this is complete, the
Lagrange technique is employed to create a set of consistent equations, Finally,
these equations are solved by the method of successive evaluation and minimization
of error. The detailed steps are as follows:

1. Appropriate variables are eliminated from the equations of phase 5, and the
constraining equations rewritten setting them equal to zero.

2. The differentials of the total network cost equation and all of the constraining
equations of step 1 are determined, and each differential is set equal to zero.

TABLE 6
UNIT INCREMENTED VARIABLE VS RESULTING NETWORK COST

< Incremented Reference Decremented Resulting
Z
B e Variable Variable Network Cost
A-D N N 61,284
N2 Ny 61, 284
A-B Ne Ns 74,624
D-B Ng Ny 72,829
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3. Each differentiated constraining equation is multiplied by an undetermined
function, A, where X is a different function for each equation. These functions are
the Lagrangian multipliers.

4. All equations of step 3 are added to the differentiated total cost equation of
step 2, and terms collected according to derivative.

5. Each such collection of terms is set equal to zero. These equations, together
with the constraining equations of step 1, constitute a consistent set of equations,
and may be solved by conventional techniques.

6. The system of equations is simplified and solved by the method of successive
evaluation and minimization of error,

Concluding the example problem of Figure 4, the preceding procedure is imple-
mented as follows: During phase 6 it was determined that Ng must be eliminated from
the system of equations; therefore, from Eqs. 18through 28 the new constraining equa-
tions are

0=MAB—N5 (30) 0=md-N1-N2 (36)
0=MAD—N1-N2-N3—N4 (31) 0=mf-N3 (37)
0= MDB - N7 - N8 (32) 0= mg - N,7 (38)
0=I‘na-N1-Nz-NS-N,;.)'-N8 (33) 0=mh-N4 (39)
0=m, - N (34) 0=m, - Ng (40)
0=mc-N2 (35)

Next, the total network cost equations (Eq. 9) and the constraining equations (Eqs.
30 through 40) are differentiated. Because each term of Eq. 9 is of the same form,
given in general by Eq. 2, the differential of the equation is computed for the general
case:

a[m.f.(m.)]
. |
dCT =4 _.Z am. dmi
i i
M.(T. - 7.) Mi(Tl- ‘l'i)
= E A T + Ty Sy dmi (41)
i (mi - Mi) i i

in whichi=a, b, c, 4, f, g, h, i.
If, as for this example, T = 0, Eq. 41 becomes
m? T
dC,= Y, ———— dm, (42)

T T 9 i

Now as a result of eliminating path 6, N5 becomes a constant and can be eliminated
from the system of equations by substituting its value into each equation in which it
occurs. This is done because it will reduce the number of equations and thereby sim-
plify their solution. From Eqgs. 30 through 40, using N5 = MAB, the results of step 2
and step 3 are
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0= Al(-le - dN,, - dN, - dN4) (43) 0= >\6(dmf - st) (48)
0 =Xy(dm_ - dN, - dN, - dN, - dN) (44) 0= )\7(dmg - dN,) (49)
0 =xg4(dm_ - dN,) (45) 0 = xg(dm, - dN,) (50)
0 =x,(dm, - dN,) (46) 0 = xg(dm, - dNp) (51)
0 = xg(dm, - dN; - dN,) (47)

Adding Eqs. 43 through 51 to Eq. 42, then collecting terms by corresponding differentials,
and finally setting each collection of terms equal to zero (steps 4 and 5) yields the fol-
lowing system of equations. The values Ti and Mi used in Eq. 42 are given in Table 3.

3,125

[¢4
A Ay * Ag -0 (54) b (m - 200)2
A +Ag -0 (55) A B (1,350,00()) - (62)
m, - 300)°
. =0 (56) £
2
Ay +Xg *Agy =0 (57) Ay +’—50M992 =0 (63)
(m_ - 500)
\ 100, 000 8 (58) g
2 T e
(m_ - 100) \ 25,000 = (64)
a g h=—d—sg =
20, 000 (m, - 50)
A3 — =0 (59) 1,000, 000
(m,, - 200) Ag +=200t -0 (65)
(mi - 500)

These equations, together with the constraining equations (Eqs. 30 through 40), can
now be solved. Because the preceding equations are relatively simple, it is not diffi-
cult to combine them so that all the variables are eliminated. This simplification will
always be easy to accomplish, regardless of network or link cost function complexity,

In this example, Eqgs. 55, 56, and 58 through 65 are substituted into Eqs. 52 through
54 and 57, The resulting equations, together with the equations obtained by substituting
Egs. 3, 4 and b into Eqs. 30 through 40 are the system of equations to be solved.

25,000 _ 100,000 _ 200,000 _ 400,000 .
— 3 3 g =0 (66)
(mh - 50) (ma - 100) (mb— 200) (md - 200)
25,000 100, 000 3,125 400, 000
3" 7" 3" y =0 L67)
(rnh - 50) (ma - 100) (mC - 25) (md - 200)
25,000 - 100, 000 - 1,000,0002 - _—
(mh - 50) (ma - 100) (mi - 500)
2,500,000 100,000 _ 1,000,000 5 (69)

(m - 50002 (m_ - 100)2 (m, - 500)
g a 1
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25—N5=0 (70) md-Nl—N2 =0 (76)
_ m, - N =0 1

100—N1-N2—N3-N4 =0 (71) f 3

450 - N, - Ng -0 (72 ML, = N, =0 (78)
_ m, - N =0 (79)

ma_Nl_NZ_NS_NS_NB =0 (73) h 4

m_ - N —0 (19 m; - Ng =i (80)

b 1
m, - N, =0 (75)

The solution of these equations yielded the values given in Table 7. Because frac-
tional units of flow are not admissible, the nearest integral value for each flow is also
given on the table.

From Eq. 10, the total cost for each interzonal flow and the total network cost for
the loaded network are computed, Table 8 shows these results for both the computed
path flow values and the nearest integral path flow values.

If the second assignment option is chosen, the solution procedure begins by writing
the equal path cost equations described in the discussion of phase 5. These equations,
together with the constraining equations (Eqs. 18 through 28) are then solved for the
path flow variables. The following are the steps in detail:

1. The equal path cost per unit of flow equations are written, These are obtained
from the path composition information of Eqs. 6, 7, and 8 and the link use functions
given in Table 3, or from the path use functions given in Table 4, by setting each path
use function equal to an appropriate unknown path cost constant,

2. A system of equations is set up consisting of the network constraining equations
and the equations of step 1.

3. This system of equations is solved by the method of successive evaluation and
minimization of error. Because this method of solution adjusts the values of the path
flow variables between each equation evaluation cycle, it is possible that, as con-
vergence to the solution is approached, some path flow variables will be reduced to
zero, If this occurs, and the corresponding equation's zero flow path cost is higher
than the loaded cost of every other path of the same zone pair, then that equation is
temporarily eliminated from the system of equations. Equations so eliminated are
reinserted at later equation evaluation cycles, only if the path costs for the loaded
paths of that equation's zone pair become larger than the eliminated path's zero flow
value.

TABLE 7

VALUES OF PATH FLOW VARIABLES TABLE 8
FOR FIRST ASSIGNMENT OPTION TOTAL INTERZONAL FLOW COST

AND TOTAL NETWORK COST FOR

Path Nearest Integral Flow FIRST ASSIGNMENT OPTION

11:;: 2(2) gé 2g Zone Computed Flow Nearest Integral
ey 3295 33 Pair Total Cost Flow Total Cost
PED 8 » om m
Ne 0 0 i 39005 38’ 465

No 44227 442 A= g

Ns 7.73 8 Total 50, 805 50, 840
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For this assignment option, the example problem is concluded, first, by writing
the equal path cost per unit of flow equations:

Path 1
1,000 1,000 2,000
T00-m T 200-m *200-m. - FAD (81)
a b d
Path 2
1,000 125 2,000 )
T00-m '25-m "200-m Kap (82)
a ¢ d
Path 3
1,000 4,500 )
100 - m_ *300- m =Kap (83)
a f
Path 4
500 _
50 - m =Kap (84)
h
Path 5
1,000 )
100 - m_ =Kin (85)
a
Path 6
500 5, 000 .
50 - m, "500 - m =K.p (86)
g
Path 7
5, 000 )
500 - m_ = Kpp (87)
g
Path 8
1,000 2,000 )
100 - m_ * 500 - m =Kpp (88)

The network's constraining equations were determined during phase 5 and are given
by Eqs. 18 through 28. The required network interzonal flows, given by Egs. 2, 4,
and 5, are substituted into these equations to complete the system of equations.

The solution of this system of equations yielded the path flow assignment given in
Table 9. Because the values of the path cost constants for the loaded network are
determined in the process of solving these equations, each path's total cost may be
computed by multiplying its assigned flow by its corresponding path cost constant.
These total path costs are also given in the table.

Also from Table 9, the path cost constants sometimes differ considerably for paths
between the same zone pair, This can occur for either of two reasons, First, be-
cause only integral flow assignments are permissible, and because cost of a path can
change by a considerable amount as saturation loading is approached, it follows that
identical path costs are impossible. Second, the unit flow cost for some paths will be
greater than the loaded cost of other paths, even when these other paths carry the
entire interzonal flow. Because such paths will receive no assignment, their costs
are unimportant.
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TABLE 9

PATH FLOW ASSIGNMENT AND COST
FOR SECOND ASSIGNMENT OPTION

Zone Cost Per Total Path

Pair Tath Flow i piow Flow Cost

A-D N, 18  100.0 1,800
N2 3 100.1 300
Ns 34  100.2 3,407
Na 45 100.0 4,500

A-B Ns 25 83.3 2,083
Ns 0 186.2 0

D-B N, 442 86.2 38,101
Ns 8 87.4 699

TABLE 10

TOTAL INTERZONAL FLOW COST
AND TOTAL NETWORK COST FOR
SECOND ASSIGNMENT OPTION

Zone Pair Cost
A-B 2,083
A-D 10, 007
D-B 38,800

Total 50, 890

Table 10 gives the total interzonal flow
costs and the total network cost for the
second assignment option, For this ex-
ample assignment, the network assignment
and total network costs were not substan-
tially different for the two assignment op-
tions.
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Appendix

GLOSSARY
Capacity Restraint, —The process whereby assigned volumes are related to the capacity

of the highway facilities in such a manner that overloaded routes become less at-
tractive as minimum path candidates.

Centroid. —The center of gravity of a zone, located at the mathematical center of the
zone as determined by the cost functions of the zone.
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Connection Matrix. —A matrix representation of all links interconnecting the nodes of
a network.

Converted Flow. —A component of the normal flow pattern which has made a change in
its usual mode of transport.

Diverted Flow. —A component of flow which has changed from its previous path of
travel to another route without a change in origin, destination, or mode of trans-
port.

Generated Flow. — Transport flow that exists because of a particular land use,

Generator. —An area that, due to its particular kind of land use, creates transport
demand.

Induced Flow. —The added component of flow which did not previously exist in any
form but which results when new or improved transport facilities are provided.

Land Use Feedback. —When the location, size, costs, etc., of a proposed transport
network have been fixed by virtue of transport assignment and other considerations,
it is recognized that the building of the proposed system will in itself alter land
use patterns which in turn affect the forecasts of interzonal movements, This
definition implies that the whole transport planning process is a continuing itera-
tive system.

Link. —The one-way portion of the transport network connecting two nodes.

Link Flow. —The total interzonal flow assigned to a link in the network, These are
sometimes referred to as leg volumes.

Link Impedance. —A value assigned to each link in the network, This impedance may
be some average value of lravel time, it may be distance il minimum distance
routes are desired, it may be cost for use of the link, or it may be any other
parameter or combination of parameters so desired.

Link Cost Function. —The mathematical relation describing the cost per unit of flow
expended by using a given link.

Loading the Network. — The process of assigning the interzonal flows to the network.

Network Description. —The transport network under consideration described in tabular
form as nodes, directional links, link impedances, link distances, turn restric-
tions, etc,

Node. — A point of intersection in a transport network.

Path. — The aggregate of all links in a route between any two nodes in a transport net-
work.

Path Cost Function. — The mathematical relation describing the cost per unit of flow
expended in using a given path.

Potential Flow. —The total flow that would in all probability move between two zones

on a given route), assuming ideal transmission facilities.

Routing or Trace. —A part of a tree, In the Moore algorithms, it is the minimum path
through the network from one node to another,

Transit, — The movement of people on mass public media, such as buses, streetcars,
and subways, and thus a subclassification of "transportation. "

Transport, —Used in the most general sense to include the movement not only of people
and goods, but also of other fluxes such as energy, information, water, and
sewage.

Transportation, —The movement of people and goods, and therefore, a subclassification
of the more general "transport. "

Transport Nelwork, —A network of links and nodes describing the possible flow paths
for interzonal or intercentroidal movements for any single transport flux,

Tree. —The aggregate of all the minimum path routings from a node to all other nodes
in the network.

Tree Building. — The use of an algorithm for computing minimum paths.

Zone. —An area of a system throughout which its describing parameters can be con-
sidered constant.




A Direct Approach to Traffic Assignment
MORTON SCHNEIDER, Systems Research Chief, Chicago Area Transportation Study

¢ THE MOST straightforward way of obtaining the distribution of traffic in a road net-
work is simply to distribute it: to resolve the traffic into trips, each with an origin and
a destination, then find the best path through the network for each trip and note the ag-
gregate appearances on every network member of trips following these paths. This
technique isknown as assignment, and is the conventional approach to the distribution
problem. Though the convention is hardly an antique one, partial and minced assign-
ments have been attempted for some time; however, the first full-scale assignment to
a fairly complete metropolitan street system was performed only a few years ago.
This was done by the Chicago Area Transportation Study, in the summer of 1958, on an
IBM 704 computer. The computer program was then rewritten a year later to allow
simpler coding and mapping procedures, and to incorporate sensitivity to congestion of
streets, as well as other features. It was modified early in 1961 for the IBM 7090.

The apparently reasonable procedure of assignment has, however, several flaws,
both fundamental and practical, which give rise to rather bizarre results here and there.
(Also to variations on the basic method. These variations sometimes have a tenuous
plausibility, are very elaborate computationally, can be adjusted to give any desired
answers, and are called models.) In the first place, very little more is understood
about trip-end distribution than about traffic distribution itself. Besides, what consti-
tutes the best path (it is usually taken to be the path of least travel time), and do all
trips have the same idea of best? What happens as trips interfere with each other?
This latter point is widely held to be most crucial, and one ambition of nearly every
neo-assignment is to account for it.

There is also the matter of zones, less widely held to be crucial. Computers can
handle only so much detail, and the assignment method is, in a sense, too unsophisti-
cated to give the computer any help. Among other reductions, the study area must be
divided into arbitrary zones, and all trips emanating from a zone must be construed to
have their origin at a single point representing that zone. Thus, the zonal interchange
(the number of trips moving from some one zone to some other zone) replaces the trip
as the elementary unit. At the same time, the synthetic and warped problem of predict-
ing these zone-to-zone movements becomes dominant, blunting what little insight there
is into trip behavior; even a perfect theory of trip distribution could correctly calculate
interchanges only with a difficult explicit treatment of zone geometry. More than that,
though, this condensation into points instantly shatters the locational precision of the
system. Just how much does an area of some hundreds of points, all bursting with
trips, spaced among thousands of street intersections resemble a metropolitan region?
The errors introduced by zoning are surely considerable, possibly greater than all
others. Perhaps the simulation refinements added to assignments to correct for con-
gestion, diversion from best path, etc., are really, in their operation, nothing more
than mechanical devices that spread out zone-connected errors, which is not at all the
same as eliminating those errors.

Although assignments, once their peccadilloes are understood and forgiven, can be
made fairly useful in a rough or over-all way, they tend to be lumpy and irresponsible
in detail. Yet there is a growing demand for minor information--the effect of building
a bridge here, changing the location of a ramp there. Even if assignments were very
good at this sort of thing, they are too expensive and arduous to undertake for ordinary
details. Certainly a small piece of area cannot be dissociated from the large region in
which it resides, but that does not mean a tolerable estimate cannot be made without a
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ponderous total solution. The traffic load on a particular street section is generally
not much influenced by anything more than a few miles away.

There are other odds and ends of difficulties with the assignment technique, notably
boundary problems, but this paper really has nothing personal against assignment.
Some if its best friends are assignments (for example, the programs mentioned earlier).
The object here is to suggest a new, less stiff research posture.

A highly simplified situation is used as an example. There is a square region of un-
limited size, and the rale of trip origins per day per square mile is the same every-
where in this region. Three road networks of distinctly different quality overlay the
region; each network is a uniform grid. The first, highest quality network--it might
even be called expressway—connects with the second, or arterial, network at every in-
tersection of the two, but does not connect at all with the third, or local. The arterial
system in turn connects with the local at every intersection of the two. All trips orig-
inate and terminate on the local system. The region is so large that perturbances due
to its borders may always be ignored. Then the total length of road in each network is
21%/zi, in which L is the side of the region, and zj is the gr1d interval of the particular
network (the spacing between parallel members). The total number of vehicle miles
per day driven in the region is by definition pL’r; p is the density of trip origins, and r
is the average over-the-road trip length.

It is assumed that the daily volume of traffic is the same on every link of a particu-
lar network. The total vehicle-miles driven on each network is, therefore, just the
network volume times the miles of road in the network:

2L2(V1/Z1 + Vz/Zz + V3/Z3) = psz-‘ (1)
or, eliminating the size of the region,
Vi/2y + Va/2y + V3/23 = pr/2 (2)

Vi is the volume found on the i network.

For the volume to be the same on every link of a network, it is necessary (though
not sufficient) that the trips leaving a network at any intersection with another network
be equal to those entering at that intersection. If pjj is the probability of transferring
from the i to the j network,

P12V = P21V and p2sVz = pszVs (3)
or
Ve =222 v, and v, =P8 v, (4)
“pa paz
Setting
Dii
1 =g (5)
Pji
Eq. 2 may be rewritten
Vi(1/2: + Usa/2a + UnsUsa/2s ) = /2 ()

It should be remembered throughout the argument that, inasmuch as the situation is set
up to be entirely uniform, there is no reason for corresponding quantities at different
places in the region to be anything but the same.

Here a little definition is in order. Among other things, the phrase '"'networks of
distinctly different quality' is taken to mean that a trip that once moves from a higher
to a lower quality network will never again return to the higher network—it has used
the higher street as much as it profitably can and is on the way down to its destination.
This is a more important construction than it may seem, because it permits a particu-
larly simple line of attack on the pjj's.

With this delimitation, the total number of trips using a network for any part of their
journey must exactly equal the number that turn from that network to a lower one, ex-
cept, of course, for the local network. Once a trip enters a network, it must--whatever
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else it does—turn down, and it can do that only once. So the number of trips that use
expressways is the number that leave an expressway at each arterial intersection,
times the number of intersections; that is, p12V1R/z.. Here, R is the total length of
expressways. But the number of trips using expressways may also be measured as
the vehicle-miles on expressways divided by the average distance traveled on express-
ways by those trips that use expressways at all. Thus,

plzle/Zz = RV]./I_'!. (7)
Solving gives
P12z = Z2/ 11, and similarly for arterials, pas = z3/T» (8)

The expressway average, ri, may be gaged by choosing a convenient approximation.
Although trips do not appear to be strictly governed by a distance distribution, espe-
cially in their detailed behavior, the force of distance is quite strong. Certainly, data
from several regions show a consistent decay in number of vehicle trips as trip dis-
tance increases and suggest, moreover, that this decay is exponential. Probably no
simple-minded distribution concept fits the data better than

dn/dr = ae~br (9)
The constants, a and b, are established from the natural conditions of distributions,
[dn=1and [rdn=1 (10)
yielding
dn 1 -r/r
'd? == (] (11)

Now this function has an amiable property: the average remaining length of a trip
which has already traveled any distance, C, is just the over-all average length plus
the minimum remaining length, m. From Eq. 11, the number of trips longer than
C+mis =

P _3: e—r/r dr - e-(C+ m)/r (12)
C+m

and the sum of the remaining lengths of these trips is
Im % (r-C) T g (r + m)e

r
C+m

Therefore, the average (Eq. 13 divided by Eq. 12) emerges as r + m. A trip just en-
tering an expressway may be regarded as having already traveled its total approach
distance, both at origin and destination, whereas its minimum remaining length is
merely the distance to the next exit, z.. The average expressway length of expressway
trips is

-(C + m)/r (13)

51 = ; + Z2 (14)

There is one difficulty, however. Although C, the distance already traveled, need not
be constant, it must not be a function of total trip length or the calculation of the aver-
age breaks down. That is to say, expressway trips must use the expressway network
as much as they can, using lower networks only as approaches to the highest, rather
than as alternate routes. This further augments the definition of quality. (Further,
the larger the expressway spacing, the more C tends to become related to the total
trip length.) _
Simple-mindedly adopting the preceding distribution gives a working evaluation of ry.
But the arterial average, rz, is a different matter, because trips clearly do not use ar-
terials as muchas they might. Ifan arterial linkis definedas apiece of arterial between
two expressways, and then if every trip that used an arterial passed, say, the midpoint
of a link once and only once, the total number of trips using arterials would be the ar-
terial volume times the number of links; i.e., V2R/z,. (Earlier R was the total length
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of expressways; here it is the total length of arterials.) Actually, this quantity in-
cludes some trips counted at more than one link and neglects some trips that pass no
link midpoint. Therefore, the volume times the number of links equals the total trips
plus a residual; referring to Eq. 7, this may be written

V2:R/zy = V:R/r2 + (D - E)R/2, (15)
or
1/Z1 = l/f‘z % (D - E)/21V2 (16)

D is the number of double-counted trips at each link midpoint, and E is the number of
trips per link that are never counted. It is natural to hope that D and E cancel each
other out, or at least that (D - E) is small compared to Vz. It also seems reasonable
when expressway spacing is in the range usually discussed. At any rate, a first ap-
proximation is better than nothing; therefore, letting the rightmost term in Eq 16 drop
out,

rz =12 1m
This is really more an assertion than a derivation. But Eq. 16 gives some clue to the
order of error.

Looking at Eq. 8, the probabilities of turning from the highest network to the inter-
mediate, and from that to the lowest are determined, more or less, by

prz = 2o/ (T + z2) and pas = Za/Zs (18)

One obstacle is left—the probabilities of lurning from the lowest network to the inter-
mediate, and then to the highest, psz and pa. This will be hurdled by the assumption
that the probability of a trip entering the i network from the j network is the same as
the probability that a trip already on the i network will continue on it. For example, a
trip approaching an expressway on an arterial is assumed to have just the same grounds
for entering the expressway as a trip on the expressway has for staying there. In nota-
tion,

pji = 1 - pjj (19)
Putting this, together with Eq. 18, back into Eq. 5 gives

Z Z Z
Gae B 1. By
T+ Z2 T+ 22 T

Va2 /(18- (20)

which fairly well completes the solution. (The Ujj's can be greater than 1, although the
pij's, of course, cannot. ) All that remains is to rewr1te Eq. 6,

and

y r (z1 - 23)
V==V, (22)
r
Vs =ﬁ Vz (23)

The average trip length, r, must simply be taken at its empiric value—about six miles.
A quick numeric example would be a region with a trip density of 10, 000 vehicles per
day per square mxle, expressway spacing of 5 miles, arterial spacing of 1 mile, and
local spacing of ¢ mile. The daily volumes past a pomt will then be expressways,
about 75,000 vehicles; arterials, about 12,500 vehicles; and local streets, about 250
vehicles; which are not at all bad orders of magnitude.
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The extension of these equations to more than three networks is trivial—the entire
argument could have been carried out, unaltered, in generalized subscripts and open
summations. The extension to more complicated connections among networks is less
trivial, but more tiresome. FEach connection introduces an equation of the form of Eq.
4, adds a degree of freedom in equations analogous to Eq. 8, and complicates network
averages. The most elaborate situation that has been solved is one of five networks,
each with as many as two connections to lower networks and two connections to higher
networks. The final expressions are ugly nuisances. That kind of generalization prob-
ably drives the whole line of argument too far; the assumptions and suppositions—
notably the assumption of uniform volumes on all parts of a network—begin to look
doubtful even in hypothetical idealizations.

To a great extent, of course, all this really begs the question. Road systems cannot
be decomposed into distinctly different networks, whatever that means; network aver-
ages are not really calculable; the assumptions of uniform volumes and complementary
probabilities do not hold exactly. It is probably important, though, to carry elementary
considerations to some sort of provisional conclusion, creating a platform from which
enlargements can be launched.

There is no reason for this general point of view to be limited to whole networks in-
teracting with each other. The turning probabilities could be associated with each in-
tersection, irrespective of the kinds of networks involved. These probabilities are
most interesting quantities, If they could be determined by some hold stroke of insight,
they would implicitly define the entire realm of street quality and trip distribution. If
these were understood then, conversely, the probabilities would be determined. A
treatment of this sort might very well yield, without half-trying, the sensitivity of trip
distribution to the transportation system. The deeper matter of trip generation is, at
the moment, a little harder to fit into the grand vision.

In the meantime, on a more pedestrian level, some attempt ought to be made to re-
late the probabilities explicitly to a street quality measure. This could easily lead to
expressing the pi;'s as functions of the traffic volumes themselves, providing a truly
elegant treatment of problems associated with trips interfering with each other. Fur-
ther, trip distribution concepts must be sharpened, both to strengthen the base of the
first-step uniform case and to probe the extremely important generalization to non-
uniform densities,

Surprisingly, the simple expressions, as they are set down here and in somewhat
modified form, are proving rather useful. There is no intention to document this as a
realistic theory, but the results are realistic in a soft, fuzzy way — just as about as
realistic, in fact, as assignment results. Non-uniformities must be largely ignored;
and the network averages stated here — especially the arterial average — are valid only
for a restricted family of spacings, which leads sometimes to patently spurious compu-
tations, most noticeable in the local network volumes. But the uses of traffic volume
information are, right now, not too fine; orders of magnitude usually are enough or, at
least, all that is expected. By abstracting the real street system and taking average
local densities, minor questions can be answered roughly, and quickly. Certainly it
would be wrong to pick this method up, as it stands, and run with it. Yet these simple
equations have, perhaps, some value and some charm,





