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A description is given of newly developed light equipment for vibration 
testing of road constructions. Sinusoidal loading is produced by means 
of an electrodynamic vibrator exerting vertical forces on the surface 
of the road or layer under test. The equipment, mounted on a special 
trailer, is extremely flexible for application to this type of test and per
mits reliable results to be obtained under a wide variety of conditions. 

Two types of test have been carried out: in the impedance method, 
the ratio of force to resultant velocity is measured in amplitude and 
phase; in the wave propagation method, wavelengths along the surface 
are determined. Tests are carried out over a frequency range from 
10 c/s to 500 c/s in the impedance method and up to 1, 000 c/s in the 
wave propagation method. 

Measurements have been carried out on an experimental road in which 
widely varying types of construction had been included. From the im -
pedance measurements it was possible to ascribe dynamic parameters 
to each layer of the construction and, from these, stresses at various 
depths; and energy losses in the various layers have been calculated. 

The potentialities of vibration testing in the control, design and eval-
uation of road constructions are briefly reviewed . 

• THE impedance method of vibration testing of roads, in which an oscillatory force is 
applied to the road surface and the resultant velocity measured in amplitude and phase 
is, in principle, a powerful method of investigation in that complete information is 
gained at any frequency for which measurements are available. Unfortunately no exact 
theory has been developed up to the present time, because the problem is one of three
dimensional wave propagation in a layered construction, which has defied all attempts 
at exact mathematical treatment. Even if a mathematical solution were found at some 
future date , it must of necessity involve a large number of parameters (elastic moduli 
for each of the layers, thicknesses, etc.) and be of such a form as to render it of little 
value in its application to practical measurements. 

In the present work an attempt has been made to interpret impedance measurements 
in a manner suggested by the experimental results themselves. With some assump
tions and approximations, it is possible to suggest a model of certain elastic proper
ties and geometric dimensions, and from it to estimate certain mechanical quantities 
which can be related to road performance. The model and all deductions therefrom 
are put forward as a tentative method of interpreting experimental data. Possibly 
this approach may lead more speedily to the designing of dynamic tests of practical 
value to the road engineer. 

PRINCIPLE OF IMPEDANCE METHOD 

The test consists of applying a vertical force to the surface and measuring both this 
force and the resultant velocity of the surface in amplitude and phase. 
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The mechanical impedance, Z, of the construction under test is defined as the ratio 
of the force, F, exerted on it, to its resultant velocity, v; thus 

F z = -
V 

(1) 

Z is a complex quantity containing a real part, R, and an imaginary part, X, the 
resistance and reactance, respectively, in which 

Z = R + jX (2) 

and j = .J-=f . 
Unless the system contains internal sources of mechanical energy, R must be posi

tive; the reactance, X, may be positive or negative. 
H 0 is the phase angle defined by 

-1 X s = tan R 

and \ Z I is the amplitude of Z, the following relations hold: 

I Z I cosa = R 

I Z I sin 9 X 

z2 = R2 + x2 

(3) 

(4) 

(5) 

(6) 

Experimentally the RMS amplitudes of F and v are measured, so that I Z \ is cal
culated directly from Eq. 1. The phase angle, 9, is also measured, and the quanti
ties Rand X become then immediately available from Eqs. 4 and 5 at any frequency 
for which the measurements have been taken. 

EQUIPMENT USED IN THE TESTS 

Sinusoidal vertical forces are produced by an electrodynamic force generator bolted 
to the lower face of a cast iron cylinder weighing one ton. During tests, the cylinder 
is supported by two reinforced motorcycle innertubes fitting around its circumference 
and resting on circular brackets. The cylinder and its supports are mounted on a mo-

Figure 1. Station wagon and trailer set up for an impedance test. 



bile trailer suspension system. An International station wagon is used to tow the 
trailer and house the associated electronic equipment. Figure 1 shows the station 
wagon and trailer set up for an impedance test. 
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Details of the equipment used for applying forces to the road surface are shown 
diagrammatically in Figure 2. Exhaustive tests have indicated that, in its present 
form, the equipment is suitable for impedance measurements covering the r ange from 
10 c/s to 500 c/ s. Although the forces generated are relatively low (not greater than 
20 lb), they are sufficient to produce measurable velocities well above the background 
noises. Such forces can probably provide all the information obtainable from the ap
plication of larger forces, as road constructions have been found to be linearly elastic 
for forces up to 2 tons (1). 

The electronic equipment is shown diagrammatically in Figure 3. It should be noted 
that both geophone and preamplifier must be calibrated for amplitude and phase over 
the whole frequency range to be investigated. The force output from the vibrator is 
monitored on the ammeter. 

Experimental results for a particular site are most conveniently presented as two 
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Figure 3. Block diagram of electronic e~uipment. 
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graphs relating X and Ras functions of frequency. Typical curves are shown in Figures 
4 and 5. It should be remarked that, except near resonance, wX is numerically much 
larger than Rand the phase angle, 0, is large; it therefore follows from Eqs. 4 and 5 
that X can be determined more accurately than R. 
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INTERPRETATION OF DATA FROM A 
MODEL WITH THREE CONSTANT 

PARAMETERS 

The simplest mechanical model, for 
which the wX function approximates in 
shape to the corresponding experimental 
curve, consists of a fixed M restrained in 
its motion by a spring of stiffness, S, and 
a frictional resistance, R (Fig. 6). 

Figure 6. Assumed three-parameter model. 

For this model the mechanical imped
ance, Z, offered to an impressed oscilla
tory force of frequency, f, is given by(~) 

z R + j (wM - §_) 
w 

(7) 

in which w 2 rrf. 

Identifying Eqs. 2 and 7, it follows immediately that: (a) the resistance, R, of Eq. 
7 corresponds to the real part R of Eq. 2; and (b) the reactance, X, of Eq. 2 is re
lated to the mass, M, and stillness, S, of the adopted model by the relation: 

or 

s 
X = wM -

w 

wX = w2 M - S 

(8) 

(9) 

A comparison between an experimental wX curve and the corresponding theoretical 
curve obtained from Eq. 9 is shown in Figure 4, where the values of Mand S for the 
theoretical curve were deduced from the experimental points around resonance (in 
which wX "" 0). 

The curves agree fairly well at higher frequencies, thus justifying the assumption 
of the three-parameter model. The greatest discrepancy occurs at low frequencies 
where the experimental curve is numerically lower than the theoretical one. The dif
ference cannot be ignored, particularly as it occurs at all sites where the construction 
is of reasonably high quality. Furthermore, the R curve (Fig. 5), which should be 
constant with frequency, shows an appreciable drop. Hence it must be concluded that 
the parameters are not constant over the whole frequency range investigated, and the 
model with three frequency independent parameters is inadequate. 

MORE COMPLETE INTERPRETATION OF EXPERIMENTAL DATA 

It was suggested by Lorenz (3) that, for a three-parameter model of constant coef
ficients, wX be plotted as a function of the square of the frequency, where a straight 
line should result; by putting y = wX and x = f2

, Eq. 9 becomes 

y = ( 4 rr2 M) X - S (10) 

The intercept on the y-axis is thus equal to -S and the gradient to 4 rr2 M; both M and S 
can therefore be determined, if these parameters are independent of frequency. 
Heukelom (4) in Holland and Baum (5) in Germany have adopted this approach and ob
tained some interesting 1·esults. Baum in particular, whose equipment operates between 
10 and 70 c/s , has found that a plot of wX vs f2 falls along two straight lines, indicating 
two effective models each with its own constant parameters. 
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Figure 7. Plot of wx vs :r2 f or s ite ND2-high fre quency range. 

When this method is applied to measurements made by the authors it is found that, 
depending on the type of construction, one or two straight lines are obtained over the 
higher frequency range (Fig. 7) and sometimes even three lines. From this informa
tion the results given in Table 1 were compiled on the assumption that, in the frequency 
range where a number of successive experimental points lie on a straight line, the 
values of M and S are constant. According to Eq. 10 this is valid, unless Sand M both 
vary in such a way that the variation of one exactly compensates for the variation of the 
other, which is most unlikely. 

Straight lines on the wX vs f2 plot are obtained at the higher frequencies, usually 
above 100 c/s, depending on the type of construction. The fact that no use is made of 
the low frequency measurements is unsatisfactor y in that s ome useful i nformation 
mus t be contained in the data below 100 c/ s . 

In preliminary work it had been noted that, if S were assumed constant at low fre
quencies and equal in value to that obtained from the wX vs f2 straight lines, the ex
perimental points followed quite well the theoretical values for M, obtained on the as
sumption that it varied according to 

M = Bfo: (11) 

Band o: being constants. B represents the mass when f = 1 and o: was found to lie be
tween -2 and -3. Experimental data therefore had indicated a very rapid increase in 
mass with decrease in frequency over the lower frequency range. 

Physical considerations would also suggest a value of o: = -3, because, in a uni
form medium with the wave velocity constant, the wave length, X, is inversely pro

portional to the frequency. 
TABLE 1 

VALUES OF S, MAND R DEDUCED FROM 
DATA SHOWN IN FIGURES 4 AND 5 

Frequency (c/ s) 

100 - 140 
160 - 320 
340 - 500 

2. 54 X 108 

2. 95 X 108 

2 . 43 X 108 

M (kg) 

506 
67 
56 

1.20 x l05 

8, 97 X 104 

7.88 X 104 

x ex: c 1 (12) 

Whatever the shape of the effective volume 
of disturbed material, its dimensions should 
be propor tional to tl1e wave length, and 
the volume to X9 or C 9

• Hence, the mass, 
M, would als o be expected to vary as r-3

• 
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Figure 8. Plot of wX vs r-1 for s ite ND2-low f r equency range . 

Therefore, it was assumed that the mass is given by 

M = 1r Br3 

Substituting Eq. 13 in Eq. 9 gives 

X = (41lB)C 1 
- S 
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(13) 

(14) 

A plot of wX vs 1/f should therefore give a straight line in a region where Sis con
stant and M varies according to Eq. 13. Figure 8 shows a plot of wX vs 1/f for one of 
the sites tested. Two straight lines could be drawn through the experimental points, 
from each of which values of S and B have been obtained (Table 2). 

Using both the f2 and C 1 plots it seems possible to classify the dynamic behavior of 
a road construction into a number of frequency ranges each having appropriate Sand 
M values. Whereas the value of S is always constant in a given range, the value of M 
is only constant where its value is obtained from the f2 plot. If the B-value is de
duced from the wX vs r- 1 plot, the correct value of Mat any frequency within the range 
of validity must be obtained from Eq. 13. 

In view of the relatively larger scatter of the experimental points in Figure 5, a 
mean value of R for the frequency range, defined by the wX straight-line relationships 
(Figs. 7 and 8), has been assumed. Values of R for site ND2 are given in the last 
columns of Tables 1 and 2. 

DESCRIPTION OF EXPERIMENTAL 
SITES AND DATA 

The measurements described here 
were made along an experimental length 
(approximately 1 mile) at Key Ridge on 
the southbound roadway of route N3/1 be
tween Durban and Pietermaritzburg in 
Natal. The experimental length consists 
of 24 sections, each 200 ft long , and of 
different types of construction. Only 14 

TABLE 2 

VALUES OF S, B AND R OBTAINED 
FROM FIGURES 5 AND 2 

Frequency (c/s ) S (N m- 1
) B (kg s-3

) R (N m- 1 s) 

14 - 20 
36 - 100 

2, 16 ~ 108 3,04 X 107 3.05 X 105 

2,7Q X 1Q8 8, 99X 107 2,31 X 1Q5 
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TABLE 3 

EXPERIMENTAL VALUES OF THREE PARAMETERS FOR EACH 
FREQUENCY RANGE OBTAINED AT EACH 

Position 

Freq. range (c/ s) 
S(N m- 1

) 

M (kg) 
R (N m-'s) 

Freq. range (c/s) 
S(N m- 'J 
B (kg s -') 
R (N Ill-ls) 

Freq. range (c/s) 
S (Nm-') 
B (kg s-'J 
R (N m-'s) 

F; er'ii ~:'r,e ( c/ s) 
B (kg s-') 
R (N m- 1 s) 

POSITION OF SITE ND13 

320 - 500 
2, 65 X ]Q• 

39 
1, 24 X 105 

80 - 125 
2, 46 X 108 

1, 72 x 108 

2. 49 X 105 

45 - 64 
1. 89 X 10 9 

6.45 x l0 7 

3, 15 X 105 

20 - 28 
1, 41 X 108 

]. 34 X 107 

3.43 x 105 

250 - 500 
2. 47 x 108 

34 , 7 . 
1, 11 X 10" 

BO - 160 
2. 08 X 108 

1, 29 X 108 

2 . 28 '( 105 

50 - 71 
1. 66 X 108 

5.44 X 107 

2, 73 X 10" 
16 - 40 

l, 31 X 108 

1, 11 X 107 

2.90 x 105 

200 - 400 
2, 10 X 109 

32, 9 
l, 03 X 10~ 

80 - 200 
J. 62 X 108 

1. 24 X 108 

1. 69 X 105 

40 - 71 
l, 30 X 108 

2.53 X l0 7 

2. 20 l( 105 

10 - 40 
1, 12 X 108 

7, 59 X 108 

2. 81 )( 105 

Mea n 

257 - 467 
2, 41 X 108 

35, 5 
1.13 X 105 

80 - 162 
2. 12 X 108 

1. 42 X 108 

2. 15 '( 105 

45 - 69 
l, 62 X 108 

4.81 X 107 

2.69 X 105 

15 - 36 
h 28 X 109 

1. 07 X 107 

3.05 "( 105 

of the 24 sections were tested, profiles of 
which are shown schematically fo Figures 
9 through 12. All measurements were 
taken at a distance of 6 ft from the edge 
of the surfacing and three impedance tests 
were carried out on each section at 6-ft 
intervals. On section ND2, only one im
pedance test was made because of the 
steep gradient. 

The data obtained on the various sites 
were analyzed as outlined in the previous 
section. Good agreement was found in re
gard to the number of straight lines for 
the three positions of each test site. A 
fair degree of variation was found in the 
parameters determined from the three 
sets of measurements taken on each sec
tion (Table 3). The mean values of the 

parameters obtained at the three sites on each section are given in Tables 4 to 7 in 
which the experimental sites have been grouped according to the type of construction, 
as follows: (a) group 1 (Fig. 9)-sites with various thicknesses of surfacing over "in
place" material; it should be noted that all these sites occurred in "cut," whe1·e the 

TABLE 4 

VALUES OF S OBTAINED BY THE METHOD FROM A MODEL WITH THREE CONSTANT PARAMETERS 

Frequency Range Frequency Range Frequency Range Frequency Range Frequency Range 

Experimental No. 1 No. 2 No. 3 No. 4 No. 5 

Site Frequency s F requen cy s Frequency s F r eque ncy s Frequency s 
(c/s) (N m-') (c/s) (N m- 1) (c/s ) (N 111- 1) (c/s) (N m- 1

) (c/s) (Nm-') 

ND5 10 - 23 l.36 x l0° 27 - 67 1. 73 X )08 160 - 310 2,07 X 108 333 - 500 1. 53 X 108 

ND8 83 - 147 l, 01 X 108 273 - 450 8. 50 X 107 

ND9 17 - 35 1,35 X 108 107 - 200 l, 38 X 108 333 - 500 6.67 X 107 

NDlO 10 - 32 l.35Xl08 28 - 53 1.38 X 108 120 - 200 l, 55 X 108 320 - 500 l, 41 X 108 

ND15 15 - 47 l, 17 X 10 11 64 - 97 l, 57 X JQ 8 247 - 500 1. 90 x 10 11 

ND2 14 - 20 2.)6 X 10' 36 - 100 2. 70 X 108 100 - 140 2.54 X 108 160 - 320 2.95 X 10 11 340 - 500 2. 43 x JO' 
ND6 10 - 16 l.2B x 108 20 - 40 1, 54 , 10• 51 - 97 2.13 X 108 220 • 303 2.27 X 109 347 • 500 2.llx106 

ND7 15 - 39 2.36xl08 68 - 140 3, 83 • 10' 347 - 483 4. 52 X 108 

NDll 16 - 45 1, 64 X 108 65 - 173 2.B0 ~ 10' 333 - 500 3.48x108 

ND12 17 - 3B l. 79 X 10 11 44 - 93 2 . 16 X 10' 167 - 287 2.45 x 108 340 • 500 2. 40 X 108 

ND3 29 - 42 3.66 X 1011 50 - 113 3. 61 , 10' 180 - 265 7, 25 X 108 280 - 3B5 4.06 X 10 11 410 - 500 2, 70 X 10' 
ND4 17 - 27 3 , 83 X 10° 42 - 64 5. 40 • 10• 66 - 110 7.50 X 109 147 • 297 l.07 x 109 

353 • 460 2,5QX 109 

ND13 15 - 36 1.28 X 108 45 - 69 1. 62 , 10' 80 - 162 2.12 X 108 257 - 467 2 , 41 X 108 420 • 500 1, 65 X 108 

ND14 13 - 37 l.77Xl0 8 45 - 128 ~. 75 • 10' 180 - 260 3.26 X 108 

TABLE 5 

VALUES OF R OBTAINED BY THE METHOD FROM A MODEL WITH THREE CONSTANT PARAMETERS 

Frequency llang·e Freque ncy Ran ~e Frequency Ra nge Frequency Range Frequ ency Range 

Experimental 
No. 1 No . 2 No. 3 No. 4 No . 5 

Site 
Frequency R Frequency R Frequ ency R F requency R Frequency R 

(c/s) (N m-'s) (c/s) (N m- 1 s) ( c/s ) (N m-• s) (c/s) (N m- 1 s) (c/s) (N m-'s) 

ND5 10 - 23 2 , 82 X 105 27 - 67 2.45 X 105 160 - 310 9.60 X l04 
333 - 500 9.01 X 104 

ND8 83 - 147 3.37 x l0' 273 - 450 2.94 x l05 

ND9 17 - 35 2 , 03 X 105 107 - 200 1, 35 X 105 333 - 500 1, 25 X 105 

NDl0 10 - 32 3. 12 X 105 28 - 53 2, 41 X 106 120 - 200 1, 66 X 10' 320 - 500 1. 52 X 105 

ND1 5 15 - 47 2.23xl0' 67 - 97 1, 67 X 10' 247 - 500 7+60 X 10~ 
ND2 14 - 20 3.05 X 105 36 - 100 2. 31 X 105 100 - 140 1.20 X lQ' 160 - 320 8. 97 X 104 340 - 500 7, 88 X 104 

ND6 10 - 16 3, 10 X 105 20 - 40 2, 94 X 105 51 - 97 1, 91 X 105 220 - 303 6.21 X 104 347 - 500 3,23 X 104 

ND7 15 - 39 4.69x!0" 68 - 140 3, 11 X 105 347 - 483 8,93 X 104 

NDll 16 - 45 3. 30 X 105 65 - 173 2.32xl05 333 - 500 6.52xl04 

ND12 17 - 36 3. 33 X 105 44 - 93 1.69 X 105 167 - 287 7.46 x 104 340 - 500 5.06 X 10~ 
ND3 29 - 42 6,45 X 10' 50 - 113 4. 57 X 105 180 - 265 4.46 X 105 280 - 385 J.54Xl05 410 - 500 1.56 x l05 

ND4 17 - 27 1,03 X 106 42 - 64 1, 11 X 108 66 - uo 1. 08 X 106 147 - 297 9.14 X 105 353 - 460 7.76x 105 

ND13 15 - 36 3. 05 , 10' 45 - 69 2.69 X 105 80 - 162 2,15 X 105 257 - 467 1. 13 X 105 420 - 500 B.09X10' 
ND14 13 - 37 4. 34 X 105 45 - 128 3, 12 X lQ~ 180 - 260 1, 73 X 105 



Experimental 
Site 

ND5 
ND6 
ND9 
NDI0 
ND15 
ND2 
ND6 
ND7 
ND11 
ND12 
ND3 
ND4 
ND13 
ND14 

19 

TABLE 6 

VALUES OF B OBTAINED BY THE METHOD FROM A MODEL WITH THREE CONSTANT PARAMETERS 

Frequency Range 
No. 1 

Frequency D 

<cM (kg s-') 

18 - 23 1,01 X 107 

17 - 35 1.93 X 107 

10 - 32 l.57XlQ 7 

15 - 47 8. 86 X 106 

14 - 20 3 . 04 X 107 

10 - 16 6. 16 x 10° 
15 - 39 2, 06 X 107 

16 - 45 2. 86 )( 107 

17 - 36 2,00 X 107 

29 - 42 l, 34 X 108 

17 - 27 4.94 X 107 

15 - 36 1. 07 X 107 

13 - 37 1, 31 X 107 

Frequency Range 
No, 2 

Frequancy B 

<•M (kg s-') 

27 - 67 3. 60 • 10' 

-
28 - 53 2.36 X l0 7 

64 - 97 6. 08 X 107 

36 - 100 8 ,99 1C l0 7 

20 - 40 l.20 ~ 107 

68 - 140 2. 32 ;,l lQO 
65 - 173 1.9J XlQ8 

44 - 93 5.53 X 107 

50 - 113 1. 55 X 108 

42 - 64 2 . 52 X 108 

45 - 69 4 ,81 X 107 

45 - 128 1.18 x 108 

Frequency Range 
No. 3 

Frequency Range 
No. 4 

Frequency Range 
No, 5 

F1·C(JUt!ncy B Frequency B Frequency B 
(c/-8) (kg s -,) (c/s) (kg • -,) (c/ s) (kg •-') 

. 
51 - 97 7. 56 x 10' 

180 - 265 
66 - 110 
80 - 162 

TABLE 7 

-
1. 58 X 109 

6.14 X 10' 147 - 297 2. 21 X JQ' 353 • 460 
!, 42 x JO' 

L 44 X 10 10 

VALUES OF M OBTAINED BY THE METHOD FROM A MODEL 
WITH THREE CONSTANT PARAMETERS 

Frequency Range Frequency Range Frequency Range 

Experimental No. 3 No. 4 No. 5 

Site Frequency Frequency Frequency 
(c/s) M (kg) (c/s) M (kg) (c/s) M (kg) 

ND5 160 - 310 56.1 333 - 500 44 . 8 
NDB 83 - 147 37. 0 273 - 450 32 . 0 
ND9 107 - 200 58. 8 333 - 500 50.4 
NDlO 120 - 200 70.4 320 - 500 62. 6 
ND15 247 - 500 39. 6 
ND2 100 - 140 506 160 - 320 67.0 340 - 500 56. 0 
ND6 220 - 303 43.2 347 - 500 42.5 
ND7 347 - 483 43. 1 
NDll 333 - 500 53.1 
ND12 167 - 287 54. 4 340 - 500 51. 2 
ND3 280 - 385 63. 3 410 - 500 41. 7 
ND4 
ND13 257 - 467 35 . 5 420 - 500 27. 8 
ND14 180 - 260 63.9 

foundation might be expected to be above average strength; (b) group 2 (Fig. 10)-sites 
with foundation composed of base, subbase and subgrade , none of them stabilized; (c) 
group 3 (Fig. 11)-sites with a stabilized subbase; and (d) group 4 (Fig. 12)-sites with 
stabilized bases. All the sites of groups 2, 3 and 4 are on varying amounts of fill. 

The total number of straight lines which could be found varies from a minimum of 2 
to a maximum of 5; there also seems to be a slight tendency for this number to increase 
for constructions with stabilization either in the subbase or base. 

The value of S always increases with frequency up to a broad maximum in the highest 
or second highest frequency range. On the other hand, R, decreases at various rates 
as the frequency increases. 

From Eq. 13 and the values of B given in Table 6, it is seen that the decrease in 
M with increase inf is very rapid at low frequencies. At the high frequencies the mass 
remains constant over considerable ranges of frequency; however, the mass still de
creases with increase in frequency in a number of steps. 

The total mass, M, consists of the effective ground mass, Me, which takes part in 
the vibration, and the mass, Mg, of the equipment below U1e for ce generator which also 
vibrates rigidly (Fig. 6). With the present equipment Mg = 34 kg, so that M can never 
be smaller than this value. Although the values of M obtainable from Table 6 over the 
low frequences are clearly much greater than this critical value, this condition is also 
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satisfied in all cases shown in Table 7 except two (the second value for ND8 and the 
second value for ND13), where Mis slightly smaller than 34 kg. The tendency of M 
towards this independently measured critical value confirms, therefore, the following 
points: (a) the part of the equipment below the force generator may indeed be consider
ed rigid up to 500 c/s; (b) the calibration of all transducers and electronic equipment 
is sound; and (c) the measurements are, on the whole, reliable and have been correct
ly reduced up to this stage. 

Although no mean values of M for each site can be taken on account of its rapid 
variation with frequency, some significance could be attached to the mean value of the 
other two parameters (S and R), as their variation with frequency is much smaller. 
The mean values of Sand R for each site and each group are given in Table 8. 

Considering the mean values for each group, it is noted that S is lowest for group 
1 and highest for group 4. Group 4 also shows the largest value of R, while the lowest 
value occurs for group 2. However, there are considerable differences between the 
site values within each group, a fact not altogether surprising because the grouping was 
done in a rather arbitrary way as regards amount and type of stabilization. The high 
values for site ND4, which are presumably related to the 6 percent cement stabiliza
tion of the base, and the reiatively low values for site ND13 where the base is sta
bilized with lime instead of cement, should be noted. 

The differences between the means of each group are not much greater than the 
scatter within each group and therefore nothing further of significance can be deduced. 

The stiffnesses, S, in Table 8 were compared with a few Benkelman beam results 
carried out on the same sites. An inverse correlation was noted between the stiffness
es found from impedance measurements and the deflections from the Benkelman beam 
tests, high values of S being usually associated with small deflections. 

WAVE PROPAGATION TESTS 

Another form of vibration testing makes use of the wave propagation method, in 
which the wave lengths of vertical surface waves are determined for various frequen
cies. The data are usually presented on a phase velocity vs wave length plot (Fig. 13) 
and interpreted in terms of a theory developed by Jones (6). For a layered construc
tion, the dispersion graph results in a number of branches from which the sheer modu
li and thicknesses of the layers can be determined accurately. 
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TABLE 8 

MEAN VALUES OF SAND R FOR EACH 
SITE AND FOR EACH GROUP 

Group 

1 

2 

3 

4 

Site 

ND5 
ND8 
ND9 
NDl0 

Mean 

ND15 

ND2 
ND6 
ND7 
NDll 
ND12 

Mean 

ND3 
ND4 
ND13 
ND14 

Mean 

S (N m- 1
) R (N m- 1 s) 

l, 54 X 108 l, 81 X 105 

9.30 X 107 3 . 15x 105 

l, 13 X 108 1. 54 X 105 

1. 38 X 108 2 . 18Xl05 

1. 24 X 108 2. 17 X 105 

l, 53 X 108 1. 55 X 105 

2.56 X 108 1. 65 X 105 

1. 87 X 108 1. 78 X 105 

3. 57 X 108 2.90 X 105 

2. 64 X 108 2 . 09 X 105 

2.20Xl08 1, 57 X 105 

2. 57 X 108 2 . 00 X 105 

4.26 X 108 3. 72 X 105 

l, 05 X 109 9. 82 X 105 

1.82x108 1. 97 X 105 

2. 59 X 108 3.06 X 105 

4. 79 X 108 4. 64 X 105 

Wave propagation tests were carried 
out on all the sites where impedance meas
urements had been made. The exciting 
forces were produced with the same equip
ment (vibration generator mounted under 
the trailer). Wave lengths were deter
mined by measuring the increase in phase 
angle with increasing distance at various 
frequencies. The equipment was, un
fortunately, unsuitable for measurements 
much above 1, 000 c/s, with the result that: 
(a) the shear moduli of the surfacing could 
not be determined; (b) the shear moduli of 
the base course could only be determined 
approximately; and (c) thicknesses of the 
layers could not be calculated exactly 
from the measurements, but had to be es
timated by assuming that the depth at 
which the elastic constants were deter
mined was one-third of the wave length. 

Profiles of the type shown in Figure 
14 were calculated from the results ob
tained by this method and it was found that, 
in spite of the approximate method of 
determining depths, there was no diffi-
culty in identifying the layers to which the 
shear moduli referred. 

The thicknesses, although approximate, were used in later calculations to deter
mine the geometry of the vibrating mass in the subbase and subgrade, where they 
were not always given in the design profile. 

GEOMETRICAL SHAPE OF VIBRATING MASS 

Values of the three parameters (mass, stiffness and resistance) cannot easily be 
related to the mechanical properties of road foundations with which the engineer is 
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Figure l3. Phase velocity vs wave length graph for site ND 3 . 
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Figure 14. Design and calculated profiles for site ND 3 . 

familiar. On the other hand, impedance measurements are reasonably accurate and 
repeatable and, from their nature, should be usefully related to the mechanical prop
erties of the constructions under test. The method of working with averaged values 
of Sand R may give an overall picture of the construction, but what is required is 
more detailed information on the mechanical properties of each layer of the construction 
which would offer some indication of whether under-design or over-design has occur
red. 

More rational use must therefore be made of the measurements and their variation 
with frequency and, because of the lack of an adequate theory, a geometrical model is 
postulated which represents an approximation to actual conditions. In so doing the 
following observations have been borne in mind: 

1. The three-parameter model implies a rigid mass of material in a state of vi
bration, restrained by frictional and elastic forces. 

2. The vibrating mass varies rapidly with frequency, but in a somewhat irregular 
manner. At the higher frequencies it changes in a series of steps, while at the lower 
frequencies it varies continuously according to an inverse cube law as well as in steps 
as reflected in sudden changes in B (Eq. 13). 

3. The number of steps is of the same order as the number of layers of the con
struction. 

4. Both theory of, and experimental evidence from, the wave propagation method 
show that lower frequencies penetrate to greater depths of the construction. 

These points suggest that a discontinuous increase in mass indicates that an additional 
layer has attached itself to the vibrating mass. If the layer is thin and bound together 
by strong internal forces, the transition from one layer to the next is represented by 
a sudden change in mass, while if the layer is thick and bound by weak internal forces, 
the increase in mass is continuous within the layer, while transition to a lower layer 
is accompanied by a change in B. If the thicknesses and densities of the various layers 
are known, it is possible to build a geometrical model using the variation in M ob
tained by impedance measurements. 

The geometrical shape of the vibrating mass in each layer must be symmetrical in 
a horizontal plane, and static elastic theories also indicate that the load spreads in 
area as the depth increases; accordingly a frustum of a cone suggests itself for all the 
layers except the surfacing. To avoid unreasonably large spreads, which were found 
to occur for the surfacing, a cylinder has therefore been used to represent the shape 
of the top mass. 
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It does not necessarily follow that the number of frequency ranges must always be 
exactly equal to the number of layers in the road profile. Strong cohesive forces be
tween two layers may give rise to a single frequency range (or M step). If a horizontal 
crack develops within one layer, or there occurs a horizontal boundary to the composi
tion in a natural soil, the nominally single layer may give rise to more than one fre-
quency range (or M step). · 

In the present series of measurements, the nominal thicknesses of the top layers 
were available from the design sheets for the experimental road supplied by the Depart
ment of Transport. The use of these values is not entirely satisfactory because the 
thicknesses of the actual construction may probably differ from those indicated in the 
design profile. A method based on wave propagation measurements is being developed 
by which it should be possible to determine thicknesses in situ to a fair degree of ac
curacy. 

In practice, densities normally lie between 90 and 150 pcf and therefore represent 
a maximum variation of 25 percent about a mean. It will further be shown that a slightly 
incorrect density does not afiect significantly the final results. Accordingly, for the 
determination of these models , a uniform density of 2 x 103 kg/cu m (equivalent to 120 
pcf has been used. 

In the following treatment the layers of the construction are numbered progressively 
from the top downwards, as follows: subscript 1 refers to the surfacing; subscript 2, 
to the base; subscript 3, to the subbase; subscript 4, to the subgrade. If M is the total 
mass obtained from the measurements at a given frequency and n layers are affected 
at that frequency 

M = Mg + M1 + ..• = Mn (15) 

in which Mg is the apparent mass and M1 . . . Mn are the layer masses taking part in 
the vibration. Because all the M's up to Mn_ 1 are known from measurements at 
higher frequencies, M can be obtained by subtraction. In cases where Mis a function 
of frequency, M has been calculated (Eq. 13) for the lowest frequency in the relevant 
frequeney range. With these conditions in mind the following basic procedure was 
adopted to determine the geometrical shape of the models for each of the sites (Fig. 18): 

1. The radius of the cylindrical mass associated with the surfacing was deter
mined from the experimentally measured mass, M1, and design height, h1, from 

(16) 

2. With r 2 determined, M2 known from impedance measurements, and h2 obtained 
from the design profile, a conical shape for the second block was assumed and its 
radius at the base, rs, and the vertical angle, 92 , determined from 

(17) 

and 

(18) 

3. The vertical angles of the lower blocks were obtained from the ratios of the 
elastic moduli of adjacent layers as determined from wave propagation experiments, 
according to 

(19) 
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in which E and Gn are the Young's and shear moduli of the nth layer. 
Eq. 19 (which assumes equal Poisson's ratios for adjacent layers) is strictly only 

applicable to the case of transmission of a plane compressional wave across the bound
ary between two elastic media, with no slipping at the boundary. However, its appli
cation here appears justified in that heights determined from Eq. 19 agreed well with 
design thicknesses where these were available. 

4. Using the radius of the block above and the experimentally determined mass, 
the height, hn, of the nth block was found from 
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and the radius of the base from 

(21) 

In some cases it was found necessary to combine more than one mass layer as ex
plained earlier. A useful guide is provided by noting the frequency above which a 
block ceases to vibrate. For similar types of construction these limiting frequencies 
should be of the same order of magnitude at a given level. 

The calculated variations of radii, r, with depth, h, are given in Figures 15 to 17, 
where separation between design layers is indicated by full horizontal lines, whereas 
the dashed lines show levels obtained by the method described under 3 and 4. It will 
be noted that the differences are usually small, and in some cases the design and cal
culated layer levels are practically coincident. 

The numbers given at the layer separation points in Figures 15 to 17 refer to the 
frequencies above which the layers of the construction, below these points, are not 
involved in the vibration. No satisfactory model was obtained for ND8 because of lack 
of realistic masses. 

In general, it may be remarked that the models for the sites such as ND15 (no sta
bilization) and ND13 (lime stabilization in the base) extend to greater depth than the 
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Figure l7. Variation of radii, r, with depth , h, for sites with stabilized subbase . 

models for more solid constructions, such as ND3 and ND4 (with cement stabilization 
in the base). Furthermore, for most of the stabilized constructions (Figs . 14 and 15) 
(except for ND13), the model does not extend much below the subbase level, showing 
that forces at frequencies higher than 10 c/s do not affect the subgrade to any consid
erable extent. 

ESTIMATION OF STIFFNESS AND RESISTANCE ASSOCIATED WITH EACH 
LA YER OF THE CONSTRUCTION 

Stiffnesses and resistances obtained from impedance measurements (Tables 4 and 
5) represent the total values of these quantities associated with that part of the model 
which is in a state of vibration at any particular frequency. 

The mechanism of the model can be understood by reference to Figure 18, where it 
is shown how, for any layer, n, both stiffness, Sn, and resistance, Rn , have been di
vided into side components, Snl and Rnl, and base components, Sn2 and Rn2 such that 

and (22) 

Rn Rnl + Rn2 
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Sn =Sni + Sn2 
Rn =Rni + Rn2 

S = S11 + S21 + - - - - - + Sn 

R = Rn+ R21+ -----+Rn 

SURFACE 

Figure 18. Diagram illustrating the division of stiffness, S, and resistance, R, into 
base and side components. 

When, at a lower frequency, layer (n + 1) comes into action, it attaches itself rigidly 
to a layer n over the whole base area, so that Sn2 and Rn2 become inoperative, where
as Snl and Rnl remain effective. Values of Sn and Rn may therefore be obtained for 
any particular layer from 

S = S11 + S:! 1 + . . . . . . + Sn I 
R = Ru + R21 + .•.•.. + Rn 

(23) 

provided that values for the side components of higher layers are known. S and R are 
the experimentally measured values in the frequency range for which n layers are dis
turbed. 

The problem resolves itself therefore into finding how Sn and Rn divide themselves 
into base and side components. 

Inasmuch as the vibrating mass is considered rigid, stiffness and resistance effects 
are confined to the surface of the model. It is therefore assumed that frictional re
sistance and compressive stiffness are proportional to the surface area of the model. 

Because the stiffness over the base is necessarily compressive, and the stiffness 
along the sides is partly compressive and partly tangential, this must be taken into 
account in the calculations. 

If Poisson's ratio is assumed as µ = 0. 5 ands = compressional stiffness per unit 
area, then s/3 = shear stiffness per unit area. Consider an applied vertical force, F; 
then (Fig. 19). 



The compressive component on slant 
face= F sin 0. 

The tangential component on slant 
face= F cos e. 

The compressive stiffness = s sin e 
perpendicular to surface. 

The shear stiffness = s/3 cos e par
allel to surface. 

The compressive stiffness along ver -
tical = s sin2 e. 

The shear stiffness along vertical = 
s/3 cos2 e. 

Therefore , total vertical stiffness per 
unit area of curved surface is 

s (sin2 9 + 1/3 cos2 9) = 

s (1 - 2/3 cos2 9) 

If A8 = area of curved surface and Ab 
area of base, 

the vertical stiffness due to the curved 

surface = As s (1 - 2/3 cos2 e) 

and vertical stiffness due to base Abs 

side stiffness 
total stiffness 

F = APPLIED VERTICAL. FORCE. 

A5 =AREA OF CURVED SURFACE. 

Ab = AREA OF BASE. 

29 

ti =VERTICAL ANGLE OF CONE. 

= 

Figure 19 . Determination of Sn1 and Sm 
from Sn · 

As (1 -j cos
2

9) 

As + Ab (1 - } cos29) 
(24) 

The resistance per unit area will be independent of direction if the tangential fric
tion is equal to perpendicular friction so that 

(25) 

As and Ab are fully defined by the geometry of the model and, in terms of the no
tation of Figure 19 , are given by 

(26) 

(27) 

and for the case of a cylinder 

2 7T rn hn (28) 
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The division of Sn and Rn into their components depends, therefore, essentially on 
the ratio As / Ab. Consequently, with the thiclmess, hn, fixed, t he enor introdu ced 
by a slightly incorrect model is greatly reduced, because both Ab and A5 var y in the 
same direction with a change in r n + i, and a slightly incorrect val ue of p does not 
affect significantly their ratio. 

Some of the results representative of each group are given in Figure 20 for Sn and 
in Figure 21 fo r Rn. The horizontal axis is propor tional to the depth below the sur
face, whereas the heights are proport ional to either Sn or R11 • The heights of the shaded 
areas are proportional to the side components (S0 1 and R111, respectively) , and the 
heights of the unshaded areas are proportional to the base components (8n,2 and R112, 
respectively). 

No direct comparison is possible, as all the sites tested represent different con
structions. However, some general trends and characteristics are evident, as follows: 

1. In general the value of Sn decreases as n increases, irrespective of the type of 
construction. An exception occurs for site ND3, where the maximum value of Sn oc
curs in the base course, which is cement-stabilized. 

2. The value of Snl (shaded areas) varies in a manner depending on the construc
tion. In particular, the value of Su is always lower than Si 1, indicating that, as soon 
as the frequency is sufficiently low to excite the base, the surfacing contributes very 
little to the overall stiffness of the construction. 
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Figure 20. Comparison between Sn values for 4 types of constructions. 
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Figure 21. Compari son between Rn values for 4 types of constructions. 

3. Large differences occur in the value S1, 8.i and S3 between the various construc
tions. The individual values cannot be taken as characteristic properties of the struc
ture as a whole, but they represent the contribution of the layer under consideration 
to the overall stiffness of the construction. 

4. Stiffnesses are higher for the better types of construction in Figure 20, cor
responding stiffnesses being higher for the stabilized sites ND3 and ND12 than for the 
unstabilized sites ND10 and ND15. 

Similar considerations are applicable to the R values given in Figure 21: 

1. There is no definite trend in the Rn values, which vary to a much lesser ex
tent with depth than do the Sn values . 

2. The same is true of Rn l (s haded areas). Again Ru is always lower than R21, 
indicating that the contribution of the surfacing to the overall resistance of the construc
tion is negligible at lower frequencies. 

3. Resistances are higher for the stabilized constructions (such as ND3 and ND12) 
than for the unstabilized ones (e.g., ND10 and ND15.) 
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DETERMINATION OF MECHANICAL QUANTITIES AT VARIOUS DEPTHS OF 
THE CONSTRUCTION 

Once a suitable model has been found from impedance measurements and from 
it the division of S and R into their components for each layer estimated, other 
mechanical quantities at any depth of the construction may be estimated. The 
accuracy of such calculations will depend on the reliability of the original experi
mental data and on the degree of approximation involved in the various assump
tions made in deriving the model which, it must be emphasized, is a simplifica
tion of actual conditions. 

It is nevertheless felt that , if the same procedure is consistently followed in in
terpreting the measurements, comparison between results obtained from similar con
structions should be relatively free of any errors introduced by the geometric dimen
sions of the model. In this and the following section, methods are developed for cal
culating the vertical stresses at any depth of the construction and the mean energy loss 
per cycle in a given layer at different frequencies of applied loading. Heukelom (4) 
has related frequency to equivalent vehicle speed, but this relationship has not been 
used here. It should be borne in mind that, although the values deduced here apply to 
sinusoidal loading, the passage of a vehicle wheel imposes a single impulse containing 
a large number of frequencies which are attenuated to different extents by the layers. 
The shape of such a surface impulse will therefore change with depth, whereas with 
sinusoidal loading, the amplitude only is reduced with depth, but not the shape. 

Determination of stresses 

The adopted model consists of a rigid mass, M, vibrating with a vertical velocity , 
v, determined by the applied force, F, and mechanical impedance, Z, according to 

F 
V = Z (29) 

Therefore, with Z determined, v may be calculated for any impressed force, and the 
whole mass moves with this velocity. 

The total force, Fn, acting at any level, hn, of the construction over a horizontal 
area, An, will be 

in which Zn is the impedance of the model below level hn, Zn will be a function of 
frequency and in general is given by 

(30) 

(31) 

in which R ', M' and S' are the total values of R, Mand S below the level, hn, which 
are effective at the frequency w/ 2 1T. Because the model itself is a function of fre
quency it follows that, at a given level, Zn is calculated by inserting the correct values 
of the primed parameters at the frequency under consideration. 

The stress, CJ, at level hn and frequency f is then obtained from 

Fn 
CJ= -

An 
(32) 

or 

(33) 

Inasmuch as both Zand Zn are complex quantities, it follows that Fn and CJ are not in 
phase with the applied force. 
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Stresses were calculated in this way for all the sites investigated at the levels of 
separation between layers. Because the area of cross-section of the cone increases 
with depth, the top of each cone section should in all probability give the value of maxi
mum stress in the material. 

The results for one of the representative sites are presented as curves of stress, 
a, vs frequency at various depths in Figure 22. A wheel load of 1 ton (or 6. 93 x 103 

newton) was assumed, the load being spread evenly over a circular area of radius 10 
cm (i.e., equal to the area used in the dynamic tests). This load corresponds to a 
surface stress of 2. 20 x 105 N/m2

• Hence in all the graphs, a has this value at all 
frequencies for h = 0. 

The following points should be noted in Figure 22: 

1. CJ decreases rapidly as the depth h, necessitating the use of a logarithmic scale 
on the vertical axis. 

2. At the higher frequencies (corresponding to higher vehicle speeds) only the 
higher layers are affected and hence the plot of CJ for lower layers is very limited. 
This implies that, at high speeds, the surfacing and the base are of importance and 
subbase and subgrade are operative at low speeds only. 
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Figure 22. Variation of vertical stress, a, with frequency, f, at various depths 
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3. Graphs for the lower layers show a tendency to rise as f increases, showing 
that maximum stress occurs at the maximum frequency at which the layer is affected. 

As a varies comparatively little with frequency, its mean value may be used as an 
index of the reduction of stress with depth, independent of frequency. The results for 
some representative sites are shown in Figure 23, in which the heights of the lines 
are proportional to the logarithm of a and their positions on the horizontal axis to the 
depth. The figures at the top of each line indicate the frequency below which the cor
responding stresses exist. 

The reduction of a with depth is most marked for the sites with stabilized founda
tions (ND12 and ND3), but much less marked for ND15 where the foundation is un
stabilized. The rapid drop in a for site NDlO is remarkable and might be ascribed to 
the fact that the penetration macadam surfacing was apparently not well compacted. 

Determination of Energy Loss 

Another quantity which may be determined from the impedance method, after a 
geometrical model has been assumed, is the energy loss in unit volume. It is more 
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useful to determine this quantity for one cycle, as in this form it may be more directly 
related to the passage of a single wheel load on the surface. 

As before, it is assumed that the applied vertical force is sinusoidal and of fre
quency f = w/ 2 'IT. Then the stress, crn, at a depth, hn, below the surface will also be 
simple harmonic and of the form 

an = a0 exp (j wt) 

and the vertical velocity, v (constant for the whole moving mass), is 

Fn 
v = Zn = 

an An 
Zn 

iri which en is the phase angle between crn and v, at depth hn, i.e., 

Xn 
tan en= -

Rn 

Hence 

(34) 

(35) 

(36) 

(37) 

If pis the instantaneous power distributed throughout the vibrating volume, Vn, below 
hn, 

-+ -+ 
p = Fn v 

A 2 2 

A (-+ •) n cro t ( t e) n an v = ~ cos w cos w -

Thus the average power over volume below hn is 

T lap dt 

p 
T 

in which T 1/f period of vibration. 

Therefore , cos wt cos (wt - en) dt 

Hence the energy lost per cycle in volume, V n• below hn is 

A 2a 2 
n o 

2f IZn l 
cos en= 

(38) 
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Expressing En in terms of v (see Eq. 33) gives 

Fn v 
En = -f- cos en (39) 

If En+ 1 is the energy lost per cycle in a vibrating volume, V n + 1, below some greater 
depth, hn + 1, and En - En+ 1 is the energy lost per cycle in the vibrating volume be
tween depths hn and hn+ 1, 

En - En+l = f [Fn cos en - Fn+l cos en+l] 

and finally, w, the energy lost per unit volume between levels~ and~+ 1 is 
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for site ND 3. 
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in which the V's are calculated from the model's geometric dimensions. 
Values of w at various levels obtained for site ND3 (as an example) are shown in 

Figure 24. In general, the graphs are characterized by a rising curve which reaches 
a maximum just before the layer under consideration becomes inoperative. Apart 
from the maximum, the energy loss is lower for deeper layers, but the latter show also 
a steeper gradient. The general characteristics shown in Figure 24 occurred also in 
the graphs for the other sites. 

DISCUSSION 

A method has been outlined by which a number of the mechanical properties of a 
layered construction can be determined quantitatively, almost entirely from impe
dance measurements. 

No claim is made that the geometrical model adopted is unique or the most suit
able, nor that further improvement in the method of determining its geometric di
mensions cannot be made. However, the facts that the model must be symmetrical in 
a horizontal plane and that static theory indicates that the load spreads over a wider 
area with increase in depth, point unmistakably in the direction of a conical shape. 
There is a need for a more exact method of determining the radii of the cone frust
ums and this possibility is being investigated. 

In spite of the uncertainty existing over the actual dimensions of the model, the 
general equations and methods of deduction of the more practical quantities (such as 
o and w) should remain correct. Numerical values for the stresses are perhaps less 
reliable than those for the energy loss, in that the former are directly dependent on 
the square of the linear dimensions of the model, whereas the latter depend only on 
the volume (i.e., is independent of the radii of the cones). 

Further vibration measurements on other roads are being carried out, as the 14 
different types of construction tested are insufficient to enable conclusions of a general 
nature to be drawn; variations are, however, in the expected direction in most cases. 
A large number of measurements of nominally equivalent constructions are required 
to give more definite indication of the validity of the assumptions. Independent meas
urements of the derived quantities (e.g., the introduction of strain gages at various 
depths of a road construction, as is being done by Dempwolff, et al (7)), would be of 
great value, and are being planned. -

The present work will be recognized as having its origin in the work of Baum (8). 
Progress, however, has been made in that it has been possible to assign values of the 
parameters to each layer of the construction. The remainder of the work follows al
most axiomatically. An essential part of this development has been the wider frequency 
range of the equipment which has provided a more complete picture of mechanical be
havior and without which no progress could have been made. 

The present method of treatment can be criticized on the grounds that the problem 
has been oversimplified. The purpose, however, has been to attempt to bring impe
dance measurements one step nearer to the stage where they can become useful tools 
in the hands of the road engineer. The following applications can at present be en
visaged: 

1. Study of the deterioration of any road construction under traffic, by repeated 
measurements at regular intervals. 

2. Survey and assessment of existing roads , and localization of required improve
ments. 

3. Control of construction during road-building operations to check that each layer 
falls within required tolerances. 

4. A simplification of rational design, based on elastic theory. 
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Discussion 

E. N. THROWER, British Road Research Laboratory, Harmondsworth, England. -
This paper presents a purely empirical discussion of the interpretation of dynamic 
stiffness tests on road constructions. It is based on a collection of arbitrary assump
tions and ad hoc arguments which are difficult to discuss in a coherent fashion. Picking 
out just a few points: 

1. It would have been somewhat less confusing if the results quoted by the authors 
for the impedance of a site had conformed to the definition given under "Principle of 
Impedance Method, " where it is defined as the ratio between the total force exerted on 
the pavement itself, and its velocity. It is implied in the section on "Description of 
Experimental Sites and Data," however, that the results quoted refer to the ratio be
tween the force applied to the vibrator foot and the pavement velocity; to obtain the im
pedance as originally defined the quoted values of wX must be corrected by subtracting 
the reactance wMg of the foot. 

2. The arguments presented under "More Complete Interpretation of Experimental 
Data" assertion that the "mass" parameter will vary as f- 3 does not involve the layered 
character of the construction. In fact, if true at all, it is true in particular for a 
semi-infinite uniform material. The calculations made by Sung (9 ), however, show 
that, on the contrary, wX varies parabolically with frequency over the relevant part 
of the frequency range, so that the "effective mass" is constant. Thus there is no 
foundation for this argument. Further, if the argument were valid at all, it should be 
valid at all frequencies. Why then, is the dependence of the mass term (as distinct 
from the total wX) taken as applying only at low frequencies? Lastly, the argument 
assumes that the phase velocity of the waves concerned is independent of frequency. 
Which of the many modes of vibration of a layered structure do the authors have in 
mind? 

3. The assertion, implicit in "Description of Experimental Sites and Data, "that Me can 
never be negative, is also untrue; indeed, Figure 4 shows that at this site, -wX increases 
withfrequency , up to about 100 c/ s , and this implies anegati ve value of Me, as deduced from 
the plol of wX against w2 used by the authors . This situation is avoided in the report by 
switching to an C 1 plot, but similar eflects c,u, also occm· in the higher frequency 
range. Thus, if a sufficient degree of acoustic mismatch occurs between two adjacent 
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layers a resonant condition can arise from the reflection of longitudinal or shear waves 
at the interface. The resulting fluctuations in wX cause negative values of Me. Similar 
effects can arise from reflection of flexural waves at the edges of a road. Both these 
phenomena have frequently been observed in experiments made at the British Road 
Research Laboratory. 

4. In connection with these points, perhaps the authors would indicate how their 
analysis would apply to the curves of Figure 25, which are calculated from the theoreti
cal results of Warburton (10) and refer to the similar case of an elastic layer (shear 
modulus G, Poisson's ratio¼) of thickness H, loaded over a circular region of radius 
r 0 , and superimposed on an infinitely rigid substratum. The model thus assumes an 
infinite mismatch between the two media, and is to that extent unrealistic. Neverthe
less, some sites approach this limiting case fairly closely, and the main effect of the 
finite mismatch (and of damping inherent in the materials) will only be to reduce the 
height of the resonant peaks. (The dotted portion of the curves denotes regions where 
the fluctuations in wX are so rapid that the curves are not known accurately. ) 

5. Use of Eq. 19 which gives the angle of refraction of a plane longitudinal wave at 
the interface between two media, to calculate the angle of the fictitious cones of the 
author's model is without justification. Arbitrary introduction of this equation from 
the theory of an elastic continuum into a field to which it is completely irrelevant is 
unwarranted. 

6. Although the elastic properties of bituminous materials vary rapidly with tem
perature, no reference is made to the effects of this parameter on the impedance 
values. 
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In general, analysis of impedance data along the lines of this paper, in which analy
sis and discussion of the real phenomena visible in the test results (e. g,, thickness 
resonances, etc.) are replaced by the arbitrary introduction of as many ad hoc hypo
theses as seem necessary, can ever lead to any fruitful results, especially when, as 
here, the hypotheses are unsupported, and indeed, often contradicted, by the available 
theoretical results. 
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R. JONES, British Road Research Laboratory, Harmondsworth, England. -A few com
ments are offered here on the ambiguities and misconceptions which seem to exist in 
the section on "Wave Propagation Tests." 

The writer's theory to which the authors refer is based on the assumption that the 
road may be treated as a plate (or composite plate) on liquid layers. These assump
tion.s have allowed an interpretation of the experimental data obtained at the higher test 
frequencies, usually in the range of about 700 to 24, 000 c/s, on major road construc
tions in Great Britain. The analysis permits the elastic moduli and thicknesses to be 
calculated of those cement- or bituminous-bound layers which have a considerably 
higher shear modulus of elasticity than the underlying soil or unbound granular layers. 
It is unfortunate that the apparatus described by the authors is not able to operate in 
that part of the frequency range in which alone a rational interpretation is believed to 
be possible at this time. 

Absence of an adequate theory to interpret the low-frequency data does not, however, 
deter the authors from making confident identification of the depth and shear properties 
of the layers of a road by a process which has no rational justification. In data relating 
velocity to wave length obtained on our experimental roads we have been able to identify 
certain velocities which were constant over a range of low frequencies (long wave 
lengths) with the shear wave velocities in underlying granular materials. However, 
this inference was made only when the elastic properties of the granular layer had 
been previously measured during the road construction. As the authors are possibly 
aware, the depth of bases and subbases inferred from these results by the rule given 
in the paper (i.e., depth equals one-third of a wave length) was up to 7 times the true 
depth (11). Moreover, the depth found by the author's third rule can actually change 
with the date of test because the relations between wave length and velocity on a bitum
inous road change with the road temperature and, therefore, this causes changes in the 
complex modulus of elasticity of the bituminous materials. In the present state of 
knowledge, it is doubted that any region of constant velocity can be identified with the 
shear wave velocity of a particular layer without prior information. Why should not 
similar effects occur at compressional wave velocities, or even at velocities completely 
unconnected with the characteristic velocities in any of the layers as was found recently 
(12) in theoretical work on an earth model? 
-It is to be regretted that the authors have included so many apparently dubious as

sumptions and have, moreover, expressed confidence in their deductions without offer
ing adequate proof or confirmation by means of independent measurements. This 
method of presenting controversial ideas is particularly regrettable because it can mis
lead newcomers to the subject and perhaps delay the development of a rational inter
pretation of the experimental data. 
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M. E. SZENDREI and S. H. KUHN, Closure-The authors wish to thank Dr. Jones 
and Mr. Thrower for their comments, which emphasize the present difference between 
two possible approaches in the investigation of dynamic testing. Although a number of 
theories have been developed, mostly based on idealized assumptions, little correlation 
has been established with practical road behavior. A number of other investigators, 
both in Europe and in the U.S. A., have on the other hand already applied dynamic tests, 
using approximate theories, with success in road and airfield design and the evaluation 
of performance under traffic. 

In following the latter approach the authors admit that some of the assumptions made 
can be criticized theoretically. However, in the absence of an applicable theory and 
the evidence that results with practical significance are obtained, it is at present con
sidered to be the best approach to investigate this promising method. The mechanical 
model used in the derivation of stresses and energy losses does not necessarily repre
sent the only or best possible solution to the observed data. This fact has been men
tioned in the introduction as well as at various stages in the text. 

In reply to the comments by Mr. Thrower, the folluwing are offered: 

1. The fundamental definition of mechanical impedance, Z, defined as the complex 
ratio of applied force to resultant velocity, has been strictly adhered to throughout the 
text. Naturally it has been applied in each case with due regard to the mechanical 
model under consideration. Thus, all the experimental wX values include the mass 
Mg of the vibrator foot, which under experimental conditions is an integral part of the 
vibrating system. When, however, in the latter part of the text, the net impedances 
of the construction are considered, Mg has been subtracted from the total mass meas
ured. 

2. The variation of the mass, Me, as C 3 at low frequencies is an experimental fact 
determined on different types of construction. Sung's theory, applying to a semi-in
finite medium and assuming zero damping, therefore does not apply to the test conditions 
described. No theoretical explanation can be offered as to why the mass Me at high 
frequencies is constant, but this again follows from experimental results. The three
parameter model assumes a rigid mass in which the velocity is very high compared to 
the velocity in the surrounding medium. 

3. The assumptions in regard to the variation of m with frequency have been con
sistently applied for all constructions analyzed and no cases were found where Me 
varies as C 3 in the high-frequency range. The authors feel that a negative Me is 
practically meaningless and that it is consequently justified to modify the assumed 
model to satisfy this condition at low frequencies. The authors do not agree that the 
experimentally determined decrease in wX at low frequencies is due to acoustic mis
match, because this fact has been established on all the constructions tested, which 
included a variety of boundary conditions. 

4. The suggested method of analysis could not be applied to the curves of Figure 
25 drawn from the theoretical results of Warburton, inasmuch as curves of this shape 
have not been found to occur at the sites tested so far. 

5. The application of Eq. 19 to the problem under discussion is admittedly of doubt
ful validity. It has been used only in extreme cases for the lower layers, when there 
was no independent means of determining the depth of the cone. However, as a check, 
it was applied also to a number of cases where the heights were known from the design 
profiles, and the resulting agreement was good as shown by the dashed lines of sites 
ND 6, ND 7 and ND 12 in Figure 16. 

In reply to the comments by Dr. Jones, the following are offered: 

The apparatus used in the wave propagation tests could operate satisfactorily up to 
a few kc/s. Higher frequencies, however, were not required to calculate the thickness 
of the surfacing-base combination, because it was determined entirely from the inter
section of the first and second branches of the dispersion curves. The data required 
for the determination of >-. were therefore the lower frequency points on the first branch 
and the higher frequency points of the second branch. The thickness of the surfacing 
was obtained from the design profile. 
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The other objection raised is the use of the empirical determination of depth assumed 
equal to one-third the wave length. Further work on this aspect since writing the paper 
has confirmed that approximate depths can be determined by the >../3 rule:-

1. A number of wave propagation tests carried out on roads with a cement-sta
bilized base and compacted subbase (of 3 times the base thickness) were analyzed 
using Jones' theory and the >.. / 3 method. It was interesting to find that the differences 
in measured base thickness obtained by the two methods differed by no more than 5 
percent. 

2. Wave propagation tests were repeated on a road during various stages of con
struction. As each layer was added, the phase velocity/wave length dispersion curves 
were displaced along the wave length axis by an amount equal to about three times the 
thickness of the additional top layer. 

According to a private communication received from the U.S. A., a theoretical deri
vation of layer depths using the wave length and the ratio of phase velocities in adjacent 
layers gave values varying between >.. I 2 and>.. I 3 and correlated well with independent 
direct measurements. 




