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Over load Behavior of Pretensioned 
Prestressed Concrete I-Beams 
With Web Reinforcement 
JOHN M. HANSON and C. L. HULSBOS 

Respectively, Research Instructor of Civil Engineering and Research Professor of 
Civil Engineering, Lehigh University 

The results of ultimate static strength tests on 18 pretensioned 
prestressed concrete I- beams with web reinforcement are 
presented. The principal variables in the test program were 
the shear-span-to-effective-depth ratio, which varied between 
2. 54 and 6. 34, and the percentage of web reinforcement. The 
beams had an overall depth of 18 in. and the majority of the 
tests were conducted on a shear-span-to-effective-depth ratio 
of 3. 39, for which the web reinforcement percentage was varied 
from O to 1. 22. The behavior of the test beams under overloads 
to failure is discussed in detail. Requirements for the amount 
of web reinforcement based on the current AASHO specifica
tions are compared with the test results. In addition, proce
dures for improved design of the web reinforcement are con
sidered. 

•AN ULTIMATE strength design of a concrete structure must be based generally on the 
following five factors: static strength, fatigue strength, stability, deflection, and 
durability. To be satisfactory, a structure must have the desired degree of safety 
with respect to each of these factors. For prestressed concrete bridge beams, stability, 
deflection, and durability are generally factors of lesser importance. The ultimate 
static strength is usually the factor of paramount importance. However, where many 
repeated loads of large magnitude can be expected, the fatigue strength of the member 
may be of equal importance. 

This investigation (1) was undertaken to study the ultimate static strength of pre
stressed concrete I-beams with web reinforcement. The results of 18 tests on simply 
supported beams subjected to a symmetrical two-point loading, designated as the 
E Series and given in Table 1, are presented in this report. Sixteen of these tests 
were single-cycle static load tests; that is, the load was increased in increments, 
without unloading, until the ultimate capacity of the member was reached. The re
maining two tests were repeated load tests. Only data taken from the first load cycle 
of the repeated load tests are included herein. 

The principal variables in the test program were the shear-span-to-effective-depth 
ratio, which ranged between 2. 54 and 6. 34, and the percentage of web reinforcement. 
Concrete strength and prestressing were held as nearly constant as possible. Most of 
the tests, however, were conducted on a shear-span-to-effective-depth ratio of 3. 39, 
for which the web reinforcement percentage ranged from O to 1. 22. Corresponding to 
this particular shear span, No. 3 stirrups with a yield point of 55, 500 psi, and the 
average concrete strength of 7, 000 psi, the percentage of web reinforcement required 
by Paragraph 1. 13. 13 of the Standard Specifications for Highway Bridges (AASHO) is 
0. 85. 

Paper sponsored by Co=ittee on Bridges . 
l 
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TABLE 1 

OUTLINE OF TESTS 

Shear Span, a Web Reinforcement Beam 
(ft) 

Size (no.) Spacing (in.) Percent Designation 

3 2D 8. 75 
2D 8. 75 

4 
3D 6 
3D 8 
3D 10 
3S 6 
3S 8 
3S 6 
3S 8 
3S 10 
2D 8.75 
2S 6 
2S 8 
2S 10 

5 

6 

7.5 

~ indicates two repeated load tests . 

a = length of shear span; 
A= area of beam cross-section; 

Av = area of ver tical stirrup; 
b = width of compression flange; 

b 1 = width of web; 

NOTATION 

0.374 
0.374 

0 
1. 22 
0.917 
0.733 
o. 611 
0.458 
0. 611 
0.458 
0.367 
0.374 
0.272 
0.204 
0.163 

0 

0 

0 

d = distance from concrete top fibers to centroid of strand; 
e = eccentricity of c . g . s. with respect to c . g. ; 

Ee = modulus of elasticity of the concrete; 
fc 1 

= ultimate compressive strength of concrete at test; 

E.14 
E.15 

E. 4 
E. 5 
E. 6 
E. 7 
E. 8 
E.9 
E. lOFa 
E. llFa 
E.12 
E.13 
E.16 
E.17 
E.18 

E. 3 

E.2 

E.1 

fci 1 = ultimate compressive strength of concrete at prestress release; 
fr 1 

= modulus of rupture strength of concrete at test; 
ft 1 

= flexural tensile strength of concrete at test; 
¾I 1 = ultimate tensile strength of stirrups; 
fy 1 = yield point of stirrups; 

F = prestress force at test; 
Fi = ini tia l pr estress force , before prestress release; 
te = distance from junction of web and top flange to lowest level at which 

stirrups may be r egarded as effective; 
Md = dead load moment; 
Mu = static ultimate moment; 

Mcf = flexural cracking moment; 



Q = moment about the c. g. of the area on one side of horizontal section on 
which shearing stress is desired; 

r = percentage of web reinforcement, 100 Av/ b 's; 
s = spacing of vertical stirrups; 

V c = shear carried by concrete; 
V d = dead load shear; 
V w = shear carried by stirrups; 
Vu = ultimate shear; 

V cf = shear causing flexural cracking; 
V cdt = shear causing dia--gonal tension cracking; 
V cfs = shear causing flexure shear cracking; 
Vuf = shear causing flexural failure; 

Z = section modulus; 
f3 = dimensionless factor which, when multiplied by d, determines effective 

horizontal projection of inclined crack; 
9 = angle, with respect to horizontal, of compressive stress trajectory; 
o = normal stress; 

ot = principal tensile stress; 
otcg = principal tensile stress at c. g. of beam cross- section; and 

'T = shearing stress. 

TEST SPECIMENS 

Description 

3 

A doubly symmetric I-shaped cross-section with a total-depth-to-flange-width ratio 
of 2 and a flange-to-web-width ratio of 3 was used for all 18 beam specimens. Each 
beam was 17 ft 6 in. in length, providing a test span of 15 ft and an overhang at each 
reaction of 1 ft 3 in. Details of the test beams are shown in Figure 1. 

Size, spacing, and percentage of web reinforcement are given in the outline of tests 
in Table 1. Except for E. 13 and E.14, each stirrup consisted of either one or two 
U-shaped bars, referred to as Sor D. Where only one bar was used, each successive 
bar was placed so that the U opened to the opposite side of the test beam. In E.13 and 
E.14 inverted L-shaped bars were used, and each stirrup consisted of two bars. 

Six 7/16-in . diameter strands were used as the prestressing elements in each beam. 
All strands were straight, and each strand was pretensioned to a nominal initial force 
of 18. 9 kips, providing a total initial design prestress force of 113. 4 kips. Assuming 
losses of 8 percent in the prestress force at transfer, the initial stresses in the top 
and bottom concrete fibers, based on the transformed section and neglecting dead 
weight, are 210-psi tension and 2, 150-psi compression, respectively. 

Materials 

Ready- mixed concrete was used in casting the test beams, having a cement-to-sand
to- coarse-aggregate ratio of approximately 1:1. 8:2. 3. The mix contained 7. 5 sk/cu yd 
of Type III portland cement. The maximum size of the coarse aggregate was % in . 
Gradation of the aggregate conformed to Pennsylvania Department of Highways speci
fications. Mixes were made in either 2 or 2. 5 cu yd batches, sufficient to cast three 
test beams at one time. Slump varied between 1 ½ and 2 % in., and concrete strength 
at the time of test of all beams was approximately 7, 000 psi. 

The pres tressing strand was a 1/16- in. diameter, seven wire, uncoated, stress
relieved, high tensile strength strand. A stress-strain curve for the strand, determined 
from a tension test conducted in the laboratory, is shown in Figure 2. Failure occurred 
in the testing machine grips at an ultimate load of 26. 3 kips. The stress-strain curve 
in Figure 2 was virtually identical with the stress-strain curve provided by the manu
facturer, which indicated that the strand had an ultimate load of 27. 5 kips, corresponding 
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I b / 

• Concrete Section 
.., • Transformed Section 

7/16" Strand Typ.J 
L 1. 112" 

4-112" r 4 -112" 

9" 
SECTION A·A 

Figure 1. Details of test beams . 

to an ultimate stress equal to 252. 5 ksi, and 5. 1 percent elongation in 24 in. The 
surface of the strand was free from rust, and care was taken to avoid getting any grease 
on the strand during the fabrication operation. 

The web reinforcement was fabricated from hot rolled No. 2 or No. 3 deformed 
bars. For the No . 2 ba1·, the yield point stress, f 'y, was 59,500 psi and the ultimate 
stress, f~, was 85,700 psi, based on an area of 0. 049 sq in. For the No . 3 bar, fy 
was 55, 500 psi and fJ was 82, 700 psi , based on an area of 0. 11 sq in. The values of 
ff and f~ for the No. 2 and No. 3 bars are an average of 12 and 3 tension tests, respec
tively, 

Fabrication 

The test beams were fabricated in a prestressing bed set up in the laboratory. The 
length of the bed was sufficient to permit three beams to be cast end to end. The 
sequence of operations in casting the test specimens was as follows: tensioning the 
strands, positioning the web reinforcement, form erection, casting, curing, form 
removal, instrumentation, and prestress release. 

Two 50-ton mechanical jacks were used to tension the strands to approximately the 
desired value of 113. 4 kips. A special hydraulic jacking arrangement was subsequently 
used to adjust the tension in individual strands if required. 

Wire ties were used to secure the web reinforcement to the strand. In addition, it 
was found necessary to use a wire tie between successive projecting elements of the 
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stirrups, in the compression flange area, to prevent movement of the stirrups during 
the casting operation. 

Wood forms were used to cast the test beams. Dimensional checks made on the 
finished product indicated that, in general, dimensions were maintained within 1/a in., 
and consequently, the nominal dimensions of the cross-section given in Figure 1 were 
used in all calculations. With each test beam were cast six or more cylinders and 
three modulus of rupture beam specimens. Vibrators were used to place the concrete 
in both the test beams and the modulus of rupture specimens; the cylinders were rodded. 

All specimens were covered with wet burlap and plastic sheeting for 5 days, after 
which the forms were stripped. Whittemore targets were positioned on the test beams 
on the sixth day. On the seventh day after casting, the prestress force was slowly 
released into the beams. The specimens were subsequently stored in the laboratory 
until the time of testing. 

Instrumentation and Loading Apparatus 

The test setup and principal instrumentation employed on the test beams is indicated 
in Figure 3. Loads for all test beams were symmetrically applied using two 55-kip 
Amsler hydraulic jacks bolted to a steel test frame. Vertical deflections were measured 
by both Ames dial gages and level readings. Deformation data were taken using a 10-in. 
Whittemore strain gage. The Whittemore targets were cemented to the test beams 
with an epoxy resin. 

PROCEDURE AND RESULTS 

Properties of the Concrete 

standard 6- by 12-in. cylinder tests were conducted to determine the ultimate com
pressive strength of the concrete associated with the test beams at the time to prestress 
release, fci• and at the time of test, fc. Strains were measured on selected cylinders 
with a compressometer to determine the modulus of elasticity of the concrete, Ee. For 
comparison, values of Ee were also determined from the load deflection curves of the 
test beams. As a measure of the tensile strength of the concrete, the modulus of 
rupture, f{, was determined from 6- by 6- by 36-in. beams loaded at the third points 
of a 30-in. span. 

Cylinder tests associated with prestress release were always carried out on the 
same day that the prestress force was released, usually within an hour or two of the 
actual operation. Cylinder and modulus of rupture tests associated with the beam test 
were carried out either on the same day, or in a very few instances, on the day after 
testing. The values of fci, fc, ff, and Ee determined from these tests are given in 
Table 2. In general, each value is an average of three tests. As a typical example, 
the results of three cylinder tests associated with E. 5 at the time of test are shown in 
Figure 4. 

Prestress Data 

The initial strand tension was measured just before casting by load cells placed on 
each strand. The total initial prestress force, Fi, obtained for each test beam is 
given in Table 3. 

Whittemore readings were taken along line G shown in Figure 3 to determine the 
elastic and inelastic losses in the prestress force, and the distance from the ends of 
the test beams, at the level of the center of gravity of the prestressing strand (c. g. s.), 
to the point at which 85 percent of the prestress force was effective. Readings were 
taken just before releasing the prestress force, after release, and again just before 
testing. The difference between these readings, converted to concrete strain, was 
plotted against location along the length of the test beam, a typical example of which 
is shown for E. 5 in Figures 5a and 5b. 

Assuming that the concrete strain measured on the surface of the test beam at the 
level of the c. g. s. is equal to the average strain loss in the prestressing strand, the loss in 
the prestress force can be determined from the stress- strain curve of the strand. The 



TABLE 2 

PROPERTIES OF CONCRETEa 

At Transfer At Test 

Beam f ' El Age f ' f ' 
1 2 

Age E E C C C r C C 

(days) (psi) (ksi) (days) (psi) (psi) (ksi) (ksi) 

E, 1 7 5.600 3,100 67 7,030 690 4,000 4,600 
E.2 7 5,640 3,100 62 6,690 740 3,600 4,200 
E. 3 7 5,690 3,100 56 6,720 660 3,500 4,300 
E. 4 7 5,500 3,200 55 6,960 700 3,900 4,700 
E. 5 7 5,530 3,100 60 6,610 670 3,800 4,600 
E. 6 7 5,440 3,200 62 7,100 730 4,100 4,500 
E. 7 7 5,900 3,800 62 7,230 800 4,100 4,700 
E. 8 7 5,680 3,400 70 6,970 650 4,400 4,700 
E.9 7 5,630 3,500 74 7,140 720 4,200 4,700 
E. l0F 7 6,160 3,600 228 7,360 950 4,400 5,100 
E. llF 7 6,410 3,600 245 7,790 960 4,200 5,000 
E.12 7 5,590 3,300 68 7,020 680 3,900 4,700 
E.13 7 6,130 3,700 27 7,320 630 4,400 4,500 
E.14 7 5,670 3,600 47 6,780 680 4,100 4,700 
E.15 7 5,730 3,500 35 6,940 670 4,300 4,600 
E.16 7 5,650 3,300 64 6,950 610 3,700 4,500 
E.17 7 5,400 3,300 57 6,580 600 3,800 4,300 
E.18 7 5,520 3,200 52 6,640 580 3,600 4,500 

Avg 5,720 3,400 7,000 710 4,000 4,600 

8Modulus of elasticit~ values are designated E1 if determined from 
cylinder tests and E if determined from load:deflection curve of 
test beam. c 

strain determined from the difference in the Whittemore readings before and after 
release of the prestress force was considered to be the elastic loss. Similarly, the 
strain determined from the difference in the readings after release of the prestress 
force and just before testing was considered to be the inelastic loss. The losses and 
the prestress force at test, F, for each beam are given in Table 3. 

7 

The distance from the end of the beam at the level of the c. g. s. to the point at which 85 
percent of the prestress force was developed was determined by plotting the total con
crete strain at the time of test along the length of the beam. An example of this is 
shown for E. 5 in Figure 5c. Transfer distances determined in this way for the test 
beams are given in Table 3. 

static Beam Tests 

Load was symmetrically applied to the test beams in shear increments of 2 kips, 
except when near loads at which cracking was expected. In this case, the shear in
crement was reduced to 1 kip. Data taken during the test included primarily load
deflection reading, strain measurements by Whittemore readings, and a log of the 
loads at which flexural cracking, inclined cracking, and ultimate failure took place. 
In addition, crack patterns were marked on the test beams after the application of each 
load increment. After failure the test beams were photographed. 

The principal results of these tests are presented in Table 4. Convenient parameters 
for comparing the two principal variables in this investigation, length of shear span 
and amount of web reinforcement, are tabulated as the shear-span-to-effective-depth 
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Beam Fi (kips) 

E.1 113. 7 
E. 2 113 . 7 
E. 3 113. 7 
E.4 113. 9 
E. 5 113. 9 
E. 6 113. 9 
E. 7 114. 9 
E. 8 114. 9 
E.9 114. 9 
E,lOF 113. 7 
E. llF 113. 7 
E, 12 113.7 
E. 13 113. 5 
E.14 113. 5 
E.15 113, 5 
E.16 113. 3 
E.17 113. 3 
E.18 113. 3 

Avg 113. 8 

1/) 

a. 

C 

ui 
en 
w 
a:: 
I-
en 

7000 

4000 

3000 

2000 Cyl. No. f C Ee 
E. 5-4 6550osi. 3.7x I06psi. 
E. 5-5 6630psi. 3.7xl06psi. 
E.5-6 6650psi. 3·.9xl06psi. 

Ave. 6610psi. 3.Bxl06psi. 

0 100 200 

STRAIN, in in.fin . ( x I0-5) 

Figure 4. Cylinder tests 1·or E,5 (at test). 

ratio, a/d, and the web reinforcement 
index, i-Iy/100. The appl" ed load shears 
at flexural cracking, inclined diagonal 

TABLE 3 
tension cracking, and at failure ar e given 
as yf , and vdt, and V , r espectively. PRESTRESS DATA C C U 

Losses (I) 
'flnu,,r. Dist. Figures 6a and 6b show an overall view 

(In.) and a closer view of the right side, F (kips) re-
Elastic Inelastic Total 

End 2 End 20 spectively, of E.12. The crack patterns 
8, 4 12, 9 21 . 3 89 . 4 11 9 are marked to indicate extent of cracking 
8. 5 12. 7 21. 2 89. 5 12 14 for the value of shear marked on the beam, D, U 12. 3 21. 3 89. 4 14 17 
6. 8 11.3 20, I 91. 0 11 12 and the dark lines marked on the web of 8. 6 11 . 9 20. 5 90. 6 14 14 
8. 5 12. 3 20. 8 90,2 16 16 the test beams, perpendicular to the longi-
8.1 11.8 19. 1 92, 0 13 15 
8.1 11.8 19 , 9 92. 0 14 15 tudinal axis, indicate t he location of the 
6. 1 12. 7 20 . 8 91.0 17 15 web reinforcement. The values of vf and 6. ~ 15. 3 23. 7 86. 7 15 15 
0. ~ 15. 4 23. 7 86. 7 14 16 and vgt can be readily determined from 8. 5 12. 3 20. 8 90. 0 12 15 
7. 8 7 .1 14. 9 96. 6 15 14 Figure 6b as 24 and 30 kips, respectively. 
l,O 7. 3 14. 9 96. 6 10 11 
7,' 7. 9 15. 2 96. 3 13 11 The mode of failure is flexure. 8.,. 11.0 19 . 2 91. 6 13 15 Inclined diagonal tension cracking oc-8. 4 10. 2 18. 6 92. 4 14 13 
8. 5 9. 9 18. 4 92. 6 15 15 curred in all of the test beams. This 
8. 3 11. 5 19. 8 91. 4 13. 5 14. 0 cracking was characterized by its sudden 
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Figure 5. Concrete strain along c,g,s.: (a) after transfer, (b) from transfer to test , 
and (c) total strain to test. 

appearance and by its initiation from an interior point in the web of the test beams. 
Because the hydraulic loading apparatus controlled the displacement introduced into 
the test beams and measured the corresponding applied force, a further characteristic 
of diagonal tension cracking was a noticeable drop-off in the measured applied load at 
the instant diagonal tension cracking formed. 

In the test beams without web reinforcement, E. 1 through E. 4, the diagonal tension 
cracking load was, in effect, the ultimate load. Although the test beam did not collapse 
after the formation of diagonal tension cracking, failure appeared to be imminent. 
These four test beams were then unloaded and subsequently r eloaded to failure. These 
final values of ultimate load are given as Vu in Table 4; however, the value of vgt for 
these four test beams may be more appropriately regarded as the ultimate load. 

The state of cracking in the test beams at the time of formation of the inclined di
agonal tension cracks was reconstructed from photographs and is presented in the 
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a Beam d 

E.1 6. 34 
E. 2 5.07 
E.3 4.23 
E.4 3.39 
E. 5 3.39 
E. 6 3.39 
E.7 3.39 
E. 8 3.39 
E.9 3.39 
K10F 3, 39 
E. llF 3. 39 
E.12 3.39 
E.13 3.39 
E.14 2.54 
E . 15 2.54 
E.16 3.39 
E.17 3.39 
E.18 3.39 

aF = flexure; 

(a) 

( b) 

TABLE 4 

STATIC TEST RESULTS 

Nominal 
Shear 

Shear, V (kips) Stress Mode I 

rfy 
-
100 vf 

(psi) C 

0 14.4 
0 16 
0 20 
0 24.4 

676 24 
508 24 
406 25 
339 23.3 
254 24 
3::19 24 
254 24 
204 24 
222 24 
222 33 
222 32 
162 24 
121 24 

97 24 

S = shear. 

vdt 
at Ult. of 
Load Fail-C 

End 
2 

26 
30 
31. 8 
30 
28 
28.2 
28 
30 
30 
30 
30.6 
33.8 
33 
30 
26 
27.1 

Vu Vu urea 
End V =-

u b 'd 
20 (psi) 

20.4 16. 2 381 s 
23.9 20.8 489 s 

23.1 542 s 
30.8 724 s 

28 42.0 988 F 
28 41. 8 984 F 
28 41.1 965 F 
27.2 41. 2 968 F 
28 41. 2 968 F 
30 
28 
30 41. 2 968 F 
29.2 41. 7 981 F 
32.3 53.8 1263 s 
34 55.7 1310 F 
30 39.9 939 F 
29.4 38. 0 894 s 
31. 5 38. 7 911 s 

A----...l.: __ ,e,..._ ,.. ..... 1 ......... • .... ..J + .... ,..+ 1-,.,,.., ... ..._,.. C'l.:.-.:1 ... ..,. 
.ri.._p1;Jt::UU1A .LU.L OtJ.C;\,.,LCU LCOL JJta.J..U.Qe tr,,.JJ.1..U.J..lc:l,J. 

sketches of all of the test beams have been 
published previously ( 1). Diagonal tension 
cracking occurred on only one end of the 
test beams without web reinforcement 
because the diagonal tension cracking 
load was the ultimate load. Those beams 
with web reinforcement, however, had. 
substantial load-carrying capacity beyond 
diagonal tension cracking; consequently, 
diagonal tension cracking would form, at 
different loads, in both shear spans. 

In the figures in the Appendix, all 
cracking before the formation of diagonal 
tension cracking is indicated by solid 
heavy lines. The suddenly appearing 
diagonal tension cracking is indicated by 
dashed heavy lines, and the shear causing 
this cracking is indicated at the load point. 
Also shown in the figures, in the conven
tional way, is the location of the vertical 
web reinforcement. 

Figure 6. E.12 after failure: (a) eleva
tion view, end 2 on right; and (b) end 2. 

The principal tensile stresses, at, 
shown in the figures in the Appendix were 



11 

calculated, assuming an uncracked section and using the properties of the transformed 
section, at the intersection of the grid lines within the shear span and the junction of 
the web and top flange, the center of gravity, and the junction of the web and bottom 
flange. It was assumed that the state of stress was defined by a horizontal normal 
stress, a, and a shearing stress, 'T', and that the vertical normal stress was zero. 
Therefore, at was calculated from the equation: 

Ot = ~rn)2 + 7'2 + ~ (1) 

(a) 

(bl 

(c) 

Figure 7, Beams after failure: (a) E.l, 
(b) E,2, and (c) E,3, 

TABLE 5 

SHEAR AT FLEXURE 
SHEAR CRACKING 

Beam a/d 
yfs 

C 

(kips) 

E.1 6.34 17.5 
E.2 5.07 22 
E.3 4.23 26 

in which the normal stress was calculated 
from: 

a = F (~ - 1) - Y. (vdtx + M )<2) 
I A I c d 

and the shearing stress. was calculated 
from: 

'T' = ~ (vdt + V ) (3) 
lb' C d 

In Eq. 2, xis the horizontal distance from 
the reaction and y is the vertical distance, 
positive upwards, from the center of 
gravity of the transformed section. The 
slope of the compressive stress trajectory 
was calculated from the equation: 

e = 1 tan- 1 
( !'T') ( 4) 

Light dashed lines in the shear span show 
the compressive stress trajectories in 
the web of the test beams. 

For some test beams, for example, 
E.14, there was no cracking in the shear 
span before diagonal tension cracking 
and, therefore, the given principal stresses 
represent the state of stress just before 
cracking. However, for other test beams, 
for example, E. 3, inclined cracking which 
began as a flexural crack occurred in the 
shear span before diagonal tension 
cracking. Therefore, the calculated 
principal stresses in the region of the 
flexural cracking do not accurately re
present the state of stress at the time of 
diagonal tension cracking. 

Examination of the inclined cracking 
indicated that three test beams I E. 1, E. 2, 
and E. 3, had a lower value of the inclined 
cracking load than the value of vdt given 
in Table 4. These three test beafus are 
shown in Figure 7. Inclined cracks may 
be seen which begin as flexural cracks 
but, because of the presence of shear, 
turn and become inclined in the direction 
of increasing moment. Inclined cracks 
of this type will be called flexure shear 
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cracks and will be considered significant 
when they occur at a distance equal to or 
greater than the effective depth of the 
beam outside of the concentrated load 
point with which they are associated. 
From these figures, values of applied 
load shear, Vfs, in agreement with the 
definition of sfgnificant flexure shear 
cracking were determined; the values 
selefited are given in Table 5. The value 
of V c8 equal to 26 ldps for E. 3 is the 
same as the value of vgt given in Table 4. 
In this case, the diagonal tension crack 
formed while holding the load on E. 3 
constant at a shear of 26 kips. A sig
nificant flexure shear crack, however, 
had formed just before reaching the shear 
of 26 kips. 

Modes of failure of the test beams 
were classified in Table 4 as flexure or 
shear. The flexural failures were all 
similar, being characterized by crushing 
of the concrete in the compression zone 
and sudden complete collapse of the test 
beam. Test beam E. 5 (Fig. 8) may be 
regarded as typical of the flexural fail
ures. 

The shear failures were dissimilar. 
In the beams without web reinforcement, 
E. 1 through E. 4, as previously noted, 
the formation of diagonal tension cracking 
caused the beam to appear unstable but 
did not trigger a collapse mechanism. 
Subsequent unloading and reloading to 
failure led to a collapse mechanism char-
" "t-.a.,,.; 1'7£H~ ; ..... <:Jll fn11l"' tHlC!D~ hu f'lM1Qhino- nf 11,.4.V._.._,.., ,._,,.,..._,_ .a..a.& -•.A. ..._....,....,._.., .._,.....,....,_,...., ...,., ._._ ---••-••c, ._._ 

concrete in the lower portion of the web 
and by the simultaneous development of 
a tension crack in the top flange. The 
failure in E. 4 typifies this description. 
The failure in test beams E. 1 through E. 3 
was similar to that shown in Figure 9 for 
E. 4, and the failure region in all cases 
was located approximately the effective 
depth of the test beam from the reaction. 

(a) 

( b) 

Figure 8. Flexural failure in E,5 : (a) el
evation view, end 2 on r :!gh t; ard ( b) fail

ure region. 

~~ ·i' 
--------,----- -----

E4 ~ 

Figure 9, Shear failure in E.4. 

Two beams with web reinforcement, E.17 and E.18, failed in shear. Overall and 
close-up views of the shear span in which the failure occurred are shown for both of 
these beams in Figures 10 and 11, respectively. Only the close-up view of E. 18 is taken 
(Fig. llb) in the test setup. The other three pictures were taken after the beams 
were removed from the test setup, and artificial means are used to indicate the location 
of the reactions and load points. 

The shear failure in E. 17 was gradual and nonviolent, being characterized by 
crushing of concrete in the web. No stirrups were broken. In contrast, the shear 
failure in E. 18 was sudden and violent. Examination of E. 18 after failure showed 
that the second and third stirrup from the reaction had fractured. 

As previously noted, beams E. 13 and E. 14 had inverted L-shaped stirrups for web 
reinforcement, in contrast to the U-shaped stirrups used in the other test beams. Beam 
E.13 failed in flexure. However, E. 14 failed in shear due to a bond failure in the web 



(a) 

(b) 
Figure lO. Shear failure in E,l7: (a) el
evation view, end 2 on left; and (b) op

posite side of failure region. 

(a) 

(b) 
~. 

Figure l2. Failure in E.14: (a) part ele
vation view, eY1a_ 20 on right; and (b) fail

ure region; 

13 

I 
(a) 

( b) 

Figure ll. Shear failure in E.18: (a) ele
vation view, end 2 on right; and (b) fail

ure region . 

reinforcement. As can be seen from the 
close-up view of the failure region in 
Figure 12, the second stirrup from the 
reaction had inadequate anchorage below 
the point at which it was crossed by an 
inclined crack to develop the strength of 
the stirrup, thereby triggering the shear 
failure. 

Strain measurements were taken at 
selected intervals during the course of a 
beam test. As shown in Figure 3, the 
Whittemore targets can be separated into 
two groups. The first group may be con
sidered to consist of the set of targets on 
the c. g. s., i.e., on the horizontal line G, 
and the second group to consist of the set 
of targets on vertical lines 10, 11, and 12. 

The first group of targets was intended, 
in addition to determining prestress losses, 
to show the variation in concrete deforma
tion with applied load along the c. g. s. 
Accordingly, strain data for E. 16, which 

·failed in flexure, and E.17 and EJ .18, 
which failed in shear, are present ed in 
Figures 13, 14, and 15, respectively. 
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Data taken for the other test beams are not reported. In these figures, the variation 
in concrete deformation along the c. g. s. is given for three values of shear; 24, 32 , 
and 38 kips . For all three t est beams, the flexur al cracking load, v{ , was equal to 
24 kips ; therefore, the deformation at this l oad may be regar ded as concrete strain. 
At V = 32 kips, inclined diagonal tension cracking had occurred for all three beams, 
and flexural cracking had extended across the c. g. s. The deformations for V = 38 kips 
are, in all three cases, indicative of the deformations at ultimate load. 

The second group of targets was intended to give the deformation at a vertical section 
in the constant moment region of the test beams. Test beam E. 5 may be regarded as 
typical; the data for this beam are plotted in Figure 16. Each plotted point is an average 
of readings between lines 10 and 11 and 11 and 12 on both sides of the member. This 
plot includes data taken before and after transfer, as well as before and during the 
test. In Figure 16, the strains before and after transfer, from transfer to test, and 
during the test are plotted separately; e.g. , the strain from after transfer to test is 
measured between the vertical zero line and the indicated line. 

In Figure 17, the data in Figure 16 have been used to determine the elastic strain 
distribution in E. 5 just before testing, i.e., at V = O, and corresponding to selected 
magnitudes of shear during the test. The strain distribution determined from the 
Whittemore readings before and after transfer was assumed to be elastic strain. This 
was corrected to indicate the elastic strain just before testing by evaluating the effect 
of the change in prestress force due to the inelastic losses occurring from after transfer 
to time of test. The deformation corresponding to the different increments of shear 
were then added to the elastic strain at V = 0. From Figure 17, the strain in the top 
fibers of the test beams, €u, and the approximate location of the neutral axis at failure 
can be determined by extrapolation to the ultimate load, Vu, equal to 42. 0 kips. 

Values of e-u, determined as indicated in the preceding paragraph, and ultimate 
moment, Mu, are given in Table 6 for those test beams failing in flexure. The values 

-3 

r Elastic strain distribution 
' ✓ extrapolated to Vu= 42.0 kips 

-..... 

C.G.C. 

------------- - - - ----® 
V= 22k V=26k 

-2 -I O I 2 3 
STRAIN, in in/in. (X 1cr5) 

Figure 17, Elastic s train history of E.5 . 
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Figure 18 . Load- deflection curves for t e st beams . 

TABLE 6 

BEAMS FAILING IN FLEXURE 

of Mu include an allowance of 2. 9 kip-ft 
for dead load moment. The average ex
perimental ultimate moment of these 
nine beams was 168. 2 kip-ft. For com
parison, the calculated ultimate flexural 
capacity according to Section 1. 13. 10 of 
the AASHO specification, assuming fc = 
7, 000 psi (average f8 of all test beams) 
and f~ = 252 . 5 ksi, was 164. 5 kip-ft. 

Beam 

E. 5 
E. 6 
E. 7 
E. 8 
E. 9 
E.12 
E.13 
E.15 
E.16 

E:u 

(in. /in.) 

0.0027 
0.0027 
0.0028 
0.0025 
0.0025 
0.0028 
0.0025 
0.0025 
0.0028 

Mu 

(kip-ft) 

170.9 
170.1 
167. 3 
167.7 
167.7 
167.7 
167.7 
170.0 
162.5 

Load-deflection curves for the static 
tests are presented in Figure 18. 

DISCUSSION 

Overload Behavior of Prestressed 
I-Beams 

Knowledge of the ultimate strength of 
a prestressed beam requires an under
standing of the physical behavior of this 
type of member under load. This behavior 
may be described with reference to the 
uncracked or cracked loading range. 

In the uncracked range, the familiar formulas of structural mechanics, based on an 
uncracked section and a linear strain distribution, are applicable. However, at cracking 
a fundamental change takes place in the way in which the prestressed beam carried load. 
Two cases are important. Where flexure predominates, the strain distribution remains 
linear after cracking up to failure. With this as a compatibility condition, the ultimate 
flexural capacity can be accurately determined. Where shear is significant, inclined 
cracks develop in the prestressed beam. In the zone of inclined cracking, the strain 
distribution is nonlinear. If shear is critical, the inclined cracking leads to a shear 
failure. 
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The ultimate shear strength of prestressed concrete members has been studied 
extensively in recent years. Three important conclusions may be drawn from these 
investigations: 

1. The inclined cracking load in a prestressed beam without web reinforcement is 
the same as the inclined cracking load in a prestressed beam with web reinforcement; 

2. The inclined cracking load in a prestressed beam without web reinforcement and 
subjected to moving loads is the ultimate load; and 

3. The stress in web reinforcement is not significant unless crossed by an inclined 
crack. 

Tests on 33 pretensioned I-beams without end blocks by Hulsbos and Van Horn (2) 
may be regarded as a bas is for the first conclusion. The results of their tests indicat ed 
that the amount of web r einforcement had no apparent effect on the magnitude of shear 
causing the formation of inclined cracks. This conclusion is supported by the results 
present ed in Table 4. Comparison of the values of vat for beams tested on an a/ d 
r a tio of 3. 39 shows no signifi cant trend with amount of web reinforcement. 

Mcclarnon, Wakabayashi, and Ekberg (3) conducted tests on two pretensioned beams 
of rectangular cross-section without web reinforcement which were first symmetrically 
loaded until fully developed flexure shear cracking had occurred. The two beams were 
then unloaded and subsequently reloaded to failure on an increased shear span. The 
ultimate shear strength of the two beams was approximately equal to the shear causing 
significant inclined cracking in two other beams without the load points moved. The 
four E Series tests without web reinforcement, E.1 through E. 4, also support the 
second conclusion, without the restriction that the luads be moving loads. As indicated 
in Table 4, the maximum shear sustained by these beams was either equal to or nearly 
equal to the shear causing diagonal tension cracking. 

Work by Mattock and Kaar ( 4) on the shear s trength of continuous prestressed girders 
with web reinforcement forms a basis for the third conclus ion. Their investigation 
showed that before diagonal tension cracking, the web reinforcement was only slightly 
stressed, in either tension or compression. With diagonal tension cracking, web rein
forcement crossed by the cracking yielded immediately. 

The importance of the three conclusions discussed in the preceding paragraphs 
emphasizes the need to determine accurately the inclined cracking strength of a pre
stressed beam. There is first the flexure shear type of inclined cracking, which 
begins as a flexure crack but, because of the presence of shearing forces, becomes 
inr.linP.d in the direction of increasing moment. An important characteristic of this 
type of cracking is that its development is more rapid than a flexural crack. Therefore, 
the flexure shear inclined cracking load at a particular section may be realistically 
taken as the load which will cause a flexural crack to form first at some distance in 
the direction of decreasing moment trom this section. The distance from the section 
must be sufficient to permit the development of a significant inclined crack which would 
lead to a critical shear condition. 

Hulsbos and Van Horn (2) determined that the principal stress method was satisfactory 
for evaluating the diagonaltension cracking strength of pretensioned I-beams. Their 
conclusion was based on a study of the calculated state of stress in the web of the I-beam 
just before inclined cracking, and included an approximation of the stresses due to the 
stress concentration from the reaction and load point. The inclined cracking load was 
calculated as the load causing the principal tensile stress to reach a certain limiting 
value at any point in the web of the I- beam. 

A very thorough study of the shear at inclined cracking of a large number of pre
stressed beams has been made by Hernandez, Sozen, and Siess. Their design proposals, 
based on the findings of this study, have been summarized by Mattock and Kaar (4 ) and 
state that t he shear at incli ned cracking shall be taken as equal to the least shear which 
will pr oduce either of the following effects: (a) a net tensile stress of 6/f6 in the ex
treme fiber in tension at a distance from the section considered equal to the effective 
depth of the section, measured in the direction of decreasing moment; or (b) a principal 
tensile stress of 4/Q at the intersection of the neutral axis with a 45° line drawn in the 
direction of decreasing moment from the extreme fiber in compression of the section 
considered. 
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The significant feature of the proposals 
by Hernandez, Sozen, and Siess is that 
only the state of stress at the neutral axis 
of the member is considered in determining 
the inclined diagonal tension cracking load. 
Inasmuch as the state of stress at the 
bending neutral axis is simplified because 
flexural stresses are zero at that point, 
the inclined cracking load becomes a func
tion of only two variables , the limiting 
tensile strength of the concrete and the 
effective prestress force, and can be 
readily calculated. 

The discussion in the preceding para
graphs can form the basis of a considera
tion of the behavior of a simply supported 
prestressed beam with web reinforcement, 
as shown in Figure 19, subjected to a 
uniform load and a moving vehicle load. 
These applied loads can represent design 
loads multiplied by appropriate load factors, 
i.e., ultimate loads. The crack patterns 
may develop in several ways. For beams 
with the greater span lengths, the first 
cracking would be flexural, followed by 
flexure shear cracking. For intermediate 
span lengths, diagonal tension cracking 
may either precede or follow flexure shear 
cracking. For short span lengths, diagonal 
tension cracking may precede flexural 
cracking. 

If the span is regarded as being of intermediate length, both flexure shear and 
diagonal tension cracking must be considered. Wherever the shear in the beam produces 
a stress in the web equal to the principal tensile strength of the concrete, or a stress 
in the bottom fibers equal to the flexural tensile strength of the concrete, diagonal 
tension or flexure shear cracking, resp~ctively, may occur. A plot of the least value 
of shear causing either diagonal tension or flexure shear cracking on a diagram of the 
maximum shear envelope, as in Figure 19, indicates the amount of shear which must 
be carried at any section after inclined cracking. Because the web reinforcement does 
not begin working until an inclined crack forms, the amount of shear carried after 
inclined cracking must be a function of the amount of web reinforcement in the beam. 

A section arbitrarily located in the beam in Figure 19 in the region where inclined 
cracking would exist is shown in Figure 20. A free body diagram of the portion of the 
beam to the left of this section may be drawn by separating the beam along the path of 
an inclined crack, say JK, and by a vertical cut through the concrete at the top of the 
inclined crack, say KL. Because the path of the inclined diagonal tension crack will 
not extend through to the bottom flange in the region of J, the section taken along JK 
may pass through some concrete. The principal forces at this section would be the 
two components of the resultant force in the strand, FH and Fy, the two components 

of the resultant force in the web reinforcement, Vw and Vw , and the resultant force 
H V 

transmitted through the concrete, which may be represented by a horizontal compres-
sive force, C, and a shearing force, V c· For prestressed beams with web reinforce
ment, the horizontal component of the force in the web reinforcement is small, and 
therefore, Vw may be taken as simply Vw, Likewise, the vertical component of shear 

V 
transmitted across the prestressing elements is small and may be neglected. Thus, 
the general free body diagram may be replaced by a simplified free body diagram, 
also shown in Figure 20 . 
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Vu can be considered the ultimate 
shear on this section located x distance 
from the support. For equilibrium: 

(5) 

But Vw may be regarded as known, based 
on the assumption that web reinforcement 
crossed by an inclined crack has yielded. 
Therefore, if Av is the area of a single 
stirrup and s is the spacing: 

(6) 

in which f 'y is the yield point of the web 
reinforcement. Solving for Ay gives the 
equilibrium requirement that: 

(7) 

Eq. 7 has several significant features. 
If V,. and /3 were known, the form of Eq. 7 
is such that it could readily be used as a 
design equation. In fact, with {3 = 1, Eq. 7 
has been presented as a design proposal 
by Hernandez, Sozen, and Siess (4), in 
which V c is assumed equal to the inclined 
cracking load and is calculated according 
to the recommendations previously given. 
Mattock and Kaar ( 4) have also presented 
a design equation oT the form of Eq. 7, 
in which V c is calculated according to the 
recommendations of Hernandez, Sozen, 
and Siess and the factor {3 is taken equal 
f-,-..'l h.0'1't'\/4-n"-l.,/r1, 
1,V U• V OL.l.l\l.Q,.U. U./ """/• 

The assumption that the shear just 
before inclined cracking is equal to the 
shear carried by the concrete at failure 
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Figure 20 . Shear equilibrium condition : 
(a) eleva-cion , (b) general f'ree body dia
gram, and ( c) simplified free body diagram. 

is supported by the tests on E. 1 through E. 4. These four beams, all without web rein
forcements, were initially loaded until inclined diagonal tension cracking formed, in
dicated in Table 4 as y<lt. At this point in the test, t he beams, which had become very 
unstable, were unloadea. Subsequently, the beams were reloaded to failure, indicated 
as the shear Vu in Table 4. In the reloading process, essentially all of the shear must 
have been carried by the concrete in the region above the top of the inclined crack. 
The lowest ratio of Vu to vgt is 0. 80, in the case of the beam with the longest shear 
span; the average ratio fo1· these four tests is 0. 90. Furthermore, there is reason to 
believe that with even a small amount of web reinforcement , the crack opening in the 
web would have been restricted and the ratio of Vu to vgt would have increased to 1 or 
greater. 

The angle of inclination of the inclined crack, for diagonal tension cracking, is 
closely associated with the direction of the compressive stress trajectory, as can be 
readily seen from the crack patterns presented in the Appendix. Observations from 
the tests reported herein indicated that before failure would occur, the inclined crack 
would have developed sufficiently to have crossed all web reinforcement in its projected 
path. Therefore, 8 may be calculated as the factor which, when multiplied by d, gives 
the horizontal projection of an inclined crack with inclination approximated as the slope 
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of the compressive stress trajectory at the bending neutral axis, and arbitrarily con
sidered to extend from the junction of the web and the top flange to the lowest depth ll.t 
which the web reinforcement may be regarded as effective. This may be expressed as: 

.(.,e 
/3 = (tan e) d 

(8) 

in which .(.,e is the distance from the intersection of the top flange and web to the lowest 
point at which the web reinforcement may be regarded as effective. 

For flexure shear cracking, /3 could have values varying from O to greater than 1. 
Experimental observations indicated that flexure shear cracks forming at /3 values of 
less than 1 are supplanted by more critical flexure shear cracks with values of /3 
greater than 1. Therefore, it is conservative to take /3 = 1 for all flexure shear cracking. 

With V c and /3 values determined according to the discussion in the preceding para
graphs, Eq. 7 becomes a criterion for proportioning vertical web reinforcement in a 
prestressed beam. But Eq. 7 has limitations as an ultimate shear strength equation. 
The purpose of web reinforcement is to permit an increase in the load-carrying capacity 
of the beam above the inclined cracking load. This is accomplished by effecting a 
redistribution of forces in the beam at inclined cracking. In effect, the beam action 
destroyed by inclined cracking must be restored by web reinforcement. The conditions 
required to insure that this restoration of beam action takes place must be met before 
Eq. 7 can be regarded as having any meaning; these conditions include limitations on 
the spacing of the web reinforcement, anchorage and bond requirements, which can be 
summed up under the heading of good dimensional proportioning. Assuming that the 
conditions required for the redistribution of forces are met, the prestressed beam 
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Figure 22. Variation in V~t with concrete strength for a/d = 3.39. 

critical in shear may fail in three ways: (a) by fracture of the web reinforcement, (b) 
by web distress, i.e., by crushing of concrete in the web, and (c) by shear compres
sion. But if failure occurs as fracture of the web reinforcement, the critical stress 
would be the ultimate stress, ¼, which may be more than 50 percent greater than f'. 
Similarly, failure due to web distress or shear compression must be associated Y, 
with the strength of the concrete. None of these indices, however, are an explicit 
part of Eq. 7. 

Static Shear Strength of Test Beams 

The preceding section discussed the overload behavior of prestressed I-beams with 
web reiniut·ce1nent. The purpose of this section is to correlate the test results Vii.th 
the discussion in the preceding section. 

For this purpose, the test results given in Tables 4 and 5 are plotted as applied 
load shear, V, vs the a/ d ratio on which the test was conducted, as shown in Figure 21. 
In this form, the results represent the experimentally determined flexural cracking, 
inclined cracking, and ultimate strength of the type of member being tested. The 
number beside some of the plotted points indicates the number of tests for which that 
point is an average. 

The test beams ranged in concrete strength from 6, 580 to 7, 790 psi; the average 
value off~ was 7,000 psi. The effective prestress force ranged from 86. 7 to 96. 6 
kips; the average value of F was 91. 4 kips. The 25 points, plotted as an average in 
Figure 21, indicating the diagonal tension cracking strength of the test beams on an 
a/d ratio of 3. 39 are plotted as individual points in Figure 22 and indicate little varia
tion in inclined cracking strength with concrete strength over the small range of con
crete strengths being considered. Similarly, the flexural capacities of the static test 
beams failing in flexure, presented in Table 6, do not indicate any significant variation 
with concrete strength or prestress force. Therefore, the data plotted in Figure 21 
may be regarded as representing an "average" test beam with a concrete strength of 
7, 000 psi and a prestress force of 91. 4 kips. 

The flexural cracking moment of the test beams would generally be calculated from 
the equation: 



TABLE 7 

FLEXURAL TENSILE STRENGTH AND 
PRINCIPAL TENSILE STRENGTH 

DETERMINED FROM TEST BEAMS 

Beam 

E.1 
E.2 
E.3 
E.4 
E. 5 
E. 6 
E.7 
E . 8 
E.9 
E. lOF 
E. llF 
E.12 
E.13 
E.14 
E.15 
E.16 
E.17 
E.18 

Avg 

f{ ft 
End 2 End 20 

(psi) ,/£6 (psi) (psi) End 2 End 20 

_a 
710 
_a 

725 
690 
695 
765 
585 
680 
760 
760 
700 
565 
640 
570 
665 
655 
645 

675 

8. 68 

8.70 
8. 49 
8.26 
9.00 
7.01 
8.04 
8. 85 
8. 62 
8.35 
6.60 
7. 77 
6.84 
7.97 
8.08 
7. 82 

8.07 

_b 
_b 
_c 

435 
480 
445 
395 
405 
400 
450 
455 
440 
440 
480 
490 
440 
355 
370 

430 

_c 
_c 
_b 
_b 

395 
405 
395 
375 
395 
455 
410 
445 
410 
500 
520 
440 
425 
475 

5.22 
5. 90 
5.29 
4.65 
4.86 
4. 74 

4.85 
4.81 
4.65 
4.50 
4.68 
5.30 
4.66 
5.31 
4.80 
6.08 
6.25 
5.28 
5.24 
5.83 

5. 24 
5.16 
5.25 
5.15 
5.83 
5.88 
5.28 
4.38 
4. 54 

5.16 

aValues of f ~ calculated for these beams regarded 
as unrealistically high and indicate that t he cor
responding experimentally determined values of vf 
are too high . 

bDiagonal tension cracking at other end onl y . 

cNot appl icable because of prior flexur e shear 
crack i ng. 
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Mf _ zb [ f , F F ( e )] c- t+A+-b-
z 

(9) 

Expressed in terms of the shear causing 
flexural cracking in the test beams, this 
equation becomes: 

f f 
Mc = V c (a) + Md 

Solving for ft, yields, 

f ' t 
~(a) + Mct 

zb 

F 
A 

Fe 

zb 

(10) 

(11) 

Using Eq. 11, values of F from Table 3, 
and values of V g from Table 4, f{ was 
calculated, and the values determiHed are 
given in Table 7. Ma was taken as the 
maximum dead load moment, or 2. 9 kip-ft. 
The average value of the flexural tensile 
strength determined in this manner was 675 
psi, and corresponds to an average ratio 
of f'tt{~ of 8. 07. The minimum ratio of 
f't/vlfc was 6. 60, as determined for E. 13. 
Therefore, the recommendation of Hernan
dez, Sozen, and Siess that the critical ten
sile stress in the extreme fiber in tension 
be taken as 6v'ff would have conservatively 
predicted the flexural cracking momentfor 
all the E Series test beams. Their recom

mendation was based on an investigation which covered a much wider range of concrete 
strengths than were included in the E Series tests. However, Figure 23 shows a plot 
of f'c vs f't/...fFZ, and indicates no significant trend in the range of concrete strengths 
investigated. Thus, for concretes similar to those tested in this investigation, the 
flexural tensile strength of the concrete may be determined as: 

I ./1 
ft = 6. 5 vfc (12) 

The ~ design curve shown in Figure 24 was determined using Eq. 11, with ft, calculated 
from Eq. 12, for an "average" test beam. 

The calculated inclined cracking strength depends on whether the inclined cracking 
is classified as flexure shear or diagonal tension. With flexure shear cracking, as
suming that the shear causiJlg flexure shear cracking, vts, is equal to the shear causing 
a flexural crack to form a distance d from the load point: 

f 
Mc - Mct 

a - d 
(13) 

fs 
The V c design curve shown in Figure 24 was determined from Eq. 13. It is a con-
servative estimation of the vfs observed curve, as it must be because the flexure shear 
cracking was not considered significant w1til it formed a distanced or greater away 
from the load point. 

The transition from flexure shear to diagonal tension cracking may be seen, from 
Figure 21, to take place in the neighborhood of an a/d ratio of 4. From an examination 
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Figure 23. Variation in flexural tensile strength with compressive strength. 
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of all test beams at inclined cracking (1), as shown for selected test beams in the 
Appendix, the critical principal tensile- stresses at the intersection of the fath of the 
diagonal tension cracks and the center of gravity of the cross-sec,'!ton, a{ , we1·e 
estimated, and ai-e recorded in Table 7. The avenge value of o-~ determined in this 
manner was 430 psi, which corresponds to an average ratio of ufg/ffc of 5. 16. The 
minimum ratio of a.fg//!6 was 4. 38, as determined for E.17. Tfie recommendation of 
Hernandez, Sozen, and Siess was that diagonal tension inclined cracking should be 
considered to occur, for design purposes, when a principal tensile stress of 4 ~ 
occurs at the intersection of the neutral axis with a 45° line drawn in the direction of 
decreasing moment from the extreme fiber in compression of the section considered. 
As may be noted from the figures in the Appendix, the values of the principal tensile 
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stress along the neutral axis are relatively constant, because the dead load of the test 
beams is a small proportion of the total load at inclined cracking; therefore, the loca
tion of the section considered for diagonal tension cracking is not critical. Thus, it 
may be concluded that the recommendation of Hernandez, Sozen, and Siess would have 
conservatively p redicted the diagonal tension inclined cracking of all of the test beams. 

Values of afg//~ are plotted against concr ete strength i.n Figure 25 and the a/d 
r atio in Figw·e 26. In Figure 25, the four encircled points are for tests on an a/d 
ratio of 2. 54; the remaining points are for tests on an a/d ratio of 3. 39. Figure 25 
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indicates that, in the range of concrete strengths investigated, crfg//~ is relatively 
insensitive to changes in concrete strength. However, Figure 26 indicates that ofg 
varies with the a/d ratio. The following expression was selected for the principal 
tensile stress at the center of gravity causing diagonal tension cracking: 

(14) 

This expression has been plotted in Figure 26 for comparison with the test data. Based 
on Eq. 14, the applied load shear causing diagonal tension cracking may be calculated 
from the following equation, obtained from Eqs. 1, 2, and 3: 

ydt = ~ ~(acg) 2 + (acg) _! _ v 
c Qcg t t A d 

(15) 

The V~t design curve shown in Figure 24 was determined from Eq. 15 for an "average" 
test beam, assuming that V d is equal to thd1 dead load shear at the midpoint of the shear 
span. For a/d ratios of 2. 54 and 3. 39, V ct is equal to 30. 6 and 27. 2 kips, respec
tively. Therefore, Eqs. 14 and 15 conservatively predicted all but two of the observed 
diagonal tension cracking shears on these a/ d ratios. For the four observed diagonal 
tension cracking shears on an a/d ratio of 2. 54, the average observed-to-predicted 
ratio was 1. 09. For the 25 observed diagonal tension cracking shears on an a/d ratio 
of 3. 39, the average observed-to-predicted ratio was 1. 07. 

Because rfyll0O is equal to Avfylb 's, Eq. 7 may be written as : 

(16) 

Flexural failures occurred in tests on a/ d ratios of 2. 54 and 3. 39. Eq. 16 can be used 
to predict the least amount of web reinforcement required to develop the flexural 
capacity on these a/ d ratios. The shear cari-ied by the concrete, V c• is assumed equal 
to the shear causing inclined cracking. For a/ d ratios of 2. 54 and 3. 39, vgt is less 
than vts and, fherefore, Ve is equal to 30. 6 anci 27. 2 kips, respectiveiy. The appiieci 
load shear, Vu, required to develop the fl exural capacity is 55.1 and 41. 3 kips, re
spectively. Assuming that te is equal to 11. 5 in., 8 can be calculated from Eq. 8 
after e has been calculated using Eqs. 2, 3, aI1d 4. f3 is equal to 1. 3 8 and 1. 46 for the 
a/ d ratios of 2. 54 and 3. 39, respectively. Therefore, the amount of web reinforcement 
required to develop the flexural capacity of an "average" test beam on a/d ratios of 
2. 54 and 3. 39 is rfy/100 equal to 417 and 226, respectively. 

Four beams were tested on an a/d ratio of 3. 39 with less web reinforcement than 
rfy/100 equal to 226. E.13 with rfy/100 equal to 222 and 162, failed in flexure, although 
it s l10uld be noted that the flexural ca-
pacity of E.16 was less than the other 
beams which failed in flexure. E.17 and 
E.18, with rf/100 equal to 121 and 97, 
failed in shear. 

Both beams tested on an a/ d ratio of 
2. 54 had less web reinforcement than 
r fy/100 equal to 41 7. E. 15, with rfy/ 100 
equal to 222, failed in flexure. E.14 had 
the same amount of web reinforcement as 
E.15, except that the stirrups were not 
hooked in the tension flange. E. 14 failed 
in shear because of inadequate anchorage 
of the stirrups below the inclined crack. 

Beam 

E.1 
E. 2 
E. 3 
E. 4 
E.17 
E.18 
E.14 

TABLE 8 

BEAMS FAILING IN SHEAR 

a 

d 

0 6. 34 
0 5. 07 
0 4. 23 
0 3. 39 

121 3. 39 
97 3. 39 

222 2 . 54 

V~t V~s Ve Vu Test 

(kips ) (kips) (kips) (kips) Predicted 

14. 4 
20. 0 
23. 5 
27. 2 
26. 8 
27. 0 
30. 8 

13 . a 
18. 0 
22. n 
31. 8 
32. 0 
32. 0 
51. 6 

13. 8 
18. 0 
22. 9 
27. 2 
26. 8 
27. 0 
30, 8 

13. 8 
18. 0 
22. 9 
27. 2 
34. 4 
33. 1 
40. 1 

1. 48 
1. 33 
1. 13 
1. 10 
1. 10 
1. 17 
1. 34 
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Therefore, it can be concluded that Eq. 16 conservatively predicted the least amount 
of web reinforcement required to develop the flexural capacity of the test beams when 
loaded on a/ d ratios of 2. 54 and 3. 39. Eq. 16 was more conservative for the lower 
a/d ratio, indicating that the closeness of the load point and the reaction had an influence 
on the amount of shear which was carried after diagonal tension cracking. 

Eq. 16 can also be used to predict the shear strength of beams failing in shear. 
Solving for Vu: 

(17) 

The shear strength of the seven test beams which failed in shear was calculated from 
Eq. 17 and is given in Table 8. v~t and vis wer e determined from Eqs . 13 and 15, 
r espective ly. V c was assumed equal to the least value of vgt and vfs . Because the 
stirrups in E. 14 were not hooked in the tension flange, te was assumed equal to 8 in. 
The test-to-predicted ratios of shear strength ranged from 1. 10 to 1. 48; the average 
was 1. 24. For the four beams without web reinforcement, the test to predicted ratios 
decreased from 1. 48 to 1.10 as the a/ d ratio decreased from 6. 34 to 3. 39, indicating 
that the prediction of the shear causing inclined cracking is more conservative for the 
higher a/d ratios. For the three beams with web reinfor cement, the test-to-predicted 
ratios increased from 1.10 to 1. 34 as the a/ d ratio decreased from 3. 39 to 2. 54, in
dicating that the prediction of ultimate shear strength is more conservative for the 
lower a/ d ratios. 

CONCLUDING REMARKS 

The following remarks are based on the tests on pretensioned I-beams reported 
herein and on the general discussion of overload behavior presented in this report. 
Concrete strengths of the tests reported herein varied between 6, 500 and 7, 800 psi. 

1. Flexural cracking was observed at loads corresponding to computed tensile 
stresses in the extreme fiber in tension greater than that given by Eq. 12. The shear 
causing the development of significant inclined flexure shear cracking was greater 
than, although realistically predicted as, the shear expected to cause a flexural crack, 
based on Eq. 12, to form a distance from the concentrated load point in the direction 
of decreasing moment equal to the effective depth of the member. 

2. The shear causing the development of inclined diagonal tension cracking in the 
tests reported herein was realistically predicted as the shear producing a principal 
tensile stress at the intersection of the path of the crack and the center of gravity 
given by Eq. 14. 

3. Flexural failures occurred at strains in the extreme fiber in compression which 
varied between O. 0025 and 0. 0028. 

4. Of the seven test beams which failed in shear, five failed due to crushing of con
crete in the web (four of which had no web reinforcement), one failed due to fracture 
of the web reinforcement, and the other failed due to inadequate anchorage of the web 
reinforcement in the tension flange. 

5. The test results support the assumption that the ultimate shear which can be 
carried by the concrete above the top of an inclined crack is equal to the shear at 
inclined cracking. 

6. The test results for a/ d ratios of 2. 54 and 3. 39 indicated that the AASHO equation 
for design of web reinforcement: 

f 1 
• d y J 

was conservative by a factor of r oughly 3, with respect to a single cycle static load 
test. 
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7. An equation for the design of web reinforcement of the form of Eq. 7, in which 
f3 is determined from Eq. 8 for diagonal tension cracking or equals 1 for flexure shear 
cracking and V c equals shear at inclined cracking, would have conservatively predicted 
the amount of web reinforcement required to prevent shear failures in the tests on an 
a/d ratio of 2. 54 and 3. 39 reported herein. 
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STATE OF CRACKING AT TIME OF INCLINED CRACKING 
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Structural Behavior of a Concrete 
Box Girder Bridge 
RAYMOND E. DA VIS and JOHN J. KOZAK, California Division of Highways, and 
CHARLES F. SCHEFFEY, University of California, Berkeley 

•DURING THE past three years the California Division of Highways and the University 
of California at Berkeley have carried out an extensive program of research pertinent 
to concrete box girder bridges. Although the program had a number of objectives, its 
primary goal was the study of the manner in which live loads are distributed trans
versely in a box girder. Secondary objectives involved the determination of: (a) dead 
load distribution, (b) influence of intermediate diaphragms on live load distribution, 
and (c) influence of barrier curbs and railings on live load distribution. 

The University of California, in addition to providing consulting services in connec
tion with the field test, conducted studies of models, including a small plastic model 
and a ¼-scale concrete model of the prototype. The program also included a study of 
analytical methods which might accurately describe the empirically determined behavior 
of thP ~trnC'tnrP . 

The box girder section is generally conceded to have high torsional rigidity with at
tendant efficient transverse distributional properties. There is, however, a lack of 
experimental evidence and analytical procedures which can produce quantitative answers 
to support design specification provisions for load distribution. 

SCOPE 

The principal experimental effort comprised the field test of a new structure on the 
State highway system, the Harrison street Undercrossing, in Oakland, Calif. This 
structure was instrumented with SR-4 electrical resistance strain gages, Carlson 
strainmeters, and deflectometers to permit measurements of longitudinal and trans
verse strains and girder deflections resulting from a dynamic loading provided by a 
heavily loaded R-15 Euclid dump truck. Tests were conducted first without an inter
mediate diaphragm, secondly with a single intermediate diaphragm, and then after the 
addition of curbs and barrier railings . 

Strains and deflections produced by the slowly moving test vehicle were recorded by 
oscillographs housed in an instrumentation trailer parked beneath the structure. Com
panion tests were conducted and supplementary instrumentation was provided to support 
the principal objectives and investigate secondary objectives, among which were the 
following: 

1. Control tests were accomplished concurrently with the dynamic testing to evalu
ate physical properties of the component materials of the structure. Tests were con
ducted on four concrete control beams, on standard concrete cylinders, and on rein
forcing steel coupons. 

2. Laboratory tests were conducted by the University of California on a plastic 
model of %a-scale and a concrete model of ¼-scale. 

3. A small amount of dynamic testing was performed, with the test vehicle travers
ing the structure at speeds of 5, 10, 15, and 20 mph and with various patterns of ob
struction on the structure and its approach. In addition to selected strains and deflec
tions, the accelerations of the structure and test vehicle were measured. This phase 
of the test was not included in original plans for the program and is not discussed here; 
however, it was considered a worthwhile adjunct to provide valuable information per-
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tinent to impact effects on box girders for later use, when existing instrumentation 
permitted acquisition of the data at little additional expense. 
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4. Certain supplementary instruments were included within the structure to provide 
information concerning shears and temperature distribution. These included a group 
of thermocouples and five shear rosettes. Also, because of the questionable nature of 
the information provided by some of the internal gages, a group of linear variable dif
erential transformers was used to evaluate vertical distribution of strain in the webs, 
and a curvemeter was used to verify slab curvatures indicated by the deck gages. 

5. With the object in view of evaluating the validity of using distribution factors de
termined experimentally for this structure in the design of box girders with differing 
configurations of proportions, extensive analytical studies were conducted. Assuming 
that analytical methods could be derived which would accurately describe the empirical
ly determined structural behavior of the prototype, such analytical methods could then 
be applied to other structures . 

EXPERIMENTAL PROGRAM 

Description of Field Prototype Structure 

The structure chosen for testing was the Harrison Street Undercrossing, Bridge 
Number 33-289 OL, on Road IV-Alameda-5-Oakland {Fig. 1). The structure is part of 
the MacArthur Freeway, a major artery carrying traffic through the City of Oakland. 
Field tests were completed during the initial phases of construction of the freeway sec
tion in which the structure is located. A cross-section of the structure is shown in 
Figure 2. 

The structure has one simple span of 80 ft, and rests on bearings which are normal 
to the centerline. Overall width is 34 ft, and width between barrier curbs and railings 
is 28 ft. There are five ,girder stems, inclosing four cells. Design was in accordance 
with the 1957 AASHO specifications. Design live loading was the H20-S16-44 and. alter
native loading. 

After the structure had been chosen for testing, the following changes were made in 
the plans to conform to test requirements: 

1. A rigid testing scaffold on timber piles just below the structure was added for 
support of the deflectometers. 

2. Three-foot diameter holes were formed in the end diaphragms at the ends of each 
cell, and a gallery was added between each end diaphragm and the abutment backwalls. 

Figure 1. overall view of prototype test structure, showing de flectometer scaffold, in
strumentation trailer inclosure, and test vehicle. 
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Figure 2. Cross-section of prototYJJe test structure. 

These features permitted access to the interior of the cells for removal of the forms 
from the soiiit of the deck siab, fur access to the gage installations, and for forming of 
the intermediate diaphragm. 

3. Features were added to permit placement of the intermediate diaphragm after 
the deck slab was in place. 

4. Blockouts, junction boxes, and gage installation were added. 

With these exceptions, the plans remained unchanged, and the structure · dimensions, 
reinforcement quantities, etc. , were similar to what might be expected on any ordinary 
structure on the state highway system. 

It is not standard procedure to remove the forms which support the deck slab within 
the cells, due to the inaccessibility of these forms after placing the slab. In this par
ticular structure, these forms comprised plywood facing on closely spaced 2- by 6-in. 
beams resting on short posts supported on the bottom slab. Such support could be ex
pected to contribute to tho stiffness of the deck slab, and some question arose in the 
initial planning concerning the advisability of departing from the normal procedures in 
removing the forms; however, it is believed that under normal circumstances these 
forms will gradually deteriorate until the deck slab receives negligible support there
from, and that removal of these forms would produce the worst, and most representa
tive, condition for ultimate performance of the deck. 

The manner of placing the intermediate diaphragm also represented a departure from 
normal procedures. This span length requires one diaphragm according to the 1957 
and 1961 AASHO specifications, and it was felt that the test program would be enhanced 
by an attempt to evaluate the effects of inclusion of such a diaphragm on the distribution 
factors . Such an evaluation required that the structure be tested with and without this 
diaphragm. Ordinarily, of course, the intermediate diaphragm is placed monolithically 
with the stems and bottom slab. However, the intermediate diaphragm in this structure 
was placed after an initial series of crawl tests had been made without this structural 
component. Eight- and six-in. pipe nipples were placed in the deck slab above the 
diaphragm location (Fig. 3), and were closed at the tops by bax· plugs, the lugs of which 
were placed about ¼ in. below the riding surface of the deck slab to prevent interfoi'
ence with finishing or riding qualities. Three nipples were placed in the slab in each 
bay, the larger one in the center to be used for placement of the diaphragm concrete, 
and the two smaller ones at the outer limits of the bays to be used in venting the forms 
to prevent formation of air pockets. 

After the first series of crawl tests had been completed without the intermediate 
diaphragm in place, the concrete above the nipples was removed with a chipping gun, 
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Figure 3, Pipe nipples place d in deck slab to permit interior diaphragm placement after 
first series of crawl tests. 

Figure 4. Pouring intermediate diaphragm within cells of prototype structure between 
Phases II and III. 

and the bar plugs were removed. Forms for the diaphragms were placed within the 
cells and braced by timbers bolted to inserts embedded in the slabs and webs around 
the peripheries of the diaphragms. Concrete was placed through the open nipples and 
carefully vibrated (Fig. 4). As was anticipated, considerable effort was required to 
vent the forms just below the deck slab and to obtain a tight fit; however, this effort 
was expended, the forms were carefully checked from within the cells during the pour, 
and a tight fit was obtained on all boundaries of the diaphragm. 
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Description of Instrumentation 

Instrumentation placed in or on the superstructure, exclusive of the recording 
equipment placed in the instrument trailer (Figs. 5 and 6), fell into the following 
categories: 

1. Carlson strainmeters were placed in the top slab at 30 locations, over the girder 
stems and at the midpoints of the bays. The axes of all gages were placed parallel to 
the structure centerline. 

2. SR-4, AX- 5, electrical resistance strain gages were placed on the main# 11 re
inforcing bars at the tops and bottoms of the girder stems and at the centerlines of bays 
in the bottom slab. 

Figure 5. Exterior view of instrumentation trailer . 

Figure 6. Interior view of instrumentation trailer with leads from 200 gages coming down 
through trailer ceiling. 
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rosettes; (b) bottom slab reinforcement; and (c) deflectometer. 
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3. SR-4, AX-7, electrical resistance strain gages were placed on the top and bottom 
transverse deck steel (#5 bars) over the edge of each fillet and at the centerlines of bays 
in two transverse sections . 

4. At Abutment 1, a large shear rosette, comprising three gaged #5 bars, oriented 
at +45°, 0°, and -45° from the vertical, was placed in each of the five girder stems. 
Because the functional relationship of girder shear and skew is an unsolved problem, it 
was felt that the strain pattern in this area might prove valuable for latter comparison 
with other structures. 

5. Deflectometers were placed on a rigid scaffold below the girders at 22 locations 
to permit measurement of live load deflections. 

6. SR-4, AX-7, electrical resistance strain gages were placed on the # 5 bars located 
in the stems 20 in. above the bottom slab soffit. The purpose of these gages was to de
termine the extent to which plane sections remained plane. 

7. At four locations in the top slab, at the centerlines of bays, SR-4, AX-7, elec
trical resistance strain gages were placed on the longitudinal #4 distribution steel to 
measure local bending stresses in the deck slab in the longitudinal direction. 

8. Thermocouples were placed at 69 locations in the superstructure to permit eval
uation of internal temperature distribution. 

9. Copper bench nails were placed at 32 locations in the deck surface for use in de
termination of dead load deflections of the superstructure by simple leveling methods . 

10. A group of SR-4, A-9, electrical resistance gages and 12 inductance gages em
ploying linear variable differential transformers were placed on one girder stem and 
at several location~ uu the bol..ton1 slab. These gages were added after it became e·vident 
that the gages at the lower third points of the stems were producing strain readings 
which were questionable. 

11. Four "Tapeswitches" were placed on the riding surface to permit determination 
of longitudinal truck position. 

Locations and numerical designations of the gages are shown in Figures 7, 8, and 9. 
Because there were over 200 gages in the structure, and only 22 active recording 

channels on the oscillographs, it was necessary to group the gages in various combina
tions of 22 to be recorded simultaneously. A total of 28 combinations was established. 
An attempt was made to: (a) include every gage in at least one combination; (b) group 
the gages to produce simultaneous readings of the same types of stresses (e.g. , girder 
shears, slab bending moments, longitudinal strains) at given transverse or longitudinal 
sections; and (c) provide sufficient o,r"erla.p of ga~es from ccmbiri..ation to combination 
to permit checks of reproducibility of strains . 

. .. .. ' -

Figure 10 . Test vehicle traversing prototype structure at crawl speed; painted striping 
on deck to facilitate transverse positioning. 
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Figure 12. Typical measurement of test vehicle wheel reactions on Loadometer box. 

Description of Test Vehicle 

The vehicle employed in testing the structure was an R-15 rear dump Euclid truck 
loaded with steel ingots to a gross weight of 57 kips (Fig. 10). Pertinent dimensions 
and measured wheel r eactions of the vehicle are shown in Figure 11, and a typical 
measurement of wheel reactions on the Loadometer box is shown in Figure 12. 

Description of Materials Control Tests 

Paralleling tests on the structure, tests were made to determine physical properties 
of the component materials used in its construction. Eighteen standard 6- by 12-in. 
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Figure 15. 

Figure 16. 
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Figure l7, Making measurements on one of the control test beams. 
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Figure l8. Axial moduli for prototYIJe concrete based on measurements of control test 
beams. 

diameter concrete cylinders were molded from each of the two main pours of the super
structure , four from the diaphragm pour, and seven from the barrier railing pour. 
Seven standard 6- by 6- by 34-in. modulus of rupture specimens were molded from the 
bottom slab and stem pour, and nine more from the top slab pour. Several tests were 
made of modulus of elasticity of the reinforcing steel used in the structure. Lastly, 
six 63/n- by 12-in. by 10-ft concrete contl·ol test beams were fabricated from batches 
chosen at random in the course of the deck pour. 

Concrete Test Cylinders. -Test cylinders were fabricated in accordance with the 
instructions in the California Construction Manual. The specimens were kept in their 
metal molds under the structure until the time of testing when they were delivered to 
the University of California Engineering Materials Laboratory for determination of 
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Figure 19 . 
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elastic modulus, Poisson:s ratio, and compressive strength. Measu1·ed values of 
modulus for the cylinders were erratic but are plotted in Figure 13 . 

Modulus of Rupture Specimens . -The 16 modulus of rupture specimens were fabricat
ed in steel molds in accordance with instructions in the California Construction Manual. 
They were cured by burial in a pile of wet sand near the jobsite until they were broken 
in a three-point-loading beam-breaking machine. Plotted values of the modulus of 
rupture are shown in Figure 14. 

Reinforcing steel.-Figures 15 and 16 show stress-strain curves established by tests 
made by the Division of Highways Materials and Research Section for typical reinforcing 
bars chosen from the two primary sizes used in the structure. These curves were em
ployed in the determination of the elastic moduli used in the data analysis. 

Control Test Beams . - Four of the control test beams were tested on a continuing 
basis during the period the field prototype was being tested (Fig. 17). Final results of 
determinations of the elastic moduli of the concrete from these specimens are shown in 
Figures 18 and 19. The methods used to test the beams and derive these moduli are 
described in a final project report. The curves depict the mean values established from 
curves for three or four beams . The curves for Beam D were radically different from 
those of Beams A to C-it is believed this beam contained hairline cracks-so separate 
means were computed for Beams A to C and for all four beams. 

Mean values of concrete modulus used in calculations for the three live load phases, 
taken from the three-beam curves of axial modulus, have been entered in Figure 18. 
Axial moduli differ from bending moduli because of marked variation of modulus through 
the slab depth. The axial modulus was used in resisting moment calculations because 
stresses of this type predominate in the top slab as a result of beam action. 

EXPERIMENTAL RESULTS PERTINENT TO FIELD PROTOTYPE 

The main portion of the research work pertinent to the prototype structure was divid
ed into five phases, two of which were concerned with effects of live loads under varying 
conditions. In addition, slab stresses and deflections under wheel loads and very heavy 
concentrated loads were briefly studied, as well as the influence on the structure of 
heavy impact loadings. In all cases, interpretation of the data was complicated by pro
nounced departures from expectations based on idealized structural behavior and by the 
usual idiosyncracies of concrete behavior. 
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Dead Load Tests 

Phase I was devoted to the study of deflections and bending strains under the influ
ence of dead load of the bare box section and determination of the distribution of that 
load. During Phase IV, a similar study was made of the influence of the superimposed 
dead load of the barrier curbs and railings . 

Each of these two phases entailed measurements, by simple leveling methods, of 
short- and long-term displacements of bench nails embedded in the deck slab over each 
stringer, as well as a continuing program of static measurement of internal strains. 

Phase I Results. -Dead load deflection data were evaluated by plotting elevations 
of copper bench nails and computing displacements of each bench nail below the chords 
joining the abutment bench nails for the ¼-, %2-, 7/12-, and ¾-span points. Curves for 
the 1/i2 points of three girders are shown in Figure 20. "Instantaneous" values of dead 
load deflections were estimated by extrapolating the curves of best fit back to the time 
of striking falsework. Displacements obtained in this way are listed in Table 1. Values 
computed by theoretical methods described later in the report are tabulated for com
parison. 

To make distributions of bending strains more meaningful to the average designer, 
who is more familiar with specifications dealing with distributions of resisting moments, 
these moments were computed using stress components and moment arms based on the 
measured strains, employing the usual design assumptions for locating lateral limits 
of the stringers at midbays and edges of the deck slab. Computations of these resisting 
moments were subject to certain complications resulting from unanticipated anomalies 
in the strain measurements, coupled with the usual idiosyncrasies of concrete behavior. 
The former included: (a) the erratic d~stribution of dead load strains in the deck slab; 
(b) large, and obviously unrepresentative, temporary strains in the bottom slab rein
forcement; and (c) larger discrepancies among stem and adjacent midbay strains than 
might reasonably be attributed to shear lag. The latter included the usual problems 
inherent in evaluating effects of creep, shrinkage, and cracking. 

Twenty-four-hour strains for 16 midbay gages are listed in Table 2. The strains 
listed in each quadruplet were measured by gages located at the corners of a rectangle 
whose axes of symmetry coincided with those of the structure. Under the influence of 
the symmetrical dead load, the four readings might reasonably be expected to be the 
same. The erratic strain distribution which actually was manifested in the top slab 
readings probably resulted from variations in concrete modulus. Although a slump 
tolerance of ± 1 % in. was maintained in superstructure construction, measurements for 
the control beams evidenced the fact that large variations in concrete modulus were 
possible; indeed, measured moduli varying by factors as great as 2½ across the 63/s
in. beam depth were common. Such variations might result from different curing rates 
at top and bottom, nonhomogeneity and segregation of the vibrated mass, or differential 
shrinkage cracking. 

Despite the possible existence of local "hard" and "soft" spots in the deck slab, it 
may be expected, because of the stiffness of the end diaphragms, that the longitudinal 
strains averaged over the entire span would be equal for symmetrically located cells. 
Although the determination of such average values would require knowledge of the en
tire longitudinal strain distribution, an insufficiency of gages precluded this; however, 
longitudinal averaging of strains measured at the %2 and 7/42 points produced marked 
transverse strain symmetry (Table 3). It may be argued, of course, that averaging for 
two sections does not necessarily produce a representative average. 

Similar longitudinal averaging of bottom slab reinforcement strains measured 24 hr 
after striking falsework did not produce similar transverse symmetry. Compilations 
of strains at later periods, however, demonstrated that transverse symmetry was 
markedly improved after 24 hr (Table 4). This observation led to the plotting of strain
time curves for these bottom slab gages. These curves demonstrated that, after the 
initial 24-hr readings, the bottom slab reinforcement strains remained essentially con
stant with time; however, in general, the 24-hr strains differed radically from the 
ordinates of the curves extrapolated back to this time. Extrapolated strain values are 
also listed in Table 4. 



0
.3

0
0

 

0
.2

5
0

 
~
 

'"7
 

.• ~ 
..

 

0
.2

0
0

 
io

 
r-- 0 d 

A
 -
r..s

--
~
 ~

~ 

0
.1

50
 I
-

~
 

r,
_

~
 ·--

I 
I
-

,__
. r--

<
 

-~
 a 

-
d 

' 
0

~
 

.,.n
,,, 

r-..
. 

a,
 

"'~
 

~ 
"'

i..
.. 
~
 

0
.1

00
 -

~
,!>

 
f
-
-

0
.0

5
0 

-~
 

"
-
-

,_
_

C
! 

I"
', 

.....
.... 

"'"
 

0 

"'" 
f
-
-

"' 
I
-

.... 
1

'.
 

h,
.,_

 
-

,_
_

 I
-

. t 
.....

.... 
10

0
 

0
.0

0
0

 
" 

0 
I 

r-,
o,

_ 

""
"-

,,.
_ 

-0
.0

5
0

 

-0
,0

0
0

 
8/

21
/6

0 
8

/2
9

 
9

/6
 

9/
14

 

0 
G

IR
D

E
R

 
A

 
8 

G
IR

D
E

R
 

B
 

• 
G

IR
D

E
R

 
C

 

I 

I 
I 

I 
I 

I 
I 

I 
I 

I 
I 

I I 
I 

0.
01

3
' 

,._
 --

~
 

~
 
.....

 
I 

'G
.' 

""
"-

-~
 

I 
I 

I 
I 

I 
I 

0
.0

12
' 

rr:
,,..

__
 

~
 

---
rv

 
r,:

,-.
.. .

.__
_ 

--'""
 

l"
'>

...
: 

I I 

--..__
_ 

0
.0

21
' 

--
-

. y 
--,-..

.,,_
 

[d
' 

C
 

~
 

9/
22

: 
9

/3
0

 
10

/8
 

10
/1

6 
10

/2
4 

11
/1 

11
/9

 
11

/1
7 

11
/2

5 
1

2
/3

 
12

/1
1 

F
ig

u
re

 
2

0
. 

D
ea

d 
lo

a
d

 d
e
fl

e
c
ti

o
n

s 
o

f 
st

ri
n

g
e
rs

 
A

, 
B

, 
an

d
 C

, 
a
t 

5
/1

2
 p

o
in

t 
o

f 
sp

an
 t

a
k

e
n

 f
ro

m
 l

e
v

e
ls

 
o

n
 c

o
p

p
er

 b
en

ch
 n

a
il

s
 

em
be

dd
ed

 i
n

 
d

ec
k

. 

>!S


o:
, 



TABLE 1 

DEAD LOAD DEFLECTIONS 

Deflection 

TABLE 2 

24-HOUR STRAINS FOR 
16 l\1IDBAY GAGES 

Strain 

49 

strain Girder Exper .a 
(ft) 

Theor . 
(ft) 

Gage 
(µ. in. / in.) 

Gage 
(µ in. / in.) 

A 
B 
C 
D 
E 

0 . 079 
0 . 077 
0.078 
0.075 
0 .080 

0 . 077 
0.077 
0 . 077 
0.077 
0 . 077 

aAverage of deflections 5/12 and 7/12 
points. 

(a) Top Slab 

C26 -460 C27 -555 
C30 -306 C31 -285 
C42 -546 C28 -310 
C33 -251 C32 -472 

(b) Bottom Slab 

193 641 195 499 
194 456 196 597 

Large differences among stem and 199 438 197 327 
midbay strains necessitated assumption 200 334 198 563 
of a distribution pattern in the intervening 
slab area; a parabolic distribution was 
assumed. 

An explicit evaluation of the effects of creep and shrinkage would have been very 
difficult for this field test. Existence of pronounced creep strains was evident from 
the deflection-time and deck slab strain-time curves, although little or no evidence 
existed for any influence of creep on the lower slab reinforcement strains. It is hy
pothesized that the creep strains were augmented by the closing of transverse cracks 
in the deck slab resulting from differential shrinkage of the deck slab against the re
straint of the lower slab and stem section. The stems and lower slab were poured 
monolithically, and the deck slab was poured 11 days later. 

Although an explicit determination of the effects of creep and shrinkage would be dif
ficult, these effects may be accounted for implicitly in dead load moment calculations 
by one of two methods: 

1. The strain pattern in the deck slab and stems may be used to determine the loca
tion of the resultant compressive total stress and moments due to total tensile stresses 
in the reinforcing steel computed about this location; or 

2. An "effective" concrete modulus may be determined such that the total compres
sive stress, determined from this modulus and the measured strain distribution, is 
equal to the total tensile stress, and moments produced by the two types of stress may 
be computed about the experimentally determined neutral axis; moments due to total 
stresses in compressive reinforcement are, of course, computed explicitly. 

After the aforementioned longitudinal averaging of strains for the 1/i2 and 7/12 points, 
the resultant strains were also averaged transversely. The final strain distributions 
used in determination of dead load moments based on strains read at 24 hr and 15 days 
after striking falsework are shown in Figures 21 and 22, respectively. Resisting 
moments, total stresses, and the "effective" concrete moduli required to balance total 
stresses across the transverse section are shown in Table 5. Table 6 lists the moments 
due to the panel loads computed in accordance with 1961 AASHO specifications; these 
computed moments include the couples due to flared transitions in the ends of the stems. 
Table 7 lists dead load moments distributed to each stringer as computed by a theoreti
cal method discussed later in this report. 

The figures in the tables evidence the fact that, when values of concrete modulus 
compatible with static balance of total stresses across the transverse section were used 
in determination of resisting moments (moments computed implicitly in terms of rein
forcing steel total stresses were essentially the same), the total section moments de
termined empirically agreed very closely with the total of computed dead load panel 
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TABLE 3 

TOP SLAB STRAINS PRODUCED BY FALSEWORK REMOVAL 

9-1-60 9-15- 60 

Location Gage Indicated I. s.a Indicated I. s.a 
Strain 2.462 Mean Mean Strain 2. 462 Mean Mean 

Girder A 61 -1,268 -525 
H-H C 6 -325 - 546 -553 

65 -863 -358 -342 -1,419 -588 
-304 -522 

J-J 62 -700 -290 - 1 198 -497 
Cll -241 -266 - 456 -477 

Bay A-B: 
H-H C26 -460 - 699 -577 
J-J C30 -306 -383 - 455 

Girder B 67 -815 -337 -1, 356 -561 
H-H C 7 -350 - 565 

71 -920 -380 -356 -1,450 -600 -575 
-377 -613 

J-J 68 -920 -380 -1,532 -634 
C12 -440 -410 - 706 -670 

Bay B-C: 
H-H C27 -555 - 802 
J-J C31 -285 -420 - 519 -661 

Girder C 74 -940 -388 -1,459 -602 
H-H C 8 -401 - 643 

80 -880 -363 -384 -1,408 -581 -609 
-359 -581 

J-J 75 -770 -319 -1,342 -555 
C13 -324 -322 - 524 -540 

R,n, f'_n. --, - -· 
H-H C28 -310 - 484 
J-J C32 -472 -391 - 733 -609 

Girder D 82 -815 -334 -1, 374 -564 
H-H C 9 -306 - 531 

84 -800 -328 -323 -1,355 -556 -550 
-330 -555 

J-J C14 -345 - 574 
85 -815 -335 -340 -1, 340 -550 -562 

Bay D-E: 
H-H C42 -546 - 809 
J-J C33 -251 -399 - 470 -640 

Girder E 88 -915 -375 -1,416 -581 
H-H ClO -350 - 556 

90 -820 -336 -354 -1,330 -546 -561 
-328 -535 

J-J C15 -302 - 509 
91 -670 -275 -289 -1,179 -484 -497 

aCorrected for lead length resistance; lead length correction equal to 1 + 2RL/RsR4, 
and applies only to SR4 gages. 
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TABLE 4 

BOTTOM SLAB STRAINS PRODUCED BY FALSEWORK REMOVAL 

9-1-6oa 9-15-60C 9-l-60b 

Location Gage 
Indicated I. S . C Indicated I. s . c I. s,c 

Mean Mean Mean Mean Mean Mean 
Strain 2.462 Strain 2.462 2.462 

Girder A 161 1, 150 476 1, 179 488 465 
H-H 165 1, 155 478 477 1,245 515 502 473 469 

461 482 455 
J-J 162 1,035 429 429 1,068 442 442 428 428 

Bay A-B: 
H-H 193 1, 550 641 1, 010 418 410 
J-J 194 l , 100 456 549 900 373 396 372 391 

Girder B 167 1, 290 532 1, 330 549 535 
H-H 171 I , 095 452 492 1,290 532 541 519 527 

489 526 513 
J-J 168 1, 170 484 484 1,200 496 496 484 484 

Bay B-C: 
H-H 195 1,210 499 950 392 371 
J-J 196 1,445 597 548 890 368 380 357 364 

Girder C 174 1,398 575 1, 353 557 551 
H-H 180 1,385 570 573 1,320 543 550 553 542 

540 525 516 
J-J 175 1, 150 475 475 1,150 475 475 465 465 

Bay C-D: 
H-H 197 795 327 890 366 366 
J-J 198 1,365 563 445 885 365 366 351 359 

Girder D 182 1, 260 518 1,245 512 492 
H-H 184 1,350 555 537 1,250 514 513 504 498 

538 506 488 
J-J 185 1,310 540 540 1, 190 491 491 467 467 

Bay D-E: 
H-H 199 1, 065 438 945 388 366 
J-J 200 810 334 386 860 355 372 334 350 

Girder E 188 1,080 443 1,260 517 479 
H-H 190 1, 180 484 464 1,100 451 484 464 471 

479 470 461 
J-J 191 1,240 511 511 1,075 443 443 426 426 

astrains shown are actual differences between strains read just before striking false work and those read about 24 hr 
later, and those read 15 days later. 

bstrai ns obtained by graphi cal extrapolation of best smooth curve drawn visually through strain readi ng from 8~ 31 through 
10-10-60, i n general disrega:r:-ding first 24-hr reading . 

cReadings corrected for lead length resistances. 

moments. Moreover, the distribution factors for individual stringers agreed very 
favorably with factors computed on the basis of folded plate theory. 

Inasmuch as the value of "effective" concrete modulus required to produce static 
balance is quite low compared with the 9-day cylinder test value of 2, 600, 000 psi, an 
attempt was made to evaluate possible relative magnitudes of creep and shrinkage. By 
assuming that any transverse cracks due to differential shrinkage would close immedi
ately on striking falsework, after which combined creep and shrinkage occur, it is 
possible to establish a rough approximation of the magnitude of initial cracking by estab
lishing an approximate value of instantaneous strain. 

Figure 23 illustrates three typical plots of the strain-time relationship for deck slab 
gages. Curve-fitting methods were used to determine equations comparable to the fol
lowing equation established by Billig (1) for the creep strain-time relationship in unre-
inforced concrete: -

( 1) 

where 

et strain due to creep, 
<tit 1. 26 (t)Y3, 
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TABLE 5 

COMPUTED DEAD LOAD MOMENTS AND TOTAL STRESSES 

Ee Moment Percent Compressive Tensile 
Time (ksi) Girder (kip-ft) Total Total stress Total Stress 

(kips) (kips) 

24-hr 954.9 A,E 870 16,0 242 197 
B,D 1,231 22,6 277 296 

C 1,248 22.9 283 299 
Totala 5,450 1,285 T,285 

15-day 495.1 A,E 913 16.4 235 203 
B,D 1,245 22.4 283 305 

C 1,254 22.5 286 305 
Total 5,570 1,322 T,321 

aFive girders. 

t time after loading (mo), 
C stress, and 

Eo design modulus of elasticity. 

Although this particular equation could not be expected to hold for reinforced concrete, 
it was found that an equation of the same general form with different constants, 

(2) 

produced curves conforming closely to the measured data. It has been assumed that if 
suitably chosen values of c, k, and a produced curves which closely approximated the 
empirical data, the values of c would approximate the instantaneous strain, free of 
creep. Using values taken from such curves, the ratios of instantaneous to 24-hr 
strains are listed in Table 8. The instantaneous strains average about 75 percent of 
the 24-hr strains. 

The ratio (955, 000/2, 600,000) of modulus computed for static balance to the 9-day 
cylinder test value requires a reduction of strains to 37 percent of their 24-hr values 
for determination of instantaneous strain. The 24-hr strain would then comprise the 
following: (a) 90 µin.of creep strain; (b) 37 percent of 365, or 135 µin.of dead load 

TABLE 6 

DEAD LOAD MOMENTS COMPUTED 
ON BASIS OF 1961 AASHO 

SPECIFICATIONS 

Girder Moment 
(kip-ft) 

A,E 945 
B,D 1,169 

C 1,169 

Totala 5,397 

aFive girders. 

Percent 
Total Moment 

17.5 
21. 7 
21. 7 

strain; and (c) 140 µ in. of shrinkage crack 
closing. The latter figure compares 

TABLE 7 

THEORETICAL DEAD LOAD MOMENTS 
( Third Method) 

Girder Moment Percent 
(kip-ft) Total Moment 

A,E 846 0.158 
B,D 1,218 0.228 

C 1,215 0.227 

Section total 5,343 
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TABLE 8 

RATIOS OF COMPUTED 
INSTANTANEOUS TO MEASURED 

24-HOUR STRAINS 

Strain (µ in. /in.) 

Gage Ratio 
Est. (%) 

Instantaneous 
24-Hra 

C 6 230 322 71.4 
C 7 252 344 73.3 
C 8 318 403 78.9 
C 9 227 305 74.4 
Cl0 251 354 70.9 
C26 363 463 78.4 

Avg 274 365 74.6 

aFrom cur ve . 

favorably with the usual shrinkage coef
ficient of 0.0002 (200 µ in. / in.) and with 
a measured shrinkage of 110 µ in. in Con
trol Beam C between the ages of 16 and 29 
days and about the same amount for Beam 
A between ages of 16 and 39 days. 

Phase IV Results. -Strains measured 
during the application of the superimposed 
dead load of barrier curbs and railings 
were small and too erratic to be of value 
in determination of induced resisting 
moments. 

Live Load Tests 

Phases II, III, and V entailed evaluation 
of influences on deflections and internal 
bending strains of a heavily loaded test 
vehicle moving across the span at crawl 
speeds of 2 to 5 mph. Strains and deflec
tions measured by internal gages and de-
flectometers were recorded on oscillo
graphic equipment housed in the instru

mentation trailer parked beneath the structure. Frequent static readings were taken 
with the test vehicle on the span to permit checking of calibration procedures. The re
sulting correlations were excellent; however, the dynamic loading methods were su
perior to the static methods for two reasons: (a) the intervals between loading and un
loading were shorter and strain variations due to temperature changes were negligible; 
and (b) very large variations in the patterns of general bending strains, which result 
from local effects of wheel loads, could readily be evaluated or eliminated by smooth
ing the oscillographic traces. At the low speeds employed, dynamic effects on the 
strain patterns were negligible. 

Phase II was devoted to the study of structural action of the bare box section. Be
tween Phases II and III, a single intermediate diaphragm was placed within the struc
ture at midspan to permit evaluating the influence during Phase III of such a diaphragm 
on structural behavior. Between Phases III and V, barrier curbs and railings were 
placed on the structure, and crawl testing was continued during Phase V to determine 
the extent to which strains and deflections were modified by these structural components. 

Comparison of results based on test data obtained using only one test vehicle with 
stringer moments based on specifications which permit two vehicles to occupy the span 
required assumption of validity of the principle of superposition. Crawl tests were 
performed with the test vehicle occupying 12 transverse positions on the deck slab 
(Fig. 24), and longitudinal strains were plotted as functions of transverse position. The 
resulting curves were averaged graphically for symmetrically placed gages for sym
metrical test vehicle positions; the symmetry of these strains was very marked, the 
variation of one curve from its symmetrical counterpart seldom exceeding 2 µ in. /in. 
Strains for four hypothetical vehicle positions were established from the resulting 
average curves and superposed in the following two vehicle position combinations. 
(Position 4. 10 denotes that the left rear dual wheel is centered at 0. 10 of the distance 
between Positions 4 and 5 from Position 4; Position 11.43, that the right rear dual is 
located 0. 43 of the distance between Positions 11 and 12 from Position 11.) Vehicles 
were assumed to be confined to separate lanes as in the specifications: 

1. Position 4.10 + 11.43-critical loading for center girder; 
2. Position 4.10 + 11. 93-critical loading for first interior girder; and 
3. Position 4. 10 + 12. 30-critical loading for exterior girder. 

As in the case of dead load testing, data analysis was complicated by certain depar
tures from idealized structural behavior. Chief difficulties were as follows: 
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Figure 24. Transverse positions of test vehicle used in live l oading of prototYJ>e 
structure . 

1. Larger discrepancies among stem and midbay strains existed than those anti
cipated from shear lag considerations, necessitating assumption of a pattern of strain 
distribution in the intervening bars and slab sections; again a parabolic distribution 
was assumed between each midbay strain and the adjacent stem strain, the former 
being at the parabola's vertex. 

2. Simultaneous satisfaction of statics was lacking for total stresses and total re
sisting moments across given transverse sections of the structure, The total compres
sive stresses, computed from the measured strain patterns and the concrete moduli 
determined for the control test beams, invariably exceeded the total tensile stresses 
computed from the measured steel strains and calibration factors established in the 
laboratory for total bar stresses as functions of measured strains, and from measured 
steel moduli. Arbitrary reduction of concrete moduli to effect static balance of total 
stresses only increased a large discrepancy between external and internal moments. 
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3 . There was lack of agreement between the total internal resisting moments, com
puted from known concrete and reinforcement properties and measured strains, and 
the external moments which can be computed from known loads and positions of the test 
vehicle. 

Depending on the manner in which empirical data from live load tests are treated in 
the computation of girder resisting moments, the discrepancies between summations 
of those moments for the five stringers and the external moments known to be acting on 
the structure due to the test vehicle can reach magnitudes as great as 30 percent or as 
little as 2 percent, the external moment exceeding the internal. 

This latter departure from idealized structural behavior appears not to be unique to 
this particular study; it has probably occurred more frequently than published test re
sults would indicate. Several possible contributing factors have been examined. Tests 
performed in 1958 by the University of Iowa (2) on a continuous, composite, steel girder 
bridge evidenced a 23 percent discrepancy between known external and measured inter
nal resisting moments. In the authors' discussion of this discrepancy, the major por
tion (20 percent) was attributed to distributing effects of the concrete slab; that is, a 
concentrated wheel load was assumed to act as such on the girder over which it was 
placed, but, due to the presence of the concrete slab, as a distributed load on girders 
removed therefrom, resulting in a reduction of computed total resisting moment. Al
though this explanation has its appeal, it is believed that satisfaction of the principles 
of static equilibrium across a given transverse section demands that moments in the 
comparatively flexible slabs (the top slab stiffness being roughly 0. 4 percent of the 
summation of girder stiffnesses) would have to contribute the deficient portion of the 
total moment. 

The second possibility which suggests itself depends on the existence of possible 
tensile stresses in the concrete below the neutral axis. The resisting moments were 
computed for cracked sections. In connection with this argument, the following points 
should be considered: 

1. Visible evidence existed, on stem faces, of cracking almost to the computed 
level of the neutral axis for the cracked section; moreover, the measured strains at 
tops and bottoms of stems verified these locations. 

2. Computed total resisting moments for the gross section are much greater than 
the external moments. However, if the stems are assumed to remain uncracked down 
to the top of the lower slab, the computed resisting moment becomes nearly equal to 
the external moment. In this event, however, the total computed tensile stress becomes 
much greater than the total computed compressive stress. Also, with live load strains 
of roughly 60 µ in./in. combined with dead load strains of 450 u in./in. at this upper 
limit of cracking, the concrete would be sustaining tensile stresses of about 1, 550 psi. 
Using the usual assumption that tensile strength is about half the modulus of rupture, 
the limiting tensile strength should be about 400 psi. 

As a third possibility, the measured strains in the gaged bars may not accurately 
represent those in the intervening bars. At each gage location, a blockout was cast 
into the concrete to permit gage replacement. If it may be logically assumed that the 
longitudinal strain distribution in a reinforcing bar is nonuniform, exhibiting maxima 
at the cracks and minima midway between cracks where tensile stress in the concrete 
participates in carrying load, then the average strain measured in a blocked-out bar 
would doubtlessly be slightly lower than the strains in adjacent bars at the locations of 
a crack running through the blockout. These latter strains should be the representative 
strains used in moment computations. The possibility of such a phenomenon having any 
significant effect on results was, for all practical purposes, eliminated by conducting 
tests on one girder stem with a special type of gage. These tests clearly demonstrated 
that the measured strains in the lower bars corresponded accurately with the vertical 
strain distribution observed in the stem. 

A fourth possibility may be considered in that the strain distribution assumed be
tween stems and midbays may not represent the true distribution. The differences 
exhibited between stem and midbay strains were much larger than theoretical considera-



tions would indicate. The strain distribution in the intervening bars would have to be 
radically different from the parabolic distribution assumed, however, to produce any 
significant increase in computed resisting moments. 
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Much of the evidence observed in the box girder project favors an explanation of the 
discrepancy between computed total resisting moments and known external moments on 
the basis of results of some research work on flat slabs completed in recent years at 
the University of Illinois. In the course of this work it was observed that a reinforced 
concrete beam loaded into the cracking range and subsequently unloaded, would, on re
loading, behave like an uncracked section, its stress-strain curve approximately paral
leling the curve obtained before first cracking. It is hypothesized that, when the cracked 
structure is unloaded, cracks in the concrete do not close completely, leaving residual 
stresses in the tensile reinforcement which produce compressive stresses against what
ever material is preventing closing of the cracks. steel strains measured in the rein
forcement during subsequent reloading of the beam, lacking consideration of these resi
dual stresses, would be lower than strains commensurate with the moments applied to 
the beam. 

Evidence favoring this explanation is furnished by the fact that, as will be noted 
below, when the steel stresses are eliminated from consideration in moment calculations 
by computing the moments of the compressive total stresses about the computed location 
of the tensile total stress resultants, the summation of computed resisting moments in 
the five girders is very nearly equal to the known acting moment. The fact that the 
computed total compressive stress across the transverse box girder section greatly 
exceeds the total tensile stress also favors the hypothesis that unmeasured residual 
stresses exist in the reinforcing steel. Lastly, the configuration of the os cillographic 
traces of strain in the lower slab reinforcing steel favors this hypothesis. If the phe
nomenon which keeps the cracks in the concrete from closing also permits the existence 
of temporary compressive stresses in the cracked area, the residual stresses in the 
tensile reinforcing steel would, in effect, cause the beam to behave like a partially 
prestressed beam, increasing the moment of inertia with respect to that of the fully 
cracked beam and lowering the neutral axis. As the beam is reloaded and the residual 
stresses are overcome, the cracks will re-open until the load reaches its former max
imum value, when the beam again acts as a fully cracked section. This behavior would 
be manifested by a rising neutral axis, a decreasing moment of inertia, and an increas
ing "fiber distance" for the reinforcement. Under such circumstances , a linear change 
in bending moment would be accompanied by a curvilinear increase in reinforcement 
bending strains. 

The influence line for bending moment or strain in a simple beam traversed by the 
two-axle test vehicle would normally be expected to be a broken line comprising the 
graphical summation of two dissimilar triangles whose vertices are displaced horizon
tally from one another by the wheelbase of the vehicle. The oscillographic traces in 
rare instances did assume such a configuration; however, in the general case, these 
traces exhibited a series of curvilinear traces with upward concavity, such as would 
be expected if the aforementioned phenomenon existed. 

Unfortunately, at the time the oscillographic data were reduced, the possibility of 
such a phenomenon was not anticipated and the actual trace displacements were assumed 
to represent the strain patterns. In retrospect, it appears that the lower layer steel 
strains for each beam might more logically have been obtained by constructing an ideal
ized influence line, based on the measured axle reactions, wheelbase, and bridge di
mensions, on each oscillographic trace for which strains in a given gage reached the 
maximum strain in the course of the test. The ratios of influence line ordinates to 
trace displacements for various moments could then be used to correct the traces for 
any vehicle traverse. For one oscillographic trace treated in this manner, it was fom1d 
that the strain at the 5/izths point, with t he rear axle of the test vehi cle at midspan, was 
increased by 30 percent. 

It might reasonably be expected that, if this phenomenon did exist, the residual 
stresses after first loading would be readily observable on plots of dead load strain as 
functions of time and that overcoming these residual stresses would result in a delay in 
the appearance of strains on the oscillographic trace. Neither of these phenomena was 
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explicitly observable; however, it should be noted that these residual strains would be 
most pronounced at a crack but would be averaged out over a considerable length where 
the gages were blocked out or extensively waterproofed. Moreover, the aforementioned 
curvilinear configuration of the oscillographic traces does, in effect, constitute a de
layed appearance of strain, though lacking the more abrupt nature which might be ex
pected if the strain were measured at a crack. 

Any of the five effects mentioned constitutes a possible contributing factor to the 
discrepancy between external and internal moment. Little evidence exists among the 
prototype strains for the existence of some of them; insufficient instrumentation pre
cludes the elimination of others from consideration. The best evidence points to the 
fifth reason given, and the excellent agreement noted between total external moment 
and total resisting moment based on compressive total stresses only, favors this argu
ment. To avoid any loopholes, however, four sets of girder resisting moments were 
calculated, using various assumptions, to cover the various possibilities. 

The first set of values was established from the raw test data with little modification. 
Mean strains in the tensile reinforcing bars, assuming parabolic distribution, and 
measured strains in compressive reinforcement were used in conjunction with laboratory 
calibrations to establish total steel stresses. Mean strains in the concrete slab were 
multiplied by elastic moduli determined from tests on unreinforced control beam speci
mens poured simultaneously with the slab and subjected to a similar environment. Re
sulting values of resisting moments are given in Table 9 and shown in Figure 25 for 
test vehicles in hypothetical positions 4. 10 and 11. 43, with the rear axle at midspan. 
In all cases, such curves were drawn for the aforementioned critical locations and for 
the rear axle at the quarterspan and at midspan. Only typical curves will be included 
herein. 

The discrepancy between computed total resisting moment and known acting moment 
is roughly 25 percent for this case. Total computed compressive stresses are signi
ficantly larger than computed total tensile stresses across the transverse sections 

TABLE 9 

COMPUTED LIVE LOAD RESISTING MOMENTS AT %2 POINT OF SPANa 

Position Resisting Moment (kip-ft) Ee 
Phase (X 103 

Comb. A B C D E Total ks£) 

II 4.10 204 293 308 308 219 1,332 439.2 
+ 

III 12.30 222 311 313 320 231 1,397 469.4 

V 162 257 261 265 169 1,114 522.7 

II 4.10 206 297 311 305 215 1,334 439. 2 
+ 

III 11.93 224 314 314 318 228 1,398 469.4 

V 164 260 261 264 167 1,116 522.7 

II 4.10 208 299 313 304 212 1,336 439.2 
+ 

III 11.43 226 316 315 315 225 1,397 469.4 

V 165 262 261 261 164 1,113 522.7 

aBased on unmodified strain data and control beam moduli, rear wheels at midspan. 
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Figure 25, Computed live load resisting 
moments for two test vehicles in hypothet
ical transverse positions 4.10 and 11.43 
(critical for center girder), with rear 
axle at midspan, taken about experimental 
neutral axis and based on control beam 
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Figure 26. Computed live load resisting 
moments for two test vehicles in hypothet
ical transverse positions 4.10 and 11.43 
( critical for center girder) , wt th rear 
axle at midspan, taken about experimental 
neutral axis, with concrete moduli reduced 
to effect static balance between total 

tensile and compressive stres ses. 

studied. Two possible alternatives exist to effect static balance of the total stresses 
across the transverse section: (a) by decreasing the total computed compressive 
stress; or (b) by increasing the total computed tensile stress. 

For the second set of resisting moments, the concrete modulus was assumed at a 
lower value than that measur ed for the control beams to effect static balance of total 
stresses by decreasing the total compressive stress. The control beams were, of 
necessity, tested in a much lower stress range than that to which the deck slab was 
subjected, possibly producing a higher figure for effective modulus. In addition, if it 
were possible for transverse deck cracks to exist in the high compressive stress field 
due to differential shrinkage of the deck slab against the restraint of the stems, the 
necessity for closing these cracks under live loading would reduce the effective modulus 
from that measured for the control beams. Resisting moments computed for the lower 
modulus are given in Table 10 and shown in Figure 26. Although static balance is 
established for total stresses by this method of computation, the discrepancy between 
external and internal moments is increased to 30 percent. 

In the third calculation, resisting moments were computed explicitly in terms of 
concrete stresses using the control beam moduli in conjunction with measured strain 
patterns in the concrete and computing moments about the lower slab reinforcement. 
This method of calculation eliminates consideration of the tensile reinforcement 
stresses, assuming that these measured stresses are unrepresentative for reasons 
discussed previously. Results are given in Table 11 and shown in Figure 27. The 
discrepancy between internal and external moments is decr eased to 8 percent for Phase 
II and 2 percent for Phase III. 
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TABLE 10 

COMPUTED LIVE LOAD RESISTING MOMENTS AT 3/12 POINT OF SPANa 

Position Resisting Moment (kip-ft) Ee 
Phase (X 103 

Comb. A B C D E Total ksf) 

II 4.10 195 281 295 294 207 1, 272 351. 8 
+ 

III 12.30 200 286 286 293 208 1,273 353. 9 

V 150 240 241 247 156 1,034 353.9 

II 4.10 197 284 297 291 204 1,273 351. 8 
+ 

III 11. 93 202 288 287 291 205 1,273 353. 9 

V 151 239 237 246 155 1,028 353 .9 

II 4.10 201 289 299 287 199 1,275 351. 8 
+ 

III 11.43 204 290 288 289 202 1,273 353.9 

V 153 245 241 243 152 1,034 353.9 

"with concrete moduli r~duced to produce static balance of total stresses, rear wheels 
at midspan. 

TABLE 11 

COMPUTED LIVE LOAD RESISTING MOMENTS AT 3/12 POINT OF SPA~ 

Position Resisting Moment (kip-ft) Ee 
Phase Comb. (X 103 

A B C D E Total ksf) 

II 4.10 282 342 370 357 301 1,652 439.2 
+ 

III 12.30 313 364 376 378 328 1,759 469.4 

II 4.10 286 346 375 354 297 1,658 439.2 
+ 

III 11. 93 317 366 377 375 325 1,760 469,4 

II 4.10 291 350 380 351 291 1, 663 439.2 
+ 

III 11.43 320 370 379 370 320 1,759 469.4 

aBased on control beam moduli and taken about resultant of total tensile stress . 

In the fourth set of calculations, the resisting moments for individual stringers in 
each of the previously mentioned calculations were arbitrarily increased by the ratio of 
the known external moment to the summation of individual stringer moments. Envelopes 
of resulting maximum moments for each stringer are shown in Figures 28a and 29a for 
the rear axle at midspan and quarterspan, respectively. The latter calculation was not 
extended to Phase V because of the indeterminate nature of the contribution of the barrier 
curbs and railings to the individual stringers. 
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Figure 27. Computed live load resisting moments for two test vehicles in hypothetical 
transverse positions 4.lO and 11.43 (critical for center girder), with rear axle at mid
span, taken about resultant of total tensile stresses and using control beam moduli. 



64 

10000? 
A B C D E 

400 

c:' 
0. 

§ 

300 

--+-----t---------200 

(a) 

10000? 
A B C D E 

Phase 2 

Ph• 

--4----+-----+---+----+300 

~---+---+---+----t200 

( b) 

Figure 28{a). Envelopes of maximum aug
mented live load resisting moments for two 
test vehicles in hypothetical transverse 
positions critical for various girders, 
and with rear axle at midspan; and (b) 
using only moment of total compressive 
stresses about tensile resultant location. 
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Figure 29{a). Envelopes of maximum aug
mented live load resisting moments for two 
test vehicles in hypothetical transverse 
positions critic al for various girders, 
and with rear axle at quarterspan; and (b) 
using only moment of total compressive 
stresses about tensile resultant location. 
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TABLE 12 

EMPIRICAL VALUES OF DISTRIBUTION FACTOR, K 

No . of Whe el 
Lines , WL WL/ S 

{a) Phase ua 

65 

K 

A ill = 0 , 699 0,096 0 , 114 8.77 

B 

C 

D 

~ = 0,900 

::; = 0.938 

~ = 0.927 

0.125 

0.129 

0.128 

8.00 

7. 75 

7 .82 

E ¾H = 0.728 0 . 100 0. 118 8 . 48 

A 

B 

C 

D 

E 

A 

B 

C 

D 

E 

A 

B 

C 

D 

E 

(b) Phase ma 

327 0. 728 0 . 100 449 = 

409 
0. 911 0 , 126 449 = 

406 
0 . 904 0 . 125 m = 

!!~ = 0.920 0.127 

335 o. 746 0.103 m = 

(c) Phase nb 

3 1,1 
0 699 0.096 ,m= 

~ = 0,842 0.116 * = 0,915 0.126 

ffl = 0 . 864 0.119 

!:~ = 0. 728 0 . 100 

(d) Phase mh 

!!~ = 0. 728 0.100 

~ = 0,842 o. 116 

387 
0.862 0 , 119 m = 

386 
0.860 0 . 119 m = 

335 0, 746 0 . 103 
449 = 

0 , 118 

0 . 122 

0.114 

0 , 118 

0 . 118 

0.122 

8 , 48 

7 , 94 

8.00 

7 .88 

8.20 

8. 78 

8. 62 

7 ,94 

8.40 

8.48 

8. 48 

8 . 62 

8 . 40 

8.40 

8 , 19 

aBased on envelopes or maximum augmented values of resisting 
moments computed by four methods. 

bBased on maximum augmented values of resisting mome nts of total 
concrete stresses about location of tensile resultant. 
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TABLE 13 

EXPERIMENTAL LIVE LOAD 
MOMENTSa 

Resisting Proportion 
Girder Moment of Total (kip-ft) 

A 208 0,156 
B 299 0,224 
C 313 0,234 
D 304 0.228 
E 212 0.159 

Total 1,336 

aFrom Table 9, Phase II; Position 4.l0 + 
ll.43, rear axle at midspan, (calculated 
from control beams for Phase II). 

TABLE 15 

EXPERIMENTAL LIVE LOAD 
MOMENTsa 

Resisting Proportion Girder Moment 
(kip-ft) of Total 

A 320 0.182 
B 370 0 . 210 
C 379 0.215 
D 370 0.210 
E 320 0 . 182 

Total 1,759 

"1-Irn:r:rmts of compressive resultants about 
~ensile resultant, PhB.Ge III, from Table 
11, Phase III; Posit,ion 4.l0+ ll.43, rear 
axJ.e at midspan, Ee =439,200 ksf (calcu
lated i'rom control bewns for Phase III). 

TABLE 14 

EXPERIMENTAL LIVE LOAD 
MOMENTSa 

Resisting 
Proportion Girder Moment of Total (kip-ft) 

A 291 0.175 
B 350 0.210 
C 380 0.228 
D 351 0.211 
E 291 0.175 

Total 1,663 

aMoments of compressive resultants about 
tensile resultant, Phase II, from Table 
ll, Phase II ; Position 4.l0 + ll.43, rear 
axle at midspan, Ee= 439,200 ksf (cal
culated from control beams for Phase II). 

TABLE 16 

EXPERIMENTAL LIVE LOAD 
MOMENTSa 

Resisting 
Girder Moment Proportion 

(kip-ft) of Total 

A 201 0.157 
B 289 0.227 
C 299 0.235 
D 287 0.225 
E 199 0.156 

Total 1,275 

aPosition 4.10 + 11.43; rear axle at mid
span; Ee= 35l,800 ksf (value required to 
satisfy statics for total longitudinal 
stresses). 

A simila1· augmentation was performed using only the moment of the total compres
sive stresses about the tensile r esultant location. Envelopes are plotted in Figures 28b 
and 29b for tile rear axle at midspan and quarterspan, respectively. 

For comparison purposes, each oi the previous graphs depicts the resisting moment 
in each girder as it would be computed for a fractional distribution of S/7. In addition, 
Figures 30 and 31 depict computed moments for several other fractional distributions 
up to S/15. 

The aforementioned maximum bending moments in the stringers may be translated 
into more familiar design terms. If S/K is the number of wheel lines distributed to 
each interior stringer for an average stringer spacing, S and (We/S)(S/K) is the cor
responding factor fox the exterior stringet' where We is one-half the panel width plus 
the width of slab overhang; the factor K, may be computed as shown in Table 12. The 
moment per wh el line, with rear axle at midspan = 449 ft ~kips . A stuill.a.r cal 1ilation 



TABLE 17 

THEORETICAL LIVE 
LOAD MOMENTsa 

(First Method) 

Resisting Proportion 
Girder Moment 

(kip-ft) of Total 

A 261 0.144 
B 430 0.237 
C 444 0.244 
D 423 0.233 
E 258 0,142 

Total 1,816 

aposition 4.lO + l l.43; rear axle at mid
span; Ee= 432,000 ksf . 

Girder 

A 
B 
C 
D 
E 

Total 

TABLE 19 

EXPERIMENTAL LIVE 
LOAD MOMENTsa 

Resisting 
Proportion Moment 

(kip-ft) of Total 

204 0 .153 
293 0.220 
308 0.231 
308 0.231 
219 0.164 - - -

1,332 

aFrom Table 9, Phase II; Pos ition 4. lO + 
l2,30; rear axle at midspan; Ee= 439,200 
ksf (calculated from control beams for 
Phase II). 

TABLE 18 

THEORETICAL LIVE 
LOAD MOMENTSa 

(Second and Third Methods) 
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Girder 
Resisting 
Moment 
(kip-ft) 

Proportion 
of Total 

A 
B 
C 
D 
E 

Total 

280 
420 
430 
420 
280 

1,830 

0 .153 
0,229 
0.235 
0.229 
0 .153 

aPosition 4.lO + ll.43; rear axle at mid
span; Ee = 432,000 ksf. 

TABLE 20 

EXPERIMENTAL LIVE LOAD 
MOMENTSa 

Resisting Proportion Girder Moment of Total (kip-ft) 

A 282 0.171 
B 342 0.207 
C 370 0.224 
D 357 0.216 
E 301 0.182 

Total 1,652 

aMoments of compressive r esultants about 
tensile resultants, Phase II, from Table 
ll, Phase II; Position 4.lO + l2,30, rear 
axle at midspan, Ee= 439,200 ksi (cal
culated from control beams for Phase II). 

was made using only augmented moments of total compressive stresses about the loca
tion of the tensile resultant. Values of K for this calculation are also listed in Table 12. 

Selected results of calculations of experimental live load moments are listed in 
Tables 13 through 18. Table 13 lists the ratios of individual stringer to total moments 
computed by the aforementioned first method and listed in Table 9. Similar ratios for 
moments of total compressive stresses about tensile resultant locations are listed in 
Tables 14 and 15 for Phases II and III, respectively-the moments in the latter two 
tables were taken from Table 11. Table 16 lists these ratios for moments computed 
by the second method, wherein all moments are increased by the ratio of known ex
ternal moment to computed internal moment. Tables 19 through 22 list similar ratios 
for a different critical position of the test vehicles. 

It should be emphasized that the results shown are for a structure with the particular 
configuration of the test structure, and that these results may require modification for 
structures with other configurations if theoretical considerations so indicate. 
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TABLE 21 

EXPERIMENTAL LIVE LOAD 
MOMENTSa 

Resisting Proportion 
Girder Moment of Total 

(kip-ft) 

A 313 0.178 
B 364 0.207 
C 376 0.214 
D 378 0.215 
E 328 0.186 

Total 1,759 

aMoments of compressive resultants about 
tensile resultants, Phase III, from Table 
ll, Phase III; Position 4.lO + l 2 ,30, 
rear axle at midspan, Ee+ 43y,200 ksf 
( calculated from control beams for Phase 
III). 

Girder 

A 
B 
C 
D 
E 

Total 

TADLE 22 

EXPERIMENTAL LIVE 
LOAD MOMENTSa 

Resisting 
Moment 
(kip-ft) 

Proportion 
of Total 

195 
281 
295 
294 
207 

1,272 

0.154 
0.221 
0.232 
0. 231 
0.163 

aPosition 4.lO + l2,30; rear axle at mid
span; Ee= 35l,8oO ksf (value required to 
satisfy statics for total longitudinal 
stresses). 

THEORETICAL ANALYSIS 

In order that the results of field and model studies might be extended to permit ap
plication of these results to structures varying in configuration from the field proto
type, certain analytical procedures were investigated. The first method comprises an 
attempt to apply a distribution procedure developed by Newmark (3). Because some of the 
assumptions used in Newmark' s development do not hold true in the case of the box 
girder, some modifications of the method have been required. The third method entails 
an application to the box girder of folded plate equations developed by Goldberg and Leve 
( 4), using matrix algebra. The second method combines portions of the first and third 
methods, treating the transverse rigidity phase by Newmark's method, and the longi
tudinal rigidity phase by folded plate equations . Whereas the mathematical approach 
used in the second method differs considerably from that used in the third, the results 
of these two solutions are the same. 

Because all three procedures involve much tedious arithmetic, the use of an elec
tronic computer is essential. The computational burden connected with the work de
scribed herein was, in large measure, carried out by programming in FORTRAN 
language for an IBM 704 owned by the Division of Highways. 

Description of Analytical Procedures 

The distribution procedure developed by Newmark was designed for application to 
slabs on steel I- beams, wherein the assumption can be made that there exists negligible 
transfer of longitudinal shear at the beam-slab interface. Transverse slab moments 
and shears are distributed by the moment distribution method, modified for application 
to the slab elements. Effects of the torsional rigidities of the supporting beams may 
be included. The analysis may, in effect, be separated into two phases, in which the 
effects of transverse slab rigidity and of longitudinal girder rigidities are evaluated 
separately. 

This brief description evidences some of the shortcomings of the method in its ap
plication to the box girder. For one thing, the torsional rigidity of the supporting 
beams becomes indeterminate in the box girder section due to the restraint at the bottom 
of the web resulting from the presence of the lower slab. An attempt has been made to 
surmount this difficulty by treating the webs and lower slab in a manner comparable to 
that used by Newmark for the top slab. The transverse section thus becomes analogous 



to a Vierendeel truss with rigid joints, with the slabs and webs comprising the 
truss members. 
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A second difficulty arises from the fact that the webs are integral with the upper and 
lower slabs, and longitudinal shear is inevitable at the joints. Although the assumption 
of no longitudinal shear transfer is basic in Newmark's method, he suggests as an ap
proximation, where "T-beam" action is present, the use of a modified moment of inertia 
in the calculation of the longitudinal girder stiffness. In the first method, the moment 
of inertia of the entire I-section between vertical planes at the midbays has been used 
in the computation of the longitudinal stiffness. This expedient, however, does not ade
quately take into account the longitudinal rigidity of the closed box section; this is be
lieved to be the reason for the poor results from the use of this method. In the second 
method, the longitudinal stiffness is treated by use of those folded plate equations 
treating the membrane stresses, with considerably improved results. 

The third method does not deal with transverse and longitudinal rigidities in separate 
steps but employs all of the folded plate equations to permit evaluation of a stiffness 
matrix for the section. This procedure provides a convenient method for evaluation of 
girder deflections and internal stresses for various applied loads. 

An ordered description of steps involved in the three procedures follows. Outlines 
of the first and second methods are combined because the first phase of each method, 
considering only the effects of transverse rigidity, is the same. 

Analytical Procedures-First and Second Methods 

1. Resolve the external loading forces into component terms of a Fourier series. 
Use equations furnished by Newmark (3) where applicable. (It is convenient to defer 
inclusion of the sine terms in the series expansions and to deal only with amplitudes of 
the forces until the final stages of the analysis . ) 

2. Replace the transverse box girder section with an "analogous Vierendeel truss" 
with vertical sections of the slabs and webs replaced by the truss members. It is as
sumed that the slabs are framed into diaphragms at the bearings only and that these end 
diaphragms provide only simple support without moment restraint in a longitudinal 
direction. 

3. Compute stiffness and carry-over characteristics for each member of the anal
ogous truss for determination of fixed end moments and reactions. Because these 
factors apply to truss members which are, in reality, sections of slabs, they will differ 
numerically from similar factors for beains. Values may be found by interpolation 
from tables provided by Newmark (3), or they may be computed from equations furnished 
for the purpose. Although these coefficients include hyperbolic functions for which ac
curate tables are not always available, computation by electronic computer makes the 
use of the equations more convenient than use of Newmark' s tables. 

4. Using the coefficients from Step 3 and the loading components from Step 1 for 
known values of the loading, fixed edge moments and reactions may be computed for 
each value of the Fourier module. 

5. Assume that the slabs are inextensible between joints. At the bottom of each 
web and at one end of each slab, introduce constraints which permit longitudinal move
ments and joint rotations but prevent transverse or vertical translations. 

6. Compute unbalanced moments at each joint and, by successive relaxations, dis
tribute moments around the analogous truss using the carry-over factors from Step 3. 

7. Calculate modifications of the fixed end reactions resulting from the relaxation 
of the joints in the course of distributing moments. The analogy with the Vierendeel 
truss breaks down here because the reaction changes cannot be computed by statics. 
A description of the applicable procedure is given by Newmark (3). 

8. Summation of the modified fixed end reactions along horizontal or vertical planes 
will produce a total of seven external reactions at the points of constraint. The loading 
producing these reactions may be replaced by a set of seven hypothetical external loads 
(Rio, R20, ... , R70) acting at the panel points. These loads are equal and opposite to 
the external reactions (Fig. 32). 
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- Exte1 nal rea·~t1ons 

---• External loads at pone! points into which 
actual loads ore resolved ... Acting concentrated load 

Figure 32. Resolution of external actions 
with joints restrained . 

Figure 33 , Hypothetical displacement pat
ter ns a s s umed in analysis : transverse 

rigidity phase , 

9. Assume a set of seven independent 
patterns of deflection, in which each girder 
stem (two joints) and each slab (five joints 
each) are deflected through known distances . 

10. Compute a new set of fixed end mo
ments and reactions commensurate with 
each deflection pattern. This calculation 
will require coefficients applicable to slab 
deflections computed from Step 3 . 

11. Distribute unbalanced moments as 
before and compute the changes in the new 
fixed end reactions due to joint relaxations. 

12. Compute a second set of reactions 
(R11T, R21T, · · ,, R71T; R12T, R22T, 
... , R72T; etc.) required to hold the anal
ogous truss in equilibrium in each distorted 
configuration (Fig. 33). (~j is the reaction 
at panel point i due to a deflection at panel 
point j .) 

13. The reactions determined in Step 12 
are based on the assumption that the struc
ture has large transverse rigidity com
pared to its longitudinal rigidity; the first 
and second methods are identical to this 
point.) A second component of reaction 
must be calculated at each panel point as -
suming that the structure has large longi
tudinal rigidity compared to its transverse 
rigidity. Superposition of the two reaction 
components will result in reactions re
quired to produce the deflected configura
tions for a structure with rigidity in both 
directions. 

14. The method used to compute the 
reaction components for the structure with 
large longitudinal rigidity constitutes the 
basic difference between the first and 
second methods. 

a. First Method.-The individual 
girders are assumed to be cut at the mid
points of the bays by vertical planes or at 
the mid-depths of the stems by horizontal 
planes (Fig. 34). Girder stiffnesses are 
computed and multiplied by the same de
flections used in Step 9. Because this 
girder stiffness is a function of the girder 
moment of inertia, this method permits 
the use of any desired section, be it cracked 

or uncracked. The procedure possesses the disadvantage that it neglects the longitudi
nal rigidity of the closed box section, which may be appreciable. 

b. Second Method. -The webs and slabs are assumed to be membranes which 
can sustain longitudinal shears and normal stresses but no transverse moments or 
shears ; the latter two components are covered in the first step for both methods. Values 
of S, the longitudinal shears, and of N, the normal stresses, will depend on the longi
tudinal displacements of the joints, u, and transverse displacements, v. Goldberg and 
Leve ( 4) have developed equations for N and S in terms of u and v. With values of v 
establfshed for the seven aforementioned displacement patterns, it is possible, through 
use of these equations, to compute corresponding values of u by formulating equilil.,1'iuu1 
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equations for the longitudinal shears at 
each joint. The resulting values of u, to
gether with the corresponding assumed 
values of v, may be employed to deter
mine the N forces for each member at the 
joints. The N forces may be summed 
along vertical and horizontal lines to pro
duce the second components of reactions, 
RllL, R21L, ... , R71L; R12L, R22L, 
... , R72L; etc. This method permits an 
evaluation of the longitudinal shears at 
the joints but possesses the disadvantage 
that it deals purely in terms of the gross 
concrete section. 

15. Values of RijT established from 
Step 12 for the structure with assumed 
negligible longitudinal rigidity and values 
of RijL established by one of the two me
thods in Step 14 for a structure with as
sumed negligible transverse rigidity may 
be summed to produce the external actions 
required to hold a structure with rigidity 
in both directions in the assumed deflected 
configurations. The internal actions re
sisting these displacements will be equal 
and opposite to the external actions: 

R21 = - ( R21L + R21T), etc. (3) 

16. If, under a given loading condition, k , the deflections of the girders and slabs 
are A1k, A21c, ... , Aik, ... A7k, the total internal action at Joint i is the summation 
of the component internal actions at Joint i due to deflections at the other joints. Ex
pressed as an equation, the total internal resisting force at Joint i is: 

( 4) 

For equilibrium to exist , the internal action at each panel point must be equal and op
posite to the external load at the same panel point, the latter having been computed in 
Step 8 . Thus, 

(5) 

or 

R10 = ( R11L + R11T) Alk + ( R12L + R12T) A2k + 

· · · + (R17L + R17T) A7k (6) 

Similar equations may be written for each of the seven girders (slabs), producing 
seven equations in seven unknown deflections for each loading condition. 

17. The seven equations are solved for the seven unknown deflections of the girders 
and slabs for each condition of loading. The procedure must be repeated for a sufficient 
number of values of the Fourier module to result in convergence. 
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18. At this point the proper sine functions are applied as factors to component terms 
of the Fourier series and summations are calculated to produce the total theoretical 
deflections at each panel point. These deflections may then be employed to compute the 
girder resisting moments or the desired slab stresses (depending on the method used) 
for comparison with empirically determined values . Results of the first method are in 
terms of individual girder resisting moments, whereas the second and third methods 
result in longitudinal slab stresses , there being no way to evaluate resisting moments 
directly by these two methods. Combined effects of the separate wheel loadings may be 
most conveniently evaluated by making the calculations for a single concentrated load 
in a large number of positions and then evaluating the effects of the measured wheel 
reactions through the use of influence lines and surfaces. 

S_£lution by Matrix Formulation of Folded Plate Equations-Third Method 

1 . The folded plate equations published by Goldberg and Leve (j) are in the general 
form: 

Pijm = FFijm + Q(=I;Co) (7) 

where Pijm is a final edge for ce, FFijm is a fixed edge force , and Q represents the 
internal edge force due to edge displacements . For equilibrium to exist at a joint, the 
final edge forces and moments produced by all members framing into the joint must 
sum to zero. Therefore , a relationship may be established between the fixed edge 
forces produced by external forces acting on the plates and the forces resulting from 
edge displacements. It is also possible to establish a relationship between the external 
joint displacements and the internal edge displacements. The external system having 
forces and displacements are conveniently related to a coordinate system having a con
stant orientation in space. The folded plate equations are related by Goldberg and 
Leve ( 4) to coordinate syst ems whose orientations vary with the orientations of the 
plates -:-- The external forces and displacements are, in general, also designated in a 
different manner than are the internal forces and displacements. The fixed edge and 
external forces are related in the analysis through an equilibrium matrix: 

(8) 

The internal edge displacements, 6, are related to the joint displacements , 11, by the 
geometry matrix: 

[o] = [BJ [ll.J (9) 

The [AJ and [BJ matrices are formulated so that one is the transpose of the other. 
2. A stiffness matrix is formulated to relate the internal edge forces to the internal 

edge displacements: 

[QJ = [SJ [o) [SJ [BJ (11] = [SJ [AJT [/1] 

and 

[PJ + [AJ [QJ = 0 

[PJ + [AJ [SJ [AJT [/1] = 0 

(10) 

(lla) 

(llb) 

3. If the matrix product, [AJ [SJ [A] T is designated by the single matrix, [K], 



[P] + [K] [A] = 0 

and 

4. Substitution of Eq. 12b in Eq. 10 yields 

[Q] = [ SJ [AJT ( - [Kr 1 [PJ) 
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(12a) 

(12b) 

(13) 

5. Final edge forces are represented by the summations of the fixed edge forces 
and the forces due to edge displacements. 

6. Forces at any point within the plates may be evaluated through use of equations 
furnished by Goldberg and Leve ( 4). 

7. To reduce the sizes of the -matrices employed, symmetric and antisymmetric 
load systems are employed, the box section being split at the center web. A discus
sion of this treatment of loads is given by Newell (5). As applied to the box section, 
this treatment of loads has the following implications at Joints C and H, at the top and 
bottom of the center web: 

a. Symmetric Case. -Displacements and rotations perpendicular to the plane of 
symmetry, and external forces producing shears parallel to the plane of symmetry are 
zero (Fig. 35). External moments and forces normal to the plane of symmetry, re
sulting from the hypothetical loads on the removed half of the structure, produce , in 
effect, built-in restraints which prevent the normal displacements and rotations. Be
cause these external forces nullify similar but oppositely disposed forces in the half 
structure, these oppositely disposed forces need not appear in the F-matrix, nor do 
the zero displacements appear in the A-matrix. There are no bending moments or 
normal shears in the web, CH, but there may exist longitudinal shears and membrane 
stresses. Therefore, the stiffness factor used in computing Sand N must be halved. 

b. Antisymmetri c Cas e . -Displacements parallel to the plane of antisymmetry, 
and forces and moments normal to the plane of symmetry are zero (Fig. 36). There 
exist vertical and longitudinal shears parallel to the plane of antisymmetry, resulting 
from the hypothetical antisymmetric loads, restraining the Joints C and H from move
ments parallel to the plane of antisymmetry. These external forces nullify similar but 
oppositely directed forces in the half structure, which need not be included in the F
matrix. Displacements parallel to the plane of antisymmetry are not included in the 
A-matrix. There exist no longitudinal shears or planar stresses in the center web, 
but there may exist transverse moments and shears. The transverse flexural stiffness 
used in computing Mand V must be halved. 

FULL STRUCTURE FULL STRUCTURE 

J, F;2 re -1€T,1- ~ F;2 (tr~ -lfT,r-1~~ I F, 

TYPICAL FORCES 
@j 

TYPICAL FORCES 
HALF STRUCTURE ON JOINTS Ca H HALF STRUCTURE ON JOINTS Ca H 

Figure 35, Force distribution for sym- Figure 36, Force distribution for anti-
metric loading. symmetric loading , 
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c. The displacements and internal forces may be found by superposing the re
sults of the two cases. 

As has been stated before, the mathematical work involved in the theoretical analysis 
was performed in large measure by an IBM 704 through the use of FORTRAN programs. 
The machine work entailed calculation of frame constants for slab components of the 
analogous Vierendeel truss, including distribution and carry-over factors for loads and 
displacements; calculation of coefficients for fixed edge moments and reactions; distri
bution of moments through the truss by the Bridge Department's Multi-story Frame 
Distribution Program; modification of fixed edge reactions due to joint relaxations dur
ing the distribution process; solution of simultaneous or matrix equations for panel 
point displacements; and calculation of resisting moments or longitudinal slab stresses. 
The actual mechanics of applying these methods are described only briefly herein. The 
theoretical mP.thndR will he discussed in more detail in a final project report. 

For dead load, the calculations were made for the actual loads of the components of 
the structure (expressed, of course, in terms of their Fourier components). For live 
loads, calculations were first made for a 1, 000-kip concentrated load placed on the up
per slab at the fifth points of the bays. The results of these calculations were used to 
plot influence lines or surfaces of deflections, and resisting moments (first method) or 
longitudinal stresses (second and third methods). Transparent overlays depicting the 
test vehicle wheel locations in plan or section were used in conjunction with these charts 
to permit computation of deflections and resisting moments or stresses for the test 
vehicle in various transverse locations. In general, the calculations were made for 
two longitudinal locations of the vehicle, i.e., with the rear axle at the quarterspan and 
midspan, for comparison with the empirically determined values. 

COMPARJSON OF THEORETICAL AND EMPIRJCAL RESULTS 

To test the relative applicability of the three analytical methods employed, computed 
theoretical results were compared with values measured experimentally. Such com
parisons may be made in several ways. Certain complications arise in establishing 
the comparisons . 

Results of theoretical calculations are given in terms of resisting moments or longi
tudinal stresses, and deflections, whereas the experimental measurements comprised 
strains and deflections. Establishment of a comparison between any measurement and 
its theoretical counterpart requires knowledge of an effective modulus of elasticity for 
the concrete in the structure, which may be difficult to assess. 

As noted earlier, measured strains and deflections do not accord fully with expecta
tions based on idealized structural behavior. Dead load, total, tensile and compressive 
stresses, and external and internal moments may be made to satisfy static equilibrium 
principles simultaneously only by using a somewhat arbitrary system of longitudinal 
strain averaging and by assuming a relatively low value for effective concrete modulus. 
Live load, total, tensile and compressive stresses cannot be made to satisfy statics 
simultaneously, regardless of choice of concrete modulus. External and internal mo
ments may be made nearly equal for experimental moduli if the moments of the total 
compressive stresses are computed about the locations of the total tensile stress re
sultant. The known external moments always exceed the summations of internal stringer 
resisting moments computed from strain patterns and measured concrete moduli or 
reinforcing steel calibration factors. By contrast, the various theoretical methods 
employed produce results complying with the principles of static equilibrium. Com
parisons between actual, theoretical and measured strains and deflections will, there
fore, be of less importance than comparisons of the relationships these individual 
values, translated into resisting moments, bear to their summations . 

When comparisons are made between measured strains for the lower slab reinforce
ment and strains computed by the second and third analytical methods, consideration 
must be given to the fact that these methods deal with the gross concrete section. The 
problem has been treated herein by increasing the theoretical strains computed 
for the lower slab by the ratio of the gross area of the lower slab to the trans
formP.d area nf the lower layer of reinforcing steel. This ratio is of smaller magnitude 
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Figure 37. Comparison of theoretical and experimental live load strain distributions for 
test vehicle in transverse Position 13. 
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than it should be because a significant area 
of the concrete stems has been neglected. 
The discrepancies between theoretical and 
measured strains will, therefore, not ap
pear commensurate with the discrepancies 
between measured and computed moments. 

Because the folded plate equations do 
not take into consideration the orthotropy 
of the reinforced slab, this approximation 
is not rigorous. However, because the 
lower slab was cracked only transversely 
and the gross section is likely to be the 
applicable section for the other types of 
forces treated by the folded plate equations, 
the approximation, based on the assump
tion that all longitudinal stress computed 
for the lower slab is concentrated in the 
reinforcing steel, should closely predict 
the true strain pattern. In Figures 37 and 
38, theoretical live load strains (the lower 
slab strains having been augmented as dis
cussed previously) are compared with 
strains determined experimentally for the 
test vehicle in Positions 7 and 13. 

Theoretical vs Empil'ical Live Load Deflections 

Figures 39, 40 and 41 depict the comparisons between theoretical and measured 
deflections for the exterior, interior, and center girders . Deflections computed by 
th<> firc:,t m<>thnrl c:,hnm ""',,..Y li.ttl<> <igr<>AmAnt mith th<> <>Yp<>rim<>nt<il v::i]11p,:,. Ri>s11lt,:, nf 
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TABLE 23 TABLE 24 

THEORETICAL LIVE THEORETICAL LIVE 
LOAD MOMENTsa LOAD MOMENTsa 

(First Method) (Second and Third Methods) 

Resisting 
Proportion Resisting 

Proportion Girder Moment Girder Moment 
(kip-ft) of Total 

(kip-ft) of Total 

A 238 0 .131 A 273 0.150 
B 403 0.222 B 408 0.223 
C 423 0.233 C 420 0.230 
D 448 0.247 D 427 0.234 
E 301 0.166 E 298 0.163 

Total 1, 813 Total 1,827 

aPosition 4.10 + 12,30; rear axle at mid
span; Ee= 432, 000 ksf . 

aPosition 4.10 + 12.30; rear axle at mid
span; Ee= 432,000 ksf. 

the second and third methods were plotted as one curve. Although trends of the latter 
and experimental curves show considerable parallelism, the magnitudes may differ by 
as much as 20 percent. Theoretical deflections were computed for an elastic modulus 
of concrete of 432 , 000 ksf (3,000,000 psi). 

Theoretical vs Empirical Dead Load Deflections 

Dead load deflections, as experimentally determined and as computed by the second 
and third methods, are listed in Table 1. Because the falsework was removed when 
the concrete was only 9 days of age, an elastic modulus of 288,000 ksf (2,000,000 psi) 
was used in the theoretical calculations. 

Theoretical vs Empirical Live Load Moments 

Figures 42 and 43 depict stress patterns computed by the second and third analytical 
methods for test vehicles in Positions 4.10 and 11.43, and 4.10 and 12.30, critical for 
center and exterior girders , respectively. These stresses were computed at the 
quarter-points, midpoints, and panel points of each slab using equations developed by 
Goldberg and Leve ( 4) for Iolded plates, for a 1, 000-kip concentrated load moving 
trans ver s ely across- the structure, and using the resulting influence lines in conjunction 
with a transparent overlay showing the test vehicle wheel locations in section. Mean 
stresses in each bay were computed by Simpson's rule, and these were used to compute 
internal resisting moments. 

Resisting moments for the two conditions mentioned in the previous paragraph were 
also calculated by the first analytical method. Because resisting moments are the 
direct result of this method, the results for the 1, 000-kip load were used to plot an 
influence surface, which was used in conjunction with a transparent overlay showing the 
test vehicle wheels in plan to determine moments as functions of transverse position of 
the left rear wheel. Results of these calculations are listed in Tables 13 through 24. 

Theoretical vs Empirical Dead Load Moments 

The theoretical dead load strain distribution, computed by the third analytical me
thod, is depicted in Figure 44. Mean strains and stresses were computed for the gross 
concrete section for each half-bay by Simpson's rule and were used in computing dead 
load resisting moments, which are listed in Table 7. 

A method of evaluation of the effects of slab cracking on load distribution is shown in 
Figure 45. 
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Figure 44. Theoretical dead load stress distribution computed by third method . 

Figure 45 . Cracking deck slab with 47-kip rear axle reaction on 10- by 14-in. plate to 
evaluate effects of slab cracking on load distribution. 



81 

Model Tests 

Results of tests on plastic and concrete models by the University of California will 
be discussed in a separate report to be published at a future date. 

CONCLUSIONS 

The following conclusions may be drawn from studies of the results of testing the 
full-sized prototype: 

1. Dead load deflections measured in the field agreed closely with those computed 
theoretically. 

2. Correlation of total dead load resisting moments with known acting moments is 
good, provided that suitable modifications of concrete modulus are made to account 
for the effects of creep and shrinkage cracking. A satisfactory correlation exists 
among the ratios of individual stringer moments to the total resisting moment, based 
on 1961 AASHO specifications and similar ratios determined experimentally (Tables 5 
and 6). 

3. Live load distribution without an intermediate diaphragm indicated about 15 per
cent greater transverse distribution in the box girder than allowed in the 1961 AASHO 
specifications (Figs. 28 and 29). For this particular structure and test vehicle, the 
distribution factor determined experimentally approximated one-eighth of the stringer 
spacing. 

4. Addition of a diaphragm at midspan resulted in a very small change in the dis
tribution of moments across the transverse section; average change was 2 percent. 

5. Addition of curbs and railings resulted in a large increase of total section stiff
ness. Changes in bottom main reinforcement strains were insignificant. Large reduc
tions in top slab compressive strains were measured. 

6. Theoretical analysis by the first method, in which the longitudinal stiffness of 
the structure is based on discrete stringer stiffnesses, thus neglecting the inherent 
longitudinal rigidity of the closed box section, is poor. This lack of correlation is more 
amply demonstrated by comparison of theoretical and empirical deflections in Figures 
39, 40 and 41 than it is by consideration of Tables 13, 16, 17, 19, 22, and 23. The 
hypothetical placement of two trucks on the span in the latter calculation spreads the 
live loading over a relatively large proportion of the structure's width and tends to 
obscure the lack of consideration of torsional rigidity in this analytical approach. 

7. The third analytical method did not accurately predict the patterns of transverse 
strain distribution in the deck slab or the lower layer of reinforcing steel for dead load 
(compare Figs. 21 and 22 with Fig. 34) or f.or live load (Figs. 37 and 38). However, 
when the theoretical or empirical strain patterns are used to compute stringer resisting 
moments, correlation between theoretical and experimental ratios is excellent (compare 
Tables 13 and 16 with 18, 19 and 22 with 24, and 5 with 7). This correlation is much 
poorer when the moments of the compressive resultants are taken about the tensile 
resultants (compare Tables 14 and 15 with 18, and 20 and 21 with 24). 
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Behavior of Elastomeric Bearing Pads Under 
Simultaneous Compression and Shear Loads 

WILLIAM B. NACHTRAB and ROBERT L. DAVIDSON 
Bureau of Materials, Testing and Research, Pennsylvania Department of Highways 

A study of elastomeric bearing pad performance was conducted 
on laboratory-size test pieces but under conditions which ap-
proached as nearly as feasible the cyclic shear conditions found 
on actual structures rather than the initial shear conditions of 
currently published investigations. It is shown that the current 
definition of shear modulus is not applicable to elastomeric ma-
terials. A simple formula is developed and the constants are de-
termined by which a satisfactorily close approximation of the 
stress/strain curve can be reconstituted mathematically. The 
parameters that affect such curves were found to be testing rate, 
degree of strain, and previous deformation history of the sample. 
Other parameters such as grain direction and shape factors of 
less than unity are suspected of affecting these curves but present 
study was not conclusive. With a knowledge of the effects of these 
parameters and a stress/ strain curve established by a standard 
procedure, it is possible to compute pier shear forces as the en-
gineering problem dictates. 

•PRACTICAL KNOWLEDGE of shear/strain curves, their composition, derivation, 
and interpretation with a knowledge of the factors which influence deviations from these 
curves and the extent of such deviations is essential to intelligent elastomeric bridge 
pad design. The response of elastomers to external force is not the same as the re
sponse of other construction materials. This difference can lead to erroneous and 
costly conclusions unless the difference is recognized by the engineer and the pad is 
designed accordingly. 

OBJECTIVE 

The objective of the current investigation was to determine the shear strain char
acteristics of molded neoprene slabs on laboratory-size test pieces and as far as pos
sible to interpret such results in terms of design performance. The properties pri
marily investigated were the characters of the compressive and shear stress/ strain 
curves (hereinafter referred to as the compression and shear curves, respectively). 
Other properties investigated were the effect of shape factor, hardness, grain direc
tion, variable cyclic loading and loading rate. 

METHOD 

The method of investigation consisted of cutting laboratory test samples from sheet 
stock submitted by various suppliers and subjecting these samples to the tests indicated. 
The maximum size of sample that could be accommodated in the current test equipment 
was 3 by 3 in. All compression and shear deformation rates were 0.05 in./min unless 
otherwise stated. 

In general, the method employed was to cycle the samples in compressive deforma
tion to reproducibility at 500-psi compressive stress and then, while maintaining this 

Paper sponsored by Committee on Bridges . 
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compressive load, to cycle the samples in shear deformation, alternately in both a 
positive and a negative direction from this initially compressed position to a numerical 
distance equal to one-half, or other stated factor, of the original uncompressed thick
ness. A standard method of test was developed and is included as Appendix B. 

EQUIPMENT 

The equipment consisted of a shear modulus device similar in design to the Maguire 
machine (!) with 4- by 4-in. steel compression heads and a steel drawplate. The com -
pression heads and drawplate were machined, ground, and polished in the earlier in
vestigations, but knurled (40 lines to the inch) heads and plate were substituted in the 
later work. Four dial gages were used to determine pad compressed thickness, one 
dial on each side of each pad. The average of the readings of the two dials on the op
posite sides of each pad was taken as pad compressed thickness. Vertical deformations 
were produced by mounting the shear modulus device in a twin-screw Tinius Olsen 
universal testing machine of 20, 000-lb capacity. 

One dial gage, centered on the draw axis, was used to determine shear deformation, 
accomplished with a double-acting hydraulic cylinder. Rate of shear loading was con
trolled by a needle valve which controlled the rate of fluid feed to the hydraulic cylinder. 
Shear forces in the positive shear direction were measured with a tension ring. Com
pression rings were not available; therefore, shear forces in the negative shear di
rection were not measured. 

COMPRESSION CHARACTERISTICS 

Figure 1 is a typical compression curve. Line abc represents the initial cycle. It 
originates at the origin, a, and proceeds to the maximum, b, along line ab. The un
loading portion is represented by line be. The curve of the second cycle originates at 
point c, proceeds to d at maximum load, and returns to e when unloaded. Succeeding 
cycles follow a similar pattern. The increment of increase in both the maximum com -
pressive strain and the compressive strain at zero load decreases with each succeed
ing cycle until eventually the cycles reproduce. For the purpose of this study, all 
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Figure l. Typical compression curve. 
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Figure 2 . Composite compression curves . 

samples were cycled in compressive loading to reproducibility before shear loading 
to minimize the effects of stress relaxation and creep. 

Figure 2 is a composite of the loading portions of the reproducible compression 
curves of 74 durometer neoprene compressed to 500-psi stress each cycle. The solid 
line on either side of each shape factor designation represents the high and low value 
obtained at that shape factor. Values from the literature (!., 1) are plotted for com -
parison, Compressive deformation values are in some measure dependent on the con-
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dition of the compressing surfaces (~: the smoother the surface, the higher the defor
mation values. The Goodyear values were based on bonded samples presumably com
pressed to 1,000 psi. The Maguire values (_!) were obtained on concrete and steel sur
faces and were compressed to 2,000 psi. 

In general, it was found that the area of the compression diagrams increased with 
percent compressive strain; i.e. , lower shape factor or softer materials gave greater 
hysteresis curves (Figs. 3 and 4). It was also found that ff', the relative energy loss 
between the input and recovery portions of the hysteresis curves, was independent of 
the shape factor and hardness per se but dependent on the testing rate if the testing 
rate exceeded the recovery rate. Recovery rates were exceedingly low; consequently, 
practical testing rates were always greater than the recovery rates. Therefore, the 
value of ff' was dependent on the difference between these two rates and increased as 
the difference increased. In addition, ff' was dependent on surface condition; the 
smoother the compressive surfaces, the greater the freedom of compressive expan
sion and corresponding increase in the hysteresis curve. 

The effect of increasing the maximum value of the cyclic load is illustrated in Fig
ure 5. Line ab represents the loading portion of the initial cycle to 250-psi compres
sive stress; line be represents the unloading portion. Line cd represents the loading 
portion of the reproducible cycle to 250-psi compressive stress, and line de represents 
the unloading portion. Line cde represents the loading portion of the initial cycle to 
500-psi compressive stress, as well as the loading portion cd of the reproducible cycle 
to 250-psi compressive stress plus its extension de. Such a cycle whose maximum com
pressive stress is different from the maximum compressive stress of the previous 
cycle is referred to as a transition cycle. Line ef represents the unloading portion of 
the transition cycle to 500-psi compressive stress. Line fg represents the loading 
portion of the reproducible cycle to 500-psi compressive stress, and line gf is the un
loading portion. Each successively increasing increment of compressive stress follows 
a similar pattern with the additional loading portion of the curve of the transition cycle 
being an extension of the reproducible loading portion of the previous loading and with 

Compressive Strain, '1, 

74 DurometBr 
lillop:n,ne 

Figure 3, Effect of shape factor on compression curves . 
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Cmc,pre.5s1ve .:it.rain, ~ 

Figure 4. Effect of hardness on compression curves , 

the reproducible curve falling below the transition curve. From this it can be seen 
that cyclic compression curves are dependent on the maximum load at which cycled; 
therefore, the maximum stress values must be stated when such curves are presented. 

The effect of decreasing cyclic load is illustrated in Figure 6. Line aba represents 
the loading portion of the reproducible cycle of the maximum compressive stress at 
which cycled (in this case, 1, 750 psi). Line aca represents both the transition and the 
reproducible loading portions of the cycle at the next succeeding decreasing increment 
of load (1, 500-psi compressive stress), line ada at the next increment, etc. In all 
cases, the loading portion of the curve follows the curve of the maximum cyclic load 
to which the sample was compressed and does not return to the loading portion of the 
corresponding reproducible curve for increasing loads from Figure 5. From this it 
follows that compression curves are dependent on the previous compressive history of 
the sample (~. 

The effect of loading amplitude is illustrated in Figure 7. By loading amplitude is 
meant the difference between the minimum and maximum compressive stress of any 
one cycle. A sample may be loaded in a single increment from the minimum to the 
maximum compressive stress on each cycle as illustrated in Figures 1, 3 and 4, or 
it may be loaded in successively changing increments as illustrated in Figure 5. The 
first type of loading is referred to as a single increment cycle and the second type of 
loading is a multiple increment cycle. The dotted line ab is a plot of the maximum 
values obtained from the transition curves of a uniformly increasing incremental com
pression similar to that illustrated in Figure 5 and as determined by points a, b, e, 
etc. The dotted line cd represents the maximum incremental reproducible values as 
determined by points c, ct, g, etc. The solid line ae represents the loading portion of 
the actual initial cycle of a duplicate sample of the same material loaded from zero to 
maximum in a single increment. The solid line fg represents the loading portion of 
the actual single increment reproducible cycle and is identical with the loading portion 
of the final increment of the multiple increment reproducible cycle as represented by 
xy (Fig. 5). 

It is apparent from Figure 7 that small, uniformly increasing loading has a stiffen
ing effect on elastomers. Line ae should initially follow line ab and then deviate to the 
left. This deviation is proportional to the time differential required by the two testing 
methods to reach the same point being compared because elastomers take a permanent 
set under load and this set increases with loading time. Line ae is initially less than 
ab and remains so for a substantial length of the curve. The low rate of testing was 
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Compressive Strain, 1, 

Figure 5, Effect of increasing compressive loads. 

insufficient to produce any heat buildup in the samples; thus, this stiffening cannot be 
accounted for by the Joule effect. This increase or stiffening in ab can only be ex
plained by some other phenomenon associated with the mechanical working of the sample. 

The fact that the loading portion of the single increment reproducible curve is iden
tical with that of the final multiple increment reproducible curve is encouraging . In 
fact , not only were the loading portions of the curves identical , but the entire hysteresis 
loops were also identical; this means that although compression curves are dependent 
on previous compressive history of the sample, they are dependent only on the previous 
maximum values and not on the sequence in which the maximums are obtained. 

Successive determinations of percent compression on the same sample often give 
progressively smaller values for percent compression with each determination (all 
calculations based on original uncompressed thickness). This may be another mani
festation of the same stiffening due to mechanical working previously indicated. 

It must be pointed out that this study was made entirely under compressive loads. 
A true study of the compressive character of an elastomer should be made on a 
tension/ compression diagram wherein the sample is stretched as much in one direction 
as it is compressed in the other. However, the study herein presented is valid for the 
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intended application because only compressive loads varying from zero to maximum 
will be encountered and it is the cumulative effects of this continual compression that 
must be evaluated. 

SHEAR CHARACTERISTICS 

Typical shear curves were of two types. Figure 8 is typical of the first type. The 
portion above the ho1•izontal axis is under positive shear load and the portion below the 
horizontal axis is under negative shear load. Line abcde represents the initial cycle. 
It originates at the origin, a, and increases to b along the line ab which represents the 
positive loading portion of the first cycle. The unloading portion is represented by 
line be. At point c, the positive shear load becomes zero and the negative shear load 
is applied. The negative loading portion of the cycle is represented by line cd. The 
negative unloading portion is represented by de which completes the initial cycle. 

The stress values of U1e negative loading could no be determined with present equip
ment , but the value of D/ T at maximum negative. load was determina.ble since Dis de
formation and T is compressed thickness at D deformation (Appendix A), both of which 
can be measured; therefore, the dotted lines were plotted to indicate the extent to which 
samples were cycled. 
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Effect of loading amplitude . 

The second cycle is represented by the 
curve efghi. Succeeding cycles approach 
the curve ijklm with the following charac
teristic trends: (a) point f becomes in
creasingly greater along both axes; (b) a 
portion of ef approaches linearity and this 
linear portion increases with each cycle; 
and (c) the incremental increase in the 
values of f as well as the increase in the 
linear portion of ef becomes less with 
each cycle until eventually succeeding 
cycles reproduce. The curve ij klm rep
resents the reproducible cycle. Unless 
otherwise stated, all shear computations 
are made from values taken from these 
reproducible cycles. 

The characteristics of Type 1 shear 
curves are as follows: 

1. The curve of the initial cycle is not 
linear over any portion of its path. 

2. The horizontal (shear) force trans
mitted to the piers at any given deforma
tion is greater for the same deformation 
on the second and succeeding cycles than 
on the initial cycle. 

3. If the bearing pad is once deformed, 
there always remains a residual shear 
force on the pier at zero horizontal defor
mation. 

4. The reproducible shear curves ap
proach linearity over that portion of the 
curve from D/ T = 0 to a point at which the 
sample starts to slip (within the limits 
herein investigated) but do not pass through 
the origin. With equipment capable of ob
taining negative as well as positive load

ing values from maximum negative position to maximum positive position, and vice 
versa, on continuously loaded cycles at uniform loading rate, it is expected that the 
linear portion would begin well into the negative portion of the curve and continue to 
the positive maximum. 

5. As with compression deformations, the hysteresis curves for shear deforma
tions and the values computed from these curves are dependent on testing rate, if rate 
of shear exceeds recovery rate. 

6. The slope of the curve, and again the values computed therefrom, are dependent 
on the degree of deformation at which cycled and on the previous deformation history of 
the sample. 

7. Deformations in direction of the grain give more uniform values than those com -
puted from cross -grain deformations. 

This type of curve is in agreement with the work of Wilkinson and Gehman (i). 
The second type of shear curve is represented in Figure 9. In this type, the curves 

of the second and succeeding cycles lie very near the curve of the initial cycle and may 
quite often undercut the curve of the initial cycle. The curve of the initial loading cycle 
may even approach linearity over a portion of its length. This type of curve is in 
ag1·eement with the Maguire report (!). The curves from the Maguire report are es -
sentially linear after the first 10 to 20 percent deformation. In this type of curve , the 
curve of the second cycle will approach linearity, but normally the slope will be less 
than that of the curve of the initial cycle. With each succeeding cycle, the slope of the 
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Shear Strain . D/T 

Figure 8 . Typical shear curve, Type 1 . 

curve decreases , but the amount of decrease becomes less and less until the cycles 
eventually reproduce. The shear force transmitted to the piers is greatest on the 
first cycle, except for those small deformations of the initial cycle in the vicinity of 
zero deformation. Other curve characteristics are similar to the first type of curve. 

The effect of increasing the cyclic load is illustrated in Figures 10 and 11. Figure 
10 represents a sample that conforms to a typical curve of the first type of material 
and Figure 11 represents a sample that conforms to a curve of the second type. In 
both types, as with compressive strains, the transition curves are extensions of the 
previous reproducible curves. The differences between the two are as follows: 

1. In the first type the extensions are curved lines, and in the second type the ex
tensions approach straight lines, providing the increments of load increase are mod
erate. With large load increments, the extensions for the second type of material are 
not entirely linear. 

2. In both types, the slopes decrease with increased strain and the stress axis in -
tercepts at D/ T = 0 inc1·ease. Tl,e effect of the change in slope is that in the first type 
of material , the deviation is greater at strain D/T = O; in the second type of material, 
the deviation is greater at str ain D/ T maximum. 
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Figure 9. Typical shear curve, Type 2 . 

Shear Strain, D/T 

Figure 10 . Effect of increasing shear loads . 
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Shear Strain. D/T 

Figure 11. Effect of increasing shear loads. 

The effect of decreasing cyclic loads in both types of curves is similar to that ob
tained with compression curves in that the curves do not return to the corresponding 
reproducible curves for increasing loads from Figures 10 and 11, nor do they follow 
the cyclic load curve for maximum stress. The curves lie between these two values. 
This is probably due to the completely reversible cycling (both positive and negative) 
and not to a higher recovery rate in shear as compared to compression. Once again 
the values obtained are dependent on the previous history of the sample, but with com -
plete reversibility technique this difference is reduced. 

The effects of shear loading rate, hardness, shape factor, and grain direction can 
be estimated from Table 1. The effect of shear loading rate is immediately apparent 
and is one of the most critical parameters of the method of test. Many of the varia
tions in Table 1 are directly attributable to fluctuations in shear loading rate. This is 
especially true on small samples (SF less than 1. O). The numerical data given in 
Table 1 also illustrate the apparent stiffening of the sample under stepwise increases 
in stress. 

In general, at the same strain, samples with higher durometer hardness have higher 
stress values, but the deviations at any one hardness are greater than the average dif
ferences between samples at two separate hardnesses (60-70 durometer). Therefore, 
stress cannot be estimated from durometer values. 

There are indications that grain direction has an influence on stress values. At 
least the variations in stress values with shape factor are not as pronounced in one 
direction as in the other. Where grain direction has been identified, the "with grain" 
has been the more stable. However, this may be an indirect result of loading rate 
control because "with grain" deformations and the larger samples were found to be the 
easier to control. 

The effect of testing temperature was not evaluated. These tests were made during 
a time span of more than one year and were made at the prevailing room temperatures. 

DEFINITION OF SHEAR MODULUS FOR ELASTOMERS 

Modulus in general is defined as unit stress per unit strain: 

Stress 
Modulus = Strain (1) 



TABLE 

Sample Size Direction 
Run Head (%) 

k (in.) SF of Shear Shear Mr Mi 

(a) BH-36509, Type 1, 74 Durometer 

3/4 3 X 3 1. 57 w/g l M 50 
?. M 50 80 . 6 21. 6 118.0 161. 2 
3 M 25 53 . 0 12. 0 164.0 212. 0 

50 84. 0 22. 2 123. 6 168. 0 
25 51. 5 12. 6 155. 6 206. 2 

13/14 3 X 1 0. 77 w/g I M 50 
2 M 50 90. 9 32. 7 116. 4 181. 8 

1/2 J X 3 I. 57 c/ g I M 50 
2 M 50 79. 0 24. 4 109.2 158. 0 
3 M 25 55. 0 11. 7 l 73. 2 220. 0 

50 81. 2 20.0 122. 4 162. 4 
25 48. 9 7.0 165. 2 195. 6 
50 93. 8 18 , I 151. 4 187. 6 . n 
50 76.8 15, 9 121. 8 153.6 _b 

4 M 12. 5 28.8 2.4 211. 2 230. 4 
25 49.0 8.8 160.8 196. 0 
50 79.4 20. 7 117 .4 158. 8 

100 136. 8 58 . 4 78 .4 136. 8 
50 87. 0 34.6 104. 8 174. 0 

5/ 6 3 X 3 1. 54 c/ g I M 50 83. 4 29.0 108.8 166.8 148. 1 
2 M 50 77. 9 24 . 8 106. 2 155. 8 

25 _c 
3 M 50 81. 6 24. 9 113. 4 163 , 2 

7/8 3 X 2 1. 23 c/g 1 M 50 
2 M 50 87. 0 27. 6 118. 8 174.0 

11/ 12 3 x 1 0. 78 c/ g 1 M 50 
2 M 50 97. 7 35. 7 124.0 195. 4 

(b) BJ-29109, Type 2, 62 Durometer 

1/2 3 • 3 1.51 w/ a M 50 55. 4 7 .9 95.0 110. 8 117. 4 
5/ 6 3 ~ 3 I. 56 w/ a K 50 58. 6 8. I 101.0 117. 2 119. 2 

100 94.8 19. 5 75. 3 94.8 
2 K 50 59.1 5. 9 106.4 118. 2 

100 98. 4 12 -~ 86.0 98. 4 
7/8 3 X 3 1. 54 w/a K 25 34. 6 2.8 127. 2 138.4 

50 60. 8 6. 7 108. 2 121. 6 
75 80.6 10.0 94. I 107. 5 

100 97. 9 13. 2 84. 7 97. 9 
75 77. 0 10.8 88.3 102. 7 
50 55. 3 7 .9 94.8 110.6 
25 31. 3 5. 2 104.4 125. 2 

9.1/ 10.1 2 X 2 1.06 w/ a K 50 53. 8 8.0 89.8 107. 6 111. 4 
9,2/ 10.2 3 X 1 0. 79 w/ a K 50 61. 6 10.8 101. G 123. 2 129 . 4 
3/4 3 X 3 1. 52 c/a M 50 53. 7 6, 6 94.2 107. 4 113. 3 
9.3/10.3 2 x 1 0. 71 c/a K 50 53. 9 11. 3 85. 2 107. 8 110. 4 

(c) BJ-29110, Type 1, 75 Durometer 

1/2 3 X 3 1. 55 w/ a l M 50 118. 7 27,4 182.6 237.4 226. 6 
2 M 50 120.1 30 . 3 179. G 240.2 

100 _ct 

3/4 3 X 3 1. 53 c/a M 50 117. 8 31. 7 172. 2 235. 6 211. 9 

(d) BJ-29108, Type 1, 74 Dut·ometer 

5/6 3 X 3 1. 36 w/a K 6. 25 28.8 4. 7 385. 6 460. 8 
12. 5 44. 6 7. 2 299. 2 356. 8 
18. 75 56. 9 10. 8 245. 9 303.5 

25 A~.?. 12.2 228.0 276. 8 
31. 25 79.8 14. 4 209.3 255.4 
37. 5 87. 3 16.6 188. 5 232.8 
43. 75 100. 3 15.8 193. 2 229. 3 

2 K 6. 25 23. 0 2.0 336. 0 368. 0 
12. 5 37. 6 5. 6 256.0 300. 8 
18. 75 50.4 8.1 225. 6 268. 8 

25 62.5 11. 2 205. 2 250.0 
31. 25 74.5 13. 1 196. 5 238.4 
37. 5 85. 2 15. 0 187. 2 227. 2 
43. 75 95. 9 18 .1 177. 9 219. 2 

50 107. 2 21. 1 172.2 214.4 
62. 5 124. 5 26. 6 156. 6 199. 2 

75 140.3 34.0 141. 7 187 .1 
100 176. 8 33. 2 143. 6 176.8 

7/8 3 X 3 I. 38 w/a K 50 110. 4 35. 4 150.0 220. 8 203. 4 
13.1/14.1 2 X 2 o. 92 w/a K 50 101. 2 35. 7 131. 0 202. 4 192. 6 
13. 2/14. 2 3 X 1 0. 70 w/a K 50 120. 5 48.0 145. 0 241. 0 189. 4 
9/10 3 X 3 I. 37 c/ a K 50 108.0 37. 4 141. 2 216. 0 195. 2 

100 -d 
2 K 50 102,3 28. 1 148.4 204. 6 

11/12 3 X 3 I, 39 c/a 1 K 50 111.8 39.1 145. 4 223. 6 200. 2 
13.3/14.3 2 X 1 o. 62 c/a K 50 108. 8 41. 7 134 , 2 217. 6 194.8 

aFast rate. bSlow rate. clnitial cycle only. dSample slipped. 
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Because for elastomers the unit stress is 
equal to the shearing force divided by the 
bearing area and the unit strain is the 
shear deformation divided by the pad thick
ness, Eq. 1 becomes: 

Shearing Force 
Bearing Area 

Modulus = _S_h_e_a_r_D_e_.fo..,_r_m_ a"-ti"'""· o-n-

Pad Thickness 

(2) 

This is the definition of shear modulus for 
elastomers (~). 

If the stress is plotted vs strain for a 
perfectly elastic material, the plot would 
be as indicated in line aob of Figure 12. 
The portion of the plot within the elastic 
limit of the material in linear as repre -
sented by the straight line, ao, whose 
value is indicated by the tangent aoc. 

Elastomers under strain always have 
some permanent set, regardless of how 
small the strain, and the plot of stress vs 
strain is not linear. The characteristic 
curve for rubber and rubber - like materials 
is not a straight line but an S curve (~, 
similar to line ab of Figure 13. This is a 
typical tensile curve. Line ab of Figure 14 
is a typical compression curve from the 
literature (__!_, ~). Our experience has been 
that all elastomeric deformations (tensile, 
compression, and shear) exhibit the typical 
S character, some more than others; ten
siles are the most pronounced, compres
sions the least. Furthermore, because 
these deformations are not straight-line 
functions, it is customary to identify the 
stated modulus by the degree of strain at 
which the modulus was determined (~, 
i.e. , 300 percent modulus. This modulus 
value does not identify the stress/ strain 
curve for elastomers as it does for an 

elastic material but actually identifies only the chord of the curve from the origin to 
a point on the curve at the degree of strain stated (straight lines aA, Figs. 13 and 14). 
For small strains, this cord is a reasonable and adequate approximation. Other values 
often quoted in the literature are the slope static moduli and the tangential modulus 
(lines c, Figures 13 and 14) which is the tangent to the curve at the point of strain des
ignated. 

For large strains, the modulus value identifies the chord only of an arc of appreciable 
curvature and has limited application. Data are comparable only at identical points on 
the curve. Elaborate calculations or an actual physical test must be resorted to in 
order to obtain the stress at any other desired point ae dictated by the engineering 
problem. 

RECOMMENDATIONS 

We have shown that shear cycling produces curves that are reproducible and that a 
substantial length of the loading portion of these curves approach a straight line. There -
fore, in lieu of the present practice of computing shear forces from the "chord shear 
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modulus," which are approximations only, it is proposed that standard curves be estab
lished from which the shear forces can be computed according to the following formula: 

f=k+XA. (3) 

where f is the shear stress at shear strain D/T = x; k is a constant from the standard 
curve, which represents the stress axis intercept or residual pier stress at zero hor
izontal deformation; x is the ratio of the shear deformation to the pad compressed 
thickness at the same deformation at which f is being computed; and 11. is the tangent to 
the loading portion of the standard curve at the point on the standard curve where the 
strain D/T based on the pad compressed thickness is equal to the decimal equivalent 
of the percent of shear based on the uncompressed pad thickness. Because the stand
ard curves approach linearity from the stress intercept at the point where D/T = 0 to 
that at the point where D/T is equal to the decimal equivalent of the percent of shear, 
for practical purposes this tangent, 11., is equal to the slope of the chord between these 
two points. The values of 11. in Table 1 are computed from this chord. 

For a standard curve at 50 percent shear strain based on the uncompressed pad 
thickness (which is our test strain; 100 percent or any other desirable strain could be 
designated), the value of k is determined by the stress axis intercept, the value of f is 
determined at D/T = 0. 500 (designated as the standard strain for 50 percent shear 
strain), and 11. is computed from the slope of the chord according to: 
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Figure 14 . Compressive stress/strain 
curve-elastomeric material. 
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(4) 

With the values of k and >.. known for a 50 
percent shear strain, it is possible to re
construct the loading portion of the shear 
curve and to compute the shear stress at 
any desired deformation within the limits 
to which the curve is applicable. 

COMPILATIONS 

Table 1 gives the values for the samples 
indicated of f, k and >.. from standard curves 
at the percent of strain indicated and as 
computed by Eq. 3. It also gives the val
ues of Mr, the reproducible chord shear 
modulus, as computed from the standard 
curve by: 

f 
Mr =x (5) 

where f is the shear stress from the re
producible cyclic curve at the standard 
strain x. Also given are the values of Mi, 
the initial chord shear modulus, as com -
puted by: 

(6) 

where fi is the shear stress from the ini
tial cycle at the standard strain x. Ap
pendix A gives a comparison of computa
tions based on each of these three formulas. 

ACKNOWLEDGMENTS 

The authors wish to acknowledge the able assistance of Earl F. Heisler of our Phys
ical Testing Laboratory in the collection of data and Heinz P. Koretzky and Hans L. 
Streibel of the Division of Bridge Engineering for their review of this study and their 
helpful criticism. 

REFERENCES 

1. Elastomeric Bridge Bearings-Report of Tests and Design Procedures. Charles A. 
Maguire and Assoc., Providence, R. I., 1958. 

2. "Handbook of Molded and Extruded Rubber," Goodyear Tire and Rubber Co. , 
Akron, Ohio, 1949. 

3. Mullins, L. Trans. Inst. Rub. Ind, Vol. 26, p. 27, 1950. 
4. Wilkinson, C. S., Jr., and Gehman, S. D. Anal. Chem, Vol. 22, p. 283, 1950. 
5. Design of Neoprene Bridge Bearing Pads. E. I. duPont de Nemours and Co., 

Wilmington, Del., 1959. 



98 

Appendix A 

COMPARISON OF COMPUTATIONS 

Figure 15 illustrates a comparison of computations of the shear stress according 
to current practice and according to the recommendations proposed in the basic pres -
entation. Figure 15 is a representation of the shear cycles of pads 7/8, Sample BJ-
29108, from Table 1. · 

The arc abc represents the positive loading portion of the initial cycle of the pads 
cycled at 50 percent shear deformation as based on the uncompressed thickness of the 
pads. The arc ab represents the segment of this curve from D/ T = 0 to D/ T = 0. 500. 
The stress coordinate of point b is fi, 101. 7 psi. The initial chord shear modulus, as 
represented by the chord ab and defined by Eq. 6, then becomes 203. 4. 

The arc khg represents the positive loading portion of the reproducible shear cycle 
of the same sample. The line kh is the chord of this curve from D/T = 0 to D/T = 
0. 500. The stress coordinates of k and hare k and f, respectively. Since k = 35. 4 
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and f = 110. 4, the value of >-., as indicated in the basic presentation and as computed 

from Eq. 4, is as follows: >-. = U0. 6.-
5
gg-4 = 150.0 
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The line ah represents the cyclic chord shear modulus as defined by Eq. 5 and, in 
this instance, has the value of 220. 8 . 

These and similarly determined values for other samples and/ or degrees of shear 
will be found in Table 1 of the basic presentation. Assuming we wish to compute the 
shear stress at some point; x ', and we choose x' = 0. 2 50, then from Eq. 3 which for 
the value x' becomes f ' = k + x '>-., and with the substitution of the values of k = 3 5. 4 
and>--= 150.0, from the standard curve, f' = 35.4 + (0.250 x 150.0) = 35.4 + 37. 5 = 
72. 9, which is the computed shear stress by the method proposed in the basic pres
entation. 

The computed shear stress based on the present practice of computing the shear 
stress from the chord shear modulus would be as follows: 

1. For the cyclic chord sJ1ear modulus as defined by Eq. 5, with Mr = 220. 8 as 
computed previously and x' chosen as 0. 250, f' = x' Mr = 0. 250 x 220. 8 = 55. 2. 

2. For the initial chord shear modulus as defined by Eq. 6, with Mi = 203. 4 as 
computed previously and again with x' chosen as 0. 2 50, f{ = x' Mi = 0. 2 50 x 203. 4 = 50. 8. 

The actual stress as determined experimentally at the strain x' = O. 2 50 was found to 
be 73.0 psi. 

Appendix B 

SHEAR DEFORMATION STANDARD METHOD OF TEST 

Equipment 

The equipment consists of a universal testing machine modified with two steel com
pression heads of 4 by 4 in. and a steel drawplate of approximately ½ by 8 by 12 in. 
The compression heads and sample areas of the drawplate are knurled at 40 lines to 
the inch. The heads are positioned so that they are matched and parallel at contact. 
Four gages are used to determine pad compressed thickness, one dial on each side of 
each pad. The universal testing machine must be capable of rapid adjustment, either 
manual or automatic, to maintain the specified compressive load within ± 0. 5 percent 
of actual load. Compressive loading rate must be 0. 05 in. /min. Total compressive 
load must exceed 15 percent and be less than 8 5 percent of the calibrated capacity of 
the universal testing machine. 

Shear displacement must be accomplished at 0. 050 ± 0. 002 in. / min. Mechanical 
control of shear loading rate is the most reliable. Shear displacement shall be meas· 
ured by one gage centered on the draw axis. Shear load is determined by load cell, 
load rings or some other method and must be measurable to within O. 5 percent of 
actual load. The load measuring device shall be so selected that determined shear 
load exceeds 15 percent and is less than 8 5 percent of the calibrated capacity of the 
device. 

Standard Conditions 

The following conditions are considered standard, and any deviations must be noted: 

1. Testing temperature-68 ± 5 F; 
2. Compressive stress- 500 psi; 
3. Loading rate, both compressive and shear-0.050 ±0.002 in./min; 
4. Degree of shear deformation-50 and 100 percent, respectively, of the uncom

pressed thickness; and 
5. Standard sample -two samples, each ½ by 3 by 3 in. , for each grain direction. 
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Method 

1. Two samples, both of the same grarn direction, are centered between the com -
pression heads with the grain of both samples oriented in the same direction. The two 
samples are placed exactly one above the other with the drawplate between. The com -
pression heads are brought together to zero load. The average thickness of each sample 
is calculated and compared with the original premeasured thickness. Deviation should 
not be more than ± 0. 001 in. 

2. The samples are loaded in compression at the rate of O. 050 ± O. 002 in. / min to 
testing compressive load and then unloaded to zero load. The cycles are repeated un
til percent compressive strain at maximum load remains constant. The plane of the 
drawplate is maintained parallel with the plane of the compression heads during cycling. 
Percent compressive strain is assumed to be constant when, after three consecutive 
cycles, the compressive deformation has not changed more than± 0. 001 in. 

3. After the percent compressive strain becomes constant, the compressive load 
and load in shear are maintained at the rate of 0 . 050 ± 0. 002 in ./min until the draw
plate has been displaced a distance equal to one-half (± 0. 005 in.) of the original un
compressed (premeasured) average thickness of the two samples under test. The 
drawplate is reserved and returned through the original position to a like negative dis
tance. Then it is reversed again and displaced to the original positive position. These 
cycles are repeated until they reproduce. Samples are considered to have reproduced 
when the variations in shear load at zero shear deformation and the variations in slope 
at D/ T = 0. 500 (or 1. 000 as appropriate) are less than 5 percent. The shear load, the 
shear deformation (D), and the thickness at shear (T) are recorded at sufficient inter
vals to plot the shear stress/ strain curve. 

4. After the shear stress values reproduce at 50 percent shear deformation, the 
samples are cycled at 100 percent shear deformation without change in the compressive 
load. 

Calculations 

The shear stress is plotted in psi against the shear strain, D/ T, where Dis the 
shear deformation in inches and Tis the compressed thickness in inches at that defor
mation. The shear stress at the point D/ T = 0 is then designated as k for the percent 
of shear deformation at which cycled. The slope of the chord of the shear stress/ strain 
curve is determined from the point where D/ T = 0 to the point where D/ T is equal to 
the decimal equivalent of the percent of shear deformation at which cycled (0. 500 or 
1. 000 as appropriate). This slope is designated as A. 

Appendix C 

DESIGN COMPUTATIONS 

The general formula as established is f = k + x>-. (Eq. 3). For 50 percent deflections 
and at the value D/ T = 0. 500, the specific formula for the standard curve becomes 
F 0• 500 = k + 0. 500 >-.. It must be borne in mind that the constants of this specific formula 
are valid only under the conditions of test. Any deviations of actual conditions from 
standard test conditions must be compensated for by correction factors. Also, these 
constants are based on compressed thicknesses. Therefore, an estimate of the com
pressed thickness under service conditions must be made and such thickness is used 
in computations. 

For example, to calculate various shear stresses on pads 5/ 6, Sample BJ-29190, 
from Table 1, we must first know the cyclic degree of strain at which the bearing is 
flexing to choose the proper values of k and >-.. If the bearing is undergoing random 
cycling, values for k and A appropriate to the immediately previous cycle are used as 
a close approximation. If previous cycle is unknown , the next approximation is the 
design cycling value. 
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We may assume that it is desired to know the stress at deflection D/ T = 0. 250 at 
some future date. Because the sample will in all probability be undergoing random 
cycling in which the immediately previous cycle is unknown, we will use the values of 
k and A appropriate to the design which we will assume to be 50 percent deflection. 
Then £8: ~53, which is the stress at deflection D/T = 0. 250 based on previous deflec tion 
(or standard curve) of 50 percent deflection, will be equal to the value of k at 50 per
cent deflection plus 0.250 multiplied by the value of A at 50 percent deflection: f8:~5g = 
k + 0.250 A= 8.1 + 0.250 x 101.0 = 8.1 + 25.2 = 33.3 (actual value= 34.3). 

If we assume we wish to know the stress at some future date at 25 percent deflection 
and it is assumed that at 25 percent deflection D/ T = 0. 343: f8: ~6 = k + 0. 343 A = 8 .1 + 
34. 6 = 42. 7 (actual value = 43. 3). 

If we assume we now wish to know the stress at D/ T = 0. 250 after a maximum cycle 
at 100 percent deflections: f~:5138 = k + 0. 250 A= 19. 5 + 0. 250 x 75. 3 = 38. 3 (actual 
value= 39. 6). 

If we assume we wish to know the stress at 50 percent deflection and it is assumed 
that at 50 percent deflection D/ T = 0. 700: fg: ~gg = k + 0. 700 A = 8. 1 + 70. 7 = 78. 8 
(actual value = 77. 5). 

Under the standard conditions of test the 50 percent deflection curve is valid over 
values of D/ T = 0. 250 to 0. 750 and 100 percent deflection curve is valid from D/ T = 
0. 500 to approximately 1. 300. 
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An analytical study was made of the economic possibilities 
of the use of corrosion-resistant low-alloy steel for girders 
in composite action with a precast high-strength concrete 
deck for short and medium length highway bridges. A design 
procedure is presented. Structural quantities and cost data 
are developed for one- and three-cell steel boxes for 75- and 
120-ft simple spans. The structures involve the integrated 
use of a nickel-copper grade of ASTM A242 and T-1 steels. 
Cost data are also given for the use of ASTM A441 steel, as 
well as of stainless-clad steel for the exterior plates of the 
steel box. 

The results indicate that it is possible to design and erect 
a box structure for short and medium length highway bridges 
at a lower first cost than the conventional I-beam highway 
bridge with a poured-in-place concrete deck. It is recom
mended that a nickel-copper type of high-strength low-alloy 
steel be used due to its better resistance to atmospheric cor
rosion because thin plates are proposed in the steel box. 

•THE OBJECTIVE of this work was to investigate the economic possibilities of 
nickel-copper high-strength alloy steels in short and medium length highway bridges. 
Two reports on this study have been published previously. In U1e first (1) , de signs 
for the superstructures of typical short-span concrete slab and rolled wide-flange 
steel stringer highway bridges fabricated from nickel-copper high-strength low-alloy 
steels were analytically compared with those fabricated from ASTM A 7 and A373 
structural steels. The results of this first study indicated that this type of highway 
bridge could, for all practical purposes, be constructed of nickel-copper types of 
high-strength low-alloy steels at the same first cost in dollars as if ASTM A 7 or 
A373 structural steels were used. 

The second report (2) was an analytical study of the comparative economic use of 
various steels for welded I-section stringers with concrete deck for short and medium 
length highway bridges within the framework of the standard design specifications. 
The results indicated that structures of this type could be fabricated and erected using 
a nickel-copper grade of high-strength low alloy steel at about the same first cost in 
dollars as if ASTM A373 structural steel were used. 

Since the publication of these first two reports, changes in the chemical require
ments in the specifications for ASTM A36 structural steel have resulted in its being 
accepted for welding in highway bridges. It is expected that ASTM A7 and A373 
structural steels will be replaced by A36 structural steel. The cost of fabricating 
and erecting the types of structures covered in these first two reports using ASTM 
A36 structural steel will average about 95 percent of the same first cost in dollars 
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if a nickel-copper grade of high-strength low-alloy steel were used. However, it may 
be possible that the higher atmospheric corrosion resistance of the nickel-copper 
grades of high-strength low-alloy steels will result in overall economy due to savings 
in maintenance costs. 

This report covers the third phase of the investigation, which was an analytical 
study of the use of high-strength steels, with particular attention to nickel alloy steels, 
in forms for short and medium length highway bridges independent of current standard 
practice and design specifications . 

PROPOSED TYPE 

Presupposing satisfactory dynamic properties, the most efficient steel highway 
bridge superstructure is one which incorporates a combination of the various grades 
of constructional steels with integral action in all directions . Design procedures and 
fabrication, erection, and maintenance problems must be considered in the overall 
economic evaluation. The intangible matter of esthetics should also receive attention. 

One possible type of construction is a welded steel box girder with a deck unit acting 
compositely with it. This type results from an attempt to reduce the excess shear 
carrying capacity of the standard I-beam highway bridge. The deck unit could be 
either a steel orthotropic plate or a reinforced concrete slab. The types investigated 
in this study are shown in Figures 1 and 2. It is proposed that a high-strength con
crete deck be precast in units of suitable length and held in place with high-strength 
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grout and high-strength bolts to give integral action with either a one- or a three-cell 
steel box girder. These slab units are joined together with high-strength grout. 
Post-stressed strand might be feasible to hold the units together. This procedure 
has been used for highway structures in Europe (3, 4). A combination of high-strength 
bolts and epoxy resins has been used on one structure in Europe with a span of 7. 38 
meters, about 24 ft (5). The use of epoxy bonding compounds to secure composite ac
tion is being studied at Rensselaer Polytechnic Institute (~). 

Steel Box Details 

The various grades of constructional steels are combined to give the best possible 
balanced use of the material in the design of the steel box girder. The plates around 
the box have one-sided longitudinal stiffeners, which are continuous throughout the 

T 
SECTION A-A SECTION B-B SECTION C-C 

LONGITUDINAL SPLICE LONGITUDINAL SPLICE 

TOP T BOTTOM T 

Figure 3, Details of transverse stiffening ring . 
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length of the girder and participate in direct structural action with the plates. A rolled 
structural T may be used for these longitudinal stiffeners instead of a welded T as 
shown in Figures 1 and 2. 

Intermediate transverse stiffening r ing diaphragms are spa ced at about 12-ft inter
vals, (Fig. 3). Typical details of a transverse end stiffening ring diaphragm are 
shown in Figure 4. These details are also typical for a ring at an intermediate sup
port in a continuous structure. At an abutment end, the box is completely sealed with 
a light gage seal plate. Access to the interior of the box girder is given by covered 
entrance holes in the bottom plate, near the abutments where the bending moment is 
small. The bearing details at an end or intermediate support vary, depending on the 
substructure configuration. 

The steel box is shop fabricated into the largest units which can be shipped to a 
specific site. All shop fabrication is by an appropriate welding procedure and the side 
plates are joined by butt welding to form appropriate units of the box. 

Field Splices 

No transverse field splicing is usually required for short and medium length struc
tures. Longitudinal sections, 120 ft long, can be shipped to the site. Details for a 
transverse splice at a stiffening ring are shown in Figure 5 for use in continuous spans 
and other places where splices might be required. 

Usually longitudinal field splicing is required. The details of a high-strength bolted 
longitudinal splice are shown in Figure 6. Details of a complete penetration one-sided 
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butt weld with backup strip are also shown. The bolted splice is preferred because 
of ease of erection. The details for the splicing of intermediate and end transverse 
stiffening rings due to longitudinal splicing are shown in Figures 3 and 4. 

THEORETICAL ANALYSIS OF BOX 

The units of the steel box, as shop fabricated, have to be braced for shipment to 
the site. Circumstances vary, and this matter is not given further attention here, 
because similar situations are now satisfactorily handled. 

The complete steel box has to support its own weight and that of the precast slab, 
either for the full length of a span or between erection bents. It is assumed that the 
total deadweight of the structure is carried by the steel section and that the live load 
is carried by the complete cross-section when the precast slab acts compositely with 
the steel portion of the box girder. 

Stress Analysis 

The stress analysis of the steel portion of the box girder under the dead load of the 
structure presents no unusual problems. Both the flexural and the horizontal shear 
formulas are used, as well as the usual theory for combined stresses. 

The stress analysis of the complete box girder under the live load differs some
what from that of the standard I-beam highway bridge. The primary stresses in this 
con1posite section are those due to shear and flexure from symmetrical loading and 
those due to torsion from unsymmetrical loading, especially live and wind loads. 

The precast slab is transformed to an equivalent steel section by using the ratio 
of the modulus of elasticity of the steel to that of the concrete (E/ E c) . Using the 
ratio between the shearing moduli of the two materials gives a coefficient, Gs/ Ge = 
0. 92 Es/ Ee. 

The membrane analogy (7) is used to determine the shearing stresses due to tor
sion and to locate the shear -center of the box. The so-called shear flow forces (8) 
are computed by subdividing the cross-section of the box into segments. It is con
venient to use segments corresponding to the discontinuities in the static moments 
caused by the longitudinal stiffeners. This gives an average shear flow force for 
each segment based on the following assumptions: (a) the plate thickness is small 
in comparison with other dimens ions, (b) there are no re-entrant 001·ne r s , and (c) 
the shear is uniform across the plate thickness. Figure 7 shows the distribution of 
these shear flow forces in the box for both a vertical load through the shear center 
and a horizontal load through some convenient point. 

The loads acting on the box are broken into load through the shear center of the 
box and torsion about the shear center. The shear flow forces due to torsion are 
computed by a direct application of the membrane analogy. The shear flow due to 
torsion is given by: 
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( 1) 

where 

qt shear flow force due to torsion (lb/lin in.), 

T applied torsion (in. -lb), and 

AB area enclosed by box section (sq in.). 

The horizontal shearing stress formula may be written: 

Tt = VQ/ I = q (2) 

where 

T unit shearing stress, 

t thickness of plate at point in question, 

V total external shear at the transverse section under consideration, 

I total moment of inertia of the transverse cross-section about its centroidal 
axis, 

Q statical moment of the cr~)Ss-sectional area of the transverse cross-section 
on either side of the point in question about the centroidal axis of the sec
tion, and 

q shear flow force per linear measure. 

The units must be kept compatible. The box cross-section is assumed to be cut at 
some convenient point and a quantity q is computed for each segment into which the box 
is divided. The restoration of the cut section and torsional equilibrium are determined 
in one operation by taking moments about some convenient point. 

Stability Analysis 

The steel plates of the box must be stable at all times, both during and after erec
tion. The top plates must have lateral stability until the precast slab units are in 
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Figure 7. Distr ibution of shear flow forces. 
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place. Temporary braces may be used, or a slab unit might be bolted in position to 
serve as a temporary brace. The size and spacing of the stiffeners must be deter
mined. 

The upper limit of the elastic action of a plate may be either the theoretical elastic 
buckling stress or the yield strength of the material. A plate element, such as one of 
those comprising the box section, may carry additional load beyond the theoretical 
elastic buckling strength by transferring the additional load to the edge supports. 
This is usually referred to as the post-buckling strength of the plate and its magnitude 
depends on the strength of the edge supports. 

In this study the limit of elastic action is used as an upper bound to determine the 
requirements for the stability of the plates in the steel box. The theoretical elastic 
buckling stress at which elastic instability takes place is given for a rectangular plate 
by the Bryan buckling formula(~, 10, .!!_): 

acr or T er = __ k_11_
2 
E __ (_bt \ 

2 

12(1 - µ 3
) ~ 

(3) 

where 

acr critical normal stress due to bending and/ or axial load; 

T er critical shearing stress; 

a long dimension of rectangular plate element; 

b short dimension of rectangular plate element; 

Cl aspect ratio, a/ b; 

E = modulus of elasticity; 

µ Poisson's ratio; 

t = thickness of plate element; and 

k constant depending on type of loading, magnitude of aspect ratio, and edge 

The plates of the box may be considered as simply supported panels with lengths 
equal to tl,e s par.ing of the intermediate transverse stiffening rings and widths equal 
to the spacing of the longitudinal stiffeners (12). Figure 8 shows the setup for a typi
cal vertical side plate with flexural stress distribution. The setup for shear stress 
distribution is similar. The horizontal bottom plate will be in tension in a simple 
span and stability is no problem. In the regions of negative moment in a continuous 
span, the bottom plate will be in compression and may be treated similarly to the 
vertical plates. 

Us ing E = 30, 000 ksi a nd u. = 0. 3, the Bryan buckling for mula reduces to acr or 
rcr = 27,114. 41<(t/ b) 2 lcsi. The constant le m ay be dete r m ined from Table 36 of Bleich 
(11, Chap. 11). For varying normal s tress distribution, linear interpolation may be 
made between the values of Cases 1 and 2 as given in this table. The theoretical elas
tic buckling stress for each panel of the side plates must be determined for each stress 
condition during and after erection. In a simple span the shearing and flexural stresses 
will not both be a maximum at the same transverse section of the structure and they 
may be considered separately. It is recommended that in no case should the theoreti
cal elastic buckling stress for any panel be less than 1. 5 times the actual comparable 
flexural or shearing stress in the panel. 

High values of flexural and shearing stresses may occur simultaneously at a trans
verse section in continuous spans. The following interaction relationship may be used 
to determine safe ratios between the actual stresses and the theoretical elastic buckling 
stresses for the Panels 11 and 13: 
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(4) 

where aD, aF and Tare, respectively, the actual average direct stress, the maximum 

flexural stress, and the shearing stress in a panel; and ocR,, o[r, and T er are the cor
responding theoretical elastic buckling stresses for each individual state of stress in 
the same panel. 

Longitudinal Stiffener Rigidity 

Based on the stipulation that a longitudinal stiffener remains straight until the 
theoretical elastic buckling stress is reached, with the panels and edge supports as 
previously assumed, studies (14, 15) indicate that the required minimum rigidity for 
a single-sided longitudinal stiffenerin the case of pure flexure may be taken as fol
lows: 

1. stiffener at mid-depth of plate: 

I = 0. 1167t3b 

2. stiffener at quarter-depth from compression flange: 

I = t3b (1. 1 + 8. 456) (a - 0. 3) 

with a maximum value of t3b (1. 4667 + 18. 33336); and 

3. stiffener at one-fifth of the depth from compression flange 

I = t3b [ 0. 354 + 0. 4670'. + (0. 807 + 7. 1146) o?] 

c-c tranverse 
stiffening rings 

Panel a 

Panel b 

l Panel c 

l:==:::3-====~ ~ - '------' 

!.°"Bottom 

Figure 8. Assumptions for buckling of side plate . 

(5a) 

(5b) 

(5c) 
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The nomenclature is as previously used with the addition of 6 as the ratio of the area 
of the stiffener to the cross-sectional area of the plate bt, and I as the moment of 
inertia of the stiffener taken about the surface in contact with the plate. 

For the stress distribution as shown in Figure 8, the stiffener rigidity, I, may be 
computed using the plate width, b, for a hypothetical plate with width equal to twice 
the greatest distance from the neutral axis to the edge of the plate (12). Shear will 
not be a consideration in the determination of longitudinal stiffener rigidity for the 
aspect ratios involved. The minimum size longitudinal stiffener will undoubtedly be 
controlled by practical considerations and not by stability requirements, since the 
stiffeners participate in direct structural action with the side plates of the box. 

Transverse Stiffening Rings 

Transverse stiffening rings are required to help hold the steel box to its original 
configuration and control the aspect ratio of the side plates. Ring size would be set 
primarily by practical consideration of the fabrication and erection problems. They 
would probably be of the same size as the longitudinal stiffeners. Again, either a 
rolled structural Tor a welded T could be used for these rings. It is recommended 
at present (1963) that width to thickness ratios follow current practice (16). 

SUGGESTED DESIGN PROCEDURE FOR ONE-CELL BOX 

A suggested design procedure is illustrated by the analysis of a 75-ft simple span 
structure consisting of a one-cell box for the H20-Sl6 live loading. The concrete slab 
must be designed and preliminary thicknesses for the side plates and spacings and 
sizes for the longitudinal stiffeners estimated. The flexural stresses may be deter
mined from the flexure formula and the shearing stresses, including those due to 
torsion, computed by an application of the membrane analogy. 

The details of the one-cell box for a 75-ft simple span are shown in Figure 9. The 
box is divided into segments, taken symmetrical with respect to the stiffeners. Seg
ments A, B, C, and D in the cantilever portion of the slab resist shear, but torsion is 
resisted only by the box section, Segments 1 through 22. A modular ratio, Es/ Ee, of 
6 is used for 5, 000-psi concrete to obtain the equivalent steel area for the slab seg
ments. 

Vertical Load 

The computation of the section moduli required to obtain the flexural stresses due 
to vertical loads and an analysis for the determination of shear flow forces for a shear 
of 100 kips due to a vertical load through the shear center of the box are given in Table 
1. The assumption that each segmental area (Col. 2) is concentrated at the center
line of the side plate is considered to give sufficient accuracy to the computations. 
Dividing the sum of the vertical distances from each element to the center of the bot
tom plate, y ', and the first moments of the segmental areas about the center of the 
bottom plate, Ay ', by the total area locates the centroidal axis from the center of the 
bottom plate: y = 26, 400. 26/ 734. 06 = 35. 9647 in. for the composite section; and 
y = 1,358. 04/ 140. 08 = 9. 69 in. for the steel section. 

The values of Ay '2 are for use in the determination of the moments of inertia about 
the centroidal x-axis from the following: 

Ix = ~Ay' 2 - y2~A (6) 

For the composite section: 

Ix = 1,099, 724. 78 - 734. 06 (35. 9647) 2 150, 247.79 in. 4 
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and for the steel section: 

43,945.78 - 140.08(9.69) 2 30, 792. 81 in. 4 

The shear flow forces for a 100-kip shear due to a vertical load through the shear 
center may now be computed. The box is cut between Segments 22 and 1, and the 
resulting shear flow forces are computed around the box. The place the box is cut is 
a matter of convenience. Cutting where q = 0 simplifies the computations. The torque 
of these shear flow forces around a point is determined and used to restore equilibrium 
and continuity to the box section. The shear flow forces in Segments A, B, C, and D 
on the left are opposite hand to those on the right and may be neglected in computing 
any torque. The static moment, Ay, of the segmental area about the centroidal axis 
of the composite box is computed by using the distance, y, from the centroidal axis 
to the center of each segment. The average increment in shear flow force acting in 
each segment of the cut box, Llq = (V/I) Ay, is given (V/I = 100, 000/150, 247. 79 = 
0. 665567194 lb/in. 4). 

The intensity of the shear flow force at the center of each segment in the cut sec
tion, qy, is found by summation, beginning with Segment 1, and it is assumed constant 
between the centers of the segments. The subscript y is used on q to indicate that the 
shear flow forces are from vertical loads. The shear flow forces create a torque. 
Since there is no torque with the load acting vertically through the shear center, the 
forces must be corrected, except for those in Segments A, B, C, and D, and brought 
into equilibrium. This may be done by determining the torque of the total shear flow 
forces around the box section about s·ome convenient point and making the necessary 
correction to reduce the torque to zero. The torque will be computed about the inter
section of the centerline of the bottom plate and the vertical centroidal axis of the box; 
clockwise torque is taken as positive. Columns 10 through 13 of Table 1 contain the 
computations necessary to determine the correction coefficient to be added algebraical
ly to the values of qy in Column 9. The distances between the centers of adjacent seg
ments are noted by L . The total shear flow force between the centers of adjacent 
segments is qyL and, letting a denote the perpendicular arm to each qyL from the as
sumed torque center, the total torque is ~qyLa. The correction coefficient, q1, is 
equal to -~qyLa/I;La = 19,825,879 . 63/ 16, 189. 44 = 1,224.618 lb/in., where !:La= 
2AB, with AB being the total area inclosed by the box section. 

The corrected values of the shear flow forces from a 100-kip shear due to a verti
cal load through the shear center, qy + q 1, may be used to determine the shear flow 
force due to any vertical loading symmetrical with respect to the shear center of the 
box. The unit shearing stress is obtained by dividing the shear flow force by the 
thickness in inches of the side plate. 

A check for horizontal and vertical equilibrium is obtained by noting that the values 
of the total shea.r ilow forces, (qy + q1)L, for segments of opposite hand should have 
the same magnitude but be of opposite sign. Another check on the computations is to 
note that twice the area inclosed by the box section, 2AB, is (2) (192) (42.16) = 
16, 189. 44, which is the same as the summation of Column 12, I:La = 16,189.44. 

Horizontal Load and Location of Shear Center 

In the analysis for a 100-kip horizontal load, it is convenient to assume that the 
load acts along the horizontal centerline of the bottom side plate of the box. It could 
be assumed to act along any hol'izontal line. The computations in Columns 1 through 
13 of Table 2 correspond to those in Columns 1 through 15 of Table 1. The location 
of the vertical centroidal axis is known [or the horizontal load. The intensity of the 
shear flow force at the center of each segment is designated by qx to indicate that the 
shear flow force is from a horizontal load. The shear flow forces in Segments A, B, 
C, and D must be considered, since the shear flow forces on the left and the right 
cantilever sides of the box act in the same direction. They must not be corrected in 
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HORIZONTAL LOAD AND TORSION-SHEARS'. 

I 2 3 4 5 6 7 8 3 

A '/.. A•X A•X 2 H 
L19_x"""fA x a L 

Se'lment Area Arm Fr-om 
9..x 

Arm Len~th 
,t BDX 

(in~) (in~) (in.) (in~) (ib /'in.) (lb / in.) (in.) (in.) 

I 12.75 96.00 I 224.00 I 11,504.00 1590 15 90 9600 9.50 
2 5,00 9600 48000 ~6, 08000 6 24 22 , 14 96.00 12 00 
3 5.00 96,00 4B0.00 46,080,00 6 24 28.38 96,00 15.16 
4 6.04 %00 579.84 '55,lof,4, E,4 7 5:1 35."ll 0,0 26,00 
5 /3.75 70.00 %2 .50 iol,375 00 12 50 48.41 0.0 2800 
6 13.75 42.00 577 50 24,2SSOO 7 50 5591 0,0 woo 
7 13.75 14.00 192 .50 2,69500 2 So 5841 0 .0 2800 
8 13.75 - 14.00 - l':l2 ,50 2,695 00 - Z 50 55 91 00 28,00 
9 13 15 - 42 00 - Sl / 50 24, 255,00 - 1.50 48 41 0 ,0 28.D0 

10 13.75 - 70.00 %2 50 61, 375 oc - i2 50 35 ell 00 26.00 
II 6 04 - 960D - 51J 84 55,664.<i,4 7 53 2835 9600 15 16 
12 5 OD - 9600 - 4f('. C,O 41c, ,080,•0 - 6 .24 2'2. i4 % .00 12 00 
13 5.00 - 9600 - 4?,,, oc 40,0B0.00 . 6 .24 IS .~O 96.00 '3. SO 
14 12,15 - %00 - 1224 ,00 111,50400 - 15 .30 0 .0 % .00 S 50 
A 2703 -190 43 - s 14e 84 980,78U7 • 6689 - 66.89 42 16 21 43 
8 3007 · 163 06 . S 001 .05 815,524, 14 - 64 .97 • 13186 42. 16 26 93 
C 3667 -136 13 - 4 986.53 6')9,433 .54 ·64 B3 - 19669 42. /1', 27. 10 
D '12.61 -109.03 4 647 OS 508,'311 .91 · 60 38 -257.01 42. 16 13 03 

!5 20 Q(1 . 9 t;_i'V1 I 920 Qc'.\ 184,320.00 -24 94 ·282 01 42 1,. z., 00 
16 46,,1 - 10.00 ~ 326630 228,683.00 - ,12 44 ·324 45 4'2 I'=> 2B 00 
11 4b{.7 - 42 00 1%014 82,:125 f\P · 25.46 · .~49,'.l I 4216 ZB,00 
18 46 61 - 14 00 - f.5.>.38 9, \47 32 - 8.4~ ·35S 40 4'2. 16 28 00 
\', 46.">l 14 ()O i5:I 3f ~,147 .Jc A.4~ -,'14:J,'.1 I 4,. 1, 28 .00 
20 4.,., 1 47.00 I %0.14 B2,325.8E' 25.4/c ·324.4S 4-Z ltc 28.00 
21 4'_,;,7 7000 3,'Zf .:~ 'JC 228,683.00 4-Z 44 -282 01 42 16 2", (\(> 

21 20.0C• % .00 I 921'.'•C•O 184,320 00 't4 :)~ 00 %0C 5.SO 
D 42 bl 109 .(>3 4(ai.' l C,5 508,':l-l/ .91 (o0,3B - 25·1 Dl 47. 14, 13 .03 
C 3661 /36 1., 4%b5J <ol9,433.54 64.8:1 • Dlc-.<i,'.I 42 16 2l 10 
B 30,61 1030G sc,c 1 .(15 815,524 14 b4.'3"1 - 131 .Bf 4210 ,Zf_, '33 

A 21.03 1'304'3 5/.\8 .84 ~B0,1Bl 7.7 0,(-,,8') - G6.8'.) 42 I~ 21 43 

734 06 H.J7,Cl3,A0 

restoring the cut section, as Segments A, B, C, and D do not resist torque. The cor
rection is given by: 

(7) 

In this case, q1 = 3,656,878. 49/16, 189. 44 = 225. 88 lb/in. 
Since only Segments 1 through 22 resist torque, the total shear forces in Segments 

A, B, C, and D must be considered an external load on the box section in location the 
shear center (Fig. 7). The general e:,qn·ession for the increment in angle of twist at 
the section is 

22 

(l / 2ABG) L qL/t (8a) 

The increment in angle of twist at the section due to the external loading under con
sideration is 

2 2 

(l/2ABG) ~ (qx + q
1
}L/t (8b) 
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.LYSIS, ONE-CELL BOX, 75-FOOT SPAN 

11 12 13 14 15 16 17 18 19 20 

'lx • l · a q_,•9., ( q_, t q_,) L (9.,•q,)~ b. a' l• 0
1 

9.~ • L·a 9.,' 'l, C'\., •'\.,) \ t 

(1 b · in.) (1 b/ in.) (lb) (1.,/in.} (in.} ( ·1n~} (tb· in.) (1 b/'1n) (11,/ 'in.) 

14,500.80 241 .18 2,?.96.91 9, 187,64 3800 96.00 912 00 14, 500.BO 16.19 638.02 
25,505. 28 248. 02 2,976.24 \\,904.% 48.00 96.00 I \52 00 25,505.28 23.03 I 105.44 
4\,303,\1 254.26 3,884 58 I 5,418 .33 60.64 96.00 145536 41,303 . 12 29.27 1774.93 

0.0 2GI . 19 6,806.54 21, 1so.9a 83, 20 36.45 947. 70 34,031 . 91 36.80 30.,1.16 
0 .0 274 ,29 7,68012 24,576 3B 89 60 36.45 I 020 60 49,407.ZS 49.30 4417. 28 
(\0 28 I .79 7,89,:, 12 25, HB ,38 81,bO 36,4S ,ne, c· 57,061.15 s. '.· C 5 089 '28 
0 .0 254. 29 7,%0. \2 25,472. 38 89,60 36,45 ; 020,GC- S~,613 25 59_3C 531.3 . ZS 
00 281 . 79 7,890 12 25, '1.48.38 89,60 "645 I 020 .60 57,06\ 75 5680 5089 28 
0. 0 274 . 29 1,680 12 24,576.38 89.60 36.45 I 020.60 49,407.25 49 30 441728 
0. 0 261 . 79 6,806.54 2 I, 180."l3 83,20 36.45 947 70 34,031 .9 I 36.80 30bl , 16 

4 I, 303. I 2 254,21o 8,854,58 15,418.33 60,64 % ,00 1455 30 41,303. 12 n .n 1774, ')3 
25,505 .28 248,0'1. 2,'376 24 11,904,96 48,00 96,00 I 152,00 25,SOS.28 23,03 I \05.44 
14,500.80 241 ,78 2,'2%.91 9, IB7.G4 38.00 96,00 912 00 I 4, 500.8C 16.19 638 oz 

0 .0 225.88 1,24'1..34 745.40 3 30 '36,00 52B 00 0 ,0 087 2 ,87 
77,354.94 - 66.89 . 1,834.13 5,71 156.63 - 10,416 .98 -66.89 

149,lOJ .89 -131 . 86 . 3,350 99 5. 7\ 15~ .-ll - Z0,276 . \I -131 .86 
224,726, 13 -\% 69 . 5,330.30 5.71 154 74 - 30,435 ,8 I -\%,69 
14-1, '218.83 -251 07 . 3,349.62 5 71 74 40 · 19,126. 01 -25701 
30'3,\2B .08 - 5b , \3 ,. 1,453,38 . 875 .63 15,60 5,/1 148.4 6 - 41,861 .20 -281.\2 -438541 
383,C·o., 74 - 98 ,57 . 2,759.96 - I 655 ,98 16 ,BO 5 ·1 I \59 8f, · 51,873.07 ·323,SG -543581 
413,061 .76 - 124,03 - 5,47284 - 2083.70 16.80 5.11 15'l.88 - 55,'343 .61 -34902 - 5,8b3 54 
423,084.03 - 132 ,SZ 3,110 56 . znG. 34 IG.FO 5 . ii 159 88 - 57,300 ,'39 -351.5 I . 6,00(,17 
413 ,oo I .76 -124 03 . 3,472 f,4 . Z 053, 70 16.BO 5 . 11 153 BR - 55/343.(, I ·349.0'/. · 5,Bt;,3,54 
383,00(,., ,74 - '.le.E",7 - 2,793.CJ<o . I 6.S5 ,:l8 16 ,BO 5.7 I \5:l8R ·51 ,873. 07 ·32'5G - 5,435 81 
30~, 12 e, , OB - 56 13 - 1,459.38 . 875.63 1500 5 ,71 1484~ ·41,80720 ·181.12 · 4,385.47 

C'.O 225,88 - I, '24'2. 34 745.40 3.31) % .DO 5'LE' .OC 0.C O.B7 2 B1 
14!,'218,33 ·257 07 - 3,.34:J.62 5.71 14.40 - \~, 1'26 .01 ·257 07 
2'1.4,126 , 19 -l'l<o . \9 5,330 30 5 ,·11 \S4 .74 - 30,4~5.B I ·1%.&9 
149,70'.l . 8') ·131 . 66 - 3,350 '.)9 5.11 IS3 l7 - 20,276.11 ·131.86 
11,354. 94 - 66.89 . 1,834.79 5.11 \%.63 - I0,476 ,9B - 66.B9 

,<o56,B78.49 231, 739,46 16,189.44 - 14,065.10 
i:AB 

The general expression for torque about the shear center is 

(9a) 

The expression for torque about the shear center for the external loading under con
sideration is 

T 2 = 71,868.60e (9b) 

where e is the distance from the resultant force to the shear center (Fig. 10). The 
computations necessary to locate the shear center are shown in Figure 10. The shear 
center is the point through which the line of action of the resultant external loading 
must pass in order to have no torsion. The point of application of the 100-kip hori
zonta.l force for zero torque about the shear center is located from e 2 = (28, 131. 4) 
(7. 95) / 100,000 = 2. 24 in. above the shear center (Fig. 10). 

The shear flow forces in Column 7 must now be corrected to give torque equilibrium 
about the shear center with the external load of 100 kips. This load must act 2. 24 in. 
above the shear center for zero torque. This is done by taking the torque of the ex
ternal load and internal shear flow forces about some convenient point and determining 
the shear flow corrections to give torque equilibrium about the shear center for the 
internal shear flow forces. It is convenient to take moments about the line of action of 
the 100-kip load for zero torque-2. 24 in. above the shear center. The correction is 
found from: 
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.r 
Tota I force 1n Total force in 
A., B,C,8..D = 14.,065.70 lb. A,B,C,&D = 14,065.70 lb.\ .. 

Line of action 
for 100,000 lb. 
external load 
without torque 

Externa I load J 
= 100,000 lb. 

L H =O 

~ 

Res u It ant 

8~0" 

" 

r--,__S hear center 
I 

!,- Pt. I 

force= 71,868.60 lb. 

8(.. o" 
-

• 

100,000 - 2 X 14,065.70 = 71,868.60 pounds 

L M Pt.I 

de = dz, 2A8 G 

de = 
dZ2 2A 8 G 

T2 ¾ dZ 2 = 
T, % dZ 1 

22 

2 X 14,065.70 X 42.16 
el = ----'--------- = 16 • 5 II 

71,868.60 

[ q ~ & 
I 

22 

[(qx+q,) ~ 
I 

71,868.60 e 
16,189.44 q 

& 

231,739.46 
= 1,029.48 q 

e = 50.71 II 

--... 

(\J ::, . 
(\J Li) 

II en 
N I'-., 

::, ~ - ID ::, 
(\J - -
. ..f (\j I'-

(') ~ 0 
Li) 

II ., 

'in 
U) -
'!.. ., 

T2 = 7i,868.60 e 

Figure 10 . Location of shear cent er, one - cel l box , 75- ft span . 



which is in this case 14,065. 10/ 16, 189. 44 = 0. 87 lb/ in. 

Torsion Only 
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The shear flow force for pure torsion about the shear center is equal to T/2AB, 
This gives for a pure torsion of 100 ft-kips about the shear center, qt= (100,000) (12) 
/16, 189. 44 = 74.12 lb/in. 

Flexural and Shearing Stresses 

The dead load per foot of bridge for the one-cell box on the 75-ft span to be used in 
the stress computations is as follows: 

Railing and curb 

Asphalt wearing surface 

Precast concrete deck 

Steel box 

467. 4 lb/ ft 

450. 0 lb/ ft 

3, 711. 7 lb/ ft 

550. 7 lb/ft 

5,179.8 lb/ ft Total 

The maximum bending moments and shears for one lane of H20-S16 live loading are 
given in the AASHO specifications (16, p. 273). The impact factor is 0. 25 in accord
ance with these specifications. Thefollowing maximum moments result from full 
loading of the structure, noting that the maximum live load moment occurs 2. 33 ft 
from mid-span with 14-ft axle spacings for the live load: 

Dead load at mid-span 

Maximum live load plus impact 

Dead load at point of maximum 
LL moment 

(5. 1798) (75) 2/ 8 = 3,642.1 ft-kips 

(2) (1075.1) (1. 25) = 2,687.8 ft-kips 

[(5.1798) (39. 83) (35.17)] ; 2 
3, 628. 0 ft-kips 

The following maximum shears occur under the same conditions: 

Dead load at end of span 

Live load plus impact 

1s'-o" 

C.G. of two lanes 
6'-o" 

(5.1798) (37. 5) = 194. 2 kips 

(2) (63. 1) (1. 25) = 157. 8 kips 

15-0" 

t Roadway 

7'- 0 " 

Figure 11. Transverse position of live load for maximum torque. 
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Torque is obtained by the unsymmetrical placing of the live load lanes on the road
way. Figure 11 shows the transverse position of the live load on the roadway deck 
for maximum torque, both lanes loaded, with the end heavy axle placed over the sup
port. This gives the value of the maximum live load plus impact torque, with the 
value of the torque from each load distributed to the end similarly to its effect on end 
shear as: 

[(64) (2.5) + (64) (2.5) (61) / 75 

+ (16) (2. 5) (47) /75] (1. 25) = 393. 75 ft-kips . 

Assuming the dead load carried by the steel box alone and the live load and impact 
by the total composite section and using the moments of inertia previously computed 
to obtain the appropriate section moduli yields the unit flexural stresses given in 
Table 3. 

By assuming the dead load shear to be uniformly distributed in the vertical side 
plates, and determining the maximum live load, impact and torque shearing effect by 
the use of the coefficients previously determined, the unit shearing stresses between 
Segments 1 and 2 are as follows: 

DL 

LL + I 

Torque 

= (194. 2) / (2) (36) (1/4) 

(1. 578) (1. 230518) / (1/4) 
/n nn,..,,-\ /n ,.,.,..,.,..,. n.\ / /.,. / ~\ 

\ol,l1oln:l/ \V,Vl':U4/ / \.l/'±1 

Total 

10. 79 ksi 

7. 76 ksi 

1. 17 ksi 

= 19. 72 ksi 

SUGGESTED DESIGN PROCEDURE FOR THREE-CELL BOX 

The details of a three-cell box for a 75-ft simple span are shown in Figure 12. 
The box is divided into 32 segments around the cells with each cantilever portion of 
the slab divided into Segments A, B, and C, which resist shear but not torsion. 

Vertical Load 

Tables 4 through 7 contain most of the computations for the effect of a shear of 100 
kips due to a vertical load through the shear center of the box. The nomenclature is 
the same as used for the analysis of the one-cell box. Columns 1 through 5 of Table 
4 give the data for the location of the centroids of both the steel box alone and the 
composite section and the determination of the moments of inertia of each 1x about the 
centroidai axes. It is necessary to cut the three-ceii box into three one-ceil boxes 

TABLE 3 

FLEXURAL STRESSES, ONE-CELL BOX, 75-FOOT SPAN 

Load 

Dead Load 

Live Load and Impact 

Total 

Top of 
Steel 
(ksi) 

38.84 

o.26 

39.10 

Bottom of 
Steel 
(ksi) 

13 .93 

1-16 

21.69 

Top of 
Concrete 

(ksi) 

..lWiQ 

o.4o 
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TABLE 4 

VERTICAL LOAD-SHEAR STRESS ANALYSIS, THREE-CELL BOX, 75-FOOT SPAN 

I ' 3 4 

A ,· AY 
Seqme11r .... Arm From 

(in~) 
't:Botr It 

( in~) (in,} 

I 656 36375 235.620 

2 '25 27 )25 il5'2BI 
3 '25 \5 i'l.S G4 -z.BI 
4 411 DO 00 
5 II 00 DO 00 

• 11 00 00 OD ., 
II CO 00 oo 

• 1 ., 00 00 
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and to tie them together again with the principle of consistent displacements, noting 
that the segments in the two interior vertical plates must be considered as a part of 
each adjacent cell. Columns 7 through 14 in Table 4 and Tables 5, 6, and 7 contain 
the data necessary to find the shear force corrections, q1, q2, and q3, for the left, 
middle, and right cutback one-cell boxes, respectively. 

The first of three equations necessary to find these corrections is based on the fact 
that - ~qyLa / ~La = q1 + q2 + q3, where r:La = 2AB for each cell. This 
gives q1 + q2 + q3 = 28,360,215. 03/7, 800 = 3,635.928. 2AB, 40. 625(96) (2) 
7,800, checks one-third of the summation of Column 12 in Table 4. 

The other two necessary equations are based on the fact that the adjacent cells 
must deform similarly. The equations are found by equating the movement for the 
left box in Table 5 to that of the middle box in Table 6 and the movement of the mid
dle box to that of the right box in Table 7. This gives -223, 125. 588 + 850. 376q1 
- 197.188q2 = -552, 651. 36 - 197.188q1 + 850. 376q2 - 197.188q3 and -552, 651. 36 
- 197.188q1 + 850. 376q2 - 197. l88q3 = - 1,360,148.00 - 197.188q~ + 850. 376q3. 
These reduce to 1,047. 564ql - 1,047. 564q2 + 197.188q3 = - 329, 52.>. 77 and 
- 197.188ql + 1,047. 564q2 - 1,047. 564q3 = - 807,496.44. Their solution gives 
q1 = 543. 428 lb/in., q2 = 1,211 . 975 lb/in., and q3 = 1,880.505 lb/ in. These values 
are used to obtain the corrected values of the shear flow forces given in Column 15 of 
Table 4. 

Horizontal Load 

Tables 8 through 11 contain most of the computations for the effect of a 100-kip 
horizontal load assumed to act along the horizontal centerline of a bottom side plate of 
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the box. Again the three-cell box is cut into three one-cell boxes and the shear flow 
forces are computed as given in Columns 1 through 7 of Table 8. The shear flow 
forces in Segments A, B, and C must be considered because the shear flow forces on 
the left and right cantilever sides of the box act in the same direction. They must not 
be corrected in restoring the cut sections because Segments A, B, and C do not resist 
torque; also , the total shear flow forces in Segments A, B, and C must be considered 
as an external load on the box to locate the shear center. 

Columns 8, 10, 11, and 12 of Table 8 and Tables 9, 10, and 11 contain the basic 
data for the restoration of the cut sections to equilibrium about the centerline of the 
bottom plate on the vertical centerline of the box. The summation of Column 9 in 
Table 8 is a check on horizontal equilibrium of the section under the 100-kip hori
zontal load. Again - ~qx La/ ~La = ql + q2 + q3, with ~La = 2AB, twice the 
area of each cell. This yield q1 + q2 + q3 = 3,122, 041. 54/ 7, 800 = 400. 2617. 

As befor e, the other two necessary equations are based on the principle of con
sistent displaceme nts . Tables 9 and 10 yie ld 9, 242.495 + 850. 376q1 - 197. 188q2 = 
7,156. 400 - 197. l 88q1 + 850. 376q2 - 197. 188q3. Tables 10 and 11 yield 7,156.400 
- 197. 188q1 + 850. 376q2 - 197. l88q3 = 9,242.495 - 197. 18842 - 850. 376q3. 
These two equations reduce to 1,047. 564q1 - 1, 047. 564q2 + 197. l88q3 = 
- 2, -86. 09 5 and - 197. l88q1 · 1, 047. 564q2 - 1, 047. 564q3 = 2,086.095. Their 
solution gives ql = 124. 919 lb/ i11. , q2 = 150. 424 lb/ in ., and q3 = 124. 919 lb/in. 
Thus, (2ABG) (d81/ dz) = 9, 242.495 + 850. 376 (124. 919) - 197.188 (150. 424) = 
85, 808.81 and (2ABG) (d8ifdz) = 7, 156.394 - 197.188 (124. 919) + 850. 376 
(150. 424) - 197. 188 (124. 919) = 85, 808. 29. 

It is now necessary to compute the shear flow forces for pure torque about the 
shear center. Using an external torque of 1, 200, 000 in. -lb, with the three-cell box 
cut to give three single cells, it is seen fro m the data in Tables 9 , 10, a nd 11 that the 
deforma tions due to torque are (2ABG) (d91/ dz) = 850. 376qTl - 197.188qT2, (2AaG) 
(d 02/ dz) = -197.188qT1 + 850 . 376qT 2 - 197.1 88qT 3• a nd (2ABG) (d83/ dz) = 
- 197. 188qT2 + 850. 376qT 3. By letting c191/ dz = d92/ dz a nd d92/ dz = d93/ dz, and 
noting that 2AB (qTl + qT2 + qT 3) = 1, 200, 000 where 2AB = 7,800 the r e results 
qTl = 48. 254 lb/in. qT2 = 57. 338 lb/in. , a nd qT3 = 48. 254 lb/in. Thus, (2ABG) 
(cte1/ dz) = 850. 376 {48. 254) - 197.188 (57. 338) = 29,727.678. These shear !low 
fo r ces are used to de te rmine the s hear flow forces due to a pure torque of 100, 000 
ft-lb about the shear center. The final shear flow forces due to this 100, 000 ft-lb 
torque about the shear center are given in Column 17 of Table 8. 

The shear center is located by noting that the torque of the shear flow forces given 
in Column 7 of Table 8 must be zero about the shear center. The deformations (2ABG) 
(d8/dz) are not proportional to the torques involved. Thus, the magnitude of the tor
que, T, which must be r educed to zero is T = . (ct a1/dz) (1,200,000) / (d91/ dzT) = 
(85,808.29) (1,200,000) / 29,727.678 = 3,463,773.6 in. -lb. 

The total shear flow force in Segments A, B, and C due to the 100-kip horizontal 
load is 8,286.886 lb (Fig. 13; Table 8, Col. 9). The resultant force is 100,000 -
8, 286. 886 = 91, 713.114 lb, and it must be applied to balance the 8,286.886 lb force 
in Segments A, B, and C about the line of application of the 100-kip load on the hori
zontal centerline of the bottom plate. Thus, the resultant is applied at a distance of 
e1 = (8,286.886) (40. 625) / (91 , 713.114) = 3. 671 in. below the cente rline of the bottom 
plate. This gives the distance from this point to the s hear center of e = 3,463, 773 . 6/ 
91,713.114 = 37. 767 in., which places the shear cente r as s hown in Figur e 13. The 
point of appli ation of the 100-kip horizontal load for zero torque about the shear cen
ter is compu ted from e2 = (8, 286. 886) (6. 529) / 100, 000 = 0. 541 in. above the shear 
cente r (Fig. 13). 

The shear flow forces in Column 7 of Table 8 must be corrected to give torque 
equilibrium about the shear center in combination with the 100-kip external horizontal 
load. The external load of 100 kips must act at 0. 541 in. above the shear center for 
zero torque. This is done by taking the torque of the external load and the internal 
shear flow forces about some convenient point and determining the shear flow correc
tion to give torque equilibrium about the shear center for the internal shear flow forces. 
It is convenient to take moments about the line of action of the 100-kip load. Again 



Line of action 
for 100,000 lb. 
external load 
without torque 

External load J 
= 100,000 lb. 

Total force in To ta I force in 
A,B,&C = 4,143.443 lb. A,B,&C= 4,143.~ 

"--- Shear 
center 

,,-Pr.I 
• I ' I 

Resultant force = 9 I, 713.11 ~ I b. 
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1
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Figure 1 3 , Lo cat ion of shear center, three - cell box, 75- ft span . 
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""' L ' / ' ' ' ' 'th ..,. ' 2 f ' - ,., qx a I:La = ql + q2 + q3, w1 ...,La = AB or each cell. Thus, ql + 
qz + q3 = - 341, 658. 608/ 7, 800 = - 43. 8024. Again, based on the principle of 
consistent displacements, Tables 8, 9, and 10 yield 1,047. 564q_i - 1,047. 564qz + 
197.188q3 = - 2,086.095 and - 197. 188ql + l,047.664q2 - l,047.564q3 = 
2,086.095. Solution of these gives qi = -14. 363 lb/in . , q2 = -16. 076 lb7in., and 
q3 = -14. 363 lb/in. These corrections are applied to the shear forces in Column 7 
of Table 8 to give the corrected shear flow forces for the 100-kip load with zero tor
que about the shear center as given in Column 16 of Table 8. 

Flexural and Shearing Stresses 

The dead load per foot of bridge for the three-cell box on the 75-ft span to be used 
in the stress computations is as follows: 

Railing and curb 

Asphalt wearing surface = 

467. 4 lb/ft 

450. 0 lb/ft 

Precast Concrete Deck = 3, 232. 5 lb/ft 

Steel box 743. 1 lb/ft 

Total 4, 893. 0 lb/ft 

The maximum bending moments and shears for one lane of H20-S16 live loading are 
given in the AASHO specifications (16, p. 273). The impact factor is O. 25 in accord
ance with these specifications. Thefollowing maximum moments result from full 
loading of the structure, noting that the maximum live load moment occurs 2. 33 ft 
from mid-span with 14-ft axle spacings for the live load: 

Dead load at mid-span 

Maximum live load plus impact 

Dead load at point of maximum 
LL moment 

= (4.893) (75) 2/s = 3,440.4ft-kips 

(2) (1075. 1) (1. 25) = 2,687.8 ft-kips 

[ (4. 893) (39. 83) (35. 17) ]12 = 
3,427.1 ft-kips 
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The following maximum shears occur under the same conditions: 

Dead load at end of span (4. 893) (37. 5) = 183. 5 kips 

Live load plus impact = (2) ( 63. 1) ( 1. 25) = 157. 8 kips 

The torque resulting from the unsymmetrical placing of the live load lanes on the 
roadway is the same as for the one-cell box-393. 75 ft-kips. With the same assump
tions as for the one-cell box, the unit flexural stresses are given in Table 12. As
suming the dead load shear to be uniformly distributed in the vertical plates, and de
termining the maximum live load and impact and torque shearing effect by the use of 
the coefficients previously determined, the unit shearing stresses between Segments 
36 and 37 are as follows: 

DL = (183. 5) / (4) (36) (3/ 16) = 6. 80 ksi 

LL + I = (1. 578) (0. 724341) / (3/ 16) 6. 10 ksi 

Torque = (3. 9375) (0. 009804) / (3/ 16) 0. 21 ksi 

Total =13.11 ksi 

STABILITY ANALYSIS FOR ONE- AND THREE-CELL BOXES 

The steel boxes acting alone in the carrying of the total dead load give the critical 
condition for the stability of the top flange and side plates. The Uieor·etical ela stic 
buckling s tresses may be obtained with the Bryan buckling formula , Eq. 3, with 
27, 114. 4k(t/ b)2, as previous ly given. 

Top Flange Plates 

The top flange plates are assumed to have three simply supported edges and one 
free edge. The value of k = 0. 43 is found by Bleich(.!.!_, p. 330). This gives acr = 
(27,114.4) (1/9) 2 (0. 43) = 143. 9 ksi, as compared to the actual extreme fiber stress 
of 38 . 8 ksi due to dead load for the one-cell box on the 75-ft span. It also gives 
O'er = (27,114.4) (0. 5/ 9)2 (0. 43) = 72. 0 ksi, as compared to the actual total extreme 
fi ber stress of 31. 53 ksi due to dead load for the three -cell box on the 75-ft span. 
It also gives crcr = (27,114.4) (0. 5/9)2 (0. 43) = 72. 0 ksi, as compared to the actual 
total extreme fiber stress of 31. 53 ksi due to dead load for the three-cell box on the 
75-ft span. 

Vertical Side Plates 

The dead load flexural stresses for the panel subdivisions of the verticai side plates 
for both the one- and three-cell boxes on the 75-ft span are shown in Figure 14. The 

TABLE 12 

FLEXURAL STRESSES, THREE-CELL BOX, 75-FOOT SPAN 

Load 

Dead Load 

Live Load and Impact 

Total 

Top of 
Steel 
(ksi) 

31,53 

0.81 

32,34 

Bottom of 
Steel 
(ksi) 

10,55 

~zl~ 

16.68 

Top of 
Concrete 

(ksi) 
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theoretical elastic buckling stresses and comparisons with the actual maximum flexural 
stresses are given in Tables 13 and 14. 

The theoretical elastic buckling stresses for the case of shear are given in Tables 
15 and 16, as well as the comparisons with the actual total shearing stresses in each 
panel. The coefficient k = 5. 3 is used for computing these buckling stresses due to 
shear. 

Deflection Limitations 

The total moments of inertia which a two-lane superstructure needs to meet the 
live load and impact deflection limitations of present standard specifications for high
way bridges (16) are shown in Figure 15. Also shown are the moments of inertia fur
nished by the final composite structure for 75- and 120-ft spans with both one- and 
three-cell boxes. The basic background of this figure was presented previously (2, 
Fig. 4). It is evident that the steel box structures meet current practice with respect 
to live load and impact deflection limitations. 

Panel a 

Panel b 

Panel c 

s 
~ 

38.84 ksi 

13 ,93 ks i 

ONE CELL BOX 

3 1. 5 3 ks i 

s 
r--
v 
,-: 
(\J 

TH REE CELL BOX 

Figure 14. Setup of flexural stresses for buckling computations, 75-ft span. 

TABLE 13 

STABILITY OF SIDE PLATES, FLEXURAL STRESSES, 
ONE-CELL BOX, 75-FOOT SPAN 

Panel k acr Ratio to Max. 

(ksi) EFS "'38.84 ksi 

a 5,3 110.9 2.75 

b 6.6 77.7 2.00 

C 24.o 180.8 4.65 

s 
v 
"1 
,-: 
(\J 

(\J 

CJ) 
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TABLE 14 

STABILITY OF SIDE PLATES, FLEXURAL STRESSES, 
THREE-CELL BOX, 75-FOOT SPAN 

Panel k 0 cr 
Ratio to Max. 

(ksi) EFS • 3L53 ksi 

a 5.2 61.2 1.94 

b 6.5 43.0 2.o8 

C 24.o 101.7 3.22 

Ratio to maximu_m stress in Panel b of 20.61 ksi . 

TABLE 15 

STABILITY OF SIDE PLATES, SHEARING STRESSES, 
ONE-CELL BOX, 75-FOOT SPAN 

Panel 

a 

b 

C 

't er 
(ksi) 

110.9 

62,4 

39.9 

Actual Ratio 't to 
er 

't 
Panel Actual 'tin 

Panel 

19.72 5.6 

19.53 3.2 

19.10 2, 1 

TABLE 16 

STABILITY OF SIDE PLATES, SHEARING STRESSES, 
THREE-CELL BOX, 75-FOOT SPAN 

Panel 

a 

b 

C 

T 
er 

(ksi) 

62.4 

35,1 

22,5 

Actual 

't 
Panel 

13.1 

13.0 

12.6 

Ratio T to 
er 

Actual 't in 
Panel 

4.7 

2.7 

1.8 
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The structural steel quantities and cost estimates for one- and three-cell boxes on 
a 75-ft simple span are summarized in Tables 17 and 18. Also shown are the struc
tural steel quantities and cost estimates for one- and three-cell boxes on a 120-ft 
simple span. The 120-ft span one-cell box has top flange plates of T-1 steel, 16 in. 
wide and 1 ¼ in. thick, with vertical s ide plates, 48 in. wide and 3/s in. thick, and a 
bottom plate, 16 ft wide and % in. thick . The 120-ft span three-cell box has top flange 
plates of T-1 steel, 16 in. wide and 1 in. thick, with vertical side plates, 48 in. wide 
and ¼ in. thick, and a bottom plate, 24 ft wide and 5/is in. thick. The other structural 
details are the same as those for the 75-ft span box structures. 

In Figures 16 and 17, comparisons are made with results for the rolled wide-flange 
and welded I-stringer structures (1, 2). The cost comparisons include the concrete 
roadway deck, since the quantities-involved vary with the type of structure. The rail
ings and curbs are not included in the cost estimates, as their cost would be almost 
identical for all the structures compared. The cost of the shear connectors for the 
stringers are considered to balance that of the high-strength bolts used to help hold the 
precast deck in position on the steel boxes. Estimates are made for the use of either 
ASTM A242 and A441 steels with a heat-treated constructional alloy steel, designated 
T-1, used for top flange plates when required by high stresses. 
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The fabrication cost of the steel box bridges was determined. It was assumed that 
the erection cost for the three-cell box would be the same as that for a welded I
stringer structure of the same length, which for the one-ceii structure was computed 
on a tonnage ratio with the three-cell structure. Freight was taken as $0. 015/ lb. 
The cost of steel bearing details was assumed to be $ 300. 00 for each of the steel box 
structures. 

An estimate was made using stainless-clad steel for the outside side and bottom 
plates, as well as the outside longitudinal splice plate and the seal plates at the ends 
of the bridge. The base price for the stainless-clad material, after consultation with 
two leading manufacturers of stainless-clad plate, was taken as $0. 2665/ lb. This 
compares with $0. 0785 as the base price of nickel-copper ASTM A242 steel. The 
fabricating costs for the stainless-clad plates were assumed to be about one-third 
higher than for plates of A242 steel. This gave an additional cost of $0. 23/ lb for the 
stainless-clad plates over those of A242 steel. Structural T's were used for the longi
tudinal stiffeners and the stiffening rings in the cost estimates. 

The asphalt wer:.ring surface on the precast decks for the steel box structures was 
estimated at $2. 00/sq yd of roadway area. 

Comparisons 

The estimated cost of the one -cell box structure with the 75-ft simple span is less 
than the lowest cost structure with either rolled wide-flange or welded I-stringers, 
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Figure 17 , Cost comparisons, 120- ft spans. 

except when stainless-clad steel is used in the outside plates. However, the three
cell box structure has, in general, a slightly higher estimated cost. 

The estimated cost of the one-cell box structure with the 120-ft simple span is also 
less than the lowest cost for the welded I-structure, except when stainless-clad steel 
is used for the outside plates. The three-cell box structure has, in general, a slightly 
higher estimated cost, but the difference is less than in the case of the 75-ft simple 
span. 
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These estimates do not reflect any possible long-term maintenance savings due to 
the increased resistance to atmospheric corrosion or the better paint life of nickel
copper types of high-strength low-alloy steels. 

CONCLUSIONS 

The results of this study indicate that the steel box structure with a precast con
crete deck has definite economic possibilities for use as a highway bridge. It is 
recommended that a nickel-copper type of high-strength low-alloy steel be used for 
th se structures because of its better resistance to atmospheric corrosion (1), since 
thin plates are proposed. It should be noted that a heat-treated constructional alloy 
steel, designated T-1, is used for top flange plates where required. 
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Field Tests of a Three-Span Continuous 
Highway Bridge 
JAMES W. BALDWIN 

Associate Professor of Civil Engineering, University of Missouri 

A three-span continuous I- beam bridge of non-composite design 
was subjected to several series of static and dynamic tests. 
Strains and deflections in each stringer were recorded continu
ously during the tests . Moments in the bridge were calculated 
from the experimental strains by taking into account the semi
composite nature of the structure. These moments were com
pared with those calculated by elastic analysis. Measured 
deflections were also compared with those predicted by the 
elastic analysis. The nature of the semi-composite behavior 
was studied. The friction-link phenomenon provided an explana
tion of the rather unusual observed behavior. Lateral distribu
tions of moment and deflection were compared with theoretical 
analyses and with the AASHO code. 

Response of the structure to dynamic loads was compared 
with theoretical analyses and found to be in reasonable agree
ment. Within the limits of these tests, speed of the test vehi
cle was found to have only a slight effect on the impact factor. 
Severe roughness at the approach was found to have little effect 
on the maximum moments and deflections. Consideration of the 
damping characteristics of the vehicle suspension indicates that 
the effects of the roughness were damped out before the vehicle 
reached a critical position in the span. 

•THE ACCEPTED design procedure for bridges subject to dyn::i.mic lo::icl.c:; is h::ii,P.cl on 
a static analysis modified by an arbitrary factor called the impact factor. The intro
duction of new materials coupled with a desire for greater economy in design has re
sulted in the design of members which are much more flexible than those designed 
previously. This trend has created the need for a better understanding of the actual 
behavior of bridges under dynamic loads. Since 1953, the U. S. Bureau of Public 
Roads, in cooperation with various state highway departments, has conducted field dy
namic tests on several highway bridges. The investigation reported herein is the result 
of such a cooperative undertaking with the Missouri State Highway Department. The 
test bridge, known as the Burris Fork Bridge, is located on Route 87 about five miles 
south of California in Moniteau County, Missouri. 

Construction of the bridge was completed in July 1954, and the testing was carried 
out between August 24 and September 30, 1955. Preliminary reduction of the data was 
carried out by the Missouri State Highway Department and the U. S. Bureau of Public 
Roads between 1956 and 1960. 

The bridge consists of three continuous spans and one simple approach span. A 
report (1) on the simple approach span was prepared by the Missouri State Highway 
Department. The analysis in the following report covers only the three continuous spans 
and was prepared by the Engineering Experiment Station of the University of Missouri 
between 1961 and 1963. The complete report has been published ~). 

Paper sponsored by Committee on Bridges . 
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EXPERIMENTAL INVESTIGATION 

Structure 

The three-span test structure is of a non-composite design for H- 15- 44 loadi ng . 
Details of the test structure are shown in Figur e 1. The 22-ft wide deck is a 6%.- i n. 
reinforced concrete slab supported on four steel I-beam stringers. The stringers are 
spaced 6 ft 8 in. on centers and consist of 33WF130 or 33WF141 rolled sections (Fig. 1) . 
The 60- by 80- by 60-ft series of continuous bridge spans is supported on three dumb
bell-type concrete piers and one open-type concrete end bent, all founded on rock. A 
photograph of the bridge site is shown in Figure 2. 

Test Vehicle 

The test vehicle (Fig. 3) was a standard commercial semitrailer truck loaded with 
gravel to produce approximately the AASHO H20-S16-44 truck loading. Wheel loading 
and axle spacing of the test vehicle are shown in Figure 4. Spring constants were 5. 94 
kips/ in. for the driver axle and 16.5 kips/ in. for the pair of tandem axles. 

Instrumentation 

Instrumentation was furnished, installed, and operated by the U. S. Bureau of Public 
Roads. The gages consisted of GE magnetic reluctance gages, SR-4 strain gages, and 

Figure 2. B1idge sit~ . 

Figure 3. Test vehicle . 
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deflection gages located as shown in Figure 5. After carefully locating each gage posi
tion, paint and mill scale were removed from the steel beams. Resistance-type gages 
were attached to the structural steel members with a gage cement after the base metal 
was cleansed with a solvent. Reluctance-type gages were mechanically fastened to the 
bridge members which required drilling and tapping holes for the attaching screws. In 
this case the surface of the steel was faced to provide for proper seating of the gages. 

Prior to mounting on the bridge the electromagnetic strain gages were calibrated in 
a test frame by varying the air gap in known increments with a micrometer screw. 
Since the calibration curves were not exactly linear, care was taken to reestablish the 
calibration zero position when the gages were attached to the test member. 

Deflection gages consisted of SR-4 strain gages mounted on 12-in. aluminum canti
levers as shown in Figure 6. The free end of the cantilever was initially given a deflec
tion greater than that expected in the beam and was fastened to a ground anchor by a 
light steel cable. Hence, the cable was in tension at all times during the test. Labora
tory calibration curves were used to convert the strain-gage signals to deflections. 

Four conductor shielded cables were used to connect the gages to the recording 
equipment which was located in an 18-ft housetrailer. Each gage when connected be
came one active leg of a Wheatstone bridge circuit. To complete the circuit, dummy 
gages of each type used were attached to small pieces of structural steel and located 
near the active gages for temperature compensation. The Wheatstone bridge circuits 
were arranged in groups of 8 or 12. Each group was energized by a 10-volt 3, 000-
cycle signal from one oscillator and the modulated return signals from the active gages 
were fed through individual amplifiers into the recording galvanometers of an oscillo
graph. There were two oscillographs, each capable of recording 18 signals simultane
ously on a 7-in. wide strip of sensitized paper. Circuits were incorporated in each 
amplifier for calibrating an active variable-resistance gage, balancing the Wheatstone 
bridge, and regulating the amplifier output. 

Additional information on the oscillograph records consisted of record identification 
numbers , axle position indicators, and 0.1- or 0. 01-sec timing lines. The axle posi
tion indicators were triggered by air tubes laid across the bridge. The inside of the 
trailer is shown in Figure 7. 

In addition to the instrumentation on the bridge, SR-4 gages were mounted on the 
axle housing of the truck. The purpose of these gages was to provide a qualitative in
dication of the force transmitted to the bridge by the truck. Signals from these gages 
were recorded by a direct writing Brush recorder mounted on the truck. As the truck 
entered the span, a switch on the underside of the truek was triggered by a flexible ob
struction on the bridge. This switch triggered the event marker on the oscillograph, 
thus indicating the time at which the truck entered the span. 

Test Procedure 

The bridge was subjected to five series of tests, designated as la through le. Series 
la, lb, and le were designed to investigate the effects of the lateral position of the 
truck lane on the bridge. The center of the truck lane coincided with the centerline of 
the bridge for Series la, was 6 ft east of the centerline for Series lb, and 3 ft east of 
the centerline for Series le. 

Series ld and le were designed for the study of induced roughness . In Series ld 
the centerline of the truck lane coincided with the centerline of the bridge and the east 
wheels passed through a 3- in. deep by 5-ft long trench at the north approach to the 
bridge. In Series le, the centerline of the truck lane coincided with the centerline of 
the bridge and both the east and west wheels passed through trenches at the north 
approach. 

Each series consisted of several static and dynamic test runs. A static test run 
consisted of taking oscillograph readings from each of the gages with the truck remain
ing at rest in some position on the bridge. The truck was moved forward in increments 
of 4 ft between static runs. A dynamic run was conducted by making a continuous 
recording of each of the gage signals while the truck was driven at a constant rate of 
speed from one end of the bridge to the other. Nominal truck speeds ranged from 5 to 



Figure 1 . Recording equipment. 

TABLE 1 

TEST PROGRAM 

Displacementa Static Runs 
Series (ft) 

NB SB 

la 0 6 25 
lb 5b 15 24 
le 3b 
ld 0 
le 0 14 

aof truck lane from bridge centerline . 
bEast. 

145 

Dynamic Runs 

NB SB 

21 21 
14 14 

6 6 
10 

6 
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50 mph in 5-mph increments. In most cases two runs were made at each speed. A 
summary of the test program is given in Table 1. 

During test runs, the recording equipment was operated through a remote control 
cable by the engineer on the bridge who also directed the test vehicle operation. Another 
engineer in the trailer observed the results on the screens of the oscillographs and 
made adjustments to the equipment when necessary. 

Data 

The tests described in the previous section resulted in several hundred feet of oscil
lograph records, each with 18 traces. Three typical oscillograph traces are shown in 
Figure 8. Because the truck was traveling at a constant rate of speed, the abscissa, 
time after the driver axle crossed the first support, determines the position of the truck 
on the bridge. The general shape of the trace is that for an influence line of the partic
ular quantity being measured. In the cases shown in Figure 8, the quantity being mea
sured was the stress in the bottom flange of an interior stringer in Span A. As the truck 
entered Span A from the north, the stress increased in the positive direction, reaching 
a maximum when the truck was somewhere near the center of Span A. As the truck 
proceeded into Span B, the stress became negative, reaching a maximum negative value 
when the truck was near the center of Span B. The stress reached another positive 
maximum as the truck passed through Span C. 

A smooth curve through the trace (Fig. 8) is referred to as the mean curve, which 
is modulated by the vibration of the bridge . Thus, the bridge vibration is represented 
by the higher frequency, iowe1· arnplitude wave superin1posed on this mean curve. The 
maximum curve is the outer envelope of the vibration as shown. Actually there are 
some other differences between the static influence line and the dynamic response not 
apparent from a cursory examination. These include phase shift and possibly some dif
ference in amplitude. 

For the remainder of the discussion the term mean will refer to the maximum value 
of the mean curve with the vehicle in a particular span; the term maximum will refer to 
the maximum value of the outer envelope with the vehicle in a particular span. 

The first step in the reduction of the data was carried out by the State Highway De
partment and the U. S. Bureau of Public Roads. The critical ordinates shown in Figure 8 

<'.Jrnax 

A 

<lmolt. 

Figure 8. Typical oscillograph traces . 
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were taken off the oscillograph records. Stress or deflection conversion factors ob
tained from calibration curves were then used to convert these ordinates to stresses or 
deflections . The modulus of elasticity for the steel was assumed to be 30 x 106 psi. For 
each trace of each dynamic run, there was one maximum and one mean value as the 
truck passed through each span, making a total of six c1•itical quantities for each trace 
of each run. (Benson-Lehner equipment was used by the U. S. Bureau of Public Roads 
for their part of tbe take-off work.) A slight variation in procedure was necessary be
cause the maximum stress in the top fla nge did not necessarily occur at the same in
stant as the maximum stress in the bottom flange. To obtain simultaneous values, the 
stress in the top flange at the instant the stress in the bottom flange reached its maxi
mum value was recorded as the maximum stress in the top flange. Take-off of the 
static data was much less complicated. A static trace was merely a short straight line 
representing a constant value. 

This initial take-off 1.·esulted in approximately 20, 000 pieces of data. It was decided 
lhat the use of punched cards and a high-speed digital computer would be the most eco
nomical method for handling s uch a large quantity of data. Consequently, the data were 
imn1ediately punched on cards and all subsequent processing was done by machine. A 
straight-line extrapolation was used in computing the extreme fiber stresses from 
stresses at the gage locations. 

ANALYSIS OF TEST RESULTS 

Comparison of Experiments with Theory 

The main objective of the investigation was to compare the experimental results 
with existing theory. To make satisfactory comparisons, experimental quantities must 
be compared with realistic theoretical quantities. Design stresses and deflections for 
the bridge under consideration are not satisfactory for compa1·ison because the design 
was based on two H-15-44 loads, whereas the test conditions included only one H-20-
S16-44 load . In a structure such as a bridge, the situation is complicated even further 
because several steps are involved in computing stresses for a given loading . First, 
the impact factor is applied to the load to account for the dynamic effects· next the load 
is distributed to the stringers either through a rather complex analysis or by the use of 
a set of design coefficients. Moments in the stringers are then computed on the basis 
of elastic theory. Finally, the stresses in the stringers are computed on the basis of 
either a composite or non-composite section, depending on the type of construction. 
Completely non-composite action is never realized because the friction between the slab 
and the stringer always results in some degr ee of composite action. From a design 
standpoint the assumption oi completely non-colllposite action is conservative, whereas 
from a research standpoint this assumption introduces considerable difference between 
the experimental and theoretical values. 

In comparing experiments with theory, it is desirable to separate the effects of these 
individual assumptions to determine which are satisfactory and which introduce error 
into the computations. The analyses in this report were performed in such a manner 
as to isolate as many individual effects as possible. This was accomplished as follows: 

1. The static analysis was first compared with 1·esults from static tests, thereby 
eliminating the unknown effect of impact from the comparison. 

2. Forces were compared on the basis of moment rather than stress to eliminate the 
uncertainties arising from the semi-composite action. 

3. The uncertainties arising from lateral distribution were eliminated from these 
comparisons by considering the total moment in the entire cross-section of the bridge 
rather than that in a single stringer. 

4. Average observed deflections for a given bridge section were compared with 
computed values for both composite and non-composite analyses. 

5. The degree of composite action was evaluated in terms of effective section 
modulus. 

6. Lateral distribution was compared directly with existing theory. Experimental 
moments were superimposed to produce a two-lane loading for comparison with the 
AASHO code provisions . 
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7. Base values for computing impact factors were determined from normalized 
plots of mean moment and mean deflection vs speed. 

There was much scatter in the data where the readings were very small. This was 
almost always true when the gages were in an unloaded span. Values for Stringers 1 
and 2 of Series lb and le were also subject to this difficulty. Consequently, these data 
were not used in the analysis unless otherwise indicated. 

Theoretical Moments 

Conventional elastic theory was used in preparing influence lines for moments at 
Sections A and B due to a unit load passing across the bridge. Separate influence lines 
were prepared for the interior and exterior stringers. In each case completely non
composite action was assumed. The difference between the influence ordinates of the 
interior and exterior stringers was never more than 4 or 5 percent. As a result, it 
was decided that an influence line representing the average of the influence lines for an 
interior and an exterior stringer could be used satisfactorily as an influence line for 
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the entire bridge cross-section. Since such an influence line depends only on the ratios 
of the moments of inertia at various sections and not on the magnitude of the moment 
of inertia, these influence lines would be changed only a small amount by considering 
completely composite action. 

Influence lines were then prepared for mom ents in the bridge at Sections A and B 
due to the test vehicle. This was accomplished by superimposing influence li nes for 
the front axle, the driver axle, and the tandem axles , referring the position of each 
axle to the position of the driver axle. Influence lines for the test vehicle were not the 
same for northbound movement as for southbound movement because the axle loads 
were not symmetrical about the driver axle. Hence, influence lines for moments at 
Sections A and B were prepared for each direction of movement. These influence lines 
are shown in Figures 9 through 12. In each case there is a peak value when the driver 
axle is over the center of the span and another peak when the tandem axle is over the 
center of the span. 
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Experimental Moments 

Since moments were not measured directly, the term experimental moment refers 
to the moment computed from the measured strains. These strains were conve1·tecl to 
stresses in the initial data reduction, and all subsequent computations were based on 
these stresses. Computations for the experimental moments were based on the follow
ing assumptions: 

1. There is an unknown amount of composite action between the slab and the steel 
beams. 

2. There is no net axial force in the semi-composite section. 
3. The slab and the steel beam always remain in contact, even though the slab may 

slide longitudinally on the beam (the curvature of the slab must be equal to the curvature 
of the steel beam). 

4. The stress distributions on both the slab and the beam are linear with depth. 

Assumptions 1 and 4 result in a stress distribution across the section as shown in 
Figut 13a. The stresses crt and ab are extreme-fiber stresses extrapolated from the 
original data. The analysis is equally valid for Q'.).aximum or mean stresses. The stress 
distribution in the steel beam and the slab may be broken into axial and flexu1·al com
ponents (Fig. 13b). From these stresses, both the axial force P and the bending m.0-
ment in the steel beam Ms can be computed as follows: 
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where As is the cross-sectional area of the I-beam, Is is the moment of inertia of the 
I-beam, and dis the depth of the I-beam. To satisfy Assumption 2, the axial force in 
the slab must be equal in magnitude and opposite in sign to the axial force in the steel 
beam. Hence, moment due to composite action may be computed as follows: 

Mp = Pd' (2) 

where d' is the distance between the centroid of the slab and that of the I-beam. The 
only remaining bending component in the section is that in the slab itself. On the basis 
of Assumption 3, the moment in the slab may be computed by estimating its flexural 
rigidity and multiplying by the curvature of the beam. The flexural rigidity of the slab 
R may be expressed as 

(3) 

where Ee is the modulus of elasticity of the concrete, and le is the moment of inertia 
of the transformed uncracked section of the slab. The curvature of the beam K may be 
expressed as 

K = ( 4) 

where Es is the modulus of elasticity of the steel. Hence, the moment in the slab Mc 
may be expressed as 

RK (5) 

where n is the modular ratio. 
The accuracy of this last calculation may be questioned because of the uncertainties 

involved in determining both the effective width of the slab and the value of the modular 
ratio. However, calculations show that for the particular bridge in question, the mo
ment in the slab can never exceed 4 percent of the total moment in the composite sec
tion. Thus, rather large errors in this particular component of the bending moment 
would result in only small changes in the total moment. The total experimental mo
ment in the stringer M was calculated as the sum of the three components: 

M (6) 

Experimental moments were computed at Sections A and B of each stringer for each of 
the critical conditions. 

Adding the experimental moments in the four stringers at a given section results in 
the total bending moment in the entire cross-section of the bridge at a particular in
stant. Under dynamic loading conditions this computed total is slightly in error be
cause the moments computed for the individual stringers did not occur at exactly the 
same instant. Figures 9 through 12 show comparisons of the static experimental mo
ments with the theoretical influence lines. In Figures 14 through 17, the dynamic ex
perimental moments are compared with the theoretical values . The vertical bars 
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represent the ranges of total mean moments in the bridge whereas the heavy horizontal 
lines represent the peak values from the theoretical influence lines. The location of 
the truck at the time the peak moments occurred was not recorded. 

In general , there is fair agreement between the experimental values and the theoret
ical influence lines. The static values at Section A with Span A loaded are approxi
mately 15 percent lower than those predicted by the theory. It will be shown that the 
composite action in Span A was not as complete as in Span B; hence, the relative stiff
ness of Span A was actually less than that assumed in the analysis. This was probably 
the cause of the discrepancy. 

The static moments at Section B from Series la southbound are in almost perfect 
agreement with the theoretical curve. The static moments at Section B from Series lb 
southbound appear to be shifted approximately 1200 kip-in. in the positive direction. 
This shift is nearly constant for all points regardless of the span in which the truck was 
located and, therefore suggests some sort of a zero shift in the experimental data. 
One might immediately suspect such a shift in the gage readings, but more care
ful consideration reveals that several gage readings were incorporated in finding each 
of the moments plotted . None of these gage readings appear to be inconsistent with the 
rest of the gage readings , and it seems rather unlikely that there would be an accidental 
zero shift of about the same percentage in each of eight gages. 

Another possible explanation of this shift is that there was a residual moment in the 
I-beam at the time the zero readings were taken. This residual could come about be
cause of the friction between the slab and the steel beams. Mechanisms containing 
friction links normally have more than one equilibrium position. There is no proof of 
the cause of this apparent zero shift, but it seems to be inherent in the behavior of the 
bridge. This phenomenon is also present in the static runs of Series la and lb north
bound. The dynamic values seem to be in better agreement with the theory than the 
static values . 

Theoretical Deflections 

Elastic theory was used to prepare influence lines for deflections at Sections A and 
B due to a unit load passing across the bridge. This was done for both interior and 
exterior stringers and for both composite and non-composite action. A slab width of 80 
in. and a modular ratio of 10 were used in computing the transformed section for com
posite action. The ordinates of the influence lines for interior and exterior stringers 
never differed more than 8 percent. By averaging the ordinates of these two influence 
lines, an influence line representing the average deflection of the four stringers was 
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prepared. The procedure explained previously for preparing moment influence lines 
was then followed in preparing influence lines for average deflection due to the test ve
hicle . The resulting influence lines for the average deflection in the four stringers are 
shown in Figures 18 through 21. The solid line represents the deflections computed on 
the basis of non-composite action and the dashed line represents the deflections com
puted on the basis of composite action. 

Experimental Deflections 

Experimental deflections for the four stringers were averaged at each section for 
each critical condition. These average static deflections are compared with the theo
retical values in Figures 18 through 21. Ranges of values for average deflection under 
dynamic loadings are compared with theoretical values in Figures 22 through 25. The 
position of the truck on the bridge at the time of the critical deflection was not recorded 
for these runs . 

The static experimental deflections at Section B agree very well with the influence 
line for completely composite action. The deflections at Section A are somewhat greater 
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than those predicted on the basis of completely composite action. This observation is 
further evidence that the degree of composite action was greater in the center span than 
in the end spans . 

Figure 19 shows that the deflections at Section A were opposite in sign to those pre
dicted by the theory when the truck was in Span C. This was probably another manifes
tation of the multiple-equilibrium position phenomenon of the system with a friction link. 
In this case the truck was southbound and had just left Span B. Thus, the deflections in 
Span A were changing from positive to negative. As shown in Figure 18, the deflections 
were in much better agreement with the theory when the truck was northbound. This 
phenomenon is not so noticeable in cases where the load was in Span A or B and the de
flections due to load were of a much greater magnitude. In all cases the dynamic de
flections were somewhat greater than the static deflections. Even so , there was still 
a high degree of composite action. 

Moment vs Speed 

To find the extent to which the impact factor was dependent on the speed of the vehicle 
crossing the bridge, some value on which to base the calculations had to be found. Static 
values were not considered desirable for this purpose because of the tendency for zero 
shift as indicated by the influence lines for static moment. Consequently, normalized 
moments based on mean stresses were plotted vs speed. The ordinate of this plot was 
normalized by dividing each moment value by the average of the 5-mph values for the 
same series , the same stringer, the same section, and the same loading conditions ex
cept for speed. By normalizing the moment values in this manner, it was possible to 
plot all available mean moments on a single plot (Fig. 26) . A least-mean-squares fit 
of a straight line to all points shown in Figure 26 results in the following expression: 

= 1. 01 - 0. 000410 x speed (mph) (7a) 

Although there is some scatter in the data, this plot indicates that the mean moment was 
essentially independent of speed. This is basically in agreement with the assumptions 
of other investigators (2, 3, 4, 5, 6, 7). On the basis of this finding it was decided 
that impact was a result solely of the vibration in the bridge and that the average of the 
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corresponding mean moments was probably the best base value for determining impact 
factors. 

Deflection vs Speed 

In investigating the extent to which deflection was dependent on the speed of the ve
hicle, essentially the same procedure was followed as for moment. Each mean deflec
tion was normalized by dividing it by the average of the corresponding deflections at 5 
mph. Figure 27 was then prepared by plotting these normalized values of deflection 
against the speed of the vehicle, and the straight line shown represents a least-mean
squares fit. The equation of this line is: 

= 1. 02 - 0. 000327 x speed (mph) (7b) 

This expression again indicates that impact was due solely to the vibration of the bridge 
and the average of the mean values was probably the best base value for computing im
pact factors . 

Lateral Distribution 

Lateral distribution of the load was investigated by expressing the moment in each 
stringer as a percentage of the total moment in the section. These percentages for 
both static and dynamic runs are shown graphically in Figures 28 and 29. The ordinate 
of each of these plots represents the percentage of the total moment in the bridge sec
tion carried by each of the stringers, while the abscissa represents the four stringers 
of the bridge. The experimental data are represented by a band indicating the spread 
of values for all runs in a given series in both directions. The average values are very 
close to the center of the band in most cases. 

The first plot in each line represents the distribution of moment in the bridge when 
the load was in the same span as the gages . Thus, the band designated "Gages in Span A'.' 
represents the distribution of moment in Span A when the load was in Span A, whereas 
the band designated "Gages in Span B" represents the distribution of moment in Span B 
when the load was in Span B. The second plot in each line represents the distribution 
of moment at the center of a given span when the load was in the adjacent span. Thus, 
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the band designated "Gages in Span A" represents the distribution of moment in Span A 
when the load was in Span B, whereas the band designated "Gages in Span B" represents 
the distribution of moment in Span B when the load was either in Span A or Span C. 
Because these data were essentially the same whether the load was in Span A or Span 
C, the data were all indicated in a single band. The third plot in each line represents 
the distribution of moment in Span A when the load was in Span C. This was the only 
condition under which moment was measured in a span when the load was two spans 
remote from the gages. Malfunctioning of a few gages accounts for th..e missing plots 
in Series le, ld, and le. The gages which did not function properly were on Stringer 
4 in Span A. This difficulty may also account for the unusually low values for Stringer 
4 in Span A of Series le, ld, and le. 

The most elementary of the theories for lateral distribution is based on the assump
tion of simple- beam action in the slab. The inaccuracy of this theory is obvious from 
inspection. Such a behavior would result in all the load being carried by the 2 interior 
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stringers for Series la, ld, and le. For Series lb, 97 percent of the load would be 
carried by Stringers 3 and 4. 

A form of column analogy suggested by Prentzas (8) gives a reasonably satisfactory 
prediction of the lateral distribution. This method predicts the load Li carried by i th 
Stringer from the formula: 

(8) 

where Lt is the load on the bridge, Ii aml Ik ,u·e Lhe moments of inertia of the i th and 
k th Stringers, Yi and Yk are the lateral distances from the center line of the bridge to 
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the i th and k th Stringers , and e is the lateral distance from the centerline of the bridge 
to the load (Figs. 28 and 29). 

The portion of the current AASHO specifications relating to lateral distribution was 
developed on the basis of the work of Newmark and Siess (9, 10, 11). If one considers 
the effect of two trucks on the bridge by using the principle ofsuperposition, the data 
agree reasonably well with these specifications. The code states that an interior 
stringer of the bridge under consideration should be designed for 1. 21 wheel loads. 
Superimposing suitable data from Series lb and le of the test results gives a range of 
0. 94 to 1. 32 or an average of 1.14 wheel loads for an interior stringer. For an exterior 
stringer of the bridge under consideration, the code requires 1. 18 wheel loads for de
sign. Superimposing suitable data from Series lb and le of the test data results in a 
range of O. 94 to 1. 28 or an average of 1.11 wheel loads for an exterior stringer. 

Lateral distribution was also investigated by comparing the deflections of individual 
stringers . The percent of deflection in a stringer was calculated as the deflection in 
the stringer divided by the sum of the deflections of the four stringers at the particular 
section. Figures 30 and 31 are identical to Figures 28 and 29 except that they repre
sent the lateral distribution of deflections. This distribution was essentially the same 
as that for moment except for Stringer 4 of Series le, ld, and le. This difference was 
undoubtedly due to some difficulty with the strain gages at Section A of stringer 4. The 
comparison of the theoretical to experimental distribution of moments applies equally 
well to deflections . 

The scatter of the data where the load was two spans remote from the gages may be 
explained by the very small gage readings under these conditions. With such small 
readings, the noise level in the instrumentation was a very large percentage of the mea
sured quantity. There seemed to be a slight tendency for the distribution to become 
more uniform as the load moved farther from the section at which the moment was being 
measured. 

Composite Action 

The semi-composite action of the bridge was evaluated quantitatively on the basis of 
an effective section modulus. This modulus was calculated by dividing the experimental 
moment in a stringer by the stress in the bottom fiber. It should be noted that although 
the moment of inertia for a completely composite section is nearly twice as great as 
that for the same section with non-composite action, the effective section modulus is 
only 50 percent greater. The section modulus for a completely non-composite stringer 
in this bridge is approximately 400 cu in., whereas the section modulus for a completely 
composite stringer in this bridge is approximately 600 cu in. 

Distributions of values of effective modulus are shown in Figures 32 and 33. The 
distributions calculated on the basis of mean values (Fig. 32) are essentially the same 
as the distributions calculated on the basis of maximum values (Fig. 33). However, 
the distributions of values for Span A are considerably different from the distributions 
of values for Span B. The values range from 400 to 540 for Span A and from 520 to 620 
for Span B. Thus, the composite action was approximately 30 percent complete in Span 
A but more than 80 percent complete in Span B. These data are in agreement with the 
data for moments and deflections discussed previously. As mentioned before, the ap
parent reason for the much lower degree of composite action in Span A is the smaller 
surface over which the friction can develop composite action. This suggests that in 
long multispan bridges, completely composite action might be realized by placing shear 
developers in the end spans only. This hypothesis is purely conjecture and is intended 
only as a suggestion for future research. 

Frequency of Vibration 

The theoretical nature frequency for the fundamental mode of vibration of the bridge 
was calculated using the method developed by Darnley (12). This method for finding 
the natural frequency of multispan beams, with constantcross-section and uniformly 
distributed mass, results in the solution of the following equation: 
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where k1 L 1 is the smallest root of the equation 

(10) 

where 

¢r Coth kLr - cot kLr, 
I/Jr Csch kLr - csc kLr, 
Lr length of the r th span, 

E modulus of elasticity, 
I moment of inertia of bridge, 

w weight per unit length of bridge, and 
g acceleration of gravity. 

Although the moment of inertia of the bridge under investigation varied as much as 15 
percent from one cross-section to another, it was decided that calculations for a con
stant cross-section, based on an average of the cross-sections for the bridge would be 
suitable. The completely composite section was expected to give the best prediction 
of natural frequency because of the high degree of composite action indicated by the 
moment analysis. The following quantities were used in the calculation: 
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E 30 x 106 psi, 
I 64,969 in.4, 

L 1 720 in., 
L 2 960 in., 

g = 386in. / sec2, and 
w 243. 5 lb/in. 

Using these values, the natural frequency was found to be 4. 00 cycles/sec. Considering 
non-composite action with an I of 32,332 in.4 resulted in a calculated natural fr equency 
of 2.82 cycles/sec. 

The natural frequency of the bridge as determined from the oscillograph records 
varied from 4 to 4.9 cycles/sec with an average of about 4.2 cycles/sec. There seemed 
to be no perceptible difference between the natural frequencies under loaded and un
loaded conditions, which agreed with the analysis. Consideration of the weight of the 
truck distributed over the entire length of the bridge would have changed the calculated 
natural frequency by only 3 . 3 percent. 

Amplitude of Vibration 

According to the findings of Hayes et al. (3), one might expect some degree of reson
ance at speeds of 11. 5, 36. 6, and 53. 4 mph by considering the distance between the two 
tandem axles , between the front axle and the driver axle, and between the driver axle 
and the first of the tandem axles. This resonance would result in substantial increases 
in the amplification factor at these speeds. 

The amplification factor may be defined as the ratio of the maximum moment, stress, 
or deflection to the mean moment, stress, or deflection. It follows from the previous 
discussions that the impact factor IF may be computed from this amplification factor 
as follows: 

IF = amplification factor - 1 (11) 

Impact factors were computed on the basis of both moment and deflection for each 
of the sets of critical values. The impact factor IFM based on moment was computed 
from the equation 

where Mm is the maximum moment and Ma is the average of all the corresponding 
mean moments. The impact factor IFD based on deflection was computed from the 
equation 

(12) 

(13) 

where Dm is the maximum deflection and Da is the average of all the corresponding 
mean deflections. 

The impact factors at each nominal speed were averaged and these were plotted 
against speed in Figure 34. This graph indicates no significant increase in the impact 
factor at speeds of 11. 5 or 3 6. 6 mph. There is some indication that the impact factor 
was increasing as the 53. 4-mph speed was approached. Unfortunately, the greatest 
nominal test speed was 50 mph. The lack of sensitivity to the repeated loads applied 
by the tandem axles might be expected because of the extremely short distance between 
the two axles. Lack of sensitivity to repeated loads applied by the front axle and the 
driver axle might be attributed to the low load on the front axle. 

Figure 3 5 shows the distributions of impact factors at all speeds. The peak of the 
distribution curve for impact factors based on moment falls between 0 .10 and 0 .12, 
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whereas the peak of the distribution curve 
for impact factor based on deflection falls 
between 0. 08 and 0. 10. One might expect 
impact factors for moment to be slightly 
greater than those for deflection because 
the moment is a local condition and the 
deflection is an integral of the moments 
over the length of the span. Although the 
peaks of the distribution curves are con
siderably less than the values of 0. 238 and 
0. 27 required by AASHO specifications for 
the bridge under investigation, there is a 
great deal of scatter in the data with some 
values more than twice the mean value. 
For this particular set of tests, 9 6. 5 per
cent of the impact factors fell below the 
0. 25 level. Thus, one might well consider 
the currently accepted design impact factor 
as a suitable and conservative limit. 

Induced Roughness 

Series ld and le of the test program were 
conducted to determine the effect of induced 

Momeni lmpocl Fa clor roughness at the bridge approach on the 
impact factor. The data indicate no signi-

Figure 35. Distribution of :ilnpact factors . ficant increase in the impact factors for 
Series ld and le. An examination of the 
records taken from the axle housings of 
the truck revealed such great damping of 

the suspension system of the truck that the initial oscillations produced by the induced 
roughness were damped out in approximately 1 to 1 ½ cycles. The time required for 
these oscillations to be damped out was much less than the time required for the truck 
to inove from the approach to the center of the span. Therefore, the high forces pro
duced by these initial oscillations were not applied to the bridge at a location that would 
produce large moments in the bridge. 
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SUMMARY AND CONCLUSIONS 

Data from the five series of tests outlined in Table 1 were analyzed and compared 
with existing theories and design codes . Mean moments in the test structure were cal
culated from the observed strains and compared with the moments predicted by elastic 
theory. These comparisons were generally in good agreement. The greatest discrep
ancies occurred in the static data and were presumably the result of the multiple
equilibrium positions of the bridge, a result of the friction link between the slab and the 
steel I-beam. 

The average experimental deflection at each section in the bridge for each series of 
tests was compared with the average deflection calculated on the basis of elastic theory 
for both composite and non-composite action. The actual behavior of the structure was 
much closer to completely composite action than to non-composite action. The deflec
tions in the center span were almost identical to those predicted on the basis of com
pletely composite action, whereas the deflections in the end span were approximately % 
of the way between completely composite and non-composite action. 

Mean moments and mean deflections were found to be essentially independent of speed. 
This indicated that the effect of impact on the bridge was entirely due to the vibrations 
of the bridge. Hence, moment impact factors were calculated as the difference between 
the maximum and the mean moments divided by the average of the corresponding mean 
moments. Deflection impact factors were calculated in the same manner. A plot of 
these impact factors against speed shows that the impact factor was independent of 
speed for speeds less than about 40 mph. Some indication exists that the impact factor 
was increasing beyond that speed, but no data are available beyond 50 mph. Assuming 
that the period of time between the passage of two wheels over a given point of the bridge 
may be treated as the period of a repeated forcing function on the bridge, and consider
ing the measured natural frequency of vibration of the bridge, one might predict that a 
resonance would be reached at a speed of approximately 55 mph. The lateral position 
of the truck on the bridge seemed to have little effect on the impact factors. 

The measured natural frequency of the bridge was approximately 5 percent greater 
than that predicted by Darnley's analysis (12) considering completely composite action. 

The lateral distributions of moments arid deflections were compared with an analysis 
suggested by Prentzas (8) and also with the AASHO code. Both of these comparisons 
showed reasonable agreement. However, comparison with the code required using 
superposition, a procedure subject to some criticism. Computing lateral distribution 
on the basis of simple beam action in the slab resulted in very poor agreement with the 
test results . 

An analysis of the amount of composite action based on an effective section modulus 
revealed essentially the same information as the comparison of deflections. The section 
modulus in the center span was nearly equal to that of a completely composite section. 
The amount of composite action in the end span was approximately 30 percent. This 
difference perhaps was due to the difference in the amount of surface between the slab 
and the I-beam available for the development of composite action. In the end span, the 
surface available to develop the composite action through friction was limited to the 
surface between the center and end of the span, whereas in the case of the center span 
the surface available for developing composite action extended from the center of the 
center span through the entire length of the end span. 

The test results indicated that induced roughness at the approach of the bridge had 
little or no effect on the maximum moments observed in the bridge. The oscillations 
of the truck induced by roughness at the approach were damped out before the truck 
reached a position on the bridge which would produce large moments . 

The observed behavior of the structure was not materially different from that pre
dicted by current theory and design codes. The idea of an impact factor to account for 
the effects of dynamic loading is rather crude and does not take into account the possi
bility of resonant vibration. However, present specifications were reasonable for the 
design of this particular bridge under the particular loading conditions of this investiga
tion. This might not have been the case if the test runs had continued to slightly higher 
speeds. 
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Continuous Span vs Simple Span 

There were two significant differences between the simple and continuous spans. 
The 45-ft simple span was only 7 5 percent as long as the shortest of the continuous 
spans. The mass of the simple span was approximately 25 percent as great as the mass 
of the combined continuous spans . 

Both stresses and deflection indicate that there was much less composite action in 
the simple span than in the continuous spans . This may be accounted for in the same 
manner as the difference in composite action between continuous Spans A and B. Much 
less surface was available in the short simple span to develop the composite action 
through friction. 

Impact factors for the simple span were slightly higher than those for the continuous 
spans. This might be expected because of the span length and, in fact, is indicated by 
the code provisions. Impact factors for the simple span seem to be somewhat more 
dependent on the speed and direction of the vehicle than are those for continuous spans. 
This may be an indication that the simple span was much more sensitive to the oscilla
tions of the truck. The ratio of the mass of the truck to the mass of the structure was 
much higher for the simple span than for the continuous spans. The short span length 
also made it possible for the truck to reach the center of the bridge before the oscilla
tions of the vehicle were damped out. Induced roughness caused significant increases 
in the impact factors for the simple span, which was not true for the continuous spans . 

The frequency of free vibration of the unloaded simple span was observed to be 9 
cycles/sec. The calculated natural frequency for the unloaded simple span, based on 
completely composite action and a modular ratio of 10 for the concrete, was 7 .12 
cycles/ sec. The observed frequency of the loaded simple span was 8 cycles/ sec , where
as the calculated natural frequency for the loaded simple span was 5. 76 cycles/ sec. 
Differences between the calc1,1lated and observed natural frequencies of the simple span 
were considerably greater than those for the continuous spans. This may have been 
due in part to the sensitivity of the bridge to the oscillations of the truck. 

During creep runs the simple span was observed to vibrate at a frequency of 3. 5 
cycles/sec. This is in fairly close agreement with the calculated value of 3. 61 cycles/ 
sec for the loaded simple span if it were behaving in a completely noncomposite manner. 
The lateral distributions of both moment and deflection in the simple span and in the 
continuous spans were essentially the same. 
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A New Matrix-Energy Method for Analyzing All 
Stresses in Rigidly Connected 
Highway Bridge Trusses 
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School of Mines and Technology, Rapid City 

An effort is made to advance a unified logical method for ana
lyzing the true stress states in rigidly connected bridge trusses. 
The report is divided into two parts: (a) basic research and 
development, and (b) integrated syntheticapplicationwith auto
matic logical checks. 

The theoretical development of the proposed matrix-energy 
method and examples for the orientation of its exact and sim
plified versions are set forth. The method of panel-load super
position is advanced as a powerful substitute for influence lines 
and the methods of substitution and transformation as efficient 
ways for reducing the number of unknowns and the unavoidable 
solution of large sets of simultaneous equations is clarified. 
Also included is an integrated synthetic application of those 
points developed to a complication analysis. To illustrate a com
prehensive scheme with only a small computer available, a 
three-span continuous highway bridge truss has been selected for 
the objective analysis. The close correspondence of all maxi
mum design axial stresses to these determined by the conven
tional method demonstrates the validity of the proposed method. 

The proposed method yields most expediently two maximum 
stress states: (a) maximum axial stresses and simultaneous end 
moments and transverse shears; and (b) maximum end moments 
and simultaneous axial stresses and transverse shears. The 
larger requirement of the two constitutes the absolute maximum 
stress state that should govern the design. Automatic logical 
checks for programmed computation are presented. An indepen
dent proof for the symmetric coefficient matrix and a validity 
demonstration for the method of transformation are included. 

•FOR MORE THAN eight decades, methods originally developed for analyzing pin
connected trusses have inappropriately continued to be used in determining stresses 
in modern rigidly connected trusses. Pinned joints were being replaced by riveted 
joints in the 1870's and became almost completely obsolete about half a century ago. 
Since World War II, additional versions of rigidly jointed trusses-welded and bolted
have gained increasing importance. All these modern rigidly connected trusses, with 
or without internal or external redundancy, are inherently highly statically indeter
minate rigid frames. The rigidity of the joints constitutes the main cause for end 
moments, transverse shear, and axial stress in each member. 

Paper sponsored by Committee on Bridges . 
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THEORETICAL DEVELOPMENT 

Including Manderla's (1) first enunciation of a method 85 years ago, at least nine 
independent methods havebeen developed for the solution of the so-called "secondary 
stresses," stresses caused by conditions ignored in the conventional analysis of "pri
mary stresses." The problem of secondary stress has actually arisen from improper 
solution of rigidly connected trusses, rather than from its being truly secondary in 
nature. By analyzing a rigidly connected truss under a given loading as an assemblage 
or chain of rigid frames, only one true set of perfectly normal genuine stresses will 
be found, thus dispelling the misnomer of secondary stresses. 

To achieve the ideal of solving all genuine stresses including secondary stresses in 
each member of a rigidly connected truss of any configuration with any redundancy un
der any externally applied loading, a matrix-energy formulation is proposed. The 
method enables the determination of all genuine stresses in a unified setup; it adapts 
to programmed electronic computation, provides both exact and simplified solutions, 
and applies to both determinate and indeterminate rigidly connected bridge trusses. 

BASIC CONCEPTS 

A rigidly connected truss under a given loading is structurally much more compli
cated than an otherwise ideal pin-connected version identically loaded. There exist, 
as the truss deflects, couples acting on the bar ends (equal to the internal resisting 
moments at those points) plus transverse shears. Any determinate truss thus becomes 
indeterminate in its logical correct solution. 

In the most general case, a rigidly connected indeterminate truss of any redundancy 
would be completely determined by statics, if all of the following were known: (a) the 
internal resisting moments at the ends of the members, (b) the axial stresses in the 
redundant members, and (c) the redundant reactions at the supports. These three 
types of quantities are treated as unknowns in the proposed method. To insure that all 
unknowns are statically independent, equations of static equilibrium must be fully ap
plied to eliminate dependent unknowns. Consequently, the number of statically inde
pendent unknowns is just equal to the degree of statical indeterminateness of the truss 
viewed as an assemblage of rigid frames. 

In general, for an asymmetrical rigidly connected truss of m members under asym
metrical loading, there will be 2m unknown end moments. In a symmetrical rigidly 
connected truss and under symmetrical loading, if n is the number of joints, the num
ber N of statically independent unknown end moments is given by 

N ½ (2m - n) 
n 

m - 2 (1) 

All internal axial stresses, bending moments, and shears in the members, and 
hence, the total strain energy of the truss can be expressed in terms of the externally 
applied panel loads andtheindependentunknowns. ("Axial stress" denotes "total axial 
stress" or "total internal axial force" as distinguished from "unit axial stress.") By 
appropriate partial differentiations, all the necessary simultaneous equations will be 
evolved. On these basic concepts is founded the development of the problem solution 
in its operative sequence. 

Fundamental Notations and Sign Convention 

The exaggerated elastic curve of any truss member 1-J in the plane of the truss is 
represented in Figure 1. Symbols applying to this member are as follows: 

unknown internal resisting end moment at I- and J-end, respec
tively (kip-in.); 

axial stress (kips); 

transverse shear (kips); 
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Figure 1 . 

Aij cross-sectional area (sq in.); 

lij moment of inertia (in. 4
); 

Lij length (in.); 

s distance from I-end (in.); 

6 displacement at s, normal to line I-J (in.); 

E modulus of elasticity of material (ksi); 

G modulus of rigidity of material (ksi); 

µ Poisson's ratio of material (may be taken as 0. 03 for structural 
steel); and 

Uij, V ij, W ij = strain energy due to bending moment, transverse shear, and axial 
stress, respectively (in. -kip). 

The sign convention is defined such that (a) positive end moments produce clock
wise rotation of the member ends; (b) positive axial stresses are in tension; and (c) a 
positive pair of shears forms a counterclockwise couple. 

Constituent Strain-Energy Matrix 

The matrix of constituent strain-energy expressions may now be formulated. In 
Figure 1, recognizing that the moment due to axial stress and deviation from the line 
I-J is usually negligibly small, the true moment about any point at a distance s from 
the I-end, 

(2) 

may take the simplified form of 

(3) 

where 

Q .. = Mij + Mji 
lJ Lij 

(4) 

Following the original suggestion of Menabrea (2) (containing the earliest suggestion 
in the use of the expression for the strain energy of the truss), but in the present-day 
complete form, we may write the matrix of the constituent strain-energy expressions 
of any member I-J as: 
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L·· 2 L 
wij 

f lJ Nij !_!l N~. EA .. ds 2 Aij lJ 
0 lJ 

1 fLij M~ 1 Lij( 2 2) (5) uij 2 Elij ds E - M .. - M .. M .. + M .. 
6Iij lJ lJ Jl Jl 

0 

Vij 
J Lij ~j 

GA·· ds 
lJ 

0 

1 + µ, (M" + M .. )2 
Aij Ltj lJ Jl 

where G = E/2(1 +µ)in the last equation. 
Summing up [WU V} ij for all members of the truss, the total strain energy U of 

any truss is then 

u 
m 

~ ~ 1 1J {wij uij vij} 

1 

where m is the number of members in the truss. 

Matrix Equation of Unknowns and Their Solution 

(6) 

With all joints enormously rigid, all components ideally fit, and all supports unyield
ing, the application of Castigliano's second theorem (3), or the theorem of least work, 
to the problem of trusses with any degree of redundancy, will yield the following 
relations: 

where M is any statically independent unknown end moment, N is the unknown axial 
stress in any redundant member, and R is any unknown redundant reaction. 

(7) 

Whereas Eqs. 7 represent minimization of strain energy or zero "relative" displace
ments, the last also denotes the condition of zero settlement of support. In the case of 

non-zero settlement, according to Castigliano's first theorem (3), aMU would be equal 
- 0 

to the rotation, :~ to an over- or underrun, and :~ to the support settlement. 

The unknown M's, N's, and R's of any loaded plane truss of any configuration may 
be generalized as the unknown column vector (Xi}, where i = 1, 2, ... , n. Repeated 

application of 0~. = O yields a set of n nonhomogeneous simultaneous algebraic linear 
equations: 0 1 

(8) 
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in which both i and j = 1, 2, ... , n and the constant vector { ci} has been transposed to 
the righthand side. 

It follows analogously from Maxwell's theorem of reciprocity (4) that the coefficient 
aji of Xi in the j th equation is identica l both in sign and magnitude as the coefficient 
aij of Xj in the i th equation, and, consequently, 

(9) 

where if. j, giving a symmetric coefficient matrix. An independent proof for the sym
metry of the coefficient matrix is given in Appendix A. 

The system of Eqs. 8 will always have a general solution by inverting [aij J unless 
it is singular; i.e., if I aij I /4 0, the solution will be 

(10) 

Because the premultiplication of a matrix by its inverse is uniquely equal to a unit 
matrix, the vector of solutions given by the right side of Eqs. 10 constitutes the only 
solutions. 1 

By virtue of a symmetric matrix in Eqs. 8, only 2 n(n + 1) coefficients must be 

evaluated and, consequently, the computer time for inverting the matrix will be cor
respondingly reduced. In inverting large matrices, an efficient and fast method such 
as Li's algorisms (§_) is recommended. 

ANALYSIS OF A BRJDGE TRUSS BY MATRIX-ENERGY METHOD 

An Example for Orientation of Exact Method 

To exemplify the numerical process and compare the results with those obtained by 
recognized conventional methods, the simple bridge truss given by Sutherland and 
Bowman (6) is first solved by the proposed exact matrix-energy method. 

It is desired to find all genuine stresses at the ends of each member of the rigidly 
connected truss shown in Figure 2 due to vertical loads of 166 kips at each lower panel 
point except supports. The makeup of members is given in Table 1. For simplicity, 

TABLE 1 

MAKEUP OF MEMBERS AND SECTION PROPERTIES 

Bar Section A(in. 2
) I(in.4

) L(in.) I/ c(in.3
) Sketch 

1-3 2-[ 15x33.9 27.68 961. 0 450.44 167.5 [I 1-Pl 18 x 7/16 99. 1 

3-5 
2-[ 15 X 33.9 26.55 922.8 300.00 156.0 
1-Pl 18 x 3/8 97.6 

I~ 
1-2 L 1 1 18.00 175. 3 300.00 27.5 
2-4 

4-s6x3 2 x 2 
1 15.88 153. 8 336.00 2-3 4-LS 6 X 3 2 X 7/ 16 24. 1 [1 ll 13 , 

3-4 1 
4-l S 6 X 3 2 X 3/ 8 13.68 131. 8 450.44 20.7 Li Li t4 

4-5 4-L s 5 3 X 3/8 11.44 79. 1 336.00 14.7 
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centroidal axes of members are taken as 
intersecting exactly at theoretical panel 
points, thus eliminating eccentric moments . 

Independent and Dependent Unknowns . -
In the prese nt case, referring to Eq. 1, 
m = 13 and n = 8; therefore, N = 13 - 4 = 9. 
That is, the present truss is determinate 
when pin connected, but becomes indeter
minate to the 9th degree when rigidly con
nected. The nine statically independent 
unknown end moments may be represented, 
element for element, by the matrix: 

[

X1 X2 X3] [M13 M21 M24] 
~ Xs Xa = M31 M32 MJs = 

X7 Xs Xg M42 M43 Ms3 [

Mi' 3' M2 '1' M2' 4] 
- M3' 1' M3' 2' MJ' s' 

M41 2 ' M41 3 1 Ms' 3 1 

(11) 

Then, by l; M = 0 at joints 1, 2, 3 and 1', 2', 3', six of the remaining dependent 
unknown end moments can be expressed as: 

r :::] = - ~ : : : ,] = 

l~4 l~' 4
' 

By symmetry, this yields: 

+ Xs 

+ Xs .J (12) 

(13) 

Extended Methods of Mom ents, Shears, a nd Joints . -The axia l stress in each mem
ber is r eadily determined by the extended methods of moments, shears , or joints, which 
are illustrated for members 1-2, 1-3, and 2-3 in the following paragraphs . 

In the extended method of moments, by passing a section just to the left of member 
2-3 and considering the equilibrium of the free body to the left, as shown in Figure 3, 
we have by l; M = 0 about joint 3, 

tN12 X2 249 zj {336 1 300 1) = 0 and 

Figure 3 , 

N12 =~2 X4 1J 
( 0. 002976 0. 002976 222. 321) 

The extended method of shears, taking 
the same free body as shown in Figure 3, 
yields : 
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Therefore, 

Figure 4. 

and by :I; Y = 0, 

{ 
28 25 1 ~ 

37. 53 450. 44(27. 53) 300 1j 

N13 = Lx1 -Xi -Xi -1J {o. 002486 o. 004469 o. 001982 333 . so8} 

0 

Intheextendedmethodofjoints, bypassing a horseshoe section around joint 2, as 
shown in Figure 4, we have by 1: Y = 0, 

Substitution of the values of Qi4 and Q12 yields: 

or 

N23 = L-x1 X2 -XJ -X1 iJ (o. 003333 o. 003333 o. 003333 o. 003333 166. ooo) 

Axial-Stress Expressions and Strain-Energy Constants. -By applying the preceding 
methods axial stresses in all members of the truss may be found as given in Table 2. 
The constant term in each N expression is exactly equal to the "primary stress" in the 
same bar if it is pin jointed. Constants in the strain-energy expressions of Eqs. 5 are 
given in Table 3, taking Poisson's ratioµ as 0.3. WiththeaidofTables 2and3, (10)8 E 
times the strain energy in each truss member as given by Eqs. 5 is recorded in Table 4 . 

Member 

1-2 
1-3 
2-3 
2-4 
3-4 

3-5 
4-5 

TABLE 2 

AXIAL-STRESS EXPRESSIONS 

(10)3 Times Axial-Stress Expressions 

2. 976X2 + 2. 976X4 + 222321 
2. 486X1 - 4. 469~ - 1. 982Xi - 333808 

-3. 333X1 + 3. 333X2 - 3. 333X3 - 3. 333X7 + 166000 
-2. 976XJ + 2. 976X4 + 2. 976X5 + 222321 
4. 469XJ - 1. 982Xi - 1. 982X5 + 2. 486Xa + 4. 469X1 + 1. 982X8 + 
4. 469Xg + 111269 

-2. 976X1 - 2. 976X8 - 2. 976Xg - 296429 
-6. 667Xa - 6. 667Xg 



TABLE 3 

CONSTANTS IN STRAIN-ENERGY EXPRESSIONS 

Member L/A L/61 2(1 +µ)/AL 

1-2 

1-3 

2-3 

2-4 

3-4 

3-5 

4-5 

Member 

1-2 

1-3 

2-3 

2-4 

3-4 

3-5 

4-5 
center 

vertical 

16.66667 

16. 27311 

21. 15869 

16.66667 

32.92689 

11. 29944 

29.37063 

0.285225 

0.078120 

0.364109 

0. 285253 

0. 569600 

0. 054183 

0.707965 

TABLE 4 

STRAIN ENERGY OF TRUSS MEMBERS 

0.000481 

0.000209 

0.000487 

0.000481 

0.000422 

0.000326 

0.000676 

(10) 6 E Times Strain Energy in Member 1-J = 106 E(Wij + Uij + Vij) 

½(16. 66667) (2. 976X2 + 2. 976X4 + 222321)2 + 285225(Xf + X1X2 + X~) 

+ ½(481) (-X1 + X2)2 

½(16. 27311) (2. 486X1 - 4. 469X2 - 1. 982X4 - 333808)2 

+ 78120(X~ - X1~ + X~) + ½(209) (X1 + X4)2 

1 
2(21. 15869) (-3. 333X1 + 3. 333X2 - 3. 333X:i - 3. 333X7 + 166000)2 

+ 364109 [(-X:i - X:i)2 + (X2 + X:i)X5 + x~J + ½(487) (-X2 - X:i + xd 

½(16. 66667) (-2. 976X:i + 2. 976M + 2. 976X5 + 222321)2 

+ 285253(){5 - X:JX7 + JG) + ½(481) (X:i + X7)2 

1 
2(32. 92689) (4. 469X:i - 1. 982X4 - 1. 982X5 + 2. 486Xe + 4. 469X7 

+ 1. 982Xs + 4. 469Xg + 111269)2 + 569600 [(-X4 - Xs - Xe)2 + 

(M + Xs + Xa)X8 + xn + ½(422) (-M - Xs - Xe+ X8 )2 

½(11. 29944) (-2. 976X7 - 2. 976X8 - 2. 976X9 - 296429)2 

+ 54183(X~ - XsXg + X~) + ½(326) (Xe+ Xe)2 

½(29. 37063) (-6. 667Xe - 6. 667X9 )
2 

(use one-half in computing ½ EU) 
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Simultaneous Equations and Their Solution. -Because of symmetry in both structure 
and loading in this particular example, it is necessary to write only one-half of the total 

strain energy. After eliminating 1/2 and E, repeated application of 0~ = O yields 
Eqs . 10 where O i 

{xi} = {x1 X2 X:i Xi Xs Xe X7 Xs Xs}, 
-1 

727716 284328 235 -77992 0 0 235 0 0 
1300346 728471 292 363622 0 -235 0 0 

1300734 -439 363183 366 -283879 292 658 
1296559 1139899 1139460 -292 569049 -292 

1868605 1139460 -292 569049 -292 
1249171 366 569340 -52838 

aij below main diagonal 571981 392 758 
1139852 392 

110103 = aji above it 

and 

Ci = (10)6 {25. 2144 -47. 0097 6. 3636 -25. 5609 -3. 7656 -9. 1098 -14. 6329 
-17.2309 -26.3407}. 

The solution of {Xi} in kips-inches by electronic digital computer or otherwise is 
recorded, element for element, as 

~,~ j t··· 20 

-84.47 39. l ~ r ~, M,~ X4 Xs Xo = 13. 41 42.50 -40.54 = M31 ~2 M3s (14) 

X7 Xa Xo -5.803 -9.309 -258. 8 J M42 M43 Ms3 

TABLE 5 

BENDING STRESSES AT MEMBER ENDS 

Member 
End Moment (kips-in.) I Unit Bending 

End C Stress (ksi) 
Cross' Method Proposed Method (in.3

) 

1 2 -67 -66.20 27.5 2.262 
3 67 66.20 167. 5 0.395a 

99. 1 0.668b 
2 1 -85 -84.47 27.5 3.072 

3 45 45. 28 24.1 1. 879 
4 40 39.19 27. 5 1. 425 

3 1 -11 - 13 .41 167. 5 o.osoa 
99.1 0. 135b 

2 43 42. 50 24.1 1. 763 
4 12 11. 45 20.7 0. 553 
5 -44 -40.54 156.0 0.260a 

97.6 0.415b 
4 2 -5 -5.803 27. 5 0. 211 

3 -9 -9.309 20.7 0.450 
5 0 0 14.7 0 

5 3 -263 -258.7 156.0 1. 658a 
97.6 2.651b 

4 0 0 14.7 0 

aTop . bBottom . 



TABLE 6 

AXIAL STRESSES AND TRANSVERSE 
SHEARS 

Member Nij 
(kips) 

1-2 222.030 
1-3 -333.239 
2-3 165. 387 
2-4 222.291 
3-4 110. 085 
3-5 -295.614 
4-5 1. 996 

Nij/ Aij 
(ksi) 

12.335 
-12. 039 
10,415 
12.350 

8.047 
-11.134 

0. 174 

Qij 
(kips) 

-0. 502 
0.118 
0.261 
0.111 
0.005 

-0.998 
0 
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Bending Stresses. -Dividing end mo
ments of members thus found by their re
spective section moduli (I/ c) given in 
Table 1 yields the unit bending stresses 
at member ends recorded in Table 5. 
These correspond to the so-called second
ary stresses. Values of end moments for 
the same truss members as found by 
Sutherland and Bowman (6) by the Cross 
method are also given. The closeness of 
end-moment values by both methods testi
fies to the validity of the proposed method. 
But the results of the proposed method are 
"truer" because more accurate axial-strain 
energy has been used and shearing-strain 
energy has been taken into consideration. 

Axial Stresses and Transverse Shears.
Axial stresses and transverse shears, 
simultaneously obtained by substituting 

the values of Xi into Table 2 and Eq. 4, 
are also calculated. 

are recorded in Table 6. Unit axial stresses 

Streamlining and Simplification. -By treating the rigidly co1mected truss as an as
semblage of rigid frames, the exact matrix-energy method proposed herein, as demon
strated by the former example, has yielded the solution of axial, bending, and shearing 
stresses in all members of the truss in one unified single setup. With widespread use 
of electronic computers, the entire process can be programmed from given data to end 
results. It is shorter and more straightforward than the conventional methods when 
secondary stresses are considered. 

Although the exact method should be used for special investigations and particular 
designs requiring a high degree of accuracy, for ordinary design purposes a simplified 
method should be used. 

An Example for Orientation of Simplified Method 

A study of the equations obtained from :~ = 0 suggests a simplified method which 

saves much time in writing the energy expressions and in evaluating the elements of 
the coefficient matrix. 

The process for obtaining the first equation of Eqs. 10, after dividing (10) 8 EU by 
the planted (10)8, from the true value of 

yields, on rearrangement, the relation: 

0 = 0. 285225(2X1 + X2) 
+0. 078120(2X1 - X4) 

-16. 27311(0. 002486) (333. 808) 
-21.15869(0. 003333) (166. 000) 

+16. 27311(0. 002486) (0. 002486X1 
- 0. 004469X2 
- 0. 001982M) 

+21. 15869(0. 003333)2(X1 -X2 +Xa +X7) 

+0. 000481(-1) (-X1 + X2) 
+0. 000209(X1 + ~) 

~ contribution by moments 
) 

axial stress (corresponding to 
primary stress) 

axial stress (affected by 
end moments and transverse 
shears) 

} transverse shears 
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It is evident that the coefficients of the unknowns X1, X2, and X4 above the dashed line 
are about 1,000 times greater than those below the dashed line. 

An approximate but much simplified solution sufficiently accurate for usual engi
neering purposes can, therefore, be most expediently obtained by deleting all strain
energy terms contributed by transverse shears in writing the energy expressions and 
all terms affecting axial stress contributed by end moments and transverse shears 
after partial differention. All terms contributed by moments and the term correspond
ing to the primary stress should be retained. 

The simplified form of the first equation thus becomes 

L7262 2852 -78!] (x1 ~ M) 25. 214 (10)4 

and the symmetric matrix equation reduces to: 

7262 2852 0 -781 0 0 0 0 0 X1 25.214 
12987 7282 0 3641 0 0 0 0 X2 -47.010 

12988 0 3641 0 -2853 0 0 x3 6.364 
12954 11392 11392 0 5696 0 M -25.561 

18674 11392 0 5696 0 Xs ::. (10)4 -3. 766 
12476 0 5696 -542 Xa -9. 110 

aij below main diagonal 5705 0 0 X1 -14.633 

= aji above it. 
11392 0 Xa -17.231 

1084 Xg -26.341 

whose solution by electronic digital computer yields: 

-84. 9 39. ~ 
43.4 -44.5 

-9. 25 -265 ~

Ml3 M21 M2j 
= M31 M32 Ms11 

M42 M43 Ms:i 

(15) 

after which all axial, bending, and shearing stresses in each member of the truss can 
be determined by statics. The accuracy of the simplified method can be seen by com
paring Eqs. 15 with Eqs. 14. The closeness of the results testifies to the validity of 
the simplified method. 

SPECIALLY DEVELOPED TECHNIQUES FOR CONTINUOUS HIGHWAY 
BRIDGE TRUSSES 

Method of Panel-Load Superposition for Continuous Trusses 

In determining the maximum tensile or compressive stress, or maximum and mini
mum stresses in case of reversal, in all members of a determinate truss due to moving 
live loads, there are available two methods of approach-the influence-line methodand 
the maximum-stress load-position criterion method-both giving the live-load positions 
producing maximum tensile or compressive stresses. 

Due to its inherently complicated nature in an indeterminate system, however , the 
maximum-stress load-position criterion method has never been heretofore applied to 
a continuous bridge truss. Theoretically, such a criterion can be deduced for any con
tinuous truss, but the resulting expression would be unwieldy. This explains why the 
influence-line method has remained the only means by which live-load positions are 
determined for computing the maximum tensile and compressive stresses in any mem
ber of a continuous truss. 
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Nevertheless, it must be recognized that continuous bridge trusses are usually built 
only for comparatively long-span crossings. Even in a moderate three-span continuous 
deck truss, such as the Hawk Falls Bridge (on the Northeast Extension of the Pennsyl
vania Turnpike) which measures 616 ft horizontally between end bearings and is built 
on a 1. 54 percent grade, there are altogether 113 members if taken unsymmetrically 
and 57 members when considered as symmetrical about the centerline of the bridge. 
The formulation of influence-line equations, computation of influence ordinates, and 
plotting of influence broken lines for so many different members in the composition of 
the said continuous truss are all very time-consuming tasks. 

It must be further recognized that influence lines constituted a visual aid in deter
mining live-load positions in the days of manual computation. With modern electronic 
computation, typing out influence ordinates, plotting them into influence broken lines, 
and then retyping in positioned loads for maximum tensile and compressive stresses 
form the slowest links in automatically programmed continuous computation. 

Moreover, it is evident that there are far less live -load panel points than stress
carrying members. In the case of the Hawk Falls Bridge, if considered symmetrical, 
there are only 15 (14 in a pin-connected truss) live-load panel points vs 57 members 
(55 if L0 U0 and U0 U1 are excepted which would be true in a pin-connected truss) in 
one-half of the continuous truss. It is, therefore, much more expedient to compute 
the stresses in all members under each of the 14 or 15 live panel loads than to com
pute 29 influence ordinates for each of the 55 or 57 members of the truss. 

For the reasons just stated, it is proposed to abandon the classical influence-line 
method and, in its place, use the panel-load superposition method. The procedure is 
as follows: 

1. Convert the lane loadings and co·ncentrated loads for moment and shear, for a 
given number of lanes and specified reduction, and for a given roadway width to panel 
loads and concentrations when the lane loadings are placed nearest to the truss; 

2. Load the bridge truss with one stress-producing live panel load at a time; 
3. Compute the axial, bending, and shearing stresses in each member according to 

the proposed matrix-energy method; 
4. Repeat the process until all stress-producing live-load panel points are covered 

from one end of the truss to and including the center panel point, if there is one, and 
if the truss is symmetrical about its centerline; 

5. Tabulate the stresses thus found, labeling members symmetrically on the other 
side of the bridge centerline as primed members; 

6. Add all plus-sign tensile stresses and minus-sign compressive stresses for each 
of the umprimed and primed members; 

7. Obtain the concentrated load factors for moment and shear by dividing the re
spective converted concentrated load by the converted lane-loading panel load; 

8. Multiply the appropriate concentrated load factor with the maximum stress 
among the plus-sign tensile stresses and among the minus-sign compressive stresses 
caused by single live panel loads, using the concentrated load factor for shear or for 
moment, respectively, as the stress in the member is dictated by shear or by moment, 
applying one or two concentrations for moment according to the specifications in use; and 

9. Determine the maximum live-load stress of plus sign and minus sign in any mem
ber by summing up the plus-sign or minus-sign stresses obtained in Step 6 for the un
primed member and for the corresponding primed member, and in Step 8 for the un
primed member. 

The maximum live-load stress obtained by this method will be almost identical with 
that obtained with the true lane-loading length as deduced from influence broken lines. 
We shall prove by a random example that the difference is generally less than one 
percent which is well within engineering accuracy because neither modulus of elasticity, 
moments of inertia, most probable load estimation, nor allowable stresses are pro
bably more accurate than within one percent. 
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Panel- Load Superposition Method vs 
Classical Influence-Line Method 

A random proof of the closeness of the 
results obtained by these two methods is 
based on the influence line of the diagonal 
klJ3 of a two-span parallel-chord Warren
type continuous truss with verticals con-
sisting of 4 panels at 30 ft in each span. 
This influence line was constructed to a 
close order of approximation by the three -
moment theorem which can be applied to 

An excerpt (J..) of the correct influence line is shown in 

For unit panel load, the corresponding fractional load over 23. 4 ft of the stringer 
from k to L3 will be 23. 4/30 = 0. 780 and, therefore, the right stringer reaction = 
0. 78(23. 4)/2(30) = 0. 304 and the left stringer reaction= 0. 780 - 0. 304 = 0. 476, making 
the panel load at k = 0. 476 + 0. 500 = 0. 976 instead of unity. 

If the trusses were spaced at 38 ft c. to c., carrying two roadways of 26 ft each 
with an additional 4-ft divider, as in the Hawk Falls Bridge, applying the maximum 
lane live loading (converted from H20-S16-44) that may act on one truss, 1. 26 kips/ft 
plus one concentration of 51. 1 kips for shear, to this influence line will give the maxi
mum tension in ~U3 as Ti and Ts, respectively, for the influence-line method and the 
panel-load superposition method. Thus, 

l 1] 0. 743 

[

o. 385] 

l l 0. 102 
0.117 
0.073 

+ 51. 1 [~: ~:n = [~~: ~~] kips 

which shows that the proposed panel-load superposition method results in a stress error 
of only (91. 65 - 90. 97)/90. 97 = 0. 00747, on the order of 1/10 of one percent. This is 
sufficiently accurate for all designing purposes. Similar verification may be shown for 
any member in any truss. 

The panel-load superposition method is recommended for use in all analyses of in
determinate highway bridge trusses, especially when the maximum axial stresses are 
governed by lane loading plus concentrations. 

Methods for Reducing the Number of Unknowns 

Large-capacity computers, if available, can usually solve large systems of non
homogeneous algebraic linear equations. The number of unknowns is generally immate
rial. A process of solution which is easier to formulate and program will prove more 
expedient. However, when a moderately large set of equations has to be solved with a 
small-size computer, the capacity may not be enough to handle the necessary numerical 
operations. In addition, larger rounding-off errors are as a rule associated with a 
larger number of unknowns. Working with the smallest possible number of unknowns 
has the advantages that the solution is more easily accommodated by most computers, 
and the rounding-off errors are kept to a minimum. 

Method of Substitution. -This consists of substituting an unsymmetrical loading by 
symmetrical and antisymmetrical loadings. This method has been developed to reduce 
to only one-half the number of statically independent unknowns in symmetrical longer 
span continuous trusses under unsymmetrical loading. 

Figure 6a shows arbitrarily a symmetrical three-span continuous bridge truss carry
ing an unsymmetrical load of 2P applied at a certain panel point (e.g., the first panel 
point), with redundant reactions R1 and R2 indicated at interior supports. By the prin-
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ciple of superposition, R1, R.i and 2P, viewed as a loading system acting on the sym
metrical bridge structure, can be represented as the sum of a set of symmetrical load
ing and a set of antisymmetrical loading acting separately on the same structure as in
dicated in Figures 6b and 6c. The magnitudes of R' and R" are related to R1 and R2 by 

[ R' + R/1] = [R1] 
R' - R" ~ 

(16) 

Solving for R' and R/1 yields 

(17) 

In the case of symmetrical trusses, the number of statically independent unknowns 
in the matrix-energy method for symmetrical loading will be just equal to one-half of 
that for unsymmetrical loading. By using unprimed subscripts for joints on the left 
half of the structure and primed subscripts for those on the right half, we have 
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(18) 

In even-panel symmetrical trusses with a center-vertical member, the internal 
bending moments and shearing stress in this member under symmetrical loading will 
be equal to zero. But the axial stress in the center-vertical member will not be equal 
to zero due to axial stresses and shears of inclined chord members meeting at the center 
joints, or due to shears alone if those chord members are parallel. In computing the 
strain energy in one-half of the truss, of course, only one-half the strain energy in the 
center vertical should be counted . The same applies if a center top chord exists instead 
of a center vertical. 

In the same symmetrical truss under the substituted antisymmetrical loading, the 
number of statically independent unknowns will also be equal to one-half of that under 
unsymmetrical loading; that is, using the unprimed and primed subscripts as before, 
we have 

(19) 

where the absolute values of axial stresses, bending moments, and shearing stresses 
are the same in corresponding unprimed and primed members. As the strain energy 
is a scalar quantity, it may again be computed for only one-half of the truss. 

Thus, in symmetrical bridge trusses, any unsymmetrical loading may be substituted 
by a set of symmetrical loading and a conjugate set of antisymmetrical loading, whereby 
not only are the unknowns reduced to one-half of the original number but also one-half 
of the total strain energy of the truss will be needed in later formulation. The algebraic 
sum of the solutions under the substituted symmetrical and antisymmetrical loadings 
will give the desired solution under the original unsymmetrical loading. 

Method of Transformation. -If, after reducing the number of unknowns by the method 
of substitution, the size of the system of equations is still greater than the capacity of 
the computer available, further reduction of unknowns can be effected by the method of 
transformation, i.e., transformation of unknown end moments into unknown reference 
tangential deflection angles. In the matrix-energy method for analyzing rigidly con
nected trusses, the recognized unknowns, except redundants, are the statically inde
pendent end resisting moments of members. There are three such unknowns in each 
triangular closed figure. But there are fewer joints than independent unknown end 
moments. At each joint there is only one unknown rotation, which in rigid frames is 
the principal advantage of the slope-deflection method. 

In a truss , however, it is more expedient to choose Manderla's (1) approach which 
was the origin of the modern slope-deflection method. To adapt his- approach to the 
problem under consideration, the number of unknowns may be reduced by applying the 
relationship 

2Eiij ( ) MiJ. = - - 2TiJ" + TJ"i 
Lij 

(20) 

between the unknown end moment and the tangential deflection angle T, which is the 
angle b etween the tangent at the end of the deformed member and the straight line join
ing the ends of that deformed member. 
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There are as many T's as twice the number of members in a truss. However, all 
the T's around a joint can be expressed in terms of the angle changes (Aa's) between 
the straight lines joining the ends of the neighboring members which experience defor
mations under a given loading, and a selected reference T. Thus, all end moments can 
be expressed in terms of reference T'S which are the new intermediate unknowns. As 
there is only one reference T at each joint, the number of T's will be exactly equal to 
the number of truss joints, which is far less than the number of unknown end moments 
in the set of simultaneous equations in the energy method. 

Hence, when all end moments are substituted by their corresponding equivalent ex
pressions represented by Eq. 20, the set of n simultaneous equations will result in n 
equations with j unknowns, where n is the number of original equations or statically 
independent unknowns in the energy method, j is the number of unknown reference T's 
plus the number of redundants, and n > j. 

As both the original n equations with n unknowns and the present n equations with j 
unknowns are all genuinely correct and exact equations, there is no need to normalize 
(8) the n equations into a new set of j equations for solving the j new unknowns. The n 
equations are to be distinguished from "conditional equations" of observation. Instead 
of normalizing, any j equations out of the n equations that contain the j unknowns will 
give identically correct solutions. With the j unknowns (reference T'S and any redun
dant reactions and/ or axial stress) solved, back substitution into M-T relations repre
sented by Eq. 20 will give all end moments. 

To utilize a given computer capacity, partial reduction of unknown end moments 
may also be permissible with the result of mixed unknowns consisting of all redundants, 
some reference T's , and some end moments. A numerical demonstration of the method 
of transformation for reducing the number of unknowns is given in Appendix B, where 
identical results are obtained as by the simplified energy method. 

SOLUTION OF SIMULTANEOUS ALGEBRAIC LINEAR EQUATIONS 

Scores of direct and indirect (or iterative) methods have been developed for solving 
simultaneous algebraic linear equations. Proper choice of method to suit the problem, 
to adapt to the computer capacity, and to attain the desired accuracy and efficiency lies 
in the skill of the programmer. 

The well-known direct methods include (a) determinants of matrices (slowest); 
(b) lower triangular matrices; (c) upper triangular matrices including unit upper tri
angular matrices; (d) post multipliers; (e) elimination; (f) row operation; (g) row oper
ator with and without augmentation; (h) decomposition; (i) submatrices, escalator, or 
block decomposition; (j) symmetrical matrices; (k) Cayley-Hamilton theorem; (1) Gauss
Doolittle method and Crout method of LDU decomposition; (m) orthogonalization; (n) in
verting modified matrices; and (o) Li's algorisms for mono- and polyset constant terms 
with and without inversion for both asymmetrical and symmetrical matrices (5, 9, 10, 11) . 

Among the indirect or iterative methods, the following may be cited from ffie-geo--
metrical approach: (a) Wittmeyer process, (b) special Wittmeyer processes, (c) Seidel, 
(d) back-and-forth Seidel process, (e) optimum or steepest gradients, (f) conjugate 
gradient, (g) relaxation, (h) hyperplane interpretation, and (i) residual vector. From 
the analytic approach are (a) Cesari's method, (b) method of von Mises and Geiringer, 
and (c) method of Hotelling and Bodewig. To these, must be added the Monte Carlo 
method, a nondeterministic or statistical method. No attempt is made to exhaust the 
list (5, 9, 10, 11). 

To choose the best method for a given set of equations requires a clear comprehen
sion of the underlying theory, the synthesis of the procedures, and the formulation of 
the algorism of the preceding methods. Whenever a large-capacity high-speed com
puter is available, because computing time is generally insignificant, the most easily 
programmed method (except the slowest) should be chosen. With low-speed small
capacity computers the fastest method requiring the least storage capacity should be 
used. When the capacity is too limited, a flexible method that can be adapted to the 
computer should be chosen, such as "Simultaneous Equations A La King" for the IBM 
1620 or the relaxation method. 
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Large Sets of Equations and Computing Time 

Two- or three-span continuous highway bridge trusses of moderate length may easily 
run into the inversion of a matrix of the order of more than 100 x 100. The largest set 
of simultaneous linear equations solved by a computer in the United States up to June 
1963 consisted of a matrix of 700 x 700. 

Using STRETCH at the highest speed yet built (500, 000 multiplications per second) 
and Li's algorism for a symmetrical coefficient matrix of a set of 199 equations, the 
computing time will be about 4 sec. With STRETCH and using an already inverted sym
metric matrix according to Li's algorisms, the time of solution of 199 equations for 
each set of constant terms will be further reduced to only 0.115 sec. 

To solve the same n = 199 equations by the conventional determinental method would 
require {n-+ -1)! or approximately 789(10)372 multiplications, plus (n + 1) (n) (n - 1) = 
n(n2 -l) = 7,880,400 additions or 3,940,200 equivalent multiplications, taking each ad
dition time as approximately equal to one-half of each multiplication time. Even using 
the fastest computer, STRETCH, it would still require 1, 578(10)368 sec or slightly more 
than 5(10)361 yr. Before the advent of the electronic digital computer, the task would 
have been impossible. 

Structural analyses generally involve symmetrical matrices. Using Li's algorism 
for symmetrical matrices with one set of constant terms, the solution of n unknowns 
requires an equivalent number of multiplications on the order of about ~3

• 
2 

Simultaneous Equations A La King 

Usually, computers available to bridge engineers are of moderate or smaller size 
than STRETCH and have limited storage capacity. For instance, in the use of the basic 
IBM 1620 computer, having only a storage capacity of 20,000, the solution of a moder
ately large set of linear equations will need special programming. "Simultaneous 
Equations A La King," developed by D. N. Leeson and designated Program Number 
5. 0. 008 in the 1620 General Program Library, can solve a set of 58 linear equations 
requiring a core storage of 55,510 and 58,937, respectively, for the recommended 
mantissa length of 12 or a longer length of 13 (the latter for more accuracy). To facili
tate the use of this program, the Source Program Deck (Cards) and the SPS II Processor 
Deck (or Assembly Deck) should be prepared or secured in advance. 

Relaxation Method 

This method of successive approximations has the inherent advantage of easy pro
gramming, may be broken into as many segments as any small computer can hold
especially if the coefficient matrix is band-like-and can attain any desired accuracy. 
The mathematical technique and the physical facility of the computer can be used in an 
infinite variety of ways to accelerate the convergence of the process of solution. Be
sides use as a mathematical tool for solving simultaneous linear equations, the method 
may be directly applied to stress calculation in frameworks (12). 

A system ready for relaxation with the main diagonal elements equal to -1 and the 
constant K vector shifted to the left of the equations may be written: 

+ 

-1 

0 

0 

0 

(21) 

The difference of the left-hand side of the i th equatioc )may be denoted by ri (residuals) 
for any reasonably assumed set of starting values xj O ; thus, 
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-1 a12 aln x(o) k1 r1 1 

a21 -1 a2n x(o) 
2 k2 r2 

+ (22) 

lan1 an2 -1 x(o) kn __ r n n 

The relaxation procedure simply consists of altering the starting values of x(0 ), one 
J 

or more at a time, until all the q become zero or negligibly small for the desired 

accuracy. If a given x}0
), e.g., x~

0
), is altered by an amount Axk, then rk alters by 

- Axk and the other ri alter by aik ti.xk· Consequently, to reduce a given ri, e . g. , rk, 

to z ero, we alter x~0
) by xk = r k. Simultaneously, the other r i will also alter and must 

be reduced to zero, one by one, by suitable alterations, Axj- It is expedient to elimi
nate the largest residual appearing in the system at any stage in the process. 

The entire procedure may be most conveniently carried out in tabular form by 

entering the starting value of each xjo) and its successive alterations A Xj in a left 

column (or computer locations), and the residuals in the right column (on another loca
tion of the computer). Thus, the relaxation table has two columns (or sequential loca
tions ) for each xj. As soon as the r esiduals have gr adually vanis hed to the degree of 
accuracy desired, the sum of x}0

) a nd of all the b Xj gives the final value of xj. With 

this outline of the procedure , the relaxation method may be programmed for any par
ticular version of the computer. 

CONTINUOUS TRUSS, LOADINGS AND UNKNOWNS 

Continuous Highway Bridge Truss and Loadings 

Applicability of the proposed matrix-energy method to an indeterminate highway 
structure is demonstrated using as an example the three-span continuous bridge over 
the Missouri River near Wolf Creek, Montana, on Federal Aid Project 172D Unit 2. 
The bridge is an economical structure and has a pleasing appearance, mainly due to its 
excellent proportions and simplicity in details. The main reason for choosing this 
bridge truss to exemplify the indeterminate analysis lies in its having only two redun
dant reactions symmetrical in arrangement, a moderate number of members and, 
hence, comparatively few unknowns, which can be handled by the smaller digital com
puters possessed by most engineering organizations. 

As shown in Figure 7, the skeleton truss of the bridge is of the Warren type with 
verticals and slightly inclined upper chords. It has spans of 135 ft: 180 ft: 135 ft, 
carrying a roadway of 20 ft. It was designed in 1932 for Standard H15 loading accord
ing to Montana State Highway Commission Standard Design Specifications for Highway 
Structures as revised in February 1932, which are the same as the AASHO Standard 
Specifications for Highway Bridges and Incidental Structures, 1931. 

Makeup of Members. -Section components of each member, its gross sectional 
area, gross moment of inertia, theoretical length, and section modulus are as given 
in Table 7 for use in later computations . Centroidal axes are taken as intersecting at 
theoretical panel points, thus eliminating eccentric moments. 

Dead Panel Loads. -These have been duly distributed to lower and upper panel points 
as given in Table 8. 

Live Loads and Impact Formula. -The design live load for the bridge as used in 
1932 was Standard H15 loading. The equivalent loading by which the design was then 
governed, as it is today, consists of a uniform load of 480 lb/ lin ft of loaded lane plus 
a concentrated load of 13,500 lb for moment or of 19,500 lb for shear. That is, the 
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TABLE 7 

MAKEUP OF MEMBERS AND SECTION PROPERTIES 

Member 

ab 
lo 
jk 

BC 
CD 
DE 
EF 
FG 
GH 
HI 
JJ 
JK 

Bb 
Dd 
Ff 
Hh 
Jj 

Cc 

Ee 
Gg 
Ii 

Kk 

aB 

Be 
cD 

De 

eF 

Fg 

gH 

Hi 
iJ 

Jk 

Section 

2 - 12@0. 7 

2 - l2 @o, 7 

1 - Pl 15 1 -& 

8ft CB 31 

A(in.2
) T(in,") L{in , ) 

12 . 06 256. 2 270 

270, 26654 

270.41635 

16. 75 384 , I 270 , 1499 6 

270 . 01667 

270 

270 
294 

9 12 37, 0 324 
342 
348 

4 - ~ 4 , 3 • fe 8. 36 30. 3 282 

9 . 60 

2 - 12 @o. 1 

1 - Pl 15 '< ~ 16, 75 

2 - 9 CT5 0. 78 

2 - 12@0. 7 12 . 06 

2 - 12 @5 14, 64 

2 - 12@0 

1 - Pl 16 x i 23 , 58 

2 - 12 @5 

1 - P l 16 x ij 26. 44 

2 - 12@5 14, 64 

2 - 12@0. 7 12 , 06 

309 

57 4 ~!~ 

384. I 

IOI, 4 

256 , 2 

287, 0 

493 , 7 

618 4 

287 0 
287 

256. 2 

348 

381 83766 

381. 83766 
399.16914 

399, 16914 

421, 75349 

421 , 75349 

435 73387 

435, 73387 
440. 45886 

440 , 45886 

Figure 7. 

42 , 8 

9. 2 

7. 3 

ll , 1 

83. 7a 

49 . 7b 

22. 6 

42. 8 

47 8 

102. 0a 

124. 4a 

83, 5b 

47 0 

42. 8 

TABLE 8 

DEAD PANEL LOADS 

Lower 
D. L. (kips) Upper 

D. L. (kips) Panel Pt. Panel Pt. 

a 19. 93 
b 33. 11 B 5.22 
C 33 .62 C 4.25 
d 33. 59 D 4.42 
e 34.17 E 4.28 
f 33.22 F 6.03 
g 38. 69 G 3.21 
h 33.96 H 6.58 

34 .95 I 4.71 
j 33 . 27 J 4.98 
k 35 . 04 K 4.50 

lighter concentrated load is used in com
puting the stresses in members in which 
the greater part of the stress is produced 
by bending moments; the heavier concen
trated load is used when the greater part 
of the stress in a member is produced by 
shearing forces or when it is to be in 
equilibrium with that in a member such 
as at the end joint. There seems no stipu
lation, at the time when the bridge was 
designed, that two concentrations be placed 
in adjacent spans for the maximum stresses 
of chord members near the intermediate 
supports. 

To conform further with the provisions 
for obtaining the greater maximum stress 
in a member at the time when the bridge 
was designed, the roadway is considered 
loaded over its entire width of 20 ft with 
both uniform and concentrated loads per 

foot of width equal to one-ninth (the lane width then being 9 ft) of the load of one traffic 
lane; but the load intensity is reduced by 20 (roadway in feet) - 18 (two-lane width in feet) 
= 2 percent. As the result of this method of applying live loads, the lane loading will be 
. 10 mcreased by a factor of 9 (1 - 0. 02) = 1. 08889. 

For the bridge under consideration with a typical panel length of 22. 5 ft, the typical 
live panel load is P = 480(22. 5) = 10,300 lb, or 10. 8 kips. The trar1sversely modified 
live panel load Pm for producing maximum stresses is, therefore, Pm = 10. 8(1. 08889) = 
11. 76 kips. 



187 

The dynamic vibratory and impact effects will be accounted for as a fraction of the 
live-load stress by the formula: 

50 
I == L + 125 (23) 

in which I is impact fraction and Lis length, in feet, of the portion (or portions) of the 
span (or spans) which is loaded to produce the maximum stress in the member con
sidered. There was no 30 percent impact ceiling when the bridge was designed. 

By tracing the most possible former loading conditions as summarized previously 
one insures the closest check of maximum axial stresses determined by the proposed 
method with those obtained by the Montana State Highway Commission when the bridge 
was designed. This check will testify to the validity of the proposed method. 

Reduction of Statically Independent and Dependent Unknowns 

Statically Independent Unknowns. -There are 38 closed triangular figures (f) and two 
redundant supports (r) in the truss. If the structure is viewed as a chain of rigidframes, 
it is statically indeterminate to the (3f + r) = 3(38) + 2 = 116 th degree under un
symmetrical loading. By using the method of substitution for an unsymmetrical loading 
by a set of symmetrical loading and a set of antisymmetrical loading, the number of 
statically independent unknowns are reduced to only one-half of 116, or 58. 

With the letter designations for joints and numeral designations for independent 
unknown-end-moment subscripts as indicated in Figure 8, the 58 statically independent 
unknowns under any unsymmetrical loading are as defined in the following: 

1. For the set of symmetrical loading, 

X1l Mab Ma'b'l 

X2 MBa MB'a' 

= = (24) 

Xs1 MkJ Mk'J' 

Xss Rg -Rg' I 

s s .J s 

2. For the set of antisymmetrical loading, 

X1l Mabl 
r· 
Ma'b' 

I 
X2 MBa • MB'a' 

= = (25) 

Xs1 MkJ Mk ' J ' 

Xss Rg -R ' 
a a 

g 
a 

Statically Dependent Unknowns. -The dependent unknown end moments are given by 
joint equilibrium as follows: 
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Any unaymnotrical loading cmy be 
eubetituted by a est of II symmetrical 
loading 11 (a ) plus a eat of 11 Anti
symmetrical loading" (a). 

Independent unknown end 
moment eubeoript numbers 
are as indicated in figure • 

Unprimed 
Unknowns 

E F ~ 
8 C D • l 

. ..,, 
g 

Redundant reactions due to 

Primed 
Unknowns 

Rg(e) - subst ituted eat of ------4----- Rg'(e) 
"•yllUllOtrioal loading" (e) 

Redundant reactions due to 
Rg(a) - eubetituted set of ~ Rg'(a) 

11 antisymmetrical loading 11 (e.) 

Figure 8. 

1. For the set of symmetrical loading, 

MaB 
7 

Ma'B' X1 

MB!J MB'b' X2 + X3 + Xi 

MbB Mb'B' Xs + Xe 

= (26) 

·MjJ Mj, J' Xs3 + Xs4 

.MKk MK'k' 0 
I 

'MkK Mk'K' 0 
[ s s s 

..J 

2. For the set of antisymmetrical loading, 

MaB Ma'B' X1 

MBb MB'b' X2 + XJ +Xi 

MbB Mb'B' Xs + Xe 

= (27) 

MjJ Mj, J' Xs3 + Xs4 

MKk MK'k' 2Xss 

MkK Mk'K' 2(Xsa + Xs7) 
a a a 

.. 
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¢ 
I 

.~ •. ~ 7tlrr 
10.8k g I g• 

(a) 

I 
' 

·,~,-· 5 ,4k [ 5 .4k 
k Xs8( s) '1 X58(e) k 

5 .4 - Xs8( e) (b) 5.4-Xs8(s) 

I 
B C D E F G H I J K J' I ' H' G' F' E' D' C' B' 

·,~-· 
k 5.4 Xs ( ) j x_ s.4k 

4. 86 - 0 .4Xs8(a) 8 a 
1 

" -:)
8( a ) 4. 86 - 0 .4Xsa( a ) 

( C) 

Figur e 9 , 

Application of Method of Substitution 

When the computer available is of small capacity, to analyze the truss under un
symmetrical loading with the reduced number of 58 statically independent unknowns , 
solutions of stresses in truss members for the substituted sets of symmetrical and 
antisymmetrical loadings must first be carried out. The solutions for the original un
symmetrical case may then be obtained at once by the principle of superposition. 

As shown in Figure 9a, any unsymmetrical typical live panel load of 10. 8 kips ap
plied, e.g. , at b may be substituted by two sets of loadings shown in Figures 9b and 9c. 
The reactions in Figure 9b are obvious; Ra in Figure 9c follows directly from the 
equation of couple equilibrium: 

20Ra + 8Xsa 18(5. 4) 

If a sufficiently large computer is at hand for solving all the unknowns under any un
symmetrical loading , the process will be faster without resort to this method of 
substitution. 

FORMULATION OF AXIAL-STRESS EXPRESSIONS AND 
CHARACTERISTIC SIMPLIFICATIONS 

The basic techniques for formulating axial-stress expressions have been presented 
under "Extended Methods of Moments, Shears, and Joints." As a general rule, the 
axial stress in each of the top and bottom chord members and each of the diagonal 
members in the panels having inclined upper chords may be determined by the extended 
method of moments; that of the end posts and of the diagonal members in panels having 
parallel chords, by the extended method of shears ; and that of the verticals, by the 
method of joints. 
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270.416;i5 11 

p = 270" 
20 . 6 .=5, 562" 

Figure lO. 

As typical examples of application of this general rule, we may formulate the axial
stress expressions for members De, DE, aB, Jk, Bb, and Cc in the truss shown in 
Figure 9b under the substituted set of symmetrical half-panel loads. 

Diagonal De and Upper Chord DE 

These two axial stresses may be determined most expediently by the extended method 
of moments. Taking the free body diagram just to the left of member Ee, as shown in 
Figure 10, and noting that 

we have, by ~ M0 = 0, 

LRow vector of stressesJ {Column vector of lever arms) 0 

or 

(
0 ~ ~e) dt~e) oe 20. 6(DE) 1 17. 6p oa} = O 

Substituting Q's from Eq. 28 and all known distances into Eq. 29, and transposing, 
yields: 

(28) 

(29) 

_ LX1s (Xu, + Xu) (Xrn + Xa1) Xnj 50285858 _ L J [1. 0940836 l 
[

23006973] 

Noe - (10)10 47844797 Xsa 1 0. 3559067oj 
20565912 (30) 

where the last product of two vectors corresponds to the conventional primary stress 
in member De. 
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Taking the same free body diagram shown in Figure 10, by I: Me 
the product of a row vector and a column vector equal to zero, 

0, we haveagain 

LNDE -QDE (X19 + X21 + Xd -5. 4 (5. 4 - Xsa) J 

(
E ...E___ Ee(Ee - Dd) 

e DE DE 1 3p 4p} = 0 (31) 

Substituting Q's from Eq. 28 and all known distances into Eq. 31 and transposing, yields: 

NDE = Xie - X19 - (Xa1 + X22) 303 57919 + L Xsa L J 
[

2054445. 1] 

(10)
10 

32412364 
-lj [3. 5005353] 

4.7257226 

where the last product of two vectors also corresponds to the conventional primary 
stress in member DE. 

End Post aB and Center Diagonal Jk 

(32) 

These two axial stresses may most expediently be determined by the extended method 
of shears. Taking the free body diagram just to the left of member Bb (Fig. 11), and 
noting that 

(33) 

we have, by I: Y = 0, 

5. 4 - X5a 0 (34) 

Figure 11. 

440.45886" 

k 
5.4 - X58(e) 

Figure 12 . 
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Substituting Q's from Eq. 33 and known distances into Eq. 34, and transposing, yields: 

N = _Ux1 + X2) Xsj r2618914o7 Lx -lj [1. 4142136] (35) 
aB (lO)10 L52378280J + 58 7. 6367532 

in which the last product of two vectors is again the conventional primary stress in 
member aB. 

To determine NJk, taking the free body diagram to the left of panel jk, as shown in 
Figure 12, and noting that 

(36) 

we have, by l; Y = 0, 

J" 
-NJk J~ + QJk jk + QJK + Qjk + Xsa - 5. 4 + (5. 4 - Xsa) = 0 (37) 

Substituting Q's from Eq. 36 and all known distances into Eq. 37, and transposing, 
yields: 

A52 
~

4 
H SO S7J 46877273 + 0 (v v_ X X ) X I [17614859] 

(10)10 17614859 

where the last term means the conventional primary stress in member Jk is zero. 

Vertical Members Bb and Cc 

(38) 

The extended method of joints may most advantageously be applied to determine the 
axial stresses in vertical members Bb and Cc. Taking the free body diagram around 
joint b (Fig. 13a), and noting that 

we have, by ~ Y = 0, 

(a) 

+ Xs 
p 

Figure lJ . 

(39) 

(b) 
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(40) 

Substituting Q's from Eq. 39 and the known panel length into Eq. 40, and transposing, 
yields: 

N - 37037037 (X1 + X5 - Xe - Xg) + 5. 4 
Bb - (l0)1o (41) 

where the last term represents the conventional primary stress in member Bb. 
In the free body diagram shown in Figure 13b, noting that 

12 

L Xi 

Qcc 
i = 7 

Cc 

QCD = Xa + X13 (42) 
CD 

QBC 
~ + X7 

BC 

we have, by summing up the stress components along the axis perpendicular to mem
ber BC (or CD), 

0 (43) 

Substituting Q's from Eqs. 42 and all known distances into Eq. 43, and transposing, 
yields: 

Nee 
l-~ 12 J X X X 37037037 

8 

i~9 i 
13 

[35460993] 38613081 + 0 
(10)10 15760441 

37037037 

(44) 

where the last term denotes that the conventional primary stress in member Cc is zero. 

Summary of Axial-Stress Expressions 

The axial stresses in all other members of the left half of the truss shown in Figure 
9b under typical symmetrical half live panel loads at b and b', have been similarly 
determined. They are summarized in Eqs. 45: 
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Least Significant Part of 
Axial Stress 

Most Significant Part of 
Axial Stress 

Lower Chords 

[Nab} 3'7037037 [X,+X, ] [-x,. 
:] [:.4] + 

Nbc (10)1° -(X:i + X4 + Xe) -Xsa 

L'"J= 34013605 [ x,, + Xu + x,,J [-Xsa :] L· 7551020] 
Nde 

(10)10 - (Xis + xlB + Xia) + -Xsa 4. 9591837 

~Nef} 30864198 [ x,, + x,, + x,,] [-X., :] [4. 1666667] 
Nfg 

(10)10 -(X27 + X2e + X30) + -Xsa 4. 5000000 

~Ng"} 29239766 [ X., + X., + M, J [-X,, :] ~- 7368422] 
Nhi 

(10)10 -(X:Jg + ~o + M2) + -Xse 4.2631579 

rij ] C 28735632 
Njk (10)10 

[ ~ + x,, + ~] 

-(Xs1 + Xs2 + Xs4) + 

[-Xso 
-Xsa :] ~- 6551724] 

4. 1896552 

Upper Chords 

L~ -X7 -(Xg + X10U [1644467. J -lj [ 1. 916784~] NBC= 33851532 + Lxsa 
(10)10 35495999 

5. 1753167 

Lxs (Xu + X12) X13J [37140466J [1· 916784~] Nco (10)1° 
35495999 + LXss -lj 

5.1753167 1644467.1 

LxlB -X19 -(X:i1 + X22U L05~445. J [3, 5005352] 
NDE 

(10)10 30357919 + Lxsa -lj 4. 7257226 
32412364 

LX20 (X23 + X24) X2sJ [34466809 J [3, 5005352] NEF (10)10 
32412364 + LXsa -!J 4.7257226 
2054445.1 

LX2s -X:i1 -(X:i3 + X:J4)J e233882. 1 [4. 8675668] 
NFG (10)10 

28812826 + Lxsa -tj 4. 3808102 
30046709 
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Least Significant Part of Axial Stress 

Upper Chords (Cont'd) 

Most Significant Part of 
Axial Stress 

LXi2 (X:35 + Xie) X:37j [31280592 J 
+ Lx5a -iJ [4. 8675668] NGH = 30046709 

(10)10 1233882 . 6 
4.3808102 

LX4o -~ (Ms+ Me)J [411497. 'J + Lxss -1J [4.6959420] NHI = 28575800 
(10)10 28987297 

4.2263451 

LM4 (M7 + Ma) M9j [29398794 J 
+ Lxna -iJ [4. 6959420] 

NIJ 28987297 
(10)10 411497. 23 

4.2263451 

NJK - 0. 0028735632(Xss + Xsa + Xs7) L J [
4.6551724] 

+ Xsa -l 4. 1896552 

Verticals 

NBb 0. 0037037037(X1 + Xs - Xe - Xg) + 5. 4000000 

l~ 12 

x., j -X7 Xa I: xi r37037 J 35460993 
Nee 

i = 9 38613081 + 0 
(10)10 1576044.1 

37037037 

Nod 0. 0037037037(X12 + X17 - Xia - X21) + 0 

lx .. 24 .. J -X19 X20 z: xi ~7037037] 35239123 

NEe 
i = 21 38834951 + 0 = 

(10)10 1797914.4 
37037037 

NFf 0. 0037037037(X24 + X29 - X:io - Xis) + 0 

~&, ·X» 

36 

Xs2 ~ xi J ["037037 J X37 36036036 

NGg 
i = 33 3 8038038 + 0 = 

(10)10 1001001. 0 
37037037 

NHh 0. 0037037037(X:ie + X41 - M2 - Ms) + 0 
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Least Significant Part of Axial Stress 

Verticals (Cont'd) 

~l'--x-4_o_-_x_4_3_M_
4 _it_=

8

_4_5_x_i _M--=J [iiil~iiiJ 
(10)10 322061. 19 

37037037 

Most Significant 
Part of Axial 

Stress 

+ 0 

NJj 0. OO37O37O37(Ma + Xs3 - Xs4 - Xse) + 0 

NKk = 0. OO74O74O74(Xs2 + Xss) + 0 

Diagonals 

l-(X1 + X2) -xsJ [26189140] L J [1_414213~] NaB = 
(10)10 52378280 + Xsa -l 7. 6367532 

L:xa X1J ~618914°] 
NBc 

(X.,, + Xe) (X'T + Xo) 52378280 
Lxsa 1J [1· 2938550 J 

(10)10 50149417 0.32496822 
23960277 

52425682 

-Lxa Xu X14 X1,J 
2514679'/ 

X12 X13 52425682 
Lxsa 1J ~1. 2421677 J NcD + 

(10)10 50285858 0. 31198630 
23006973 
50285858 

X2J ~3006973] 
Noe 

l_x:15 (Xie + Xrn) (X19 + X21) 50285858 
Lxsa 1J ~1. 0940836 J = (10)10 47844797 0. 35590670 

20565912 

50551779 

-L:x:io }Cg3 X2e X20J 
22099137 

~1 :x:i~ 50551779 
Lxsa ij ~1. 0489494 J NeF (10)10 48211419 + 

19758777 
0.34122451 

48211419 

LX21 XaJ f:197587771 (X2a + Xao) (Xa1 + Xa3) 48211419 
Lxsa 1J [1. 0906205 J NFg 

(1Of0 46908408 0.18997905 
L.18455766.J 
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Diagonals (Cont'd) 

48463338 

-LX:i2 Xis X3B ~1J 
19393605 

X:ie X37 48463338 
NgH = (10)10 47187987 

18118254 
47187987 

LX:i9 (Mo + M2) (X43 + X4s) X4ej [8118254] 47187987 
Nm = 46777657 (10)10 

17707924 

47284901 

-Lx44 x47 Xso XsJJ 18022487 

NiJ 
X4a Mg 47284901 = 46877273 (10)10 

17614859 
46877273 

+ 

+ 

+ 

L Xs1 (Xs2 + Xs4 + Xss + Xsa) Xs7 J 
(10)10 

46877273 + 

Ll
7614859] 

17614859 
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Most Significant Part of 
Axial Stress 

L-xsB d [~- 2066068~ 
0.18594617 

Lxse -iJ ~- 06647351TI 
0.059826161 

L-Xs0 iJ ~- 06603581~ 
0.05943223 

0 (45) 

Those axial stresses in members on the right half of the truss shown in Figure 9b 
under typical symmetrical half live panel loads at b and b' may be obtained by using 
these axial-stress expressions and Eqs. 18. 

Most and Least Significant Parts of Axial Stresses 

As indicated in Eqs. 45, the most significant part of each axial stress represented 
by the last product of two vectors (or otherwise zero) consists of a constant term and 
another containing the redundant reaction Xse, and corresponds to the conventional 
primary stress in each member. The least significant part of each axial stress is due 
to end moments and transverse shears by virtue of rigid-frame action. 

The entirety of an axial-stress expression should be used in writing the strain-energy 
expression due to each axial stress before partial differentiation, but thereafter the 
least significant part may be neglected in formulating the equations and in computing 
axial stresses. 

It should be noted that the coefficients of the unknown end moments in the axial
stress expressions are dependent only on the properties of the composition of the truss. 
They are independent of any external loading. The coefficients of the unknown end 
moments in the axial-stress expressions are, therefore, always the same regardless 
of loading conditions. Only the most significant or primary-stress terms are subject 
to change for different loadings. This important fact necessitates determination of 
only a single set of coefficients of unknown end moments in the axial-stress expressions 
for all members under various loading conditions. For each different loading condition, 
only those coefficients in the most significant (or primary-stress) terms need further 
calculation, thus saving much time and labor. 

Since the reactions at the end supports due to the redundant reactions (treated as 
loads) at the interior supports always have -1 as the coefficient of x58(s) for any sub-



198 

stituted set of symmetrical loading and -0. 4 as the coefficient of X58(a) for any sub

stituted set of antisymmetrical loading, as shown in Figure 9, the coefficient of x58(s), 
in the axial-stress expressions will always be the same as will that of x58(a)· There
fore, axial-stress expressions under any different symmetrical or antisymmetrical 
loading can be readily determined by revising only the constant terms in the most sig
nificant part of axial stresses, or primary stresses. 

As has been pointed out, the least significant terms in the axial-stress expressions 
for antisymmetrical loadings are the same as for those for symmetrical loadings given 
previously (this applies even to unsymmetrical loading). To formulate the axial-stress 
expressions for the antisymmetrical set of loadings at b and b ', as shown in Figure 9c, 
we need only write explicitly the most significant part of axial stresses (corresponding 
to primary stresses) as grouped in Eqs. 46: 

Lower Chords 

Nab 

Upper Chords 

NBC == NcD 

NFG NGH 

NJK 0 

Verticals 

NBb = +5. 4 

1 L-:xss 1J {40,000,000 486,000,000) 
(10)8 

l L-Xss 
(10)8 

l L-Xsa 
(10)8 

l L-Xs0 
(10) 8 

l L-Xsa 
(10)8 

1 
(10)8 

1 
(10)8 

1J {110,204,080 

1J {166,666,670 

{142,105,260 

{46,551,724 

{76,671,359 

{140,021,410 

1 
(10)8 LXs8 -lj {194, 702, 670 

1 
(10)8 

{93,918,842 

347,142,860) 

225, ooo, ooo) 

127,894, 740) 

41, 896, 552) 

414,025, 340} 

283,543,360) 

175, 232, 410) 

84, 526, 957) 

NKk 0 



Diagonals 

NFg =-

NJk =-

1 
(10)8 

-1 
(10)8 

1 

(10)8 

-1 
(10) 8 

1 
(10)8 

1 
(10)8 

1 

(10)8 

1 

(10)8 

1 
(10) 8 

1 
(10)8 

-tl 

LXs0 

-!J 

L-X5a 

-lJ 

-u 
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(56, 568, 542 687,307,790) 

(51,754,198 102,364,990) 

{49,686, 707 98,275,685) 

{43,763, 343 94,671,183) 

{41,957,976 90,765,719) 

{43,624,819 77,891 , 410) 

{84,708,813 76,237,932) 

{77,774,009 69, 996,608} 

{77,261,899 69,535,709) 

(75,941,183 68,347, 064) (46) 

The most significant part of axial stresses in members on the right half of the truss 
may be obtained by using these products of vectors and Eqs. 19. 

STRAIN-ENERGY EXPRESSIONS, REDUNDANT REACTIONS, AND 
SETS OF SIMULTANEOUS EQUATIONS 

To apply the simplified matrix-energy method for analyzing the three-span continu
ous truss under consideration, the constants in the strain-energy expressions of truss 
members have been computed and the results are given in Table 9. With axial-stress 
expressions formulated as shown previously and strain-energy constants of truss mem
bers as given in Table 9, the strain-energy expressions can be readily formulated in 
practically the same manner as given in Table 4, except that to conform with the sim
plified matrix-energy method used herein the strain energy due to transverse shears 
will be neglected in the present analysis; the error so introduced will be negligible. 

With the axial-stress expression for member ab represented by Nab, that for mem
ber be by Nbc, etc., the general strain-energy expressions may be written, according 

to Eqs. 5, using U to denote total internal strain energy in the member represented by 
the subscripts: 
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TABLE 9 

CONSTANTS IN STRAIN-ENERGY EXPRESSIONS OF TRUSS MEMBERS 

Member 
L L Member L L 
A 61 A 61 

ab 22. 388060 0. 17564403 Cc 33.732057 1. 5511551 
be 22.388060 0. 17564403 Dd 32.236842 1. 3243243 
cd 22.388060 0. 17564403 Ee 32. 187500 0. 89721254 
de 22.388060 0. 17564403 Ff 35.526316 1. 4594595 
ef 22.388060 0. 17564403 Gg 34.687500 0.96689895 
fg 22.388060 0.17564403 Hh 37.500000 1.5405405 
gh 22.388060 o. 17564403 Ii 35 . 937500 1. 0017422 
hi 22.388060 0. 17564403 Ji 38. 157895 1. 5675676 
ij 22.388060 0. 17564403 Kk 36.250000 1. 0104530 
jk 22.388060 0.17564403 aB 22.796278 0.16568500 
BC 16. 135316 0. 11727265 Be 43. 489483 0.62760957 
CD 16.135316 0. 11727265 cD 45. 463456 0.65609655 
DE 16.144260 0. 11733765 De 33.098602 0.25967287 
EF 16.144260 0. 11733765 eF 28.808298 0.24492073 
FG 16.128356 0.11722206 Fg 17.886068 0. 14237847 
GH 16.128356 0.11722206 gH 16. 480101 0.11743582 
HI 16.120398 0. 11716422 Hi 29.763242 0.25303941 
lJ 16.120398 0. 11716422 iJ 30.085988 0.25578331 
JK 16. 119403 0.11715699 Jk 36. 522294 0.28653322 
Bb 29.605263 1. 21621620 

Uab 
1 2 
2Nab (Xi - X1Xs + X~) 

Ube 
_! N2 
2 be 

(X~ - XIV½ + X~) 

Ucd 
1 2 
2Ncd (X~2 - X12X11 + Xi1) 

Ude 
_! N2 
2 de 

(X~a - X18X21 + X~1) 

22.388060 

uef 
1 2 

2 Nef (X~4 - X24X29 + X~g) 

E = 

ufg 
_! N2 
2 fg 

(~o - XoioX33 + ~3) 

0. 17564403 

Ugh 
_! N2 
2 gh 

(~a - :K_.ieX41 + JG1) 

Uhi 
1 2 
2 Nhi (X~ - X42~s + Jds) 

u .. 
1 2 (X~a - X4aXs3 + x;3) 

lJ 2 Nij 

Ujk 
1 2 
2Njk (X;4 - Xs4X56 + X~e) 
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E[UBJ= 
UCD 

~~BC 
1 2 

2NCD 

(xl -x:,x, + xl) J 
cxi - X aXl3 + Xis) 

l6.135316 J 
0. 11727265 

{DJ' ~1 ' O<\, - x,.x~ + "'1 [6.1m60 J 2NDE 

UEF 
1 2 

(~o - XaoX2s + ~s) 0. 11733765 2NEF 

ErF°l 
UGH 

~~FG 
1 2 

2NGH 

(Xi. - x,,x,, + X;~ 

(Jd2 - JbXs1 + ~7) 

l6.128356 J 
0. 1172220 

E~~:l [' (~ - x,.,x., + xlj [6 120398 J 2NHI 

1 2 (:}G4 - X44~9 + Jd9) 0. 11716422 2 NIJ 

E UJK = l-!_ N2 
2 JK (){;z - Xs2Xss + X;sJ ~6.119403 J 

0. 11715699 

4 

I:xi i = 2 

4 4 t,x~ 6 

L··••s•6•J E UBb = 
1 2 l?; x, -I:xi I:xi 2NBb i = 2 i = 5 1. 2162162 

6 

I:xi i = 5 
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8 

Lxi 
i = 7 

l' 8 
12 ~ 12 l3 7320,~J 1 2 . 

-Lxi ~Xi Lxi E U = 
2NCc i~X1 Cc 

i = 7 i = 9 1. 5511551 

12 

Lxi 
i :: 9 

16 

L xi 
i = 13 

~6 

16 
18 ~ 18 L2.236·•d 

E UDd = 
1 2 

~3 Xi -L xi 
i~7 xi L xi 2NDd 

i = 13 i = 17 1. 3243243 

18 

L Xj 

i = 17 

20 

L xi 

i = 19 

~o 
20 

24 j 24 ~ 187500~ EU = .!. N2 
~

9
Xi -L Xi 

i~l Xi L Xi Ee 2 Ee 
i = 19 i = 21 0.89721254 

24 

L Xi 

= 21 
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28 

L xi 

i = 25 

~a 
28 

30 j 30 C 52631] 
E UFf 

1 2 L xi -L xi 
i~9 X· 

L Xi = 2NFf 
=- 25 i = 25 i = 29 1. 4594595 

30 

L xi 

i = 29 

32 

L xi 

i = 31 

~2 
32 

36 j 36 c-6•7500J 
E UGg 

1 2 

~1 xi -L xi 
~3X· L Xj = -N 

2 Gg 
i = 31 i = 33 .96689895 

36 

L xi 

i = 33 

40 

L Xi 

i = 31 

~o 
40 42 j 42 l50000J 

E UHh : 
1 2 

~7 Xi -L xi 
i~l X· L xi 2NHh 

i = 37 i = 41 1. 5405405 

42 

L xi 
i = 41 



204 

44 

L X 

i = 43 

~4 
44 48 j 48 r-••750J E Uli 

1 2 Lt3 xi -L xi 
i~ 5 X· L X· = 2 Nii 

i = 43 i = 45 .001742 

48 

L xi 
i = 45 

52 

L Xj 

i = 49 

G' 
52 54 j 54 

C1'"'d E UJj 
1 2 Lt9 xi -I: xi 

i~3 X· L xi 2 NJj 
i = 49 i = 53 . 5675676 

54 

L 

UKk(s ) 
I ! N2 

2 Kk 0 

Xu ~::::::J E = 

57 57 

UKk(a.) 
_! N2 4E .. -Xs5 ;~j L 2 Kk 

i = 56 

57 

I: X 

i = 56 

where (s) denotes symmetrical set of loading, and (a) denotes antisymmetrical set of 

loading. Only one-half of EUKk should be used in computing ½Eu. 
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UaB L12 2NaB (Xf + X1X2 + X~~ ~2- 796278 J 
0.16568500 

UBc Ll 2 2NBc (~ - X:iX10 + Xfo) J ~3. 489483 ~ 
0.62760957 

E UcD 
' 1 2 (Xf1 - X11X14 + xf4~ ~5. 463456 ~ = LzNcD 0.65609655 

UDe L12 2NDe (X~s - X1sX22 + x~~ r3. 098602 J 
0.25967287 

UeF Ll 2 2NeF (X23 - X~3X2 e + X~e~ 
Es. 808298 

0.24492073 

UFg ~N2 2 Fg (X~7 - X27X:J4 + x;~ 
[7.886068 

0. 14237847 

UgH u2 2NgH (X~s - X35X:Ja + ~J ~6 . 480101 ~ 
0. 11743582 

E Um = u2 -Nm (X~g - X39~a + )G5~ ~9. 763242 J 
0. 25303941 

uiJ l½ 2 NiJ (X~7 - X47Xso + X;o~ Eo. 085988 J 
0. 25578331 

UJk l_½N2 
Jk 

(X~1 - Xs1Xs7 + x;7~ E6. 522294 J. 
0.2865332 (47) 

Solution of Redundant Reactions 

In the simplified matrix-energy method which we are now applying, not only is the 
strain energy due to transverse shears neglected but also the part other than the con
ventional primary stress (the most significant part) in the axial-stress expression is 
deleted after partial differentiation. Thus, the 58th equation obtained from 

!_E r1 U = 0 
2 oXsa 

(48) 

assumes the form of an algebraic linear equation with X58 as the "unique unknown." 
This redundant reaction may now be solved. The size of the set of simultaneous equa
tions is consequently reduced to 57 equations with 57 unknowns. 

The pair of symmetrical half-panel loads applied at b and b', and c and c', etc. , may 
be represented by b++, c++, etc., respectively; the pair of antisymmetrical half-panel 
loads applied at band b', c and c', etc., may be represented by b+-, c+-, etc., re
spectively; the panel load symmetrically applied at k may be represented by k; and the 
symmetrically located dead loads may be represented by D L. The redundant reactions 
at the interior supports are found as in Table 10. The left redundant reaction is upward 
positive, and the right redundant reaction is upward positive under symmetrical loadings 
and downward positive under antisymmetrical loadings. 

It must be noted that the redundant reactions can first be solved independently only 
in the simplified matrix-energy method. In the exact matrix-energy method, Eq. 48 
will contain some of the unknown end moments Xi; it must be solved simultaneous 
with the other 57 equations. 
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Due to 

a+-
b++ 
c++ 
d++ 
e++ 
f++ 
g++ 
h++ 
i++ 
j++ 
k++ 

TABLE 10 

REDUNDANT REACTIONS AT 
INTERJOR SUPPORTS 

Xse (kips) Due to Xse (kips) 

0 DL 269.39998 
1. 0696012 a+- 0 
2. 1265065 b+- 1. 5125273 
3. 1326161 c+- 2. 9914410 
4. 0066760 d+- 4. 2743738 
4. 7827808 e+- 5.0799756 
5.4000000 f+- 5.5290950 
5.8704096 g+- 5.4000000 
6.1854863 h+- 4.5959812 
6. 3 893981 i+- 3.2634630 
6.4439991 j+- 1. 7249734 

2. For antisymmetrical loadings, 

Formulation of Sets of Simultaneous 
Equations 

For the present problem, the complete 
systems of simultaneous equations in poly
set unknown and constant vectors, after 
partially differentiating the total strain 
energy given by Eq. 6 with respect to each 
unknown, take the following general matrix 
forms: 

1. For symmetrical loadings, 

(50) 

The solutions of these equations by matrix inversion are, respectively, 

(51) 

and 

-1 

IX 7 -
, ilr I ,:;7 v A -
L -.:.; ~. ~ - [ai~ 57 X 57 [:aj 57 X 8 (52) 

where the barred subscripts denote number of rows, the unbarred subscripts denote 
number of columns, and [ aiJJ's of Eqs . 51 and 52 differ by a 3 :.: 3 trailing sub-matrix 
as will be explained later by Eq. 53. There are as many unknown column vectors and 
known constant column vectors as there are loading conditions. 

To explain the formulation of these matrices, Table 10 is used to express all pri
mary axial stresses in truss members under the 18 different sets of loading conditions 
in their numerical values. 

After substituting each of the 18 sets of axial stresses for Nij's in Eqs. 47, repeated 

operations of ½ E :~ = 0, where i = 1, 2, ... , 57, will yield two sets of 57 x 57 

coefficient matrices with 57 x (10 + 8) known constant matrix to solve the 57 x (10 + 8) 
unknown end-moment matrix in two inversions. 

It is especially noteworthy that, in the exact matrix-energy method, the coefficient 
matrix has to be determined from coefficients of all unknowns in the strain-energy ex
pressions. But in the simplified matrix-energy method, the coefficient matrix is de
pendent only on coefficients of unknown bending moments. 

Because the center vertical member has no bending moment under any symmetrical 
loading and experiences ce rtain bending moment under each antisymmetrical loading, 
the coefficient matrix for symmetrical loadings will be different from that for anti
symmetrical loadings but limited only to a 3 x 3 trailing sub-matrix: 
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sub - bl ~s, 55 l:'i!J = ass, ss 
as1, ss 

ass, se 
~e, se 
as1, se (53) 

which is a diagonal matrix for symmetrical loadings or a symmetrical matrix for anti
symmetrical loadings. This difference is evident by inspecting the strain-energy ex
pressions of the center-vertical member Kk in Eqs. 47. 

Coefficient Matrices and Constant-Vector Matrices 

The two sets of 57 x 57 coefficient matrices for symmetrical and antisymmetrical 
loadings and the 57 x 10 and 57 x 8 constant-vector matrices for the 18 basic loading 
conditions are regimented arrays of numbers. To save space, they are not shown herein. 

Solution by Inversion Using Electronic Digital Computer 

Eqs. 51 and 52 were solved by matrix inversion with the program "Simultaneous 
Equations A La King" furnished by IBM for use in the IBM 1620 computer (capacity, 
60,000 core storage) available at the South Dakota Department of Highways. 

Solutions of end moments of all members for substituted symmetrical and antisym
metrical sets of loadings are given in Table 11, from which full panel-load end moments 
may be obtained. 

Appropriate combinations of panel-load end moments will yield all end moments 
simultaneous with maximum design stresses and maximum end moments of all members. 

COMPOSITION OF MAXIMUM DESIGN AXIAL STRESSES 

Dead-Load Stresses 

Dead-load stresses are computed by the same general rule and in a similar manner 
as described previously by applying all upper and lower dead panel loads given in 
Table 8 simultaneously. 

Maximum and Minimum Live-Load Stresses 

Maximum live-load stresses, and minimum live-load stresses or maximum live
load stresses of the opposite sign, of all members of the truss are the most important 
part of live-load-stress analysis for later stress combination to arrive at maximum 
design stresses and maximum range of stress reversals. 

In a programmed computation by the basic scheme of the proposed method, if the 
computer available is of sufficient capacity, neither method of substitution nor method 
of transformation would be needed. The procedure would be to load the truss with live 
panel loads, one at a time, from b to f, then from h to k, as shown in Figure 9a. By 
the panel-load superposition method, summation of all-plus-sign stresses and of all
minus-sign stresses in each member will give, respectively, the maximum tensile 
and compressive stresses. 

From Figures 9b and 9c, with the method of substitution introduced in the present 
case because only a smaller computer is available , half live panel loads will be placed 
for both symmetrical and antisymmetrical sets, one pair at a time, at b and b' to f and 
f', then at hand h' to j and j ', but one full panel load will be placed at k only once. 
Then from Eqs. 18 and 19, the axial stress, N, in member IJ is given by 

Nij = Nij(s) + Nij(a) (54) 

(due to any P (due to symm . (due to antisymm. 
at any panel 1 1 

point x) set of 2 P at set of 2 P at x 

x and x') and x') 



and 

Nij = Ni 'j I = Nij(s) Nij(a) 

(due to any P (due to any P (due to symm. (due to antisymm. 
at panel at panel 1 1 
point x') point x) set of 2 P at set of 2 P at x 

x and x') and x') 

It follows, therefore, that 

Max. Total Pos. Nij 

Max. Total Neg. Nij 

b' 
I: (Pos. Nij) + (Max. Pos. Nij) Fe 
b 

I: (Neg. Nij) + (Max. Neg. Nij) Fe 
b 

where the concentrated-load factors for moment and for shear are given by 

[

F c for momen~ = l; B r3. 5] 

F c for shear J Ll9. 5 
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(55) 

(56) 

(57) 

and in Eqs. 56 b to b' attached to the I; sign means summation of all positive or negative 
axial stresses when panel points from b to b' are loaded such that like-sign stresses 
are produced. 

Impact Stresses 

The loaded length L in the impact formula of Eq. 23 will be obtained for either the 
maximum plus-sign or maximum negative-sign live-load stress by summing up the 
corresponding panel lengths. Impact stresses are then obtained from 

Impact stress = Max. L. L. stress ( L ;~25 ) (58) 

Maximum and Minimum Design Stresses 

These will be determined by summing up dead-load, maximum or minimum live-load 
(or maximum of opposite sign), and impact stresses in the usual manner. 

Provision for Overload Stresses 

These stresses are differently stipulated in different design specifications according 
to the judgment of those who have jurisdiction over formulating the specifications. The 
100 percent increase of maximum live-load and impact fraction was stipulated in the 
1932 design specifications. Because under this provision there is usually reversal of 
stresses, both the algebraic sum of one sign and that of the opposite sign are increased 
by 50 percent of the smaller value. When so increased for overload provision, the 
results of the analysis of this study check almost identically with those of a study con
ducted by the Montana State Highway Commission. 
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Summary of Axial Stresses 

Dead-load, maximum live-load, impact, and maximum design stresses togetherwith 
certain overload and reversal stresses are summarized in Tables 12 and 13. Results 
of the proposed method are given as well as those of the Montana study .for comparison. 

As s howninthesetables, allde~td-load, maximum and minimum (or of opposite sign) 
live-load, impact, and overload stresses check almost identically with the correspond
ing results of the Montana State Highway Commission . This further testifies to the 
validity and soundness of the proposed method. 

All numerical values, except the minimum DL sh·esses fol' overload provision were 
independently computed. To conform with the original design provisions, Montana 
values were used under "energy method." 

TABLE 12 

SUMMARY OF MAXIMUM AXIAL STRESSES, NO OVERLOAD 

Montana (kips) Energy Method (kips) 
Member 

D. L. L. L. I. Total D. L. L. L. I. Total 

ab 63.9 42.8 5.4 112.1 63.9 42.8 5.4 112.1 
be 63.9 42.8 5.4 112.1 63.9 4i. 8 b.4 112. l 
cd 70.9 55.1 7.0 133.0 71. 0 55.2 7.0 133. 2 
de 70.9 55. 1 7.0 133.0 71. 0 55.2 7.0 133.2 
ef -51. 6 -32.2 -4.6 -88.4 -51. 4 -32.2 -4.6 -88.2 
fg -51. 6 -32. 2 -4.6 -88.4 -51. 4 -32. 2 -4.6 -88.2 
gh -40.8 -26.3 -3. 8 -70.9 -40.6 -26.3 -3. 8 -70.7 
hi -40.8 -26.3 -3. 8 -70.9 -40.6 -26.3 -3.8 -70.7 
ij 80.7 55.3 9. 1 145.1 81. 0 55.3 9. 1 145.4 
jk 80.7 55.3 9. 1 145.1 81. 0 55.3 9. 1 145. 4 

BC -85.7 -55.0 -7.0 -147.7 -85.8 -55.0 -7.0 -147.8 
CD -85.7 -55.0 -7.0 -147.7 -85.8 -55.0 -7.0 -147.8 
FG 154.0 58.0 6. 6 218.6 153 .9 57.9 6.6 218. 4 
GH 154.0 58.0 6.6 218.6 153.9 57.9 6.6 n-1 n A 

~.10. ':t 

JK -96.0 -61. 1 -10 . -167.1 -96.2 -61. 1 -10. -167.2 

Bb 33.1 33.0 9.9 76.0 33.1 33.0 9.7 75.8 
Cc -4.2 -4.2 -4.3 -4.3 
Dd 33 . 6 33.0 9.9 76.5 33.6 33.0 9.7 76.3 
Ee -4.3 -4.3 -4.3 -4.3 
Ff 33.2 33.0 9.9 76.1 33.2 33.0 9.7 75.9 
Gg -3.2 -3. 2 -3.2 -3. 2 
Hh 34.0 33.0 9.9 76.9 34.0 33.0 9.7 76 . 7 
Ii -4.7 -4.7 -4.7 -4 . 7 
Jj 33.3 33.0 9.9 76.2 33.3 33.0 9.7 76.0 
Kk -4.5 -4.5 -4. 5 -4 . 5 

aB -90.4 -60.4 -7.7 -158.5 -90.4 -60. 5 -7.7 -158.6 
De -70.1 -44.9 -6.0 -121. 0 -70.0 -44.9 -6.0 -120.9 
eF 117. 3 60.4 7.7 185.4 117. 2 60.4 7.6 185.2 
Fg -160.0 -74.2 -8.4 -242.6 -160.0 -74.2 -8.4 -242.6 
gH -182.6 -84.2 -9.6 -276.4 -182 . 6 -84.3 -9.6 -276. 5 
Hi 123.9 64. 5 8.2 196.6 123.9 64.6 8.2 196.7 
iJ -72.9 -49. 1 -6.6 -128.6 -72.9 -49. 1 -6.6 -128.6 
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TABLE 13 Further Merits of Panel- Load Method 
SUMMARY OF MAXIMUM AXIAL STRESSES, OVERLOAD Eqs. 54 and 55 give live-load stress in any 

Member Loads Montana (kips) Energy Method truss member due to any typical panel load. 
(kips ) For the investigation under consideration, 

Be D. L. 30, 8 21. 6 30 , 8 21. 6 a typical full live panel load was used so that 
L. L. 75. 4 -37, 2 75. 4 -37. 2 the panel-load stresses may be later used 
I. 10. 8 -5. 6 10. 8 -5. 6 
Reversal 10, 6 -10. 6 10.6 -10. 6 to redesign the same bridge under current 
Total 127. 6 -31. 8 127. 6 -31. 8 lane width of 10 ft, although the orginal de-

cD D. L. 21. 9 15. 3 21. 8 15. 3 sign was made for the 193 2 specifications of 
L. L. 63, 4 -45.0 63, 4 -45. 0 9-ft lane-loading width. The transverse ef-I. 9.0 -6. 8 9.0 -6. 8 
Reve rsal 18. 3 -18. 3 18. 3 -18 . 3 fectof shifting the 9-ft lane-loading width on 
Total 112. 6 -54,8 112 . 5 - 54, 8 the 10-ft lane width could have been directly 

DE D. L. -23. 5 -16.5 -23. 6 -1 6 . 5 obtained by multiplying the typical live panel E F L. L. -82 . 4 53, 2 -82. 4 53. 2 
I. -10. 4 8. 8 -10. 4 8 . 8 load by the previously determined factor 
Reversal -22. 8 22. 8 -22. 8 22. 8 of 1. 08889. 
Total -139, 1 68, 3 -139. 2 68. 3 

HI D, L. -36. 0 -25. 2 -36, 2 -25. 2 
Influence-line ordinates for all mem-

IJ L . L . -76 , 8 42. 6 -76, 8 42. 6 bers, although not needed in the proposed 
I. -12. 6 5.4 -12 . 6 5. 4 method of analysis, can be easily obtained 
Reversal -11. 4 11, 4 -11. 4 11. 4 
Total -136.8 34,2 -137, 0 34. 2 from Eqs. 54 and 55 by simply using unit 

Jk D. L. 25.0 17.5 25 .0 17. 5 panel load instead of typical full live panel 
L. L. 71. 4 -4 8, 6 71. 4 -48 . 6 load. Moreover, the panel-load method 
I. 10. 2 -7. 4 10. 2 -7. 4 makes it extremely expedient to obtain Reversal 19. 3 -19. 3 19, 3 -1 9. 3 
Total 125. 9 -57.8 125, 9 -57 . 8 bending stresses (secondary stresses) 

simultaneous with maximum design axial 
stresses, and maximum bending stresses 
(maximum secondary stresses) together 
with simultaneous axial stresses. 

END MOMENTS IN TRUSS MEMBERS 

The essence of this study is to develop a unified, streamlined matrix-energy method 
so that engineers can analyze any rigidly connected truss, determinate or indeterminate, 
under any combination of loadings, and ascertain in each member the two possible 
governing states of required internal resistances : (a) under loadings of maximum axial 
stress-maximum axial stress, the larger of the bending stresses simultaneous with 
maximum axial stress, and transverse shear simultaneous with maximum axial stress; 
(b) under loadings of maximum bending stress-axial stress simultaneous with the 
larger of the maximum bending stresses, the larger of the maximum bending stresses, 
and transverse shear simultaneous with the larger of the maximum bending stresses. 
The term" bending stress," as used herein, corresponds to conventional secondary 
stress. It is evident that whichever of these two states requires the larger section 
should govern the design. 

The problem involved is no longer academic. It deserves more serious practical 
considerations today than ever before: as longer spans of bridges are built, more 
brittle high-strength steels are used, welded connections are introduced, steel pre
stressing is applied, more dynamic effects are experienced from high-speed heavy 
wheel loads, more economical designs are stressed, and thinner sections, plates, and 
sheets are called for on plans. To best meet all these exacting demands and to insure 
public safety at minimum cost, the closest analysis of complicated bridge structures 
must be made. 

Since the earliest introduction of a method for analyzing secondary stresses (1), 
although at least nine independent methods have been developed, the complicatedand 
tedious analysis of secondary stresses has remained mainly of academic interest and 
even as such has been only rarely performed. Not many already constructed rigidly 
connected trusses have been given a secondary-stress analysis. None of particular 
importance have ever been given as thorough an analysis as required to investigate 
thoroughly the two governing states. 

Even with today's technological development coupled with the availability of high
speed electronic digital computers , generally only a conventional maximum axial-stress 
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analysis is made for rigidly connected trusses. By the time the analyst has achieved 
this conventional task using Mliller-Breslau's (13) principle of influence lines, he is 
reluctant to undertake a secondary-stress analysis. The chief obstacle has been lack 
of a straight-forward, unified, streamlined method whereby axial stresses, end moments, 
and transverse shears will be obtained in one single setup. In this manner, all desired 
results will be yielded once the problem has been formulated and fed into the computer. 

With the approach used in the present study, the formidable task of performing and 
iterating all necessary calculations for all members of a truss under all conceivable 
loading conditions will become simple. This advantage is inherent to the proposed 
method of panel-load superposition because at this stage of the analysis, each axial 
stress in every member due to each individual panel load as well as both end moments 
in every member due to each same individual panel load has been determined. The 
remaining computation of simultaneous end moments and shears under loadings of maxi
mum axial stress and of maximum end moments and simultaneous shears and axial 
stresses under loadings of maximum bending stress is merely a simple arithmetic 
chore. 

Simultaneous End Moments and Transverse Shears 

End moments of a member simultaneous with its maximum axial stress may be 
readily obtained by the method of substitution used in this study, after converting Xi 
to Mij according to Eqs. 24 to 27, in a manner analogous to Eqs. 54 and 55 for axial 
stresses. Thus, 

Mij 
(due to any P 
at any panel 

point x) 

Mij(s) 
(due to symm. 

1 
set of 2 P at 

x and x') 

+ Mij(a) 
(due to antisymm. 

1 
set of 2 P at x 

and x') 

Mij -Mi'j' = Mij(s) 

(due to symm . 

~Pt nf .!. p ~t 

Mij(a) 

(due to any P 
at panel 
point x') 

(due to same P 
at panel 
point x) 

Then, by the method of superposition, 

b' 

--- -- i- ... 

x and x') 

(due to antisymm. 
1 

.c,et of 2 P ~t. x 

and x') 

(59) 

(60) 

Simul. L. L. Mij == L Mij + F c Mij (due to the panel load producing max. Nij) 

b (61) 

where b to b' and F c carry the same significances as defined with Eqs. 56 and 57 . 
And by Eq. 23, 

Simul. Impact Mij = Simul. L. L. Mij (L ; 0
125) 

Hence, 

(62) 

Simul. Total Mij = D. L. Mij + Simul. L. L. Mij ( 1 + L ]~25 ) (63) 
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Simultaneous transverse shears for any member IJ may be obtained from simultaneous 
end moments, by Eq. 4, as 

Simul. Total M1j + Simul. Total Mji 
Simul. Q1·J· = 

Li.j 

Maximum End Moments and Simultaneous Shears 

(64) 

Maximum end moments represent the state in which the resisting moment at either 
end of a member reaches its possible maximum by loading certain panel points plus a 
concentration, all producing moments of the same sign. This state has its own simul
taneous axial stresses and transverse shears. One of the two maximum end moments 
of each member will produce maximum secondary stresses. 

Maximum live-load end moments Mij and Mji of any member IJ may be obtained 
from 

b' 

(Max. 
Pos. L Pos. 

Mij) F c Max. L. L. Mij or Mij + or 
b Neg. Neg. 

= 
b' Pos. 

+ (Max. 
Pos. 

Mji) Fe Max. L. L. Mji Z: or Mji or 
b Neg. Neg. 

(65) 

in which the summations are to cover all positive or all negative Mij, whichever gives 
the larger maximum live - load Mij· Mji is treated in the same manner. Fe and b to b' 
are as defined before. 

Then, maximum total end moments Mij or Mji of any member IJ is given by 

Max. Total Mij or Mji = D. L. Mij or Mji + 

Max. L. L. Mij or Mji (1 + L ;
0
125 ) (66 ) 

Simultaneous transverse shear in member IJ under this state is given by 

Max. Total Mij or Mji + Simul. Total Mji or Mij 

Lij 

Governing Maximum Design Stress State 

(67) 

Under usual conditions, especially when the truss members are slender and light, 
the state under maximum axial-stress loadings will govern the design. But if the mem -
bers are extremely short and heavy and the joints are enormously rigid, the state under 
maximum end-moment loadings may require a larger section. To be absolutely sure, • 
both states of stress should be analyzed and compared by the sections required. 

Summary of End Moments, Shears, and Unit Fiber Stresses 

A summary of end moments, shears, and unit fiber stresses is given in Table 14 
for all members of the three-span continuous highway bridge truss. Values are tabu-



TABLE 14 

SUMMARY OF MAXIMUM STRESS STATES 

Maximum Axial-Stress Loading Maximum End-Moment Loading 

M. Max. Max. Max. Max. Member at 
M . Axial Bend. 

Fiber Shear M. Bend. 
Axial 

Fiber Shear End 
(kips-in.) Stress Stress Stress (kips) (kips-in . ) Stress Stress 

Stress (kips) 
(ksi) 

(ksi) 
(ksi) (ksi) 

(ksi) 
(ksi) 

Lower 
chord: 

ab ~ -37 , 88 -37. 99 
b -68. 80 o. 28 1. 61 10, 89 -0. 394 -69. 20 1. 62 8. 86 10, 48 -0. 396 

be b 61. 10 9. 28 1. 43 10, 71 o. 240 64. 70 1. 51 7. 16 8. 67 0, 298 
C 3. 70 16, 10 

cd I: -9. 63 -19. 53 
d -82. 87 11. 00 1. 94 13 . 03 -0. 343 -85. 17 1. 99 10. 32 12. 31 -0. 398 

de cl 91. 60 11. 04 2. 14 13. 18 o. 553 92. 40 2. 16 10, 32 12. 48 o. 553 
e 57. 71 56. 80 

ef e 6. 83 -7. 31 -0, 16 -7. 47 0. 001 -14. 91 
r -6, 47 -44. 43 -1 . 04 -3, 16 -4. 20 -0. 220 

lg f 21 , 79 52. 91 
1l' 103,58 -7. 31 -2. 42 -9, 73 0, 465 135, 00 -3 , 15 -5, 18 -8. 33 0. 697 

gh 1f -103, 22 -5. 86 -2. 41 -8. 27 -0, 477 -136. 20 -3 , 18 -4. 06 -7. 24 -0. 715 
h -25. 73 -56, 90 

hi h 7. 85 -5, 86 -0. 18 .:..'.!..:.2! o. 009 48. 41 -1. 13 -2 . 49 -3 . 62 0. 249 
I -5, 47 18. 82 

ij I -65. 26 -67. 92 
J -105 , 75 12. 10 2. 47 14. 57 -0. 635 -106, 09 2. 48 11. 13 13 . 61 -0, 645 

jk J 100, 89 12. 06 2. 36 ~ o. 551 101. 86 2. 38 11. 39 13 . 77 o. 392 
k 47. 86 48. 97 

Upper 
chord: 

BC B -23. 98 -23.98 
C -84. 34 - 8. 82 -1. 01 -9. 83 -0. 401 -84. 34 -1 . 01 - 8. 82 -9. 83 -0 . 401 

CD C -12. 57 -8. 82 -0, 25 -9. 07 -0. 120 83, 86 -1, 00 • 8, 10 -9. 10 0, 296 
n -1 q 7!) -:I. QR 

DE 0 43.10 -4. 19 -0 . 51 -4. 19 o. 032 59, 21 -0. 71 -3. 21 -3. 92 o. 101 
E -34. 39 -10. 27 

EF E 53. 77 54. 93 
I' 47. 26 -4. 19 -0, 95 .:.L!i 0, 374 50, 49 -1, 02 -3, 50 -4. 52 o. 389 

FG F 33, 82 44. 46 
G 147,04 13 . 04 1. 76 14. 80 o. 669 150, 06 1. 80 12. 88 14. 68 0,720 

GH G -149,31 13 . 04 1. 78 14. 82 -0, 738 -151.45 1. 81 12. 84 14, 65 -0, 768 
I I -49. 98 -56, 17 

HI H -52. 36 -4 . 83 -1. 05 -5. 88 -0, 392 -59 . 96 -1, 21 -3. 71 -4. 92 -0, 416 
I -53.51 -52. 46 

IJ I 32. 84 10, 66 
J -59, 90 -4. 83 -0, 72 -5. 55 -0, 100 -76. 06 -0. 91 -3 . 47 -4. 38 -0. 242 

JK J 51. 79 -9. 98 -0, 62 -10. 60 o. 153 54. 49 -0, 65 -9 . 26 -9, 91 o. 175 
K -10, 35 -7. 33 

Vert. : 
Bb a 5, 06 12, 60 

IJ 6. 97 8, 31 o. 76 9, 07 o. 045 14. 16 1. 54 3. 63 5. 17 o. 099 
Cc C o. 96 6. 61 

r 0 RR -0 al -0_ 13 -0 Ra 0 007 R R2 -0_% -0 al -1 4R 0 04A 
Dd D -7. 71 12. 88 

d -8. 16 8. 37 o. 89 9, 26 -0, 054 13. 63 1. 48 5, 14 6. 62 -0. 090 
Ee E -15. 68 -0, 45 -1. 41 -1.86 -0. 095 -26. 53 -2. 39 -0. 45 ~ -0. 163 

• -13 . 51 -23 . 89 
Ff !' - 13. 57 - la. 12 

I -14. 89 8. 32 1. 62 9, 94 -0, 088 -20. 05 2. 18 3. 79 5. 97 -0. 118 
Gg G 1. 19 -0. 33 -0. 11 -'o."'4'4 o. 007 5, 72 -0, 52 o. 33 -0, 85 0. 034 

1J 1. 09 5, 61 
Hh II 12. 86 17, 60 

h 14. 25 8. 41 1. 55 9, 96 0. 079 19 . 53 2 , 12 5, 16 7. 28 0.109 
Ii I 14. 59 - 0. 49 -1, 31 -1.80 o. 079 24. 69 -2. 22 -0. 49 ~ o. 136 

l 12. 56 22. 22 
Jj J 3, 82 4. 53 

J 4 , 70 8. 33 o . 51 8, 84 o. 024 5, 57 o. a1 7. 56 7. 17 0. 029 
Kk K o. oo - 0. 47 0 . 00 -Q.47 o. ooo o. 54 - 0. 05 -0, 47 ~ 0, 003 

k o. oo o. 51 
Diag. : 

aB tt -42. 55 -9 . 47 -0, 86 -10, 33 -0. 143 -42. 55 -0. 86 -9. 47 -10. 33 -0, 143 

B -11. 99 -11. 99 
Be B 8, 68 8. 43 o. 38 ~ o. 014 9. 54 o. 42 7. 73 8. 15 o. 029 

C -3, 53 1. 71 
cD e 3, 87 0. 47 

0 -10, 22 6. 61 o. 45 7. 06 -0. 016 -12.42 o. 55 3. 69 4. 24 -0. 028 
De 0 -1. 00 -6. 83 

e -24. 26 -10, 02 -0. 57 -10, 59 -0. 063 -27 . 04 -0. 63 -9. 04 -9. 67 -0. 085 
eF -22. 48 -20. 34 

F -23. 93 12. 65 o. 50 13. 15 -0, 110 -28 . 59 o. 60 11. 66 12. 26 -0, 116 
Fg F -42. 85 -42. 21 

1J 43 , 03 -10. 29 -0. 66 -10.95 o. 0004 54. 52 -0, 84 -8. 55 -9. 39 o. 029 
gH r. -41. 07 -39, 34 

n 53 . 18 -10.46 -0. 64 -11. 10 o. 028 60 . 35 -0. 72 -10. 28 -11. 00 o. 046 
Hi H 29 . 06 13. 44 o. 61 14. 05 0.115 32. 60 o. 68 12. 82 13 . 50 o. 134 

i 21 , 42 25. 80 
iJ I 26 , 64 -8 . 78 -0. 56 -9 . 34 o. 051 29. 25 -0. 61 -8, 25 -8. 86 o. 051 

J -4 . 26 -6. 76 
Jk J 20 . 86 5. 46 0. 49 1:1.!?. 0 . 043 26. 26 o. 61 2 . 19 2. 80 o. 059 

k -1 . 92 -0.10 



TABLE 15 

MAXIMUM BENDING STRESSES IN STRUT 
VERTICALS 

Max. Max. 
Member End Axial-Stress End-Moment 

Loadinga Loadingb 

Cc C 
25.5 

119 
C 127c 

Ee E 316c 52.7 
Gg G 33.3 93. 2 
Ii I 267 49.7 
Kk K 

0 10.6 k 

aBending stress in percent of maximum axial 
stress. 

bMaximum fiber stress (%) over t ha t due t o maxi
mum axial -stress loadi ng . 

CHighest . 
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lated for two maximum-stress states: (a) 
under maximum axial-stress loading
maximum axial stress and simultaneous 
bending stress, and (b) under maximum 
end-moment loading-maximum bending 
stress and simultaneous axial stress. 
Simultaneous shears are given for each 
stress state. Average and maximum shear
ing stresses may be obtained by established 
methods. 

Discussion of Results 

In Table 14 are underlined the larger 
of the maximum fiber stresses which should 
govern the design of the 39 members in one
half of the truss under each of the maximum 
stress loadings . Although for two mem -
bers, both maximum stress states produce 
identical maximum fiber stresses, the 
maximum axial-stress loading (or state) 

produces the larger maximum fiber stress in 31 members, and there are as many as 
six members whose maximum fiber stresses are governed by the maximum end-moment 
loading (or state) conditions. 

The hypothesis previously advanced that the governing state is that of maximum bend
ing stress (maximum secondary stress) and simultaneous axial stress and shearing 
stress is fully substantiated. In the three-span continuous truss under analysis, the 
following observations are pertinent: 

1. Highest bending stresses (secondary stresses) occur in strut verticals Cc, Ee, 
Gg, Ii, and Kk (Table 15). In all these strut verticals, maximum end-moment loadings 
govern. The extraordinarily high bending stresses in these strut verticals would be 
very serious if these members were not governed by minimum size or slenderness ratio 
requirements. 

2. Bending stresses in hangers increase toward the intermediate supports and reach 
a maximum of 19. 5 percent in Ff of their maximum axial stresses. Maximum axial
stress loadings invariably govern. Bending stresses in these members are generally 
lower than those in strut verticals . 

3. Among compression diagonals, the end posts aB and a 'B' have the higher bending 
stresses which, however, amount to only 9.1 percent of their maximum axial stresses. 
Both maximum axial-stress and end-moment loadings produce identical results. 

4. Among tension diagonals, those nearest the center of the middle span have the 
higher bending stresses which amount to only 9. 0 percent of their maximum axial 
stresses under loadings for these stresses. 

5. Among upper chords , the end upper-chord members BC and B 'C' have the higher 
bending stresses at their inner ends, which amount to 11. 5 percent of their maximum 
axial stresses. Both maximum axial-stress and maximum end-moment loadings pro
duce the same results. The next upper-chord members, CD and C 'D', are governed 
by the maximum end-moment loadings, but their maximum fiber stresses under these 
loadings are only 0. 3 percent over those produced by the maximum axial-stress loadings. 

6. Among the lower chords in this continuous truss, those in compression adjacent 
to the intermediate supports have medium-high bending stresses, i.e., 33.1 percent in 
fg and f 'g', and 41. 1 percent in gh and g 'h' where g and g' are intermediate supports. 
Both members are governed by the maximum axial-stress loadings. 

7. These stress observations apply only to vertical loadings of the continuous truss 
under analysis. Bending stresses would be increased when both chord members are 
analyzed to transmit wind loads (centrifugal forces) resisted by upper and lower lateral 
systems or when verticals and end posts are analyzed to transmit sway portal action 
due to lateral loads. 
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It is thus clear that in the design of any important structure, in any critical design, 
or in any important investigation, bending (or secondary) stresses in rigidly connected 
trusses should never be taken as negligible, nor should maximum axial stress plus 
simultaneous bending stress be assumed as adequate to dictate a safe design. 

AUTOMATIC LOGICAL CHECKS 

The development up to this point has been in proper logical sequence which allows 
an automatic computation program to be written from a few basic parameters (span 
lengths, panel lengths, truss heights, roadway width, median-divider width, sidewalk 
width, live load, impact-fraction formula, modulus of elasticity, and Poisson's ratio)for 
maximum design axial stresses and simultaneous end moments, or maximum end mo
ments and simultaneous axial stresses, with simultaneous transverse shears. 

Individual programs must be written for each particular electronic digital computer 
in its most efficient machine language and must be adapted by the individual engineer 
and programmer to their own machine. To include any specific program would be ex
traneous to this basic investigation and would detract from its importance. 

However, for the sake of helping those who are going to apply the proposed method 
and associated techniques, some intermediate, sub-final, and final automatic logical 
checks are given. To provide more general applicability, an indeterminate highway 
bridge truss of the continuous type will be assumed as the hypothetical analysis to be 
programmed. 

It.--------- T"\ __ .,: ___ _J 
.t1,,.l.,;.\,;UJ. a,\,;y ut::~1.1 eu 

As is inherent in any indeterminate structural analysis, the terms and coefficients 
involve very small linear and angular displacements and their arithmetic operations. 
The solution involves rather large sets of simultaneous equations. Unless more sig
nificant figures are retained in the initial and intermediate stages, the final answers 
may not have a three-figure accuracy. For instance, the subtraction of two eight-digit 
figures differing by the last three digits would become zero if only five digits were kept, 
and the solution of a large set of simultaneous equations would generate large rounding
off errors. For this reason, it is not only desirable, but even imperative, to use as 
many digits as the available computer can accommodate. 

Logical Checks 

Intermediate, sub-final, and final answers should be strategically checked by logical 
criteria, either mathematical, statical, or according to conservation of energy. At 
any stage of the machine computation, logical checks can be devised and incorporated 
inlo lhe program; typing out the checking indication may be programmed. In any plane 
truss, for instance: 

1. Computation of lengths of inclined members may be carried out by any process 
but the results must conform to the Pythagorean rule: 

(68) 

2. Reactions may be determined by any determinate or indeterminate methods, as 
the case may be, but they must satisfy statical requirements: 

tX = O} 
EY = 0 (69) 

where X and Y include, respectively, all horizontal and vertical components of all 
applied loads and reactions if the entire truss is considered, or of all applied loads 
and reactions on one side of a section and all stresses on the same side of the same 
section if such a section is under consideration. 



3. Moments may be determined in any way that is expedient, but 

~M = 0 

must hold when moments are taken about any joint, or about any point through any 
section. 
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(70) 

4. To test for correct internal strain energy, its total must be a minimum, that is 

oU _ O 
oX - (71) 

A change from negative to positive implies that nature does not do any foolish work or 
any more than the minimum or least work. 

5. In axial-stress computation with parallel chords at least in center panels, unless 
the center vertical is a hanger in a pony or through truss or a strut in a deck truss, its 
live-load axial stress (corresponding to primary stress) must be zero, or 

Noa = o (72) 

where O and o are, respectively, upper and lower center joints. 
6. For end joint equilibrium, under the present lane loading with shear concentration 

much larger than moment concentration, the compressive stress in the end-post is 
governed by shear, and hence, the maximum stress in the end segment of the lower 
chord in a through truss will not be governed by maximum moment, but by 

Max. Nab 
Lab 

= -Max. NaB -
LaB 

where a and B, respectively, denote end and hip joints, and b the lower joint of the 
first hanger. 

(73) 

7. At all T-shape joints, e.g., j or J, chord stresses (corresponding to primary 
stresses) are always equal, i.e., 

or (74) 

8. With the simplified energy method, all axial stresses, N, should check with the 
primary stresses, S, by the conventional method, i.e., 

where ij denotes any member. 

S·· lJ (75) 

9. With the exact energy method, the resulting exact N's are in equilibrium under 
the principle of extended methods of moments, shears, and joints, i. e., when all com -
ponents of N, M, Qare considered, or 

F(N, M, Q) = 0 (76) 

10. With the simplified energy method, all bending stresses, f, should check with 
the secondary stresses, s, by any of the classical methods, i. e., 
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(77) 

11. With the energy method, either exact or simplified, all bending stresses, f, 
should satisfy Eq. 72, a criterion for minimum internal strain energy, or least work 
of deformation, in conformity with which nature works. 

12. In the method of panel-load superposition, when the panel load is replaced by 
unity, the summation of reactions, R, should give 

~R =- 1 

13. With any method of inversion for solving any set of nonhomogeneous linear 
equations, unless the matrix is singular, i.e., 

In European usage, U is denoted as E or I. 

(78) 

(79) 

14. An overall check of all independent, i, and dependent, d, unknown end moments, 
Mi and Md, is given by 

(80) 

15. In general, maximum design N, M, Q for all members meeting at a joint or 
acting through a section give the inequalities: 

(81) 

No attempt should ever be made to check the results in this manner. 

Other logical check criteria. may be added as suggested by the premises of a partic
ular problem. 

CONCLUSIONS 

The entire investigation stands for its full justification on the ground that: 

1. Engineers have been aware of the "illogical (loath to use the word 'wrong') as
sumption" in analyzing "rigidly connected trusses" as "frictionlessly pin-connected" 
for 85 years; why then should the status quo be indefinitely continued by any progres
sive engineer except the ignorant? 

2. Nature has never made the artificial distinction between "primary stresses" and 
"secondary stresses" as the prevalent engineering parlance has labeled them; they 
exist by their very nature as axial stresses, bending stresses, and shearing stresses; 
why then should this misnomer not be dispelled? 

3. With the larger versions of modern electronic computers, rigidly connected 
trusses can be analyzed as a chain of rigid frames in its true nature by the proposed 
method and associated techniques in not over a few minutes difference in time as com -
pared with the conventional methods; why then should engineers continue to use nine
teenth-century methods? 
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Suffice it to state only a few without exhausting the enumeration. 
On the ground as firm as this, the investigators have proceeded: 

1. To expound a new exact matrix-energy method for analyzing all stresses in 
rigidly connected trusses (exact, for the method is compatible with the nature-behavior 
of any physical system), this being the rational approach for refined analysis required 
in critical designs or investigations; 

2. To synthesize the elegance and efficacy of matrix algebra founded by Authur 
Cayley with the necessary compatible condition of minimum strain energy in elastic 
structures propounded by Alberto Castigliano, their technological union constituting 
the most powerful tool in structural analysis, especially in this electronic age and when 
the coefficient matrix is symmetrical as proved in Appendix A; 

3. To deduce a simplified matrix-energy method for analyzing all stresses in rigidly 
connected trusses to minimize time and effort for ordinary engineering purposes; 

4. To set forth the extended methods of moments, shears, and joints, so that strain
energy expressions of the truss members will be compatible with the exact matrix
energy method expounded; 

5. To demonstrate the truth in the validity and thoroughness of the exact matrix
energy method in the case of a determinate truss by comparing results with previous 
authorities; 

6. To reveal the closeness and dependability of the simplified matrix-energy method, 
again in the case of a determinate truss, by comparing results with previous authorities; 

7. To advance the method of panel-load superposition for continuous trusses in lieu 
of the classical influence-line method of Mliller-Breslau, this method being especially 
adapted to longer span bridges where lane loading plus concentrations govern as a rule; 

8. To resort to the method of substitution of an unsymmetrical loading by a set of 
symmetrical loading and a conjugate set of antisymmetrical loading, as a powerful 
analytical tool to reduce 2n unknowns to n unknowns, which is indispensable in using 
the smaller versions of computers; 

9. To introduce further a method of transformation from one type of many more un
knowns to another type of many fewer unknowns, which enables the solution of a still 
larger set of equations in a much smaller computer as demonstrated in Appendix B; 

10. To elucidate the problem of solving very large sets of simultaneous equations, 
with reference also to four matrix methods developed by the principal investigator; 

11. To apply the proposed simplified matrix-energy method and relevant techniques 
set forth above to the analysis of a three-span continuous highway bridge truss with 
inclined upper chords, and to demonstrate the validity and accuracy of the results vs 
those of the Montana State Highway Commission; 

12. To pronounce that the methods advanced make it possible and expedient to deter
mine two maximum stresses states: (a) maximum axial stress plus the larger simultaneous 
bending stress and simultaneous transverse shear, and (b) the larger of the maximum bend
ing stress plus simultaneous axial stress and simultaneous transverse shear; 

13. To indicate that either of these two stress states has the same frequency of 
occurrence, and that either has the likelihood to dictate the larger requirement for the 
section of a member; hence, 

14. To conclude that either of these two stress states may govern the design, and 
that both should be computed in cases of important critical designs and investigations; and 

15. To establish automatic logical checks for programmed electronic computation 
throughout its initial, intermediate, sub-final, and final stages. 
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INDEPENDENT PROOF FOR SYMMETRY OF COEFFICIENT MATRIX 

By generalizing the n 1mkno¥1ns in the matrix-energy methocl ::i.s the column vector 

[Xi}, it is seen, from the extended methods of moments, shears, and joints for deter
mining the axial stress in each member of the truss, that the axial stress Nij of any 
member IJ is represented by 

(82) 

where qi is the coefficient of the unknown Xi, and Sij corresponds to the conventional 
primary stress in member IJ. 

Knowing the expression of Nij, we conclude, from Eqs. 5 a nd 6, that the expression 
of the total strain ene1,gy , U, of a given loaded truss is an algebraic expression 
of the second degree in [XiJ. After collecting like terms in the expression of U, the 
total strain energy becomes 

u = ~ c--x~ + ~ C··X·X· + ~ c·X· + p 11 l lJ l J l l (83) 

where cii is the coefficient of XL Cij is the coefficient of XiXj, Ci is the coefficient of 
Xi, p is the constant term, and i /4 j. 



By Castigliano's second theorem, we have 

and 

au - - 0 - 2c··X· + c · ·X· + "t ck-xk + C· oXj - - JJ J lJ l J J 
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(84) 

(85) 

where Cik, Cjj, Ckj, and Cj are, respectively, the coefficients of XiXk, Xj, XkXj, and 
Xj in the expression of U; and i f. k f. j. Therefore, if aij is the coefficient Xj in the 

equation obtained from n.;f_ = 0, and aji is the coefficient of Xi in the equation obtained 
U l 

from X · = 0, Eqs. 84 and 85 yield 
J 

Eq. 86 implies that if the equation obtained from oXU = 0 is arrayed in the i th row 
0 i 

of the set of simultaneous equations, the coefficient matrix [ aij J is always symmetrical 
about its main diagonal. 

Appendix B 
DEMONSTRATION OF IDENTICAL RESULTS 

The purpose of this demonstration is to show that (a) the simplified matrix-energy 
method yields identical results as (b) the simplified Manderla's method, (c) the com
pletely transformed energy method, and (d) the partially transformed energy method. 

For the sake of mere demonstration, a very simple rigidly connected truss has been 
chosen as shown in Figure 14 with all dimensions and section properties indicated. 
The problem is to determine the unknown end moments in all truss members by these 
four methods and compare their results. 

2 

6k 

2@40 11 = 80" 

~,,,, 

Figure 14 . 

All A= 1 in2 

All I= 10 in4 
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Solution by Simplified Matrix-Energy Method 

1. Choice of Independent Unknowns-The three statically independent unknowns are 

2. Determination of Axial Stresses-Axial stresses are determined by using the 
extended methods of moments, shears, and joints. Thus, for N12, taking the free body 
diagram to the left of member 2-3, by l: M:i = 0, we have 

from which 

N12 = 0. 03 (X2 + Xi) + 4 

Similarly, 

N13 -0. 015X1 - 0. 0416X2 - 0. 026X3 - 5 

and 

N23 = 0. 05(X1 + ~) + 6 

3. Tabulation of Constants for Strain-Energy Expressions: 

Member 

1-2 
1-3 
2-3 

L/A 

40 
50 
30 

L/16 

0.6 
0. 83 
0.5 

4. Formulation of Strain Energy: 

E U = '°'[_!_ ~ N~ · + Lij (M~ · - MiJ' MJ·i + M2J·i ):1 
4,,J 2 Aij lJ 6Iij lJ ~ 

Specific equations are given in Table 16. 
5. Simultaneous Equations and Their Solution-Three simultaneous equations will 

be formed by taking partial derivatives of one-half the strain energy in the truss with 
respect to each independent unknown as stated in the simplified matrix-energy method. 
For example, 

0 0. 6(2X1 - X2) + 50(-0. 015) (-5) + 

1 0. 83 (2X1 + Xi) + 2 (30) (0. 05) (6) 



Member 

1-2 

1-3 

2-3 

TABLE 16 

E Times Strain Energy 

½(40) [o. 03(X2 + Xi) + ~ 
2 

½(50) [-o. 015X1 - 0. 0416X2 -

1 2 

2 (30) IQ. 05(X1 + X2 ) + ~ 

+ 

2 

0. 026& - ~ + 

+ 0 
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Use only one-half of the strain energy in this memberbyvirtueofsymmetry. 

After taking similar derivatives with respect to X2 and X3, the following matrix 
equations result: 

[

3 

-0.6 

0. 83 

-0.6 

1. 3 

0 

Being non-singular, the matrix has the solution: 

Solution by Simplified Manderla's Method 

1. Unknowns-The same unknown moment vector Lx1 X2 X3j used in the energy 
method will be found here. Since these unknowns may be expressed in terms of tangent 
rotations, they result in one unknown reference -r vector L:12 -r21 T31J at joints 1, 2, 
and 3. Using -rand Ila as defined for the method of transformation, the Aa's may be 
evaluated by the usual angle change formula. Thus, 

E aa13 = ~fa - fb) ~a - fc)j {cot y cot a) 

where f is the unit stress and ~ f3 yj and La b c I are as defined in Figure 15. 
2. Tabulation of Unit Stresses: 

C 

Figure 15 . 

a 

Member 

3-1 ', 1-3 
2-1 ', 1-2 

2-3 

N/ A (ksi) 

-5.0 
4.0 
6.0 

3. Expressing All -r's in Terms of 
Reference -r's-In joint 1, the reference 
Tis T12· Then, 
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lJ6 + 5) (6 - ill (¾ o} 
Therefore, at joint 1, 

At joints 2 and 3, by symmetry, 

Applying the angle change formula, we have then: 

At joint 
2 

[

21• 

E T23 

T21 

At joint 

T31]

3 
[20. 2 

T 32 = 0 

T - 20.25 31 

8. 25 

4. Formulation of Equations and Evaluation of Unknown End Moments-The unknown 
end moments may be expressed as a function of T's; thus, 

By joint equilibrium, at joint 1, 

where j represents far end joints. On substituting Mij in terms of T's, we get 

from which 

ET12 = 4. 625 

All the unknown end moments may now be found by back substitution, resulting in: 

[X] [5. 6 ~ X2 = - 17.9375 

X;i 4. 45 
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These results are identical with those of the energy method. 
It should be noted that due to inherent simplicity, no simultaneous equations need be 

solved here in using Manderla's method. An unsymmetrical truss under any loading 
will result in a set of n equations inn unknowns, where n equals the number of joints 
in the truss. 

Solution by Method of Complete Transformation 

In this method, the unknown end moments will be written in terms of T. There re
sult, in this particular case, Uu·ee equations involving one unknown 712 . Any one of 
these equations will yield the correct value of E712 . 

1. End Moments as Functions of 7: 

X1 M12 10 C 40 2(E-r12) - 20.25] 

X2 M21 2 
10 

[2 (-20. 25) + ET12] = 40 

M31 ~~ [2(-12) + (E-rl2 + 8.25~ 

2. Transformation of Energy Equations-Making use of these equations, the set of 
simultaneous equations of the matrix-energy method may be transformed into a new 
set as functions of the mono-unknown E-r

12
: 

xi 

-0.6 - 10.125 

-0.6 [' 1. 3 " ] 0 8J [ E, 
0 0. 5 E-r: - 20.25 = ~825] 

- ~~-25 
0. 83 0 1. 6 0. 4 E7J2 -

The solution of any one of these equations yields E-r12 
the column vector Xi yields: 

6.3 

4. 625. Back substitution into 

XJJ = -L5. 5 17.9375 4.45j 

which are identical with the results of the simplified energy method and the simplified 
Manderla's method. 

There is no advantage in using the completely transformed energy method since, 
after the end moments have been expressed in terms of the reference 7 's, it is much 
easier to obtain relations between the end moments by using joint equilibrium equations 
than by using the simplified energy method. 

Solution by Method of Partial Transformation 

This method becomes useful in case it is necessary to reduce the number of simul
taneous equations by a small number so that an existing program may be used. 

The number of unknowns that will be reduced by substituting for part of Xi's depends 
on the configuration of the truss and the end moments chosen as unknowns. In the 
present simple case, X1 and X3 will be transformed resulting in two simultaneous 
equations with E712 and X2 as unknowns, thus 
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[:., 
-0.6 

1. 3 0

0. 83] 1Er12 

1

~ 10. 126 l = 

lo. 4 ; ,2 - 6. 3J [

8. 25] 

20.26 

which by simplification becomes: 

[ 
10 -2] [Er,2

] = 

-2 4 X2 [ 

82.125] 

-81 

whose solution gives 

x.J = ~- 625 -17. 937~ 

By back substitution into the Xi vector, the complete solution becomes 

which is identical with all preceding solutions. 

Conclusions 

17.9375 4. 4~ 

This demonstration has conclusively shown that the simplified energy method yields 
results identical with the simplified Manderla's method which is the forerunner of the 
modern slope-deflection method. Thus, the simplified energy method has the same 
accuracy as the classical methods in the determination of secondary stresses, but it 
has dispensed with the unjustified assumption of analyzing rigidly connected trusses as 
ideally pin jointed in the determination of primary stresses, especially if its exact 
counterpart is applied. 

It has also been demonstrated that the completely transformed and the partially 
transformed energy methods are equally valid, and each has its particular usefulness 
in reducing more or less unknowns to enable solution of a larger set of equations by a 
smaller computer. 



Design of Aluminum Sign Structures 
By Electronic Computation 

RUDOLPH HOFER, JR. , and ALAN H. KNOLL 
Aluminum Company of America 

The design of overhead sign structures offers an ideal ap
plication for electronic computation because the efficiency of 
a computer is best utilized in the design of similar structures 
having a great variety of design loading conditions. This type 
of design work done by slide rule represents the ultimate in 
inefficient use of design talent. 

In setting up a computer program, various suitable geo
metric configurations are considered for any given combina
tion of span length and wind loading. The computer calculates 
the force in each member and then selects the lightest avail
able section permitted by specifications. The total metal cost 
is calculated; this and a calculated fabrication cost make up 
the estimated total cost of the structure. It is then possible 
to select a truss for any span length and loading condition 
which has the correct configuration for the most economical 
balance of metal and fabrication costs. 

•IN 1961 the American Association of State Highway Officials (AASHO) adopted "Spec
ifications for the Design and Construction of Structural Supports for Highway Signs." 
These specifications, written by a joint AASHO-ARBA Committee, contain allowable 
design stresses for wrought aluminum alloys 6061-T6, 6062-T6, and 6063-T6 and for 
aluminum casting alloys 356-T6 and 356-T7. These specifications provide, for the 
first time, a recognized design and construction code for design and specifying agen
cies throughout the United States. 

The AASHO specifications were adopted to provide for safe , reliable structures and 
to permit the standardization of designs. Standard designs afford the fabricator the 
advantages of carrying a minimum number of shapes in inventory and of using standard 
fabrication techniques. This can result in savings not only to the fabricator but also 
to his customer in the form of better, less expensive structures. 

In 1962, Alcoa began a program designed to provide highway departments with a 
complete set of aluminum sign structure designs covering most conditions of span and 
loading. The variation in wind loads throughout the country and the range of span 
lengths and sign areas made this program a monum,z,ntal task through any means other 
than by an electronic computer. 

Consideration of the various cross-sections of roadways, including such things as 
median and shoulder width, led to the conclusion that span lengths for bridge-type 
structures of from 50 to 140 ft would satisfy most requirements. For example, this 
would provide a structure over a highway varying from four to twelve lanes. Canti
lever and butterfly structures having spans of from 15 to 35 ft, measured from cen
terline of post, were thought to provide a full range of practical sizes for these types 
of structures. 

Sign areas will vary for different structures having the same span length. Increase 
in sign area is generally in proportion to increase in span length. It was decided that 
a 50-ft span could carry a sign area as small as 100 sq ft but that it was highly unlikely 
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that a 140-ft span would carry anything smaller than about 400 sq ft and could easily 
carry as much as 1,000 sq ft of sign area. It was decided to design cantilever and 
butterfly structures for a sign area covering the full span length and having different 
sign depths. 

The AASHO specifications governing the design of sign structures provide a map 
that gives the wind speeds in miles per hour for every area of the country. Thus, it 
is possible to select the design wind load for which a sign structure should be de
signed. Also provided by the specifications is a map showing the areas of the country 
in which an ice load is a consideration. Because design wind velocity can vary from 
60 mph to a maximum of 120 mph, because only portions of the country are subjected 
to ice loads, and because some highway departments prefer trusses with walkways, 
the required number of sign structures can reach well up into the thousands. 

Overhead sign structures, subjected to large design wind loads, are generally 
fabricated as four-chord box trusses. The horizontal-plane trusses carry the wind 
loads which are applied in either direction; the vertical-plane trusses carry the dead 
loads, live loads from walkways and ice loads, which are always applied in a down
ward direction. Consequently, it was decided that the vertical-plane trusses should 
be Pratt trusses in which the web diagonals normally carry tensile forces. Similar
ly, it was decided that the horizontal-plane trusses, whose bracing members carry 
either tension or compression, should be Warren trusses, and the diagonal mem
bers should be designed to carry either loading condition. A cost analysis proved 
these decisions to be economically advantageous. 

Another factor of importance, for which a quick solution is possible through the 
use oI a co1nputer, is the co1°1=ect balance of 111etal a11d fabrication costs to ar1~ive at 
the most economical truss geometry. For example, for any given span length and 
sign area, the truss cross-section and its number of panel points will have an opti
mum value. Variation from this optimum will increase the cost of the structure, 
either in metal cost or cost of fabrication. 

By including metal and fabrication costs for different ratios of depth to width of 
truss for various numbers of panel points, the optimum geometry can be reached. 
Theoretically, the geometry varies slightly for varying wind loads on any one truss. 
However, in the interest of standardization, it was deemed advisable to select a con
stant geometry for all trusses having a given span length, regardless of the wind load
ing conditions. This geometry was arrived at by trial runs which gave the variation 
in cost for a fabricated structure having different ratios of width to depth of truss. 
The selected cross-section and number of panel points per truss were arrived at by 
choosing the geometry that provided the greatest economy over the entire range of 
wind loadings. Though this decision will place a small penalty on the theoretical 
economy for a particular wind loading, it should be more than offset by economy af
forded through standardization of fabrication. 

Because tubular sections provide a much higher ratio of rigidity to weight of metal 
than angles or channels, they were chosen to be used for the chords and posts, as well 
as for the web bracing members. In the case of the chords and posts, this decision 
was made because these members are designed to resist compressive forces and 
are subject to column buckling in any plane. Because of the deflection limitations 
placed on sign structures by the AASHO specifications, and also because of the practi
cal depth of the signs, the trusses have sufficient depth such that the web bracing 
members are often controlled by limiting values of slenderness ratio and are, there
fore, designed on the basis of rigidity rather than stress. Thus, the efficiency of 
tubular sections is utilized for the entire structure. The more pleasing appearance 
of tubular members and welded construction is felt to provide an intangible value to 
the design. 

An electronic computer can be used to select, according to such factors, from a 
list of available sizes the correct tube for each member of a truss. From a practical 
standpoint, it is desirable to keep the number of tube sizes to a workable minimum 
so that the fabricator is not faced with the problem of unavailability or of stocking a 
too-large variety of sizes. In the Alcoa program, trial designs were run in which the 
computer picked the tube size from a large list included in the input. The designs 
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were then reviewed, with particular attention given to the number of times that each 
tube was used. The seldom-used sizes were eliminated from the program and the 
designs were rerun. This resulted in a usable number of tube sizes so that delivery 
of sections from the mill to the fabricator should not cause unnecessary delay of 
shipment to the purchaser. 

To prepare for a wide variety of sign structure designs, four digital computer pro
grams were written: (a) a program to design the truss portion of bridge-type sign 
structures, (b) a program to design the supports for bridge-type structures, (c) a 
program to design the truss portion of cantilever and butterfly-type structures, and 
(d) a program to design the supports for cantilever and butterfly-type structures. 
The operation of all four of these programs is basically similar; for purposes of illu
stration, the details of the program for the design of truss portions of bridge-type 
structures are described. 

The designer begins by selecting a list of tube sections from which he wishes his 
structure to be fabricated. The properties (diameter, thickness, area, and radius 
of gyration) of the tubes in this list are fed into the computer. The designer then 
selects a trial configuration for the structure, including the vertical and horizontal 
depth of truss and the number of panels in the truss. These are fed into the com
puter along with the spans, wind load, sign area and estimated values of the dead
weight of the structure, ice load on the structure, and area of the structural mem
bers exposed to the wind. 

The computer proceeds to calculate the design loads for each type of member in 
the truss. For reasons of simplicity of fabrication and erection, the four chords of 
the truss are all made identical and of the same section over the entire span length, 
even though some reduction in section could take place near the ends of the span. 
Similarly, all diagonals in the vertical faces of the truss are identical, as are the 
struts in the vertical planes and the diagonals in the Warren trusses in the horizontal 
planes. In general, the chords are designed by the application of wind and gravity 
loads producing maximum stress at the center of the span, whereas, the web mem
bers in the horizontal and vertical trusses are governed by the shear loads near the 
ends of the span. 

Since the gravity loads from the sign and walkway loadings are applied on one face 
rather than at the centroid of the truss, the torsional stiffness of a box truss is used 
to advantage to distribute a portion of this loading to the opposite vertical face. This 
produces additional shear loads in the horizontal planes of the truss which are ac
counted for in the design. To insure the torsional rigidity of the box structure, cross 
diagonals are included at the ends of each shop-assembled section of the truss. These 
cross diagonals also insure proper fitting of the field chord splices between the sub
assemblies. 

After a design load is calculated for a particular member type, the minimum al
lowable radius of gyration based on the specification slenderness limit is calculated 
from the member length. The list of available tube sections is then scanned, starting 
at the lightest section and proceeding to sections of heavier weight, until a tube is 
found whose radius of gyration exceeds the calculated minimum radius of gyration. 
The allowable stress for this trial tube is calculated from the slenderness ratio and 
the diameter to thickness ratio, using the formulas given in the specification, and is 
then compared with the actual stress calculated from the design load and the area of 
the trial tube. If the actual stress exceeds the allowable stress, the trial tube is re
jected. The list of tubes is scanned for the next heavier cross-section with an ac
ceptable radius of gyration. This process is repeated until a tube is found whose al
lowable stress exceeds the actual stress. Because the list of available tubes is 
searched in order of increasing area and weight, the first section acceptable from a 
slenderness ratio and stress standpoint is necessarily the lightest tube in the list that 
can be used. This process is repeated for the chords, the vertical plane diagonals, 
the vertical plane struts, the horizontal plane diagonals, the horizontal plane struts 
and, finally, the end cross diagonals. To obtain the maximum economy, the chord 
and post members have been designed in aluminum alloy 6062-T6 and the web mem
bers have been designed in alloy 6063-T6 since they are generally governed by the 
basis of slenderness rather than strength considerations. 
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When the lightest acceptable tubes have been selected for each of these members, 
the dead weight of the truss is calculated. Also calculated are the truss ice load, 
which is a function of the exposed perimeter of the tubes, and the area of tubular 
members exposed to the wind. These calculated values of deadweight, ice load and 
wind area are compared with the corresponding values assumed at the beginning of the 
design. If any of the three estimates were low, the estimated values are revised and 
the entire design procedure is repeated. If the estimate for any of the quantities ex
ceeded the calculated value by more than 5 percent, the design may be overly con
servative and again the estimates are revised and the design procedure is repeated. 
The program may go through several cycles of design until the estimated and calcu
lated values for deadweight, ice load and wind area are in agreement. When this 
point is reached, the estimated cost of the structure is calculated from the weight 
and unit cost of the metal plus an estimate of the fabrication cost based on the number 
of joints to be welded. 

The following are then punched into a card from the computer memory: (a) the 
geometry information for the structure, including the span, sign area, vertical truss 
depth, horizontal truss depth , and number of panels; (b) the loading information, in
cluding the applied wind load, the actual dead load of the structure, actual ice load on 
the structure and actual area of the structures exposed to the wind; (c) the tube size 
for each of the member types; and (d) the calculated cost of the structure. The in
formation on the card is provided to the designer on a printed sheet. 

By selecting several trial geometrical configurations for a given structure and 
comparing the cost information for each, the designer can manipulate one or more 
of the geometric parameters to obtain a minimum cost structure. For example, it 
was found that the cheapest structure tended to be one with a small number of rela
tively long panels because this reduced the number of joints in the structure and 
thus lowered the fabricating cost, even though the sizes of the diagonals in the verti
cal and horizontal trusses increased with a corresponding increase in the metal cost. 
Similarly, for structures exposed to very light wind loads, the optimum cross-section 
of the truss tended to be deeper vertically than horizontally; the opposite tended to be 
true for very heavy wind loads. It was generally found that a square cross-section, 
that is, one with equal vertical and horizontal depths, was a good compromise when 
a single cross-section was to be selected for all wind loadings at a given span length. 

The computer time required to produce a design for a given set of loading and geo
metric parameters varies considerably with the span length, loading, and the pre
cision of t.11e original estimates for rie:1riweight, ice load and wind area. After some 
experience was acquired, these values could be estimated closely enough that one or 
two passes through the design portion of the program were sufficient. This meant 
that an average time to produce an acceptable design on a computer such as the IBM 
650 or 1620 is on the order of one to two minutes. This time would be faster for 
short-span lightly loaded sign structures and somewhat longer for long-span heavily 
loaded structures. 

This use of digital computation to produce standard designs for overhead sign 
structures was economical, efficient, and allowed a much greater degree of refine
ment in the designs than could have been included had they been prepared by hand. 
The successful application of this approach to sign structures suggests that similar 
techniques should be useful in the repetitive design of other types of structures. 
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Reported are theories and experimental data pertaining to 
various thermal aspects of composite bridge structures with 
steel beams and concrete decks or prestressed concrete 
beams and concrete decks, some of which are insulated on 
the underside with urethane foam. Heat conduction behavior 
as well as induced thermoelastic stresses and deformations 
are discussed in regard to these bridge types. Certain limited 
conclusions are drawn as affecting current design procedures . 

•ALTHOUGH CURRENT bridge specifications in the United States, such as those of 
AASHO, do recognize the existence of thermal expansion and thermal forces, they are 
rather vague concerning values, particularly in regard to internally induced thermal 
stresses. Even though a bridge may have adequate provision for overall expansion and 
contraction, there could still exist large internal stresses due to non-uniformity in 
temperatures and material properties. Such is particularly true in composite struc
tures exposed to solar radiation. German engineers and specifications were perhaps 
the first to deal with this subject. However, studies are now under way not only in the 
United States but also in Canada, England, Japan and Israel. 

This paper is limited primarily to research efforts at the Virginia Council of High
way Investigation and Research located at the University of Virginia in Charlottesville. 
Although extensive field data have been taken in connection with this study, principal 
emphasis in the report is given the basic theoretical equations predicting bridge tem
peratures and stresses due to atmospheric weather conditions. These equations pro
vide the greatest generality of application and are not necessarily restricted to the 
local conditions tested. However, as far as field conditions permit, the experimental 
data are compared to the theoretical to ascertain the general validity of such theories. 

UNINSULATED BRIDGES 

Theory of Temperature Distribution 

Of first concern is the prediction of temperatures at the surface of a bridge deck. 
E. S. Barber ( 1) has developed a reasonably reliable equation to predict maximum 
surface temperatures of slabs, either concrete or bitumen. Although many complex 
factors such as solar radiation, ambient air temperature, wind velocity, insolation, 
reradiation, conductivity, diffusivity, and evaporation come into play, a simple but 
reasonable solution can be obtained on the basis of assuming average values of the 
secondary parameters and by assuming a sinusoidal effective daily temperature cycle. 

Thus, for a normal concrete deck in the Middle Atlantic States, the maximum sur
face temperature in degrees Fahrenheit may be approximated by the formula 

Tm = Ta + 0.018L + 0.667 (0.50Tr + 0.054L) (la) 
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where 

Ta average daily air temperature (°F), 
Tr daily range in air temperature (°F), and 

L solar radiation received on a horizontal surface (cal/sq cm/day). 

The equation for the maximum surface temperature of a bridge deck surfaced with a 
thin topping of bitumen would correspondingly be 

Tm = Ta + 0.027L + 0.65 (0.50Tr + 0.0BlL) (lb) 

For other regions and extreme conditions, the various constants may be appropriately 
adjusted as shown by Barber (1). The value of L (langleys of solar radiation) may be 
either determined from U. S. -weather Bureau maps or taken independently by a rela
tively inexpensive pyrheliometer which can be purchased commercially. 

The effect of blacktopping can easily raise the surface temperature of decks 15 F 
or more above that of bare concrete decks . This factor is significant in relation to dif
ferential temperatures between the top and bottom of bridges, which in turn affect the 
induced internal thermal stresses. 

The exact determination of the maximum differential temperature between the top of 
the slab and bottom of the supporting beam is also a complex matter. However, again 
with some simplifying assumptions, a rather simple but workable formula can be de
vised. Irr the cai::e of 8teel beam8, it iR not too unreasonable to assume that the con
duction of the steel is large enough that the lower outer fibers of the steel are at essen
tially the same temperature as the ambient air. However, there is a phase lag of 
several hours between the peak surface temperature (controlled primarily by solar 
radiation) and the air temperature, with the surface temperature generally leading the 
air temperature. 

A simplified equation for predicting the maximum temperature differential between 
the top and bottom of a normal steel-concrete composite highway bridge may be as
sumed as 

(2) 

where A us u1e 1ag 1acLur, varying fron1 about one-fourth in the summer to about one
half in the winter. A value of three-eighths may be taken as an average for approxi
mate analysis in Middle Atlantic states latitudes. 

One other feature of interest is the character of the temperature distribution through 
the thickness of the deck slab itself. If the temperature at the top of the slab is equal 
to Tt = B + C sin (0. 262t - ¢) and that at the bottom of the slab is Tb = G + H sin 
(0. 262t), by superimposing the steady-state heat transfer solutions developed by Cars law 
and Jaeger for periodic temperature states on an infinite plate (2), the following equa-
tion is obtained for the time-temperature-depth relation: -

where 

h 
y 
t 

y 

y ' 

T = CY sin (0.262t - ¢ + ln Y) + HY' sin (0.262t) + (B-G) t + G (3) 

= 
= 

thickness of slab, 
distance measured from bottom of slab, 
time , 

[
cosh 2 my - cos 2 myJ~ 1/z d , an 
cosh 2 mh - cos 2 mh 

1cosh 2 m(h-y) - cos 2 m(h-yr ½ 
l:cosh 2 mh - cos 2 mh _J 
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(0.262)½ In the last two terms, m = ~ ~ where q is the diffusivity (an approximate value 

of m for concrete is 2. 1 in units of feet, hours, pounds, British thermal units, and 
degrees Fahrenheit) . 

Generally speaking, in normal bridge structures, a temperature extreme ( either hot 
or cold) at the top of the slab rapidly decays with depth, so that at approximately mid
depth the temperature is virtually the same as at the bottom of the slab. 

Theory of Thermoelastic stresses and Deformation-Composite Section with 
Steel Beam and Concrete Deck 

The following theory follows in essence the derivations in a previous paper (3), 
except for the consideration of temperature varying as any function of depth in--
stead of a linear function. The theory in this paper, therefore, represents a more 
generalized case. The slab and beam are assumed separated and free to deform 
independently according to the imposed temperature conditions . From basic thermo
elastic theory, these separated induced thermal stresses may be easily determined. 
From these stresses, acting in conjunction with thermal expansion, the strains at any 
depth of the beam or slab may be found. However, in the actual composite beam, addi
tional unknown forces in the nature of shears and couples exist at the interface between 
the slab and beam at the ends (3). These interface forces cause the two separated ele
ments to join compositely, so that the strain of both the beam and the slab at the inter
face must be equal (assuming a no-slip condition) and the radius of curvature at the in
terface must be the same for the slab and the beam. 

When the strain effects of the interface shears and couples are superimposed with 
the original thermal strains and the compatibility conditions of equal strain and curva
ture at the interface are met, the values of the interface shear and moment may be de
termined. Once these are established, the actual stresses and deformations in the 
composite section may be found by elementary beam theory. 

Notations. -The symbols used in the following derivation are defined as follows: 

A cross-sectional area of beam, 
a half of depth of slab, 

b (y) width of beam at various depths, 
Ee modulus of elasticity of concrete, 
Eb modulus of elasticity of steel beam, 
E"b induced unit strain in beam, 
Es induced unit strain in slab, 
F interface shear force, 
fb induced stress in beam, 
fs induced stress in slab, 

I moment of inertia of beam section, 
D beam span, 
µ Poisson's ratio, 
p width of slab, 
Q interface couple, 
v vertical deflection of beam at midspan, 

ac coefficient of thermal expansion of concrete, 
O'.b coefficient of thermal expansion of steel beam, 
T temperature, and 

TO initial temperature. 

Derivation.-From elastic theory, the general thermal stress-strain equations are 
as follows: 
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1 
[ fx - µ (fy + fz) ] + OI. AT Ex = E 

1 
[fy - µ (fz + fx)] + 01. AT Ey E 

1 [tz - µ(fx + fy)] + 01.A T ( 4) Ez E 

Referring to Figure 1 using a (x1, Y1, z1, T1) coordinate system for the slab and 
considering the slab restrained in the z1 direction ( E z1 = 0) by adjacent beams and free 
in the y1 direction, one may derive from Eq. 1 the following relations for slab stresses: 

and 

f 
Y1S 

0 (5) 

When the slab is assumed to be separated from the beam but subjected to the actual 
temperature distribution T1 (y1), the following general equation may be used to deter
mine fx

1
s in the slab (~): 

Ol.c Ee[ T1 (y1)-ToJ 

1-µ 

U F 
Q 

_Q_ QF FQf'\ 

: I 
I : 
' ' ' ' ; Beam ! 
' I 

1----------------------- T~ 

dy + 

-a 

30!.c Ee Y1f--T. (y,) - T ] v. dy (6) 
2a 3 ( 1 _ µ) L ' - o · , i 

-a 

Y, 

Figure l. 
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The corresponding strain (x
1
s may be found from Eq. 4 as: 

(7) 

Substituting Eq. 5 and 6 in Eq. 7, one may obtain the following expression to deter
mine f x

1
s in the slab. 

at y~ = O, making, 

and at y1 = a, 

' x s 
l 

-a 
+a 

3 ( 1 + µ) a y 1/ l-_ ___ c_ T1(Y) 
2a3 

-a 

+a 

= (1 + µ)/ 'L. T (y ) 
2a l 1 

-a 

+a 

(1 + µ) acf-
= 2a LT i (y il -

-a 

-a 

The bottom slab strain (at y 1 = a) due to the interface shears and moments is 

(8) 

(9) 

(10) 
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= (1 - µ2) 3Q 

ap Ee 2F - 2a 

Thus, the sum of Eqs. 10 and 11 gives the total interface strain of the slab: 

2 F - 3Q 
2a 

-a 
+a 

_3 _(1_+_2_µ)_0!_c f[ T' (y ,I 
2a JI 

-a 

(11) 

(12) 

Considering the beam separated from the slab, using a (xi, y
1

, z
1

, T) coordinate 
system as shown in Figure 2, the following equation may be used to determine fxb in 
the beam section due to the temperature change ~): 

+d2 

'xb a "!,Eb [ T(y) - T0 ] + "J,:b f [T(y) - T0 ] b(y) dy + 

-d 
' +d2 

"i,I:by f [ T(y) - T
0

] b(y)ydy (13) 

-dl 

Since the beam is free in bothy and z directions (fyb = fzb = O), one may derive 
from Eq. 4 the following stress-strain relation for the beam: 

E'xb = 

Substituting Eq . 13 into Eq, 14, one may obtain the corresponding strain as 

(14) 
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Figure 2. 

+d2 +d2 

T 

Exb • : f [ T(y) - T
0

] b(y) dy + °';y f [ T(y) - T0 j b(y)ydy 

making, at y = d
1

, 

+d2 

d
1
ab/ -
1
- [ T(y) - T0 ] d(y) ydy 

-dl 

The stress and strain in the beam caused by the interface forces are 

fxb' 
Qy + F (d;y - ¾) I 

(xb.' = Qy + £_ e1Y _ !) 
!Eb Eb I A 

and at y = -d1 , 

Exb' 
- Qdl -2t ' + -'-) !Eb Eb I A 
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(15) 

(16) 

(17) 

(18) 

(19) 
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'J;'herefore, the sum of Eqs. 16 and 19 gives the total interface strain of the beam 
at Y. = -d1 as follows: 

+d2 

'xb 

,-

F id 2 

') "bf ' 1 
+ ~ + -;, [ T(y) T

0
J b (y) dy 

Eb I 

-dl 

(20) 

For compatibility of horizontal strains between slab and beam at the interface, Eq. 
12 must equal Eq. 20, which gives 

~ I ct" 2 (I - µ'] ~ ct, 3(1 - "~] 
AEb + I~b + 

F + - 2 Q = 
apEc !Eb 2a pEc 

+a +a 

(1 + µ) Q'. f T, (y,) - To] + ~f T,(y,) l d C 
dyl - T 

0 j Y1 Y1 + 
2a 

-a -a 

+d2 

J ct, fr' ± / [T(y) - 1;
0
j b (y) ydy ab TO b (y) dy - l l T (y) (21) 

-dl -dl 

Subtracting Eq. 9 from Eq. 10, one may obtain the strain difference between the 
midplane and bottom of slab induced by temperature change in the concrete section: 
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+a 

• (difference) 
XS 

1 

3 (1 + µ) o: f ___ c [T(y) 
2a2 

(22) 

-a 

The strain difference induced by the interface forces as the same positions is given 
by: 

• , (difference) x1s 
3 (1 - µ2) (Fa - Q) 
2a

2 
pEc 

Therefore, the total strain differential is the sum of Eqs. 22 and 23: 

• (total difference) x
1
s 

3 (1 - µ2) (Fa - Q) + 

2a
2 

pEc 

+a 

3 (1 +µ.)a fi ___ 2 __ c [T1 (y1) 
2a 

-a 

(23) 

(24) 

This differential strain may then be related to the radius of curvature of the slab at 
the interface by simple geometry as follows: 

+ a (25) 
+a 

3 (1 - µ') (Fa - Q) + 3 (1 + µ) pac Ee![ T, (y,) - T
0

] Y, dy, 

-a 

Considering the beam alone, the total induced moment is 
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+d2 

Fd1 + Q + ab Eb f [T(y) T
0
j b(y)ydy (26) 

- dl 

The radius of curvature of the beam at the interface may be found by elementary 
flexure theory: 

+d2 

Fd1 + Q + ab Eb f [ T(y) - T
0

] b(y)ydy 

-dl 

(27) 

The second term in both Eqs. 25 and 27 is so small in comparison to the first term 
that it can be omitted without introducing significant error. Thus, the vertical com
patibility is written by equating Eqs. 25 and 27, which may be rearranged as follows: 

+a 

3 (1 + µ) pac IEb Ec / [ T 1 (y1 ) - T
0

] y 1 dy1 -

-a 

+d2 

2pa
3 

abEbEc f [T(y) - T
0
j b(y) ydy (28) 

- rl - ~l 

The unknown quantities F and Q may be obtained by solving Eqs. 21 and 28 simulta
neously. For practical purposes, these equations are best solved numerically for 
particular problems. 

With F and Q known, the stres s fx
1
s in the slab is obtained by adding Eq. 6 to the 

stresses induced by the interface forces, giving: 

F 
-- + 
2ap 

-a 

3(Fa-Q)y
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a E 
C C 

-a 

(29) 
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Similarly, the stress fxb in the beam is the sum of Eqs. 13 and 17. The stress in 
the slab in the transverse or z1 direction is obtained from Eq. 5. 

The induced moment in Eq. 26 causes a deflection of the beam which may be obtained 
from the elementary equation of flexure of a simply supported beam acted on by a con
stant moment: 

I) 
max 

Composite Section with Precast-Prestressed Concrete Beam and Concrete Deck 

(30) 

The detailed theory involved in this case is presented in a recent paper ( 4). In broad 
outline, the approach is similar to that explained in the steel-concrete composite sec
tion, except for the added stress and strain effects of the pres tressing tendon. Although 
two cases of prestressing tendons were studied, one involving a straight tendon and the 
other involving a parabolically draped tendon, for brevity only the summary equations 
for the straight tendon are presented in this report. The pertinent equations are as 
follows: 

+d2 

-at[T(e)-T
0

] +: j[T(y)-T
0
]b(y)dy 

-dl 

(
1 ed1) [ d1 3 (1 - µ,

2J [1 - - F + - - --- Q+ -
A I t I 2a3 p A 

a E { -c C 

+a 

1 ;/ f [ T1(y) - To] dy1 

-a 

d 2 
1 

+ - + 
I 

2 (1 - l>l F = 

ap j 

+a 

3 (1 + µ,) f 
2a2 

-a 

[ T (y ) - T j' Y1 dy + 
l l O l 

(32) 



242 

and 

where e is the distance of the tendon from the centroidal axis of the beam, and the sub
script t refers to the tendon. 

Eqs. 31, 32, and 33 are solved simultaneously (best done numerically) for the fac
tors F, Q, and Ft, where Ft is the change in prestressing force due to the temperature 
effects. The corresponding slab stresses are found by use of Eqs. 5 and 29. 

The beam stresses are found as follows: 

+d 2 

acEc f rT(y)-T j b(y)dy 
A I. o. 

-dl 

+d 
2 

OI. E yf 
+ C C IT (y) - T ] b (y) ydy 

I ,_ o 
-dl 

(34) 

The maximum vertical deflection at the center of this simply supported prestressed 
beam due to the temperature is 

lJ = ~ f di + Q - Ft e + OI. E+ f d

2

1' T (y) - T ] b (y) yd1 (35) 
max 8 E I c c _ o 

C 
-dl 

Field Tests 

To obtain data on actual field conditions of temperature and thermal strains on a 
bridge, a composite steel girder and concrete slab bridge over the Hardware River 
near Charlottesville was instrumented (Fig. 3). 

Twenty-two iron-constantan thermocouples were embedded near the top of the slab, 
at the mid-depth of slab, at the top of the steel beams, at the mid-depth of the beam, 
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and at the bottom of the beam at the positions shown in Figure 3. Two ambient air 
temperature gages were also installed at Positions 2 and 3. The thermocouples were 
all wired to a Minneapolis-Honeywell 24-point recorder which scanned and recorded all 
the points automatically once an hour. 

Periodic strain readings were taken manually in the beam and slab at Position 1 by 
a 10-in. Whittemore strain gage, compensated by an invarient invar bar. A mechanical 
device instead of an automatic electrical device was selected for strain readings to in
sure greater long-term reliability. To isolate the temperature-induced strains, read
ings were taken only under dead load and constant moisture conditions in the slab. Slab 
moisture was detected by a nuclear moisture probe using a radium-beryllium source 
manufactured by Nuclear- Chicago. 

When the testing was initiated, the bridge structure was 2 years old, so essentially 
all shrinkage had already taken place. Rod and level readings were taken at the same 
time strains were measured. All data were thus read and recorded for the period from 
September 1961 to August 1962, with the exception of June and July because of persistent 
instrument malfunctions. However, from September 1962 to May 1963 only temperature 
data were recorded (for reasons to be discussed later). As it is obviously impractical 
to present all accumulated data, only those believed to be meaningful or typical are pre
sented. 

The extreme low temperature, -6 F, was recorded in January 1962 from midnight to 
6 A. M. at the bottom of the steel flanges. The air temperature at this time was also - 6 F. 
The highest temperature recorded, 123 F, was in May 1963 at 3 P. M. at the top of the 
slab. The air temperature at this time wa-s 97 F. 

The maximum temperature differential through the depth of the bridge at an interior 
beam at any given time did not exceed 37 F, when the slab was warm and the beam was 
cool. This situation typically occurred during sunny afternoons when the sun's radiations 
coupled with high air temperatures warmed the top of the slab. Oddly enough, the re
verse condition prevailed on outside beams exposed to the sun. A maximum differential 
temperature of 42 F was observed on such an exterior beam in January on a sunny but 
cold afternoon. The result was that the top of the slab remained relatively cool (although 
warmed to some degree by the sun) while the exposed lower portion of the steel beam 
with its high thermal conductivity was heated. Other than for these edge beams and 
isolated regions shaded by railings or trees , the temperature at any given strata of the 
bridge was practically constant. 

Since it is the temperature gradient that contributed to high internal thermal stresses, 
high thermal differentials are most important. Large temperature fluctuations from 
winter to summer, although causing large overall expansion or contraction, do not nor
mally play a large role in internal stresses. 
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As an adjunct experiment, temperature readings were taken at the surface of normal 
grey-white concrete and black-grey bituminous concrete. Due to color, the darker 
surface absorbed more short-wave solar radiation, raising the bituminous temperature 
approximately 15 F higher than that of the normal concrete on a sunny summer after
noon. On a sunny winter afternoon, only a 5 F differential was noted. 

These experimental data correlate well with the theory presented in Eqs . la and lb, 
in which solar radiation was measured near the site with a portable Belfort recording 
pyrheliometer. 

A typical plot of temperatures on an interior region of the bridge for a day in March 
1963 is shown in Figure 4. Based on the measured solar radiation for that day, L is 
471.3. Using Eq. la, the maximum surface temperature is 102 F, compared to the true 
measured value of 98 F. Similarly, the maximum differential temperature based on 
Eq. 2 is 24 F, compared to the true measured temperature of 23 F . On sunny days , the 
sun's radiation often heats the top of the deck 20 or 30 F higher than the air temperature 
by mid-afternoon. 

To illustrate the difference in thermal behavior between an interior and an exterior 
beam on a cool sunny day in January 1962, the log of temperatures in Figure 5 is pre
sented. The general trends and distributions of temperature are about the same for a 
warm sunny day at any season of the year. There is a continuous variation due to con
ductivity and radiation. 

Generally speaking, for an interior beam, the lower flanges rapidly assume the sur
rounding air temperature due to the steel's high conductivity. The conductivity of the 
concrete slab is lower, with the bottom surface and especially the middle temperatures 
generaily lagging the air temperature. As is observed, the bottom slab temperature 
affects the temperature at the top of the steel beam, mostly through conduction. At 
night the temperature gradients are generally rather small, and it is occasionally ob
served that the top of the slab is at a temperature a few degrees lower than that of the 
air due to reverse long-wave radiation from the slab to the black sky. In the early 
hours of the morning, the entire bridge is often at a constant temperature, that of the 
air. This is also true during all the daylight hours on cloudy or rainy days. 

The steep thermal gradients in the slab near the upper surface are characteristic. 
Spot check comparisons of the experimental data with the theory (Eq. 3) show agree

ment of about 10 percent. The most signi-
100 ·~--~~~~ - ~~~--...,.......--, ficant source of error lies in the theoreti

cal assumption that the boundary tempera
tures vary as a sine wave, whereas a 
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in Figure 4 shows this to be only approxi
mately true . 

In regard to strain and deformation 
measurements , unexpected complications 
arose . Strain readings were not compared 
to theory until many months after the ini
tiation of the testing program, at which 
time it was observed that (a) there was 
considerable interface slip between the 
steel and the concrete and (b) there were 
appreciable axial end restraints on the 
bridge at the positions of the slab and the 
bearing plate. The slip behavior was most 
erratic, precluding any easy explanation 
or correction. (This bridge has stud-type 
shear connectors . ) As time progressed 
(particularly with the coming of warm 
weather) it was noticed that the entire 
bridge expanded to such an extent that 
several of the 1-in. diameter anchor bolts 
were bent and a 12-in. reinforced concrete 
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back wall was cracked from pressure 
transmitted through a 1-in. thick expan
sion filler at the slab level. 

Because of these unexpected and unmea
sured complications, attempts at reconcil
ing the theory with experiments proved 
futile. As a case in point, for a tempera
ture state with the top of the slab at 104 F 
and the beam and the bottom of the slab at 
93 F, Figure 6a shows the theoretical 
stress distribution in the longitudinal di-
rection. Figure 6b shows the actual 
stresses from measured strains. 

To adjust these divergent results, theoretically there must exist an axial compres
sive stress at the end of the slab of 689 psi and a bearing force at the anchor bolts of 
15,020 lb. Interface slip would tend to reduce these restraint values, but to an unknown 
extent as no reliable slip theory is yet available. A complete theory would also have to 
take into account creep and plasticity effects. For similar reasons, deformation mea
surements also had to be discarded. 

INSULATED BRIDGES 

In September 1962, a 1-in. thick coating of sprayed foam urethane insulation was 
applied to th~t portion of the Hard'rvare River Bridge shc1Hn in Fig,~re 3. The insulation 
was applied not only as is customary on the underside of the concrete deck, but also 
completely around the exposed portion of the supporting steel beams, including the webs 
and the lower flanges. As is seen in Figure 3, part of the bridge was left uninsulated 
for comparison. 

The normal use of bridge insulation is to reduce the number of freeze-thaw cycles 
of the top surface of the deck and to delay or eliminate premature icing of the deck as 
compared to the adjacent soil-based road surface. However, the primary object of 
this experiment was to determine how insulation affects the induction of thermal stresses 
and, therefore, the full beam was coated. 

Figures 7 and 8 show the comparative temperatures at the top and bottom of the 
bridge, insulated and uninsulated, for a cold sunny day in November 1962, with the air 
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temperature near freezing during the early 
morning hours. The comparative behavior 
on a warm sunny day in April 1963 is shown 
in Figures 9 and 10 . The trends on both 
cold and v:arm sunny days are the same. 

The observed data indicate that the 
presence of full insulation increases the max
imum temperature differential between the 
top and bottom of the bridge by approximately 
2 5 percent over uninsulated bridges. In build
ing roof structures, the reverse is true (5). 
Although the thermodynamic theory ex- -
plaining this bridge behavior quantitatively 
has not yet been fully worked out by the 
author, a qualitative explanation can be 
had from Figures 7 and 9. In regard to the 
bottom of the beam curve (insulated), the 
insulation serves to level out the ex
treme variations of the ambient air tem
peratures. Coupled with this, there is a 
time lag of many hours due to the insulat
ing qualities around the steel. The net 
result is a decided increase in maximum 
temperature differential in the bridge oc-
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curring in the early afternoon. The maximum differential temperature observed in 
these tests was 41 F in May 1963. Such a condition, therefore, appreciably increases 
the maximum induced internal thermal stresses in the structure, and is thus undesirable 
from a stress point of view. 

During the colder non-daylight hours, the top of the insulated deck is a few degrees 
warmer than the uninsulated deck. For atmospheric conditions just below freezing, 
these few degrees could indeed make the difference between an iced or a non-iced deck. 
During the sunny daylight hours, the slab temperature conditions are reversed, with 
the uninsulated slab being warmer than the insulated one. Again, a qualitative explana
tion serves to explain this reversal. During the night, the warm stored heat flux in the 
insulated lower beam flows to the cooler surface where the heat warms the surface and 
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Figure 9, Plot of temperatures for April 8, 1963, 

the boundary layer of air above it. However, during the day, the solar warmed bound
ary layer of air and the insulated slab surface are considerably hotter than the bottom 
of the beam, causing the heat flux to flow downward. This downward flow drains some 
heat energy from the surface of the slab, thereby slightly cooling it. 

As a simple side experiment to test bounding characteristics, urethane foam was 
sprayed on test samples of bare aluminum, bare steel, and steel coated with aluminum 
paint. It is parenthetically noted that the insulation peeled off the aluminum in about 5 
weeks, and off the bare steel in about 5 months of semi-protected outside exposure. 
The bond on the painted steel sample is still holding well as of this date, although 
some edge peeling is observed on the actual bridge. 
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It has been seen in earlier sections of this paper that the theoretical heat transfer 
equations have generally been supported by experiment. However, no confirmation or 
repudiation of the theoretical stress equations by experiment has been possible in this 
study. Therefore, a few typical numerical examples will be presented to obtain a 
"feel" for the thermoelastic stresses and deformations. 

Consider a reasonable temperature distribution as shown in Figure 1 la applied to 
the Hardware River Bridge. By use of the stress equations derived in this paper, as
suming T0 = 60 F and typical material properties, the resulting longitudinal stresses, 
fx, developed will appear as in Figure llb. 



250 

r--...,.. iQOO F 
Slnb 

Beam 

Tmnpt:: t'll1ure 

'"' 

Slab 

Dea.111 

75° f 

Tcrnpetnlu1·c 
(a) 

-608 (CJ 

•!t.0 1 psi(T) 

- U.H(C) 

Stresses l.'.l ps i 
(bl 

Figure ll. 

- 88 (C) 

Figur e 12. 

1-1346 (T) 

Slresses i ·, p.; 1 
(b) 

The maximum transverse stress in the 
slab, fz,s, will be 109. 6 psi (c), and the 
maximum thermal deflection, v, will be 
0. 26 in. up. Of equal, if not more impor
tance, is the development of theoretical 
large interface shears and couples con
centrated within inches of the end. In this 
example the shear, F, equals 32,042 lb, 
and the couple, Q, equals 396,861 in.-lb. 
Q is physically manifested by the existence 
of normal pressures of compression and 
tension acting side by side on the interface 
surfaces or connectors within inches of the 
end of the beam. Since these large forces 
obviously cause slip and local yielding of 
the material, in actuality these interface 
stresses must be, to some unknown de
gree, less than predicted. This would 
then be followed by a decrease in all other 
thermal stresses and deflections. 

For the temperature distribution in 
Figure 1 la the stresses in the beam are 
of reverse sign to that of dead or live loads. 
Consequently, they would generally not be 
detrimental. However, should the tem-
perature pattern be as shown in Figure 12a, 

the resulting stresses in Figure 12b would be additive to the dead and live load stresses. 
In this second example, F = 43,273 lb, Q = 430,563 in.-lb, v = 0.32 in. down, and the 
maximum fz1s = 980 psi (T). Larger differential temperatures would obviously induce 
even higher stresses (although not proportionally) so that thermal differentials of 40 or 
50 F could conceivably cause overstress of design allowables when coupled with dead 
loads, live loads and shrinkage. 

Consideration too must be given to the eventuality of a concrete bridge deck being 
surfaced with blacktopping; this would generally increase the maximum thermal differ
ential. Studies (5) show that a 2-in. topping is necessary before the insulating effect of 
the surfacing begins to offset the increase in temperature due to the darker color. At
mospheric conditions, such as air temperature, solar radiation, humidity, and wind 
velocity, at the time of construction also play a role in the induction of thermal stresses, 
complicatec1 hy c.omplex relations of shrinkage and time-dependent changes in concrete 
properties during hardening . 

German briclge specifications ( 6) do require provisions for temperature stresses in 
composite members. In particular, they specify for design (a) a temperature difference 
of± 15 C (± 27 F) between the concrete slab and the steel beam, (b) special heavy end 
anchorages tieing the slab and the beam together at their interface, and (c) in the ab
sence of more exact analysis, a distribution of end interface shear which is maximum 
at the end and linearly decreases to zero at a distance from the equal to the effective 
width of the slab. Sattler (7) has performed quantitative thermal analysis where the 
slab is at one uniform temperature and the beam at another uniform temperature. This 
condition only roughly approximates the actual nonlinear distribution of temperature 
considered in this paper. 

An example of a prestressed-composite beam is a typical AASHO-PCI Type IV 
precast-prestressed beam shown in Figure 13 with a 100-ft span. Assuming a tempera
ture distribution as shown in Figure 14a, the resulting longitudinal stresses (derived 
from the previous theoretical equations) are shown in Figure 14b. The initial tempera
ture T0 is taken as 60 F. For this case, the interface shear is 19, 600 lb, the interface 
moment is 80,300 in.-lb, the maximum transverse stress in the slab is 302 psi (c), the 
loss of prestress in the tendon is O. 86 percent, and the maximum center deflection is 
0. 36 in. down. 
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For a different temperature distribution 
as shown in Figure 15a, the resulting lon
gitudinal stresses are shown in Figure 15b. 
The interface shear is 16, 290 lb , the in
terface moment is 38,890 in. -lb, the max
imum transverse stress in the slab is 970-
psi tension, the gain of prestress in the 
tendon is O. 70 percent, and the maximum 
center deflection is O. 53 in. down. 

A review of the numerical examples ( 4) 
indicates that for conditions of moderate -
temperature variation (25 F) through the 
depth of prestressed beams, the induced 
thermal stresses and deflections in the 
concrete are generally within tolerable de
sign limits. 

Stresses in the concrete do not normally 
exceed the magnitude of about 200 psi in 
compression and about 100 psi in tension. 
The induced stress effects in the prestress-
ing tendons range approximately from a 
5, 000- (3 percent of initial prestress) to 
about a 8, 000-psi (5 percent of initial pre
stress) loss in stress. The deflections 
generally lie below O. 04 percent of the 
span length. Thus, for prestressed con
crete beams which are used in bridge 
structures in moderate climates and are 
subject only to normal cyclic solar and 
atmospheric fluctuations, these thermally 
induced stresses appear to be absorbed 
by current design procedures and safety 
factors. 

However, note is again made of the high 
theoretical values of interface shears and 
moments concentrated at the ends . The 
extent that these interface stresses are 
reduced by plasticity, slip, and creep is 
still an unsettled question. In Guyon's 
book on prestressed concrete (8), some 
experimental data are given for deflections 
of prestressed beams subject to the heat 
of fire. With the theory presented in this 
paper, agreement is excellent between 
theory and test for temperatures up to 
about 175 F. Since such a limit tempera
ture encompasses normal conditions, it is 
believed that for those conditions as out
lined, the theory set forth is adequate and 
reliable. 

Because of the many complexities in-
volved in the problem of predicting thermal 

stresses-including creep, slip, and plasticity-no specific recommendations for a 
simple design specification can be made at this time beyond what has been said. More 
studies must first be made. However, it is felt that the theories presented in this 
paper, although complex, can safely be applied, because the unknown effects mentioned 
will tend to reduce the severity of the induced stresses. Deflections, of course, are 
an exception, as they will tend to increase. 
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Fatigue Tests of Plates and Bea1ns 

With Stud Shear Connectors 
J. E. STALLMEYER and W. H. MUNSE, Professors of Civil Engineering, University 

of Illinois, and K. A. SELBY, University of Toronto 

•IN THE PAST few years there has been a great increase in the use of composite con
struction in both bridges and buildings. This increased use has produced some new 
proposals for shear connector design and more significantly, has resulted in applica
tions of shear connectors in a variety of structures utilizing a number of different 
steels. Basic research work on composite construction was carried out several years 
ago, but the increased interest in this structural system has caused renewed interest 
in a number of questions not answered in the earlier studies. 

Most of the research work conducted in the past has been carried out primarily for 
one of two purposes. Push-out tests (1) designed to determine the shear capacity of 
the many varieties of connectors and to study the load transfer distribution constitute 
the most common investigations. The second most common type of study has been con
ducted to determine the static flexural strength of composite beams. Very few fatigue 
tests were included in the earlier work. 

This situation is not surprising since in most applications of composite construction 
the shear connectors are attached to a steel flange subjected to flexural stresses which 
are usually compressive or, at most, very small tensile stresses. In this case the 
fatigue problem is associated with the connector itself. The interest in the use of com
posite construction along the entire length of continuous structures and the desire to 
use higher strength steel in many applications has raised questions in connection with 
the fatigue resistance of such structures. 

In these latter applications, a sufficient margin of safety must be provided to pre
clude fatigue failure of the flange of the beam. Shear connectors attached to the ten
sion flange or to high-strength steels where a larger stress range is possible could 
serve as points of initiation for progressive failure. The program reported herein 
was undertaken to study this probiem. 

The primary objective of this program was to study the effect of shear connectors 
on the fatigue life under circumstances where the connectors are attached to the ten
sion flange and to study the influence of flange material on this behavior. To study 
these two problems, work was undertaken on several different materials with varying 
chemical compositions and with different strength levels. 

The program included a rather extensive series of tests on flat plate-type speci
mens. These specimens were fabricated from two different materials. For the dif
ferent types of materials studied, one or more stud shear connectors were attached in 
a single line transverse to the direction of stress. Another variable, intended to per
mit a study of the effect of stud spacing, was the width of the plate. In one series of 
tests the welding procedure used to apply the studs was altered. 

Flat-plate fatigue tests were conducted on stress cycles of complete reversal, zero
to-tension and partial tension-to-tension. A few supplementary tests were conducted 
to investigate the effect of geometry in the region of the connection between the plate 
and the stud shear connector. 

The second phase of the program was carried out on nine beam specimens, divided 
into three groups of three beams each. All beams were loaded so that the flange to 
which the stud shear connectors were attached was subjected to a tensile stress. The 
first group of beams was tested without any stress applied to the shear connectors. 

Paper sponsored by Committee on Bridges . 
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This series could then be directly related to the flat-plate tests to study the effect of 
stress gradient. 

Bending of the beam and flexing of the stud simultaneously were studied in the other 
two series of beam tests. Two different methods were used to accomplish this loading 
condition. The studs of one group of beams were loaded by pre-tensioned mechanical 
flexors fabricated specifically for this purpose and provided with strain gages to moni
tor the load. In the final group of beams, a reinforced concrete slab was cast to re
semble the situation as it actually exists in practice. 

DESCRIPTION OF MATERIALS AND TESTS 

Materials 

Three different steels were used in the fabrication of the flat-plate and beam speci
mens reported herein. These three steels are referred to in the following discussion 
by their ASTM designations. 

A 7F Steel. -During the initial phases of the study reported, one series of 
eight plate specimens (GIA series) was fabricated from a steel which was available in 
the laboratory and had been purchased some Ume earlier to conform to ASTM A7-58T. 
Coupon tests carried out in the laboratory indicated that this steel failed to meet the 
tensile requirements of this specification. 

A441 Steel. -All remaining flat-plate tests were carried out on specimens fabri
cated from a steel which satisfied the requirements of ASTM A441-60T. This material 
was also used as the flange material in the beam tests. 

A373 Steel. -The third type of steel used served for the web material of the nine 
beam specimens. This steel met the requirements of ASTM A373-58T. Due to the 
location of this material in the beam specimens and the type of tests being conducted, 
this steel did not affect the fatigue life being studied. 

The chemical composition and physical properties of all base materials are pre
sented in Table 1. All specimens were fabricated in the Civil Engineering Shop at the 
University of Illinois and then shipped to Gregory Industries, Inc., in Lorain, Ohio, 
where the studs were affixed. 

The entire test program was broken down into five different series of tests, desig
nated GIA through GIE. Each specimen received a designation consisting of three let
ters to indicate the specific series followed by a number to distinguish the particular 
test specimen within that series (e.g., GIB12). 

Plate Specimens 

The dimensions of the various plate specimens are shown in Figures 1, 2 and 3. 
The details of the welding procedure used in the application of the studs to the in
dividual specimens are given in Table 2. 

GIA Series. -This series consisted of eight plate specimens machined from A 7F 
steel. Each specimen was machined to the dimensions shown in Figure la before the 
stud was attached. Each specimen was provided with a single stud on a 3½- by %-in. 

TABLE 1 

PROPERTIES OF BASE MATERIALS 

Chemical Composition 
Steel 

C Mn p s 

A7Fc 0.20 0.28 0.009 0.041 
A373 0.23 0. 63 0.022 0.031 
A441 0.20 1. 14 0.015 0.031 

aBased on average of three tests. 
bPer 8 in. 

Si 

0.01 
0.030 
0.06 

CFailed to meet ASTM A7 tensile requirements . 

Yield Pt.a 

Cu Va Ni (ksi) 

0.05 0.01 30,3 
0.17 38,8 
0.23 0.06 61. 6 

Tensnea Elongationa, b 
Strength (ksi) (~) 

52.8 29 .5 
64.8 29.6 
84.1 22.2 
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Figure 2. Dimensions of large plate spec imens with a single stud; (a) GIG spec imens, 
and (b) specimens GIDl through GID3 , 

cross-section. Throughout all five series, the material thickness was maintained 
constant at ½ in. to reduce the number of variables involved. 

GIB Series. -Basically, the GIB series, involving 20 specimens, was identical in 
all respects to the GIA series except that A441 steel was used instead of A7F. Speci
mens GIB16 through GIB20 were subjected to a slightly different welding procedure 
and several specimens had slight variations in geometry. 

GIC Series. -The only significant difference between the five GIC specimens and 
those of the GIB series was the width of the cross-section. In this series of tests the 
width was increased to 5 in. Both series were fabricated from A441 steel and 
contained a single stud attached at the center of the flat-plate specimen. 

GID Series. -To study the effect of multiple studs, ten flat-plate specimens were 
machined to a 10 in. width across the test section. These specimens were then pro
vided with either one, three, or five studs attached in a single line transverse to the 
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Figure 3. Dimensions of large plate specimens with multiple studs: (a) specimens GID4 
through GID6, and (b) specimens GID3 through GIDlO. 

TABLE 2 

STUD-WELDING PROCEDURES 

Specimens Lift Plunge Weld Current Arc Voltage Weld Time 
(in.) (in.) (amp) (volts) (cycles) 

GIA1-GIA8 3/ 32 3/ 16 1500 33 58 
GIB1-GIB15 3/32 3/16 1500 33 58 
GIB16-GIB20 3/32 3/16 1450 33 76 
GIC1-GIC5 3/ 32 3/ 16 1750 31 43 
GIDl-GIDl0 3/ 32 3/ 16 1750 31 43 

direction of applied stress. In addition to the increased width, these specimens, as 
well as those of the GIC series, were 4 ft long, whereas specimens of the GIA and 
GIB series were only 2 ft 8 in. long. The difference in length was necessitated by the 
increased cross-sectional area which required loadings of such a magnitude that they 
could only be produced by the larger testing machines. 

The cross-sections of all flat-plate specimens through the line of studs are shown 
in Figure 4. 

Beam Specimens 

The nine steel beams used in this phase of the investigation were fabricated from 
three flat plates. The beams had an overall depth of 12 in., a flange thickness of ½ 
in., and a web thickness of 3

/ 16 in. Each of the beams was then provided with two rows 
of studs spaced 2½ in. apart. Each of the rows contained nine studs at a spacing of 10 
in. along the length of the beam. These nine specimens were then subdivided into three 
groups of three specimens each and subjected to different loading conditions. 

Specimens GIEl through GIE3 were tested as simple flexural members with no ex
ternal loads applied to the stud shear connectors. Specimens GIE4 through GIE6 were 
altered in such a manner as to remove the heads from the eight centrally located studs. 
Specially prepared and calibrated connectors were placed over four pairs of studs as 
shown in Figure 5b. These connectors were made so that they could be pretensioned 
to produce any desired shear force in the studs. The force in the connector was 
measured by strain gages attached to the connector and calibrated in a static testing 
machine. Additional strain gages were attached to specimens GIE4 and GIE5 to deter
mine the strain distribution across two different cross-sections. The output from 
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these strain gages was recorded during the period of the fatigue test on a Sanborn re
corder. 

The studs of specimens GIE7 through GIE9 were incased in a reinforced concrete 
slab as shown in Figure 5c. A mixture of graphite and linseed oil (one part graphite 
to 4. 4 parts of linseed oil) was placed on the steel surface to destroy the steel-con
crete bond. In this way all of the shear force must be transmitted through U1e studs. 
The reinforcing steel consisted of three No. 6 bars located ¾ in. below the lowe r 
flange of the steel beam. Beams GIE7 and GIE9 were instrumented with strain gages 
at various locations and through the depth of the steel beam to determine the strain 
distribution through the depth and the extent to which this strain distribution was al
tered as a result of the shear force transmitted through the shear connector. 

Object of Individual Test Series 

GIA Series. -The purpose of this series of tests was to obtain a basic S-N curve 
for A7F steel on a zero-to-tension stress cycle so that these results could be com
pared with similar tests on A441 steel. 

GIB Series. -In this series S-N curves were to be established for both zero-to
tension stress cycles and a fully reversed stress cycle. On the basis of the results 
obtained on these two series of tests, an estimate was made of the stress cycle which 
would produce failure at 2,000,000 cycles on a one-half tension-to-tension stress cycle. 

Specimens GIB16 through GIB20 were produced with a slightly different stud welding 
procedure from the rest of the specimens in this series. The purpose of these speci
mens was to investigate the effect of altering the stud welding procedure on the fatigue 
life and the fatigue behavior of this material. Two specimens, GIBll and GIB12, were 
subjected to additional treatment after the studs had been attached. This treatment 
consisted of grinding the upset to produce a smooth transition from the plate to the stud 
to evaluate the significance of the geometry of the upset. 

In two other specimens, GIB19 and GIB20, the studs were completely removed by 
grinding. The grinding was carried out so as to approximate the surface condition of 
the surrounding plate as nearly as possible . In these cases the notch effect of the up
set and the presence of the stud had been completely removed, so that any difference 
in the results from plain-plate test results would indicate the effect of welding on the 
base material. 

The tensile strength of GIA and GIB series specimens was checked by three static 
tests providing a basis for comparison of the various fatigue strengths with the static 
ultimate strength of similar specimens. 

GIC Series. -The function of this series was to determine the fatigue strength for 
failure at 2,000,000 cycles on a one-half tension-to-tension stress cycle. Specimens 
in this series were 5 in. wide so that a comparison with the results of the GIB series 
would give some indication of the size effect. Specimen GIC5 was not subjected to any 
fatigue loading but was examined metallurgically to determine the hardness distribu
tion near the stud. 

GID Series. -All of these specimens were tested under a one-half tension-to-tension 
stress cycle, Specimens were provided with either one, three, or five studs on a 
single line transverse to the direction of applied stress. In all cases the fatigue 
strength for failure at 2,000 , 000 cycles was desired. The single-stud specimens, 
GIDl through GID3, provided data for a further evaluation of the effect of width since 
the cross-section was 10 in. wide in this series. Comparison of the three groups of 
specimens within this series provides an evaluation of stud spacing. 

GIE Series. -This series was divided into three groups of three beams each. In 
every case the fatigue strength for 2, 000, 000 cycles under a one-half tension-to-tension 
stress cycle was desired. The purpose of the first group of tests, GIEl through GIE3, 
was to compare the fatigue strength of the flange with the attached studs with the re
sults of the axially loaded plate specimens. The other two groups were intended to 
show the effect of transmission of shear force through the stud connector while the 
beam is being subjected to primary bending. This, of course, is the loading condition 
occurring in actual composite construction. Some strain gages were attached to 
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several of these specimens to check the strain distribution across several cross
sections. 

Test Procedures 

All fatigue tests were conducted in University of Illinois lever-type fatigue ma
chines. The small plate specimens, GIA and GIB series, were tested in machines 
with a total load capacity of 50, 000 lb and all other tests were conducted in the larger 
200, 000-lb machines. These machines, while similar in their basic operation, varied 
in speed from 300 to 100 cycles/ min. 

Schematic diagrams of the University of Illinois fatigue testing machine adapted for 
axial or flexural loading can be seen in Figures 6 and 7, respectively. By adjusting 
the variable throw eccentric and the turnbuckle immediately above it, the required 
stress cycle can be applied to the specimen. The load is determined by an Ames dial 
which measures the deformation of the dynamometer. 

A microswitch near the specimen end of the machine is adjusted so that excessive 
deflection of the specimen trips the switch and stops the machine. During the progress 
of the fatigue fracture the load is adjusted so that the specimen is subjected to a rela
tively constant load. Failure is defined as having occurred when the specimen could 
no longer withstand the prescribed load without yielding. 

Before testing, the plate specimens were measured to determine the average cross
sectional area at the position of the stud. This area was then used to determine the 
load so that the desired average stress would exist at the expected failure location. 
In the case of the beam specimens, the loads and, therefore, the moments acting on 

TABLE 3 

FATIGUE RESULTS, ZERO-TO
TENSION, AXIAL LOADING 

Specimen 

GIAl 
GIA2 
GIA3 
GIA4 
GIA5 
GIA6 
GIA7 
GIBl 
GIB2 
GIB3 
GIB4 
GIBllb 
GIB12b 
GIB16C 
GIBl 7c 
GIB19d 
GIB19d 
Grn2od 

Stress Cycle 
(ksi) 

0 to +16. 5 
0 to +24. 0 
0 to +24. 0 
0 to +20. 0 
0 to +16. 5 
0 to +16. 5 
0 to +15. 0 
0 to +20. 0 
0 to +16. 5 
0 to +16. 5 
0to+15.5 
0 to +16. 5 
0 to +20. 0 
0 to +16. 5 
0 to +16. 5 
0 to +28. 0 
0 to +40. 0 
0 to +38. 0 

Life (cycle) 

1,320,000 
460,000 
840,000 

1,170,000 
1,480,000 
2,250,000 
3,240,000a 

820,000 
1,460,000 
2,410,000 
2,510,000 
4,200,000 
2,060,000 
1,920,000 
1,610,000 
4,940,000a 

810,000 
550,000 

aDid not fail. 
bupsets ground to 
transition . 

cwelding procedure 
dwelding procedure 

studs removed. 

form smooth 

altered. 
altered and 

the beam were calculated by the deforma
tion of the dynamometer. The stresses 
were obtained by the simple flexural for
mula using the moment of inertia com
puted for the fracture section. 

BEHAVIOR OF FLAT-PLATE 
SPECIMENS 

The results of individual tests carried 
out on the plate specimens are given in 
Tables 3 through 6. These same results 
are shown as S-N diagrams in Figures 8 
through 12. The data indicate a minimum 
amount of scatter and good consistency 
among the results. 

The fatigue results showed amazingly 
little scatter so that relatively few tests 
gave a strong indication of the fatigue 
resistance of plate specimens with at
tached studs. Most of the tests carried 
out were intended to determine the mag
nitude of the stress cycle which would 
result in failure at 2,000,000 cycles. A 
study of the various S-N diagrams indi
cates that such stress cycles are as fol
lows: for complete reversal a stress 
cycle from 8. 0-ksi compression to 8. 0-
ksi tension (a range of 16 . 0 ksi), for the 
zero-to-tension stress cycle from 0 to 
16. 0 ksi (a range of 16. 0 ksi), and for a 
stress cycle ranging from one -half 
tension-to-tension from +14. 0 to +28. 0 
ksi (a range of 14. 0 ksi). It should be 



262 

noted that the stress range remains almost constant as the stress 
cycle changes. 

Influence of Base Material on Fatigue Life 

An indication of the effect of variations in base material is obtained by comparing 
the results of the GIA and GIB specimens. Figures 8 and 9 present the results for 
specimens which are similar in all respects except for base material. Seven GIA 
specimens, fabricated from A7F steel, and six GIB specimens, fabricated from A441 
steel, were subjected to a zero-to-tension stress cycle. For each group of tests the 
results formed a very narrow scatter band, as indicated on the figures. When the 
data are superimposed, the two scatter bands coincide almost perfectly, as is seen in 
Figure 10. It must be noted that this excellent correlation involved only a few tests 
of two steels for one particular type of stress cycle. These results are similar to 
results previously obtained on these materials in studies of the effect of butt-welded 
joints. 

Effect of Stud-Welding Procedure 

To study the effect of variations in the stud-welding procedure, five specimens of 
the GIB series were fabricated with a substantially different welding procedure from 
that used for the preparation of the remainder of these specimens. For specimens 
GIB16 through GIB20, the weld current was 1,450 amperes, the arc voltage was 33 
volts, and the weld time was 76 cycles. The remainder of the series, specimens 
GIBl through GIB15, were prepared with 
a weld current of 1, 500 amperes and an 
arc voltage of 33 volts for 58 cycles. 
This means simply that specimens GIB15 
through GIB20 were subjected to 26 per
cent more heat than other specimens of 
this type. 

Two of these specimens, GIB16 and 
GIBl 7, were subjected to a zero-to
tension stress cycle in the as-produced 
condition. The results of these tests are 
presented in Figure 9 and no significant 
difference in fatigue life was obtained. 
One specimen, G!B18, was subjected to 
a one-half tension-to-tension stress cycle 
in the as-welded condition and a study of 
the results given in Table 5 indicates that 

TABLE 5 

FATIGUE RESULTS, ONE-HALF 
TENSION-TO-TENSION, AXIAL LOADING 

Stress Cycle 
Specimen (ksi) Life (cycles) 

GIB13 +14. O to +28. 0 1,950,000 
GIB14 +14.0 to +28.0 2,560,000 
GIB15 +14. 0 to +28. 0 2,140,000 
GIB18a +14. 0 to +28. 0 2,690,000 
GICl +27. 9 to +55. 8 280,000 
GIC2 +14. 0 to +28. 0 2,220,000 
GIC3 +14. O to +28. 0 2,700,000 
GIC4 +14. O to +28. 0 2,590,000 

awelding procedure altered. 

TABLE 4 

FATIGUE RESULTS, COMPLETE 
REVERSAL, AXIAL LOADING 

Specimen 

GIB5 
GIB6 
GIB7 
GIB8 
GIB9 

Stress Cycle 
(ksi) 

-20. 0 to +20. 0 
-20. 0 to +20. 0 
-10 . 0 to +10. 0 
- 8. 5 to+ 8. 5 
- 8. 5 to + 8. 5 

TABLE 6 

Life 
(cycles) 

190,000 
180,000 
960,000 

1,730,000 
1,660,000 

FATIGUE RESULTS, ONE-HALF TENSION-
TO-TENSION, AXIAL LOADING 

Specimen No. of Stress Cycle Life 
Studs (ksi) (cycles) 

GIDl 1 +14. 0 to +28. 0 3,260,oooa 
GIDl 1 +15. 0 to +30. 0 1,730,000 
GID2 1 +14. 0 to +28. 0 2,710,000 
GID3 1 +15. 0 to +30. 0 1,840,000 
GID4 3 +14. 0 to +28. O 1,630,000 
GID5 3 +14. 0 to +28. 0 1,900,000 
GID6 3 +14. 0 to +28. 0 1,890,000 
GID7 5 +14. 0 to +28. O 1,410,000 
GID8 5 +14. 0 to +28. 0 1,880,000 
GID9 5 +14. 0 to +28. 0 1,570,000 
GIDlO 5 +14. 0 to +28. 0 1,460,000 

aspecimen did not :fail, 



E 
:, 

E 
>< 
0 
~ 

E 
:, 

E 

10 ..___ 
P- 0 

Steel A7F 

-
Load 0 <P <T 

30 

.... 
'0.. 

r---.... l'O, ........ 
............ - ~ i 

:--.........._ ..:., ' 

~ I'-............ ~ ....... --

I 
300 SCIO 1000 2000 •OQO 

Cycles To Failure, thousands 

Figure 8. Fatigue results for GIA specimens, zero-to-tension stress cycle . 

0 

Steel A441 '-._ ---- - - - -- -- P- 0 
Load 0 <P<T .,, 
0 ReQulor Slud Welding: 

Oe- - - - -- -- - ~- ..,_ - 1500 amps, 33 volts, 58 cycles 

I 9 Modif,ed Stud Weld1no 
1450 omps 1 33 volts, 76 c~cles ,-

0 

...... ..... 
)( t 

........ .... 
,.:...:.., 0 

~ 

WO 

:-,.... 

~ 

l()QO 

Cycles To Failure, thousands 

" ............. 

"9-.... 'v 'o...... 
0 ...... 

•ooo 

Figure 9. Fatigue results for GIB specimens, zero-to-tension stress cycle . 

263 

_,,. 
-P 

_., 
-P 
......... 



264 

·.; 
-" 

E 
::, 

E 

"' -" 
+I 

.,; 
"' ~ 
iii 
"" C 

:;::: 
0 

E 
~ 
<t 

E 
::, 

E 
>( 

0 
:::;; 

10•--------,-----,------,----,----r-.---,--,--r-------- -----------, ............ _____ ___ 
• - - - ·- Load O< P <T 

P--- o -P ,,,---------
0 GIA A7F 

Ml -- - ·- - -
V GIB A441 

- - - l 
.10,l-------+-- - - +----i---ll---+-l--+--+--+----1----+----t---t--t----, 

w•~------+----+--+- 1- :..........._ 0-"-...l~-- - ---4----!---!--+--

1-------1----l----+--- +---l---l---1-1-+~---"t-'"""~ v~ = 

o,oo I uu 

C ye les To Foi lure, thousands 

Figure lO. Effect of type of steel on fatigue life, zero-to-tension stress cycle. 

(I 
-..._____,... 

P- . -P 
Steel A441 /" 

----0 

Load -Tc: P <T 

~ 

~ 
I'--.-. 

I'--
r----.... r---..... 

I'---.. ......._ 
":::--

I V" 

~ 
~ 

I 

~ 
10 0 3 0Q 50D 1000 woo •ooo 

Cycles To Failure, thousands 

Figure ll. Fatigue results for GIB specimens, complete reversal stress cycle . 



.,; .. 
~ 
(/) 

E 
::, 

-~ 
X 
0 

:i;; 

1 

--

20 

.. 
loo JW 

265 

GIB A441 
....._ ,,, 

P- 0 -P 
Load 0 <P <T ---..... 
'v S lud Removed - - --
0 Regular Specimen 

0 Upset Ground To Smooth Trans ition 
,-

'iJ 
., 

\-

- - --
.... - - -- .... -r--.. ~ -

~ -- --.Q C 'a,,_ 0 
-- 0 ..... 

~~ luYV <WV 4000 

Cycles To Failure, thousands 

Figure 12. Geometrical effect on fatigue results, zero-to-tension stress cycle . 

no significant difference could be observed. The remaining two specimens with the 
modified welding procedure , GIB19 and GIB20, were subjected to special tests which 
are reported later. 

On the basis of the tests conducted it can be concluded that, within the limits studied, 
the variations in welding procedure had no significant effect on the fatigue life. 

Effect of Upset Geometry 

To study the effect of geometry in the region of the upset, four specimens of the 
GIB series were subjected to treatments altering this geometry. Two specimens, 
GIBll and GIB12, were ground so that their upsets formed a smooth transition from 
the plate surface to the stud. Each was tested at a different zero-to-tension stress 
cycle for which results were available for specimens with the as-produced geometry. 
The results of these tests are presented in Table 3 and Figure 12. Figure 12 indicates 
that the fatigue life of these treated specimens was approximately double that of the 
as-produced specimens. 

The studs of two other specimens of this series, GIB19 and GIB20, were com
pletely removed and the surface smoothness was ground to approximate that of the 
surrounding plate. This alteration should remove completely the geometrical effect 
and, therefore, any difference in fatigue life between these specimens and plain plate 
specimens could be attributed to the effect of welding on the base metal. The results 
of the tests conducted on these two specimens are given in Table 3. The specimens 
proved to be significantly more fatigue resistant than all other types of specimens in 
this program. These test results are not quite as good as the results obtained in 
previous investigations for plain plate specimens of A441 steel. Therefore, one can 
conclude that even when the stud is completely removed from the plate to which it is 
attached, some effect of the welding remains and the fatigue resistance is slightly less 
than that obtained for plain plate material. 

Significance of Stud Spacing 

The effect of stud spacing can be studied by comparing several different series of 
tests. In one case, the effect of plate width can be studied for the various specimens 
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provided with a single stud. Series GIB, GIC, and GID all contain test results for 
single-stud specimens subjected to a one-half tension-to-tension stress cycle. The 
results of these tests are given in the individual tables and have been presented for 
purposes of comparison in Figure 13. These results indicate that a slight increase in 
fatigue life is obtained when the width of the plate is increased. Although the plate to 
which the stud is attached is continuous, the stud acts somewhat like a hole in a flat
plate specimen. The stress concentration effect increases as the width of the plate 
decreases, which is directly in line with what would be expected for a plate with a 
hole. 

The effect of stud spacing can also be studied by examining the results of the GID 
series (Table 6, Fig. 14). All tests in this series were conducted on a stress cycle 
which varied from one-half tension-to-tension. The specimens were all 10 in. wide 
and were provided with one, three, or five studs. In the multi-studded specimens, 
it might easily be reasoned that since the plate is heated and cooled more slowly when 
several studs are attached in succession, the plate should contain residual stresses of 
a lower magnitude and the studs should represent less of a stress concentration. 
However, one could easily argue in favor of a reduced fatigue life because of the in
creased number of stress concentrations where fatigue fracture could initiate. 

An examination of the test results indicate that neither of these factors is very 
dominant. As seen in Figure 14, the single-studded specimens are slightly more 
resistant to fatigue failure. However, a study of the results presented in Figure 13 
reveal that the r e sults for a single stud altached to a 31/2-in. wide plate, corresponding 
to a stud spacing of 3½ in., and the results for the single stud attached to a 5-in. wide 
plate, corresponding to a stud spacing of 5 in., give results in line with those pre
sented in Figure 14. Although there is a slight decrease in fatigue life as the number 
of studs in any one line is increased, this difference is not significant when converted 
to stress levels which would produce failure at the same number of cycles. 

It is interesting to note at this time that the specimens with more than one stud 
attached always had more than one failure surface occurring independently and almost 
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Figure 13 . Width of pl a t e vs fatigue life, s t ress cycl e +14 .0 t o +28 . o ksi . 
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simultaneously. In a number of cases, failures occurred above and below the same 
stud. These fractures indicate that failure is not precipitated by one particular weak 
spot, but that the effect of the studs is extremely consistent and that failures initiate 
at a number of independent locations and propagate individually. 

Comparison with Other Test Results 

Table 7 gives test results obtained in this and previous investigations (2, 3) with 
similar materials. Previous tests have been conducted on plain-plate material of 
A441 and A7, double-V butt-welded joints in A441 steel and plate material with a 
single hole. These results indicate that the attachment of studs is a somewhat more 
severe condition than the presence of a hole or of a double -V butt weld. On the basis 
of the results for plain-plate specimens of A441, the plate with studs has an effective 
stress concentration factor in fatigue of approximately 2. 5. 

Static Tests 

During the course of the investigation several static tests on plain-plate specimens 
with a single attached stud were conducted. The results of these tests (Table 8) 
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TABLE 7 

EFFECT OF VARIOUS STRESS RAISERS 
ON FATIGUE LIFE OF PLATE 

SPECIMENSa 

Specimen F2 000 000 (ksi) 
' ' 

Plain plate (A441) 
Plain plate (A 7) 
Double-butt weld (A441) 
Plate with hole (A441) 
Plate with stud (A441) 

0 to +40 
0 to +35 
0 to +28 
0 to +24 
0 to +16 

azero-to-tension, axial loading . 

Specimen 

GIA7 
GIA8 
GIBlO 

TABLE 8 

RESULTS OF STATIC TESTS 

ASTM 
Designation 

A7~ 
A7~ 
A441 

Yield Point 
(ksi) 

31. 6 
29. 6 

Ultimate Strength 
(ksi) 

53. 9 
53 . 6 
80 . 4 

aFailed to meet ASTM A7 tensile req_uiremerits. 

indicate that the presence of the stud did 
not in any way influence either the yield 
point or the ultimate strength of the base 
material. A comparison of these results 
with those presented in Table 1 indicates 
that the average of the yield point obtained 
is at least as high as that obtained on the 
coupon tests and the ultimate strength is 
somewhat higher. With the A441 speci
men no yield point was recorded, but the 
ultimate strength is very close to that ob
tained in the coupon tests and is well in 
excess of that required by the specifica
tions. 

BEHAVIOR OF BEAM SPECIMENS 

The purpose of this series of tests 
was to provide a correlation between the 
results of the flat-plate specimens and the 
stress conditions as they actually occur 
in composite construction. In addition, 
as previously noted, this series of speci
mens was divided into three groups: one 
subjected to flexural loading without any 
load being transmitted through the stud 
shear connector, one subjected to flexural 

loading with a shear loading applied by special mechanical adapters and a final group 
in which the stud was embedded in a concrete slab and subjected to shear force trans
mitted by the composite action obtained. All tests on beam specimens were conducted 
on a stress cycle which ranged from approximately one-half tension-to-tension with the 
stress range chosen so as to produce failure in approximately 2,000,000 cycles. The 
results are presented in Table 9. 

Plain-Beam Tests 

The results of the plain-beam tests, specimens GIEl through GIE3, indicate that a 
stress cycle alternating between 16. 4- and 32. 8-ksi tension is required to produce 

failure in approximately 2,000,000 cycles. 
This stress range is slightly higher than 

TABLE 9 

FATIGUE RESULTS FOR BEAM SPECIMENS 
ONE-HALF TENSION-TO-TENSION, FLEXURAL 

LOADING 

Specimen 

GIEl 
GIE2 
GIE3 
GIE4 
GIE5 
GIE6 
GIE7 

GIES 
GIE9 

PB 
PB 
PB 
SF 
SF 
SF 
RC 

RC 
RC 

Stress Cycle 
(ksi) 

+15. 0 to +29. 9 
+16. 4 to +32. 8 
+16. 5 to +32. 9 
+11. 5 to +24. 2 
+12. 4 to +24. 6 
+12. 7 to +25. 2 
+10. 7 to +21. 4a 
+15. o to +30. oa 
+15. o to +30. oa 
+15. 3 to +30. oa 

Life 
(cycles) 

2,780,000 
2,070,000 
1,940,000 
2,020,000 
2,210,000 
1,830,000 
1,480,000 

610,000 
1,640,000 
1,500,000 

apB - plain beam, SF - stud flexors, and RC -
reinforced concrete. 

bBased on Mc/I where I assumes concrete is cracked. 

the stress range which produced failure 
at this same life in the plain-plate speci
mens. Although no direct comparison 
can be made since the flange used in the 
beam tests was provided with two studs 
on a 6-iu. wide plate and a spacing bet
ween studs of 2½ in., the results can be 
compared with specimens of the GIC series 
and the GID series. In the GIC series a 
single stud was attached to a 5-in. wide 
plate, in the GID series specimens pro
viding stud spacings of 3¼ ru1d 2 in. are 
included. 

In all of the cases referred to, a stress 
cycle ranging from 14. 0 to 28. 0 ksi pro
duced failure in approximately 2,000,000 
cycles. This slight increase in stress 
cycle to produce failure in 2, 000, 000 
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cycles in the beam specimens is in all probability attributable to the stress gradient 
existing through the flange and the relief provided for the stress concentration effect 
of the stud. Even if one compares the average stress across the total flange area, the 
stress range for the beams in the current series of tests was from 15. 7 to 31. 4 ksi. 

These results are extremely encouraging because they indicate that tests carried 
out on plain-plate specimens give an excellent indication of the strength which can be 
expected of similar installations on beams. 

Beams with Stud Flexors 

Specimens in this series were identical in all respects to those in the previous 
group, except that a shear force was applied to several of the stud shear connectors 
by a mechanical attachment. As mentioned earlier the heads of several studs near 
the center of the beam were removed so that mechanical flexors could be attached. 
Load in the flexors was adjusted by strain gages. A photograph of the flexor used for 
this purpose and a view of one beam with flexors in place are shown in Figure 15. 
The load applied was located approximately¾ in. from the surface of the flange. 

At the beginning of the fatigue test, the load in the flexor was adjusted so that at a 
maximum flexural load the shear stress in the studs to which the flexor was attached 
had a nominal value of 15,000 psi. All beams were tested on a stress cycle which 
varied from one-half tension-to-tension. The load in the flexor, however, remained 
nearly constant at the magnitude applied at the beginning of the test. The load in the 

Figure 15. Mechanical stud 
flexor, and (b) beam with 

in position. 

flexors : (a) 
stud flexors 

flexor could be monitored during the in
dividual test cycles and also at various 
stages during the progress of the test. 
Such monitoring indicated that at no time 
during the course of a test on any speci
men did the load in the flexor drop below 
a value of 80 percent of the maximum value 
set. In only a few cases did the load on 
the flexor drop to this value. In the other 
cases, the load in the flexor did not drop 
below a value of 85 percent of the maxi
mum value. This fact is particularly 
significant because the stress levels re
ported in Table 9 are computed on the 
basis of the section properties of the base 
beam at the location of the failure. No 
account has been taken of the effect of the 
stud flexor on the distribution of stress 
through the depth of the beam. The local 
effect of the load transmitted through the 
stud has also been neglected in the stresses 
reported. 

All failures in this series of beam 
specimens occurred on the side of the stud 
away from the flexor used to apply load to 
the stud. Two failures occurred at the 
centerline of the beam where the moment 
and corresponding flexural stress have 
the maximum value. The other failure 
occurred at a stud at a distance of 10 in. 
from the centerline of the beam. At this 
point, the moment and flexural stress 
have a value equal to 91 percent of the 
maximum value at midspan. Since these 
values are based on nominal stress cal
culations and neglect the local effect of 
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the load in the stud, the actual difference in stresses for these two fracture locations 
must be even smaller than that indicated by simple flexural calculations. 

The foregoing discussion serves to explain why the stresses reported in Table 9 
for this particular series appear to be somewhat low. With the load transmitted through 
the stud, however, these beams still required a stress range of about 12. 5 ksi on a 
one-half tension-to-tension stress cycle to produce failure in 2,000,000 cycles. 

Beams with Reinforced Concrete Cover 

All beams in this series were provided with a reinforced concrete cover. The 
amount of reinforcement placed in the concrete was calculated to produce in the studs 
a maximum shear force equal in magnitude to the maximum load applied in the previous 
series by the mechanical flexors. The reinforcement was placed in one layer near 
the tension flange, resulting in the proper magnitude of shear force in the studs and a 
distribution of flexural stresses in the base beam to insure failure under the applied 
loads in approximately 2,000,000 cycles. 

Specimens in this series, as in the previous series, were provided with strain 
gages at several locations along the length of the beam. The strain gages were dis
tributed through the depth of the beam to indicate the extent to which the concrete and 
the reinforcement acted as a composite section. These gages were located at cross
sections corresponding to the location of studs and at the section midway between the 
studs. 

On application of load during the progress of the fatigue test, cracks appeared at 
each row of studs. These were the only visible concrete cracks which formed during 
the course of the fatigue tests; their presence caused fluctuations in the location of 
the neutral axis as determined from the strain gages. 

In the region between studs where the concrete was not cracked, the neutral axis 
was shifted toward the flange to which the shear connectors were attached. At the 
stud locations where the concrete was cracked, the neutral axis shifted slightly away 
from the tension flange of the beam. Near the ends of the span, between the rows of 
studs, the neutral axis shifted to a location which indicated that the concrete in this 
region is almost completely effective. 

For beams in this series the nominal stress on the extreme fiber of the tension 
flange can be computed in several different ways, depending on the basis used for 
these calculations. One can assume that only the steel beam resists the bending 
moment, in which case the stress cycle for beams GIE7, GIES and GIE9 in the fatigue 
test was from +21, 800 to +43, 800 psi for a total range of 22, 000 psi. 

The stress cycles reported in Table 9 were calculated on the basis of a cracked 
section for all of the concrete slab. On the basis of the results of the strain gage stu
dies, this is the most reasonable assumption for the actual state of stress. A very 
reasonable check on these stresses was obtained by the strain gages. These gages 
indicated a linear strain distribution throughout the web of the beam. In both flanges 
the strain recorded by the gages was less than the value which would be expected if 
the web strains are extrapolated. This nonlinearity is caused by local effects on both 
flanges. In one flange the indicated strains are affected by the presence of the loading 
heads used in the fatigue machine. On the other flange the strains are very strongly 
affected by the proximity of the gages to a section where the concrete is cracked and 
also by the local effects of the load transmitted by the stud shear connector. 

If the linear strain distribution recorded in the web is extrapolated to the flanges, 
the moment determined from this distribution is in almost complete agreement with 
that determined on the basis of statics for the beam structure. This would certainly 
seem to verify the fact that deviations from this distribution, as recorded by the 
strain gages, are caused by the local circumstances noted previously. 

All beams in this series failed by propagation of a fatigue crack through the tension 
flange. These cracks initiated on the edge of the stud shear connectors, as in all pre
vious tests conducted on beams and plate specimens. The fractures initiated at the row 
of studs just removed from the pure moment region of the beam span. This location 
agrees with that expected since between the support point and the point of load 
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application, the beam is subjected to a constant value of shear and a linear increase in 
bending moment. All studs in this region, therefore, are required to transmit the 
same shear force and the one row of studs nearest the point of maximum moment is 
the most likely point for any fatigue failure to initiate. Although the row of studs at 
midspan is subjected to a slightly higher moment, they are not subjected to any shear 
force and are, therefore, not the most critical. 

On the basis of all beam tests conducted, it would appear that the fatigue resistance 
of beams with reinforced concrete cover is the same as that obtained from the plate 
tests. A comparison of the team tests indicates that the presence of the reinforced 
concrete produces a condition which is slightly more severe than the plain beam but 
not quite as severe as when the studs are loaded by the mechanical flexors. 

FRACTURE SURFACES 

The fracture surfaces obtained in all fatigue tests followed the same pattern with 
the fracture initiating at or near the edge of the stud which is first encountered by the 
axial stress flow. Initial cracks occurred at either one of these locations or at both 
of them, more or less simultaneously. As the test progressed, one of the cracks, in 
those cases where two cracks initiated, propagated more rapidly and caused the other 
crack to stop propagating. 

Typical fracture surfaces for the various specimens tested are shown in Figures 
16 through 19. The general features of the fractures shown in Figure 16 are very 
similar and indicate the general nature of all fracture surfaces encountered in the test 

(a) 

( b} 

Figure 16. Typical fracture surfaces of 
single-stud specimens: (a) A7F steel, and 

(b) A441 steel. 

ta) 

( b) 

Figure 17. Fracture surfaces of specimens 
with altered geometry : (a) ground upset, 

and (b) stud completely removed. 
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Figure 18. Fractures of single-stud wide
plate specimens: (a) 5 in. wide, and (b) 

10 in. wide. 

Figure 19. Fractures of multiple-stud 
wide-plate specimens: (a) three studs, and 

(b) five studs. 

program. Typical features include a region generally referred to as the "thumbnail," 
where the rate of propagation is relatively slow. As the crack grows in size, the rate 
of propagation increases and the fracture surface is somewhat rougher. The final 
stage of fracture is a static failure of the remaining area of the test specimen. 

Particular note should be taken of Figure 16b which shows the fracture surface for 
GIBl. In this specimen the fracture actually initiated under the upset. As the crack 
propagated, it cut across the upset as well as the parent plate, so that when final 
fracture occurred a portion of the upset was torn from around the stud. This type of 
failure was encountered in a few of the cases in this study and was primarily affected 
by the extent to which the upset was bonded to the parent plate. When the upset was 
not completely bonded, the critical location was actually under the upset and the 
fracture propagated from this point. 

Figure 17 shows the fracture surfaces which resulted when the geometry of the up
set was altered. The top portion of this figure shows the result when the upset was 
ground to a smooth transition between the parent plate and the stud. Failure surfaces 
in this case are very similar to those previously presented except that the region of 
slow propagation is somewhat larger than when the upset is subjected to no treatment. 
Figure 17b shows the fracture surfaces which resulted in the two cases where the stud 
was completely removed. Here again the fracture surface is not greatly different from 
that previously reported, except that the region of slow propagation is somewhat larger. 
The failures initiated at locations corresponding to where the edge of the stud would 
have been, had it not been removed. This would indicate that the metallurgical struc
ture in this area is weaker as a result of the changes occurring during the welding 
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process. The fatigue test results indicate, however, that the influence of this metal
lurgical change is not nearly as great as the geometrical effect of the presence of the 
upset. 

Figure 18 shows the fracture locations for the cases where a single stud was at
tached to a wider plate. The fracture surfaces in these cases were similar to those 
previously presented. A very interesting feature of the multiple stud specimens is 
shown in Figure 19, where typical failures of wide plates with multiple studs are pre
sented. Close examination of the photograph of specimen GID6 reveals several inde
pendent cracks which have initiated in a manner identical to that obtained for the plate 
specimens with a single stud. The photograph of specimen GID8 shows how these 
cracks which initiate and propagate independently join up to form a continuous crack 
which eventually causes final fracture. 

Although it is not readily apparent in the photographs of the specimens with multi
ple studs, close examination of the specimens revealed that a large number of inde
pendent cracks had actually initiated. In the case of the specimens with three studs, 
at least three independent cracks were initiated. In the case of the specimens with 
five studs, the number of independent cracks varied from six to eight, indicating that 
in all cases at least some cracks were initiated on both sides of the studs. This ob
servation is of particular importance since it indicates that the fatigue resistance of 
such installations is not a case of the weakest link but rather that the fatigue resistance 
of all of the studs is virtually the same and that fracture initiates at all studs at very 
nearly the same number of cycles. Some further indication of this fact is contained in 
the following section. 

METALLURGICAL STUDIES 

As a part of the program it was essential that detailed metallurgical studies be 
carried out to determine the nature of the microstructure as influenced by base ma
terial, heat input and amount of material available to absorb the heat input during the 
welding process. A total of five different specimens was subjected to detailed exami
nation. Most of these specimens were examined after completion of the fatigue test. 
In one case the specimen was subjected to metallurgical study in the as-produced con
dition to verify that at the examination section the fatigue loading had produced no 
change. 

Both macro- and micrographs of areas of interest were taken for all specimens 
studied. The studies also included detailed hardness traverses from baseplate ma
terial to unaffected base-stud material, across the heat-affected zones and the weld
metal microstructure. 

Microstructures 

The general microstructural features of the stud welds are typical of welds in 
general: a columnar weld-metal zone, with ferrite outlining of the prior austenite 
matrix. This weld-metal zone is a mixture of tempered martensite, ferrite and 
pearlite at room temperature. The next portion of the microstructure is the heat
affected zone which possesses an austenite grain size gradient (largest grains near 
the fusion line), resulting in the presence of martensite near the fusion line. Away 
from the fusion line the amount of martensite decreases and the amount of pearlite and 
ferrite increases. Adjacent to this region is the unaffected base-metal zone which 
consists of Widmanstiitten ferrite and pearlite in a banded structure due to the hot roll
ing process. 

Detailed macro- and micrographs of a variety of specimens are contained in Figures 
20 through 24. Hardness surveys from the baseplate material across the heat-affected 
zone and weld metal to the base material of the stud are contained in Figures 25 
through 28. The specific microstructures vary somewhat in width of the heat-affected 
and weld-metal zones. The relative amount of martensite in the heat-affected and 
weld-metal zones and the fineness of the columnar structure of the weld metal vary as 
a result of the difference in the heat input to the various specimens. The amount of 
weld metal increases with the amount of heat input to the specimens, as does the width 
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Figure 25 . Hardness survey, spec imen GIA2 . 

of the heat-affected zone. Consequently, GIA2 and GIC5 have the narrowest weld
metal and heat-affected zones, followed by GIBl and GIB16, and the fineness of the 
weld-metal structure de creases in the same order . Specimen GIB16 has a higher per
centage of martensite in the heat-affected zone than GIBl. 

Although an increase in heat input generally decreases the hardenability, the oppo
site is true for this material. The presence of the strong carbide former, vanadium, 
ties up some carbon and long solution times are required to take the carbon back into 
solution. As a result, more carbon is in solution in GIB16 than in GIBl, which accounts 
for the increased amount of martensite. Specimen GIBl would be expected to have a 
smaller amount of martensite than GIC5 due to the lower heat input, and GIA2 would 
have less martensite due to the decreased hardenability of A 7F steel as compared to 
A441 steel. Since the weld metal is formed by melting the base metal, the same 
trends observed in the heat-affected zone should be observed in the weld-metal zones. 

Hardness Surveys 

As would be expected on the basis of metallographic observation, the hardness of 
the material increases as the percent of martensite increases. As a result, the hard
ness of the heat-affected zone of the plate GIB16 is considerably higher than that of 
GIBl, and the same is true of the weld-metal zones. It is also true that the hardness 
of the heat-affected zone of the plate and the weld-metal zone of GIBl is considerably 
higher than the corresponding ha rdness in these regions of GIA2, due to the increased 
alloy content of A441 steel as compared to A7F. Table 10 contains a summary, from 
four different specimens, of the size and average hardness of the various zones which 
result from the welding operation. 
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Typical failure of all specimens is evidenced in GIA2. Both of the macrographs in 
Figure 20 shows a fatigue crack on the right-hand edge of the stud which initiated at 
the fusion line and traversed the heat-affected zone. This is not the crack which re
sulted in final failure of the specimen but is rather 180 ° away from the source of ulti
mate failure. Propagation of the crack is transgranular as seen in GIA2. 

SUMMARY 

The tests reported give a very good indication of the effect of base material, num
ber of stud connectors, spacing of stud connectors and welding procedure on the fatigue 
resistance. On the basis of the flat-plate test series, the following conclusions have 
been drawn: 

1. In all cases, the fracture initiated at the edge of the upset and propagated radial
ly through the thickness of the plate. Almost without exception the multi-studded 
specimens featured more than one independent fracture surface. All multiple fractures 
occurred almost simultaneously. 

2. The stress range to produce failure in 2, 000, 000 cycles varied from 16, 000 psi 
in complete reversal to 14,000 psi in a half tension-to-tension stress cycle. 

3 , There was no noticeable difference in fatigue life between specimens fabricated 
from A 7F or A441 base material. 

4. Altering the stud-welding procedure to supply more heat to the weld had no ef
fect on the fatigue life. 

5. Changing the stud geometry by grinding the upset to a smooth transition doubled 
the fatigue life. Complete removal of the studs provided an even greater resistance to 
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fatigue loading. With the stud removed, however, the fatigue life was not as great as 
has been reported earlier for plain-plate specimens of similar material. 

6. The number of studs in a line transverse to the direction of stress and the spac
ing of the studs has some effect on the fatigue resistance but the effect is not very 
large. 

The behavior of the beam specimens in all three series was very similar to what 
was obtained for the flat-plate specimens. Excellent correlation is obtained between 
the flat-plate specimens and the beam specimens, not only in overall behavior but also 
in terms of stress levels required to produce failure in 2, 000, 000 cycles. The follow
ing observations have been made on the basis of the beam tests: 

1. Fractures in the beam specimens were similar to those obtained in the flat
plate specimens. In flat-plate specimens the fracture might occur on either side of 
the stud, whereas in the beam specimens, the fractures occurred on the side of the stud 
where secondary tensile stresses, due to the loading of the stud, were added to the 
primary tensile flexural stresses. 

2. Cracking occurred in the concrete at every row of studs and only at the studs. 
Although the slab used in these tests was narrow, there is reason to believe that shear 
connectors in the negative moment regions might prove to be an effective means of 
crack control. 

3. The half tension-to- tension stress cycle to produce failure in 2,000, 000 cycles 
for the various groups of beams tested was plain beams, 16. 4 to 32. 8 ksi; beams with 
flexors, 12. 5 to 25. 0 ksi; and beams with concrete, 14. 0 to 28. 0 ksi. In view of the 
extent of the agreement between the results of the flat-plate and beam specimens, it 
would certainly appear that the flat-plate tests give a satisfactory indication of the be
havior of similar beam tests. 
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TABLE 10 

EFFECT OF STUD-WELDING PROCEDURE 

Item Value 

Specimen GIA2 GIBl GIB16 GIC5 
Type of steel A7F A441 A441 A441 

Heat inputa: 
Weld current (amp) 1,500 1,500 1,450 1,750 
Arc voltage (volts) 33 33 33 31 
Weld time (cycles) 58 58 76 43 
Heat (KVA cycles) 2,870 2,870 3,630 2,330 

Zone widths (mm): 
Heat-affected zone stud 3.0 1. 5 2.5 1. 5 
Weld metal 1. 5 2.5 5.0 2.0 
Heat-affected zone plate 1.0 1. 5 2.5 1.0 

Avg. zone hardness (Knoop): 
Base metal stud 180 171 195 157 
Heat-affected zone stud 181 179 184 169 
Weld metal 143 255 266 237 
Heat-affected zone plate 194 248 283 305 
Base metal plate 150 222 228 215 

aLift of 3/32 in. and plunge of 3/16 in. used. 
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With this as a basis, the modified Goodman diagram presented in Figure 29 
should serve for the development of suitable provisions for fatigue in the case of 
designs which utilize stud shear connectors for composite action in negative 
moment regions. This diagram yields a stress range of 16, 000 psi for complete 
reversal, 16, 000 psi for zero-to-tension, and 14, 000 psi for half tension-to-tension 
for failure in 2,000,000 cycles. A somewhat smaller range would be required 
for stress cycles above this level. Applying a factor of safety of approximately 
1. 6 on these stresses results in permissible stress cycles of approximately 10 , 000 
psi. 
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Field Dynamic Loading Studies of Highway 
Bridges in the U. S., 1948-1965 
R. F. VARNEY and C . F . GALAMBOS 

Bridge Engineers, Structures and Applied Mechanics Division, U. S. Bureau of 
Public Roads 

A compilation of pertinent information is presented for all high
way bridges on which experimental dynamic load data have been 
gathered in this country since 1948. The bridges are grouped 
as simple, continuous or cantilever span types in three general 
superstructure categories: steel girder, concrete and miscel
laneous. The tabulation provides a brief summary of construc
tion details, dynamic measurements taken and the velocities, 
positions, and magnitudes of test loads. This compilation of dy
namic bridge research test parameters provides the bridge de
sign and research engineer a ready guide to field bridge study 
information not previously available in one source. 

•THE FOLLOWING tabulation of highway bridges provides a reference to bridge types 
and parameters on which dynamic vehicular loading performance data are available for 
the use of highway bridge design and research engineers. The tabulation was compiled 
from published and unpublished reports on completed studies and from advance infor
mation available on current studies. 

The bridge descriptions are presented in three groups: simple, continuous and 
cantilever spans. In each group the bridges are listed by superstructure category: 
steel girder, concrete and miscellaneous. Within each category the listing is alphabeti
cally by State. For additional detail the reader is referred to the pertinent publications 
available. 

Bridges on which the personnel and equipment of the U. S. Bureau of Public Roads 
Structures and Applied Mechanics Division have been employed in a cooperative field 
endeavor with a State Highway Department are indicated by an asterisk. These studies 
bear a relationship to one another because of the uniformity of research procedures 
followed and, in recent years, the nearly identical loadings with a vehicle whose dy
namic characteristics are carefully measured. The same continuity of research holds 
true for many of the bridges studied by the Michigan Highway Department and for the 
AASHO Road Test bridges studied. 

The format is designed to permit a quick comparison of the essentials of the bridge 
studies. Related field studies on which only static data are sought have not been in
cluded . The information contained in the tabulation is somewhat varied due to the 
diverse scope of the different reports. The information has been tabulated for publica
tion at the request of C. P. Siess, Chairman of Highway Research Board Committee 
on Bridge Dynamics, and L. T. Oehler, Chairman of Highway Research Board Com
mittee on Field Testing of Bridges. 

Paper sponsored by Committee on Bridges . 
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