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oIT APPEARS today that considerable improvement in high-density traffic flow can be
achieved by automatic control of individual highway vehicles. An automatic system for
controlling an individual vehicle in a traffic stream in response to the immediately
preceding vehicle is currently being studied. It has been found that there are a number
of requirements which must be met by any system for control of vehicles in traffic.
The proposed system which meets these requirements is a combination of several con-
trol teechniques. It should not be surprising that the system is in some ways similar

to the driver himself.

This paper includes a short description of the traffic situation variables, the re-
quirements on the system, a description of the system itself, and a discussion of the
performance of the system. It is of course impossible to treat the several aspects of
this control problem in detail.

NOTATION

Consider a line of n vehicles progressing along a highway in the direction of + x as
shown in Figure 1. The lead car will be indexed 1, the indexes of the others progress-
ing to N at the rear; x; is the distance from a fixed origin on the road to the front of the
ith car. The velocity of the ith car relative to the road is

|
Vi T
or, in operator notation,
Vi T PX
where
-
P =Gt

The absolute acceleration (relative to the road) of the ith car is
dv,

a, = —-
dt

or, in operator form,

a. = pv.
pl
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Figure 1. Traffic system variables.

The headway of the ith car is

L Vo
i=1
INCREASING T ME hi 1% 17 %
Cf;\ e The relative velocity or rate of closure
% Ve (0 i=I between the ith and i - 1st vehicle is
oty ©) — vri . =v 1Y

Figure 2. Typical phase plane trajectory.
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The relative acceleration of the i - 1st car from the ith car is

These are all instantaneous values of variable functions of time.

These variables are conveniently represented by points on phase plane plots. On a
phase plane plot, the abscissa of a point is the instantaneous value of the variable, and
the ordinate is the instantaneous value of the time derivative of the variable. As time
increases, the point representing the variable and its derivative traces out a phase
plane trajectory. A typical plot is shown in Figure 2. If the ith car in a line of cars
is controlled by an automatic control system, then the point p (the leading end of the

phase traj,ectcry) represents the current hnad“my and relative vﬂ]nnﬂ'v oxi thcr be-

tween the controlled car and the lead car. The region R represents a set of 51tuat10ns
which can exist between the controlled car and the lead car. If the point p is in the
rcgion R as shown (Fig. 2), the traffic situation will be referred to as being "in region
R'" for the purpose of brev1ty.

Techniques have been developed which make possible the sensing of the lead car by
the controlled car. When it is sensed, the controlled car is in the region of influence
of the lead car. This region is finite in length, but adequate. Also, the variables
vri i and hi .1 can be computed by electronic circuits in the controlled i th car.
The outputs of these circuits are electrical signals proportional to vri i and hi -1
In the remainder of this paper this measurement of Vri o q and h, _ ,is considered
ideal.



REQUIREMENTS OF INDIVIDUAL VEHICLE CONTROL SYSTEM

An individual vehicle control system must operate in 2 highway situations: (a) the
controlled vehicle by itself on the open road or with large clear distance ahead; and (b)
the vehicle in heavy traffic where the controlled vehicle must respond to the vehicle
ahead. The first environment indicates the first requirement on the automatic control
system: if the headway (the clear distance ahead of the controlled vehicle) is large,
then the vehicle must not respond to traffic ahead, but instead must maintain a constant
speed chosen by the occupant. It is of course implied that the controlled vehicle in the
presence of heavy traffic will not exceed the chosen open road speed.

The remainder of the requirements are associated with the control of the vehicle in
response to traffic. In any maneuver the peak acceleration of the controlled vehicle
must not exceed its capabilities. Accelerations are usually engine-limited to about
0.2 g to 0.3 g, while decelerations are limited by traction to about 0.5 g, but with
considerable variability. Demands of the control system for accelerations higher than
the limits of the vehicle result in "saturation,' which may take the form of skidding in
the case of deceleration. Comfort of passengers dictates peak acceleration and de-
celeration of 0.1 g to 0.15 g.

A defined steady-state displacement between 2 adjacent vehicles in the same lane
of traffic must be maintained, which is a function of the average speed of the traffic
stream andnot afunction of the state at which control was initiated. This headway H
should be as small as possible, so as to cause the traffic density (veh/mi) to be as
large as possible. An upper bound upon this headway might be

H<2v_ 1t
ss

where vgg is traffic average speed in feet per second (fps).

Finally, and most important, the response of the automatically controlled vehicle to
the motion of the preceding vehicle must be stable. This condition is termed local
stability. Also, a disturbance in a lead vehicle in a line of identically controlled ve-
hicles must be attenuated as this disturbance propagates back along the line. This is
a second type of stability and is termed asymptotic stability (1,2). In local stability,
small limit cycles may be tolerated, but accelerations should be less than 0.1 g, and
rear-end collisions must be avoided. Asymptotic stability is assured for linear sys-
tems if the response spectrum of the control system (the transfer function with p or S
replaced by jw) has maximum magnitude equal to or less than unity for all frequencies
(3). This condition will be considered later.

THRESHOLD CONTROL SYSTEM

A simple threshold device has a single continuously variable input x and an output
y of 2 discrete levels. If the input is less than a prescribed value Xp, the output is A,
and if the input is greater than X0 the output is B. This can be described analytically
as

y=A + (B - A)u -XO)

where

u is the unit step function,
e is any real variable,
u(e)=1for e >0, and

u (e) = 0for e <0.

Now suppose the device has 2 input variables, x and z. The variable e is now a
function of 2 variables. For instance, let e be defined by



10

I, -
B 0 2

2 2
Now y = A when e < 0, orwhenx<x0+%. Whenx>x0+~zz—, y=B. If a plot is

made of z vs x, the threshold is a parabola

which divides the z - x plane into 2 regions, one to the left of the parabola and one to
its right.

If the variable x is replaced bv headwayv. the variable z by relative velocity, the
variable y by acceleration of the controlled car, and if B = 0 and A = a deceleration
level, then a very simple control system is described. When the headway hj - 1 is less

Vo,
than Xg + 1'1—2-1_ , the controlledcar is decelerated by A ft/sec?, and when
(o)
Yi-1
h, _ 4 >x, + =5 ,the controlled car's velocity is constant.Thus the
Vpi -1 " h; _ { phase plane is divided into 2 regions by the parabola,
()
i~ 1
o 1% 2
To meet the requirements of the traffic environment, a combination of threshold
devices is needed which divides the v - hi _ 1 bhase plane into several regions

i-1
(Fig. 3). There are of course many alternatives, which are being investigated at the
present time. A simplified version of Figure 3 is discussed elsewhere (4) in detail,
including the performance of the threshold system and the electronic operations ne-
cessary to its actuation. The major difference in Figure 3 is the addition of a linear
mode, which is discussed in the next section.

The phase plane represeniation for the threshoid coniroi of the ith car is divided
into a number of regions (Fig. 3). Each region has associated with it a certain mode
of control of the ith car. For example, if V. . and h, _,are coordinates of a

1 -

point in region 2, the ith car is decelerating at a constant 0.1 g. The boundaries of
the regions are not trajectories, although certain trajectories can be coincident with
some of the boundaries. For instance, the parabolic trajectory of constant relative
acceleration a, of + 0.1 g magnitude would be coincident with the parabolic bound-

i -1
ary between regions 1 and 2 if the initial point of the trajectory were on the boundary,
such as point A. The control in the individual regions is as follows (numbers of regions
are circled in Figurc 3):

1. In region 1 the system is a speed regulator with constant speed vq chosen by
the driver.

2. Inregions 2, 3, 5, 7, 8, 9, and 10, the controlled car is accelerated at the
constant values indicated for each region.

3. Region 6 is a linear mode as shown; this provides stability, which will be dis-
cussed in the next section.

4, Region 4 control depends on that of the previous region. If region 4 is entered
from region 3, then aj; = - 0.5 g. If region 4 is entered from region 5, aj =+ 0.1¢g
in region 4. If region 4 is entered from region 6, a; =+ 0.1 g in region 4.
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Ve 5. An acceleration of 0.1 g initiated in
9 gi=xlg region 5 will be continued through regions

4 and 1 until region 2 is reached.

) ® 6. Althoughnot shown onthe phase plane,

0= Kv,-v) F—— control is vj = vq (speed regulation at open
road speed) whenever v; _ 1 >vq.

A detailed discussion of the techniques
for generating electrical signals Vri. 1

and h; _ 1 and for actuating the various
modes according to Figure 3 is too lengthy
to include here. A previous paper (4)
discusses these and also presents a de-
: . tailed description of the response of the
Figure 3. Phase plane representation of the threshold system to large disturbances
bpgsnoidl system, and large transient situations. The pres-
ent system is essentially the same, except
for the inclusion of the linear mode.

LINEAR MODE OF CONTROL

In the study of longitudinal control systems (4) with only threshold modes of control
it has been found that the systems give rise to classical limit cycles in the 2-vehicle
situation and asymptotic stability problems in a platoon situation. The limit cycles
occur because discrete levels of acceleration and deceleration of the controlled car
are alternately actuated by means of proper switching to force the controlled car to
follow the lead car with a headway fluctuating about a fixed value. The velocity of the
controlled car fluctuates about a mean value which is equal to the velocity of the lead
car. In the steady state then the acceleration of the controlled car will be a rectangular
function of time with zero mean value. Since the points at which switching occurs
between the discrete levels of acceleration and deceleration are fixed, the acceleration
function is periodic with zero mean. This results in limit cycles. Although limit cycles
are not inherently undesirable they tend to cause asymptotic instabilities, and it can
be said that the system provides excessive control when the relative velocity between
2 vehicles is small. Such over control would make the ride somewhat uncomfortable
while the braking and accelerating components in a vehicle would operate at average
levels which are higher than necessary. With these facts in mind a linear mode of
operation has been included in the automatic system to operate in the region of desired
headway and small relative velocity.

An idealized linear mode of operation for the automatic longitudinal control system
valid for small values of v is described by

pv, =k, (v, - v) (1)

where p is the differential operator equal to d/dt. The acceleration or deceleration of
the controlled vehicle in the linear zone is proportional to the relative velocity.

Consider the phase plane diagram (Fig. 4). In a system with only threshold modes
of control and the lead vehicle at a constant velocity, classical limit cycles will exist
within the region indicated by the dotted lines. Adding a linear mode of the type char-
acterized by Eq. 1 such that the linear mode is activated approximately in the region
of classical limit cycles will eliminate these limit cycles. Since pv, = 0, pv, = - pv.
Eq. 1 then becomes

-pv=Kkv (1a)
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which has the solution

Integrating both sides of Eq. 1a,

v=-kl(h+h0)

which is the trajectory in the linear mode. Thus in the linear mode the trajectory
approaches the v = 0 axis along a straight line, and the limit cycles are eliminated.

The transfer function® Gy, (p) for this type of control relating the velocities of 2
vehicles, v, and v,, is

v, (p) Kk,

O Py e, &

The asymptotic stability of a platoon of vehicles requires that

|G Go) | <1 (3)
) ¥, (jw) k,
lG(J‘“)l ol AT N (@)

which is less than or equal to one for all frequencies. Therefore, the system is as-
ymptotically stable for operation entirely within the linear mode.

Another requirement on an automatic system restricts the maximum acceleration
and deceleration of a controlled vehicle to approximately 0.1 g for normal operation.
The maximum magnitude of trailing car acceleration will nccur at either the upper or
lower boundary of the region of linear operation. The peak acceleration requirement
is satisfied, and also the system acceleration is continuous when switching from the
nonlinear region of operation to the linear mode if the velocity boundary of the linear
mode is given by

=222 fhg (5)

*The transfer function is a common way ot representing a device whose output y is related to its input
x by a linear differential equation such as (ap? + aip + mLd = (byp = by) x. The ratio

blp + bo

L
X 2
ap’ tap +a

is termed the transfer function of the device. If x is assumed to be of the form sin wt, then replacing
p by jw gives the magnitude and phase of the steady state solution y relative to the sinusoidal input x.



13
Classical Limit Cycle of Threshold System

Region of Limit Cycles
Threshold Modes Only

R

S| SO, NN (1
—
i
=

e e i e ki SN e e )

Trajectory for Linear
Mode Operation

Region of Linear Mode
QOperation

Figure 4. Comparison of trajectories for a system with and without a linear mode of operation
(vy = constant).

In a platoon of vehicles in steady state traffic flow, lead vehicle velocity may be
expressed as

Vi, = Vg, + vp (6)
where
vy, = lead vehicle velocity, v, if the first in a platoon;
Vgg = constant component of lead vehicle velocity; and
Vp = component due to perturbation.

In this analysis Vp is periodic. The frequency of v, can vary over a range of values,
which are bounded by the dynamic response of an actual vehicle. The lead vehicle
velocity is now expressed as

v =vS+Vasin(wt+O) (7

L s

The peak magnitude of lead vehicle acceleration is

a

L wVa (8)

In measuring response characteristics, the magnitude of the lead vehicle acceleration
was within the range

0.03g<

wVa' <0.5¢g (9)
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Figure 5. Trajectories illustrating platoon dynamics. Scales: velocity—34 in.=10 ft/sec; headway—
3.« _
'/ in.=20 ft.

Figure 5 illustrates some samples of response characteristics for the 3-vehicle pla-
toon with the lead vehicle perturbed at various frequencies. These characteristics were
obtained from an analog computer simulation of the automatic system. The trajectories
are not limit cycles, but are the system's steady state response to the sinusoidal input.
The headway variation of the second vehicle has been reduced by the inclusion of the
linear zone.

The platoon characteristics can be observed from the phase plane trajectories of the
third vehicle. Figure 5 shows that there is a reduction in headway and relative velocity
variations between the second and third vehicles. The desired attenuation of distur-
bances can be seen in Figures 5d and 5f. In these cases the perturbation frequency is
sufficiently high to cause the phase plane trajectory of the second vehicle to pass in and
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Activating Signals for Kz P
Threshold Modes
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Switch Positions: 1) Linear Mode of Operation, ¢) Threshold Modes of Operation

Figure 6. Block diagram of automatic system (@ = command acceleration).

out of the region of linear mode control. In spite of this, the trajectory of the third
vehicle remains entirely within the linear mode region of control with considerable
attenuation in the headway and relative velocity variations.

DESIGN OF A PRACTICAL LINEAR MODE SYSTEM

It is now necessary to include important factors which will be inherent in an actual
system but which were not considered in the ideal system of the previous section. The
performance of such a vehicle may be approximated by

<I<
N
—

¢}
»

where

v, = actual velocity of vehicle,
Ve = velocity command to vehicle, and
ta = automobile time constant.

This will be termed a velocity controller. If the acceleration of the controlled vehicle
is made to have a component proportional to the headway, several problems arise (1).
To actually achieve constant accelerations and decelerations of the controlled vehicle,
acceleration feedback is required. A somewhat idealized acceleration feedback loop

is shown in Figure 6 because it is relatively straightforward. In practice, however,

it is much more convenient to accomplish the same synthesis starting with a rearrange-
ment of Figure 6 which is dynamically equivalent to that shown. The transfer function
of an accelerometer can be represented by

a k,p
L (11)
v, t,p+1
where
a,, = output signal of the accelerometer,
v, = velocity of vehicle,
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t, = time constant associated with accelerometer, and
k, = gain factor associated with accelerometer.

In the forward path of the system, proportional and integral control are included to
provide design flexibility. The system may be represented in block diagram form
(Fig. 6). The open-loop transfer function of the acceleration loop is

Ka (Kqtyp® + Kyp + k)

Gl (tmp +1) (t,p + 1) (tap + 1) (12)

where G is the forward path transfer function and H is the feedback path transfer
function. The zeros of GH may be used to cancel the poles at -1/t, and - l/ta by

cattinge
o

and

The complex frequency plane considering the poles and zeros of the expression given

by Eq. 12 is shown in Figure 7.
The transfer function of the system with the velocity feedback path open is

v kk, (tp+1)
L o e (13)
Vr t K.k,
ta 1 - T | P tm p+1+ ————F—T
a m
t 1-—
a t
a
(see Fig. 6). The root locus is shown in Figure 8. v, (p)

This designprocedure enables one to specify the dominant pole of Gy, (p) = V_(lT)
1

which determines the transient response of the system. Further specification of the
system will be accomplished by fixing the dominant pole of the closed loop transfer
function at an arbitrary value - 1/t . To have a pole of the transfer function at - 1/t0,
the gain factor 0

is determined by

2 L (14)
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Figure 7. Cancellation of poles and zeros of GH Figure 8. Root |ocus|:: (e
expression. P

Solving for k,

tm
ta 1-%-
__;[L_L]
t t t
k4= (8] m 0 (15)

It is desirable in this system that the command acceleration be continuous at the
boundary of linear and nonlinear modes. Continuity can be provided at this point if

Ak, = vok5 (16)

where

A, = magnitude of command acceleration at boundary
0.1 g = 3.22 ft/sec?,
magnitude of relative velocity at boundary, and

v

[ ||

o
V=5 ft/sec.
%
Therefore, k, = B;k; where B, =A-15 . It is now possible to specify the product kk, as
1
a1 1] [ i
to tm to ta
kk = ] - (17
45 l_ ) l ] Bl )
t, t Tt
0 om
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For this system,

cats [t 1]
p +
v, (p) ) ta 2 He
v (p) . Kk, tkk, k, K,
t,p*+ |1+ Tt P+
a a a

The inequality is easily satisfied by investigating the magnitude of Eq. 18 as a function
of frequency. The constraints that have already been placed on the system performance

) erformance
have also insured asymptotic stability of the system.

SUMMARY

An automatic iongitudinal conirol system {or control of individual vehicles in the
traffic stream has been presented. In order to meet the many requirements on such a
system it was necessary to combine both linear and nonlinear modes of control in the
system. The system has been analyzed in the car-following situation in single lane
traffic with up to 3 cars in a line. More extensive evaluation for many cars in a platoon
and for comparison with the present manual system has not been completed. However,
the results of present analysis indicate that good performance can be expected.
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