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Foreword 
The first three papers present the results of three different kinds 
of investigations into the theories and practices used in the design 
and construction of concrete pavements. The first paper ex­
plains a theoretical solution for the design of rigid slabs. Some 
new concepts are offered in an attempt to avoid certain limita­
tions of conventional mathematics and hand solutions. Sample 
problems given illustrate the generality of the method and the use 
of a computer program. Moving load tests on an eight-year-old 
prestressed concrete slab at the University of Pittsburgh, re­
ported in the second paper, demonstrated the continuation of 
adequate bond between concrete and the grouted prestressed ten­
dons. Some longitudinal cracking in the pavement slab suggested 
the need for transverse reinforcement. The other paper, which 
relates only to concrete pavement, reports on deflection testing 
of a continuously-reinforced concrete pavement in Texas. 

Investigations by the Highway Department and the University 
of South Carolina have provided a very practical method for deter­
mining the modulus of deformation of subgrade materials, useful 
in the design of flexible pavements. The paper "Application of 
AASHO Road Test Findings to the Design of Flexible Pavements" 
describes how the new soil support test method can be applied 
locally and used in conjunction with the AASHO "Interim Guide" 
on flexible pavements. 

The fifth paper examines and discusses the basic theories in­
volved in the analyses of "Structural Behavior of Road Test Flex­
ible Pavement." It is an abridgment of an NCHRP project report. 

A report on observed deflections of flexible pavements in Mary­
land provides a study of relative pavement deflection and pavement 
performance as they vary with subgrade moisture content and the 
effect of traffic. A contribution toward the development of non­
destructive testing for flexible pavements is described in the 
following paper. The pulse velocity measurement technique used 
in Texas, where the effects of moisture content, density, voids, 
pressure and temperature on the wave velocities in various ma­
terials were studied, is presented. 

An abridgment of a report on Research in Oregon gives a sum­
mary of data on "Fatigue and Deflection of Asphaltic Concrete 
Pavements." Pavement performance was found to be affected by 
time of year, location, type of base rock, age of pavement and 
layer thickness. Another abridgment presents a correlation de­
veloped between flexible pavement performance and local factors. 

A Canadian paper from the University of Waterloo represents 
a continuation in the study of ideas and methods relating to the 
measurement of pavement serviceability. Included are the results 
of an added test program and the re-examination of the inter-re­
lationships between subjective and objective measurements. 

The last two papers relate to safety, inasmuch as they discuss 
the results of research aimed at controlling the skid resistance 
of pavements. The work at Cornell Aeronautics Laboratory in­
cluded a study of hydroplaning of tires as affected by the texture 
and drainage characteristics of pavement surfaces. 

In Texas, as described in the last paper, skid test values were 
correlated with accident data to aid in a determination of safe 
limits for pavement surface maintenance and traffic speeds. 
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Analysis of Discontinuous Orthotropic Pavement 
Slabs Subjected to Combined Loads 
W. RONALD HUDSON and HUDSON MATLOCK 

Center for Highway Research, The University of Texas, Austin 

A method of solving for the deflected shape of freely discontinuous 
orthotropic plates and pavement slabs subjected to a variety of 
loads including transverse loads, in-plane forces and externally 
applied couples is presented. The method is applicable for plates 
and pavement slabs with freely variable foundation support includ­
ing holes in the subgrade. 

Anisotropic elasticity governs the behavior of orthotropic plates 
and pavement slabs and is usedtodevelopthe necessary equations. 
The method is not limited by discontinuities and uses an efficient 
alternating-direction iteration means of solving the resulting ·equa­
tions . The method allows considerable freedom in configuration, 
loading, flexural stiffness and boundary conditions. It solves the L . . . ... 

problem rapidly and should provide a tool for use in later studies 
of repetitive stochastic loading. Three principal features are in­
corporated into the method: (a) the plate is defined by a finite­
element model consisting of bars, springs, elastic blocks and 
torsion bars; these are further grouped for analysis into orthogonal 
systems of beam-column elements; (b) each individual line-element 
of the two dimensional system is solved rapidly and directly by 
recursive techniques; and (c) an alternating-direction iterative 
method is utilized for coordinating the solution of the individual 
line- elements into the slab solution. 

The computer program utilizes the equations and techniques 
developed and can be used by the reader. Several sample problems 
illustrate the generality of the method and the use of the computer 
program. The results compare well with closed-form soluti.ons. 

•THE analysis of pavement slabs is a difficult task. To date neither a theoretical ap­
proach nor experimental work has solved the problem. In 1926 H. M. Westergaard 
completed an analysis of stresses in pavement slabs (32) and his equations have become 
the definitive design equations for pavement slabs in tlle United States. Many other 
engineers and mathematicians have attempted to solve this design problem. Unfortun­
nately, limitations of conventional mathematics and of hand solutions have restricted 
developments. Thus the Westergaard solutions, as well as all others, are subjected to 
limiting severely assumptions which often are not realistic. 

Several large-scale road tests have been conducted in attempts to bridge the gap be­
tween theory and reality. These include the Bates Test in 1922, the Maryland Road 
Test in 1950, and the AASHO Road Test in 1958. All three of these full-scale experi­
ments have added to the knowledge of pavement design. However, only the AASHO Road 
Test was large enough to provide significant information. Work with the AASHO Road 
Test data has shown that a mechanistic model of structural behavior is essential in the 
study of load, environment and performance. 

The problem, then, is to develop a mechanistic model for describing slab behavior 
and to develop better methods for solving these equations. The method should allow 

Paper sponsored by Committee on Rigid Pavement Design and presented at the 45th Annual Meeting. 
l 
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for freely discontinuous variation of input parameters including bending stiffness and 
load. Combination loading should be providedforandshould include lateral loads, in­
plane forces, and applied couples or moments. Freely variable foundation conditions 
are needed. Such a technique should apply not only to the general slab-on-foundation 
case, but also for orthotropic plates with various configurations of structural support. 

This paper describes such a method of solving for the deflected shape of orthotropic 
plates and pavement slabs. (Throughout this paper, the term slab is often used as an 
abbreviation for pavement slab and slab-on-foundation.) From this deflected shape the 
stresses, deflections, loads, and bending moments can easily be determined. The 
method developed takes advantage of groundwork laid by others. The finite-element 
method was developed byMatlock(l8, 19, 29), and variations and extensions of his 
methods have been made by Tucker, Haliburton, Ingram, and Salani (29, 18, 12, 24). 

The principal features incorporated into the finite- element method are Ta) repre­
sentation of structural members by a physical model of bars and springs which are 
grouped for analysis into systems of orthogonal beams, (b) a rapid method for solution 
of individual beams that serve as line elements of a two-dimensional slab, and (c) an 
alternating-direction iteration technique for coordinating the solutions of individual 
beams which ties the system together. 
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NOTATION 

Definition 

Temporary bar numbering used in derivations. 

Coefficient in the matrix equation. 

Constants used to relate stress to strain in general anisot­
ropic elasticity (i refers to stress component, j refers to 
strain component). 

Torsional stiffness of slab element i, j about the x- axis. 

Torque exerted on the x-beam due to the relative rotation 
in torsion bar i, j. 

Bending stiffness of an isotropic plate. 

Bending stiffness of an orthotropic plate in the x-direction. 

Bending stiffness of an orthotropic plate in they-direction. 
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E' 't3 
12 
Modulus of elasticity in x-direction. 

Modulus of elasticity in y-direction. 
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Total strain in x-direction. 

Total strain in y-direction. 

Total strain in z-direction. 

Vertical forces at joint i, j. 

Angular rotation across a plate element. 

E 
Shear modulus = 12(l +v). 

Approximate orthotropic shear modulus 

(Ey (1 + vxy~x~y Ex (1 + llxy)) 

Shear strain . 

D
1 

+ 2D xy 

The increment length along the x-beams. 

The increment length along they-beams. 

3 

An integer used to number mesh points, stations, and bars 
in the x-direction. 

An integer used to number mesh points, stations, and bars 
in the y-direction. 

Support modulus of the foundation. 

Moment acting on Bar a about the center of the bar. 

Bending moment acting on an element of the plate in the 
x-direction. 

Bending moment acting on an element of the plate in the 
y-direction. 

Twisting moment tending to rotate the element about the 
x-axis (clockwise-positive). 

Twisting moment tending to rotate the element about the 
y-axis (clockwise-positive). 

The bending moment in the x-beam at Station i, j (equals 
x 

h M . . ). 
y 1, J 

The bending moment in they-beam at Station i, j (equals 

h M~ .). 
x 1, J 

Poisson's ratio which results in strain in they-direction 
if stress is applied in the x-direction. 

Poisson's ratio which results in strain in the x-direction 
if stress is applied in they-direction. 

Axial load in the x-beam in Bar i, j (equals h p~ .) . 
y 1, J 
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lb/in . 2 

lb/in. 2 

in. 

in./lb 

in./lb 

lb/in. 2 

lb 

in, 

in. 

in. 

Unit axial load in the slab x-direction at Station i, j. 

Distributed lateral load. 

Concentrated lateral load. 

Externally applied load at point i, j. 

Load absorbed internally by the x-beam system at Station 
i' j . 

Load absorbed internally by they-beam system at Station 
i, j . 

Load absorbed by they- beam in bending. 

Load absorbed by they-beam due to axial load. 

Load absorbed by tlie y-beam in twisting . 

Fictitious spring stiffness or closure parameter. 

Fictitious spring representing the x-beams. 

Fictitious spring representing the y- beams. 

Elastic restraint used to represent the foundation in the 
finite-element model. 

Stress applied in the x-direction. 

Stress applied in they- direction. 

Stress applied in the z-direction. 

Slab thickness. 

External torque applied to Bari on the jth x-beam. 

Exter nal torque applied to Bar j on the ith y- beam. 

Shear stress. 

Shear in Bar a of the j th x-beam. 

LatcraJ deflection. 

Deflection of the jth x-beam at Station i. 

Deflection of the ith y-beam at Station j. 

Standard Cartesian coordinate directions. 

THEORY OF ELASTIC PLATES AND SLABS 

A review of the various theories involved in the analysis of plate and slab bending 
will be helpful in understanding the problem at hand. A brief discussion of the bihar-
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monic equation is presented in this section. A discussion of generalized Hooke's Law 
which leads into the derivation of the equation of bending for orthotropic plates follows. 
The effect of in-plane forces applied to the plate in combined loadings is presented next. 
Finally, elastic foundations are discussed as related to pavement support. 

General Plate Theory 

The bending of a plate depends greatly on its thickness as compared with its other 
dimensions. Timoshenko (28) distinguishes three kinds of plate bending: (a) thin plates 
with small deflection::;, (b) tliin plates with large deflections, and (c) thick plates. 

For thin plates with small deflections (i.e., the deflection is small in comparison 
with thickness), a satisfactory approximate theory of pending of a plate by lateral loads 
can be developed by making the following assumptions: 

1. There is no deformation in the middle plane of the plate. This plane remains 
neutral during bending . 

2. Planes of the plate lying initially normal to the middle surface of the plate remain 
normal to the middle su1·face of the plate after bending. 

3. The normal stresses in the direction transverse to the plate can be disregarded. 
(This assumption is necessary in the analysis of bending of the plate as will be seen 
later; approximate corrections can be made to account for pressures directly under the 
transverse load.) 

With these assumptions, all components of stress can be expressed in terms of the 
deflected shape of the plate. This function has to satisfy a linear partial differential 
equation which, together with the boundary conditions, completely defines the deflection 
w. The solution of this differential equation gives all necessary information for calcu­
lating the stresses at any point in the plate. 

Timoshenko {28) develops the theory of bending of plates very thoroughly from the 
simplest problemof bending in a long r ectangular plate subjected to transverse load to 
the very complex problems of thick plates with various boundary conditions. 

The Isotropic Plate Equation 

Structural plates and pavement slabs are normally subjected to loads applied perpen­
dicular to their surface, i.e., lateral loads. Timoshenko and others have derived a 
differential equation which describes the deflection surface of such plates, the bihar­
monic equation. With one minor change, Timoshenko' s equation is given below. This 
change is to reverse the sense of the z-axis and make "up" positive. This new coordi­
nate system is consistent with recent beam-column developments (18). The equation 
becomes -

q (1) 

in which Mx is the bending moment acting on an element of the plate in the x-direction, 
My is the bending moment acting on an element of the plate in they-direction, Mxy is 
a twisting moment tending to rotate the element about the x-axis (clockwise positive), 
and Myx is a twisting moment tending to rotate the element about the y-axis. Obse1·ving 
that_ Mxy = -Myx for equilibrium (rxy = ryx), the equation can be condensed into the fol­
lowing form. 

(2) 

To evaluate this equation, it is safe to assume that expressions for moment derivedfor 
pure bending can also bt:> used for laterally loaded plates. This assumption is equivalent 
to neglecting the effect OJ?, bending of t he shearing forces and the compressive stress in 
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the z-di1·ection produced by the lateral load. Errors introduced into these solutions by 
such a ssumptions are negligible provided the thickness of the plate is small in compari­
son with the other dimensions of the plate . 

The equations for moment are derived in Ref. 11 for the general case. For the 
special case of isotropy, they can be stated 

M (0
2

w o
2
W) D - + !J-2 x oX2 -O y 

M (°2
w 0

2w) = D --+ v -
y a y2 ax2 

M = -M 
a2w -D (1- v)-xy yx axay 

(3) 

(4) 

(5) 

where Dis the bending stiffness of the plate, v is the Poisson's ratio, and other terms 
have been previously defined. 

Substituting these expressions into Eq. 2 obtains 

q (6) 

The Generalized Hooke's Law 

To obtain the relations between the components of stress and the components of de­
formation in an elastic body, it is necessary to choose some mathematical model which 
r eflects the elastic properties of the body . In these der ivations it is always as sumed 
that the components of strain are linear functions of the components of str ess. In other 
words, it is assumed that a continuous body satisfies the generalized Hooke ' s Law. 

For the most general case of a homogeneous anisotropic body, the equations which 
express Hooke's Law in Cartesian coordinates x , y , z have the form 

( Sncrx + s12cry + S1Pz + Sl4T yz + Sl5T XZ + Sl6T xy x 

( s 210'x + s 22cry + s23"z + S24Tyz + S25T XZ + S26T xy y 

f z - S31"x I S32"y 

"yz S41"x 

'Y ssi"x xz 

"xy = s 610'x + s 62 "y + + S66T Xy (7) 

These equalions contain 36 coefficients Si j, the so-called elastic constants. Solving 
these equations for stress components obt'ains an equivalent form for the equations in 
terms of stress: 
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O' C3lt'X + c32E"y z 

r = C41E"x yz 

r = C51E"X xz 

r = C61E"X + ce2E"y + + CaeYxy (8) xy 

Several authors @) have called the constants Si, j the coefficients of deformation, and 
the constants Ci j the moduli of elasticity . The moduli of elasticity can be uniquely ex­
pressed in term's of the coefficients of deformation when the value of their determinants 
are different from zero. It has been shown by others that the number of elastic con­
stants in the most general case of anisotropy is reduced to 21 if the deformations of the 
elastic body can be considered to occur isothermally, that is, the temperature of each 
element remains constant during the deformation process. 

Since 

(9) 

and likewise, 

(10) 

Eq. 1 can be written in terms of 21 coefficients as follows: 

EX Su ax + s12ay + s1llz + sl4ryz + sl5r xz + sl6rxy 

E"y 81Px + s22cy + + s26rxy 

Ez = sl3 

(11) 

and, likewise Eq. 2 can be written in terms of 21 moduli. 
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(12) 

The problem of determining 21 coefficients to describe the behavior of an elastic 
body is still formidable. Fortunately, conditions of elastic symmetry permit still fur­
ther reduction of this number. If the internal structure of a material possesses sym­
metry of any kind, the same symmetry can be observed in its elastic properties. F. 
Neumann (8) set forth a principle for crystals which establishes a connection between 
symmetry of construction and elastic symmetry. In general, this principle says that 
a material has the same kind of symmetry with regard to physical properties as it has 
in its crystallography. This principle can be expanded to include bodies which are not 
crystalline but which possess a symmetry of structure such as wood, plywood, and 
reinforced concrete. 

If an anisotropic body possesses elastic symmetry, the equations of the generalized 
Hooke's Law are simplified. The simplifications can be thought of as follows: When 
viewed from the center of the symmetric coordinate system of the body, equal elastic 
properties are seen in both the positive and negative directions of any axis of symmetry. 
As a result, elastic bodies possessing symmetry have a smaller number of independent 
elastic constants than 21. The final number depends on the number of axes or planes 
of symmetry present in the body. 

Three Planes of Elastic Symmetry 

The case uf interest involves three planes of elastic symmetry passing through each 
point of a body orthogonally, that is, the planes occur at right angles to each other. If 
the axes of the coordinate system are directed perpendicular to these planes, the fol­
lowing equations of the generalized Hooke's Law for an orthotropic body can be derived. 

( = s1i°' x + s12ay + S1Pz x 

( s12ax + s22ay + s2Pz y 

E sl3a x + s230' y + S3pz z 

'>"yz S44T yz 

'>"xz S55T xz 

i'xy = Se6'T' xy (13) 

Since the constants Si j are r edundant with Sj, i , it can be observed that there are nine 
independent elastic co'nstants remaining . 

Plane Stress Case 

For the particular case of thin plates in bending, O'z is taken to be zero (plane stress), 
and the following equations arc obtained: 

EX Su ax + S12Uy 

( S a + s O' 
y 12 x 22 y 

Yxy S66T xy (14) 
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These equations are derived directly from an orthotropic plane stress element (shown 
in Ref. 11) . The corresponding elements for stress in terms of strain are also devel­
oped in Ref. 11, and can be stated 

where 

Isotropic Elasticity 

E x 
--1---- (E'x - llyxE'y) 

- I.I I.I xy yx 

E x 
1 - I.I I.I xy yx 

E' 
x = 

G 'Yxy 

E x 
1 - I.I I.I xy yx 

E' = 
E 

y 
1 - I.I . I.I xy yx y 

E' I v E' 
yx x 

E'E' -E"E 
y y x 

Hooke's Law for standard isotropic conditions can be stated 

E 
(E'x + l.IEy) a x 1 - I.I 

2 

E 
+ Ey) (J --a (VEx y 1 - I.I 

7' = xy 
Gy 

xy 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

where 'Yxy is the shearing strain, Txy is the corresponding shearing stress, and the 
shear modulus is 

G 
E (24) 2 (1 + v) 

Other terms have been previously defined. By comparing these equations with Eq. 14, 
it can be seen that four elastic constants are required to describe the behavior of thin 
orthotropic plates, whereas two independent elastic constants are required for isotropic 
plates. The orthotropic constants are E~, Ey, E' ', and G0 • The shear modulus, G0 , 
is an independent constant, and a method for determining it is discussed in Ref . 11. It 
can be approximated by relating the other three constants as follows: 
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(25) 

Orthotropic Elastic Plate Equations 

The complete derivation of the differential equation of equilibrium is given in Ref. 11. 
Utilizing the elastic constants previously described, this equation can be stated 

where 

E' t3 
DX 

x = 12 

E't3 
D = 

y 
y 12 

D1 = E' 't3 
12 

G t3 
D 0 

xy 12 

since 

H 

Then Eq. 26 reduces to 

.,4 w 4 4 
D -0 

- + 2H ~ + D 0 w = q 
x ax4 ax2cy 2 Y oY4 

For the particular case of isotropy, this equation collapses to the equation 

where 

Since for isotropy 

D = 

E' 
x 

E' 
y 

E 

1 - 1l 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 



E" vE 

1 - 11
2 

E 
G = 2 (1 + 11) 

Therefore, it can be seen that 

H 

D x D 
y 

_f (E" + 2G) 
12 

D 

D 

.f(~+2 E ) 
12 1 - 11

2 2 (1 + 11) 

11 

(36) 

(37) 

(38) 

(39) 

These equations were derived for structurally orthotropic materials. A great deal 
of work today deals with geometrically orthotropic plates. The same equations are 
used in such cases, but an equivalent thickness t is derived as appropriate to account 
for the variation in moment of inertia. Hoppmann and Huffington treat this problem in 
Ref. 10. 

Pavement Slabs 

Solutions of pavement slabs, or slabs-on-foundation as they are sometimes called, 
are of particular interest in this paper. For these developments it is satisfactory to 
assume that the intensity of the reaction of the foundation on the slab is proportional to 
the deflection w of the slab . This intensity is then given by the expression kw, wliere 
the constant k, expressed in pounds per square inch per inch of deflection, is called the 
11 support modulus of the foundation. 11 Determination of numerical values for this mod­
ulus depends largely on the properties of the foundation, but a discussion of these prop­
erties is beyond the scope of this paper. Such determinations, however, have been 
made by Terzahgi (27). 

Although a greatdeal of work has been done on the pavement slab problem, probably 
the most significant accomplishments to date were made by Westergaard (31, 34) , par­
ticularly with reference to the design problems encountered in concrete pavement. His 
analysis was done in the eat•ly 1920's and relates to three special-case loadings as fol­
lows: (a) load applied near the corner of a large rectangular slab (corner load); (b) load 
applied near the edge of a slab, but at a considerable distance from any corner (edge 
load); and (c) load applied at the interior of a large slab at considerable distance from 
any edge (interior load). 

Other theoretical work was done by Gerald Pickett, et al. (21) in 1951 in studies of 
deflections and moments for concrete pavements. This study added additional solutions 
to those available for use by the practicing engineer. Perhaps more significantly, the 
results of these solutions were made available for practical use by incorporating them 
into influence charts similar to those developed by N. M. Newmark (20). 

Additional contributions include work by Spangler (25) Teller andSUtherland (26), 
Kelley (13), and others who have, in the past 25 years-:-conducted experimental studies 
on pavement slabs to correlate deflections under static load with those predicted by 
theory. The eva~uation of such work is beyond the scope of this paper, but it is dis­
cussed briefly under the heading of needed research. 
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Nonuniform Conditions 

Unfortunately for the designer, most pavement slabs do not meet the stringent as­
sumptions imposed by Westergaard. First, the slabs must in reality be finite (Fig. lb). 
Second, uniform support is hard to obtain since local loss of support under the pave­
ment due to pumping or settlement of the foundation is common (Fig. le). Richart and 
Zia (22) have treated this problem by applying a general method developed by Brotchie 
( 4). Their solution relates specifically to a large slab-on-foundation sparuiing a circular 
void .. They provide the designer with several curves useful in evaluating this specific 
condition. They do not treat, however, the more general cases of (a) smaller slabs 
spanning a void of irregular shape, (b) the problem of random placement of a void near 
a corner or edge, or (c) in the more general case , several voids under a single slab. 

Leonards and Harr (16) also treat nonuniform subgrade support. They evaluate the 
effect of curling on a circular slab. The circular slab is not used in pavement design, 
but the methods developed may be useful in treating differential temperature effects in 
the future. 

In the methods of this paper, the foundation is represented by the modulus of support 
k. This approach provides the basis for future consideration of nonlinear elastic foun­
dation support (17). The fr eely discontinuous inputs allowed by the method provide the 
capability of varying k anywhere under the slab. 

Cracks and other Discontinuities 

The theories described thus far relate to homogeneous materials. No provision has 
been made for cracks or other discontinuities (Fig. ld). other authors have treated 
this subject in some detail for special cases. These include Ang (1 , 2) , Wi ams (36) , 
Reissner (23) , and Knowles and Wang (14). Many authors , including Those listed, dis­
cuss "Reissner bending of plates." This phrase refers to the equations for bending of 
elastic plates developed by Eric Reissner of MIT. Classical theory , that discussed at 
the begiruiing of this chapter, meets the so-called Kirchhoff boundary conditions at free 
edges, these being a vanishing bending couple and a vanishing sum of transverse force 
and edgewise rate- of- change of twisting couple at all free plate edges. These two con-

(a) (b) 

( c) ( d ) 

Figure 1. Comparison of real and infinite pavement slabs. 
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ditions are actually a compression of three independent conditions: (a) vanishing trans­
verse force, (b) vanishing bending couple, and (c) vanishing twisting couple at free 
edges. "Reissuer bending" includes differential equations fulfilling these three boundary 
conditions . 

Reissuer's studies further show that stresses near a finite crack in infinite plates 
are somewhat greater than those calculated by classical theory. This is accentuated 
near the base of the crack Wher e extremely high str ess concentrations might be expect­
ed. Such cracks are beyond the scope or application of this work and will not be treated. 

The discontinuities of interest are those which occur across the entire slab cross­
section at any particular location. Ang, Williams, and Reissuer indicate that stress 
distribution can be predicted reasonably outside a distance half of the plate thickness 
from the edge of a crack. This is acceptable for the application of the method discussed 
herein, since this distance also approximates a half increment length in the finite anal­
ogy. Furthermore, such accuracy is quite adequate for structural plates and pavement 
slabs. Corrections to this theory can be obtained from "thick plate" theory and intro­
duced into any solution where needed (33). 

Summary of Elasti c Theory 

The theory described herein is helpful to the development of any method for analyzing 
plate bending . Closed-form solutions of the problems, however, become more difficult 
as complexities increase . Hand s olutions of isotropic plates are readily accomplis hed, 
but for solutions of homogeneous orthotropic plates one must usually resort to com­
puters . The addition of elastic support or finite cracks forces the use of approximate 
methods and limiting assumptions. Furthermore, each solution represents a special 
case, and a multitude of special-case solutions are required for the problems of interest. 
A more general, more rapid method would be of great advantage to the engineer. It 
would also be helpful if these solutions could be accomplished without resorting to higher 
order functions such as Bessel and Hankel functions. Such a general theory is the ob­
ject of the research described herein. 

FINITE-ELEMENT THEORY 

The theories discussed in the preceding section are based on infinitesimal calculus. 
There are many rules governing the use of such calculus. In general, the functions 
must be continuous, and fourth order systems must have two continuous derivatives. 
Many complex engineering problems do not properly fulfill these conditions and cannot , 
therefore, be solved by resorting to the calculus. Furthermore, many such classi cal 
or analytical methods may not be well adapted for use on high-speed digital computers. 
As a consequence, approximate, or so-called "numerical," methods have been devel­
oped. Hardy Cr oss (8, p. 1) pioneered the use of such methods in civil engineer ing with 
moment distribution methods. Newmark (8, p. 138) and Southwell (8, p. 66) have also 
been instrumental in these developments. In such numerical methods, the differ ential 
equation concerned is replaced by its finite difference equivalent. The problem then 
reduces to solving a large number of simultaneous algebraic equations instead of one 
complex differential equation. 

The method described herein is slightly different and involves breaking a plate or 
slab into a system of finite elements, each consisting of rigid bars connected by elastic 
blocks. The algebraic equations describing the system are derived by free-body ana-
Y sis of the finite model . 

Assumptions 

It is impossible to develop a completely general theory describing the behavior of 
any structure. It is often difficult to find solutions for the mathematical equations de­
scribing even limited theories; therefore, additional conditions and assumptions are 
often imposed to permit solution. While many of these assumptions are known, it seems 
worthwhile to restate the assumptions and conditions relative to the finite-element 
model describing slab behavior. 



14 

1. Planes of the plate lying initially normal-to-the-middle surface of the plate 
remain on the normal-to-the-middle surface of the plate after bending. 

2. Normal stresses in the direction perpendicular to the plate surface can be dis­
regarded for the bending solution. 

3. There is no axial deformation in the middle plane of the plate and, thus, this 
plane remains "neutral" during bending. 

4. All deformations are small with regard to dimensions of the plate. 
5. The bar elements of the model are infinitely stiff and weightless. 
6. Each joint in the model is composed of an elastic homogenous and orthotropic 

material which can be described by four independent elastic constants. 
7. Loads, masses, and bending strains occur at the joint. 
8. Torsional stiffness of the plate element can be invested in torsion bars. 
9. The neutral axis lies in the same plane for all elements even for nonuniform 

cross-sections. (Violation of this assumption, as stated by Ang and Newmark (2), has 
been shown to cause little error.) -

10. The spacing of the beam elements, designated by hx and hy, need not be equal 
but must be constant for all parallel beams. 

11. The number of increments into which each beam is divided is equal to the length 
of the beam divided by the increment length. 

The Physical Model 

Numerical methods are most often used as mathematical approximations of a govern­
ing differential equation by the substitution of finite-difference forms for derivatives, 
or by the approximation of a continuum problem with a discrete nodal system. A second 
and perhaps preferable method is to model the plate or slab physically by a system of 
finite elements whose behavior can properly be described with algebraic equations. 
Newmark (8) pioneered such models for articulated beams' and plates. He states" ... 
the use ofthe model (finite-element model) offers certain advantages; there is no am­
biguity concerning the boundary conditions; statical checks on the results haveaphysical 
meaning and can be made mor e accur ately; var iations in dimensions and physical prop­
erties can be more easily treated." For many problems, the finite-difference equa­
tions developed by direct substitution for the differential equation and the finite-element 
model equations developed from a free- body analysis of the model are equivalent. This, 
however, is not always the case. The physical model seems preferable because it 
facilitates visualization of the problem and formulation of proper boundary and loading 
conditions. It is useful, however, to use difference equations to describe the bending 
moments in the finite- element beams. 

Model of a Beam-Column 

The basic element in the plate model developed here is the model of a beam subjected 
to transverse and axial loads (termed a beam- column and developed by Matlock, et al.) 
( 18, 19). Figure 2 shows the development of this model. Figure 2a illustrates a beam 
element deformed by the action of pure bending and subjected to the assumptions of con­
ventional beam theory. For linearly elastic stress and strain, the stresses acting on 
the beam element are shown in Figure 2b. If these distributed stresses are to be re­
placed by concentrated forces as shown in Figure 2c, as they often are for design pur­
poses, it seems reasonable to develop the mechanical model, Figure 2d. Here the de­
formed beam element is replaced by a pair of hinged plates with linear springs contain­
ing the elastic flexural stiffness of the beam restraining movement of the plates, top 
and bottom. Thus, a beam could be represented by a series of such beam element 
mudeli:; (Fig . 2e) . 

If the thickness of the plates between hinged joints is increased, a cruder represen­
tation results (Fig. 2f). It has been shown, however, that representation of real beams 
by models containing as few as six elements or increments (a s they will be called here­
after) give satisfactory approximation of real beams. As a specific example of model­
ing, Figure 3 indicates a beam-on-foundation subjected to both lateral and axial loads. 
Supports may be linearly-elastic, non-linear, or fixed. Figure 4 shows these loads 
and supports depicted in the finite- element model. Many other loads and load com-
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(a) (bl (cl 

(d) ( •) 

(f) 

Figure 2. Finite mechanical representation of a conventional beam. 

Figure 3. Example beam on foundation subjected to latera l and axia l loads. 

LATERAL LOADS 

I 
AXIAL 
LOADS 

' 

ELASTIC SUPPORTS 

Figure 4. Finite-element model of Figure 3. 
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Figure 5. Finite-element model of grid-beam system. 

x 

Figure 6. Finite- element representation of torsional stiffness. 
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binations are possible. These include distributed or concentrated, transverse loads, 
transverse couples, axial loads, and bending moments. Elastic restraints are included 
as linear or nonlinear supports, or, as distributed or concentrated rotational restraints. 
In short, almost any physical combination of loads or restraints can be applied to a 
beam- column with this method. 

Simple Two-Dimensional Systems 

If one or more of these beams in each horizontal orthogonal direction are combined, 
they form a grid-beam system similar to the girder and stiffener system of a bridge 
deck or similar to the beam system of a waffle floor (Fig. 5). Tucker and Matlock (29) 
extended the use of the beam- column model to such systems. Each of the beams in this 
grid-beam system can be solved by the beam-column method as a line member. How­
ever, the effect of one beam on the next beam is important if the beams act as a mono­
lithic system. 

Such systems account for pure bending only. No torsion or Poisson's ratio effect is 
considered. In a true grid-beam system, these effects are small and do not affect the 
solution significantly. 

Plates and Slabs 

For the plate solution, however, the effects of torsion in particular are of significant 
importance, and the Poisson's ratio effects are more important than for grid-beam 
problems . Tucker (30) has worked on this pr oblem as have Ang and Newmark (2) . The 
next step was to determine some method for including these two factor s in the model. 

First, consider torsion in Figure 6. If a unit element is removed from the slab, a 
·twisting moment Mxy can be applied about the x-axis. The torsional stiffness C of the 
slab is defined as the applied twisting moment divided by the resulting angular rotation, 
cp , across the element. Then 

Mxy c =­
cp 

(40) 

Considering this element as two beams connected by a torsion bar, the bar modulus 
can be chosen equal to C so that an applied twisting moment will produce the same rela-

Figure 7. Finite-element x-beam system with torsion bars acting between segments. 
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(a) Typical joint from the beam-column model. 

y 

/ 

(b) Typical joint from the plate model 
(partial cutaway). 

(c) Deformed joint from the plate model, 

Figure 8. Action of Poisson's ratio at a finite joint. 

Figure 9. Finite-element model of a plate or slab. 
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tive angle change <p as in the real unit element of the plate . Using this technique, tor­
sion bars can be inserted between the adjacent bar elements of all the beams in they­
direction of the grid-beam system as shown in Figure 7. These torsion bars are also 
inserted, of course, between the beams in the orthogonal x direction as shown in Figure 
9. It is convenient to think of one set of torsion bars acting with each set of beams 
since the solution proceeds in this manner . It should be emphasized here that these 
torsion bars represent the real torsional stiffness of the slab and are always active in 
the system. 

The effect of Poisson's ratio is easier to handle than torsion. Remember that the 
bending stiffness EI of a beam- column is vested in linear springs restraining the move­
ment of the finite-elements at each joint. The analogous bending stiffness of a plate 

D = Et3 
( 41) 

replaces the EI of the beam and must also be concentrated. A pair of linear springs, 
however, is not satisfactory for this purpose since they can transfer no Poisson's ratio 
load. These stiffness springs are, therefore, replaced in the plate model by elastic 
blocks whose stress- strain relationship is equivalent to that of the real plate and which 
have Poisson's ratio equal that of the plate. Figure 8 illustrates the action of these 
elastic blocks. The blocks in Figure 8b replace the springs in Figure Ba. If the beams 
in the x-direction are bent up, the beams in the orthogonal y-direction bend down due 
to Poisson's ratio (unless they are restrained). The force required to restrain them 
results in an additional bending moment which equals 

(42) 

This is likewise true for the action of they-beams on the x-beams. As a result, the 
bending moment in an x- beam becomes 

Mx = D e:: + v :::) ( 43) 

Figure 9 shows the assembled slab model. The torsion bars in Figure 9 are con­
sidered to resist only torsion. 

Input Values for Model 

Having developed a model, it is necessary to relate it to a real plate or slab. The 
plate is divided into increments in the x- and y-directions with increment length hx and 
hy, respectively. These "beam" increments are designated with i in the x-dfrection 
and j in t he y--direction. The mesh point or joint on the positive end of each increment 
is arbitrarily numbered the same as that increment . This numbering system then gives 
the i , j grid indicated in Figure 10. It is also convenient to denote segments of the plate 
bounded by increments in both the x- and y-directions, because these segments corre­
spond to the torsion bars in Figure 10 . 

Stiffness and Lateral Load. -To describe the real plate with the model, it is appro-

priate to look at the jth x-beam. Figure 11 shows a side view of this beam which may 
be irregular in profile and may be loaded by a varying distributed load q. One incre­
ment width of the load, centered on the ith mesh point, is assigned to Station i on the jth 
x-beam (Station i, j on the model). Qj_, j is the lumped load applied at Station i, j. Di, j 
represents the bending stiffness of the plate segment of which mesh point i, j is the 
center. The sketch is intended to illustrate that the stiffness may vary. In this case, 
it decreases from Station i-1 toward Station i+l. The load also varies but increases 
from Station i-1 toward Station i+l. Qi, j can be expressed by the equation 
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Figure 10. Plan view of the slab model showing all parts with generalized 
numbering system. 
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i+% j +1/2 

Q .. = L: L: q +QC (44) 
l ,J 

i-Y2 j-% 

where Qc is any concentrated load which may be present at the station in addition to the 
distributed load. 

The stiffness Di, j for a plate is a unit value per inch oi width . It is convenient for 
use in computations to input average values over a full increment width. If Df j rep-
resents the average stiffness in the x-direction·, it can be calculated ' 

D~ . = 
1, J /

j + % D~ . 
1,) 

hh 
. 1/ x y 
) - /2 

(45) 

that is, the average bending stiffness of the plate over an area one increment wide and 
one increment long, centered at Station i, j. Full development of all input for the model 
is provided in Ref. 11. 

Other Input Values. -It is convenient to represent the torsional stiffness of plate 
segment i, j as torsion bars i, j acting at the midpoint of the model elements {Fig. 10). 
It is also helpful for external couples or torques applied to the plate to be input into the 
stiff beam elements. This is properly shown on the free-body in the next section. 
Axial loads, P, are also input into the bars with the changes, ~P, considered to occur 
at mesh points. 

Summary of Finite-Element Theory 

A physical m0del has beei.i chosen to represent the plate or slab for solution by nu­
merical methods in preference to expressing the differential equation governing slab 
behavior in finite-difference form. The model is straightforward and assists visualiza­
tion of the problem. Discontinuities and freely discontinuous changes in load, bending 
stiffness, torsional stiffness, and other parameters are easily understood with the use 
of a physical model, but limitations on continuity of the differential equation make direct 
difference approximations suspect. 

The greater the number of increments used to model a particular problem, the 
greater the accuracy of the solution. All exact solutions are based on infinitesimal 
changes in the real structure. Experience with this model indicates that reasonable 
results can be obtained with most problems using 8 to 20 increments in each direction, 
although the number of increments to be used will certainly depend on the dimensions 
of the problem as well as the accuracy required and the local complexity to be resolved. 
This is discussed in the section on "Example Problems and Verification of the Method." 

FORMULATION OF EQUATIONS 

The purpose of this section is to formulate from a free-body analysis the equations 
necessary to solve for the bending of a slab. It is intended here to give a readable and 
concise account of these developments rather than a complete mathematical treatment. 

Free- Body Analysis 

To derive the equations for solution of the bending of a plate or slab, it is helpful to 
refer to a free-body of the model. Consider first a section of the assembled slab model 
centered at any mesh point i, j {Fig. 12). For the present, the x-bar to the left of point 
i, j is called Bar a, and the x-bar to the right of point i, j is called Barb. 

Figure 13 shows these same bars as a free-body with other members of the model 
fixed and replaced by a system of equivalent for ces . Qt . r epresents the load ca rried 

l, J 
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Figure 12. Typical joint i,j taken from finite-element slab model. 

BAR A BAR B 

Figure 13. Free- body of joint i, j with other members of the model replaced by on equivalent force system. 
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Figure 14. 

i ,J 

Typical joint i, j with force and 
restraint inputs shown. 

by the l-beam at this intersection and the 
term a w/ay 2 represents the restraint of 
they-beam which provides the Poisson's 
ratio effect in the x-beam moment. The 

term sf(wf, j - wf, j) represents the load 

stored in the fictitious spring closure 
parameter . These closure springs will 
be discussed fully in the next two sections. 
Figure 14 shows the external forces which 
can be applied to these same two bars . 
Any of these forces may be zero but are 
considered to be present for generality. 
Combining the system of equivalent forces 

and external loads gives the general free-body of the slab model in Figure 15. This 
free- body is for a section of an x-beam. A similar free-body can be developed for the 
y-beam by changing all x's for y's, and all y's for x's. 

Summing vertical forces in Figure 15 at joint i , j with up taken as positive gives 

rr .. = Q! . + vc . - Y.'b . - s .. (w.x ·) - Q . . - sf (w~. - w! ·) - 0 v1, J i, J a,J , J i,J i,J i,J i,J i,J - (46) 

To evaluate the shear v~,j' sum moments a cting on Bar a a bout the center of the bar 
(clockwise rotations are positive) . For equilibrium 
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Figure 15. Generalized free-body of joint i,j with all forces and restraints shown. 
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Multiplying through by hx and clearing obtains 

-h yX . 
x a, J 

x' 
= Mi-1, j 

x' x x' x' .....x ( x x ) M .. + T . + C .. + C .. l + .t' . - w. l . + w . . 
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(47) 

(48) 

Likewise summing moments about Bar b and multiplying through by hx obtains an ex­

pression for the shear v~ . as follows: 
'J 

- h ~b. 
x 'J 

x' 
M . . 

1, J 
x' ...x x' x' 

M. 1 . + T.b . + C. 1 . + C. 1 . 1 l+ ,J ,] l+ ,J l+ ,J+ 

+ ~b . (- w~. + w~ 1 ·) 'J 1, J l+ 'J 
(49) 

Multiplying Eq. 46 through by hx and substituting Eqs. 48 and 49 for the shears ob­
tains the equation of interest. After convenient grouping of terms and transfer of all 
known values to the right-hand side of the equation, with a sign change, it becomes 
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(M~,1 . - 2M~'. + M::C'l .) - (- e~'. - e~'. 1 + e~'l . + ex1·+,1,J·+1) 
1- , J 1, J 1 + , J 1, J 1, J + 1 + , J 

+ Px . (- w~ 1 . + w~ ·) - F.'b . (- w~. + w~ 1 ·) + S .. h w~. a,J 1- ,J l,J ,J 1,J l+ ,J l,J x 1,J 

= h [Q. . - Q':! . - sf (w~ . - w':! . ) J -~ . + rb . x 1,J 1,J 1,J l,J a,J ,J 
(50) 

This equation relates forces and deflections at point i, j, but all of the prime terms 
must be evaluated further before the required mathematical manipulations can be per­
formed. It is necessary at this point to substitute the central difference formulations 
of moment. Accordingly, they are substituted at Stations i-1, j; i, j; and i+l, j. 

The term e{ j represents the force exerted on the x-beam due to the r elative rota­
tion between thi's beam and its neighbors. These expressions must be written for ex' 
at Stations i,j; i,j+l; and i+l,j+l. 

After making these substitutions, Eq. 50 becomes 

[C~ 2 -

x + w') ( 1 · 1 - 2w~ 
1 

. + wi-1,j+I)] 2w. 
1 

. x l- '] 1- 'J l,J + v 1- ,J - 1- 'J h D. l . 
y 1- 'J 

n:c 
yx h2 

y 

[ (w~-1,j - 2w~. +~) ( , - 2w':!. + w! ')] 2h D~. 1, J 1,J 1,J- 1, J 1, J+ 
x 1, J h2 + vyx h2 

x y 

X 

[(

wx1·' J. - 2w~ 1 . + w~ 2 ·) (w':! 1 . 1 -_____ 1_+_ , J ___ 1_+~,_J + vyx l+ 'J -
+ hyDi+l, j h2 

x 

2w~ 
1 

. 
l+ , J 

h2 
y 

e~ . 
+ :,J (w~-1,j-l - w~-1,j - w~,j-1 + w~, :i) 

y 

ex 

+ ~ (- w~-1,j + w~,j + w~-1, j+l - w~,j+l) 
h 
y 

x 

_ ei+l, j ( x x x ) 
h - wi, j + wi+l ,j + wi,j - 1- wi+l,j - 1 
y 

c~ . 
i+l, J+l 

h 
( - w~ . + w~ 1 . + w~ . 1 - w~ 1 . 1) 1,J l+ ,J l,J+ l+ ,]+ 

y 
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+ px . (-w": 1 . + w": ·) - Pxb . (- w":. + w": 1 . ) + h (s .. + sf)w":. a, J 1- , J 1, J , J 1, J i+ , J x i, J 1, J 

= h (Q .. - cl_ . + Sfw~ ·) - ~ . + T.'b · x 1,J l,J l,J a,J ,J 
(51) 

It is convenient in computation to use the same numbering system for bars, torsion 
bars, and joints. So far in these developments bars have been referred to as a and b. 
Referring to the numbering system shown in Figure 10, it will be recognized that in 
reality a becomes i and b becomes i+l. Therefore, for example, ~ j becomes 'If j• 
P~, j becomes Pf +l, j, etc. ' ' 

This will be an implicit solution for wf j• the deflection of the jth x-beam at Station 
i. It is convenient for solution, however, ' to utilize the last estimated values for all 
deflections, wx , not falling on the jth beam for a particular iteration, and transfer them 
to the right-hand side of the equation. Furthermore, all of they-beam deflections w'! . 
will be assumed known from a previous iteration a11d will also appear on the right- 1' l 
hand side of the equation. After making the notation change of a to i and transferring 
known values to the right-hand side, it is helpful to clear fractions and rearrange 
terms. The resulting equation is the equation we seek and is most convenientlywritten 
in terms of five unknown deflections, i.e., 

where 

a x 

(n": 1 . +D":.)-
1- '] 1,] 

c":. 
1, J 

c":. 
1, J+l 

h ~. 
y 1, J 

h2 
...:t (n": 1 . + 4D~ . + n": 1 . ) + c": . + c~ 1 . + c~ . 1 h2 1- ,] 1,J l+ ,] 1,J l+ ,] l,]+ 

x 

+ c~ . i+l, J+l + h h (s .. + sf) + h (~ . + ~ 1 ·) x y 1,] y 1, J l+ 'J 

h2 
dx = -2.0 ...:t 

h2 
x 

(D~ . + D~ l . ) -
l,J l+ 'J 

c~ . 
i+l, J 

ex. • h ...x 
1 1 - .P. 1 . l+,J+ yi+,J 

(52) 

(53) 

(54) 

(55) 

(56) 

(57) 
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fx h h (Q .. - Q~ . + Sfw~ ·) + h (~. + ~ 1 .) x y l, J l, J l, J y l, J l+ ,J 

- v [n~ 1 . (w~ 1 . 1 - 2w~ 1 . + ~ 1 . 1) yx 1- ,J 1- ,J- 1- ,J 1- ,J+ 

- 2D~ . (w~ . 1 - 2w~ . + w~ . 1) + D~ 1 . (w! 1 . 1 - 2w~ 1 . 
l, J l, J- l, J l, J+ l+ 'J l+ 'J- l+ 'J 

+ c~ . (w~ . - w~ . ) + c~ . (w~ . - w~ . ) i+l,J l,J-1 i+l,J-1 i+l,J+l l,J+1 i+l,J+l 
(58) 

One term remains to be evaluated, ~ ., the load absorbed by they- beams at any ""i, J 
time. This load can be evaluated by numerical differentiation of the deflected pattern 
of they-beam system, but it can also be done from the free-body analysis by summing 

vertical forces in terms of load absorbed by both sets of beams, ~ . and Q~ . . This 
summation on the free~body in Figure 15 gives 'J 1

• J 

Q. j - Q! . - Q~ . - s. . w~ . + sf (w~ . -~ . ) : O 
i, l,J 1,J 1,J l , J 1,J 1,J 

(59) 

After necessary algebraic manipulations, the appropriate equation for evaluating ~ . 
is seen to be as follows ' J 

T~ . -r..1 
QBMY .. + QTMY .. + QPY .. + 1

• J 11 J+ 
l,J l,J l,J h 

y 

(60) 

If this process is repeated for a segment of y-beam, equations comparable to Eqs. 
52 through 58 can be developed for the y-beums. 

Summary 

Eqs. 52 through 58 conveniently describe the model at Station i, j and are statically 
correct since the summation of forces at any time during the solution will equal zero. 
There are two such sets of equations , one for the x- system and one for they- system 
at each mesh point i, j . The number of stations in each dir ection is equal to the number 
of increments plus 4. As an example, a problem divided into eight increments in the 
x- direction and eight increments in they-direction would require equations at 12 sta­
tions in each direction. Thus the number of equations required to describe the system 
would be 288; 144 for they-beams and 144 for the x-beams. This readily explains the 
need to resort to digital computers to perform the mathematical manipulations. 
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SOLUTION OF EQUATIONS 

The equations derived in the preceding section are formidable. Two sets of such 
equations are required to describe each mesh point in the system, one for the x-beams 
and one for they-beams. To make these equations useful, some general technique for 
solving them rapidly is necessary. Although some hand methods have been developed 
for small mesh systems, the high-speed digital computer offers the desirable approach. 
This section presents several methods available for solution of these equations. A 
general description of the method chosen for use in this work is included. 

Current Methods for Solution of Simultaneous Equations 

The methods developed to solve systems of equations like Eq. 52 fall into about five 
major categories: (a) simple direct-elimination methods, (b) methods involving itera­
tive techniques similar to moment distribution, (c) general relaxation techniques, (d) 
successive over-relaxation, and (e) alternating-direction-implicit methods. Actually, 
there are many other methods and many variations of the major methods listed above. 
The purpose of this writing, however, is not to survey the field of numerical analysis, 
but to apply a useful method to the solution of plates and slabs. 

White and Cottingham (35) found a simple elimination me.thod to be useful in their 
solution of plate buckling problems . Such elimination methods, however, are time con­
suming, requiring time in proportion to the cube of the number of equations involved. 
Another major drawback of this method is storage space since every term in the matrix 
must be stored even though many are zero. 

Newmark (20) discusses several methods for solving simultaneous equations includ­
ing successiveapproximation and step-by-step methods, as well as the distribution 
method. Distribution methods are somewhat more formal than relaxation methods and 
are organized for hand computations by technicians. Such methods are too cumbersome 
for efficient use in a digital computer. 

The relaxation methods, or more specifically the method of "successive relaxation 
of constraints," is based on the concept that the structure is maintained in a continuous 
state, but has acting on it residual loads which are not statically consistent with the 
correct loading. The "residuals" are reduced by introducing arbitrary changes in dis­
placement until convergence or statical balance is obtained. Southwell (8, p. 66) pio­
neered such methods. These were also originally developed for hand computation but 
are flexible enough for use in computers. Liebmann (8, p. 147) coded relaxation tech­
niques for use on digital computers and speeded the process up considerably. Even so, 
he states, "The disadvantages of this procedure are the slow rate of convergence in 
many cases and the possible lack of convergence." Other work on this technique in­
cludes that by Jacobi, Gauss and Seidel, Richardson, and Frankel. 

The SOR method, successive over-relaxation, provides still faster and better trial­
and-error solutions by applying a complex relaxation factor which over-relaxes or 
over-compensates the adjustment of the existing data on any given trial. Otherwise, 
the method is basically that of relaxation. 

The alternating-direction method presented by Conte and Dames (5) appears to offer 
by far the best techniques for solving the plate equation. Others who- have used this 
method include Griffin and Varga (7) and Tucker ( 30). Because of its applicability, a 
more complete discussion of this method is warranted. 

Alternating-Direction Implicit Solution 

Conte and Dames (5) present an implicit alternating-direction iterative scheme which 
appears to be more efficient than any of the relaxation methods. Their procedure is 
an extension of methods developed by Douglas and Rachford. Conte and Dames (5) pre­
sent a solution of the partial differential equation.which governs slab behavior. In 
simplest terms, the method divides the partial differential equation into two ordinary 
differential equations and couples their solution by trial and error in a methodical 
fashion, proceeding first in the x-Cartesian direction, then in they-direction, thus the 
name alternating-direction. The most difficult part of using this method is the selection 
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of proper iteration parameters. Proof of convergence' exists for certain parameter 
selection for regular, well- conditioned systems. For the diverse systems described 
herein, however, much remains to be done. 

Experimentation by Matlock, Tucker, Ingram, Salani, and Haliburton (18, 30, 12, 
24) with these methods has led to the use of the alternating-direction iterative method 
in the solutions in this report. This techniqu~ has many favorable characteristics 
which warrant its use, as follows: 

1 . The method is rapid and well adapted for computer use. 
2. The method fits well with the mechanical model used to describe the system. 
3. The process can be easily visualized as a trial-and-error solution of the model. 
4. The method is logical and can be understood by practicing engineers. 

The concepts developed herein are general in nature. They do not emphasize math­
ematical rigor and completeness, but ar e shown to be applicable to many engineer ing 
problems. No attempt will be made to prove mathematically absolute convergence, 
although such proof is available for special- case uniform, homogeneous, isotropic 
systems. Rather, the advantages and capabilities of the method will be demonstrated 
by examples later in this report . The validity of these diverse examples and their ex­
hibition of closure or convergence to acceptable tolerance (10- 6 in. for deflection or 
1. 0 lb for load) is offered as adequate proof of satisfactory closure. 

Use of the alternating-direction iterative method is greatly enhanced by judicious 
choice of closure parameters. They have been shown to be related to the limiting 
eigenvalues or characteristic values of the set of equations involved. Many mathema­
ticians maintain that closure parameter values selected for square systems must be 
used for both halves of any iterative cycle. Ingram (12) has demonstrated a method, 
however, which is not troubled by this restriction. Furthermore, diverse problems 
which prove troublesome to solve with the classical single-iteration control methods 
are readily solved using the Ingram dual- control techniques. 

Details of Solutions 

For solving the large numb'er of simultaneous equations which result in each half­
cycle of the alternating-direction iterative method, Matlock and Haliburton (18) used an 
efficient two-pass method to solve linearly elastic beam-columns. The method involves 
the elimination of four unknown~ two each in two passes . The fir st pass from top to 
bottom eliminates deflections wi- 2 and wf_ 1 from each eguation (see Eq. 52) . The 
second pass, in reverse order, eliminates deflections wf+2 and wf+l from each equa­
tion, and thus results in the solution for the desired deflection wf. Those readers not 
familiar with this technique are invited to r ead Ref . 18 . 

One of the valuable assets of this method is that boundary conditions as normally dis­
cussed are automatically provided with two dummy stations specified at each end of 
each beam in the system. These dummy stations in reality have no bending stiffness; 
therefore, a bending stiffness equal zero is input for them. Equation 52 is then formu­
lated for every station in the beam plus two dummy stations on each end. 

To solve for wf, j then, the plate is considered to be two systems of orthogonal beams 

interconnected at Station i, j by Sf, the fictitious closure spring constant. Figure 16 
shows the slab model with closure springs acting during closure. 

With the beam- column as a basic tool, the solution of the system of equations for 
plates and slabs proceeds as follows: 

1. Solve each x-beam successively through the system considering all they-beams 
to be held fixed in space. At any particular solution of any x-beam then, the 
fictitious closure spring acts as restraint on the x-beam of interest. 

2. After all x-beams are solved and their new deflection pattern is known, alternate 
or change directions and fix the x-beams in this new pattern. 

3. Solve for the deflected shape of each y-beam in turn. The fictitious springs now 
act as loads or restraints on they-beam, serving to transfer the load which has 
been stored in them from the deflected x-beams. 
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Figure 16. Plate represented in the closure process as two orthogonal systems with closure spring acting 
between them at Station i,j. 
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Figure 17. Plot of closure for Example Problem 102. 

4. This procedure is repeated alternately until all of the load is properly distributed 
throughout the system. At this point the summation of static forces at each joint 
in t he system will equa l zer o within the specified tolerance and the deflection of 
the x-beam system 'Vi' j• at any point will equal the deflection of they-beam sys­
tem' w'! . , at the same point within the specified tolerance so that the term 

l , J 
Sf(wx

1 
. - w't . ) vanishes . 

, ] 1, J 

The process described is a rapid one requiring from 5 to 25 iterations for most simple 
problems with closure to six significant digits. 
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Closure Process 

Figure 17 illustrates the closure process for an 8- x 8-increment square plate. The 
parameters were chosen in accordance with the rules set forth in Ref. 11, p. 59 . 

THE COMPUTER PROGRAM 

The equations derived in the section on "Formulation of Equations" are not useful for 
hand calculations, but they are extremely well adapted for digital computer methods. 
During the 18 months of this investigation, 12 programs have been developed which are 
useful for solving slab and plate problems of various types. The earlier programs are 
simple in format and application. The most general program is known as SLAB 17. 
The number 17 signifies that this is the seventeenth version in the chronological se­
quence of development of SLAB Programs. 

These programs are written in FORTRAN computer language for the Control Data 
Corporation 1604 Digital Computer which has a 48 bit word length and is operated with 
a FORTRAN- 63 monitor system. The compile time for the basic program is less than 
two minutes; however, normal operating decks may be compiled on binary cards, thus 
reducing compile time in the computer to about 15 seconds. The exact storage require­
ments of the program as presently dimensioned are undetermined. In general, however, 
the dimension statements are such that the program will handle as large a problem as 
practical with present storage capacity. This program can be modified for use with 
the IBM 7090 computer by the modification of about 12 input- output cards. 

The time required to run problems varies, of course, with the complexity and size 
of the system, i.e. , the number of increments involved, and the number of iterations 
required to obtain the desired accuracy. To give a general idea of operating time, 
eight-by-eight problems close to a tolerance of 10-6 inches in 10 to 60 iterations, and 
require 30 to 100 seconds for solution. An increase in size to 16 x 16 with fairly uni­
form stiffnesses in both directions can be closed to similar tolerances in about 100- to 
200- sec computer time. While this may seem high when compared to solution time for 
simpler problems, the cost of three minutes of computer time ($15 to $30, depending 
on rental rates) is small compared to three to four days of laborious computation time 
required to do the problem by hand. More important, perhaps, is the fact that this 
computer program provides a useful way of making some solutions for the first time. 

The FORTRAN Program 

A summary flow diagram for the SLAB Programs is given in Figure 18. This flow 
diagram describes the program tasks briefly. A detailed flow diagram and listing of the 
program SLAB 17 is provided in Ref. 11. 

The format used for inputing data into the program is arranged as conveniently as 
possible. No effort is made to be frugal with the number of cards required to input one 
problem. Instead, every effort is made to organize the program input logically and 
concisely. The problem input deck starts with two cover cards used to identify the 
program and the particular run being made. After these come necessary data cards. 

Output In.formation 

The program output is arranged to be useful to the user. A format which can be 
trimmed to standard 81/i- by 11-in. size is provided. For convenience and help in 
identifying problems, the program prints out all original input data at the beginning of 
each problem. These values are tabulated and labeled just as they were input. The 
first output computed by the program itself is Table 4, "Monitor Deflection." (See 
Appendix.) This table prints out deflections for both the x-beams and y-beams at the 
four pre- selected monitor stations specified in Table 1. (See Appendix.) This data can 
be plotted using other versions of the SLAB Program. 

The results desired from the program are printed out in Table 5. (See Appendix.) 
This table prints in two parts in keeping with the 81/z- by 11-in. format. The first half 
prints external station numbers, x- and y-deflections, bending moments in the x- and 
y-directions, the external reaction of the slab and the true error in statics as determined 
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BEGIN 

--------t READ proh nwn 

....-----~------. Yes 
Is the prob num zero ? 

No 

PRINT prob num and description 

READ Input Data for new prob 

Establish ite rat i on control 

Comput e load curren t ly carried by 
Y-Beam sys tem 

Solve for X-Beam deflections, WX(I,J) 

Compute load currently carried by 
X-Beam s ystem 

Solve for Y-Beam de flections, WY(I , J) 

Test for closure, (WX-WY) = 0.0? 

Yes 

Compute and PRINT output for each station; 
deflections, bending moments, twisting moments, 
reactions, and statics errors. 

Return to Read next prob num 

Figure 18. Summary flow chart, slab program. 

by summation of vertical forces at each station. Part 2 of Table 5 prints out station 
numbers and twisting moments in the x- and y-directions at each station. Four addi­
tional spaces are provided for printing out stresses and direction of principal stress in 
later programs to be equipped with stress calculating options . 

An automatic plot routine can be coupled with SLAB 17 and used to plot any of the 
variables available at mesh points in the system, although its major use is normally 
plotting deflection contours. 

The bending and twisting moment outputs are calculated by numerical differentiation 
of the deflected shape. In both cases central differences are used to provide moments 
at each mesh point in order that these moments may be available for calculation of 
principal stresses. 

Summary of Program Details 

SLAB 17 is the most general and useful program available at the present time for 
solving the equations developed herein. The program is written in FORTRAN-63 lan­
guage for the CDC 1604 computer and solves slab and plate problems very rapidly. 
Ref. 11 contains all information about the program from flow diagrams to output infor­
mation, and can be extracted as an operating manual for use with the program. Twelve 
other programs are available for solving various types of problems. Several of these 
will be developed to provide special- case solutions which solve more rapidly than the 
general method. 
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Figure 19. Square steel plate simply supported at al I edges (Example Problem 101 ). 

EXAMPLE PROBLEMS AND VERlF1CATION OF THE METHOD 

Developments of equations and discussions of techniques are important in analytical 
work of this kind; however, application of the method and demonstration of technique 
in solving actual problems is equally important. This section provides the solution to 
several example problems to demonstrate Program SLAB 17 and its use in engineering 
calculations. Closed-form solutions for some of the problems are provided as a math­
ematical check to the computed solutions. Sample computer output for example Prob­
lem 201 is provided in the Appendix. 

Problem Series 100-Simply-Supported Plate With Variations 

As a first example, a series of problems illustrating many of the variations possible 
in the program are applied to a 48-in.-sq simply supported steel plate 1 in. thick (Fig. 
19). The modulus of elasticity is 30, 000, 000 psi. Poisson' s ratio is 0. 25. Loading 
variations will be discussed with the individual cases. Once the reader acquaints him­
self with the physical properties of this plate, it will be possible to evaluate very 

i--------- 481n -----__, 

48i 

0.2 

Figure 20. Deflection contours for Example Prob­
lem 101 with 100-kip concentrated load at the 

cente r. 

rapidly five separate cases of load and 
variations of parameters. 

Problem 101-Concentrated Load.-The 
problem of a simply supported square or 
rectangular plate with concentrated load 
is considered by Timoshenko for various 
load conditions. Several equations for 
solving this problem are presented using 
single and double trigonometric series. 
A r.onsP.nRus va.lue of solutions for maxi­
mum deflection, which occurs under the 
load, is 1. 07 inches. Figure 20 is a plot 
obtained automatically from SLAB 17 
coupled with a plot routine for the complete 
deflected shape of the plate when it is di­
vided into eight 6-in. increments in each 
direction. The maximum deflection Wmax 
is noted to be 1.138 inches. This differs 
0. 07 inch, or 6 percent from the closed­
form solution. If the number of incre­
ments is increased to 16 in each direction, 
a maximum deflection of 1. 08 inches re­
sults. Thus, the error is reduced to 1 
percent, probably as good as the accuracy 
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of the closed-form solution using a truncated double trigonometric series. Contours 
of maximum bending moment or twisting moment could have been plotted, if desired, 
just as easily as the deflections. 

Problem 102-In-Plane Forces.-In addition to the concentrated load at the center, 
add a uniform in-plane force in they-direction of 16, 667 pounds per inch of plate width. 
In the closed-form solution this term appears in the denominator of the series solution 
and does not have as much effect as might be expected. The maximum deflection occurs 
under the load and is 0. 787 inch. The computed solution for an 8 x 8 grid is 0. 854 inch. 
The difference of 0. 067 inch is almost identical with that in Problem 101. Increasing 
the number of increments would reduce the difference accordingly. 

Problem 103-Two-Way In-Plane Forces . -Add to Problem 102 an equal in-plane 
tensile force in the x-direction. The computed solution for maximum deflection reduces 
to 0. 661 inch. If the force in the x-direction is tensile or positive but the force in the 
y-direction is compressive or negative, the effects on maximum deflection offset each 
other as would be expected. This solution gives a maximum deflection of l, 14 inches, 
the same as Problem 101. 

Problem 106-End Supports With Line Loads. -Modify the basic problem slightly by 
removing the simple supports unde.r two edges of the plate. This leaves the plate sup­
ported as a wide-beam on simple supports (Fig. 21). Unlike a beam, however, the 
plate should exhibit Poisson's ratio effects. Poisson's ratio manifests itself in such a 
structure by anti elastic bending. This may be explained in the following way. If 
moments are applied to the plate at opposite ends of the x-axis, a simple analysis would 
indicate that a uniform moment in the x-direction, Mx, would be present throughout the 
plate. Two conditions are known from physical equations governing plate behavior. 
First, the bending moment in they-direction at the free y-edges must be zero. And, 
second, the bending moment in they-direction may be stated as follows: 

M D aw aw 
( 

2 2 ) 

Y = Y aY 2 + vxy ax2 
(61) 

The first stated condition requires that the second condition, Eq. 61, be identically 
zero. Note that the bending in the x-direction is not zero, thus the differential ·?/w/ax2 

cannot be equal to zero. Then for Eq. 61 to be identically zero 

(62) 

Thus, bending in they-direction will be present at the two edges with a sense opposite 
that in the x-direction. This is illustrated in Figure 22. Figure 23 illustrates the 
same plate when Poisson's ratio equals zero. This can be recognized as bending equi­
valent to that of a beam in which Poisson's ratio can be neglected. Brief reference to 
Eq. 61 indicates that if Poisson's ratio equals zero, the bending in they-direction is 
unaffected by bending in the x-direction since they are related only through Poisson's 
ratio. 

Two solutions were run, one with Poisson's ratio v = 0.0, the second with Poisson's 
ratio v = 0. 25. The hand solution as a beam gives Wmax at the center of the beam or 
plate of -0. 566 inch. The SLAB 17 solution for eight increments v = 0. 0 gives Wmax = 
-0.576 inch, a difference of 2 percent. A 16 x 16 solution reduces this difference to 
less than one percent. For Poisson's ratio of 0.25 a center deflection of w = -0. 575 
inch results. This increases to -0. 640 inch at the two edges due to anticlastic bending . 

. Problem i07-End Supports with Applied Torques.-This problem is the equivalent 
of Problem 106 except the moment due to the applied line loads acting at 6-in. distance 
from the two simple supports is converted to a uniform moment applied near the ends. 



34 

Figure 21. Plate simply supported on two edges with line loads {Example Problem 106). 

~ 
Figure 22. Anti elastic bending of plate subjected to uniform bending moment at opposite edges {Example 

Problem 107). 

Figure 23. A plate bending as a beam when Poisson's ratio is zero {Example Problem 106). 

It is illustrated in Figure 24. The results are exactly comparable to those of Problem 
106 as was expected. This indicates that Program SLAB 17 handles applied torques 
satisfactorily . 

Slabs-on-Foundation-Westergaard Cases, Problem Series 200 

For slab-on-foundation problems, the matter of checking theory becomes more com­
plicated because of the lack of closed-form solutions. Three example problems related 
to the three Westergaard cases are presented here since these solutions are well known 
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Figure 24. Simply supported plate with a bending moment applied at opposite ends (Example Problem 
107). 
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Figure 25. Pavement slab subjected to JO-kip wheel load at the center, with and without uniform sub­
grade support. 

and are currently used as a basis for most rigid pavement design. A single pavement 
slab was chosen for comparison and examined separately for the three Westergaard 
cases. The closed-form solutions come from Westergaard, (32, p. 102). A standard 
slab example is used for the computed deflection as shown in Figure 25a. 

The examples all involve a 10-in. slab thickness, 24 ft square in plan dimension 
with a modulus of elasticity of 3, 000, 000 psi and v = 0. 20. The subgrade modulus was 
assumed to be 200 pounds per square inch per inch of deflection and a single concen­
trated load of 10 kips was applied in each case. 

Problem 201-Center Load , -With these physical constants the Westergaard solution 
gives the deflection under a load applied at the center of an infinite slab to be -0. 0057 
inch . The computed results are -0.0060 inch. In addition, one can see from Figure 
25b that the computed solution gives the complete deflection contours of the slab, where­
as the Westergaard equation gives the deflection only under the load. This solution 
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Figure 26. Pavement slab subjected to 10-kip wheel load at the corner, with and without uniform sub­
grade support • 
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Figure 27. Lug anchor example problem. 

involves 8 increments. A solution using 12 or 16 increments gives deflection results 
closer to that of Westergaard. 

Problem 202-Edge Load.-For thP. r.a.sP. of ede-e loading, Westergaard gives -0.019-
inch deflection for a point under the load at ithe edge of a slab and infinitely far from any 
other boundaries. These, of course, are not realistic boundaries since pavements 
certainly have finite limits. In reality, because of cracking or jointing, the load is 
nearly always relatively close to some boundary in any direction. The finite-element 
solution based again on the 24-ft-square slab, but with the load centered along one edge, 
gives a deflection of -0.018 inch. These results compare within 4 percent. Exact 
comparison need not be expected since one solution is for a real slab and the other for 
an infinite slab . 

Problem 203-Corner Load. -The third Westergaard case is the load applied at a 
rectangular corner, infinitely far from any other discontinuity. The comparable real 
slab is shown in Figure 26a. The Westergaard solution gives -0.049 inch of deflection 
under the load. The finite-element solution shown in Figure 26b is -0.050 inch. The 
deflection contours are also of interest and are not easily obtained from the Wester­
gaar-d solution. 
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Figure 28. Deflection contours of lug anchor example problem in Figure 27. 
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To summarize these comparisons it has been shown that the finite- element method 
described herein agrees within 2 to 5 percent with the Westergaard slab-on-foundation 
solutions which are currently used for pavement design. In addition, the new method 
readily provides deflection contours. The same is not true with the Westergaard solu­
tion although computer programs do exist to solve those equations explicitly. 

Nonuniform Subgrade Support. -To illustrate nonuniform subgrade support, the three 
cases previously described for center, edge, and corner loadings were rerun with a 
hole cut in the subgrade centered under the :load. For the center load case, the hole 6 
feet in diameter cut in the subgrade results in an increased deflection of 40 percent to 
-0. 0084 inch. For the nonuniformly supported edge load, a hole 6. feet in diameter is 
centered under the load. The resulting deflection under the load is - 0 . 3 5 inch (Fig. 
25c) or nearly double that of the slab with uniform support. Figure 25d compares an 
edge view with and without uniform support. The corner load case has a hole 8 feet in 
diameter cut in the subgrade centered at the corner. The resulting deflection increased 
to -0 .173 inch or about 31/2 times that of the uniform case as shown in Figures 26c. and 
26d. It is not intended to draw conclusions at this time concerning these relative in­
creases in deflection nor their effect on pavement performance. It is merely desired 
to indicate that the method is easily adaptable to solutions for such nonuniform cases 
which probably represent a majority "of pavement actually in service in the United 
States. 

Lug Anchor Example, Problem 602 

One of the strengths of the method described herein is its ability to handle complex 
problems with combination loads and variations in flexure stiffness and support condi­
tions. Figure 27 illustrates such a problem. A 10-in. thick reinforced concrete slab 
was used. Near one end the slab has a 24-in. deep lug anchor extending into the sub­
grade. The slab has a centerline joint and a crack which developed from a combination 
of shrinkage and previous overstress. The joint and crack develop only 20 percent of 
the stiffness of the surrounding slab. The soil has settled under the crack in the slab 
and left a section unsupported. For any nonuniformly supported slab such as this, the 
dead weight of the slab must be considered when evaluating moments and stresses. 
This weight acts as a uniform load of 300 lb per station. Two 10-kip and four 8- kip 
wheel loads are considered in this example. An axial load of 5, 000 lb/in. is being 
resisted by the lug anchor. The resulting deflected shape is shown in Figure 28. The 
maximum deflection of 0. 048 inch occurs at the edge of the slab at the transverse 
crack. It is virtually impossible to obtain this general solution by any other existing 
methods of analysis. 
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Summary of Example Problems 

The foregoing example problems have been solved to indicate the broad capability of 
the new method. Two points are worth noting. For those cases having closed-form 
solutions, the finite-element solution with 8 to 10 increments produced results within 
2 to 5 percent of the closed-form solution. If the number of increments was increased 
to 16, the error comparison reduced to 1 to 3 percent. Perhaps more important are 
those cases for which no closed-form solution exists. The finite-element method per­
mits, for the first time, the evaluation of such cases. It will be helpful if solutions of 
these new cases can be compared with experimental data obtained from field or model 
studies. 

SUMMARY 

This report examines the analysis of plates and pavement slabs. A study of the 
technical literature resulted in the selection of some sixty helpful references. Many 
of these papers contain solutions for special-case plates with simple supports and 
simple load patterns. These solutions are mathematically complex and are often 
shrouded in jargon not always relatable to real problems. A particular void is noted 
in the analysis of pavement slabs. The best work available (Westergaard's) is limited 
by special-case loads and severe assumptions including infinite or semi-infinite plan 
dimensions and uniform support conditions. 

A method has been presented which is not limited by the simplifying assumptions 
needed for closed-form solutions. The technique is based on a physical model of the 
problem which is described mathematically. The principal features of the method are 
as follows : 

1. Representation of the plate or slab by a fi nite-element model of beam- column 
element s with freely discontinuous stiffness and load. These line elements ar e grouped 
into two systems of orthogonal beams or beam- columns. 

2. A rapid, direct solution of individual beams using recursive techniques. 
3. An alter nating- direction iteration method for combining the solutions of the in­

dividual beams into a coordinated slab solution. 

The finite- element model is helpful in visualizing the problem and forming the solu­
tion. The model consists of: 

1. Infinitely stiff and weightless bar elements to connect the joints. 
2. Elastic joints where bending occurs, made of an elastic, homogeneous, and 

orthotropic material which can be described by four independent elastic constants. 
3. Torsion bars which represent the torsional stiffness of the plate. 
4. Elastic support springs which provide foundation support. 

All properties and loads can be freely variable from point to point. Concentrated or 
distributed loads can be handled including transverse loads, in-plane forces, and ex­
ternal couples . Elastic restraints are provided by vertical support springs. 

The alternating-direction iteration method is used to solve the equations describing 
the behavior of the modP.1 hP.ca.use it is well adapted and easy to visualize. The model 
and method are too complex for hand calculations. A computer program which solves 
the equations implicitly for the deflection patterns has been developed. The program 
is written in FORTRAN-63 for the CDC 1604 computer. Minor changes of input formats 
are required to convert it for use on an IBM 7090. Compile time is 90 to 100 seconds 
but binary decks are available which compile in about 15 seconds. Automatic plot 
r out ines are available for use with the program. 

This method has application to a broad variety of complex plate and slab problems 
which cannot be solved by any other existing method. Applications to complex pavement 
design problems are of particular interest. The use of the method as a tool in stochas­
tic modeling of pavement life and performance studies is of particular interest. Im­
mediate use of the method in developing new pavement design information is suggested. 
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NEEDED RESEARCH 

The finite-element model described herein is a useful tool. The development of such 
a method opens the door to studies which heretofore could not be conducted. Such appli­
cations of this method are discussed in this section. A look into the method pinpoints 
several areas of study which could lead to improvement. 

Study of Material Properties 

It would be helpful if the orthotropic properties of materials used in slabs could be 
determined for exact input into this program. In particular, information is needed on 
the relationship of Poisson's ratio and Young's modulus for orthotropic materials, and 
on torsional rigidity for "torsionally stiff'' and "torsionally soft" rib reinforced ortho­
tropic plates. 

Comparison With Field Measurements 

"The proof of any pudding is in the eating." It is desirable that studies of pavement 
structures be made in the laboratory and in the field, and that corresponding mathema­
tical analyses be made with the finite-element model. Correlation of these data will 
help in the evaluation of theory and will lead to improved methods for determining some 
of the unknowns in the field studies. Deflection measurements will be helpful in this 
regard as will curvature measurements. 

Evaluation of Support Characteristics 

Current methods of measuring and specifying pavement support are probably unsatis­
factory. It is not adequate to describe a constant k-value for a subgrade or a subbase 
to be used under a pavement slab. This value is not a linear quantity but is highly de­
pendent on the deflection of the slab lying immediately above. It is also related to 
overall slab deflections. The true support value is dependent on many things. The first 
step in such evaluation is the study of nonlinear support conditions for the finite- element 
model. 
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Appendix 

SAMPLE COMPUTER SOLUTIONS OF EXAMPLE PROBLEMS 

EXAMPLE DATA I NPUT 

201 axa SOF . PR= .20 CENTER LOAD, HWY REPORT 6 WRH 29AP5 
4 6 0 24 A 8 3.600E 01 3.600E 01 l.OOOE-05 0.200E 00 
4 4 0 0 0 4 4 0 

4.'JZOE 03 2.460E 04 l. 230E 05 6.l60E 05 
4.'l20E 03 2.460E 04 l. 230E 05 6. l60E 05 

0 0 a 8 0.652E 08 0.652E+08 0.650E 05 
0 l 8 7 0.652E 08 0.652E+OB 0.650E 05 
l 0 7 8 0.652E 08 0.652E+OB 0.650E 05 

l 7 7 0.652E 08 0.652E+08 0.650E 05 
l 8 8 2.080E+08 2.oaOE+Oa 

4 4 4 4 l.OOOE 04 
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PROGR'AM SLAB 17 - MASTER DECK - WR HUDSON, H MATLOCK REVISION DATE 26 JUL 65 

I 

CE051022 HWY SLAB PROJECT SLAB 17 ~ R HUDSON 
RUN EXAMPLE PROBLEMS FOR FINAL CHECK DECK 3 SLAB 17 . 

PROB 
201 BXS SOF , PR=. 20 CENT ER LOAD, HWY REPOR T-6 

TABLE l. CONTROL DATA 

NUM VALUES TABLE 2 
NUM CARDS TABLE 3A 
NUM CARDS YABLE 3B 
MAX NUM ITERATIONS 
NUM INCREMENTS MX 
NUM INCREMENTS MY 
INCR LENGTH HX 
INCR LENGTH HY 
CLOSURE TOLERANCE 
POI SSONS RATIO 

MONITOR STAS l,J 

TABLE 2A. ITERATION CONTROL DATA 

F. SPRING REPRESENTING X BEAM 

4,920E 03 
2.4bDE 04 
l.230E 05 
6. l 60E 0 5 

TABLE 21l. ITERATION CONTROL DATA 

F. SPRING REPRESENTING Y BEAM 

4.920E 03 
2.4bOE 04 
l.230E 05 
6.l60E 05 

TABLE 3A. STIFFNESS ANO LOAD DATA, 

FROM THRU ox DY 

0 0 8 8 6,520E 07 6.520E 
0 l 8 7 6.520E 07 6.520E 
l 0 7 8 6.520E 07 6.520E 
.l l 7 7 6,520E 07 6.520E 
l l 8 8 0 
4 4 4 4 0 

4 4 0 0 

FULL VALUES ADDED AT 

Q s 

07 0 6,500E 
07 0 6.SOOE 
07 0 b.500E 
07 0 6.500E 

0 0 
a l.OOOE 04 

0 4 

All 

04 
04 
04 
04 

0 
a 

WRH 

4 
6 
0 

24 
8 
8 

3.600E Ol 
3.600E Ol 
l.OOOE-05 
2.oooE-01 

4 0 

STAS I,J IN 

ex 

0 
0 
0 
0 

2.0BOE 08 
0 

29AP·5 

RECT, 

CY 

0 
0 
0 
0 

2.0BOE 08 
0 
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TABLE 3B. STIFFNESS AND LOAD DATA, FULL VALUES ADDED AT ALL STAS I,J IN REeT. 

FROM THRU TX TY PX PY 

TABLE 4. MONITOR TALLY AND DEFLS AT 4 STAS 

!TR FieT eve NOT NOT I,J 
NUM SPRING NUM STAB CLOS 4 4 0 0 0 4 4 0 

x 4.920E 03 l 43 l.l95E-02 0 6.29BE-04 0 
y 4.920E 03 78 76 5.451E-03 -5.746E-05 -3. ll3E-04 3.841E-04 

x 2 2.460E 04 2 81 8.522E-03 -6.072E-05 -5.283E-04 -2.819E-04 
y 2.460E 04 76 76 5.789E-03 -l.l89E-04 -3.l42E-04 -3.246E-04 

x 3 l.230E 05 3 74 7.334E-03 -l.426E-04 -3.809E-04 -2.665E-04 
y l.230E 05 68 62 6 .118E-03 -l.743E-04 -2.991E..,.04 -3.l59E-04 

x 4 6.l60E 05 4 65 6. 739E-03 -l.837E-04 -2.734E-04 -2.833E-04 
y 6.160E 05 46 39 6.414E-03 -l.921E-04 -2.795E-04 -2.628E-04 

)( 5 4.920E 03 l 44 6.576E-03 -2.457E-04 -2.788E-04 -2.747E-04 
y 4.920E 03 16 37 6.444E-03 -2.251E-04 -2.696E-04 -2.6l8E-04 

x 6 2.460E 04 2 9 6.562E-03 -2.460E-04 -2.798E-04 -2. 711E-04 
y 2.460E 04 4 28 6.457E-03 -2.351E-04 -2.669E-04 -2.651E-04 

x 1 l. 230E 05 3 8 6.548E-03 -2.410E-04 -2.739E-04 -2.695E-04 
y l.230E 05 4 17 6.473E-03 -2 .396E-04 -2.680E-04 -2.678E-04 

x B 6.160E 05 4 9 6.529E-03 -2.403E-04 -2.694E-04 -2.687E-04 
y 6.l60E 05 5 11 6.496E-03 -2.404E-04 -2.690E-04 -2.687E-04 

)( 9 4.920E 03 1 3 6.515E-03 -2.403E-04 -2.686E-04 -2.686E-04 
y 4.920E 03 0 10 6.500E-03 -2.408E-04 -2.689E-04 -2.694E-04 

)( 10 2.460E 04 2 0 6.513E-03 -2.405E-04 -2.686E-04 -2.686E-04 
y 2.460E 04 0 9 6.50lE-03 -2.407E-04 -2.688E-04 -2.691E-04 

x 11 l.230E 05 3 0 6.512E-03 -2.406E-04 -2~687E-04. -2.687E-04 
y l.230E 05 0 4 6.503E-03 -2.406E-04 -2.688E-04 -2.688E-04 

x 12 6.160.E 05 4 0 6.5lOE-03 -2.406E-04 -2.688E-04 -2.688E-'-04 
y 6.160E 05 0 0 6.505E-03 -2.406E-04 -2.688E-04 -2.688E-04 
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PROGRAM SLAB 17 - MASTER DECK - WR HUDSON, H MATLOCK REVISION DATE 26 JUL 65 
OE051022 HWY SLAB PROJECT SLAB 17 W K HUDSON 
RUN EXAMPLE PROBLEMS FOR FINAL CHECK DECK 3 SLAB 17 

PROB (CONTD) 
201 8XB SOF ' PR= .20 CENTER LOAD, HWY REPORT- 6 WRH 29AP5 

TABLE 5. RESULTS ITERATION 12 

I, J X-DEFL Y-DEFL BMX BMY REACT TR ERR 

-1 ·l -l.943E-04 -l.943E-04 0 0 0 0 
0 -1 -2.506E-04 -2.505E-04 0 0 0 0 
l -1 -3.067E-04 -3.067E-04 0 0 0 0 
2 -1 -4.812E-04 -4.Bl3E-04 0 0 0 0 
3 - 1 - 6.743E- 04 - 6.743E - 04 0 0 0 0 
4 -1 -7.640E-04 -7.639E-04 0 0 0 0 
5 -1 -6.742E-04 -6.742E-04 0 0 0 0 
6 -1 -4.B09E-04 -4.Bl2E-04 0 0 0 0 
1 -1 -3.072E-04 -3.068E-04 0 0 0 0 
0 -1 -2.504[-04 -2.505E-04 0 0 0 0 
9 -1 -l.947E-04 -l.947E-04 0 0 0 0 

-1 0 -2.506E-04 -2.506E-04 0 0 0 0 
0 0 -2.406E- 04 -2.406E-04 0 0 l.564E 01 2.021E-03 
l 0 -2.306E-04 -2.306E...,Q4 -4.l97E 00 3.056E-l0 2.999E 01 -9. 'l lBE-03 
2 0 -2.641E-04 -2.641E-04 l.638E 00 -2.219E-09 3.434E 01 -6.739E-03 
3 0 -2.806E-04 -2. 806E-04 2.740E 00 -7.276E-l0 3.646E 01 l.745E-02 
4 0 -2.688E-04 -2.6BBE-04 -2.284E 00 -6.985E-l0 3.492E 01 l.445E-02 
5 0 - 2. 80 6 E-0 4 - 2. 806E-04 2.727E 00 - l.2 95E- 09 3.6 55E 01 - 7. 672E-D 2 
6 0 -2.641E-04 -2.641E-04 l.655E 00 - l.397E- 09 3.424E 01 9.601E-02 
1 0 -2.306E-04 -2.306E-04 -4.214E 00 -l.310E-10 3.00SE 01 -7.l03E:-02 
8 0 -2.406E-04 -2.406E-04 0 0 l.562E 01 2.274E-02 
9 0 -2.507E-04 -2.507E-04 0 0 0 0 

- 1 l -3.06BE-04 -3.06BE-04 0 0 0 0 
0 l -2.306E-04 - 2.306E - 04 7 .235E-06 - 4.195E 00 2.99BE 01 l.905E- 03 
l l -l.458E-04 -l.458E-04 2.580E 00 2.SBOE 00 3. 790 E 01 4.549E-03 
2 l -5.029E-05 - S.030E- 05 1. 692E 01 2.456E 01 l.308E 01 -2. 777E-03 
3 l l.074E-04 l.074E-04 5.935E 00 6.263E 01 - 2.789E 01 -2.968E-02 
4 l 2.310E-04 2. 311E-04 -2.tl41E 01 9.665E 01 -6.0l2E 01 5.312E-02 
5 l l.075E-04 l.074E-04 5.912E 00 6.268E 01 -2.793E 01 3.091E-03 
6 l -5.033E-05 -5.034E-OS l.693E 01 2.450E 01 l. 320E 01 -l.133E-Ol 
1 l -l.459E-04 -l.457E-04 2.603E 00 2.594E 00 3.776E 01 l.512E-Ol 
8 l -2.306E-04 -2.307E-04 -3.446E-03 -4.l93E 00 3.004E 01 -5.606E-02 
9 l -3.067E-04 -3.067E-04 0 0 0 0 

-1 2 -4.Bl3E-04 -4.813E-04 0 0 0 0 
0 2 -2.641E-04 -2.641E-04 9.725E-04 l.640E 00 3.433E 01 5. 79SE-03 
l 2 - 5.030E-05 - .5-031E-0.5 2.4.56E 01 h693E 01 l.307E 01 5.382E-03 
2 2 2. 73 lE-04 2.731E-04 5.236E 01 5.238E 01 -7.096E 01 -4.441E-02 
3 2 8. l33E-04 B.134E-04 6.068E 00 l.195E 02 -2.llBE 02 3.0l2E-Ol 
4 2 l.261E-03 l.261E-03 -l.330E 02 2.008E 02 -3.269E 02 -9.502E-Ol 
5 2 8.125E-04 8.l37E-04 6.472E 00 l.l93E 02 -2.l29E 02 l.4H9E 00 
6 2 2. -/39E-04 2. r2 rE-o4 5.191E 01 !l.LIO!: 01 -6.'191E I) l -l.152E 00 
1 2 -5.059E-05 -5.0lOE-05 2.478E 01 l.675E 01 l.277E 01 3.214E-Ol 
8 2 -2.641E-04 -2.642E-04 tl.784E-03 l.667E 00 3.434E 01 4.296E-03 
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9 2 -4.811E-04 -4. 811E-04 0 0 0 0 

-1 3 -6.742E-04 -6.742E-04 0 0 0 0 
0 3 -2.8u6E-04 -2.806E-04 -3.976E-04 2. 738E 00 3.649E 01 -l.3lOE-02 
l 3 l.074E-04 l. 074E-04 6.262E 01 5.947E 00 -2. 792E 01 4.367E-03 
2 3 8 .13 3E-04 8.134E-04 l.l96E 02 5.954E 00 -2.ll7E 02 2. 7l5E-Ol 
3 3 2. l32E-03 2. l32E-03 3.410E 00 3.926E 00 -5.529E 02 -l.456E 00 
4 3 3.465E-03 3.467E-03 -5.024E 02 6.019E 01 -9.049E 02 3.721E 00 
5 3 2.135E-03 2.131E-03 2.127E 00 4.579E 00 -5.493E 02 -5.l78E 00 
6 3 8.109E-04 8.148E-04 l.210E 02 5 .13 6E 00 -2.150E 02 3.683E 00 
7 3 l.OSOE-04 l.066E-04 6.203E 01 6.392E 00 -2. 705E 01 -8.539E-Ol 
8 3 -2.804E-04 -2.8D4E-04 -3.260E-02 2.683E 00 3.654E 01 -8.526E-02 
9 3 -6.747E-04 -6.747E-04 0 0 0 0 

-1 4 -7.639E-04 -7.639E-04 0 0 0 0 
0 4 -2.688E-04 -2. 688E-04 l.53BE-04 -2.288E 00 3.491E 01 2.787E-02 
l 4 2.311E-04 2 .3 lOE-04 9.667E 01 -2.844E 01 -6.006E 01 -1. 778E-02 
2 4 l.261E-03 l.261E-03 2.005E 02 -l.327E 02 -3.271E 02 -6.930E-Ol 
3 4 3.466E-03 3.467E-03 6.l45E Ol -5.037E 02 -9.045E 02 3.309E 00 
4 4 6.510E-03 6. 505E-03 -l.471E 03 -1. 468E 03 8.315E 03 -7.357E 00 
5 4 3.461E-03 3.469E-03 6.358E 01 -5.048E 02 -9.099E 02 8.974E 00 
6 4 l .264E-03 l.25BE-03 l.9B4E 02 -l.315E 02 -3.226E 02 _-5.333E 00 
7 4 2.30BE-04 2.321E-04 9.726E 01 -2.903E 01 -6.052E 01 3.339E-Ol 
8 4 -2.694E-04 -2.688E-04 7.027E-02 -2.271E 00 3.446E 01 5.236E-Ol 
9 4 -7.641E-04 -7.641E-04 0 0 0 0 

-1 s -6.742E-04 -6.742E-04 0 0 0 0 
0 s -2.806E-04 -2.806E-04 -l.825E-03 2. 740E 00 3.654E 01 -6.301E-02 
1 s l.073E-04 l.074E-04 6.266E 01 5.937E 00 -2.796E 01 5.036E-02 
2 s B.l34E-04 8.135E-04 l.197E 02 5.924E 00 -2.125E 02 9.802E-Ol 
3 5 2.l33E-03 2.131E-03 2.697E 00 4. l6QE 00 -5.SOlE 02 -4.287E 00 
4 5 3.463E-03 3.469E-03 -5.009E 02 5.960E 01 -9.096E 02 8.S46E 00 
5 5 2. l38E-03 2.l29E-03 6.181E-Ol S.342E 00 -5.455E 02 -9.088E 00 
6 s 8.lOlE-04 a.rsaE-04 l.215E 02 4. 739E 00 -2.155E 02 4.100,E 00 
7 5 l.066E-04 l.068E-04 6.256E 01 6.363E 00 -2.885E 01 l,lOOE 00 
8 s -2. 796E-04 -2. 809E-04 -8.486E-02 2.813E 00 3.745E 01 -l.Ol2E 00 
9 s -6.726E-04 -6.726E-04 0 0 0 0 

-1 6 -4.814E-04 -4.814E-04 0 0 0 0 
0 6 -2.641E-04 -2.641E-04 2.617E-03 1. 63 6E 00 3.42SE 01 a.·sa1e-02 
l 6 -5.0l9E-05 -5,035E-05 2.450E 01 l.694E 01 l.318E Ol -l.123E-Ol 
2 6 2. 730E-04 2. 730E-04 5.224E 01 S.243E 01 -7.026E 01 -7.218E-Ol 
3 6 8.l24E-04 8.l41E-04 6,857E 00 l. l92E 02 -2.146E 02 3 .1 79E 00 
4 6 l.264E-03 l.259E-03 -l.346E 02 2.0lSE 02 -3.223E 02 -5.674E 00 
5 6 8 .099E-04 8. l55E-04 7.919E 00 l.l84E 02 -2.l62E 02 4.905E 00 
6 6 2.743E-04 2. 720E-04 5.16lt 01 5.304E 01 -6.997E 01 -1.0SOE 00 
7 6 -4.905E-05 -5.045E-05 2.416E 01 1.689E 01 l.467E 01 -1. 734E 00 
8 6 -2.64BE-04 -2.636E-04 4.675E-02 l.514E 00 3,346E 01 8,902E-Ol 
9 6 -4.832E-04 -4.832E-04 0 0 0 0 

-1 7 -3.067E-04 -3.067E-04 0 0 0 0 
0 7 -2. 30 6E-04 -2.306E-04 -l. l71E-03 -4.191E 00 3.005E 01 -6,400E-02 
l 7 -l.459E-04 -1.458E-04 2.625E 00 2.565E 00 3.778E 01 l.390E-Ol 
2 7 -S.023E-05 -5.026E-05 1.697E 01 2.453E 01 1.289E 01 1.722E-Ol 
3 7 1.079E-04 1. 0 70E-04 S.578E 00 6.286E 01 -2.689E 01 -1.040E 00 
4 7 2.2YBE-04 2.31BE-04 -2.778E 01 9.617E 01 -6.l4BE 01 l.473E 00 
5 7 1.083E-04 l.069E-04 5.509E 00 6.310E 01 -2.749E 01 -4.893E-01 
6 7 -4.998E-OS -5.057E-05 l.683E 01 2.449E 01 1. 3 86 E 01 -7,844E-01 
7 7 -l.465E-04 -l.453E-04 2.914E 00 2.370E 00 3.702E 01 9.054E-Ol 
8 7 -2.304E-04 -2.308E-04 B.3~9E-03 -4.108E 00 3.027E 01 -2.882E-01 
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9 1 -3.057E-04 -3.057E-04 0 0 0 0 
,, 

-l 8 -2.506E-04 -2.506E-04 0 0 0 0 
0 8 -2.40;6E-04 -2.406E-04 7. l49E-ll 3.575E-10 l.562E 01 1. 737E-02 
l 8 -2.306E-04 -2.306E-04 -4.206E 00 l.455E-ll 3. 003E 01 -5.303E-02 
2 8 -2.641E-04 -2.641E-04 l.636E 00 4.293E-l0 3.430E 01 2.947E-02 
3 8 -2.807E-04 -2.B05E-04 2.780E 00 l.l35E-09 3.646E 01 2.5 llE-02 

-2. .. .JO 52-(ii;- -2.689E-04 -2.337E 00 2.874E-09 3.485E 01 8.0l4E-02 
5 8 -2. 306c-O'' -2. 80/'E-0'> 2.708E 00 7.UOE-10 3 .6 84 E 01 -3.586E-Ol 
6 () -2. Cl:-5C-Oi;. -2 .. 63~2-Ql; l.7'>2E 00 -7.l30E-l0 3.395E 01 3.983E-Ol 
7 B -2.300:E-f..4 -2.303~-04 -4.267E 00 7.713E-l0 3.009E 01 -l.098E-Ol 
a 8 -2.4062-0'~ -2. l;-06E-04 -7 .149E-ll -3.575E-l0 l .5 63E 01 4.37BE-03 
9 8 -2.507E-04 -2.507E-"04 0 0 0 0 

9 -: . • <J~.s.::-c~ .. -~ 0 9Lt-5E-QL; 0 0 0 0 
0 9 -2. sos::-o:,. -2. 505E-04 0 0 0 0 
' 9 -3.06%-QL;- -3.06f.E-04 0 0 0 0 . 
2 9 - 4 .. 01. lt:- QI;. - ';.813E-04 0 0 0 0 
~ 9 -~o739E-04 -6.738E-04 0 0 0 0 

'" 9 -7 .637'.::-0';· -7 •. 647::-04 0 0 0 c 
5 9 -6"763E-C4 -6. 7:1-0E-Oti 0 0 0 0 
6 9 ·-4·. 7912-QL; -1,. so1::-04 0 0 0 0 
~ CJ -3, C.692-CC;. -3.075E-04 0 0 0 0 , 
8 9 -2.SlSE-0'> -2.503E-04 0 0 0 0 
<;. <;; -1.957E-C'' -l.957E-04 0 0 0 0 

P.:\C£ (CC.Nm: 
201 BXS SOF , PR=.20 CENTER LOAD, HWY REPORT-6 WRH 2 9AP5 

T AE.:.E 5. l<ESLJLTS:CGNTDJ -- 1TcR.C.TION l.2 

I i1 J rnx TMY 

:J 0 
c D 0 

- -!.. \) (j 

2 - 0 0 
;, - J Q 

.!~ -1 i) 0 
5 (, 0 
(:, -. :., 0 
7 -1 G' 0 
G - 0 c 
<) - 0 0 

0 G 0 
0 0 2. 74~= co - 2. ~.,,.2.:: 00 
.. 0 8. 2'.-5E Gv -8.2l;·7i: 00 
2 v l. 2',:0E o: -l.2'>5E 01 
; 0 l .. l32E c: - 2. .131~ O! 

"' 0 a. z-19::-0:,. l.6:.9:::-03 
:; J -!..132E -~- :.1322 Cl _,, 

" 0 -1.2.!:5~ c: l.2f:-5: o: -, D -8 ... 21.; ~-E 00 8.2472 00 • 
e c -2.742E 00 2. 740:: 00 
9 c 0 0 
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l l 0 0 
0 l e.246E 00 -8. 246E 00 
l l 2.250E 01 -2.250E 01 
2 l 3.666E 01 -3.666E 01 
3 l 3.9B3E 01 -3.981E 01 
4 l -3.227E-02 -l.063E-02 
5 l -3.980E 01 3.982E 01 
6 l -3.664E 01 3.666E 01 
7 1 -2.253E 01 2. 248E 01 
8 l -8.233E 00 8.244E 00 
9 l 0 0 

l 2 0 0 
0 2 l.245E 01 -l.245E 01 
l 2 3.666E 01 -3.666E 01 
2 2 7 ol09E 01 -7.107E 01 
3 2 9.511E 01 -9.519E 01 
4 2 9.510E-02 4.493E-02 
5 2 -9.520E 01 9. 513E 01 
6 2 -7. ll6E 01 7.106E 01 
7 2 -3.655E 01 3.671E 01 
8 2 -l.24BE 01 l.244E 01 
9 2 0 0 

-1 3 0 0 
0 3 l.131E 01 -l.131E 01 
l 3 3.9B2E 01 -3. 981E 01 
2 3 9.513E 01 -9.518E 01 
3 3 l.7lOE 02 -1. 708E 02 
4 3 -l.386E-Ol -7.556E-02 
5 3 -1. 709E 02 l.709E 02 
6 3 -9.499E 01 9. 522E 01 
7 3 -3.996E 01 3.973E 01 
8 3 -l.132E 01 l.134E 01 
9 3 0 0 

l 4 0 0 
0 4 -2.lB9E-03 2.596E-04 
1 4 2.239E-03 -3.631E-03 
2 4 3.485E-02 2.586E-02 
3 4 -9.773E-02 -5.706E-02 
4 4 7.729E-02 5.058E-02 
5 4 6.506E-02 2.284E""'.02 
6 4 -l.648E-Ol -8.230E-02 
7 4 6.059E-02 5.622E-02 
8 4 6.9llE-02 -3. 794E-02 
9 4 0 0 

-1 5 0 0 
0 5 -l.131E 01 l.131E 01 
l 5 -3.982E 01 3.982E 01 
~ 5 -9.517E 01 9.5l5E 01 
3 5 -l.709E 02 l.709E 02 
4 5 6.813E-02 3.388E-02 
5 5 l.708E 02 -l. 709.E 02 
6 5 9.516E 01 -9.514E 01 
7 5 3.99lE 01 -3.978E 01 
8 5 l.l25E 01 -l.131E 01 
9 5 0 0 
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-1 6 0 0 
0 6 -l.245E 01 1. 245E 01 
l 6 -3.666E 01 3. 666E 01 
2 6 -7. llOE 01 7.106E 01 
3 6 -9.506E 01 9.522E 01 
4 6 -l.582E-Ol -9.235E-02 
5 6 9.520E 01 -9.511E 01 
6 6 7.126E 01 -7.lOlE 01 
7 6 3.649E 01 -3.677E 01 
8 6 l.244E 01 -l.242E 01 
9 6 0 0 

-1 7 0 0 
0 7 -8.249E 00 8. 24 7E 00 
l 7 - 2.250E 01 2. 2 4 9E 01 
2 7 -3.662E 01 3.669E 01 
3 7 -3.993E 01 3.976E 01 
4 7 l.OBOE-01 6.090E-02 
5 7 3.987E 01 -3.980E 01 
f> 7 3.647E 01 -3.675E 01 
7 7 2.259E 01 -2.243E 01 
8 7 B.305E 00 -B.283E 00 
9 7 0 0 

-1 8 0 0 
0 8 -2. 740E 00 2. 740E 00 
l 8 -B.245E 00 8.249E 00 
2 8 -l.246E 01 l. 243E 01 
3 8 -l.129E 01 l .134E 01 
4 8 -5.604E-02 l.309E-03 
5 8 l.132E 01 -l.136E 01 
6 8 l.252E 01 - l .2 4 1E 01 
7 8 8. 1 8 7E 00 - B.239E 00 
8 8 2.112e oo -2.731E 00 
9 8 0 0 

-1 9 0 0 
0 9 0 0 
l 9 0 0 
2 9 0 0 
3 9 0 0 
4 9 0 0 
5 9 0 0 
6 9 0 0 
7 9 0 0 
8 9 0 0 
9 9 0 0 

TIME MINUTES, 40 AND 43/60 SECONDS 



Moving Load Test on Experimental 
Prestressed Concrete Highway Slab, 
Part B-Additional Investigations 
JOHN R. SMITH and JAMES L. EVANKO, Civil Engineering Department, University 

of Pittsburgh 

This investigation was initiated to determine the loss in pre­
stress in the experimental prestressed concrete highway slab, 
to determine the extent to which bonding of the strands had been 
accomplished during the grouting operation and to investigate 
the effects of corrosion on the strands. Details of the design 
and construction of the pavement and the results of the static 
and creep load tests were reported by Moreen et al. (1). The 
results of the moving load tests were reported by Smith and 
Lightholder (2). 

The investigation was performed about eight years after the 
pavement was constructed and two years after it was subjected 
to the moving load tests. Longitudinal cracks had developed 
over some of the tendons as a result of the moving load tests. 
Two of these cracks were in the area covered by the present 
investigation. 

The test indicated that there was a loss in prestress in the 
pavement of about 14 percent. Bond failure occurred between 
the conduit and the pavement when longitudinal cracks along the 
conduit were forced open. The developed bond strength between 
the strands and the grout was about 421 psi. Corrosion covered 
approximately 30 percent of the surface area of the strands. 
The average breaking strength of the strands was about 27, 200 
pounds. 

The investigation demonstrated that there was adequate bond 
developed between the grouted tendons and the concrete to 
transfer the prestressingloads when transverse cuts are made. 

The inherent weakness in the pavement is the longitudinal 
cracks that develop over the tendons. This condition may be 
minimized by providing transverse reinforcement or by redis­
tributing the prestressing strands more uniformly across the 
pavement. 

It is recommended that a test section of this pavement be in­
corporated as a part of a highway system where the perform­
ance can be studied under normal traffic conditions. 

•IN 1956 and 1957 the Jones and Laughlin Steel Corporation designed and constructed 
an "Experimental Prestressed Concrete Highway Slab" and ran a series of static and 
creep load tests on it. During the fall of 1962, the Civil Engineering Department of the 
University of Pittsburgh placed approximately 580, 000 repetitions of moving loads over 

Poper sponsored by Committee on Rigid Pavement Design and presented at the 45th Annual Meeting . 
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a section of the slab containing an expansion joint. The test was performed to deter­
mine the behavior of the slab when subjected to repeated applications of moving loads 
over an extended period of time. 

There are several factors related to prestressed pavements that are of interest in 
the design and construction of highways. These are (a) the loss of prestress, (b) the 
developed bond stress, and (c) the effect of corrosion on the strength of the pavement. 

PURPOSE AND SCOPE OF RESEARCH 

The purpose of this investigation is to determine the amount of prestress remaining 
in the experimental pavement, to determine the bond resistance between the prestress­
ing strands and the concrete, and to evaluate the corrosion that has taken place since 
the construction of the slab. 

The evaluation was accomplished by progressive destruction of a portion of the pave­
ment. Appropriate instrumentation was used to measure the changes in strain as the 
work proceeded. This required exposure of the tendons in the early stages so that the 
changes in strain in the strands could be read directly. It also dictated that sufficient 
concrete be left between the instrument slots and the severed ends of the strands to de­
velop bond resistance between the tendons and the concrete. The critical bond length 
was determined by progressively reducing the length of bond to failure. Four of the 
tendons were removed for further study. The strands from three of these were sub­
jected to the standard tensile test. This, together with visual examination of the con­
duit, grout core and the tendons, provided the information for the evaluation of the 
bond strength and corrosion. 

It was initially established that one of the tendons was not grouted. This, along with 
the possibility that bond might not be developed, made it desir able to design anchors 
for the tendons, so that the remainder of the pavement would retain its prestressed 
condition. In addition, information about such anchors would be valuable in the event 
that this pavement or a similar pavement was built into a highway system. 

ANCHOR FOR TENDONS 

Development of the anchorage device incorporated the use of epoxies, sand and a 
holding fixture. A series of tests was performed on three different diameter bars and 
%0-in. diameter prestressing strands, using 1-in. pipe as a holding fixtur e . The in­
side surface of the pipe and the surface of the bars and prestressing strands were 
thoroughly cleaned prior to assembly. 

Table 1 of the Appendix gives the results of the pull-out tests to which all of the 
specimens were subjected with the exception of numbers 16 and 18. Specimens 12 
through 18 were subjected to a cr eep test , the results of which are shown in Figure 14 
of the Appendix. Specimen number 16 developed faulty instrumentation and was dis­
carded, and number 18 was a four strand test which exceeded the capacity of the 
100, 000-lb Universal testing machine. 

The knowledge gained from these tests was used in the design of the anchors for the 
tendons. The anchor consists of a 30-in. length of mechanical tubing with a l '/2-in. 
I. D. and a 2%-in. 0. D. The tubes were slotted to fit over the leudons. The slots were 
covered with mechanical tubing having a 23/e-in. I. D. and 3%-in. 0. D. which was 
welded in place. A slotted bearing plate 5 in. wide by 1 % in. thick by 6 in. long, 
grouted in place with a stiff epoxy sand mixture, was used to transfer the load to the 
concrete. The tendons were bonded into the fixtures with a mixture of seven parts of 
epoxy patching compound to 10 parts of silicon sand, 100 percent of which passed a 
No. 20 sieve and was retained on a No. 30 sieve . The assembly is shown in Figure 1. 

TEST AREA 

The test area shown in Figure 2 was located within the same area that was used for 
the moving load test. The site was selected because it had been subjected to a con­
siderable amount of traffic during the previous test and it contained two tendons which 
had developed longitudinal cracks over them. The center of the area was located 29 ft 
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Figure l. Anchors for the tendons. 
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west of the expansion joint, midway be­
tween the west ramp and the existing holes 
15 ft west of the joint. 

Access to the tendons was provided by 
6- by 49-in. slots. The length was dic­
tated by the anchors and the space needed 
to manipulate strain measuring instru­
ments. A distance of 81 in. from the end 
of the slots to the transverse cut was used 
to insure the development of bond between 
the tendons and the concrete. The area 
was covered with a shelter which was 
heated to maintain the temperature be­
tween 55 and 65 F. 

INSTRUMENTATION 

The instrumentation for the concrete 
was SR-4, Type A-9 gages surface mounted 

at the ends of the slots and midway between the slots. These were thoroughly water­
proofed and given a protective coating of cerese wax. Each set of gages was wired 
through a multichannel switch box to a conventional battE!ry-operated strain indicator. 
The strains in the prestressing strands were taken with a 10-in. Whittemore gage. 

OPERATION AND PROCEDURE 

The field work began on November 1, 1964. Longitudinal saw cuts were made- on 
each side of the tendons and a 1-in. diameter hole was ·drilled at each end of the cuts 
to facilitate the removal of the concrete. The pavement was permitted to dry out 
thoroughly. The SR-4 strain gages were installed and zero readings were recorded. 

The concrete was removed from the slots with light electric chipping hammers. 
The conduit and grout were stripped from the strands and the anchors were installed 
.J.n the west slots. Cable clamps were used to provide gage marks for the Whittemore 
gage. 
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The location of the ungrouted tendon was established as tendon No. 2 which ran 
through slots D and N (Fig. 2). An access slot for this tendon had been provided dur­
ing construction of the p avemen_t_at a point 85 ft west of the transverse cut. The asphalt 
filler was removed from this hole and it was designated as slot P in Figure 16 of the 
Appendix. Zero readings were recorded for all of the strands that could be reached 
with the Whittemore gage. 

The transverse cut was made on December 2, 1964. Two cuts, two feet apart, were 
made across the slab. The saw was permitted to sink down to full depth between the 
tendons. To facilitate removal of the concrete, longitudinal cuts were also made on 
each side of the tendons. The concrete between the tendons was removed first and then 
the concrete, conduit and grout were chipped away from the tendons. Progressive re­
laxation occurred as each tendon was exposed. The last two tendons to be exposed 
were the ungrouted tendon No. 2, through slots D, N and P, and tendon No. 3, through 
slots E and M. As work began on these tendons , the concrete at both locations failed 
in compression, leaving all but the ungrouted strands relaxed (Fig. 3). 

The next step was to cut the tendons. Hack saws, equipped with high-speed tungsten 
blades, were used. Tendon No. 2 was the first to be cut since it was still highly 
stressed. The severing of this tendon reduced some of the relaxation in the other 
tendons (Fig. 4). 

The final step was to reduce gradually the length of bond between the transverse cut 
and the slots until bond failure occurred. Work was started on the east side first. It 
was decided to remove 12-in. increments of the concrete until a point was reached 
where bond failure would be impending and then proceed at a slower pace until bond 
failure was accomplished. Starting at the transverse cut a 12-in. increment was sawed 
about 1 in. deep. The electric chipping han11ne1·s and a sledge were used to break away 
the concrete. The resulting forces and shock waves caused longitudinal cracks to de­
velop over two additional tendons (Fig. 5). This caused these tendons to relax. The 
remaining tendons on the east side were released and strain readings on the unstressed 
strands were recorded. 

On the west side the tendon s lots were elongated by 6-in. increments with the con­
crete saw and careful use of the chipping hammers. Strain readings were taken at in­
ter vals. Initial failure was indicated at slot F (Fig. 6). About five minutes after the 
saw cuts were made-work had stopped for the day-the audible failure of the concrete 
around the conduit was substantiated by visible cracks. This tendon and the one at slot 
E were the only ones that had longitudinal cracks at the beginning of the tests. 

After initial bond failure had been accomplished for the remaining tendons, the 
strands were freed for total relaxation and the final strain readings were taken. The 
site was abandoned on December 16, 1964. Graphical representation of the steel and 
c.oncr ete strains is shown in Figures 15 to 20 and Figures 21 to 24, respectively, of the 
Appendix. 

Figure 3. Transverse cut. 

....-:-:---__ -.- _- ~ - _ _.. - -~ 
;":..·-~.:;:~-'1 

Figure 4. Ungrouted tendon severed. 
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Figure 5. Failure at slot J. Figure 6. Failure at slot F. 

LOSS IN PRESTRESS 

Figure 7 shows the average value of the change in stress in the steel and the con­
crete for each reading. The diagram for the steel stresses shows four separate con­
ditions. C-H and J-0 represent the average stress for the grouted tendons to the west 
and to the east, respectively, of the transverse cut. D and N represent the average 
stress for the ungrouted tendons west and east of the cut (Fig. 2). 

The two curves for each condition agree reasonably well. The final stress for the 
ungrouted tendon is about 115, 700 psi and the average for the grouted tendons is 
106, 000 psi. One might, at this point, conclude that the loss in prestress would be the 
difference between the two, since cutting the slots in the pavement would have a neg­
ligible effect on the stresses in the ungrouted tendon. However, the stresses reported 
after the release of the jacks, during the construction of the pavement, indicate a varia­
tion in stress from the anchors to the midlength of the slab (1) . 

The original stresses varied from 116, 000 psi at the anchors to 151, 000 psi at the 
-nidlength with a value of about 124, 000 psi in the vicinity of this test section. It is 

·•1med that this variation was locked into the strands due to the grouting of the ten­
The ungrouted tendons, on the other hand, would have had ample opportunity to 

'lore uniformly stressed over the 8-yr period. 
' 1;hows the load-deflection relationship between the original area of the slab 

"ter the slots were cut. The calculations equate os to 6c and indicate 
' the load L\P will be the same for the concrete as it is for the steel. 

there is no frictional resistance between the concrete and the base 

litions the computed prestress in the grouted tendons is about 
· 736 psi. This uses the value PF= 46, 233 lb which is based on the 
, train in the tendons of 3, 870 microinches. The percent loss in 

;ent which compares favorably with the 15 percent found in the litera­
:ch frictionless bases. 
3tresses shown in Figure 7 are not as well grouped as were the steel 

· ;lid lines represent the stresses at the end of the slots and the dashed 
ii sses midway between the slots. The (A) values are for those gages 
Jn and the (B) values represent the gages on the east section. The 
n slope of these curves indicate that flexural stresses were affecting 

I 

BOND 

i 1t when the tests were initiated that there would be three different cases 
ldons were concerned: Case I-the ungrouted tendon, Case II-the 
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grouted tendon with a longitudinal crack, and Case ill-the grouted I 
longitudinal crack. The second and third cases are of primary imi: 
is involved. 

The tendons were released when the length of bond was about 20 i 
lustrated in Figure 6 for Case II. Figure 9 shows the cracks that de 
and is representative of the type of failure for Case m. In both cases 
in pulling the conduit through the concrete. The wedging action of the . 
the outside of the conduit forced the pavement apart, resulting in longit 
at those locations which had no previous cracks. 

The force in the tendons at this point was approximately 46, 537 - 31 
The resulting unit stress on the surface of the conduit was 46, 223/ (20) 
491 psi. The approximate bond stress between the grout and the stranci 
(20) (0. 4375) (4) (3. 14) = 421 psi. 

There was an audible adjustment of the load in tendon No. 1, through 
31 -in. length of bond. This tendon, due to faulty alignment, had one of i 
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severed during the construction of the slot. Using the same initial load on the tendon 
and a 31-in. length of bond for three strands, the bond stress would be 362 psi. 

The grout was a solid core which completely filled the space inside the conduit (Fig. 
10). It was a dark gray with a thin layer of white where it was in contact with the metal 
conduit. The material was extremely hard and adhered very well to the prestressing 
strands. It was necessary to use a hammer and cold chisel to remove the grout from 
the strands. It broke away in segments about 1 in. long. Apparently, cleavage planes 
had developed normal to the axis of the tendons (Fig. 11). These are probably shrink­
age cracks that were pressed together. 

Readings taken on the ungrouted tendon at slot P, 85 ft west of the test section, 
showed little change in strain during the test period. This indicates that the anchors 
were effective in holding the stress in the tendon. The developed bond stress in the 
strands was about 306 psi. 

CORROSION 

Figure 12 shows the condition of the conduit. Case I, at the top of the figure, has 
from 25 to 30 percent of its surface covered with a light coating of rust. Case II has 
been completely penetrated with pin holes in the upper area of the picture while the 
lower area has very little corrosion. In Case m the conduit is free from rust. 

-Figure 13 shows the condition of the strands. Case I was completely covered with 
a light film of rust. There was no flaking and very little pitting. In Cases II and III 
the black oxide coating was very evident. It was spotted with rust which covered as 
much as 30 percent of the surface in some 
areas. There was little or no pitting of 
the base metal. The dark spots on the 

Figure 11. Segments of the grout . 

Figure 12. Condition of conduit: (a) Case I, un­
grouted tendon; (b) Case II, grouted tendon-ini­
tial crock; and (c) Case Ill, grouted tendon-no 

crack. 



figure 13. Condition of strands: (a) Case I, un­
grouted tendon; (b) Case II, grouted tendon-ini­
tial crack; and (c) Case Ill, grouted tendon-no 

crack. 
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surface of the grout in Figure 11 also il­
lustrate the distribution of the rust. 

Each of the strands from the three ten­
dons shown in Figure 13 was subjected to 
the standard tensile test. The value of the 
ultimate load ranges from 25, 600 to 28, 80f 
lb with an average value for the twelve 
strands of 27, 183 lb. In all of the tests, 
failure occurred at notches which were 
caused by the strand vises. The initial 
tests for these strands indicated an ultimate 
of 28, 700 lb for one reel and 29, 800 lb for 
the other. This indicates a loss in strength 
of from 5 to 9 percent of the initial values. 

The modulus of elasticity for the twelve 
strands varied from 26, 700, 000 to 
30, 200, 000 psi with an average value of 
28, 200, 000 psi. This is within 3 percent 
of the 27, 400, 000 psi used in the calcula­
tions for the design of the slab; Differences 
in testing techniques could very well account 
for the loss in ultimate load and the higher 
value of the elastic 1modulus. 

SUMMARY AND CONCLUSIONS 

This investigation on an existing pre­
stressed concrete highway slab was con­
ducted about eight years after the pavement 
was constructed and two years after it was 
subjected to the moving load test. The 
cracks over the tendons in Case II devel­
oped during the moving load tests. The 
loss in prestress during the ensuing eight 
years is about 14 percent. 

The grout was in excellent condition. Pull-out failure was not due to loss of bond 
Stress between the tendons and the grout, but rather to the rupture of the concrete 
caused by the wedging action of the conduit on the concrete. This occurred when there 
was about 20 in. of concrete remaining to effect an anchor. The developed bond stress 
in the tendons at this time was about 421 psi. 

Corrosion was present on the surface of the strands. It covered about 30 percent of 
the surface area. There was little or no penetration into the base metal. The average 
ultimate strength of 27, 183 lb compares favorably with the 27, 000 lb specified for 
ASTM A-416 prestressing strands. It appears that the corrosion had not developed to 
the extent that it had a detrimental effect on the strength of the pavement. 

The test indicates that there was adequate bond to develop the stress in the tendons 
over a reasonable length. It also illustrates that the plane of weakness that exists in 
the reduced section of concrete at the tendons is a.factor that must be taken into con­
sideration in future designs. This may be minimized by providing transverse rein­
forcement or by redistributing the prestressing strands more uniformly across the 
pavement. It also demonstrates that the slab can be successfully cut without destroying 
the prestressed condition in the remainder of the pavement. It is recommended that a 
test section of this pavement be incorporated as a part of a highway system where the 
performance can be studied under normal traffic conditions. 
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Appendix 

TABLE 1 

BOND STRENGTH OF EPOXY 

Rod Dia. Perimeter Embedded Load Test (in.) (in.) Length (lb) (in. ) 

1 0.250 0.785 4 3,700 
2 0. 375 1.178 4 8,600 
3 0. 500 1. 571 4 1, 100 
4 0.250 0.785 4 350 
5 0.375 1. 178 4 9,375 
6 0. 500 1. 571 4 2, 050 
7 0.375 1.178 3.94 9,100 
8 0. 500 1. 571 4 13,850 
9 7/16 strand 1. 374 12. 5 4,825 

10 7/16 strand 1. 374 12.75 16,000 
11 7/16 strand 1. 374 12.75 20, 700 
12 7/16 strand 1. 374 13. 0 17,475 
13 7/16 strand 1. 374 13.0 15, 000 
14 7/16 strand 1. 374 13.0 21, 650 
15 7/16 strand 1. 374 13.0 13,775 
16 7/16 strand 1. 374 13.0 
17 7/16 strand 1. 374 26.0 28,050 
18 7/16 strand 5. 496 26.0 100,000 

aEpoxy bonding compound. 
bEpoxy patching compound-1 port epoxy to l part sand. 
cEpoxy patching compound-7 parts epoxy to 10 parts sand. 

Bond 
Stress 
(psi) 

1,178 
1, 825 

175 
111 

1,990 
326 

1,965 
2,205 

280 
913 

1,181 
998 
857 

1, 237 
786 

785 
702 

Slip-Stick 
Friction 

(psi) 

790 

456 
684 
628 
798 

1, 083 
856 

Notes: The perimeter of the prestressing strands is based on that of a 7 / 16 dia. circle. 
Tests 12-18 were subjected to a creep test before loading to failure. 

Remarks 

Bond failurea 
Bond failurea 
Bond failurea 
Bond failurea 
Rod failurea 
Bond failurea 
Bond failurea 
Bond failurea 
Bond failurea 
Bond failureb 
Bond failureb 
Bond fa ilureb 
Bond failureb 
Bond failurec 
Bond failurec 
No pull-out testc 
Strand failureC 
No failure 

( ~ strands)C 

Tests 1-17-the load was transferred by the epoxy to a 1-in. pipe, l.315 O.D. and 0.9571.D . 
Test 18-the load was transferred to mechanical tubing, 2.375 O.D. and 1.500 l.D. 
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Determining the Relationship of V ariahles 
Deflection of Continuously-Reinforced 
Concrete Pavement 
B. F . McCULLOUGH, Supervising Design Research Engineer, and 
HARVEY J. TREYBIG, Engineering Assistant, Texas Highway Department 

The AASHO Road Test provided excellent information per­
taining to the deflection characteristics of jointed concrete 
pavements, but the equations are not completely applicable to 
continuously-reinforced concrete pavement. A comprehen­
sive deflection study of continuous pavement has been con­
ducted in Texas using the Road Test studies as guidelines for 
the design of the experiments. This is the first report on 
these deflection studies of CRCP. 

The variables studied include load and temperature dif­
ferential which were explored fully at the Road Test. Other 
variables studied in this experiment are transverse crack 
width and transverse crack spacing which are unique to con­
tinuous pavement. In addition, a pavement support term is 
included that encompasses varying conditions of subbase and 
subgrade type. These variables are studied in terms of both 
deflection and radius of curvature. An empirical equation for 
deflection of CRCP is presented which includes all of the 
variables considered in this study. 

• 
Ill 

•THE F1RST continuously-reinforced concrete pavement (CRCP) was built in Indiana 
during 1938. Texas was the fifth state to build continuous pavement and today it has 
more mileage than any other state (1). It was not until the early 1960's that attempts 
were made to study the deflection characteristics of continuously-reinforced concrete 
pavement. 

This report is on Phase I of a continuing study on the performance of continuously­
reinf orced concrete pavements presently being conducted by the Texas Highway Depart­
ment. This report pertains to the static deflection of continum,isly-reinforced concrete 
pavement. 

The first large-scale deflection study of rigid pavements was at the AASHO Road 
Test, providing highway engineers with a wealth of information about rigid pavement 
performance, but the Road Test failed to include continuously-reinforced concrete pave­
ments in the design factorials (2). This means that the vast amount of work done there 
does not apply directly to the case of continuously-reinforced concrete pavement; there­
fore , this knowledge must come from other sources . In studying factors affecting the 
deflection of continuously-reinforced pavements , the AASHO Road Test results can be 
used as guidelines, but direct comparisons cannot be made. 

Rigid pavement research at the AASHO Road Test found the following equation for the 
deflection of a jointed concrete pavement(~): 
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where 

d = deflection in inches; 
L = load in kips; 
T = temperature differential in degrees Fahrenheit; 
D =pavement thickness in inches; and 

Ao, A1, A2 = regression constants determined from the data. 

The Road Test equation takes into account only load, temperature differential, and slab 
thickness. For continuously-reinforced pavements this equation is inadequate because 
of the additional variables associated with this pavement type. 

The objective of the project is to determine the deflection characteristics of CRCP 
under varying conditions of subbase, natural support, pavement thickness, temperature 
and concrete properties. The scope of this Phase I study is to include the methods of 
testing for deflections and to develop an algebraic expression for determining the de­
flection of continuous pavement for any given set of conditions. 

DESCRIPTION OF THE EXPERIMENT 

Selection of Test Sections 

Choice of Site. - The Phase I investigation consisted of three 24-hr deflection studies 
on pavement sections which had not yet been opened to traffic. These three test sec­
tions were of the same design as far as pavement thickness, concrete modulus of elas ­
ticity and percent longitudinal steel are concerned. The test sections were selected 
because of their different supporting characteristics. The test sections were located 
in three different counties-Colorado, Jefferson and Smith-and will hereafter be re­
fer red to by county name . The sections in Colorado and J efferson Counties were on 
1-10 and the section in Smith County was on T-20. Figure 1 shows the general location 
of each of the three test sites. 

Description of Sections. -Each of the three selected test sections was 2500 ft long 
and was chosen in level terrain so that the vertical alignment would not influence the 
r esults in any way. Each section was carefully selected s o t hat uniform s oil conditions 
existed throughout. The primary differences between the three pavement sections were 
the characteristics of the subbase and the subgrade. Table 1 gives the salient features 
of the three test sections. The classifications of the subgrade are according to the 
Texas Triaxial Method (i). 

Variables Considered 

Pavement design involves many parameters and is, no doubt , one of the most complex 
of all civil engineering problems. Research at the AASHO Road Test was the first 
major step toward complete control and study of the variables involved in pavement 
design, but as mentioned earlier CRCP was not included. For ease and clarity in pre­
sentation , the variables covered at the AASHO Road Test will be designated as Road 
Test variables , and the ones included as a part of this investigation will be designated 
as CRCP variables. 

-Road Test Variables. -The variables investigated at the Road Test were touched on 
more lightly in this experiment than the unique variables of CRCP. The Road Test 
research did an excellent job of investigating pavement thickness and it was felt that 
thickness was relative , thus this phase of the experiment did not include any studies on 
thickness. 

The other two variables-temperature differential and load-studied at the Road Test 
were also investigated in relation to CRCP. The load study was merely a check on 
theory and other research, whereas the temperature study was quite extensive, including 
equipment development. 

CRCP Variables. -Continuously-reinforced concrete pavement has introduced two 
new variables-crack width and crack spacing- into the field of rigid pavement design. 
Also considered in this study is the effect of pavement support. 
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Figure 1. Location of test sites. 

TABLE 1 

SAI.JENT FEATURES OF TEST SECTIONsa 

Subbase 

County 
Thickness 

(in.) Type 

Colorado 6 Cement stabilized gravelb 

Jefferson 6 Sand shell 

Smith 6 Fine grain 

Subgrade, 
Tri axial 

Classification 

Good 
Class 4. 6 

Poor 
Class 6. 0 

Good 
Class 4. 0 

0
All sections are 8-in. continuously-reinforced concrete pavement with 0.5.g steel consisting of A-432 
15 bars spaced at 7~ inches for longitudinal steel and A-16 #4 bars at 24-in. c-c for transverse stee I. 

bStabilized with four percent cement by weight. 

EQUIPMENT AND EXPERIMENT AL PROCEDURE 

Equipment 
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The _equipment used in the Phase I study of deflection included four Benkelman 
beams, a Basin beam, a specially equipped truck, special temperature equipment and 
a microscope. The equipment and its procedure for operation will merely be touched 
on in this report. For a detailed description and operational procedure of the equip­
ment, refer to @). 
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Benkelman Beams. -Two of the four beams had 10-ft probes, and the other two had 
8-ft probes . The Benkelman beams were positioned on the pavement in this study in a 
manner similar to that used at the AASHO Road Test (3). The beams were positioned 
at an angle of 30 degrees to the longitudinal edge of the pavement slab with the probe 
pointing toward the truck. Figure 2 shows a plan view of the position of the Benkelman 
beam when taking measurements. 

Basin Beam. -The Basin beam, which is the instrument used to measure basin de­
flections in terms of radius of curvature, was designed by the Highway Design Divisi­
son 's Research Section and built by the shops of the Texas Highway Department. The 
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Figure 4. Microscope used to measure crack width. 

0 10 20 30 40 50 
1. ........ 1. ........ 1 ......... 1 ........ . 1 ........ . 1 Figure 5. Graduated eyepiece of microscope. 

Figure 6. Completed truck carrying Benkelman beams on location. 

placement of the Basin beam when taking data is shown in Figure 2 and q_ photograph is 
shown in Figure 3 . The probe of the dial gage which is in the center of the beam is 
placed just to either side of the crack in the pavement . The radius of curvature is 
computed using the geometrical 'relationship for three points on a circle (_~). 
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Figure 7. Selection of crack spacing. 

Temperature Equipment. -The special temperature equipment used on this project 
was also designed by the Research Section. It consisted of a small portable 8-in. con­
crete slab in which two high-speed resistance thermometer bulbs were placed near the 
top and bottom. The leads from these bulbs were connected to a Minneapolis-Honeywell 
Electronik Temperature Recorder which recorded the top and bottom temperatures of 
the portable slab on a continuous strip chart. The development and technique for using 
this equipment has been cover ed in a previous r eport (5). --

Microscope. -A specially fabricated microscope with a built-in scale in the eyepiece 
was used to measure the width of the cracks. By setting the microscope over the crack 
and focusing on it, the crack width could be read on the inscribed scale to the nearest 
0. 002 inch. Each time the microscope was used in a given location it was positioned in 
the same spot in order that comparable data might be taken . Figure 4 shows the mi­
croscope and Figure 5 shows the built-in scale. 

Truck. -The truck which was used to deflect the pavements in this and continuing 
studies is a single-axle stake-type truck rated at three tons. It is equipped with a box 
of lead shot for dead load and also a large water tank so that the magnitude of the load can 
be varied. Figure 6 shows the truck with the Benkelman beams loaded in the mobile 
position . 

Experimental Procedure 

The procedures used at theAASHO Road Test were used as guidelines in developing 
the procedure for this experiment (3). New procedures were required to study the 
CRCP variables which are new to rfgid pavement design. 

Crack Spacing. -On each of the three sections, two small, two medium, and two 
large crack spacings were selected as points where deflection measureme~s were to 
be made. The crack spacings were chosen as is shown in Figure 7 where X1 was ap­
proximately the same as Xz. This procedur e was followed for the small, medium and 
large crack spacings. The small crack spacings were from one to four feet, medium 
from six to eight feet and large from 12 to 31 feet. 

Axle Load. -The deflection truck was loaded such that the rear axle load was 18, 000 
pounds and the tire inflation pressure was 75 psi. The 18, 000- lb axle load was adopted 
because it represents the maximum legal load limit on a single axle in Texas, and it is 
used as the basis for deriving equivalencies in the AASHO design methods (6). The 
center of the dual tires on the right side of the truck was kept 20 inches, ± fWo inches, 
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from the edge of the pavement. When deflections were m~asured at the crack, the tire 
contact area of the outside tire on the right duals was centered over Uie crack. 

Ironing. -Measurements at the AASHO Road Test and experience in Texas have 
shown that a concrete pavement slab is not always in complete contact with the subbase 
or subgrade nor is it a uniform distance from it. This phenomenon is conjectured to be 
due to point-to-point variations in temperature longitudinally down the slab. 

A special study was initiated to determine the optimum procedure for measuring 
deflections with a desired degree of reproduciability. The tests were run on successive 
days under similar climatic conditions to avoid the variables of the environment, but 
the test sections were selected so as to encompass a range of support conditions. The 
measurement procedure consisted of placing the single-axle load in position, zeroing 
the dial gages, removing the load from the zone of influence and recording the Benkel­
man and Basin beam readings. This procedure was repeated five times at both the 
crack and midspan positions every 200 feet, on each of three 2500-ft test sections. 

Figure 8 shows the effect of the "ironing" procedure on deflection. Each point on 
the graph represents the average of 42 measurements. The graph shows that the de­
flection at both the crack and midspan positions is relatively constant after three passes 
of the load. Thus at each point at which deflections were measured, the deflection 
truck was first passed over the area three times in order to attain the desired repro­
ducibility of results . 

Figure 9 shows that the ironing procedure had only a slight effect on radius of cur­
vature. The ironing procedure is followed because both deflection and radius of cur­
vature measurements are obtained at the same time: 

Measuring Deflections. -The deflections were measured at three points, a, b, and 
c, as shown in Figure 7. The positioning of the 'beams for these measurements is shown 
in Figure 3. All measurements were made in the outside lane with the Benkelman beam 
probes on the pavement, one inch from the edge and at a 30-deg angle. 

After beam placements, the pavement was "ironed out" by making three passes 
across the test area with the deflection truck. Immediately after ironing, the load was 
centered on the test crack and all dial gages zeroed, the load removed, and all dial 
gages read. Deflection readings were taken on the six selected crack spacings for a 
period of 24 hours on each of the three test sections. Eleven readings were taken with 
each beam on each crack spacing on each of the three test sections. 
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Eleven sets of readings on six crack spacings for three test sections produced 198 
sets of data. With each set of deflection readings a crack width measurement was made 
using a microscope with a graduated eyepiece. A continuous recording of the tempera­
ture at the top and bottom of the pavement was made throughout each of the three over­
night studies. 

Deflection with Variable Load. -Deflections were measured in the outside lane by 
using one Benkelman beam as shown in Figure 2. The test was started with an axle load 
in excess of 20, 000 pounds. The load was varied by reducing the level of the water 
being used as load. Each time the load was changed, the deflection was measured. 

Basin Measurements . -Basin data were taken using the Basin beam. The pavement 
was ironed out by three passes of the deflection truck after which the Basin beam was 
placed over the crack and the center of the axle load was lined up vertically with the 
dial gage . The gage was zeroed, load removed from zone of influence and the dial 
reading was taken. This procedure was also used at the midspan position. Data were 
taken over a period of 24 hours so that effects of temperature would be involved. The 
same special temperature equipment was used here to obtain pavement temperatures 
as was used when measuring deflections. 

PRESENTATION OF RESULTS 

The variables of pavement design are studied herein in terms of deflection and radius 
of curvature. The variables are broken down into two groups-Road Test and CRCP. 
Road Test refers to variables which were considered on jointed pavements at the AASHO 
Road Test and CRCP refers to the variables unique to continuously-reinforced concrete 
pavement. 

Deflection 

In this section the effect of various parameters such as temperature, load, crack 
width , and crack spacing on deflection as measured with the Benkelman beam are dis­
cussed. First the factors investigated at the Road Test for jointed pavements are pre ­
sented followed by consideration of factors applicable only to CRCP. 

All relationships presented herein arefor deflection at the crack position. Deflections 
at the crack are slightly greater than at midspan, thus for design purposes the crack 
deflections are analyzed. This difference in deflection is attributed to the presence of 
the crack . 

Road Test Variables . -The studies of load and temperature on CRCP produced re­
sults which are analagous to the results of studies at the AASHO Road Test on jointed 
pavement . 

Temperature Differential. -Slab temperature differential is truly a variable as 
shown by the trend in the data in Figures 10 through 12 . The computed linear relation­
ships for each set of data and the coefficients of determination are shown on the re­
spective graphs. These graphs are for each of the test sections and are typical of the 
relationships fround for the other cracks. Note the inverse relationship between the 
two variables as was found at the Road Test. Figure 13 shows all three regression 
lines on one gr aph. The lines a ll have approximately t he same slope thus showing the 
constant relationship between temperature differential and deflection . The vertical 
position on the graph is indicative of the type of foundation each test pavement had . 

Load. -The data shown in Figure 14 show the linear relationship between load and 
deflection and justify the load term in the model equation presented later herein. 
Westergaard and others found from their theoretical analyses that the deflection was a 
direct function of the load (7, 8 , 9). Rigid pavement research at the AASHO Road Test 
also indicated that pavement defiection is a direct function of the load placed upon it 
(3 , 10). Thus the results of this experiment substantiate both theory and other research. 
- CRCP Variables. -Some of the presently known variables of rigid pavement design 
which are unique to CRCP are crack width and crack spacing . 

Crack Width. - The cracks in concrete due to lineal volume changes vary in width as 
temperature changes. The mid -depth temperature of the pavement computed from the 
average of the top and bottom temperatures of the pavement correlates well with the 
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crack width, thus indicating that the crack 
width is a function of temperature (11, 12). 
Figures 15 through 17, which are for like 
crack spacings, show how the mid-depth 
temperature affected the crack width on 
each of the three test sections. These 
relationships for each test section are 
typical of relationships found at other 
cracks. These data corroborate other 
work in that the crack width increases as 
the temperature decreases (11, 12, 13). 
The Smith and Colorado testSlnvolved 
crack widths of 10 to 3 5 thousandths of an 
inch, whereas the Jefferson test section 
had cracks ranging up to only 10 thou­
sandths of an inch in width. Figure 18 
shows the regression lines for mid-depth 
temperature and crack width for the three 
test sections iu 01·de1· Lhal a l'elatlvc com­
parison can be made. Crack width and 
mid-depth temperature experienced the 
same relationship on the Smith and Colo­
radO tests, but the Jefferson test showed 
the crack width was only slightly affected 
by temperature. 
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Figure 14. Defl e ction vs single-axle load. 

The crack width might be thought of as 
a measure of load transfer since the load 

is transferred by aggregate interlock, and the degree of aggregate interlock is de­
pendent upon the crack width. As a crack closes, the load transfer increases, and the 
pavement deflects less because of the increased rigidity or degree of slab continuity. 
Figures 19 through 21 are typical portrayals of how the deflection increases with in­
creases in crack width on each of the projects. Figure 22 gives a relative comparison 
of the regression lines for equal crack spacings for each of the projects. The same 
trend is present in all three test sections, but a variation in crack width has a much 
more pronounced effect in Jefferson County. Data taken from CRCP test sections 
located throughout the state shows that this relationship between crack width and de­
flection does exist. Crack width is a function of percent longitudinal steel. Deflection 
has been found to be a function of percent steel which in turn is a measure of the crack 
width (14). 

As discussed earlier, the mid-depth temperature of the pavement is a relative in­
dicator of crack width; therefore, it may be used as an indirect measure of crack 
width. Figure 18 shows that as the mid-depth temperature increases the crack width 
decreases. This same phenomenon is true for deflection. Figures 23 through 2 5 show 
the relationship between mid-depth temperature and deflection. Figure 26 shows all 
three regression lines and shows that as mid-depth temperature increases the deflection 
decreases in all cases. 

Crack Spacing. -The crack spacing on a continuously-reinforced concrete pavement 
varies at random unless a preformed crack spacing has been provided for in the design 
and construction. Its relationship to deflection is shown in Figure 27. 

Radius of Curvature 

Radius of curvature is inversely proportional to the stress in concrete pavement, 
and studies have shown that it may be used as a relative measure of stress (5). In all 
subsequent analysis the reader's attention is drawn to the fact that the greater the 
radius of curvature the smaller the stress. Radius of curvature measurements were 
not made at the Road Test as such, but pavement stresses due to wheel load were 
studied in the form of strains w.t,iich were obtained by use of electrical strain gages. 
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Road Test Variables. -Studies of single-axle load vs radius of curvature in this ex­
periment indicate an inverse linear relationship between the two. Figure 28 shows the 
linear relationship between load and radius of curvature. This same linear relation­
ship was found at the Road Test in terms of load and strain. Radius of curvature is an 
inverse function of stress, which is a direct function of strain, thus the analogy in re­
sults does exist. 

This investigation showed that radius of curvature or stress is not related to slab 
temperature differential. This is definitely true for the midspan measurement position. 
The two groups of data points in Figure 29, representing two typical projects, show that 
there is no relationship between radius of curvature and temperature differential. This 
contradicts findings made at the Road 'T'est where it was found that the slab temperature 
differential had a slight effect on the pavement stress. Their studies indicate that the 
temperature differential influenced slab stress 1/4 to % as much as it did deflection. At 
the present time no rational explanation can be given for this apparent discrepancy in 
findings other than that the sensitivity of the Basin beam is less than electrical strain 
gages. 

Figure 30, which shows the data for the crack position, indicates that the tempera­
ture differential might be related to radius of curvature. This illusory relationship of 
temperature differential and radius of curvature is covered in more detail in the next 
section. 

CRCP Variables. -As discussed previously, crack width is a function of temperature 
because concrete volume changes are functions of temperature . The mid-depth temper­
ature of the pavement might then be thought of as an indicator of crack width. Figure 31 
shows the relationship of the radius of curvature to the mid-depth temperature (crack 
width) at midspan on two different test sections. Again there is no relationship between 
temperature and radius of curvature as was the case when comparing temperature dif­
ferential to radius of curvature. Figure 32 shows a relationship of temperature to 
radius of curvature at the crack position for two test sections and indicates that temper­
ature has an effect on the radius of curvature, but it must be kept in mind that the con­
tinuously-reinforced pavement is cracked and that increases or decreases in tempera­
ture have a direct effect on the width of the cracks. 
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Figure 29. Temperature differential vs radius of curvature at midspan position. 

"' 0 

.. .. 
IL 

I 

10 

9 

n 

I 
D 

' 

c .~ 

~ 
" 0 
~ 

" u 

b 5 .. 
" :;; 
~ 

4 

3 

0 

~~~ ii,o : 

~ 

2 

v 

0 

0 

-- D" n - -
"' r/J 

0 
0 

0 0 
0 0 

v v 

0 8 

o Colorado 
D Houston E.perimenlol 

4 6 8 
Temperature Dilferential In Degrees F 

"' -

0 

CRCP 

10 

Figure 30. Temperature differential vs radius of 
curvature at crack position. 
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Figure 31. Mid-depth temperature vs radius of 
curvature at midspan position. 

Both temperature differential and mid­
depth temperature studies have shown 
that temperature increases cause an in­
crease in radius of curvature. This phe­
nomenon can be attributed to crack width. 
If the crack is closed by temperature in­
crease, the pavement begins to react as 
if the crack were not present. Thus, the 
radius of curvature does not change with 

temperature at midspan and the changes in radius of curvature at the crack were caused 
by changes in crack width rather than temperature. 

The crack spacings in this experiment were classified as small, medium , or 
large as stated earlier. To evaluate crack spacing as a variable, an average de­
flection condition is selected for a crack width. A comparison of these deflections for 
the various cracks reveals the influence of crack spacing. Figure 27 shows how the 
crack spacing affected the deflection in this experiment. The relative vertical position 
of the curves will vary as the crack width changes. In general , the deflection decreases 
as the crack spacing increases until a range of five to ten feet is reached. Beyond this 
range the deflection increases as the crack spacing increases. These data indicate 
that an optimum crack spacing is in the range of five to ten feet. These observations 
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Development of Equation 

Much work was done at the AASHO Road 
Test to develop equations to predict the 
deflection of jointed concrete pavements . 
For continuously-reinforced pavements 
only one equation will be developed here 
since the deflection at the crack and mid­
span positions are approximately the same 
with the crack deflection being minutely 
larger. 

Figure 32. Mid-depth temperature vs radius of 
curvature at crack position. 

Model Selection. -The model selected 
for the deflection of continuously-rein­
forced concrete pavement is a modification 
of the AASHO Road Test model. By adding 
the CRCP variables, crack width and crack 
spacing, to the AASHO equation a model 
would be obtained that was based on con­
siderable research and would also allow 
direct comparisons. The model selected 
for continuous pavement was of the form: 

where 

d = deflection in inches; 
L = single-axle load in kips; 

L\X = surface crack width in inches; 
X = crack spacing in feet; 
T = temperature differential in degrees Fahrenheit between 3 /,1. inch 

and 1 Ye inches from the top and bottom of the slab , respec­
tively; 

D = slab thickness in inches ; and 
Ao, A1, A2, and As= constants computed from the data. 

The depth term to the 1 . 178 power is a result of the rigid pavement research at the 
AASHO Road Test (3) . This power was included in the equation because this experiment 
did not include a stUdy of pavement thickness. Axle load was studied in terms of de­
flection, but was not included as a full factorial variable on the test sections. There­
fore, in all subsequent regression work an axle load of 18, 000 pounds and a pavement 
thickness of eight inches were inserted in the Road Test equation. These numbers 
were moved to the left side of the equation and combined with deflection to form the 
dependent variable. The constants derived from this regression analysis then reflect 
load and pavement thickness and are directly comparable to the Road Test Equation. 

Re¥iession Analysis. -A multiple r egression analysis was made on each of the three 
sets o data from t he Colorado , Jefferson and Smith test sections. Tlu·ough the re­
gression analysis the regression analysis constants in the model were computed. The 
constants are given in Table 2. The constant Ao is relative to the pavement support. 
The Colorado test section had a stabilized subbase , whereas the other two sections did 
not. Ther efore , Ao for Colorado was less than that for Jefferson or Smith. 

The constant A1 compares very well with the constant on temperature differential 
in the AASHO equation. In the AASHO equation A1 is equal to 0. 0075 for a single-axle 



TABLE 2 

CORRELATION CONSTANTS FOR CRCP 
MODEL OBTAINED FROM MULTIPLE 

REGRESSION ANALYSIS 

~ 
Cl;; IS';. 
o~ .s-~ 

"'o .s-,,.. ""' ('.)\{ "7-i-;-. /01' 
COLORADO JEFFERSON 

Ao 
-I 
~ A1 z -(!) 

a:: A2 
0 

A3 

Ao 
0 
i.J 

A1 LI.. 

0 
A2 0 

~ 

A3 

TEST SECTION 

Colorado 

Smith 

Jeff.erson 

0.028502 0.035803 

0.016679 0 .007481 

0.402499 0 .119260 

-0.146090 -0.121316 

0.003993 0.016675 

0.015571 0.003881 

7.637913 9.908250 

-0.161818 -0.100224 

TABLE 3 

STATISTICAL ANALYSIS OF 
TEST SECTIONS 

STANDARD ERROR COEFFICIENT OF 
OF THE ESTIMATE DETERMINATION 

!0.00205 0.611 

.:!:0.00267 0.641 

.:!:0.00294 0.343 

SMITH 

0 .048189 

0.010489 

0 .352490 

0.028986 

0.011115 

0.010899 

5.207664 

-0.029021 

COEFFICIENT OF 
CORRELATION 

0.782 

0.801 

0 .586 
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load and an edge condition, and the magnitude varies from 0. 0075 to 0. 015 for various 
conditions of reinforcement and load position, i.e., edge or joint. The constants ob­
tained for the CRCP model are within this range, with the Jefferson County value being 
identical to the Road Test edge condition. Therefore , it may be deducted that a con­
tinuous pavement responds to slab temperature differentials in the same manner as a 
jointed pavement. 

The constant A2 reflects the crack width. For the Jefferson test A2 is small com­
pared to the other two, as was the case of the actual crack widths. 

The constant Aa turned out negative on the Colorado and Jefferson tests. The model 
indicates a direct relationship between crack spacing and deflection which is not exactly 
true for the test sections. Figure 27 shows that as crack spacing increases on the 
Jefferson and Colorado tests the deflection decreases for the bulk of the data, thus 
explaining the negative A3. 
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Modification of Model. -The first selected model was so arranged that if the crack 
width was zero, the deflection was also zero which is an erroneous boundary condition. 
Also, the relationship between crack width and deflection was found to be linear; thus 
the model was slightly modified to correct for these discrepancies. In the modified 

model ~02 term was changed to 10A26X since this function approaches a linear ex­
pression and it also satisfies the boundary condition. 

Before the multiple regression analyses were rerun on the modified model some of 
the data points were deleted. With some of the obvious erroneous data (due to bad 
readings) removed, the multiple regression was rerun, the results of which also appear 
in Table 2. The only constant to change a large amount was A2, and again the differ­
ences were relative to the magnitudes of the crack width. Also A3 turned out to be neg­
ative for the Smith test as is the case for the other two sections. For the modified 
model the standard error of the estimate and the coefficients of determination and 
correlation are presented in Table 3. 

DISCUSSION OF RESULTS 

Three equations were found for deflection, one for each of the three test sections. 
The primary difference between the three test sections was in the foundation material 
or support, i.e., the subbase and subgrade. With soil- supporting characteristics 
being the only difference in the three pavements, it thus becomes the means whereby 
the results from the three overnight tests can be combined into one equation. 

Soil Support 

To tie the three overnight deflection studies together , the term "soil support" was 
formulated and defined as 

l u )% 
SS=\ Tsg 

where 

SS = soil support; 
U = unconfined compressive strength of subbase materials in psi at an age of 

seven days; and 
T sg = Texas triaxial classification of subgrade material. 

This form was selected because studies being conducted parallel to this study in con­
nection with subbase support show this model gives the best correlation. Furthermore, 
logical reasoning would lead to the hypothesis that as the unc.onfinen compressive 
strength of the subbase increases, the degree of support increases. As the triaxial 
classification of a material increases, the material is actually weaker and of a poorer 
quality for use as a highway building material; thus, as the triaxial classification in­
creases, the degree of support decreases ( 4). 

The supporting quality of the subbase and the subgrade bears a direct relationship 
with deflection as is clearly shown in Figure 33. 

The support term was calculated on the basis of in-place values-compressive 
strength and triaxial class-and the deflection is the average of all reading on the test 
section. The effect of the variation of support conditions for the regression analysis of 
each section is reflected in the Ao term. As shown by the dashed line in Figure 33 both 
of these trend lines indicate the feasibility of combining the data from the three test 
sections into one equation. 

Subgrade classifications of good, fair, and poor alone cannot be used to explain 
pavement deflections. Emphasis must be placed on the supporting material immediately 
beneath the pavement. In cases where the subbase has been stabilized by any one of the 
four methods presently used by the Texas Highway Department, the deflections do not 
compare to deflections of a pavement with a nonstabilized subbase with the same 
class of subgrade. Thus it becomes important in deflection studies that stabili'zed 
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Figure 33. Comparison of deflection and the constant, A-O, as functions of soil support. 

TABLE 4 

RESULTS OF FINAL 
REGRESSION ANALYSIS 

CONSTANT COMPUTED VALUE 

Ao 0.010617 

A1 0.014724 

A2 4.899716 

A3 -0.099375 

A4 0.850280 

STANDARD ERROR OF THE ±o.002s 
ESTIMATE 

COEFFICIENT OF DETERMINATION 0.901 

COEFFICIENT OF CORRELATION 0.949 

sub bases be accounted for . In many cases 
subgrades are treated with lime eith er as 
a construction aid or as a desired im­
provement of subgrade immediately be­
neath subbase. \Vhen subgrades are 
treated with lime a second subbase is 
actually created. 

Because deflections are inversely pro­
portional to soil support, the new term 
"soil support" was placed in the denomi­
nator of the model. After the addition of 
the soil support variable, the model for 
the deflection at the crack position is 

where A4 is a constant computed by data 
analysis and all the other terms are as 
previously defined. 

Final Analysis 

A multiple regression analysis was 
made using the above equation and the com­
bined data from the three tests . The small 
crack width on the Jefferson test caused 
the constant, A2, to be erroneous. The 

Jefferson and Smith tests were very much the same from the standpoint of deflection 
and support. Thus, the Jefferson data were dropped from the final analysis because of 
the very small crack width. 

A multiple regression analysis was made on the remaining data from the Smith and 
Colorado tests. The results of this analysis are presented in Table 4. Thus the final 
equation for the deflection at the crack position is based on only two of the overnight 
deflection studies conducted. 
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TABLE 5 

RELATIVE IMPORTANCE OF THE DEFLECTION VARIABLES 

--. 
SS 3.0 0.0065 -44.0 

6X 0.030 0.0149 28.4 

T 6 0.0115 -0.8 

10 0.0115 -0.8 

* The given conditions prevail other than where specified. 

The final equation for the deflection of a continuously-reinforced concrete pavement 

0. 0106 L 104. 8997 6X 
d = - ~ ""=""~-=-~~~,....---=--=--=-=-,,,.---=--=~ 

100. 0147 T Dl.178 880. 8503 X 0. 0994 

The error in this equation is comparable to that in each of the three equations for the 
three individual tests. The standard error of the estimate for the final equation was 
0. 00263 which is very close to the values shown in Table 3 for the three tests. The 
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coefficients of determination and correlation, presented in Table 4, indicate that the 
equation is valid. 

To test the validity of the equation, data were taken from a statewide deflection run 
and deflections were computed for each test section. The calculated deflections were 
then plotted against the measured deflections as shown in Figure 34. The points cluster 
closely around the line of equality, thus showing the equation is valid. 

Relative Importance of Variables 

An empirical relationship depicting deflection in terms of rigid pavement variables 
for CRCP has been presented. The relative importance of these variables in terms of 
deflection is given in Table 5. This table contains a set of given conditions for which 
the deflection is computed using the final equation developed herein. In the table each 
variable, besides load and slab thickness which are the two of most importance, re­
spectively, is doubled independently of the remaining variables to show the effect of its 
change on deflection. The variables are presented in order of decreasing importance. 
Thus, the order of the relative importance of the variables is load, thickness, soil 
support, crack width, temperature differential, and crack spacing. 

SUMMARY 

This Phase I study on the performance of continuously-reinforced concrete pave­
ment warrants the following conclusions: 

1. The deflection of continuously-reinforced concrete pavement is a function of the 
load applied, crack width, crack spacing, temperature, pavement thickness and the 
supporting characteristics of the subbase and subgrade. 

2. An empirical equation has been derived that enables a designer to approximate 
deflections in terms of the above enumerated parameters. A designer may then use 
the equation to prescribe a set of conditions that will insure the pavement deflection will 
be less than a desirable maximum. 

3. The order of the relative importance of the variables is load, slab thickness, 
soil support, crack width, temperature differential, and crack spacing. 

4. When measuring deflections the pavement should be "ironed out" three times 
before taking data. 

5. Concrete pavements deflect in predictable patterns that can be measured with the 
Benkelman beam and Basin beam if proper precautions are taken. 

6. From a deflection standpoint an optimum average crack spacing appears to be in 
a range of five to ten feet. 

7. Deflection is a direct linear function of load and radius of curvature is an inverse 
linear function. 

8. Radius of curvature calculations need not be corrected for slab temperature dif­
ferential. 

Needed Research 

The equation presented herein is intended to represent the best utilization of the 
presently available knowledge and data concerning the deflection of continuously-rein­
forced concrete pavements. The deflection equations are empirical and must be used 
as such. 

An attempt has been made herein to evaluate the support provided by the subbase and 
subgrade, but studies should continue on this and other variables such as weather and 
other environmental conditions. With the advanced data processing methods available 
today, vast amounts of data can be handled rapidly, thus facilitating the research minded 
who are interested in pushing back the frontier of pavement design. 
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Application of AASHO Road Test Findings to the 
Design of Flexible Pavement Structures in 
South Carolina 
T. Y. CHU, Professor of Civil Engineering, and 
W. K. HUMPHRIES, Assistant Professor of Civil Engineering, University of South 

Carolina; and 
OREN S. FLETCHER, Research Engineer, South Carolina State Highway Department 

Field and laboratory investigations conducted in South Carolina 
for the development of a tentative procedure for subgrade eval­
uation are described. The tentative procedure involves the use 
of undrained triaxial tests for evaluating the modulus of defor­
mation of subgrade materials. From this modulus, the soil 
support value of a subgrade is determined, permitting the ap­
plication of the AASHO Interim Guide general design procedure 
to the design of flexible pavement structures in South Carolina. 

•AMONG VARIOUS design methods derived from the findings of the AASHO Road Test, 
a general design procedure was developed by the AASHO Operating Committee on De­
sign and presented in the AASHO Interim Guide for the Design of Flexible Pavement 
Structures (1). This design procedure, however, does not include methods for subgrade 
evaluation. - Due to the wide variance in the type of subgrade soils and the different en­
vironmental conditions encountered in various states, it is apparent that a subgrade 
evaluation method suitable for" one state may not be applicable to other states. As in­
dicated in the AASHO Interim Guide, each state is urged to develop a specific method 
for evaluating the soil support value of subgrade materials. 

In South Carolina, a study for developing a subgrade evaluation method was initiated 
in 19 62. After considering a number of test methods, the triaxial test was selected 
because of its versatility concerning test conditions and the capability of measuring the 
strength and stress-strain characteristics of subgrade materials. Field and laboratory 
investigations were then conducted for establishing a specific test procedure for deter­
mining the soil support value. 

The general approach in conducting the field and laboratory investigations was as 
follows: Along existing highways having adequate traffic records, sites with pavement 
serviceability indexes of approximately 2 or 2. 5 were selected for this study. A limited 
number of sites with higher serviceability indexes were also investigated for comparison 
purposes. On the basis of the actual thickness of pavement components, traffic history, 
and a selected regional factor, the soil support value for the subgrade material at each 
site was estimated from the AASHO Interim Guide design charts (similar to Figs. 4 and 
5 except without the modulus of deformation scale) . The estimated soil support values 
were then correlated with laboratory test data obtained from subgrade samples repre­
senting actual field conditions with respect to density and moisture content. 

In the AASHO Interim Guide design charts, the AASHO Road Test embankment soil 
and crushed stone base material were assigned certain soil support values . In this 
study, triaxial tests were also conducted with samples of these materials to provide the 
necessary reference data. Results from the field and laboratory investigations were 
then analyzed to establish a tentative procedure for determining the soil support value 

Paper sponsored by Committee on Flexible Pavement Design and presented at the 45th Annual Meeting. 
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*COLUMBIA 

•24 
LOCATION AND SITE NUMBER 

Figure 1. General location of sites investigated in South Carolina. 

of various t'fpes of subgrade soils eu.countered in South Caroli&~. Using this procedure 
for subgrade evaluation, the AASHO Interim Guide general procedure can be applied for 
flexible pavement design in South Carolina. 

FIELD INVESTIGATIONS 

Sixteen sites along existing highways in different geographical regions in South 
Carolina were selected for this study . In determining the specific location of each site, 
an attempt was made to select primarily the sections of existing highways where the 
pavement had r eached a relatively low serviceability index. Efforts wer e made, how­
ever, to avoid locations where the inferior performance of the pavement might have been 
caused by abnormal conditions of the pavement components such as shoving or disinte­
gration of bituminous surfaces. The location and general information for each site are 
given in Figure 1 and Table 1. 

The serviceability indexes given in Table 1 were determined by visual inspection of 
the pavement conditions. The serviceability index of 2. 5 assigned to Site 24 ( 1960) and 
Sites 27 and 28 (1961) was, however , based on the assumption that poor pavement con­
ditions were encountered at that time and, therefore, resurfacing was required. These 
three sites are located in the areas where poor pavement conditions were observed in 
1960 and 1961 as discussed in the report by Rostron (3) . 

The sampling and in-place density tests at each site were made in the following man­
ner: Along the outer wheelpath in the selected location, a section of the existing pave­
ment approximately three feet square was cut out by a rotary concrete saw. After re­
moving the pavement, the in-place density and moisture content of the subgrade were 
determined . Due to difficulties in obtaining undisturbed samples*, only bag samples 
of the subgrade were taken from the test area . Samples of the pavement components 
were also taken to assist in the evaluation of the pavement structure. The density and 
moisture content data obtained from the field tests are included in Table 3. In areas 

*For best representation of the subgrades under existing pavements, the use of undisturbed samples is 
preferable. It is extremely difficult, however, to obtain samples without appreciable disturbance when 
high densities of the subgrade materials are encountered. The problem of undisturbed sampling would 
be most critical in the case of the cohesionless soils found in many locations covered in this study. 
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TABLE 1 

INFORMATION ON VARIOUS SITES SELECTED FOR PAVEMENT INVESTIGATIONS 

General Description 

Gently rolling topography. Westbound 
lane in cut approx. 2 ft in depth. 
High groundwater level (approx. 2 ft 
below pavement surface in June 1964) . 

Gently rolling topography. Roadway 
on 5-ft fill. 

Gently rolling topography. Westbound 
lane in cut approx. 3 ft in depth. 

Rolling topography. Roadway on 3-ft 
fill. 

Rolling topography . Southbound lane 
in cut approx. 10 ft in depth. 

Flat area adjacent to a pond. High 
groundwater level (approx. 4 ft be­
low pavement surface in Oct. 1964). 

Same as above (groundwater level 
approx, 3 ft below pavement surface 
in Oct. 1964). 

Rolling topography. Westbowtd lane 
in cut approx. 30 ft in depth. 

Rolling topography. No appreciable 
cut or fill. 

Rolling topography. Eastbound lane 
in shallow cut (less than 5 ft). 

Rolling topography, SE-bound outer 
lane in cut approx . 15 ft in depth. 

Rolling topography. SE-bound outer 
lane in cut approx. 7 ft in depth 
Groundwater level approx. 5 ft be­
low pavement surface in Oct. 19 64 . 

Rolling topography. Eastbound outer 
lane in cut approx. 30 ft in depth. 

Rolling topography. Eastbound outer 
lane in cut approx. 15 ft in depth. 

Flat area. Roadway on low fill 
(approx. 2 ft In height). Grow1d­
water level approx. 2 ft below pave­
ment surface In Aug. 1964. 

Flat area. Roadway on low fill 
(approx. 3 ft in height). Ground 
water level approx. 3 ft below pave­
ment surface in Aug. 1964. 

Pavement Condition 

Severe alligator cracking, very rough 
riding surface. 

Limited cracking, smooth riding sur­
face. 

Severe alligator cracking. 

Alligator cracking, 1/.i-in, average rut 
depth. 

Alligator cracking. · 

Many patched areas, %-in. average 
rut depth. 

Many patched areas, %-in. average 
rut depth (1-ln. maximum rut depth) . 

Alligator cracking1 %-in. average rut 
depth. 

Alligator cracking, 1/.i-in. average rut 
depth. 

According to previous investigations 
(3), poor pavement conditions were 
Observed In 1960. The analysis 
period shown in Table 7 is from 1956 
to 1960. 

Severe alligator cracking and many 
patched areas before resurfacing in 
Sept. 1964. Benkelman beam tests 
were made after resurfacing. 

Same as above. 

According to previous investigations 
(3), poor pavement conditions were 
Observed in 1960. The analysis 
period shown In Table 7 is from 1958 
to 1961. 

According to previous investigations 
(3), poor pavement conditions were 
Observed In 1960. The analysis 
period shown In Table 7 is from 1958 
to 1961. 

Alligator cracking, some areas 
patched. 

Alligator cracking, 1/4-in, average rut 
depth. 

3. 5 

2,5 

2. 5 

2. 5 

2. 5 

2. 5 

2. 5 

Serviceability 
Index 

2. 5 (1960) 
3. 5 (1964) 

2 (before resurfacing) 
4 (after resurfacing) 

2 (before resurfacing) 
4 (after resurfacing) 

2.5(1961) 
3.5 (1964) 

2,5 (1961) 
3.5 (1964) 

2. 5 

2. 5 
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where the groundwater level had been relatively high, observation wells were installed 
to check the elevation of the water table. Information concerning the groundwater levels 
is included in Table 1. 

Benkelman beam deflection tests were conducted at each site by the normal proce­
dure (4) and the complete deflection data were presented in a separate report (14). Be­
cause of the effects of many variables on pavement deflection, it is difficult to establish 
a specific relationship (on a quantitative basis) between the Benkelman beam deflection 
and the modulus of deformation of the subgrade materials presented elsewhere in this 
paper. In general, relatively high pavement deflections were encountered in areas of 
micaceous subgrade soils. This is apparently due to the low modulus of deformation 
of the micaceous soils (see Tables 2 and 4). Furthermore, the deflection data from the 
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TABLE 2 

PROPERTIES OF SUBGRADE MATERIALS 

Sieve Analysis: Percent Atterberg Ignition 
Site General Description Passing Sieve No. Limits AASHO 

Sp. Gr. Loss* of Material Classification 
(~) 10 40 200 L.L. P.I. 

16 Brown silty sand 100 91 35 NP A-2-4 2.67 0 . 12 
17 Gray silty sand 100 91 21 NP A-2-4 2 . 68 0 .02 
18 Brown silty sand 100 99 42 35 7 A-4 2 , 69 0 ,04 
19 Brown micaceous silty 

sand 100 71 33 26 A-2-4 2. 74 0. 76 
20 Brown micaceous silty 

sand 100 71 23 NP A-2-4 2. 72 0. 74 
21 Brown silty clay 98 92 42 43 23 A-7-6(4) 2. 73 
21A Brown silty clay 98 85 49 38 19 A-6(3) 2 . 65 
22 Brown micaceous silty 

sand 100 63 26 NP A-2-4 2.66 0. 99 
23 Brown silty sand 100 65 29 19 3 A-2-4 2. 62 0.18 
24 Reddish-brown micaceous 

silty sand 100 68 31 40 G A-2-4 2 . 75 4. 86 
25 Reddish-brown micaceous 

silty sand 100 82 21 NP A-2-4 2. 72 3.42 
26 Red micaceous silty sand 100 86 44 33 5 A-4 2 . 72 3 . 25 
27 Pink micaceous silty sand 100 66 29 NP A-2-4 ?. ,67 3.33 
28 Reddish-brown micaceous 

sandy silt 100 75 53 43 14 A-7-6(2) 2. 76 0. 63 
29 Black silty sand 100 93 25 NP A-2-4 2 . 64 
30 Black silty sand 100 89 24 NP A-2-4 2. 56 

*The ignition loss was determined by the procedures recommended by Rostron (3). 

sites with sandy subgrade soils indicate the general trend that greater pavement deflec­
tions occur in areas oi iower serviceabiiity index. 

LABORATORY INVESTIGATIONS 

The properties and classifications of the subgrade materials sampled from all sites 
are given in Table 2. Laboratory compaction test data for these materials are included 
in Table 3. The triaxial tests for all subgrade samples were performed using the fol­
lowing procedure. 

Specimens 4 in. in diameter and 8 in. high were molded at the field moisture content 
by using the rammer as specified for the compaction test (AASHO Test Method T-99). 
Each specimen was compacted in five layers of equal thickness. The number of rammer 
blows for each layer was adjusted in such a marmer that the density of the compacted 
specimen would be close to the field density. The compacted specimens were kept at 
the molding moisture for one day before being used for triaxial tests. Undrained tests 

TABLE 3 

F1ELD AND LABORATORY DENSITY AND MOISTURE DATA-SUBGRADE MATERIALS 

Field Test Data Laboratory Compaction Test 
(AASHO T-99) Field Density 

Site Dry Moir..t11rA DAgrAfl of 
as Percent of 

Density Content Saturation Max. Dry Opt. Moh;l Max . Dl'y 

(pcf) (%) (4) Density Content Density 
(pc!) (~) 

16 128 . 3 10.2 92 122.0 12 .0 105 
17 1'12 , 2 6 . B 38 116. 5 9 .0 96 
18 104.2 20.4 91 115 .0 15.2 91 
19 128.2 10. 6 BB 123. 5 10. 7 104 
20 116.0 10 .1 60 115.4 13. 6 100 
21 116. 6 16. l 94 110 .5 16.8 104 
21A 113. ?, 1fl . !i 97 119.0 14,0 95 
22 11 9 . 1 7 , 2 49 115. 6 13 .0 103 
23 ll3 . 2 8,9 54 121. 4 10. 8 93 
24 89.6 19 , l 57 101.0 20.0 89 
25 95 . 1 17 . 6 61 99. B 23 ,0 95 
26 95 . 4 22 . B 00 102.4 31. 6 93 
27 107 .9 18 . 0 89 105, 6 17. 6 102 
28 110.1 18 . 8 93 107. 2 18.B 102 
29 UG . 7 13 . 0 92 113.4 14.4 105 
30 108.9 15 , 3 85 108. 8 15. 3 100 
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Figure 2. Typical stress-strain curves for two different types of subgrade material encountered in 
South Carolina. 

were then performed at a rate of strain of approximately one percent per minute. During 
testing, the lateral pressure on the specimen was kept constant. For each series of 
tests, lateral pressures of 5, 10, and 20 psi were used. Sufficient data on the applied 
load and corresponding deformation of the specimens were obtained during the test for 
determining the modulus of deformationn from the stress- strain curve as shown in 
Figures 2 and 9. The data from a series of triaxial tests were also used to plot the 
Mohr circles and to determine the Mohr envelope as shown in Figure 3. 

Table 4 summarizes the results from triaxial tests on all subgrade samples conducted 
according to the above procedure. A comparison of the data in this table with the in­
for.mation given in Table 2 shows that for the majority of the sites investigated, the dry 
density and the moisture content of the specimens tested are very close to the values 
determined from the field tests. It is recognized that even with similar densities and 
moisture contents, the strength and stress-strain characteristics of specimens prepared 
in the laboratory may not be the same as those of the subgrade materials under the 
actual field conditions. For best representation of the subgrade materials, the use of 
undisturbed samples would be preferable. Undisturbed samples, however, were not 
used in this study for reasons discussed earlier in this paper. 

The moduli of deformation and related data obtained from the triaxial tests on AASHO 
Road Test embankment soil and crushed stone base material are given in Table 5. Test 
data from other sources are included in the table for comparison purposes . The prop­
erties of the embankment soil and crushed stone base material were reported by Shook 
and Fang (5). 

A limited number of triaxial tests were conducted after the specimens had been sub­
jected to capillary absorption. After preparing a specimen in the mold, the weight of 
the specimen together with the mold was determined. The specimen was kept in the 
mold and a piece of filter paper with a porous stone was placed under the specimen. 

*The modulus of deformation is the secant modulus determined from the stress-strain curve. It is com­
puted by dividing the deviator stress by the corresponding strain. The modulus of deformation is used 
in the Kansas method for the design of flexible pavements {10, .!..!)· 
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TABLE 4 

TRIAXlAL TEST DATA-SUBGRADE MATERIALS 

Modulus of Deformation Maximurr 
Specimen Dry Testing Degree of Lateral (psi) at Deviator Stress Deviator 

Site Number Density Moisture Saturation Pressure Shown stress 
(pen (~) (~) (psi) (psi) 

5 psi lOpsi 20psi 

16 128 . 4 9 . 6 B7 5 4, :rno 4,300 4 , 300 103,0 
129 . 4 9 . 3 BB 5 4. :rno 4, 300 4 , 300 114,5 
129 , 6 B, 4 BO 10 5, 500 5, 500 s. soo 115,3 
129 . 7 9 . 1 B7 10 5 , 500 5, 500 5, 500 107. 7 
129 , 6 9 . 1 B7 20 6, 130 6, 130 6, 130 Not testec 

to failur 
12B.5 9 . 4 B5 20 6,000 6,000 61 000 133.0 

17 116.6 6.B 42 5 4, 000 4, 000 ! : ~~~ 
41 , 3 

115.5 6, 7 41 5 41600 4, 600 42,5 
116 , 6 7 .0 44 10 5, 300 5, 300 5 , 300 62, 7 
115,3 6.9 42 10 5j 010 5,010 5, 010 56,0 
115,5 6,9 42 20 6, 670 6, 670 6, 670 96,5 

1B 110.0 l!l.B 76 10 4, 600 4, 600 4 , 600 6B.O 
109.5 M . 8 75 10 3, 450 3, 450 3, 450 73.8 

19 122,5 11 .3 79 5 1, BOO 1, BOO 1, BOO 51.4 
121,5 11 , 4 77 5 1, 680 lj 680 11 680 4B,1 
123 . 3 11. 3 Bl 10 1, B50 lj 850 1, 850 60,3 
121.1 11. ~ 77 10 2,080 2,080 21 080 58,1 
123,5 11. 0 79 20 2, 500 2, 500 2, 500 70. 7 
122,3 11 . '4 79 20 2, 450 2, 450 2 , 450 103,8 

20 11B. 7 12 .3 BB 5 2, 500 2, 500 2, 500 6B , 6 
118,9 12 ,4 79 5 2, 850 2 , 850 2, 850 77 . 1 
119,3 12 , 4 Bl 10 3, OBO 3, 0BO 3, OBO 95 . B 
118.0 12 . '1 BO 10 3, 600 3, 600 3, 600 94 . 0 
118 . 1 12 . 3 77 20 6,000 61000 6,000 134 ~ 8 

118 . 4 12 , G BO 20 6, 680 6, 680 6, 680 143 B 

21 115 . 0 16.4 95 1, 300 1,000 650 42 , 6 
114, B 16.4 94 10 1, 600 1, 350 640 51 , 0 
113 . 7 16.8 94 20 11950 1, 950 1, 750 62 . 0 
114 , 6 16 . 4 94 20 2, 100 2, 100 1, 500 55 , 5 

21A I 113 .5 16,9 99 5 1, 150 B60 560 36 . 0 
i . 113 .5 16,8 99 10 1, 330 1, 330 1, 000 42 . ~ 

n 113 .~ 16, 7 9B 10 1, 150 1, 000 630 3B .0 

• 113 .~ 16 , 7 9B 20 1, 150 1, 150 770 47 , 0 
5 113 .5 16 . 8 99 20 1, 420 1, 130 570 43 , 0 

22 116.0 7 .o 44 5 3 , 530 3, 530 3, 530 55 , 0 
116, l 7 ,4 46 5 2 , 7BO 2, 780 2, 7BO 51 . 9 
117 .0 7 . 0 45 10 4 , 500 4, 500 4, 500 74 . B 
116.4 7 . 1 45 10 4 , 300 4, 300 4, 300 69 . 0 
116.3 7 ,3 46 20 5, 270 5, 270 5, 270 101 . 0 
116.0 7, 1 44 20 5, 270 5, 270 5, 270 101 , 0 

23 113,9 B. 5 52 5 3, 000 3, 000 3, 000 44,6 
115 , 1 B. 3 53 5 3. 700 3, 700 3, 700 50,4 
115.1 B. 5 54 10 5, 000 5, 000 5, 000 6B.9 
114,9 B. 4 53 10 4, 300 4, :rno 4 , 300 66 . 2 
115.1 B. 6 55 20 7 ~ 250 7, 250 7, 250 91.B 
115.0 B, 4 53 20 7 , 200 7, 200 7, 200 94,2 

24 92.U 19 . I 61 5 1,450 l, 450 1, 300 32.4 
90,9 18 ,S 59 10 1, 500 lJ 330 420 39,0 
91,8 18 .2 5B 10 1,450 lJ 450 940 34,0 
91, 1 18 .5 5B 20 1, 730 1, 730 1, 510 45,5 
90, 7 1B . 8 5B 20 1, 820 1, B20 1, 370 45,5 

25 ], 9B ,4 17.8 66 5 lJ 600 1, 400 970 30 , 1 
3 96 .6 16.0 65 5 1, 600 1, 400 lJ 030 34 . 2 
3 97 . 1 18.Q 66 10 1, 900 1, 900 1, 730 43 , 2 

• 9B , 0 17 .1 65 10 1, 600 1, 600 1, 520 42 . 2 
5 97 . 5 11 .5 65 20 2, 100 2, 100 2, 100 65 , 0 
0 96 . 3 11 . 1. 61 20 2, 400 2,400 2,400 63 , B 

26 96 ,.11 22 , 3 Bl 5 1, 520 1, 520 1, 520 42,9 
97 .3 22,3 B2 10 1, 630 l, 630 11630 49.B 
95 ,3 21 , 9 77 10 1, 750 1, 750 1, 750 4B.5 
96 , S 22 , 5 Bl 20 2, 690 2, 690 2, 690 62 . 5 

27 l lOB .O 17 .1 B6 5 BOO BOO 710 34,5 
2 107 .l 17 .3 B4 5 B90 B90 B90 35.B 
3 108 .~ 16.9 B4 10 1 , 550 1, 550 1, :wo 44,0 
4 107 ,J 17 ,3 B4 10 1, 360 1, 200 1, 200 51.2 
5 lOB .0 17 .2 B6 20 1, 790 1, 790 1, 790 67.5 

• 107 , 0 17 .2 B3 20 I , 670 1, 670 1. 670 58.0 

2B 103 . 0 19,9 B4 5 1, 550 1, 550 1, 160 55. 0 
105 , 1 20.l BB 10 l , 420 1. 420 1,060 59. 0 
105 .0 19. 7 B6 10 1, 800 1, BOO 1,470 59 .1 
105 .0 19.8 B6 20 1, 330 1, 330 1, 300 6B ,0 

29 116.0 13.3 B5 5 1, 670 1, 520 1, 410 65 , 0 
116.4 12.9 B3 5 1, 430 1, 430 1, 330 55 . 9 
115.9 13.0 B2 10 2,050 2 , 050 2J 050 74 . 6 
116 , 5 13.9 90 10 1, 600 1, 600 1, 600 66 . 2 
115.B 13.3 B4 20 3,000 3, 000 3, 000 103 . 7 
!15,8 13,2 B3 20 3, 200 3, 200 3, 200 100 . ~ 

30 107.9 14 , 9 BO 5 1, 630 1, 630 11 sao 55, 7 
108.4 14 ,P B2 5 1, 600 1, 600 1, 500 55.6 
lOB.7 14. ~ BO 10 2, 700 2, 700 2, 700 69.0 
107 ,9 14 .~ BO 20 5,400 5, 400 5,400 91.1 
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Figure 3. Mohr envelopes, subgrade soi ls from Sites 23 and 27. 

The assembly was then kept in a rectangular pan in which the water level was main­
tained% in. below the bottom of the specimen. During the capillary absorption period, 
a surcharge weight was placed on the specimen to give a vertical pressure of 1 psi. 
Each specimen was kept in the pan until there was no more capillary flow into the speci­
men as detected by weighing the assembly periodically. The data concerning the length 
of the capillary absorption period, the change in moisture content during this period, 
and the results from triaxial tests made after capillary absorption are presented in 
Table 6. 

ANALYSIS OF DATA OBTAINED AND FORMULATION 
OF SUBGRADE EVALUATION PROCEDURE 

Estimation of Soil Support Value from Existing Pavement 
Structure and T1·affic Data 

While the AASHO design procedures (1, 9) were developed for determining the thick­
ness of flexible pavements for proposed c onstruction, in this study the design charts 
were used for estimating the soil support values of subgrade materials under existing 
pavements. The following procedure was used for estimating the soil support value. 
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TABLE 5 

MODULUS OF DEFORMATION AND RELATED DATA OF AASHO ROAD TEST MATERIALS 

Source of Test Data 

Triaxial tests performed 
in this studya 

G. F , Sowersb 

Kansas State Highway 
Commissionc 

Triaxial tests performed 
in this studya 

Kansas State Highway 
Comm lssionc 

Dry Density of 
Specimen as 

Molded 
(pcf) 

Testing 
Moisture 

(%) 

Degree of 
Saturation 

(%) 

Material: AASHO Embankment Soil 

112. 5 14 , 9 81 
114.0 14 , 3 82 

~ee reference (~) 

119 .8 15.2 
119.G 15 , 5 
120 .4 15.2 

Modulus of Deformation 
(psi) at Deviator Stress 

Shown 

5 psi 10 psi 20 psl 

1, 200 1, 200 l , 020 
1,360 1, 360 1, 060 

1, 040 (modulus of elasticity) 

1, 300 See r eference (2) 

Material: AASHO Crushed Stone Base Material 

139.0 4.0 48 10 , 300 10, 300 10, 300 
139.2 3.3 40 11 , 600 11. 600 11, 600 

138 . 9 7.4 
138 , 9 6.8 10, 000 See reference (~) 

Maximum 
Deviator 
Stress 

(psl) 

47 .0 
50.0 

149,2 
140 ,0 

a-&c· s:unph:is or the AASllO ~d TosL m:ucirhds wcrn used 1n llr4.llX\tlng the etJN:c:lmc:ms tort.ho tr1~1A;1 laBt•. JI wa.s h1-
lendcd lo tl'.!~ t Uur c111~11kmcmt soH al appro:xlnut.tc.l>" lho aver.rir.e nold molstut•c 1uwt natd dr:n9iH)' of lhl! subgr:ida ln lha 
01111n loop ~oCUons of thu AASHO J~d Test (6) . o.nd to ~s1 thn ~ushcd stone rnalC!.t.'ln.l ~t app1-oxlmRh:1 ly the a•icugo mois­
ture ~nd don6lt)• w.lut\5 of t~u bu~ a:. dt:t rnilncd durlntt tM RMd Tl'•I ('l) . Spec-ltnen.s ot the crUMhrd ! t'Qnt: b:tse nutlorial 
wore prepared by uslo1r tho mlltarull pi~shig-o/. .. 111. alovo hnQterl.!lJs retilncd on ~-in. slev ro1>h1ced by ~-an. to No . 4 
sieve fraction). The lateral pressure during testing was 10 psi. 

baased on data from undrained triaxial lMlll on undisturbed samples of the embankment soil obtained from several loca­
tions at the site of the AASHO Road Test. Specimens were tested at a controlled strain rate of 0 , 8 to 1 percent per min­
utu. 'rh latar:U pre.stture during t('nUnst \WJ!i 11) psl (8}. 
cs11eclm~ns wuo proparod In the labor-..to.ry by uslng iepL~s.enlattvc samples ol the runb'.11tkment soil and the cru$hM s tone 
nlaturlaJ , The nor1rml Kanana trhudnl tt?et proc.cdurC r~qulre. the s:ilur:ttlon ol lhO lest 6]Jecimens and the. u.&o o! :.. )Q.teral 
1>.l'c.Mura or 20 psi. Tho r&uu of dolOrntilijQn W;t1$ O, OQb ~nd 0 . 1 in. per mlnu(o for the cmbtlnkment soil and Iha crushed 
JJlOner base, l'~.apcdJv-cly. 'i'hC l:s.leral preut1re (lu:rlng te11tlnr: ~~ 20 p~l (,!!). 

TABLE 6 

TRIAXIAL TEST DATA OF SUBGRADE MATERIALS AFTER CAPILLARY ABSORPTION 

Triaxial Test After Capillary Absorption 
DryDenslty Moisture Content (:r') 

Number oI of Test Days Ior Modulus of Deformation Maximum Site Specimen Before After Lateral (psi) at Deviator Stress 
as Molded Capillary Capillary Capillary Pressure Shown 

Deviatol' 

(pc!) Absorption Absorption Absorption (psi) Stress 

5 psi lOpsi 20psi (psi) 

18 Ill. I 15 . ~ 16 ,0 10 31 350 3, 350 3, 350 53.3 
109.2 14 . 4 16 ,7 10 3, 750 3, 750 J, 550 not tested 

to failure 

21A 112.8 15. 3 16.0 10 10 1, 000 630 340 33. 5 

28 105,ij HJ. 7 :m.·1 JI 10 1, 830 I, 830 1, 090 47. 5 

29 115. 5 12.1 13 .2 10 1, 060 900 800 73.0 

30 109, 7 15. 2 16. 7 10 2, 680 2, 680 2, 680 79 .0 
108,3 15,7 16, 6 10 2, 400 2, 400 2, 400 74,2 

AAS HO 112,2 14. 9 15,3 14 10 1, 150 1, 100 550 43.0 
Embankment 
Soil 

TABLE 7 

TllAl"FIC DATA~ 

Years in Approx. Accumulated Average Equiv . Computed Equiv. 

Site Analysis Equiv . 18k Single Axle Dail:.' lBk Single Axle Dally !Bk Single Axle 

Period Load Applications in Load Applications in Load Applications for 
Analysis Period Analysis Period Determining SNb 

16, 17, 18 9 109, 000 33 , 2 14,9 
19 5 196, 000 107 .2 26 .8 
20 5 159, 000 87 .3 21 , 8 

21, 21A 12 158, 000 36.0 21 , 6 
22, 23 4 214, 000 147 . 0 29 . 4 
~4 4 634, 000 4:J::l,tl 86. 7 

:lb, :w '/ 'loU, UUO 296. ~ 104 
27, 28 3 276, 000 252.0 37 . 8 
29, 30 4 184, 000 125 .9 25 . 2 

D.The equlvalt!uci: fadu1·b: ~i.vi:H 111 Un~ AASHO Iult:d111 Guide !or the Deaign of Flexible Pavement Etructurca (1) 
were used in determining the equivalent 18k single axle load applications . -

bsecause a 20-year tral!ic analysis period was used in the AASHO design charts, the equivalent 18k appli ca­
tions tor determining SN were computed as follows: 

Computed Equiv. Daily lBkApplications 
00 
(Av~rag~ 'Equ.lv . Dally l8k Appllta.tlous) x (Ye~r.s In An11 ly!lls "Portod). 

20 
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TABLE 8 

COEFFICIENTS OF RELATIVE STRENGTH USED 

Coefficient 
Pavement Component of Relative Remarks 

Strength 

Asphalt Concrete 0.44• 0. 27 for old asphalt concrete underlying 
new bituminous surfacing 

Bituminous Surface 0.30 0. 25 for old surface treatment underly-
Treatment ing new bituminous surfacing 

Sand Asphalt Base 0.25* 

Bituminous Stabilized 0.20 0. 07 for bituminous stabilized soil in 
Soil inferior condition 

Granular Base or 0.07* 
Subbase 

Crushed Stone Base 0.14• 

*Values based on information given in (2). 

TABLE 9 

PAVEMENT STRUCTURE, TRAFFIC, AND ESTIMATED SOIL SUPPORT V>\LUE AT VARIOUS SITES IN SOUTH CAROLINA 

Thick- Coeff. of SN of Each SN nf Equiv. Daily Service- Estimated 

Site 
Analy0is Pavement Component ness Relative Pavement Pavement rnk Single 

ability Seil 
Period (in.) Strength Component Structure Axle Load Index Supper! 

Applications Value 

16 1955-1964 Bit. Surface Treatment l 0 ,30 0 , 30 1. 31 14 , 9 7. 6 
I , 25 0.25 0 , 31 

Bit . Stabilized Soil 5 0 , 07 0,35 
(Inferior Condition) 

Granular Subbase 0 ,07 0.35 

17 1955-1964 Bit. Surface Treatment 0 .30 0.30 2.37 14. 9 3. 5 
i.Z5 u . ~5 u.a1 

Bit. Stabilized Soil 6 0 . 20 1.20 
Granular Subbase 6 0.07 0 .56 

18 1955-1964 Bit. Surface Treatment 1 o. 30 0 . 30 1. 70 14. 9 2. 5 6, 2 
0. 75 0. 25 0 . 19 

Bit. Stabilized Soil 5 0.20 1.00 
Granular Subbase 3 0 . 07 0 . 21 

19 1959-1964 Bit . Surface Treatment 0 . 30 0 . 30 2 .03 26. 8 2. 5 5.B 
0.25 1.38 

Granular Subbase 0.07 0,35 

20 1959-1964 Bit . Surface Treatment l 0,30 0 , 30 2.14 21.8 2.5 5.3 
5. 5 0.25 1.38 

Granular Subbase G.5 0.07 0.46 

21 1952-1964 Bit. Surface Treatment 2 0.30 0. 60 2,40 21. 6 4, 2 
& Sand Asphalt Base 4 0.25 1.00 

21A Bit. Surface Treatment 1. 0 , 25 0.38 
Granular Subbase 6 0.07 0 .42 

22 1960-1964 Asphalt Concrete 1 0 , 44 0 . 44 1. 86 ~~ 4 ?., 5 6. 7 
& Bit. Surface Treatment 4 0 , 25 1 . 00 
23 Bit. Stabilized Soil 6 0.07. 0.42 

(Inferior Conditon) 

24 1956-1960 Asphalt Concrete 2 0.44 0 .88 2. 69 86. 7 2, 5 5,4 
1. 5 0.27 0 .41 

Crushed Stone Base 10 D. 14 1.40 

25 1957-1964 Asphalt Concrete 0 . 44 1. 32 2.44 104 5. 9 
Crushed Stone Ba lie 0.14 1.12 

26 1957-1964 Asphalt Concrete 0.44 1.32 2. 58 104 2 !I, 6 
Crushed Stone Base 0, 14 l.26 

27 1958-1961 Asphalt Concrete 3.5 0 . 44 1.54 2. 94 37 .8 2. 5 3, 7 
Crushec1 Stone Base 10 0, 14 l.40 

28 1958-1961 Asphalt Concrete 3 .5 0 , 44 1. 54 2. BO 37. 8 2. 5 4.1 
Crushed Stone Base fl 0 .14 1.26 

29 1960-1964 Bit. Surface Treatment I o ~o n. ~n 2. 30 25.2 2.5 5.0 
4 0.25 1.00 

Bit. Stabilized Soil 5 0 , 20 1.00 

30 1960-1964 Bit, Surface Treatment 0.30 0 .30 2 , 18 25.2 2.5 5.3 
0,25 0. 75 

Sand Asphalt Base 2.S 0 ,25 0,63 
Bit. Stabilized Soil 2 .5 0.20 0 ,50 

*Soil support value for Site 17 (Serviceability index = 3.5) not estimated because AASHO design charts a1·e for serviceability indexes of 
2 and 2.5 only. 
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At each site, the construction records and traffic data were analyzed to determine 
the equivalent daily 18k single axle load applications. The traffic data and the method 
for computing the 18k load applications are given in Table 7. The structural number 
of the existing pavement was computed on the basis of the actual thickness and the co­
efficient of relative strength of each pavement component. In addition, the service­
ability index of the existing pavement was determined by visual inspection of the pave­
ment conditions. On the basis of this information and a selected regional factor, the 
soil support value of the subgrade material below the existing pavement was determined 
from one of the AASHO design charts. The design charts for serviceability indexes of 
2 and 2. 5 are shown in Figures 4 and 5 . The modulus of deformation scale on the op­
posite side of the soil support value scale shown in the figures is discussed elsewhere 
in this paper . 

In applying the above procedure for estimating the soil support value of the subgrade 
under existing pavements, it is necessary to assign a specific coefficient of relative 
strength for each pavement component. Although the AASHO Design Committee has 
recommended certain values for the coefficients of relative strength of common types 
of paving materials, the specific coefficient for any particular type of paving material 
is to be determined according to specific local conditions. Extensive field and labora­
tory investigations would be required to establish a rational procedure for determining 
the coefficients of relative strength of various types of paving materials. The specific 
coefficients of relative strength used in this study are listed in Table 8. Some of the 
values given in the table were based on the information reported by Liddle (9). The 
remaining values were selected primarily by judgment. (To assist in the selection of 
the coefficients of relative strength, a limited number of Hveem stabilometer and 
cohesiometer tests were performed by using cored samples of the pavement components 
(14). The Marshall test, which was believed unsuitable for testing the pavement com­
ponents consisting of bituminous surface treatments, was not conducted in this study.) 

While a regional factor should be assigned to each site in order to obtain an accurate 
estimate of the soil support value, extensive investigations are again required for es­
tablishing a specific method for the determination of regional factors. According to the 
general guide for estimating the regional factor as described in the AASHO design pro­
cedure ( 1, 9), the regional factors for all sites investigated would be close to 1. 0. The 
value ofl. 0 was used for estimating the soil support values at all sites investigated. 

The estimated soil support value of the subgrade at each site and the basic informa­
tion used in the analysis are summarized in Table 9. 

Comparison of Alternative Procedures for Subgrade Evaluation 

In the analysis of the triaxial test data, consideration was given to two alternative 
procedures for subgrade evaluation. The first alternative is to establish the Mohr 
envelope from the Mohr circles and to determine the soil support value according to a 
tentative subgrade evaluation chart shown in Figure 6. The second alternative is to 
determine the soil support value according to the modulus of deformation obtained from 
the stress- strain curve. 

To compare the two alternatives for subgrade evaluation, a specific method for de­
termining the soil support value according to the modulus of deformation is required. 
In developing the design charts by the AASHO Design Committee, the soil support values 
of the AASHO Road Test embankment material and the crushed stone base material 
were given the numerical values of 3. 0 and 10. 0, respectively. These values, together 
with the modulus of deformation data given in Table 5, served as a basis for correlating 
the soil support values with the moduli of deformation for all types of subgrade materi­
als. In establishing a specific method for determining the soil support value, the fol­
lowing assumptions and empirical procedures were used: 

1. To simplify the test procedure and to provide a uniform basis for subgrade eval­
uation, the modulus of deformation was determined by undrained tests with a constant 
lateral pressure of 10 psi and a rate of strain of approximately one percent per minute. 

2. On the basis of the laboratory data from the AASHO Road Test materials (Table 
5), the soil support values of subgrade materials having moduli of deformation of 
10, 000 and 1, 100 psi were given the numerical values of 10. 0 and 3. 0, respectively. 
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Figure 8. Correlation of estimated soi I support value with the modulus of deformation of subgrade 
materials. 

3 . It was assumed that the soil support value would vary directly with the logarithm 
of the modulus of deformation as shown by the dashed line in Figure 8 . The assumed 
relationship is also shown by the soil support value and the modulus of deformation 
scales in Figures 4 and 5. 

4. Because of the variation of the modulus of deformation with the deviator stress, 
it would be necessary to compute the deviator stress in the subgrade due to anticipated 
wheel loads. The approximate deviator stresses near the center of the "pressure bulbs" 
below pavements of various thicknesses are shown in Figure 7. The deviator stresses 
shown wer e computed by assuming a tire inflation pressure of 70 psi and that the 
Boussinesq theory is applicable for this analysis . The analysis was simplified by using 
the stress charts developed by Foster and Ahlvin (12) . Figiire 7 shows that the differ­
ence in the deviator stress caused by 18k or 20k single axle loads is ver y small . To be 
consistent with the 18k single axle load used in expressing the traffic data, the use of 
the 18k curve in Figure 7 is recommended. 

In considering the limitations of the basic information and the assumptions, inter­
polations, and extrapolations involved in establishing the modulus of deformation s cale, 
it is evident that the r eliability of this procedur e s hould be verified by correlating field 
information with labor atory test data. For this purpose, the estimated soil support 
value for each site was plotted against the modulus of deformation as shown in Figure 8. 
The modulus of deformation for each site was determined according to the deviator 
st ress indicated in Figure 7 and the laborator y data given in Table 4 by a procedm.·e 
explained in Appendix A. The dashed line in Figure 8 represents the assumed relation­
ship between the soil support value and the modulus of defor mation . While the informa­
tion shown is insuffi cient for any definite conclusion, t he dashed line appears to be a 
reasonable representation of the general relationship between the soil support value and 
the modulus of deformation. 

A comparison of the estizoated soil support values given in Table 9 with the values 
determined according to the assumed r elationship with the modulus of deformation is 
given in Table 10. It is difficult to make a similar comparison between the estimated 
soil support values and the values determined according to the Mohr envelopes due to 
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TABLE 10 

COMPARISON OF ESTIMATED SOIL SUPPORT VALUES 
WITH ACTUAL VALUES DETERMINED BY TRIAXIAL 

TESTS ON SUBGRADE MATERIALS 

Estimated Actual 
Site Soil Support Soil Support Se/Sa 

Value, Se Value, Sa 

16 7. 6 a .1 0.94 
18 6.2 7 .1 0. 87 
19 5.8 4.8 1. 21 
20 5. 3 6 . 5 0.82 
21 4. 2 4.2 1.00 
21A 4. 2 3.4 1.24 
22 6. 7 7 .4 0. 91 
23 6.7 7 .6 0 . 88 
24 5.4 3. 9 1. 38 
25 5. 9 4. 5 1. 31 
26 5. 6 4.4 1. 28 
27 3.7 3. 8 0.97 
28 4.1 4.1 1.00 
29 5.0 4.6 1.09 
30 5. 3 5.8 0 .91 

deformation for subgrade evaluation would, 
required in performing the triaxial tests . 

the fact that some Mohr envelopes cross 
a number of the soil support value lines 
shown in Figure 6. The Mohr envelopes 
for the subgrade materials from two sites 
shown in Figure 6 serve to illustrate the 
difficulty in determining the soil support 
values. In this respect, the use of the 
modulus of deformation for subgrade eval­
uation is a preferable procedure. With 
this procedure, a specific soil support 
value for a given modulus of deformation 
can be obtained directly from the scale 
shown in Figure 4 or 5. 

While triaxial tests using three differ­
ent lateral pressures are usually made 
for establishing the Mohr envelope, tests 
with only one lateral pressure (10 psi) are 
sufficient for determining the modulus of 
deformation. The use of the modulus of 

therefore, reduce the time and material 

In the case of micaceous soils, such as the subgrade material from Site 27 (Figs. 2 
and 3), the modulus of deformation is relatively low but the ultimate shearing strength 
as represented by the Mohr envelope may be relatively high. For such materials, the 
use of the Mohr envelope would result in a much higher soil support value than that 
.::valuateu according to the modulus of deformation. The information from field investi­
gations indicates that the lower soil support value dete1'mined from the modulus of de­
formation is a mo1·e reliable l'epresentation of the load- carrying capacity of the sub­
grade than the higher value obtained from the Mohr envelope. The procedure for sub­
grade evaluation based on its modulus of deformation appears to be applicable to all 
types of materials, including micaceous soils. 

On the basis of the above comparison, the alternative of using the modulus of defor­
mation for subgrade evaluation was selected. Tentative procedures for determining 
the modulus of deformation of subgrade materials and the use of such information for 
the design of flexible pavement structures are given in Appendix A. 

Additional laboratory test data concerning the stress-strain characteristics of sub­
grade materials are given in Appendix B. The information is of interest in that it may 
serve as a basis for the refinement of the tentative subgrade evaluation procedure in 
the future. 

Preparation of Test Specimens to Simulate Field Conditions 

In performing triaxial tests for the design of proposed flexible pavements, it is 
desirable to test the specimens at moisture contents representing the anticipated condi­
tions under the pavement. While methods are available for predicting the subgrade 
moisture content on the basis of extensive field data concerning groundwater and drain­
age conditions, weather information, and the capillary. characteristics of subgrade ma­
terials , considerable preparatory work would be necessary to establish certain refer­
ence data in order to simplify the procedure for routine testing. For the immediate 
application of the triaxial tests for the design of pavement structures, a relatively 
simple procedure such as capillary absorption or saturation by evacuation is preferable. 
Under normal conditions, the moisture content of the specimens resulting from capillary 
absorption is believed to be closer to the probable field moisture content than tha.L ob­
tained by saturation. 

In this study , a limited number of triaxial tests were performed with specimens 
after capillary absorption. The data obtained from such tests (Table 6) indicate that 
the moduli of deformation are approximately the same or slightly lower than those ob­
tained from tests on specimens representing the field conditions (Table 4). While no 
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definite conclusion can be reached on the basis of the limited data, the treatment oftest 
specimens by capillary absorption appears to be a conservative approach for the pur­
pose of simulating the field conditions of subgrade soils. 

As mentioned above, all specimens used in this study were compacted to the density 
determined from in-place density tests. In South Carolina, a minimum dry density of 
95 percent of the maximum dry density (AASHO T-99) is specified for subgrade con­
struction (13). Table 3 shows that at the majority of the sites investigated, the actual 
density of the subgrade is near or above the 95 percent density requirement. In per­
forming triaxial tests for the design of new pavements, it is necessary to compact the 
subgrade materials to the minimum density as indicated in the specifications. 

NEED FOR FURTHER STUDIES 

The tentative subgrade evaluation procedure as described was formulated on the 
basis of limited field and laboratory investigations. Further studies are required, 
therefore, to verify or to refine the basic assumptions, such as the assumed relation­
ship between the soil support value and the modulus of deformation. The reliability 
of the pavement design procedure is also dependent upon factors not covered in this 
study, such as the coefficients of relative strength for pavement components and the 
determination of regional factors. Further investigations in these areas in the form of 
satellite or similar studies are needed to provide the necessary information for im­
proving the overall design procedure. 

SUMMARY 

A tentative procedure for subgrade evaluation as required in the AASHO Interim 
Guide design procedure is presented. To determine the soil support value of the sub­
grade material, triaxial tests are to be conducted with specimens representing the anti­
cipated density and moisture conditions of the subgrade. The test data are then used 
for computing the modulus of deformation of the subgrade material. With this informa­
tion, the soil support value of the subgrade can be determined according to a correla­
tion with the modulus of deformation. Results from the limited field and laboratory in­
vestigations conducted in this study indicate that the tentative method may be used for 
evaluating the soil support value of various types of subgrade materials encountered in 
South Carolina. 
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Appendix A 
TENTATIVE TEST AND DESIGN PROCEDURES 

The general procedure for the testing of subgrade soils and the use of such informa­
tion for the design of flexible pavement structures are presented in the form of a design 
example. Assume that the design of flexible pavements for a section of a proposed high­
way is desired. The tria..xial test and design procedures as required for determining 
the thickness of the pavement are described separately. 

Triaxial Tests 

1. Preparation of Test Specimens . - Two identical specimens are prepa r ed from 
each soil sample . For each sample , p r epare a batch of moist soil containing the opti­
mum moisture content. If the moisture content of the soil during field compaction is 
expected to be appreciably different from the optimum content, use the anticipated, in­
stead of the optimum, moisture content. Keep the material at the mixing moisture con­
tent overnight before molding the specimens. Compact the moist soils with adequate 
compactive effort to obtain the specified density. Each specimen should be prepared 
in such a manner that uniform conditions may be obtained throughout the specimen. Ir­
regular conditions, especially at the top and bottom of the specimen, should be avoided. 

2. Capillary Absorption .-Each specimen is subjected to capillary a bsor ption before 
being used fo1• triaxial tests . This step is similar to the gener a l procedui-e for capillary 
absorption used by the Texas Highway Department for "Standard Triaxial Compression 
Test" (2). 

3. Determination of Moduli of Deformation. -Each specimen is subjected to undrained 
triaxial test at a constant rate of s train of approximately 1 percent per minute until 
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failure occurs. (The possible use of the ultimate strength for subgrade evaluation is 
discussed in the note at the end of Appendix A.) Upon completion of the undrained test, 
samples are taken from the top, middle, and bottom portions of the specimen for mois­
ture content determinations. For each specimen, compute the stresses and strains 
from the load-deformation data obtained during the undrained test, plot the stress­
strain curve as illustrated in Figure 9A, and determine the modulus of deformation for 
deviator stresses of 5, 10, and 20 psi. In this example, the average moduli of deforma­
tion of the specimens are plotted against the deviator stresses as shown in Figure 9B. 
If the modulus of deformation remains constant for deviator stresses up to 20 psi, it 
would not be necessary to plot the modulus of deformation vs deviator stress curve 
(Fig. 9B). 

Design Procedure 

The procedure described below mainly explains the use of the modulus of deformation 
data for determining the thickness of flexible pavements. It is assumed that for a par­
ticular section of the proposed pavement, the modulus of deformation data for the sub­
grade material are as shown in Figure 9 . 
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1. Establish the terminal serviceability index for the proposed highway, select a 
regional factor, and determine the equivalent 18k single axle load applications accord­
ing to the procedures given in the AASHO Interim Guide (1). In this example, assume 
the desired terminal serviceability index= 2.5; the regional factor= 1.0; and computed 
18k load applications (20-year traffic analysis) = 50. 

2 . Determine the soil support value according to the modulus of deformation data 
and an assumed deviator stress. In this example, the modulus of deformation data are 
shown in Figure 9; the assumed deviator stress= 5 psi; the modulus of deformation 
(from Fig. 9B) = 1150 psi; and the soil support value (from Figure 5) = 3 .1. 

3. Determine SN from AASHO design chart. In this example, the soil support value 
(S) = 3 .1; 18k load applications = 50; the regional factor (R) = 1. 0. From Figure 5, 
SN= 3.35. 

4. Convert SN to pavement thickness according to established coefficients of relative 
strength. If the total thickness of the pavement structure is, for example, 11 in., the 
deviator stress for determining the modulus of deformation would be close to 5 psi 
(Fig. 7). Therefore, no adjustment of the modulus of deformation used in step 2 is re­
quired. If the design thickness is, for example, 6 in., the deviator stress given in 
Figure 7 would be approximately 10 psi. In this case, the modulus of deformation used 
in step 2 should be changed to 1, 000 psi, the soU support value would then become 2. 7, 
and the SN value should be revised accordingly. Such adjustments of the modulus of 
deformation and SN values are, however, seldom necessary in the design of flexible 
pavementsformoderate to heavy traffic. 

Note. -The tentative procedure for subgrade evaluation described is based on the 
assumption that , so far as the properties of the subgrade are concerned, the deforma-
L! -- ~L ... -- - •-- .: ~L: ... ..... t .......... __ .... ...... .... ..:J : ...... + ..... -._...,,... ,....& +k,... ....- ..-.. .4i ... 1.,,,., ,....f r1,....f_...,._....n.f-;,..."' \ .w,,.., o +o l)N nf f-ho 
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ultimate strength (related to the maximum deviator stress) is the controlling factor af­
fecting the performance of flexible pavements. In the various locations investigated, 
this appears to be a reasonable assumption. In the event a subgrade soil has a moderate 
modulus of deformation but an extremely low ultimate strength (as indicated by a very 
low maximum deviator stress), the deformation characteristics may not be the con­
trolling factor as assumed. For such exceptional cases, it would be necessary to con­
sider the adverse effect of the low ultimate strength on the performance of flexible pave­
ments. A method for evaluating the soil support value on the basis of the ultimate 
strength of subgrade soils was developed by Sowers (!!). 

Appendix B 
MISCELLANEOUS DATA RELATED TO STRESS-STRAIN 

CHARACTERISTICS OF SUBGRADE SOILS 

Effect of_ Repeated Loading on Modulus of Deformation 

Figure 10 shows a set of stress-strain curves from five repeated loadings in an un­
drained triaxial test performed with a compacted silty clay. The test procedures were 
similar to those presented in Appendix A except that the specimen was subjected to the 
five repeated loading and unloading cycles. For each cycle, the deviator stress was 
increased to a maximum value of approximately 10 psi and then released. As expected, 
the slope of the straight line portion of the stress-strain curve obtained from the first 
loading is not as steep as that for lhe i:mln;equenl loadings. The modulus of deformation 
determined from the first loading is, therefore, lower than that obtained from the sub­
sequent loadings. It will be noted that for the material tested the moduli of deformation 
determined from the second and subsequent loadings approach a constant value. This 
general trend concerning the deformation characteristics under repeated loadings has 
been observed in testing a number of compacted soils. 
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The determination of the modulus of deformation from the stress-strain curves ob­
tained from the first and subsequent loadings and the laboratory data on the deformation 
characteristics of the AASHO Road Test subgrade and pavement components were re­
viewed by Vesic and Domaschuk (15) in connection with the theoretical analysis of the 
structural behavior of road test flexible pavements. In analyses concerning the elastic 
deflections of flexible pavements, the modulus of deformation determined from repeated 
loadings would be more significant than that of the first loading. In establishing the sub­
grade evaluation procedure in Appendix A, consideration was given to the use of the 
modulus of deformation determined from repeated loadings instead of that from the first 
loading. The information relative to the repeated loading deformation characteristics 
alone appears to be inadequate for· evaluating the soil support value of subgrade materi­
als because both the elastic and the plastic deformations of a subgrade may affect the 
performance of flexible pavements. 

Change in Deviator Stress Under Constant Strain 

In a series of triaxial tests with compacted specimens of subgrade materials, ob­
servations were made on the change in the deviator stress of each specimen when the 
strain of the specimen was kept constant. The following procedure was followed in 
making the observations: 

1. The undrained test was performed according to the procedure described inAppen­
dix A until a deviator stress of nearly 40 psi was reached. 

2. The loading machine was stopped so.that the strain of the specimen being tested 
would remain constant during the observation period. The lateral pressure was main­
tained at 10 psi. 

3. The change in the deviator stress was recorded at 5-sec intervals. 

Data from the observations are shown in Figure 11. The deviator stresses shown 
are expressed in percent of the initial deviator stress acting on each specimen. While 
an appreciable decrease in the deviator stress during the observation period is noted 
in all cases, the change in deviator stress of the specimens prepared from micaceous 
soils (Sites 20, 2.4, and 27) is less than that of specimens prepared from other types of 
materials, with the exception' of Site 28. Although the material from Site 28 is also a 
micaceous soil, the relatively high content of particles passing No. 200 sieve and the 
medium plasticity of the soil indicate that the clay fraction in the soil may have an ap­
preciable effect on the characteristics of the soil. 

The limited information shown in Figure 11 is insufficient for relating the observed 
characteristics of the soils to the performance of the flexible pavements. The informa­
tion indicates, however, that it might be possible to include a simple step in the triaxial 
test procedure for evaluating a i:>pecial p1·uperly of subgrade soils. This property may 
be a controlling factor affecting the degree of prestressing in the subgrade. The degree 
of prestressing is believed to be one of the important factors influencing the deflection 
of flexible pavements. 



Theoretical Analysis of Structural Behavior of 
Road Test Flexible Pavements* 
ALEKSANDAR SEDMAK VESIC, Professor of Civil Engineering, Duke University 

(formerly of Georgia Institute of Technology), and 
LEONARD OOMASCHUK, Research Assistant, Georgia Institute of Technology 

ABRIDGMENT 

•THE MAIN objective of this study is to present a rational, mechanistic interpretation 
of measurements and observations made on flexible pavements in the AASHO Road Test 
and other similar experimental investigations. The analysis is centered around 
stresses and deflections of the pavement system, with due attention to the mechanisms 
of pavement failure and associated phenomena. The paper is divided into five chapters. 

Chapter 1 consists of a comprehensive critical review of the existing theories of 
structural behavior of flexible pavements. For the purpose of discussion all the theo­
retical methods of pavement design are divided into two major groups: (a) ultimate 
strength methods, and (b) elasticity methods. Advantages and shortcomings of both 
groups as well as of individual better-known methods of each group are discussed in 
detail. 

Chapter 2 contains selected data on the structural behavior of the AASHO Road Test 
flexible pavements. The data are assembled in accordance with the three major objects 
of analysis, namely: (a) stress distribution in the pavement system, (b) resilient 
pavement deflections, and (c) cumulative plastic deflections and structural failure of 
pavements. 

Chapter 3 presents available data on index properties, strength and deformation 
characteristics of the pavement materials and the subgrade. Chapter 4 is an analysis 
of all the assembled data, subdivided in a manner similar to that used in Chapter 2. 
Major conclusions are outlined in Chapter 5. 

Vertical stress distribution data show that stresses vary with pavement temperature 
and degree of saturation of the subgrade, as well as with vehicle speed. Generally, the 
stresses are lower at lower temperatures, at lower degrees of saturation, and at higher 
vehicle speeds. At creeping vehicle speeds, and over the major part of the year, ex­
cepting frost periods, vertical stresses follow the patterns predicted by the Boussinesq 
theory for a homogeneous solid. Under loads they are considerably higher than those 
predicted by the Burmister theory of a layered solid. 

Deflection data indicate that the deflection basins have a very limited extension and 
are not at all comparable in size to those predicted by the layered solid theories. This 
finding is in agreement with previous observations as well as with the stress measure­
ment results. It is indicative of a limited load- spreading ability and a limited slab 
action of conventional bases and subbases. 

Structural failure data are analyzed with emphasis on the mechanics of rutting. It 
is found that the rutting of AASHO Road Test flexible pavements was caused primarily 
by distortion within the pavement structure, as long as the subgrade stress remained 
below a critical level. This finding justifies the selection of the limiting subgrade 
stress as a design criterion. 

*The paper of which this is an abridgment is avai I able from the Highway Research Board as NCHRP 
Report 10, "Theoretical Analysis of Structural Behavior of Road Test Flexible Pavements" (31 pp., 
$2.80). 
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It was further concluded that the phenomenon of structural failure of flexible pave­
ments is governed by the relative resilience or compressibility of the subgrade soil 
with respect to the shear strength of the pavement structure. Depending on the thick­
ness and strength of that structure with respect to the subgrade, punching shear failure 
or general shear failure may occur in extreme cases. 

In the remainder of Chapter 5 implications of the findings of this study with respect 
to existing design procedures are discussed and recommendations for future research 
are given. The need for more fundamental research in the area of mechanics of flexible 
pavements is stressed. It is suggested that a general design method for flexible pave­
ments must include consideration of both elastic and plastic phenomena. 



Observations on Flexible Pavement 
Deflections in Mary land 
W. G. MULLEN, North Carolina State University, and 
W. R. CLINGAN and E. T. PAULIS, Maryland State Roads Commission 

Reported are observations on two phases of a long-term study 
of high-type flexible pavements in Maryland. Included are 
observations of deflection measurements using the Benkelman 
beam technique on (a) selected pavements over periods up to ten 
years and (b) one-shot fall deflection for all new pavements con­
structed since 1960. Analysis of deflection distribution by mag­
nitude with respect to subgrade soil type, spring and fall meas­
urements, inner and outer wheelpaths and pavement thickness 
is included. Correlation is developed between deflection distri­
bution by magnitude and general subgrade soil type. Significant 
differences were found between deflections of inner and outer 
wheelpaths and between spring and fall measurements by wheel­
path. Relations between deflections and performance, subgrade 
moisture content and change in ADT were examined for signifi­
cance. 

•BEGINNING in 1955 a cooperative research program was undertaken by the Maryland 
State Roads Commission Bureau of Research with the Bureau of Public Roads to study 
deflection behavior of selected existing flexible type pavements by utilizing the Benkelman 
beam technique that was developed during the WASHO Road Test. This work continues, 
and a progress report (1) was issued in July 1965. Previously, papers by Lee (2) in 
1956 and by Williams and Lee (3) in 1958 were published relating progress and tentative 
interpretation of results. -

In 1960 the study was expanded to include observations on newly completed flexible 
pavements in addition to the existing pavements selected in 1955. At this time the en­
tire study was included as a project under the HPS-HPR program. Each year all newly 
completed flexible pavements have been added to the program so that initial deflection 
observations are available. 

In the fall of 1963, a physical sampling investigation of the pavement layers, base 
and subgrade of one of the pavements in the original study, US 40 between Frederick 
and Hagerstown, was undertaken. Results of this analysis are omitted from this paper 
in the interest of brevity. Analysis of another of these pavements, I-70S between 
Frederick and Washington, has been reported under a separate study ( 4) . 

A number of interesting findings have resulted from this study. Included are ob­
servations that spring deflections are higher than fall deflections, outer wheelpath read­
ings are higher than inner wheelpath readings, and most significant, for the range of 
pavement thickness encountered in Maryland, magnitude and dispersion of deflections 
fall into different categories according to subgrade soil types. Deterioration and dis­
tress in a pavement are not signaled by a change in deflection magnitude, nor does 
volume of traffic have any noticeable effect upon deflection. 

Physiography 

The six physiographic provinces found in Maryland are shown on the map (Fig. 1). 
Information for the pfotting of boundaries has been obtained from Woods and Lovell (5), 
Maryland Geological Survey (§, J) and Mathews and Shirley (~). -

Paper sponsored by Committee on Flexible Pavement Design and presented at the 45th Annual Meeting. 
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Figure 1. Physiographic map of Maryiand. 

Of the six provinces, the Coastal Plain is composed of sediments deposited in deep 
layers that tilt slightly downward to the southeast. The soils of the other five provinces 
are iargely residual, having been formed from the underlying rocks. The rocks range 
in age from the Precambrian rocks of the Piedmont to the later and younger Pennsyl­
vanian and Permian rocks of the coal measures in the Allegheny Mountain section of the 
Appalachian Plateau Province. 

Climate 

The mean annual temperature in Maryland varies from the upper 40' s in the western­
most part of the state to the middle 50' s in the lower eastern shore. Precipitation 
averages between 40 and 45 inches. Distribution is affected somewhat by the topography 
with slight rain shadows developing east of the Allegheny Mountains of the Appalachian 
Plateau through the Ridge and Valley Sections of Allegheny and Washington Counties. 

Freezing and frost action are problems from western portions eastward through the 
Piedmont. In Frederick and Montgomery Counties, near the center of the state both 
geographically and climatically, frost penetration below pavement layers into the sub­
grade has been computed to vary from 0 to 25 inches depending upon the severity of the 
weather (_i) • 

LONG TERM STUDY PAVEMENTS 

There are six highway locations included in the original extensive measurement 
category of the investigation begun in 1955. Descriptions of these pavements are given 
in Table 1, and typical pavement sections are shown in Figure 2. General layout of the 
test sites has been reported previously (2). 

The technique of the Benkelman beam-or load-deflection test is well known and in 
the tests reported here measurements were made using an 11. 2-kipwheel load with 
tires inflated to 80 psi. Maximum deflection and recovery were recorded for both inner 
and outer wheelpaths. 

A great mass of deflection data has been accumulated during the progress of the 
study which has been compiled in a separate report ~) . Reproduction of deflection 



TABLE 1 

TEST PAVEMENTS 

Length Pavement Year 
Predominant Condition and 

Highway No . Location Thickness Soils, AASHO (miles) 
(inches) 

Completed 
Class. 

Remarks, 1965 

US 40W Frederick to 16. 5 17 1947 A5, A4-7 Good 
Hagerstown 

201/.-US 40E Frederick to 12.0 1956a A5 Fair-Surface Cracking 
Ridgeville 22'/2 

l-70S (US 240) Frederick to 16 .o 15-17 1952-54 A5, A4-7 Poor-Reconstruction 
Germantown 1964-65 

US 301 (Md. 71) Md, 305 to 10. 5 15'/2 1955 A2-4 Poor-Resurfaced 1 Jn. 
Md. 300 1958-61b 

US 301 (Md. 71) Md. 300 to 4,5 151/2 1957 A2-4 Poor-Cracking, Rutting 
Black Base Unicorn Bridge 

us 15 Thurmont 4,5 22 1957 A5 Fair-Surface Treated 
Bypass 1960 

Md. 404 Queen Anne 1 s 0.5 131/2 1957 A2-4 Poor-Surface CrackingC 
Bypass 

a0pened as stage construction on surface-treated base in 1955; 71/2 in. bituminous concrete added in 1956. 
bPart of this section resurfaced in 1958, the remainder in 1961. 
cResurfaced 1 In. bituminous concrete in May 1965 during preparation of this report. 

U, S- ROUTE 40, WEST OF FREDERICK 

U. S ROUTE 40, EAST OF FREDERICK 

MD ROUTE 40'1 

iNTERSTATE ROUTE 70$, SOUTH Of FREDERICK 

U S ROUTE 15 

U. S. 301 

Figure 2. Pavement sections. 
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Def!. 
Site 
No. 

71 

48 

53 

38 

14 

14 

data here has been held to the minimum necessary for analysis, and is presented in 
Table 2. Subgrade soils have been grouped into general categories and distribution of 
deflections according to category is tabulated in Table 3 . Average daily traffic for the 
period of service for each highway is given in Table 4. 
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TABLE 2 

AVERAGE DEFLECTIONS BY HIGHWAY 

Highway 1955 1956 1957 1958 1959 1960 1961 1965 High Low Avg . No . 

Spring Deflections ( 1/1000 In.) 

US 40W 28 27 23 23 27 29 29 29 23 27 
US 40Ea (71)b 31 25 27 28 28 22 31 22 27 
I-70Sa 41 40 37 35 41 42 (24)c 42 35 39 
us 301 36 28 26 26 26 24 36 24 28 
US 301 BB 23 19 21 25 22 23 19 22 
us 15 61 64 (46)d 64 61 63 
Md . 404 24 25 24 25 24 25 

Fall Defl ections (1/1000 in . ) 

US 40W 22 22 20 23 22 24 24 20 22 
US 40Ea 26 23 21 22 26 21 23 
I-70Sa 32 29 26 32 30 30 32 26 30 
us 301 36 27 22 27 22 26 36 22 26 
US 301 BB 18 16 17 18 16 17 
us 15 59 45 (29)d 59 45 52 
Md. 404 19 19 19 19 19 

"-Data for shoulder lane only ; median. lane d:>.IA similar. 
bDeflections on surface treated base-not Included in averages. 
CDeflectlons on 'leve ling course and base or resurracrug-nol included in averages . 
dDeflectlons on surfu.ce treatment-not included In averages. 

Spring and Fall Deflections 

The d:lm. from T::.blc 2 a.re plotted in Fig-u.re 3, where the average of all spring :read­
ings is compared with the average of all fall readings on a highway-by-highway basis 
for the entire period of testing. It is evident that the average of spring deflections is 
higher than the average of fall deflections for the period of testing, and, further, that 
on a year-by-year basis spring deflections are consistently higher than fall deflections. 

SPRING 

60 

!iO 
:i:: 
u 
z 
0 
0 40 0 

' 
z 30 0 
I-
u 
LtJ 
_J 
lJ.. 
LtJ 20 
0 

10 

0 
US 40W US40E r1os USl5 US301 US30188 MD. 404 

Figure 3. Average spring and fall deflections, 
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Figure 4. Drainage of subgrade on US 301, fall 1955. 
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Figure 5. Spring deflection vs pavement thickness over AS subgrade. 
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This effect is fairly well documented (10) and is generally attributed to loss of support­
ing value of the subgrade soil over thewinter due to moisture gain and frost action. 
Decrease of fall deflections over spring deflections, conversely, is generally attributed 
to loss of moisture during summer and recompaction or reconsolidation of the subgrade 
from traffic action. 

It is also fairly apparent that there is some difference in the magnitude of difference 
between spring and fall readings for different highways. Examination of the data does 
not reveal a correlation with climate but there seems to be a relation between the pre­
dominant subgrade soil and the variation between spring and fall readings. This effect 
will be treated more extensively later. 

Distress vs Deflection 

Of the seven pavements considered in this part of the study, it may be seen in Table 1 
that there has been distress or deterioration at some stage of the history of all except 
US 40W. By and large, despite this distress, it is seen from the data in Table 2 that 
there has been no appreciable change in average annual deflection that may be attributed 
to the development of distress. 

In two cases, however, it seems apparent that the average deflections have been ap­
preciably reduced by drainage and/or waterproofing of the pavement structure. In one 
of these cases, US 301, a substantial reduction of deflection followed installation of sub­
grade drains at several locations in late 1955. Figure 4 shows trenching and release 
of trapped subgrade water preparatory to installation of a drain. The effect on deflec­
tion of opening similar drains was also observed for US 15. 

P~wement Thkk.11ess 

Pavement thickness for the vai·ious highways included in Table 1 ranges from 131/2 
to 22% in. Comparison of total pavement thickness to average spring and fall deflection 
is inconclusive in establishing a relationship. 

However, within one soil group, A-5, it has been possible to compare changes in 
thickness to changes in spring deflection. US 40E subgrade is predominantly A- 5 silt, 
as is the major portion of the subgrade for that portion of I-70S studied. US 40E was 
originally opened to traffic over a surface treated base course and subbase. Subse­
quently 71/2 in. of bituminous concrete was added in binding and wearing courses. Spring 
deflections are included in Table 2. I-70S has been resurfaced and 1965 spring readings 
were obtained after addition of a 21/2-in. leveling and binder course of bituminous con-

1· crete. 
The data for these thickness changes, plotted in Figure 5, reveal a fairly good 

straight-line relationship. An attempt to develop a similar relationship for the addition 
of an inch of resurfacing for US 301 over a sandy soil was not successful. The implica­
tion here is that subgrade soil type is an important parameter influencing pavement 
deflection. It may be that deflection magnitude changes occur on sandy soils until a 
certain minimum confinement is attained and thereafter additional confinement in the 
form of added pavement thickness does not further reduce deflection. On the other hand, 
the bearing value of a silty soil is not improved by confinement in the same manner as 
a granular soil, and reduction in deflection here probably results from the increase in 
pavement stiffness with increases of thickness. 

Soil Groups 

It was possible to group the subgrade soils into three categories, sandy soils, silty 
soils, and silty clay soils. Deflection data by soil group are given in Table 3. It has 
been observed from these data that fall deflections are lower than spring deflections 
due probably to more favorable climatic and soil conditions. It may be assumed, then, 
that fall deflections are more indicative of soil and pavement properties to the exclusion 
of climatic effects than are spring deflections. For this reason fall deflections were 
analyzed according to soil groups for both inner and outer wheel paths. Results are 
plotted in Figures 6-8. 



Deflection 
Range 

(1/1000 In.) 

0-9 
10-19 
20-29 
30-39 
40-40 
50-50 
60-69 
70+ 

0-9 
10-19 
20-29 
30-39 
40-49 
50-59 
60-69 
70+ 
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TABLE 3 

DISTRIBUTION OF 1955-61 FALL DEFLECTIONS BY SOIL TYPE 

AASHO Soil Type 

A2, A3, A2-4, A4-2 Sandy Soils A4, A5 Silty Soils A7-4, A4-7 Silty-Clay Soila 

us 301 

21 
108 

26 
5 

1 
103 
74 
25 

2 

Md. 404 Total Percent US 40W 

0 1 
1 22 11 ,B 16 

24 132 70.5 69 
2 28 15 ,0 57 

5 2 ,7 24 
0 5 
0 
0 

0 
1 2 o.o 1 

22 125 53 .P 34 
4 76 33.G 39 

25 10.e 43 
2 o.o 33 

0 6 
0 9 

70 

60 

50 

+' 
'1 
Q) 
0 

40 " Q) 

"" 
" 0 .,.., 
:g 
.,.., 30 --" t; .,.., 

"' 

20 

0 10 20 

US 40E I-70S 

(a) Inner Wheelpath 

2 
58 22 

140 90 
67 96 
14 39 
3 19 

12 
5 

(b) Outer Wheelpath 

2 
62 12 

135 67 
71 102 
16 62 

6 1 
1 3 

10 

us 15 Total Percent 

3 0 , 1 
96 12 ,3 

304 39, l 
226 29.1 

84 10 . 8 
33 4 .2 
19 2.4 
13 1. 7 

2 0,3 
75 9 .0 

3 239 31 . 5 
3 215 28.3 
4 127 16 .7 
6 46 6 , I 
4 16 2 . 1 

20 39 5.1 

Sandy Soils 
A2 , A3 , A2-4 , A4- 2 
pavement t hickness 

US 40W 

13 
72 
14 
10 
1 
1 

4 
57 
29 
12 
a 
2 

13 1/ 2 - 15 1/2 inches 
Whee l load 11. 2 K 

Inner wheel path 

Modal 25 
Med. 26 
Mean 25. 4 

s 6 . 1 
v 24 

wheel path 

Modal 28 
Med. 28 
Mean 30. 2 

s 7 . 3 
v 24 

30 40 50 60 

Deflection (1/1000 in.) 

Figure 6, Fal I deflection distribution for sandy soi Is. 

I-70S Total Percent 

13 B.B 
7 79 53 . 7 

25 39 26. 5 
4 14 9.5 

1 0. 7 
0. 7 
0 
0 

4 2 . 7 
1 56 39 , 2 

23 52 35 . 1 
11 23 15 , 1 

1 9 6 . 1 
2 L•I 

0 
0 



+' 

" " " " ~ 

" 0 
·.< 

~ .c ..... 
" +' 

"' ..... 
Q 

70 

lo 

50 L__ 

40~ 

30~ 
20L__ 

10 

f\ 

Silty 8°JilS 
A4, A5 
paveme:i.t thickness 
15-22 1/2 inches 

Wheel l·Ja.d 11. 2 K 

'nner wheel path 

28 K:: 30 
31.3 Mean 

s 12.5 
v 40 

II \ '\;-" 

___j 

__J 

O i......."""'"---'~~~--'-~~~-'-~~~-L~~~.1_~~~L-~~--' 

0 lC 20 3C 40 50 60 

Deflection (1/1000 in.) 

Figure 7. Fall deflection distribution for silty soils. 
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Figure 8. Fall deflection distribution for silty-clay soils. 
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Year 

1947 
1948 
1949 
1950 
1951 
1952 
1953 
1954 
1955 
1956 
1957 
1958 
1959 
1960 
1961 
1962 
1963 
1964 

70 

60 

50 

4o 

30 

20 

10 

0 10 20 

7. 5 K wheel load 

12" pavement; A2, A3 Sandy Soils 
17" pa.vement; A6, A7 Silty Clay Soils 

30 

15"-17" pavement; A4 , A5, 
Silty Soils 

4o 50 60 

Deflection (1/1000 in.) 

Figure 9. North Carolina deflection data, after Hicks (!!_). 

TABLE 4 

AVERAGE DAILY TRAFFIC 

US 40W US 40E I-70S us 301 US 301 BB us 15 Md. 404 

3000 
3400 
3800 
4300 
5200 
6000 400 
6400 4100 
6800 4900 
7200 6600 5200 
7700 7600 5400 3300 
7800 7300 6200 3900 3400 1800 1800 
8100 7900 6600 2800 2700 2600 1800 
8400 8700 7000 3000 2800 3300 2000 
8900 9400 8000 3600 3400 4700 3600 
9600 9600 8300 3900 3800 4700 3800 

10700 10300 9500 4700 3900 4700 3400 
11100 10400 11100 5300 4000 4600 3600 
11800 9800 11400 3700 2700 4900 3100 

117 
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TABLE 

FALL DEFLECTIONS BY son. 

AAS HO 

A2, A3, A2-4, A4-2 Sandy Soils A4, A5 Silty Soils 

Category Inner Wheelpath Outer Wheelpath Inner Wheelpath Outer Wheelpath 
Avg . Cum . Avg . 

Fre- Percent Fre- P ercent Percent Percent Fre- Percent Fre- Percent Percent 
quency quency quency quency 

Deflection Range 
(1/1000 In . ): 

0-9 6 0 . 9 2 0 . 3 0.6 0 . 6 4 1.8 2 0 . 9 1 . 4 
10-19 271 39 . 0 170 25 .9 32.4 33 .0 65 29 . G 36 16 . 6 23.1 
20-29 332 47 .6 310 47 .2 47 .5 60 .5 62 37.4 60 36 . 9 37 . 2 
30-39 66 9 . 4 128 19.4 14 . 4 94 .9 44 20 ,0 55 25,3 22 . 7 
40-49 20 2,8 39 6,0 4 . 4 99. S 15 6,8 26 12.0 9 . 4 
50-59 1 0 . 1 8 1.2 0.6 100 10 4, 5 18 8.3 6.4 
80-69 0 0 0 0 0 0 0 0 0 0 

Statistics: 

No., n 696 657 220 217 
Mean, X 22. 5 25.D 26.4 30,6 
Median, 'X. med. 21.4 24.8 25 ,0 28.9 
Modal, 'X mod, 21. 8 22 , 4 24 , 4 26. 5 
Est. S 7 .o 8.1 11 , 1 12,4 
Coef. Var. V % 33 , 7 31 . ~ 42.0 40. 5 

It is observed from these figures that outer wheelpath readings are different from 
the inner wheel path deflections for each soil. The outer wheel path determinations ex­
hibit more dispersion, and higher mean, median and modal values than for the inner 
wheelpath. The outer wheelpath is at the lower edge of the pavement for subgrade 
drainage purposes and the subgrade has a lesser degree of confinement than does that 
under the inner wheel path. It may be that a higher moisture content exists in the sub­
grade under the outer wheelpath to account for some of the deflection dispersion and the 
difference in confinement may be another contributing factor. 

Of particular interest is the characteristic shape assumed by the two frequency dis­
tribution curves for each soil group. The sandy soils are basically from the Coastal 
Plain, the silty soils from the Piedmont, and the silty-clay soils are residual soils 
formed from limestones of Frederick Valley of the Triassic Lowland and the limestones 
of Hagerstown Valley. It is also interesting to note that the silty-clays exhibit the low­
est mean value, the sandy soils next lowest and the silty soils have the highest mean 
and the greatest dispersion. The outer and inner wheel path distributions are more 
nearly alike for the silty soil than for the other two soil groups. 

The three plots, Figures 6-8,. would tend to demonstrate that, for the range of pave­
ment thicknesses tested, soil type has the greatest influence on pavement deflection of 
all the variables considered. 

The silty- clays when undisturbed are blocky in structure and well drained. When 
this soil is compacted at optimum moisture content over a fairly well drained subsoil, 
it is relatively impermeable, and, therefore, it is not highly susceptible to moisture 
changes and to frost action. 

Silty soils are compressible and are highly susceptible to moisture changes and to 
frost action. These properties probably account for the wide dispersion of deflection 
values for these soils. 

Sandy soils when confined exhibit good bearing qualities, are fairly well drained, are 
relatively insensitive to changes in moisture content and are almost entirely free of 
fro8L 8Usceptibility. These observations seem to be confirmed by the narrow dispersion 
exhibited in the plot of deflection data for these soils. 

Corroboration for the observance of differences in deflection distribution for differ­
ent soil groups is found in work reported by Hicks (11). Figure 9 is a plot from his 
data illustrating the difference between Piedmont soils and Coastal Plain soils for North 
Carolina. 
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TYPES-NEW PAVEMENTS 

Soil Type 

A4-7, A7-4 Silty-Clay Soils A6 1 A7 Clayey Soils 

Inner Wheelpath Outer Wheelp3.th Inner Wheelpath Outer Wheelpath 
Cum , Avg. Cum. Avg. Cum . 

Percent Fre- Percent Fa·e· Percent Percent Percent f ro- Percent Fre- Percent Percent Per cent 
quency quonc.y QUDDCY quency 

1.4 41 8.8 14 3. l 6 .0 6,0 17 11.4 4 2 .8 7 .1 7 . I 
24 . 5 228 48 , 7 201 45.3 47 .0 ·53 .0 42 28 , 2 42 29.9 29.1 36 . 2 
61. 7 133 28 . 4 160 36. l 32 .3 85.3 62 41. 7 58 41.3 41.5 77 . 7 
84.4 39 8.4 54 12 . 1 10.3 95. 6 22 14.8 26 18.3 16.6 94. 3 
93.8 20 4.2 12 2.6 3.4 99.0 4 2. 6 10 7.0 4.8 99.1 

100 7 1.5 4 0.8 1.1 100 2 1. 3 1 0. 7 1.0 100 
0 0 0 0 0 0 0 0 0 0 

468 445 149 141 
20.5 21.9 22.3 24.9 
18 . 5 20 . 4 22.6 24.1 
15 . 5 20 .6 22. 5 22.3 
10 . 1 8. 9 10 . 2 9. 7 
49.3 40 .G 45 . 7 39.0 

Traffic 

Average daily traffic history for each of the test pavements is found in Table 4. It 
is evident that traffic has increased yearly for all of the highways except US 301 and 
US 301 BB where the opening of an alternate north-south route through the state has 
caused at least a temporary decrease in ADT. 

Despite the changes in ADT, deflection averages have not changed significantly for 
the duration of these observations, and it seems at this time that traffic volume cannot 
be counted as a major variable affecting pavement deflection. 

NEW PAVEMENTS 

Beginning in 1960, as new pavements have been constructed, initial fall deflection 
readings have been obtained. An analysis of the deflection data obtained on these newer 
pavements tends to supplement and to confirm the findings from the analysis of the long­
term study pavements. 

An attempt has been made to include in the analysis all pavements for which data 
exist. However, a few have been excluded because the subgrade soil type varied widely 
within the project. When the highways were subdivided by soil groupings, a grouping 
of clayey soils (A-6, A-7) appeared that was not present for the analysis of the long­
term study pavements. 

Statistical methods used in this report are discussed in the Appendix. Data are given 
in Table 5. 

Results and Discussion 

The results obtained from an analysis of the deflection data from these newer pave­
ments tend to corroborate the results from the deflection studies of the long-term study 
pavements. Figures 10 through 13 and a rejection of the null hypothesis (see Appendix) 
show that outer wheel path deflections are greater than those for the inner wheelpath. 
The test of the null hypothesis is a means of measuring the difference, if any, of two 
sets of data. Two factors that may influence this difference are the confinement of the 
subgrade under the inner wheelpath as opposed to the relative "unconfinement" of the 
subgrade under the outer wheelpath and the lower elevation of the outer wheelpath that 
places it in a position to collect more subgrade moisture. From Table 5 it may be seen 
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that the greatest difference in the mean deflection between the inner and outer wheel­
paths occurs in silty soils. The fact that silt is the soil 'included here that tends to be 
the most sensitive to moisture change and also most susceptible to frost heaving prob­
ably contributes to the relatively higher outer wheel path deflections. 

From Figures 14 and 15 and Table 5, it may be seen that pavement deflections range 
from low to high as the subgrade material ranges from silty-clays through sandy and 
clayey soils to silt, essentially the same effect observed in the analysis of the long-term 
study pavements. • 

Also noted is the peakedness of the distribution curve for sandy soils in Figure 10 
together with the standard deviation and coefficient of va.riation in Table 5. These data 
tend to support the contention that sand should be less susceptible to changes in climatic 
conditions or pavement thickness than silt. The same contention may be made for clay 
and for silty-clay but to a lesser degree. The peakedness of the curve also indicates 
that the deflection of a flexible pavement over a sandy subgrade may be anticipated with 
a greater degree of confidence than the deflection of a pavement over a silty subgrade. 
Again, this observation may be made for pavements over silty-clay or clay subgrades 
but with a lesser degree of confidence than for pavements over subgrades. 

SUMMARY 

For the range of pavement thicknesses encountered in Maryland among both long­
term study pavements and newly constructed pavements, it may be assumed with rea­
sonable confidence that subgrade soil type is a major factor influencing the magnitude 
and range of deflections. Further, the deflection magnitude and dispersion is greater 
for the outer wheelpath than for the inner wheelpath for a given pavement thickness and 
subgrade soil type. 

For the long-term study pavements, it was found that spring deflections are higher 
and more dispersed than fall deflections for the same wheelpath. Also, deflections 
have not been measurably affected by increase in ADT, nor has onset of distress been 
signaled by a change in deflections. An apparent inverse proportion has been observed 
between total pavement thickness and deflection magnitude for pavements over an A-5 
sub grade, but this has not been observed for any other subgrade soil type. Finally, 
deflections have been significantly decreased in magnitude where a known wet subgrade 
has been drained. 
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Appendix 

STATISTICAL METHODS 

We usually perform statistical analvsis uoon data in order to learn somethinll about 
the broader field which the data represent. -The techniques of statistical analysis are 
such that we may, with a stated degree of confidence, generalize from what is found in 
the figures at hand to the wider phenomenon which they represent. In technical lan­
guage, we regard a set of data as a sample drawn for a larger universe. After the 
sample has been studied, the question arises as to what conclusions may be drawn con­
cerning this univer se. 

The process by which, on the basis of samples, we draw a conclusion about the uni­
verse from which the sample is taken is called inference. Thus, statistical inference 
is always a conclusion concerning the value of the statistical measures describing the 
data of the universe-the mean, the standard deviation, and the like. Whatever the 
specific problem, a statistical inference is a judgment of one sort or another about the 
values of certain measures which describe the universe in the same way that similar 
measures describe the sample. 

A measure of the central tenden~y or the tenden~y of a set of data to e;roup about a 
particular value in the form of a bell-shaped curve is often useful. There are three 
commonly used methods of measurement, and all three are given in the statistical data 
presented in this report. The most frequently used measurement of central tendency is 
the mean (X). This is the arithmetic mean or average. There is one disadvantage in 
that if there exist in the data some extreme values the calculated mean may not be in­
dicative of the data. Two other measurements of central tendency are the median and 
the mode . The median (X med.) is the middle value of the data and the mode (X mod.) 
is that value which occurs most frequently . As the frequency distribution curve ap­
poaches a normal curve, the mean, median, and mode approach the same value. 

Other statistical measurements used in this report were the standard deviation (S) 
and the coefficient of variation (V) . These are both measures of the dispersion of a 
group of data. The coefficient of variation is the standard deviation divided by the mean 
and multiplied by 100 or, in other words, it is the standard deviation expressed as a 
percentage of the mean. As an example of the usefulness of the standard deviation, 
certain statements may be made concerning those frequency distributions which are 
approximately normal: 50 percent of the data will fall within the range of X ± 0. 6745 S, 
68. 3 percent will be included by X ± 1. 0 S, and 95. 5 percent of the values will be in the 
range of X ± 2 . 0 S. 
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In the study of engineering problems we are often concerned with the comparison of 
two or more groups of figures. The more complex forms of investigation will be ignored 
and the relatively simple technique of comparing the means of two sets of data will be 
utilized. In comparing two means, the basic question is whether the differences which 
appear in the actual data may be considered significant or not. The general method for 
dealing with such a problem is the test of the null hypothesis. 

The question of whether the observed difference between the means of two groups of 
data is significant or not refers to the character of the two universes from which the 
respective sections of the data have been drawn. If the difference in the sample means 
is so great as to lead us to conclude that the means of the two universes are not equal, 
we say that the observed difference is significant. If, in contrast, the sample means 
are so close together that such a conclusion cannot be drawn (that is, that the means of 
the two universes are equal), we say that the observed difference is not significant. The 
whole problem of making such a test is referred to as one of "significant differences." 

The null hypothesis-that the mean of the differences distribution of many pairs of 
samples is zero-tests the question of whether the difference between two sets of data 
is significant or not. Based on the properties of the normal distribution, when dealing 
with large samples (n > 30), the two samples are examined for differences of the means 
that are great enough to discredit the null hypothesis. The characteristics of the data 
used to evaluate this hypothesis are X and S. 

Example: Sample 1 Sample 2 

x 100 80 
s 8 6 
n 64 49 

1. a2 s~ s2 
XI - X2 

d - 0 + ---3. 2. d 3 . z d nl n2 ad 
82 62 d 100 - 80 20 - 0 2 z ad 64 + 49 d 20 = 1.32 

a2 
d 1 + 0.735 z = 15 

ad 1. 32 

At a 99 percent confidence level, Z = 2. 33. Therefore, reject the null hypothesis. 
Using the procedure in the example and the data for the standard deviation Sand the 

mean X (from Table 7, Ref. .!_, p. 34), the following values for Z and P are obtained: 

Soil z p 
-

Sandy 7.94 0 . 999 
Silty 3.72 0 . 999 
Silty-Clay 2.22 0.987 
Clayey 2.27 0.988 

Z is a measure of the difference in the means of the inner and outer wheelpaths for a 
soil type, and P is the probability that the difference found is a significant difference 
and not a difference which may have occurred by chance. As can be seen by the high 
values of P, there is an extremely small probability that the observed difference oc­
curred by chance. Instead, this shows there is a significant difference between the de­
flection readings obtained for the inner wheelpath and those obtained for the outer 
wheelpath, thereby supporting the conclusion of higher deflections being obtained in the 
outer wheelpath than in the inner wheelpath. 
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Discussion 

F. P. NICHOLS, JR., Assistant Engineering Director, National Crushed Stone Asso­
ciation-The authors should be complimented on their fine paper. The statistical infer­
ences they have drawn from their accumulated mass of deflection data in Maryland gen­
erally support the inferences drawn in neighboring Virginia and reported here three 
years ago (12). I refer particularly to the importance of the soil area, the major in­
fluence of subgrade soil type on deflection values, and the relatively minor influence of 
base type and thickness within a given soil area. 

The Benkelman beam seems to be getting wider and wider use as an indicator of flex­
ible pavement performance. Besides this paper, four others scheduled in a Mainten­
ance Department session (13) describe uses of the Benkelman beam or advocate the use 
of even quicker test methods because of reasonably close correlations between results 
on the same pavements by both methods. The beam is a useful tool, but like most tools 
it can be misused or its results may be misinterpreted. An intelligent appraisal of test 
data is essential. 

To begin with, corrections must be made for errors which may creep into the results 
of tests performed by either the WASHO or the rebound method. When the pavement to 
be tested has appreciable slab strength because of a particularly stiff base, such as 
one stabilized with cement or asphalt, there is usually some movement of one or both 
of the datum beam's support legs during the course of a test. Uncorrected, this move­
ment might lead to an appreciable overestimate of the true deflection value in the WASHO 
method, or some underestimate in the rebound method. 

The Canadian Good Roads Association has published (14) a standard test procedure 
by which ii is possible to obtaii1 the correct value of total rebound deflection regardless 
of possible slight movement of the front support legs. Three dial readings are recorded: 
(a) an initial reading when the load is directly over the probe, (b) an intermediate read­
ing with the load stopped at a point 8 ft 10 in. beyond the probe, and (c) a final reading 
after the load has passed completely out of range. The apparent, or uncorrected re­
bound value, XA, is twice the difference between readings (a) and (c). The support leg 
movement, Y, is essentially equal to twice the difference between readings (b) and (c). 
From the geometry of the device it is determined that the true rebound value, XT, may 
be computed thus: 

Though the support leg movement Y is usually quite small, if indeed there is any at all, 
the value of 2. 91 by which it must be multipled makes the correction of significant im­
portance in preventing overestimates of the strength of pavements with stabilized base 
layers. 

Finally, even if all corrections are made there is still danger of misinterpreting the 
importance of low deflections on certain pavements. For example, a comparison may 
be cited between corrected rebound deflection values from a 9000-lb wheel load on two 
typical Virginia pavements. The first has been carrying traffic, which now includes 
over 500 trailer trucks and buses daily in one direction, without appreciable service­
ability loss since late in 1961. Its design included the following: 

Asphaltic concrete binder and surface 
Dense graded crushed granite 
Granular soil borrow, CBR 20 
Cement treated subgrade 

Total 

4. 5 in. 
6.0 in. 
6. 5 in. 
6.0 in. 

23.0 in. 

Average rebound deilection values measured in three successive years during the spring 
thaw period on the above pavement were: 



1963 
1964 
1965 

0.044 in. 
0.041 in. 
0.044 in. 
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The second pavement was designed to provide economical service on a very lightly 
traveled primary highway carrying only 8 or 10 heavy vehicles per day, and seems to 
be fulfilling its purpose, though now only in its second winter. Its design includes only: 

A triple surface treatment 
Roadside borrow (A-4) stabilized with cement 
Cement-treated subgrade 

1 in. ± 
5 in. 
7 in. 

13 in. 

Rebound deflection values measured soon after construction and again the following 
spring have averaged: 

Fall 1964 
Spring 1965 

0. 015 in. 
0.027in. 

Which of the above examples is the stronger? Which would withstand the greatest 
number of repetitions of the maximum legal axle load? On the basis of deflection alone, 
one would have to say that the somewhat more rigid but definitely more brittle soil 
cement is the stronger . But experience and common sense should say that the better 
balanced, more flexible design of the first example should be the most serviceable, in 
the truest sense of the word. These examples are cited just to point out the limitations 
of the Benkelman beam in assaying composite strength. 
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W. G. MULLEN, Closure-The prepared discussion by Mr. Nichols is appreciated, 
and the point he raised with respect to the rebound interpretation is indeed significant. 
Though it is not stated in our paper, both initial deflections and rebound recoveries were 
recorded and due cognizance was taken of these values in analysis of the Maryland data. 

With reference to the example of layer design vs deflection that Mr. Ni,chols cites, 
we would agree that in our experience deflection was not relatable to performance, nor 
was change in deflection related to change in performance. Our major finding was that 
deflection seems to be related to subgrade soil type for the pavements encountered in 
Maryland. 



Pulse Velocities in Flexible 
Pavement Construction Materials 
PHILLIP G. MANKE, Assistant Professor of Civil Engineering, Oklahoma State 

University, and 
BOB M. GALLA WAY, Research Engineer, Texas Transportation Institute 

•IN RECENT years engineers have become increasingly interested in the use of vibra­
tory techniques for in situ testing of roads and road construction materials. Although 
these techniques are still in the development stage, they show promise of becoming 
rapid nondestructive testing methods for the evaluation of road material quality and for 
assessing the probable performance of an entire pavement structure. 

Burmister's theoretical equations (1) for the stresses and displacements in layered 
elastic systems show that the stresses-and deflections imposed by traffic on a roadway 
depend on the relative values of the modulus of elasticity and the thickness of the re­
spective layers forming the pavement structure . Theory also indicates that the dy­
namic moduli of elasticity of the layers as well as their thickness can be determined 
from vibrational measurements made in the field both during and after construction 
(2, 3). 
- While a conslU.erault:J 11umuer of experimentai and theoretical studies of the propaga­

tion of vibrations in pavement structures have been made, the development of dynamic 
testing techniques as an engineering method has been slow. This is due primarily to 
the difficulties of interpreting the relationships between velocity of propagation and 
frequency of vibrations generated at the surface with the dynamic moduli of elasticity 
and thicknesses oi the layers. Divergence of opinion am ong the respective investigators 
on the interpretation of results in terms of the mechanical properties has also been a 
contributing factor to the slow development of these techniques ( 4). 

The present study employs a laboratory vibrational techniqueto determine the veloc­
ity of propagation of a compressional wave through common road construction materi­
als. This investigation is a part of National Cooperative Highway Research Program 
Project 1-6, conducted by the Texas Transportation Institute. One of the objectives of 
NCHRP Project 1-6 is to study and evaluate the effectiveness of vibratory testing sys­
tems for estimating the stiffness and thickness of individual pavement layers in place. 
Tht:J Shell road vibration machine, a high-frequency electromagnetic vibrator developed 
by the Royal Dutch Shell Company of Amsterdam, Holland, is one such device being 
studied. 

A series of flexible pavement structures designed for the specific purpose of calibra­
ting the Shell vibratory equipment was constructed at the Texas A&M Research and 
Development Annex near Bryan, Texas. This test facility was statistically designed to 
furnish a selection of pavement sections composed of subgrade, subbase and base 
layers of varying thickness and type of material with a variable depth of asphaltic con­
crete surfacing. 

The test facility consisted of 27 pavement sections constructed in three parallel lanes 
of nine sections each. Each pavement section was 12 ft wide and 40 ft long. The thick­
ness and type of material composing the various layers of the respective sections are 
given in Table 1. 

Typical flexible pavements are composed of layers arranged so that the moduli of 
elasticity decrease with depth. In designing the test facility it was desired to vary this 
arrangement in the base and subbase layers so as to have some sections in which a 

Paper sponsored by Committee on Flexible Pavement Design and presented at the 45th Annual Meeting. 
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TABLE 1 

DESIGN OF TEST SECTIONS 

Actual Design 

Sec. Layer Thickness (in.) Material Typea No. 

Surface Base Sub base Base Subbase Subgrade 

1 5 4 4 c R NC 
2 1 12 4 c R NC 
3 1 4 12 c R NC 
4 5 12 12 c R NC 
5 5 4 4 R c NC 
6 1 12 4 R c NC 
7 1 4 12 R c NC 
8 5 12 12 R c NC 
9 5 4 4 R R GC 

10 1 12 4 R R GC 
11 1 4 12 R R GC 
12 5 12 12 R R GC 
13 5 4 4 c c GC 
14 1 12 4 c c GC 
15 1 4 12 c c GC 
16 5 12 12 c c GC 
17 3 8 8 L L SC 
18 1 8 8 L L SC 
19 5 8 8 L L SC 
20 3 4 8 i._ J.,._ SC 
21 3 12 8 L L SC 
24b 3 8 8 R L SC 
25 3 8 8 c L SC 
26 3 8 8 L R SC 
27 3 8 8 L c SC 
28 3 8 8 L L NC 
29 3 8 8 L L GC 

0 Materials Code : Surface-Hot-mix asphaltic concrete, oil sect ions; base ond 
subbase-R = row (untreated) crushed limestone, L = lime-treated crushed 
limestone, C = cement-treated crushed limestone; Subgrade-NC =natural clay, 
GC =clayey gravel, SC= sandy clay. 

bNos. 22 and 23 were duplicate sections and were not constructed . 

layer having a high modulus was overlaid by a layer with a low modulus. It was also 
desirable to obtain as wide a range of elastic moduli as possible in the three materials 
used in the subgrade layers. 

Pulse velocity measurements were made on laboratory specimens of the respective 
materials using the equipment and procedure described herein . These velocities were 
considered indicative of the relative elastic moduli and aided in the selection and posi­
tioning of the subgrade materials and in determining the amount and type of stabilizing 
agent to be used with the crushed limestone for the base and subbase layers . 

ELASTIC WAVE VELOCITY 

The theory of transmission of impulses through a solid body has been studied exten­
sively in connection with the propagation of earthquake waves through the earth. In an 



130 

5 

4 

v 
- 3 v. 

2 

0 

-

0 

J 
/ 

v 
L--

~.--

S-WAVES 

R WAVES 
~R:lc hc.tl, R' I 9 ) 

0 .1 0 2 0 .3 0 . 4 0.5 

POISSON'S RATIO-~ 

Figure 1. Relation between Poisson 'sratio (µ),and 
velocities of propagation of compression (P), shear 
(S), and Rayleigh (R) waves in a semi-infinite 

elastic medium. 

extended solid any generated impulse can 
be shown to separate into two groups of 
waves: a longitudinal or compressional 
wave, in which the particles vibrate in a 
direction parallel with the direction of wave 
transmission, and a transverse or shear 
wave, in which the particles vibrate in a 
direction perpendicular to the direction of 
wave transmission. In some instances a 
surface wave may be generated at the inter­
face between two different media, either on 
a free surface or in a layered system. The 
general mode of vibration of surface waves 
is either an elliptical motion in the vertical 
plane in the direction of wave transmission 
(Rayleigh waves) or transverse to the di­
rection of propagation in the horizontal 
plane (Love waves) (5). Compressional 
and shear waves travel with a velocity 
determined by the elastic constants and the 
density of the medium. The longitudinal or 
compressional wave travels with the 
greatest velocity . 

The motion that is produced in an elastic 
\...-..l-- 1.... •• - _ _ _ ..J...] _ _ , __ ---1.!--l S:--- - - =- - - "' 
uuuy uy a. OUUUt;U.lJ ct..Pl.l.lJ.t::U .lU.1 l,;t; .10 UUI. 

transmitted immediately to all parts of the body. Initially, the most remote parts of 
the body are undisturbed and the deformations that are produced by the stress are 
propagated through the body in the form of elastic waves . The theory of the propagation 
of these waves is developed from the fundamental static stress-strain relationships of 
elastic bodies. The theoretical development of the equations of plane wave propagation 
can be found in most texts on elastic theory (6), seismic waves (7), or sound trans-
mission (8). - -

The equations of motion in terms of particle displacement in a homogeneous, iso­
tropic , elastic medium define the transmission of two types of waves , i.e. , compres­
sional and shear waves. In the case of a compressional type wave the velocity of pro­
pagation, V c is expressed by 

V = f E (1 - 11) 
cp (1 + 11 ) (1 - 2 11) 

and in the case of a shear type wave the velocity of propagation, Vs is 

where 

E = Young's modulus, 
11 = Poisson's radio, and 
p = mass density. 

V -y E s -2 p (1 + 11) 

The relation between compressional, shear, and Rayleigh wave velocities and 
Poisson's ratio in a semi-infinite efastic medium is shown in Figure 1 (9). 

(1) 

(2) 

Equations 1 and 2 have been employed directly or in slightly modifiedform by many 
investigators to compute the dynamic modulus of elasticity of various materials. The 
use of these equations is hased on the assmnption that the materials behave as per­
fectly elastic solids. This is not strictly true, since most materials exhibit plastic as 
well as elastic properties . 
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Long et al. (10) reported good agreement between dynamic modulus values computed 
from pulse velocities in concrete and those determined from static flexural strength 
tests. However, there appears to be some doubt as to the value of dynamic moduli cal­
culated from measured pulse wave velocities. Batchelder and Lewis (11) derived no 
benefit from calculating modulus values from pulse velocity measurenleirts in their 
study of freeze-thaw det erioration of concrete specimens. They found the changes in 
velocity with deterioration of the specimen to be a more accurate indication than cal­
culated values of moduli of elasticity. Whitehurst (12) also states that it appears that 
the pulse velocity (compressional or shear wave velocity) itself is as good a criterion 
for comparison as any other value which might be calculated from it. 

EXPERIMENTAL DETAILS 

Equipment 

The equipment used to measure compressional wave velocities consisted of four 
major components: (a) a pulse generator, (b) a source transducer, (c) a receiver 
transducer and (d) an oscilloscope. These foui· components are shown in Figures 2 
and 3, and sehematically in Figure 4. 

A schematic wiring diagram of the pulse generator is shown in Figure 5. The gen ­
erator has two functions: (a) to provide the electrical pulse necessary to actuate the 
source transducer, and (b) to trigger the oscilloscope. Operating on 110-volt, 60-cycle 
alternating current, the pulse. generator provided an 1100-volt 60-cps DC spike pulse 
to the source transducer. The spike pulse was obtained by the discharge of a condenser 
through a thyratron tube. The pulse generator also provided an 11-volt DC signal (1/100 
of the pulse voltage) to the triggering circuit of the oscilloscope at the same instant 
that the compressional pulse was transmitted to the specimen. 

The source and receiver transducer as semblies were constructed identically. The 
transducer was a 1 Y2-in . diameter by %-in. thick lead titanate zirconate ceramic disc. 
This commercially available (Clevite Corporation) piezoelectric disc with a resonant 
frequency of 140 kc/sec was glued with epoxy cement between two brass discs of the 
same size. A solid lucite cylinder was cemented to one face of this assembly. The 
total cylindrical assembly was 1% in. in diameter and 2% in. tall. 

The brass discs were the terminal electrodes of the assembly. The disc between 
the lucite cylinder and the ceramic disc served as the positive terminal and the other 
brass disc as the negative terminal. The ground terminal was placed in contact with 
the specimen being tested and served to protect the ceramic crystal as well as to pre­
vent the passage of current through the material. An electrical pulse was applied 
across the ceramic disc, exciting thickness modes of vibration, and transmitting a 
compressional wave or pulse into the bottom of Ute cylindrical specimen. 

When this wave reached the top of the specimen, the particle disturbance of the 
material was transmitted to the receiver a duplicate of the source transducer , con­
nected directly to the vertical input connection on the oscilloscope. This piezoelectric 
transducer converted the mechanical energy to an electrical signal which was amplified 
and displayed on the oscilloscope. 

The oscilloscope was a Tektronix type RM545B unit with a type B wide-band high gain 
plug-in unit (peramplifier unit). This type of instrument features two time base gen­
erators which can be used in delayed sweep operations for highly accurate time mea­
surements. With the preamp unit, the oscilloscope has a calibrated vertical deflection 
sensitivity of 0. 005 volts/cm to 20 volts/cm, and a horizontal time sweep range of 2 
microsec/ cm to 1 sec/ cm with an accuracy within ± 3 percent. The rise ti.me of the 
amplifier is 18 nanosec (1x10- 12 sec). 

Procedure and Accuracy 

The procedure used for determining the compressional wave velocity was relatively 
simple. A compressional pulse was introduced into one end of a cylindrical specimen 
and the length of time it took the pulse to travel to the other end was accurately mea­
sured. The velocity V c was the ratio of the length of the specimen to the travel time 
of the pulse. 
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Figure 2. Osei lloscope and pulse generator on mobile cart. 

Figure 3. Source and receiver transducer assemblies. 
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A cylindrical specimen was placed on top of the source transducer and the receiver 
was placed in the center of the top face of the specimen. The propagation path was 
along the vertical axis of the specimen and the pulse traveled from the bottom to the 
top. To improve the coupling between the transducers and the material being tested a 
light coat of vaseline or silicone grease was applied to the face of the transducers 
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before they were placed in contact with the specimen. The oscilloscope was initially 
triggered by the pulse generator at the same time that voltage was applied across the 
source transducer. When the triggering circuit of the oscilloscope was actuated, it 
caused an electron beam to travel in a straight line from left to right across the face of 
the cathode ray tube. As the input compressional wave reached the receiving trans­
ducer, a voltage was generated which caused the electron beam of the oscilloscope to 
deflect vertically. The travel time of the compressional wave through the specimen 
was measured from the beginning of the electron beam trace to the beginning of the 
vertical deflection or "first arrival." 

A photograph of two typical electron beam traces is shown in Figure 6. The top 
trace is for a specimen of sandy clay and the bottom trace is for a specimen of clayey 
gravel. The measured travel time of the compressional wave in the sandy clay was 
200 microsec and the computed velocity was 3407 fps. For the clayey gravel speci­
men, the travel time was 350 microsec and the computed velocity was 1950 fps. 

The electron beam trace was a steady display on the oscilloscope screen. The travel 
time was determined by moving the display to the left and reading the time per cm of 
length of the initial horizontal portion of the trace directly from the oscilloscope dials. 
This time reading was then corrected for the travel time in the transducer assemblies. 
The correction was made by subtracting a "transducer constant" from the gross travel 
time read from the dials. This constant was the length of time required for the wave to 
travel through the two brass ground plates of the source and receiver transducer as­
semblies. 

Figurt: 6. Typical pulse traces for sandy clay (top) ond clayey gravel (bottom) . 
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TABLE 2 

STEEL STANDARD OBSERVATIONS 

Length of 
Steel (in.) 

3.025 
5.956 

12 . 008 

Gross Travel Velocity (fps) Time (microsec) 

17 . 1 19,240 
30 . 0 19,090 
56 . 8 18,950 

Figure 7. Determining transducer constant by 
extrapolation from steel specimen observations. 
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0 4 6 8 ~ 12 
SPECIMEN LENGTH I IN I 

The transducer constant was obtained by placing the assemblies in direct contact 
and measuring the travel time as described above. For the set of transducers used 
throughout the study this constant was 4.14 microsec. To check this value , travel 
times corresponding to the first arrivals through steel samples of different lengths 
were determined. By plotting travel time against gage length and extrapolating to zero 
length the transducer constant was determined. Results were in excellent agreement 
with the direct measured value . 

The steel specimens were cut from the same bar of 1%-in. diameter SAE 1020 cold­
rolled steel. The travel time observations and calculated velocities are shown in 
Table 2. Figure 7 shows the plot of these measurements and their extrapolation to zero 
length. These steel specimens were measured frequently throughout the study and 
served as standards to demonstrate that the equipment was giving consistent readings. 

Actually the "first arrival" is not an abrupt deflection of the horizontal electron beam 
trace. Even when the received signal is very strong it arrives gradually rather than 
suddenly with only a slight positive increase in slope initially. The "toe" of this slope 
recedes to the left toward shorter times as the amplification is decreased and wave­
length is increased. This gradual onset of the first arrival is the principal limitation 
on the accuracy of the velocity determination. With high amplification the uncertainty 
of locating the beginning of the toe could be reduced to about 0. 04 microsec in favorable 
cases. 
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The total transit time measurements ranged from a minimum of 4 microsec to a 
maximum of 600 microsec. For all of the velocity determinations made, the readings 
could be repeated to within ± 2 divisions of the multiplier dial. The corresponding time 
interval depended upon the setting of the delay time dial and varied from ± 0. 04 micro­
sec to ± 4. 0 microsec. Over the range of transit times measured, the accuracy of the 
readings is within ± 1 percent. 

Materials 

Subgrade, Subbase, and Base. -Three different types of locally available materials 
were used for the subgrade portions of the test sections. These materials consisted of 
a highly plastic black clay indigenous to the construction site, siliceous gravel with a 
small amount of clay binder and a red sandy clay-the latter two materials coming from 
pits located a few miles from the site of construction. The base and subbase material 
was a crushed limestone from a quarry near New Braunfels, Texas. Depending upon 
the design of a given section (see Table 1), this material was placed in the untreated 
condition or was stabilized with 3 percent lime or 4 percent portland cement. 

A summary of the gradation, Atterberg limits and classification of each of these 
materials is shown in Table 3. Gradation curves for the materials are shown in Fig­
ure 8. 

Surfacing. -Each of the test sections was surfaced with hot mix asphaltic concrete 
conforming to the Texas Highway Department specifications (13) for a modified Type E 
sheet asphalt surface course mixture. The aggregate used inthis mixture was a com­
bination of a wet-bottom boiler slag with limestone rock asphalt screenings and fly ash. 
The materials were blended as follows: 75 percent (by weight) slag aggregate, 20 per­
cent (by weight) rock asphalt screenings, and 5 percent (by weight) fly ash. The sieve 
analysis of the individual materials is presented in Table 4 and the gradation curve of 
the blend is shown in Figure 9. 

The asphalt binder used was a standard paving grade asphalt cement meeting the 
specifications of the Texas Highway Department (14) for grade AC-20, and The Asphalt 
Institute specifications ( 15) for a penetration grade of 60- 70. Viscosity-temperature 
information for the asphalt cement is listed in Table 5. 

Specimens and Compaction 

The method of compaction and the size of the laboratory specimens of the subgrade, 
subbase, and base materials conformed to those specified in Test Method Tex-113-E 
(June 1962) of the Texas Highway Department (16). This method uses an automatic 
compaction device (Fig. 10) with a base plate tohold a 6-in. ID, 8Y2-in. tall forming 
mold. The automatic tamper is equipped with a 10-lb ram that falls 18 in. The striking 
face of the ram is a 40-deg segment of a 3-in. radius circle. The compactive effort in 
terms of number of blows per layer or total energy input, expressed as foot-pounds per 
cubic inch of specimen, is specified for various types of material. Four layers of 
material are compacted to yield a specimen approximately 8 in. in height and 6 in. in 
diameter. 

Specimens of the clayey gravel (GC), sandy clay (SC) and untreated crushed lime­
stone (R) were compacted using 50 blows of the 10-lb ram per 2-in. lift of material. 
The black clay (NG) specimens were compacted with 25 blows per 2-in. layer. Speci­
mens made using these compactive efforts were used in determining the moisture­
density relations of the various materials and for the Texas triaxial compression tests 
(Test Method Tex-117-E). Specimens of the cement-treated and lime-treated crushed 
limestone received a compactive effort of 25 and 50 blows per layer, respectively. 
These specimens were tested according to the procedures outlined in Soil-Cement and 
Soil-Lime Compressive Strength Test Methods (Tex-120-E and Tex-121-E). 

In addition to the 6-in. diameter specimens described above, a number of larger 
specimens 12 in. in diameter and 5 to 10 in. in height were made using the sandy clay, 
clayey gravel, and untreated crushed limestone materials. The purpose of these large­
diameter specimens was to evaluate the effects of thickness, layer interface and particle 
orientation on the compressional wave velocity. In order to obtain a more representa­
tive value of velocity, particularly for studying the particle orientation and interface 
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TABLE 3 

FLEXIBLE BASE AND SUBGRADE MATERIALS 

Material Black Clay Red Sandy Clay Gravel Clay Crushed 
Description (NC) (SC) (GC) Limestone 

Gradation: 

Percent passing 
l{,4 in. 100 100 100 100 
1 f4 in. 100 100 98 98 
~- 100 100 97 96 a in . 
Ya in. 100 100 91 62 

No. 4 100 100 82 55 
No. 10 100 100 65 45 
No. 40 100 100 33 22 
No. 100 93 45 11 14 
No. 200 87 33 8 11 

Atterberg limits: 
"Liquid limit 58 34 18 14 
Plasticity index 38 14 3 2 

Classification: 
Texas 5.0 4.0 3 . 6 1. 0 
AAS HO A-7(20) A-2(1) A-1(0) A-1(0) 

F~~4__,11_M__.1~~~1~12__.3/8~~--'-4~~~~10~~~-2~0~~~40~~~~1~oo~~_J2d:i°0 

SIEVE SIZE 

Figure 8. Gradation of subgrade, base and subbase materials. 
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TABLE 4 

SIEVE ANALYSIS OF AGGREGATES IN SURFACE COURSE MIXTURE 

Sieve 
Size 

%in. 
No. 4 
No . 10 
No. 40 
No . 80 
No . 200 

70 

60 

~ 5¢ 

"' ~ 
"' 4 

"' ~ 
30, 

2 

10 

0 
I 

Slag Aggregate, Asphalt Screenings, Fly Ash, 
Percent Passing Percent Passing Percent Passing 

100 100 100 
99.1 100 100 
80.2 96.8 100 
19.7 35.1 96.2 
11. 5 11.2 80.0 

6 . 1 3.0 56.0 

.033 .017 007 ,00 

10 

20 

30 

100 
3/4 1/2 3/6 4 10 20 40 60 200 

SIEVE SIZE 

Figure 9. Gradation of aggregate blend. 

TABLE 5 

VISCOSITY-TEMPERATURE RELATIONSfilP 
OF ASPHALT CEMENT 

(Designation: Texas, AC-20; Asnhalt Inst., 60- 70) 

Penetration 
100 gm/ 5 sec/ 77F 

60 

Specific 
Gravity 
at 77F 

1.015 

Temp. 
F 

50 
77 

140 
275 

bDetermined using sliding p late mi crofi Im viscometer . 
Determined using capi 1 lary-tube viscometer. 

Absolute 
Viscosity, 
Poises 

a9. 2ox 101 

al. 96X 106 

b2. 30X 108 

ho. 52 x 101 

~ 
0 w 
z 
~ 
w 
a: 



Figure 10. Texas Highway Department compaction device. 

Figure 11. Vibratory-kneading compactor and 12-in. diameter split-ring mold. 
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l'igure 12. Texas Highway Department gyratory- shear compactor. 

effects , it was considered desirable to increase the path length traveled by the pulse. 
Also, it was considered that with the large-diameter mold there would be less influence 
on orientation of the particles in the central portions of the compacted material from 
the restraining effects of the mold at the periphery of the specimen . 

These specimens were compacted using a vibratory-kneading compactor , as de­
scribed by Jimenez (17) a."ld Jimenez and Gallaway (18) , and a 12- in. ID split - ring 
forming mold, shown in Figure 11. -

The specimens were compacted in 2-in. iiits using the following compaction pro­
cedure: 

1. A dead load of approximately 280 pounds was applied. 
2. A dynamic force caused by the rotation of eccentric masses of about 500 pounds 

at a frequency of 1200 rpm was then applied. 
3. The base plate of the compactor was canted (3/1e in. in 171/2 in .) and the mold was 

turned counterclockwise continuously during the period of dynamic compaction. 
4. The duration of compaction used was 2 min per approximately 8, 000 grams of 

material. 
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5. A final period of dynamic compaction (30 sec) with the base plate in the horizontal 
position was used in order to square the faces of the specimen. 

The compacti ve effort was indeterminate because the state of density of material 
varied during compaction and changed the inertial forces of the compactor. 

Specimens of the individual materials were molded separately and tested to determine 
the average velocities in both the vertical (perpendicular to the plane of compaction) and 
horizontal (parallel to the plane of compaction) planes of the specimens. Following this, 
several two-layered specimens were made. The first or bottom layer of these specimens 
consisted of a 5-in. compacted thickness of a subgrade material and the top layer was 
a 5-in. compacted thickness of the untreated crushed limestone aggregate. 

The compacted asphaltic concrete specimens were 4 in. in diameter and 2 in. thick. 
These specimens were made using the Texas Highway Department method of compacting 
test specimens of bituminous mixtures (Test Method Tex-206-F, Part II, Tentative, 
June 1964). This method imparts a kneading action to the mixture being molded and 
compactive effort is applied until the densified mixture has a certain resistance to 
load. 

The motorized gyratory-shear molding press is shown in Figure 12. Compactive 
effort is applied by hydraulic pressure and rotation of the mold in a canted position until 
one stroke of the pump handle causes a pressure indication on the low-pressure gage of 
150 psi or more. When this end point is reached, a pressure of 1588 psi is applied to 
the specimen with the mold in a horizontal position and then released slowly. In order 
to vary the specimen densities obtained with this molding press, end points of 100 and 
200 psi were also used. 

The size of all the specimens used in this study was well suited for the determination 
of the compressional wave velocity of the respective materials. Several investigators 
(19, 20, 21) using pulse velocity techniques have demonstrated that the first arrival 
travels atthe theoretical velocity V c in materials for which the elastic constants can be 
determined independently. Using materials such as glass, steel, and aluminum and 
observing specimens of different sizes, they have found that this velocity is independent 
of length and diameter of the specimen and transducer frequency within certain ranges 
of dimensions and experimental accuracy. According to Birch (20), the ratio of length 
to diameter of the specimen should not exceed 4 or 5, because ffillarger values less 
energy arrives with the velocity V c as more energy is converted to disturbances 
arriving later than the first arrival. 

This is due to conversion to other types of waves at the boundaries of the specimen. 
Part of the longitudinal waves emanating from the source transducer are reflected at 
grazing angles of incidence at the material-air interface. This reflection leads to a 
conversion of part of the compressional energy into shear waves, which, in turn, can 
be reconverted to compressional waves by reflection at the specimen boundary. The 
amount of energy converted from one wave type to another depends on the angle of in­
cidence of the wave and on Poisson's ratio of the material (22). 

RESULTS AND DISCUSSION 

The results of the compressional wave velocity determinations for all the_ materials 
used in this study are shown graphically in Figures 13 through 23 and in tabular form 
in Tables 6 and 7. 

The individual factors investigated and their influence on wave velodty are discussed 
separately except where a combination seemed logical. For the base and subgrade 
materials a discussion is presented for the effects of (a) moisture content and density, 
(b) confining pressure, (c) temperature, (d) stabilizing agents and (e) layer interface 
and particle orientation. For the asphaltic concrete surface course mixtures the effects 
of (a) temperature and asphalt content, and (b) voids on velocity are discussed. 

Effects of Moisture and Density 

The relations of moisture content to density and wave velocity at atmospheric pres­
sure in the natural clay and sandy clay materials are shown in Figures 13 and 14. These 
two materials exhibit similar types of velocity-moisture relationships. The velocity in 



142 

34 

32 

30 

28 

0 
~ 26 

I-
LL 24 
0 
g 
>- 22 
I-
u 
~ 
> 

102 

96 

>-
~ 9~ 
z 
w 
0 92 

90,'-~--'~~-L-~~"--~~~~~~~~~~ 

16 18 

Figure 13. 
density and 

22 

hl 
~ 18 
>-' 
LL 

~ 
16 

>-
I-
u 
9 
w 14 
> 

12 

10 

13• 

>" 
LL 

~ 133 

U) 
m 
~ 
>- 13 2 t: 
U) 
z 
w 
0 

131 

Figure 15. 
density and 

20 22 24 26 28 30 
MOISTURE CONTENT (•!.) 

Relation of moisture content to dry 
compressiona I velocity for nature I 

clay. 

0 

0 
(i) 

7 

MOISTURE CONTENT (%) 

e 9 

Relation of moisture content to dry · 
compressional velocity for clayey 

gravel. 

32 

~ 31 

~ JO 
t 
8 29 

'° >- 28 
I-
u 27 0 
..J 
w 
> 26 

25 

Ill) 

ioe 

I-
LL 
::> 

100 u ..., 
~ 

>-
I- 10<! ;;; 
i:i 
0 

102 

12 14 16 18 20 
MOISTURE CONTENT(%) 

Figure 14. Relation of moisture content to dry 
densityandcompressional velocityforsandy clay. 

36 

3• 

n 

JO 

~ 28 

t;' 
0 2 
g 

I: t • 
u 
0 22 ..J 
w 
> 

20 

18 

M 

E 
I ~ 

=> 
~ I 

~ 
>- l ~c 
I-

~ 13 0 

Figure 16. 
density and 

\ 

' 

0 

' ', 

MOISTURE CONTENT (%) 

Relation of moisture content to dry 
compressional velocity for crushed 

limestone. 



143 

these materials increases with moisture content to a maximum value and then decreases 
rapidly as the moisture content continues to increase. The maximum velocity is attained 
before the materials reach maximum density. In the case of the natural clay, this 
occurs at a moisture content of approximately 1. 4 percent less than optimum and in the 
case of the sandy clay about 1.1 percent less than optimum. 

These results do not agree exactly with previous pulse velocity experimental work 
by Leslie (23). Leslie reported the same gene.ral type of velocity-moisture relation­
ships in silty clay specimens. However, in his specimens the maximum velocity oc­
curred at maximum density and optimum moisture content for the material. Differences 
in equipment and material characteristics may be responsible for this slight disagree­
ment in experimental results. Leslie used the standard Proctor method to compact his 
specimens and the discrepancy is probably due to the difference in compaction proce­
dures. 

The increase in velocity with moisture content up to approximately the optimum value 
in the clays is apparently related to the nature and thickness of the water films sur­
rounding the particles. Water may be held as a film around a colloidal clay particle 
either by direct adsorption of the dipole water molecules on the surface of the particle 
or may be the result of the hydration of ions of an electrolyte that are associated with 
the particle (24). In any event, when these films are thin the molecular forces of ad­
sorption are quite strong and the apparent viscosity of the water is high. As the films 
become thicker, i.e., more water is added, the attractive force lessens and the water 
becomes less viscous with distance from the particle. 

Within a certain moisture range for a given clay material the tension effects of the 
water films between the colloidal particles impart to the clay its cohesive properties. 
The cohesion between particles is greater when the water films are thin and decreases 
as the films increase in thickness. These water films also aid in the compaction of clay 
materials, functioning as a lubricant to promote the orientation of the particles into a 
denser state. Thus, below the optimum moisture content the velocity increases with an 
increase in moisture, due to densification of the material aided by the lubricating action 
of the water films and better coupling between particles related to the cohesive forces 
associated with thi,n water films. 

The two more granular materials also show similar types of velocity-moisture 
curves (Figs. 15 and 16). The velocity steadily decreases as the moisture content in­
creases and apparently bears little relation to the density of the material or its optimum 
moisture content. In the crushed limestone there is a decrease of approximately 1, 800 
fps or almost a 50 percent reduction in velocity with an increase of only two percent in 
moisture content. The clayey gravel shows the same percentage decrease with an in­
crease of approximately four percent in moisture content. 

At low moisture contents, the material at the top surface of the specimens of crushed 
limestone was relatively loose and powdery. In this condition it was difficult to obtain 
good coupling between the receiver transducer and top of the specimens, and the velocity 
could not be determined for the specimen at 4. 2 percent moisture content. 

Hardin and Richart (25) in their work with Ottawa sand found that the velocity for sat­
urated specimens and specimens drained prior to testing was less than that for dry 
specimens. From their results they concluded that the velocity was decreased by the 
mass of water which moved along with the solid framework of the specimen as it vibrated 
and that at low pressures the water reduced the stiffness of the material frame and 
further reduced the velocity. These concepts are logical and appear to explain the re­
sults obtained with the more granular materials in this study. 

Effects of Pressure 

The variation of the compressional wave velocity with pressure was determined for 
the red sandy clay and the clayey gravel subgrade materials. Specimens of each of the 
materials were made at two different moisture contents below optimum and tested at 
various combinations of vertical and lateral pressure in a Texas triaxial cell (16). 

This cell is a lightweight stainless-steel cylinder, 6% in. ID and 12 in. in height, 
fitted with a standard air valve and a tubular rubber membrane 6 in. in diameter. The 



144 

tubular rubber membrane is clamped at each end of the cylinder and functions as an in­
flatable liner of the cell . The specimens were placed in the cell and loaded axially by 
means of a screw jack press. Lateral stress was applied to the specimens by means 
of air pressure in the cell. 

Specimens were subjected to vertical stresses of 0, 5, 10, 15, and 20 psi. At each 
of these vertical stresses, the velocity was determined first with no lateral restraint 
on the specimen, then the cell was pressurized and determinations made at lateral 
stresses of 5, 10, 15, and 20 psi. The application of the lateral stress was accom­
panied by a tendency of the specimen to elongate axially. In order to keep the height of 
the specimen constant, the load was increased slightly to maintain the same deformation 
gage reading observed when there was no lateral stress on the specimen. No correction 
for this increase in vertical stress was made so that the confining pressure cannot be 
considered completely uniform. 

The clayey gravel specimens were subjected to a 2. 5-psi lateral stress before the 
15- and 20-psi vertical stresses were applied. This was done to prevent possible failure 
of the specimens before the testing was completed. 

The data from these tests are shown in log-log curves with the velocity in feet per 
second plotted as the ordinate and confining pressure in pounds per square foot as the 
abscissa (Figs. 17 and 18). 

The variation of velocity with pressure was determined from these plots using the 
following equation: 

where 

v =eel c 

V c = the compressional wave velocity, fps; 
C = a constant; 
cr =confining pressure, psf; and 
e =slope. 

(3) 

Figure 1 7 shows the results for the red sandy clay specimens. At low pressures the 
velocity is affected only slightly by confining pressure. A slight break in the curves 
occurred at 1440 psf and the velocity varies with approximately the 0. 04 power of the 
confining pressure for the specimen with 15. 5 percent moisture and the 0. 03 power for 
the specimen at 13. 5 percent moisture in the range of 1440 to 2880 psf. 

The results obtained for the clayey gravel specimens are shown in Figure 18. The 
effect of confining pressure is more pronounced on this material as is indicated by the 
greater slopes of the curves. A break in these curves occurred at 720 psf and the 
velocity varies with the 0. 15 power of the confining pressure for the specimen at 5 per­
cent moisture and the 0 . 19 power for the specimen at 'I percent moisture in the range 
of 720 psf to 2880 psf. 

These results are in fair agreement with results of the other investigators . Hardin 
and Richart (25) found that for clean sands the compressional velocity varies with ap­
proximately the 0. 25 power of confining pressure. Matsukawa and Hunter (26) found 
the same value for dry sand specimens in the range of 40 to 400 psf. At higher pres­
sures (600 to 10, 000 psf) Shannon et al. (27) found lhe velocity to vary with approxi­
mately the 0. 33 power of confining pressure in dry Ottawa sand. Wilson and Miller 
(28) found a variation of about the 0.17 to 0. 20 power for compressional waves in 
various soil specimens in the pressure range of 600 to 10, 000 psf. 

Effects of Temperature 

Specimens of the sandy clay and clayey gravel materials were prepared at different 
moisture contents and then tightly sealed in aluminum foil to prevent the escape of 
moisture. The compressional wave velocities of these specimens were determined at 
100, 75, 38 and 30 deg F at atmospheric pressure. These temperatures covered the 
range that was considered likely to be experienced by these materials in a road sub­
grade. 
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Figure 17. Variation in velocity of compressional wave with confining pressure and moisture content 
for sandy clay. 
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Figure 18. Variation in velocity of compressional wave with confining pressure and moisture content 
for clayey gravel. 

d 
"' !(' 
t-' 
"-
0 
Q 

>-
>-
i3 
0 
_J 

"' > 

100 

90 ,1 
·11 

BO I\ 
I\ 

\ 
40 

"30 

2 

10 
30 

\ 
I\ 
\I ,, 
\, 

MOISTURE CONTENT 

11:. 17.I PERCENT 

0 15.3 PERCENT 

40 50 60 70 80 90 
TEMPERATURE t•F) 

Figure 19. Variation of compressional wave velocity with temperature in sandy clay. 



146 

I 
\ 
I 

110 \ I 

100 I\ 
90 I I 

\1 
8 \\ 

\\ 
\1 

\ 
I 

' 1' 

MOISTURE CONTENT 

/!;. 63 PERCENT 

0 4 3 PERCENT 

40 50 60 70 80 90 100 
TEMPERATURE l"F) 

Figure 20. Variation of compressional wove velocity with temperature in ~loyey grovel. 

;:; 
"' ~ 
t 
0 
g 
,.. 
I-
0 
0 
..J 

"' > 

/!;. CEMENT CONTENT 4% 
MOISTURE CONTENT 7.2% 
DRY DENSITY 135,6 LB /CU.FT 

0 LIME CONTENT 3% 

llO 
MOISTURE CON TENT 6 7% 
ORY DENSITY 136~8 LB /CU FT. 

00:--~~~,o~~~-2~0~~~~30~~~-4~0~~~~~~~~~60'--~~--'-10~ 

MOIST CURING TIME !DAYS) 
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The results are shown in Figures 19 and 20. The velocities remained essentially 
constant in the range of 100 to 38 F but increased drastically as soon as the water in 
the interstices of the material became frozen. A great increase in the amplitude of 
the received pulse was also observed. The ice is an effective cementing agent and in­
creases the acoustical coupling between the material particles. Thus the more rigid 
matrix is able to transmit the compressional wave at a much higher velocity and with 
less attenuation. The velocities observed in the respective specimens remained con­
stant between 3 0 and -10 F. 

That portion of the curves between 32 and 38 F is shown as a dashed line. Although 
it is reasonable to assume that the curves are linear, there may be a nonlinear re­
lationship of velocity with temperature related to the change in viscosity of the water 
in the voids of the material in this temperature range. 
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Wave velocities could not be determined for the specimens after thawing. The ex­
pansion of the water in freezing was enough to disrupt the intergranular contact achieved 
by compaction to the point that attenuation losses prevented the transmission of a read­
able pulse signal. 

It is interesting to notice that in both materials the specimens with the higher mois­
ture content had the lower velocities at the higher temperatures and had the higher 
velocities after freezing. 

Effect of Additives 

The effects of cementitious additives and moist curing time on the compressional 
wave velocity in the crushed limestone material are shown in Figure 21. Although the 
specimen densities obtained after the addition of the cement and lime are somewhat 
lower than those of the untreated material, the initial velocities determined immediately 
after molding are higher. This suggests that the finer materials in an aggregate mix­
ture play an important part in the transmission of the wave energy. 

As seen in the figure the velocities of the lime and cement treated specimens in­
crease with curing time although at much different rates. The velocity in the cement­
treated specimen was about 3. 7 times the velocity of the lime-treated specimen at the 
end of 7 days' moist curing. 

These results were not unexpected but do serve to illustrate the effects of increased 
rigidity or stiffness on the wa:ve velocity due to cementation of the particles. Good solid 
contact between the grains is requisite to good transmission of the wave energy and high 
velocities. 

Effects of Layer Interface and Particie Orientation 

The purpose of the large 12-in. diameter specimens was to study the effects of thick­
ness, layer interface, and particle orientation. Velocity measurements were made on 
these specimens in the vertical direction after each lift of material was compacted. 
After molding of the specimen was completed, the split-ring mold was removed and 
horizontal measurements made at several locations at mid-height of the specimen. In 
the layered specimens these horizontal measurements were also made in both materials 
immediately adjacent to the interface between them. Typical data obtained for the two­
layered specimens are listed in Table 6. 

The results of this series of tests were not conclusive. In general, the thickness of 
material or the total path length of the pulse in a given material had little or no effect on 
the velocities determined with the equipment used in this study. The presence of an 
interface between compacted lifts of the same material affected the velocity very little. 
However, the top of each compacted lift was scarified to eliminate a smooth interface 
before the compaction of the next lift. This assured good contact between lifts and may 
account for this slight effect. 

Little difference was observed in velocities measured perpendicular to the plane of 
compaction and those measured parallel to the plane of compaction in the sandy clay 
and clayey gravel. The observed horizontal velocities in the gravel were slightly less 

. than those in the vertical direction. In the crushed limestone which contained larger 
and more elongated particles, the horizontal velocities averaged about 200 fps or ap­
proximately 7 percent higher than those measured in the vertical direction. This in­
dicates that the orientation of the particles with their long axes parallel to the plane of 
compaction does have some effect on velocity although it was less than anticipated. 

The theoretical velocities shown in Table 6 were computed from the following 
equation: 

( 4) 

where 

V = average velocity of system, 
Vi, V 2 = average velocities of the two materials where Vi > V 2, and 

cp = fractional length of material with slowest velocity in the total path length. 



TABLE 6 

TYPICAL VERTICAL AND HORIZONTAL COMPR:ESSIONAL WAVE VELOCITIES 
IN TWO-LAYERED TWELVE-INCH DIAMETER SPECIMENS 

Specimen · Layer and 
No . Type of Material 

5 Lower-Sandy 

6 

Clay 

Upper-Crushed 
Limestone 

Lower- Clayey 
Gravel 

Upper-Crushed 
Limestone 

Measurement Path Me:i.sured 

Location a Length (in.) 
Velocity 

(fps) 

AB 5.375 2, 350 
FG 12.000 2,347 
HI 12.000 2,294 

AC 7.500 2,441 
(2 .125 is LS) 

AD 9.625 2,253 
(4.250 is LS) 

AE 10. 687 2,141 
(5. 312 is LS) 

JK 12.000 2,976 
LM 12 . 000 3,048 

AB 5.000 2, 863 
FG 12.000 2,770 
HI 12.000 2,747 

AC 7 .125 2, 113 
(2. 125 is LS) 

AD 9 . 250 1,971 
(4.245 is LS) 

AE 10.312 2,017 
(5. 312 is LS) 

JK 12.000 2, 525 
LM 12.000 2, 625 

°Cross section through a diameter of specimen showing measurement path location . 
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Theoretical Dry 
Velocity!> Density 
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2,519 

134.9 
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TABLE 7 

DESIGN VALUES OF TYPE E (MODIFIED) MIXTURE 
WITH 60 PENETRATION ASPHALT MOLDED BY TEXAS GYRATORY-SHEAR METHOD 

Asphalt Specimen Impregnated Relative Total Hveem Cohesiometer 
Content Density Density Voids Stability Value 

(%) (gm/cc) S.G . (%) (%) (%) (gm/ in.) 

6 . 0 2.210 2.391 92 . 4 7 . 6 36 219 
7. 0 2.223 2 . 358 94 . 3 5. 7 37 261 
8 . 0 2 . 244 2 . 336 96 . 1 3 . 9 36 276 

This equation was adopted from one used by Wyllie et al. (29) to calculate "time­
average" velocities in layered systems of aluminum and lucite discs. According to 
Wyllie et al. , in elastic media systems this equation gives the theoretical velocity if 
the wave travel is directly through the specimen normal to the layers and if there is no 
slippage or separation of interfaces. The difference in measured and theoretical 
velocities indicate that these theoretical conditions were not met in the specimens 
tested. 

While slippage or separation at the interface between the two materials could not be 
determined, there was a considerable decrease in the amount of energy transmitted 
across the interface. After the addition of the first 2-in. lift of crushed limestone, the 
amplitude of the received pulse was decreased to about 7'10 of the amplitude observed 
prior to the addition. This energy loss is largely attributed to reflection of the wave 
energy at the interface between the two layers (8). No effect of the interface between 
layers on wave propagation in the horizontal plane was found in this series of tests. 

Effect of Temperature and Asphalt Content in Surface Course Mixture 

As expected, the compressional wave velocities in the asphaltic concrete surface 
course mixture were influenced considerably by temperature. Three sets of specimens 
at different asphalt contents were compacted and tested. The design values for the 
mixtures are shown in Table 7 . The results of the velocity determinations on mixtures 
containing 6, 7, and 8 percent asphalt at various temperatures are shown in Figure 22. 
Each data point represents the average value for three specimens. 

In the range of approximately 50 to 120 F, the velocity decreases almost linearly 
with temperature at a rate of about 30 fps per one degree rise in temperature. Below 
50 F there is a slight upward trend of the curves and above 120 F the curves appear to 
level off at some minimum velocity for the mixtures. 

Although measurements were not made at temperatures below 39 F there is reason 
to believe that the curves will show a reversal of curvature between 50 F and 20 F and 
that below 20 F they will continue their upward trend reaching a constant value or 
maximum velocity at some extremely low temperature. This belief is fostered by the 
results obtained by Goetz (30). Although Goetz repor ted only the variation in "sonic 
modulus of elasticity" (Young's modulus) values with temperature between -10 F and 
70 F, since there is a direct relationship between veloc~ty and modulus of elasticity the 
variation of velocity with temperature should be essentially the same. However, due 
to the difference in testing techniques , further investigation is needed before a definite 
conclusion is reached. 

The mechanical behavior of a bituminous paving mixture is complicated by its defor­
mation characteristics at different temperatures. At sufficiently high temperatures 
such a mixture may be considered a plastic material. At normal room temperature the 
mixture may exhibit both plastic and elastic characteristics and when the temperature 
is lowered sufficiently it behaves in an elastic manner. Goetz found a "transition zone" 
or reversal of curvature in the modulus curves of his mixtures that occurred between 
20 -F and 40 F. He considered this transition to indicate that the plastic nature of the 
mixtures was dominant at temperatures above 40 F and that elastic behavior was 



150 

' ' ' 120 ' ' ' ' ' ' ' ' 
cj 110 
w 
(/) 

' I-.._ 
0 
Q 

>-
I-
u 
g ASPHALT CONTENT 
w 
> 0 8 PERCENT 90 

I!::. 7 PERCENT 

0 6 PERCENT 

80-

20 40 60 80 100 120 140 
TEMPERATURE (°Fl 

Figure 22. Variation of compressionai wave veiocity with temperature in aspiiaitic concrete surface 
course mixture. 

lii 
(/) 

' I-' 

120 

11 0 

.._I 

0 
0 

>-
1-

u 90 g 
w 
> 

80 

50°F 

77°F 

120°F 

140°F 

70'--~~~~'--~~~--"~~~~-L~~~~-'-~~~~~ 

3 4 5 6 7 8 
PERCENT TOTAL VOIDS 

Figure 23. Relation of voids to wave velocity at various temperatures for surface mixture at 7 percent 
asphalt content. 



151 

dominant below 20 F. The change in slope of the curves in Figure 22 at about 120 F may 
be interpreted as an indication of the viscous tendencies of the mixture, this change 
occurring at the approximate softening point of the asphalt. 

The results obtained by Goetz show no consistent relation between the resonant fre­
quency test values and the amount of asphalt in the mixtures. The pulse technique 
results, however, show a relatively regular and uniform relation between the velocities 
of the mixtures at different asphalt contents. Although the velocity is incrementally 
increasing with asphalt content in the mixtures tested in this study, it is expected that 
a limit to this effect exists for any aggregate-asphalt mixture. As soon as the asphalt 
content is increased to the point that the voids between aggregate particles become 
filled and the aggregate framework is destroyed, the velocity should be lowered con­
siderably. Evidence of this decrease in velocity was found in studying the influence of 
voids. 

Effects of Voids in Surface Course Mixture 

A series of specimens of the surface course mixture were compacted so as to obtain 
three different relative densities at the same asphalt content. The percent total voids 
in these specimens was determined at 77 F. This series of specimens was tested at 
different temperatures to determine the relation of total percent voids in the mixture to 
wave velocity at the various temperatures. The results of these compressional wave 
velocity determinations are shown in Figure 23. Each data point represents the average 
value for three specimens. 

As seen in the figure, voids caused a reduction in the wave velocity in the specimens 
at the 50 F and 77 F test temperatures, i.e., velocity decreased with an increase in 
voids. The change in character of the curves between 77 F and 120 Fis believed to be 
another manifestation of the viscous and expansive nature of the asphalt binder. At 
some intermediate temperature there is probably a linear relationship between velocity 
and percent total voids for this mixture (Fig. 23) but at 120 F, the approximate softening 
point of the asphalt, there is a decided change in the characteristics of the curves. 

When asphalt is heated it undergoes a considerable amount of volumetric expansion 
as well as a decrease in viscosity. Thus, in a compacted mixture the asphalt may 
expand with increasing temperature to the point that air voids in the mixture are at a 
minimum but the corresponding decrease in viscosity may still result in reduced ve­
locities of the compressional wave. This is due not only to the decrease in velocity in 
the asphalt itself with increasing temperature, but also to the loss of cohesiveness of 
the mixture and the consequent reduction in coupling of the aggregate particles. 

It is interesting to note that the smallest total fluctuation in velocity over the range 
of temperatures was exhibited by the mixture compacted to the 150 psi end point and 
containing 5. 7 percent air voids. 

SUMMARY AND CONCLUSIONS 

This investigation was considered a pilot study of a pulse velocity measurement 
technique and an attempt to determine the suitability and applicability of such a techni­
que as a testing procedure for the evaluation of various types of flexible pavement con­
struction materials. Within the limits of this statement of purpose the study has been 
reasonably successful. A more thorough investigation of some of the factors involved 
in and influencing wave velocity measurements and their interpretation in terms of 
material properties will be required. However, it is believed that the results of this 
study will give direction to future work in this area of vibrational testing, Further, it 
is hoped that these results will be of benefit in achieving the desired objectives of the 
parent research project with which this study was associated. 

Within the limits of the materials and testing procedures employed, the following 
conclusions may be drawn: 

1. The velocities of elastic waves in clays and more granular highway construction 
materials are related to the properties of the respective material in a complex manner. 

a. In general, the wave velocity is diminished as the moisture content is 
increased. 
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b. In compacted materials, increased density should result in higher velocities 
but elastic wave propagation is complicated by the properties of the fluid in 
the voids and any anisotropic nature of the compacted medium. 

c. External or confining pressure results in increased wave velocities. 
d. Over the range normally experienced by subgrade and base materials in a 

pavement structure, temperature has little or no effect on wave velocity. 
However, temperatures below freezing result in drastic increases in wave 
velocity provided the material contains some moisture. 

e. Cementitious materials in the voids of a granular medium increase the 
coupling between particles and thus increase the wave velocity. 

2. In bituminous mixtures the viscoelastic character of the binder influences the · 
wave propagation. 

a. Velocities increase with increased asphalt content up to an expected limiting 
content for a given aggregate mixture. 

b. In these mixtures velocity decreases with increasing temperature. 
c. Velocities increase with increased densification or reduction in percent total 

voids of the mixture. 
d. Using pulse velocity measurements, it may be possible to define the temper­

ature ranges in which the plastic, elastic and viscous properties of the 
bituminous mixture are dominant. 

3. The pulse velocity technique using both shear and compressional modes of vibra­
tion suggests itself as a promising possibility for finding the elastic constants of flexible 
pavement construction materials. Determination of Poisson's ratio and elastic modulus 
values, particularly in bituminous mixtures that undergo changes in physical state, 
might provide a better understanding of both the design requirements and field perfor­
mance of these materials. 

4. The pulse velocity technique, as a form of nondestructive testing, is already 
established as a valuable tool of the engineer. Its application to the field of engineering 
materials, particularly flexible pavement construction materials, has not been fully 
explored and its full potential in this area is yet to be realized. 
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Fatigue and Deflection of Asphaltic Concrete 
0. A. WHITE, Engineer of Materials and Research, Oregon State 

Highway Department 

ABRIDGMENT 

•IN THE FALL of 1956 a comprehensive study was begun on the fatigue and deflection 
properties of asphaltic concrete for the purpose of evaluating pavement characteristics 
and design criteria. The project was arranged in three parts: (a) field tests to deter­
mine deflections of existing pavements under load; (b) laboratory tests on beams cut 
from pavements tested for deflection under load to determine the deflection life re­
maining and other physical characteristics; and (c) laboratory tests on molded speci­
mens to determine deflection fatigue life and other characteristics as affected by aggre­
gate gradation and asphalt content. 

Phase I-Deflection Tests 

Deflection tests were made using a Benkelman beam and truck loaded to 18,000 lb 
on a single rear axle. Static measurements were made at 2 points 50 ft apart in each 
wheel track for each area of test. Over 1000 measurements were made in the fall and 
again in the spring at the same marked points. Forty-three construction projects 
were measured and pavement conditions noted at one or more areas of test for each 
project. A final pavement condition survey was made in 1964. Additional tests were 
made on other projects since the spring of 1957 to determine the effect of pavement 
age, pavement thickness, different wheel loads, and base aggregate degradation. Data 
concerning the type and source of base rock were obtained from the files for each 
project measured. 

Tables 1, 2 and 3 give various comparisons of deflections for each of five types of 
bases. The values of deflection are averages of all readings in the category indicated 
for each type of base. The number of points measured for type of base were: 20 over 
borrow material, 130 over volcanic cinders, 84 over crushed river gravel, 174 over 
crushed pit gravel, and 150 over crushed quarry rock. 

TABLE 1 

SPRING AND FALL MEASUREMENTS-DEFLECTION IN INCHES 

Range of Deflec-
Percent of Points With 

Type of Base Fall Avg. Spring Avg. tion for Group 
Spring Deflections Higher 

Spring Fall Than Fall Deflections 

Borrow 0. 0398 0. 0609 0. 0316 0.0805 100 
Cinder 0. 0416 0. 0427 0. 0195 0. 0760 56.3 
Crushed River Gravel 0. 0244 0. 0257 0. 0120 0. 0380 76. 1 
Crushed Pit Gravel 0. 0193 0. 0216 0. 0115 0.0362 65. 6 
Crushed Rock 0. 0179 0. 0210 0. 0077 0. 0395 70. 6 

Table 4 shows the relationship between the degree of deflection and failure. 
Figure 1 shows the relationship between load and deflection on two different types 

of base construction. The fill area is composed of a pumice type material taken out of 
the cut. 
Sponsored by Committee on Flexible Pavement Design. 

154 



155 

TABLE 2 

OUTSIDE AND INSIDE WHEEL TRACK DEFLECTIONS 

Type of 
Base 

Fall Deflections (in.) Spring Deflections (in.) Percent Inside Deflection 
Higher Than Outside 

Borrow 
Cinder 
Crushed Gravel 
Crushed Pit Gravel 
Crushed Rock 

Avg. Avg. Avg. Avg. 
Outside Inside Outside Inside 

0. 0402 0. 0394 0. 0756 0. 0562 
0. 0402 0. 0430 0. 0438 0.0417 
0. 0227 0. 0221 0. 0252 0. 0262 
0. 0185 0. 0202 0. 0220 0. 0203 
0. 0184 0.0175 0. 0220 0. 0197 

TABLE 3 

TYPE OF BASE AND FAil.,URE 

Fall Spring 

40. 0 0. 0 
37. 5 28. 5 
42. 8 38. 2 
34. 4 53. 2 
62. 8 25. 7 

Total Avg. Defl. Percent Failed Points 
Type of Base Spring + Fall (in.) Fall 1956 Spring 1957 Spring 1964 

Borrow 
Cinder 
Crushed River Gravel 
Crushed Pit Gravel 
Crushed Rock 

0. 0503 
0. 0422 
0. 0240 
0. 0204 
0. 0201 

60. 0 
56. 2 
4.7 
0. 0 
0. 0 

100. 0 
87. 5 
19. 0 

0. 0 
2. 8 

TABLE 4 

DEGREE OF DEFLECTION AND FAILURE 

Percent of Points Failed 
Deflection Range 

Fall 1956 Spring 1957 Spring 1964a 

0. 0 - 0. 0200 0. 0 3. 0 2. 3 
0. 0201 - 0. 0300 2. 3 9. 3 38. 6 
0. 0301 - 0. 0400 35. 3 36. 0 75. 0 
0. 0401 and greater 78. 9 100. 0 100. 0 

aPercentages based on spring and fal I measurements within deflection 
range. Thus the 2.3% indicated for the 0.0-0.020 range includes the 
l.5% of total spring and fall measurements plus one project failed 
since 1957. 

100. 0 
96. 8 
28. 5 
18.7 
17. 1 

Table 5 shows the effect of pavement overlays and age on deflection. The increase 
in deflection immediately after placing is attributed to an increase in moisture content 
caused by condensation under the hot layer. 

Table 6 shows the effect on deflection of increased deleterious fines formed in the 
base rock by attrition from traffic. Values of 2. 5 in. maximum height and 25 percent 
maximum pass No. 20 would appear to be acceptable limits for the degradation test. 

Table 7 shows the predicted decrease in deflection, using the constant 0. 0038-in. 
decrease in deflection per inch of pavement increase, and the actual deflection obtained 
on three different points. (Data and procedures used to determine the value of 0. 0038-in. 
decrease in deflection for each inch of asphaltic concrete added are given in the text of 
the complete report.) 
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TABLE 5 

REPEATED DEFLECTION TESTS 

Avg. Deflections (1/1000 in.) at Age 

Oil New 1 Day 1 Day 
Project Top Lift, 2 

Mat Grade Base Lift , Total 3 Weeks 1 Yr 2 Yr 
2 In. In. 

1 41. 4 55. 5 44. 6 40.7 31. 0 
1 38. 6 30. 3 29. 2 29.0 25. 6 
2 35. 7 30. 5 27. 3 

TABLE 6 

REPEATED DEFLECTIONS OVER DEGRADING MATERIAL 
{IN THOUSANDTHS OF AN INCH) 

Project 1: Hwy 30, MP 138 to 142 

Oregon Degradation Test Results on Base Material at MP 138 : 
Age-3 yr, Fall 1956; Height-3. 0 in.; Pass No. 20-26. 2%. 

1956 1957 1960 

Avg. Range {16 points) 20-26 18-28 28-46 

Project 2: Hwy 15, MP 85 

Degradation 
Point 1961 1963 

Height (in. ) Pass No. 20 (%} 

1 Travel Lane SB 16 24 3. ·2 18. 7 
2 Travel Lane NB 18 24 3. 0 18.8 
3 Passing Lane SB 16 16 2. 0 16. 1 
4 Passing Lane NB 16 l6 3. 1 16.7 

TABLE 7 

CALCULATED AND MEASURED DEFLECTIONS-9 KIP WHEEL LOAD 

Original Overlay 

Deflection Thickness , Constant 
In. 

0. 0414 3. 5 0. 0038 
0.0386 3. 5 0. 0038 
0. 0357 1. 5 0. 0038 

Theoretical 
Decrease 

0. 0133 
0. 0133 
0. 0057 

Predicted 
Deflection 

0. 0281 
0. 0253 
0. 0300 

Actual 
Deflection 

0. 031 2 yr. 
0. 0256 2 yr. 
0. 0305 1 yr. 
0. 0273 2 yr. 
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Phase II-Field-Cut Beams 

Three beams, 4 in. wide by 28 in. long, were cut from each of the projects measured 
for deflection under load in 1956 and 1957. Two of each set of beams were tested in 
the laboratory for fatigue of repeated flexure; one beam flexed 0. 020 in. and the other 
0. 040 in. The third beam was tested to determine the coefficient of thermal expansion 
and beam strength at -10 F. Reclaimed asphalt tests, and tests to determine asphalt 
content, void content, and gradation were made on samples cut from the flexed and 
broken beams. 

No correlation could be found between the number of deflections required for failure 
and pavement characteristics or ingredient characteristics. Several variables existed 
which could not be evaluated for their effect on fatigue life. These variables included 
the number and degree of deflections prior to cutting the beam, asphalt film thickness , 
asphalt consistency or hardness prior to cutting the beams, and improvements made on 
Lhe deflec lion machine Lo remove disto1·tion and extrusion of the test specimen. 

Differences in coefficient of thermal expansion and modulus of rupture between 
specimens composed of cinder aggregate and nonvesicular aggregate are as follows: 

Specimen 

Cinder Aggregate 
Nonvesicular Aggregate 

Avg. Coef. of 
Linear Expansion 

(in./ in. / deg F) 

1. 51 x 10- 5 

1. 268 x 10-5 

Avg. Modulus of 
Rupture, psi, 

at -10 F 

479 
814 

The hardening of the asphalt, as indicated by the reclaimed asphalt penetration, 
varied from 8 to 7 4 penetration points and averaged 42. 7 points for the 42 pavements 
tested. Due to the variables of aggregate characteristics, asphalt content, void con­
tent, mixing temperature and length, pavement age, weather conditions, and asphalt 
source, the reclaimed asphalt tests of penetration, thin film, and absolute viscosities 
are not capable of any valid comparison. 

Phase III-Laboratory-Molded Specimens 

Seventy-five sets of specimens were made in the laboratory. Tests were made to 
determine fatigue of deflection at two constant deflection amounts , void content, linear 
coefficient of thermal expansion, modulus of rupture at -10 F, and tests on reclaimed 
asphalt. Constants in the test specimens were aggregate source, asphalt source, ma­
ter ial preparation, specimen fanrication, specimennandirng, and telit pr-Ocedures. Con­
trolled variables were aggregate gradation and asphalt content, consisting of 25 specific 
gradations at three asphalt contents. 

Results of tests in terms of the number of deflections required to break the speci­
men were rated from 1 to 25 for each asphalt content and are presented in chart form. 
The total combined ratings for all 7 5 specimens show the best and second best in ability 
to withstand deflection on mixtures with 26 and 27. 5 percent of aggregate passing the 
No. 10 sieve. 

The patterns formed by void contents on charts are relatively consistent for all con­
ditions but there is no evidence of connection between void content and fatigue durability. 

The coefficients of linear expansion of laboratory-made specimens are comparable 
to those of the field-cut beams. A relationship exists between asphalt content and 
linear expansion, as given in the table: 



Identification 

Lab-Made 5. 0% Asph. 
Lab-Made 5. 5% Asph. 
Lab-Made 6. 0% Asph. 
Avg. Lab-Made 
Field Cut 

Coef. of Lin. Exp. 
(in./in./deg F x 10- 5

) 

1. 286 
1. 305 
1. 430 
1. 340 
1. 286 

Range, x 10- 5 

1. 07-1. 46 
1. 13-1. 46 
1. 27-1. 64 
1. 07-1. 64 
1. 00-1. 53 
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The average modulus of rupture at -10 F and deflection at failure is 7 42. 5 psi and 
0. 0385 in. Figures for the field-cut beams are 814 psi and 0. 0473 in., respectively. 

Tests on reclaimed asphalt show a range of penetration drop from 6 to 40 penetra­
tion points. There is a slight trend for less penetration drop with increased working 
on the fatigue machine. 



Influence of AASHO Road Test Local Factors 
On Present Serviceability Index for 
Flexible Pavement Systems 
ROBERT L. KONDNER, RAYMOND J. KRIZEK, and NAUSHERWAN HASAN 

Northwestern University 

ABRIDGMENT 

•USING DATA from approximatf~ly 134 flexible pavement sections of the AASHO Road 
Test, a correlation is developed between flexible pavement performance and local 
factors considered, such as pavement structural composition, applied load, and number 
of load applications. Pavement performance is r~presented by a present serviceability 
index which has been correlated with u punel ser viceability ratillg. The general ex­
pression used to describe the present serviceability index as a function of the number 
of load applications for given conditions of applied axle load and pavement structure 
assumes a constant r ate of pavement deterioration during the majority of the year and 
a very rapid deterioration associated with spring thaw periods. The coefficients in­
cluded in each of the above expressions are then determined as functions of applied 
axle load and a pavement thickness index. Specific values for all coefficients are 
presented for the environmental conditions· of the AASHO Road Test, and illustrative 
examples are given to indicate the usefulness of this concept in the rational design of 
flexible pavement systems. Quantitative values for these coefficients for other local­
ities, other material properties, and other environmental conditions may be obtained 
through a comprehensive satellite test program. 

Sponsored by Committee on Strength and Deformation Characteristics of Pavement Sections. 
' ,,, 
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Alternate Measures of Pavement Unserviceability 
B. G. HUTCHINSON, Assistant Professor, University of Waterloo, Waterloo, Ontario 

A most significant contribution of the AASHO Road Test to the rationalization 
of pavement design is the pavement serviceability-performance concept de­
scribed by Carey and Irick {3). · This pavement rating procedure has gained 
widespread acceptance in pavement studies, specifically in the Canadian pave­
ment evaluation studies. Hutchinson (8) has pointed out some of the deficiencies 
of this subjective rating procedure and recommended the execution of further 
experimental studies to establish the significance of these deficiencies. 

This paper examines the concept of pavement unserviceability and explores 
alternate techniques for measuring the serviceability characteristics of high­
way pavements. The requirements of a serviceability criterion are formally 
established and existing knowledge on human response to motion is reviewed 
in the light of these requirements. The results of an experimental program 
that involved the measurement of human tracking behavior are given and com­
pared with parallel subjective ratings and measures of road roughness. 

•THE PRINCIPAL features of the operating behavior of highway pavements that are of 
immediate interest to pavement design and evaluation studies are changes in the serv­
iceability of a pavement throughout its life, and the limiting value of serviceability at 
which pavement failure occurs. A suitable model of pavement performance can be ex­
pressed in terms of three variables: the pavement unserviceability U, the unservice­
ability level U* at which pavement failure occurs, and the failure age A at which U* 
occurs. The essence of this model is conveyed by Figure 1. The term unserviceability, 
rather than servic.eability, is used in this paper since it results in a more convenient 
scaling of these characteristic's. Higher unserviceabilities are associated with higher 
roughness characteristics. 

PAVEMENT UNSERVICEABILITY 

It is well known that when a vehicle travels along a pavement, motions are generated 
in the body of a vehicle that are a ' function of the vehicular suspension characteristics, 
the vehicle speed and the magnitude and configuration of pavement roughness. This 
motion and vibration lead to discomfort and fatigue in driving operations, and Magid (9) 
points out that serious physiological disorders may result from protracted exposure -
to this vibration. 

While there is a general consensus that the measurement of pavement unservice­
ability involves assessing some aspect of human response to motion, pavement unserv­
iceability has not yet been defined explicitly in operational terms. A primary require­
ment in the measurement of any variable is the development of an operational definition 
of the variable. 

The moving highway vehicle may be considered as an ensemble of two components, 
a man and a vehicle. The man reacts to certain inputs to him such as pavement mark­
ings, highway signs, other vehicles, weather conditions and the like. From his reac­
tions to these stimuli, the man controls certain inputs to the vehicle (such as steering, 
throttle, brakes and so on) to produce a desired output which is ordered vehicle move­
ment. The output of this subsystem of man and vehicle can only be evaluated relative 
to the objectives of the overall system which is highway transportation. 

Paper sponsored by Committee on Pavement Condition Evaluation, and by Committee on Surface 
Properties-Vehicle Interaction, and presented at the 45th Annual Meeting. 
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Figure l. Pavement performance model. 

The objectives of this system and many 
other large engineering systems can only 
be stated in broad and general terms. The 
development of an objective technique for 
evaluating the output of these systems be­
comes extremely difficult, if not impos­
sible. In fact, the interactions between an 
engineering system and its environment 
may be too complex to measure in any other 
manner than by the judgments of experts. 
Such an approach was pursued in the AASHO 
Road Test formulation of pavement unserv­
iceahility, 

At the present time, the objectives of 
highway transportation can only be defined 
in very general terms such as the provi­
sion of safe, comfortable, convenient, and 
economical highway transportation. An 
approach frequently used in engineering to 
overcome this type of problem is to decom­
pose the system into its components and to 
develop measurable subcriteria for these 
components that seem to be compatible with 
the ultimate objectives of the total system. 

In the absence of a more complete understanding of human behavior in highway vehi­
cles it is impossible to isolate with certainty the critical human variables ofthe highway­
vehicle-driver system. The only realistic approach at the present time is to define a 
human response characteristic that appears to be related logically to the overall objec­
tives of highway transportation and one which is particularly sensitive relative to the 
objectives of highway transportation. 

REQUIREMENTS OF AN UNSERVICEABILITY CRITERION 

Since it is only feasible to estimate pavement unserviceability magnitudes indirectly 
through the use of a secondary variable, it is necessary to establish the requirements 
of this criterion in order to guide the selection of the most appropriate criterion. These 
requirements are as follows: 

----~1 .-'l'he-critetion_,,'llusLbC-Cbjectiv:e-unless-the-f.easible---Gl::ijaGti¥e-measuttls-assess----­
only trivial attributes of the system. It is well known that subjective estimates are sus­
ceptible to large systematic errors. 

2. The measurement technique required to establish magnitudes of the criterion 
must be operational for widely dispersed pavement sections and must provide estimates 
of pavement unserviceability that are universally applicable and invariant. 

3. The unserviceability criterion should reflect maximum sensitivity in discrimi­
nating between unserviceability magnitudes, but should minimize the differences in the 
measure between individuals. 

4. The criterion measures should achieve at least interval measurement scale status 
because of the manner in which the measures are used in pavement design and evaluation. 

HUMAN RESPONSE MEASURES 

A fundamental problem in assessing human response to any type of stimulus is to 
establish exactly how human sensation magnitudes vary with intensities of the stimulus. 
It is not possible to measure sensory magnitudes directly and these must he e8tima.ted 
by observing an external verbal or symbolic response by a subject. In addition, the 
relation between these sensory magnitudes and the ability of an operator to perform a 
particular task is not well understood. Hutchinson (8) has pointed out that for concep­
tual clarity exi8ting pRychnphyRical theory presupposes the existe!lce of f!. judgme!lt 
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continuum, paralleled by a sensory continuum, and through this relationship, the judg­
ment or response continuum is also related to the stimulus continuum. 

Guilford (7) provides an exhaustive review of psychophysical scaling procedures that 
have been developed and used to establish functional relations between these continua. 
While they differ in detail, all psychophysical scaling methods may be considered as 
the combined effect on the response of a subject of an experimenter's operations of 
stimulation and instruction. Instruction refers to the response that is elicited from a 
subject, and the major differences in scaling methods are due to the difference in the 
response elicited and the particular methodology used. The present status of psycho­
physical measurement and other techniques for measuring human response character­
istics may be summarized as follows: 

1. It has not been rigorously established what behavioral observations of a subject 
constitute a valid measure of a subject's sensation. 

2. A variety of psychophysical scaling procedures have been developed for eliciting 
verbal reports from subjects, which all have as their objective the minimizations of 
distortions between the judgment and sensory continua. 

3. A number of relations have been generated between numerical estimates obtained 
in the above manner and the magnitudes of associated physical stimuli. However, the 
usefulness of these relations in predicting human behavior under general environmental 
conditions has not been adequately demonstrated. 

4. A number of recent investigations suggest that objective physiological measures 
of sensation may be developed in the future, but at the present time, little is known 
about their relation to human performance. 

5. The majority of recent work in engineering psychology has been somewhat more 
pragmatic. It has been oriented toward establishing decrements in the performance of 
a task by a subject when the subject is exposed to various levels of a particular stim­
ulus. The task is either the real world task of interest, or some abstraction of the task 
that closely parallels it. 

HUMAN RESPONSE TO MOTION 

Human response to whole body vibration and motion has been assessed in the past by 
many criteria such as subjective tolerances, mechanical body response and the like. 
In this section, the implications of current knowledge on human response to motion are 
briefly reviewed. This knowledge and the previously established requirements for the 
unserviceability criterion are then used to select the most appropriate criterion. 

Mechanical Body Response 

When humans are subjected to motion, the vibrations first of all have a mechanical 
effect on the body. The magnitude of this mechanical body response depends on the 
dynamic properties of the body and the magnitude and nature of the motion. Physio­
logical and psychological effects are known to result from the mechanical effects de­
pending on the magnitude and duration of the motion. 

Coermann (4) suggests that one approach to the study of mechanical body response 
is to consider It as a complex system of masses, elastic elements, and viscous dampers. 
He has pursued these studies by measuring mechanical impedance. This is a technique 
that is used to describe the transmission of mechanical energy within a complex me­
chanical system. Coermann has developed a mechanical analog of the human body 
(Fig. 2) which illustrates the natural frequencies of various portions of the body. 

Figure 3 illustrates some of Coermann's experimental observations in which the 
impedance is plotted against frequency for a subject in various situations. For purposes 
of comparison, the mechanical impedance of a 150-lb mass is shown along with the im­
pedance characteristics of a simple one mass-spring system. The important features 
of these experimental results are the fact that the body responds like a pure mass at 
low frequency vibrations up to 2 cps and the high impedance at about 6 cps. 

The mechanical properties of the body cannot be viewed in isolation with respect to 
the problem at hand, and are only important with respect to the responses that they 



164 

ARM 3cps 
SHOULDER 

HEAD 

20 cps 

UPPER TORSO 

]THORAX - ABDOMEN 3 cpo 

HIPS 

LEGS 

Figure 2. Mechanical analog of human body . 

... 
2 
IC 

E 
~ 6 u 

150 lb. mass 
Cll 
Ill 
IC 5 
Cll 
c 
» 4 .,, 
w 3 
0 
z 2 <( 
0 
w 
n. 
:::& 

5 10 15 20 

FREQUENCY cps 

Figure 3. Mechanical impedance of several systems. 

elicit. The significance of these findings will be discussed after the nature of subject 
response measurements is examined. 

Subjective Response 

A number of investigations have been undertaken in an attempt to assess the magni­
tude and nature of subjective judgments to motion. Various subjective responses from 
the threshold of perception to the feeling of pain have been defined and used to classify 
these sensations to motion. 

Goldman (6) reviewed much of the early data and averaged response data from a 
number of investigations and has interpreted and classified information in terms of 
three types of subjective response: perceptible, unpleasant and intolerable. The results 
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of his compilation are shown in Figure 4. 
A greaJ deal of variation is apparent in 
these trends as conveyed by Figure 4, and 
the relations must be considered to be in­
dicative of general trends only. Goldman 
suggested that much of this variation re­
sulted from variations in experimental 

procedures as well as the difficulties inherent in explicitly defining subjective response 
classes. 

More recent studies have been undertaken by Parks (11) and Magid (9). The impor­
tant feature of both of these experimental programs was the reinforcement of Goldman's 
observations. 

Probably the most significant experiments are those carried out by Coermann (4) in 
which both mechanical body response and short time tolerances were measured simul­
taneously. Figure 5 summarizes Coermann's data, and the findings of Parks andMagid 
are also shown in the graph. The information contained in this graph indicates the de­
pendence of subjective tolerances and mechanical body response measurements. 

Stevens (14) has argued that for physical continua such as vibration and motion that 
involve changes in intensity, the sen~ory scale value S obtained from verbal reports 
is to a close approximation a power function of the physical energy p of a stimulus for 
a large number of stimuli 

(1) 

Stevens has shown that for a variety of modalities the exponent b is a reproducible 
quantity, while the parameter a depends on the units of both the physical and response 
scales. Stevens has suggested a technique of subjective measurement which has been 
used by Versace (15) to measure the subjective responses of passengers to automobile 
motion. It is a procedure in which a subject equates the apparent strengths of the sen­
sations produced in two different modalities. Suppose that the values of two scales are 
p1 and P:!, and the subjective magnitudes are related to the physical stimuli by thepower 
functions 

c P2d 
(2) 
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and that cross modality matching is defined as meaning equal subjective values; that is, 
Pi = P2 if Si = S?. and 

(3) 

Consequently, if one of the power functions, say for pi, has been established in the 
laboratory for a particular subject, then the nature of the other power function relating 
S:i and P2 may be readily established from experimental cross modality data and Eq. 3. 

Versace (15) has reported some experimental results in which passengers were re­
quired to adjust a continuous sound intensity to match their subjective estimates of the 
intensity of automobile motion generated by various road roughness configurations. 
While Versace has generated a limited amount of systematic data, the fundamental 
question that remains unanswered involves the meaning that can be attached to the verbal 
responses that a subject emits to a stimulus. This question is fundamental to all scaling 
procedures that rely on verbal reports. 

Tracking Tasks 

An alternate approach to assessing human response to physical stimulation is to 
measure the ability of subjects to perform various tasks when exposed to different in­
tensities of a physical stimulus. The use of tracking tasks to measure human response 
has gained most impetus from the area generally known as human factors engineering. 

The conventional type of tracking task usually requires a subject to track some type 
of externally generated input function using a specific type of control mechanism in 
which the experimenter is interested. The control mechanism generates an output 
function, and the difference between the input and output function is usually referred to 
as the tracking error. The goal of the subject exposed to such a task is to minimize 
the tracking error under the various environmental conditions. 

While tracking tasks have been used extensively in an engineering context, they have 
never been defined other than by convention. At the present time, no adequate theory 
of tracking behavior exists, and the use of tracking tasks to assess human behavior re­
mains an arbitrary procedure. However, their contribution lies in the fact that the task 
of the subject is the actual task of interest, or some task that closely approximates the 
essential features of the real task. In addition, these tracking tasks yield reliable data 
when they are executed under carefully controlled test conditions, and the measure­
ments are objective. 

SELECTION OF CRITERION 

Each of these procedural classes for assessing human response was reviewed in the 
light of the previously established requirements for an unserviceability criterion in 
order to isolate the most appropriate criterion. A tracking task was selected for the 
following reasons: 

1. The primary task of the driver of a highway vehicle involves tracking; the opera­
tor must react to a variety of stimuli such as pavement markings, signs and other ve­
hicles to produce an ordered movement in his vehicle. 

2. The more sophisticated subjective estimate procedures that have been developed 
to minimize the influence of systematic errors on judgments depend on an ordered se­
quential application of stimuli to a subject. This requirement excludes the use of these 
techniques for field experiments on dispersed pavement sections. 

3. The cross -modality matching technique provides a means for overcoming the 
problem mentioned in 2. However, the significance of these measurements can only 
be judged relative to their ability to predict changes in driver performance. 

4. Tracking la1::1k1::1 111 whit:h procedural variables have been properly selected can 
be used to assess human response on any pavement section independently of other pave­
ment sections. 



5. Tracking tasks eliminate many of the systematic errors to which subjective 
estimate procedures are susceptible. 
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6. Subjective responses arise from the mechanical reaction of the body and tracking 
tasks measure a combination of mechanical response and the influence of sensory re­
sponses on motor behavior. 

EXPERIMENTAL EQUIPMENT AND PROCEDURES 

The tracking task that was developed is shown in Figure 6. The mechanism consists 
of an electrically driven paper chart feed that can be easily mounted in a variety of 
highway vehicles. The input function is drawn on the chart paper, and each subject is 
required to track this input signal with a hand-held felt pen while attempting to null the 
tracking error. 

Adams (1) points out that the variables which influence human tracking behavior may 
be classified into two groups: task variables and procedural variables. Task variables 
concern those factors which are equipment centered, and relate to the physical attri­
butes of the tracking task. The procedural variables relate to the human subject and 
involve such factors as instructions to the subject and the number of practice runs. 

Task Variables 

The first task variables established were those dealing with the properties of the 
input function. Morgan (10) has reviewed human tracking response characteristics as­
sociated with step, ramp-:-sine and complex wave inputs. Human operators are most 
capable of tracking ramp input s with little error after a small amount of training. The 
most desirable frequency range for an input function is % to Y2 cps, and in view of the 
comments by Young (17) regarding the slope of the input function, a triangular wave 
form of 1. 2-cm amplitude, 30-cm wavelength, and a chart speed of 6 cm/ sec was 

Figure 6. Tracking device. 
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selected for the input function. The prop­
erties of the input function are shown in 
Figure 7. The selection of these input 
function parameters was guided by the 
previbusly established requirement that 
differences between the performance of 
subjects should be minimized. 

The tracking device was rigidly attached 
to the instrument panel of the test vehicle 
(Fig. 8). The tracking device was located 
opposite the front passenger seat, and 
positioned such that a subject's elbow rested 
on the arm rest of the door, and no contact 
existed between a subject's forearm and 
body. 

The felt pen was held by a subject at a 
point two inches from the felt nib and in 
the normal writing position. No part of the 
subject's hand was in contact with the track­
ing mechanism and each subject was con­
strained by a seat belt. The relationship 
of vehicle, tracking task and subject is 
shown in Figure 9. The test vehicle was 
a 1963 Pontiac Laurentian sedan. The ve­
hicle speed during all test runs was main­
tained at 60 mph. 

Direct tracking of the input signal by a 
subject, in preference to the use of an in­
tervening control mechanism, was selected 
for two reasons. The first reason was to 
insure that human responses were not 
distorted by the response characteristics 
of any control mechanism. Second, Morgan 
(10) points out that a subject's motivation 
inthe execution of a task depends on the 
degree to which an operator exercises 
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Figure 9. General arrangement of subject, tracking device and vehicle. 

control over an output signal, as well as the speed with which an operator obtains feed­
back on his performance. 

Procedural Variables 

Eight male university students were selected from the summer students employed 
by the Department of Highways of Ontario. The students were right-handed and their 
ages ranged from 20-25 years. The primary procedural variable examined concerned 
the orientation and training of subjects. 

A great deal of experience with tracking tasks has indicated that the abilities of sub­
jects to perform a tracking task improve rapidly with training. Simple tasks performed 
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under good working conditions result in small performance errors that are reduced very 
little with practice. In complex tasks, performance ability may increase over a long 
period of time, but the majority of improvement will take place during initial practice 
sessions. 

The orientation and training program consisted of general instruction in the task as 
well as initial practice runs on pavement test sections. Two training test sections were 
established in the vicinity of Metropolitan Toronto and were similar in layout to the reg­
ular test sections. Each subject was required to perform the tracking task during six 
trials on each of the two test sections. Previous studies carried out during the develop­
mental period had revealed that performance ability became asymptotic at about 4 or 5 
test runs. 

Each pavement test section was 1500 feet in length and was preceded by a 1000-ft 
long initial section and succeeded by a 200-ft long runout section. The tracking task 
was activated belore tl1e total test section con1plex and each subject was inst1°ucted to 
commence tracking as the test vehicle crossed the start line. The subject performed 
the task for the complete 2700 feet. A .subject performed the tracking task at each test 
section three times in succession. To minimize the systematic errors associated with 
procedural influences (the time between test runs, tracking instability at the start of 
test runs and so on), a number of procedural precautions were taken. A subject's per­
formance was only evaluated from his behavior during the second and third test runs, 
and tracking errors were scored only for the central 1500 feet of the test section layout. 

Ten pavement test sections were located throughout the Ontario provincial highway 
system possessing a range of roughness characteristics. The test sections were clus­
tered in two groups of five sections. The pavements within each test section were lo­
cated within a radius of about 10 miles so that randomization in the order with which 
test sections were traversed could be accomplished. The group of pavements at which 
each subject began his circuit of the test sections was selected randomly. Five ran­
domly selected subjects repeated the task on all test sections. 

SCORING TRACKING ERROR 

Poulton (12) has examined methods of scoring tracking error and points out that two 
types of tracking error must be examined: errors of position and errors of timing. An 
error in position may be regarded as arising from an operator not reversing his track­
ing action sufficiently quickly. An error in timing refers to the fact that the operator 
may reproduce the input function faithfully but the output function may be displaced by 
a constant amount. Figure 10 conveys the nature of these two error types. The prob­
lem that arises in assessing tracking behavior is concerned with what error should be 
measured, and then how should the error be measured? 

Figure 10. Types of tracking error. 
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TABLE 1 

MEAN SQUARE TRACKING ERROR-REPLICATION NO. 1 

Subject Pavement Section 

No. 0 1 2 3 4 5 6 7 8 9 

1 2. 1 3.1 2.1 3. 2 1. 9 1. 9 1. 6 3.4 2.8 1. 7 46 . 7 
1. 7 2.9 2.1 3. 3 1. 3 2.1 1. 6 2. 8 3.6 1. 5 

2 2.0 2. 1 1. 8 2. 3 1. 6 1. 2 1. 9 3.4 3.9 1. 6 42.4 
1. 6 1. 9 1. 7 2.6 1. 6 1. 3 2.0 3.3 3.0 1. 6 

4 1. 3 2.7 2. 6 2. 8 1. 7 1. 2 1. 5 4. 1 2.9 2. 1 43 . 0 
1. 2 2.0 2.2 2.8 1. 6 1. 0 1. 3 3.7 2.6 1. 6 

5 1. 7 2.6 2.0 3. 5 2. 1 1. 6 1. 6 3.0 2.6 1. 5 45.1 
1. 4 3.2 1. 6 3.9 2.2 1. 8 1. 6 2.7 2.9 1. 6 

6 1. 6 2.7 2.3 2.2 1. 6 1. 6 1. 9 3.0 2.9 1. 9 46.1 
1. 6 2.7 2.2 3. 2 1. 4 2.2 2.0 3.9 3.5 1. 7 

7 1. 8 2.9 2.0 2.6 1. 9 1. 3 1. 6 3.6 3.0 2.3 46.2 
1. 8 2.9 1. 9 3. 2 1. 5 2.5 2.0 2.1 3.. 8 1. 5 

8 2.0 2.8 2. 1 3.4 1. 7 1. 4 1. 4 4.5 3.8 1. 7 50.2 
2.5 2.3 2.2 2. 7 2.0 1. 4 2.2 4.4 3.3 2.4 

9 1.0 2.6 1.4 2. 7 1. 3 1. 5 1. 4 3.2 4.6 2.1 45. 7 
1. 0 3.0 2.4 3.3 1. 6 1. 7 1. 9 3. 0 3.9 2.1 

26.3 42.4 32.6 47 . 7 27.0 25.8 27.5 54. 1 53. 1 28.9 365. 4 

Mean 1. 65 2.65 2.03 2. 98 1. 69 1. 61 1. 72 3. 38 3. 30 1. 80 45 . 7 

TABLE 2 

MEAN SQUARE TRACKING ERROR-REPLICATION NO. 2 

Subject 
Pavement Section 

No. 0 1 2 3 4 5 6 7 8 9 

1 1. 0 3.4 1. 6 3. 3 2.6 1. 5 1. 6 3.5 3.1 1. 4 43.9 
2.0 2.5 1. 6 2. 5 2.5 1. 0 1. 6 3.3 2.5 1. 4 

5 1. 4 3.2 1. 9 2. 6 2. 0 2.0 1. 7 2.8 2.2 2.0 42.5 
1. 4 3.0 2.2 2.9 1. 5 1. 5 1. 3 3.0 2.2 1. 7 

6 2.1 2.3 1. 9 3.5 1. 8 1. 8 1. 9 3.4 3.4 1. 6 47.5 
1. 9 2.7 1. 3 3. 2 1. 7 1. 5 2.0 4.2 3.9 1. 4 

7 1. 2 2.2 2.2 2. 7 1. 9 1. 6 1. 7 3.4 3.8 1. 9 48.1 
1. 4 2.9 3. 1 3. 6 1. 6 1. 5 2.0 4.0 3.7 1. 7 

8 2.2 3.5 1. 3 4.0 1. 8 1. 8 2.0 4.3 3.0 1. 7 52.2 
1. 6 3.7 2.0 3. 9 1. 9 1. 7 1. 8 4.6 3.4 2.0 

16.2 29.4 19.1 32. 2 19.3 15.9 17.6 36.5 31. 2 16.8 46.8 

Mean 1. 62 2.94 1. 91 3. 22 1. 93 1. 59 1. 76 3.65 3.12 1. 68 
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TABLE 3 

PRESENT PERFORMANCE RATINGS 

Pavement Section 
Rater 

0 1 2 3 4 5 6 7 8 9 

1 8.0 4.0 7.3 6.9 7.7 6.0 9.0 3.1 4.2 7.8 
2 8.9 6.2 6.0 6.3 7.0 7.5 8.5 3.6 3.9 8. 5 
3 8.0 4.6 6.6 4.8 6.6 4.5 7.2 3.6 5. 0 7. 8 
4 7. 9 6. 1 7.8 6. 8 7.5 6.0 8.0 4.0 5.0 7.0 
5 7.0 5.5 6.6 6.0 7.0 4.8 7.5 4.7 5.0 6.0 

'ln o '1<! A 'lA 'l 'ln o .,., 0 '10 0 An "I 1n n "l'l 1 'l '7 1 
""· u ""V• ":I ... ":II: ..... '-'Ve U uu.u .:..u. u "'%.V . £# .1..:1. v '-IVo .L U Io.&. 

PPR 8.0 5.3 6.9 6.2 7.2 5.8 8.0 3.8 4.6 7.4 

The major component of highway vehicle motion is vertical and in view of the com­
ments by Poulton (12) on the response strategies of subjects, the mean square error in 
position was selected as a criterion of human performance . The mean square error in 
position was obtained by calculating the mean and mean square deviation within each 
half wavelength, and then correcting the mean square deviation to a zero mean devia­
tion. The performance of each subject on each test run was expressed as the mean 
square error in position for the central portion of each tracking record. The raw track­
ing scores for each subject on each test section are given in Table 1 and 2 for the two 
replications. 

SUBJECTIVE ESTIMATES 

The regular pavement rating team of the Department of Highways of Ontario also 
assessed the serviceability characteristics of each pavement test section according to 
the standard procedure of the Canadian Good Roads Association (2). This procedure is 
an adaptation of the AASHO Road Test procedure and it uses a ten-point rather than a 
five-point rating scale. The pavement ratings reported by this panel are given in Table 3. 

ANALYSIS OF EXPERIMENTAL RESULTS 

The tracking task described ear lier, which has been used to obtain measures of hu -
man response under the various environmental conditions , was based on the following 
premises: 

1. The human response measure is a reliable criterion and the major systematic 
errors to which the measurement procedure is susceptible have been removed by the 
selection of appropriate task and procedural variables. 

2. The measure of human response is a valid criterion for estimating pavement 
unserviceability. 

3. The human performance measure is systematically related to parallel measures 
of pavement roughness. 

The validity of these premises is examined in this and the succeeding sections of the 
paper. 

The mean square tracking errors listed in Table 1 were subjected to an analysis of 
vn.rin.nce and the results of this analysis are given in Table 4. This table shows that 
the source of variation in the mean square tracking error due to pavements is signifi­
cant as well as the pavement x subject interaction. Table 5 contains the results of the 
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TABLE 4 

ANALYSIS OF VARIANCE TABLE-REPLICATION NO. 1 

Sources 
Sum of Degrees of Variance F 

Squares Freedom Ratio Significance 

Pavements 75.519 9 8.391 73.61 
Subjects 2.010 7 0.287 2.52 
Pavements x Subj . 14.949 63 0.237 20.8 
Observations 9.130 80 0.114 

Total 151. 36 159 

aSignificant at I percent level. 
bNot si gni ficant. 

TABLE 5 

ANALYSIS OF VARIANCE TABLE-BOTH REPLICATIONS 

Sources Sum of Degrees of Variance F Significance Squares Freedom Ratio 

Pavements 98.002 9 10 . 889 93.07 a 

Subjects 3.072 4 0.768 6.56 a - b Replications 0 1 
Pavements x Subj . 10.053 36 0.279 2. 38 a 

Pavement x Rep. 1. 344 9 0.149 1. 27 _b 

Subject x Rep. 0.604 4 0. 151 1. 29 _b 

Observations 11. 645 100 0.117 
Total 189.991 

aSignificant at 1 percent level. 
bNot significant. 

analysis of variance for both replications. To simplify the analysis, only the results 
common to the five subjects were included. This analysis also revealed that the sources 
of variation due to both pavements and subjects as well as the. pavement x subject inter­
action were significant. 

It is important to note that both the pavement x replication and the subject x replica­
tion interactions were found to be nonsignificant. The nonsignificance of these two 
sources of variation indicate that the systematic errors to which this type of experi­
mental technique is susceptible have been removed by the appropriate selection of task 
and procedural variables. 

An important factor now arises in connection with the interpretation and use of the 
mean square tracking errors as estimates of pavement unserviceability. This involves 
the treatment of the sources of variation due to subjects and due to the pavement x sub­
ject interaction. A requirement of the formulation is that it is necessary to be able to 
express the individual response measures on a common scale of measurement. 

Ghiselli (5) points out that under many circumstances measurements of human character­
istics cannotutilize an absolute zero as a reference point and that equal differences in raw 
scores may not be indicative of equal differences in the traitbeing measured. Consequently 
the raw scores of individuals must be treated in some way so that the transformed scores can 
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TABLE 6 

STANDARDIZED TRACKlliG ERRORS-REPLICATION NO. 1 

Subject 
Pavement Section 

No. 0 2 ~ 4 t> ti 7 8 9 

-0.27 1. 10 -0 . 27 1. 23 -0.55 -0.55 -0. 96 1. 51 0. 68 -0 . 82 
-0.82 0.82 -0.27 1. 37 -1. 37 -0 . 27 -0. 96 0.68 1. 78 -1. 10 

2 -0 . 13 0 -0.79 0.26 -0.66 -1. 18 -0.26 1. 71 2. 37 -0 . 66 
-0 . 66 -0.26 -0. 53 0.66 -0.66 -1. 05 -0. 13 1. 58 1. 18 -0 . 66 

4 -1. 05 0. 58 0. 47 0. 70 -0. 58 -1. 16 -0.81 2.21 0.81 -0 . 12 
-1. 16 -0.23 0 0.70 -0.70 -1. 28 - 1. 05 1. 74 0.47 -0.70 

5 -0. 80 0.40 " '" 1.60 " n~ n no n no 0.93 0.40 -1.07 - u . "t:V -u, £.iU -u . .,.., - v ~ i:JV 

-1. 20 1. 20 -0. ()3 2. 13 -0. 13 -0.67 - 0. 93 0. 53 0. 80 -0.93 

6 -0.99 0.56 0 -0. 14 -0.99 -0.99 -0. 56 0.99 0. 85 -0. 56 
-0 .99 0.56 - 0. 14 1. 27 -1. 27 -0. 14 -0.42 2.25 1. 69 -0.85 

7 -0.69 0. 83 -0.42 0.42 -0.56 -1. 39 -0.97 1. 81 0. 97 0 
-0 . 69 u. 83 -0 . 56 1. 25 -1. 11 -0.28 -0.42 -0. 28 2. 08 -1. 11 

8 -0 . 61 0.20 -0. 51 0. 82 -0.92 -1. 22 -1. 22 1. 94 1. 73 -0. 92 
-0. 10 -0.31 -0.41 0. 10 -0.61 -1. 22 -0.41 1. 84 0. 71 -0 . 20 

9 -1. 31 0.30 -0.91 0.40 -1. 01 -0. 81 -0.91 0,91 2.32 -0 . 20 
-1. 31 0. 71 -0. 10 1. 01 -0 . 71 -0.61 -0.40 0. 71 1. 62 -0 . 20 

-12 . 78 7.29 -5.77 13.78 -12.09 -13.19 -11. 34 21. 06 20.46 -10.10 

Mean -0 . 80 0.41 -0 . 36 0. 86 -0. 75 -0.82 -0 . 70 1. 32 1. 28 -0.63 

TABLE 7 

STANDARDIZED TRACKING ERRORS-REPLICATION NO. 2 

Subject 
Pavement Section 

No. 0 2 3 4 5 6 7 8 9 

-1 4!1 1. 4~ -0. 72 1. 33 0. 48 -0 . 84 -0 . 72 1. 57 1. 08 -0 . 96 
-0.24 0.36 -0. 72 0. 36 0.36 -1. 45 -0. 72 1. 33 0.36 -0.96 

5 -1. 17 1. 83 -0.33 o. 83 -0. 17 -0. 17 -0.67 1. 17 0. 17 -0. 17 
-1. 17 1. 50 -0. 17 1. 33 -1. 00 -1. 00 -1. 33 1. 50 0. 17 -0 . 67 

6 -0 . 33 -0. 11 -0. 56 1. 22 -0 . 67 -0 . 67 -0.56 1. 11 1. 11 -0 . 83 
-0. 56 0.33 -1. 22 0.89 -0.78 -1. 00 -0.44 2. 00 1. 67 -1. 11 

7 -1. 32 -0.22 -0.22 0.33 -0 . 55 -0. 88 -0.77 1. 10 1. 54 -0. 55 
-1. 10 0.55 0. 77 1. 32 -0 . 88 -0.44 -0.99 1. 76 1. 43 -0.77 

8 -0 . 38 0.85 -1. 23 1. 32 -0. 75 -0 . 75 -0 . 57 1. 60 0. 38 -0 . 85 
-0.94 1. 04 -0. 57 1. 23 -0.66 -0.85 -0. 75 1. 89 0. 75 -0. 57 

-8.66 7.58 -4.97 10. 16 -4.62 -8.05 -7. 52 15. 03 8.66 -7.50 

Mean -0 . 87 0.76 -0. 50 1. 02 -0 . 46 -0. 81 -0 . 75 1. 50 0. 87 -0 . 75 

Grand 
Mean -0. 82 0.57 -0.41 0.92 -0 . 64 -0. 82 -0. 73 1. 39 1. 12 -0.68 
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be directly compared. Ghiselli points out that a convenient technique for observations 
of this type is to transfor!ll the raw observations into standardized variables. A stand­
ard score expresses an individual's score in units that are given as standard deviations 
of scores of his group. The mean square tracking errors contained in Tables 1 and 2 
have been transformed into standard tracking errors with a zero mean value and unit 
standard deviation, and are given in Tables 6 and 7, respectively. The conversion of 
each individual's behavior to a common continuum assumes that the individual's units of 
measurement of behavior are made comparable by equating their variabilities. 

The subjective pavement ratings of Table 3 could also be transformed into standard 
ratings. However Guilford (7) has suggested that linearity assumptions are not valid in 
connection with ratings, particularly in respect to the central tendency effect. 

Ghiselli (5) points out that a useful numerical index of the reliability of an experi­
mental technique is to compute the correlation coefficient obtained from separate ap­
plications of the test. Correlation coefficients have been computed for the five subjects 
for which replicated data were obtained and these are 

Subject No. 1 5 6 7 8 

r 0. 80 0.85 0.97 0. 89 0.86 

The mean reliability index for the five subjects is 0. 87 indicating that the test-retest 
reliability of the technique is quite good. 

Sources of unreliability may arise because of several factors. A major source of 
unreliability is probably the instability of the test environment. Variations in the path 
and speed of the test vehicle, the influence of passing trucks and cars on the motion of 
the vehicle may all contribute to the random fluctuations in the test results. In addition, 
the performance of the individual being assessed will fluctuate as a function of the tem­
porary variations in the state of the subject. Factors such as the individual's motiva­
tion, emotional state, and susceptibility to fatigue may have an important influence on 
the stability of a subject's performance. 

It must be recognized that the tracking qehavior reported in this paper is for a rela­
tively homogeneous group of subjects and for one type of highway vehicle. Consequently 
any generalization's of the experimental observations to a larger population must be un­
dertaken with extreme caution. The use of a wider range of test subjects could be handled 
through standardization of their observed responses providing the linearity assumptions 
are still valid. Nevertheless the experimental program reported in this paper has in­
dicated that the measurement technique is a reliable procedure for field conditions. 

COMPARISON OF SUBJECTIVE RATINGS AND TRACKING BEHAVIOR 

Figure 11 shows the relationship between the mean present performance rating and 
the mean st~ndard tracking error for each pavement section. The equation relating 
these two val-iables is 

PPR 6.307 - 1.352 T (4) 

where 

PPR mean present performance rating, and 
T mean standard tracking error. 

It is interesting to note that the relationship is linear at least for the pavements exam­
ined in this investigation. It was previously mentioned that Coermann (4) observed an 
essentially linear relation between mechanical body response and reported subjective 
magnitudes in the low frequency range of vibration. In fact, Coermann suggests that 
relative displacements of the effective body mass can be calculated with sufficient ac­
curacy from the mechanical impedance of the subject and then used to estimate subjec­
tive tolerance. 

Figure 11 indicates that only two pavement sections, Nos. 5 and 3 differ greatly from 
the trend line. Test section 3 possessed a high degree of surface distortion although it 
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Figure 11. Present performance rating vs mean standard tracking error. 

was located on a highway whose overall geometric properties were quite good. Sec­
tion 5, on the other hand, was located on a highway whose overall geometric charac­
teristics were of a lower standard, and whose surface contained areas of cracking that 
did not influence the motion of the vehicle. These observations suggest that raters are 
influenced by their overall impression of the highway section, rather than solely by the 
attributes of the pavement itself. Hutchinson (8) has pointed out that this type of sys­
tematic error, the halo effect, is a common source of distortion in subjective ratings. 
These observations on the presence of the halo effect are confirmed by the relations 
established in the next section between the human response measures and pavement 
roughness. Recent studies of pavement ratings reported by Yoder (16) have also indi­
cated that significant systematic errors are present in pavement ratings that cannot be 
explained by the roughness characteristics of pavements. 

The previously described requirements for a pavement unserviceability demand that 
the criterion measures be scaled on an interval scale. Only when such a scale status 
is achieved is the calculation of an average human response valid. Implicit in the use 
of the mean standard tracking error is that this measure achieves interval scale status. 
Measurements on interval scales should remain invariant under linear transformations 
of the scale. The question remains as to whether the mean standard tracking errors 
would remain invariant under changes in the task variables and the use of a more het­
erogeneous group of subjects. These questions can only be answered by further em­
pirical investigation. 

A most significant problem that remains unanswered is under what conditions are 
equal increments in the mean standard tracking error reflected as equal increments in 
the underlying pavement ratings. Unfortunately, this question cannot be answered at 
the present time until a more fundamental understanding of human response to motion 
is developed and the appropriate varial.Jles uI the driver-vehicle system isolated. 

The apparent linear relation between the mean standard tracking error and the mean 
present performance rating implies that either criterion is equally valid as an estima­
tor of pavement unserviceability. The criterion that is least sensitive to extraneous 
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environmental influences yet sufficiently sensitive to the influence of motions induced 
by pavement roughness should be selected. 

RELATION BETWEEN TRACKING ERROR AND PAVEMENT ROUGHNESS 

The roughness content of each pavement section was sampled by recording the outer 
wheelpath surface elevation profile at 1-ft intervals. The spectral density character­
istics of each profile were examined and they indicated that the total variance charac­
teristics of roughness amplitudes were sufficient to define the roughness content of a 
profile. Quinn (13) has pointed out that the longest wavelengths of interest to vehicle 
performance areof the order of 100 feet. 

The roughness content of each profile was expressed by sampling 100-ft long sections 
of the profile and fitting a straight line to the roughness amplitudes. The roughness con­
tent of the short length of profile was expressed by means of the residual sum of squares 
divided by the number of pieces of data. Table 8 contains the calculated variances and 
the average variance for each profile. 

Figure 12 shows the relationship observed between the mean standard tracking error 
and the mean amplitude variance associated with 100-ft long segments of the profile; it 
indicates that a well defined linear relation exists between these two variables which 
may be defined by 

T 0. 038 R - 1. 732 (5) 

where 

T mean standard tracking error, and 
R = roughness amplitude variance >< 104

• 

TABLE 8 

VARIANCE OF ROUGHNESS AMPLITUDES 

Section Variance Estimates x 104 Mean No . 

0 24 , 2, 68, 22, 31 , 53 , 33, 2, 33 , 5, 27 

1 34, 23, 36 , 32, 147, 24 , 94, 44 , 55 , 114 , 56 
30, 41, 97, 41, 36 , 

2 13, 18, 10, 40 , 15, 112, 41 , 105, 41, 14, 37 
21, 2, 47 , 66, 28 

3 11, 73, 44, 19 , 16 , 28, 31 , 65, 247, 16, 72 
56, 210, 207, 33 , 35 

4 15, 54, 5, 11 , 11, 66, 25 , 59 , 14, 47, 27 
18, 5, 36, 21 , 16, 

5 52 , 11 , 4, 68, 16, 13 , 68, 8, 10, 27, 31 
12, 4, 53 , 97, 23 

6 17, 16 , 36 , 13 , 14, 8, 27, 9, 29, 84 , 23 
51, 10 , 15 , 24 , 8 

7 77, 122, 66 , 30 , 38, 56, 41 , 40, 134, 136, 83 
139, 60, 136, 95, 77 

8 46, 29, 15, 18, 113, 231, 43 58, 164, 41, 73 
47, 64, 71, 71 , 61 

9 3 , 11, 18, 16 , 63 , 35, 67, 8, 3, 54, 24 
4, 24, 35, 14, 123 
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For ease of description, the term R might be called the roughness amplitude variance. 
Eq. 5 was fitted to the data according to the least squares criterion. 

Figure 13 shows the relationship observed between the mean present performance 
rating and the roughness amplitude index. A linear relation has been fitted to the data 
and the equation of this line is 

PPR 8. 730 - 0. 053 R (6) 

where 

PPR mean present performance rating, and 
R mean roughness amplitude index. 

It has already been pointed out that the performance ratings associated with pavement 
sections 5 and 3 apparently contained halo effects. The presence of these systematic 
errors is confirmed by the relation shown in Figure 13. 

SUMMARY AND CONCLUSIONS 

1. The AASHO Road Test formulation of pavement unserviceability is based on the 
philosophy that the structural performance of a highway pavement can best be measured 
through a consensus of experts using a subjective rating scale as a basis for measure­
ment. Several well-known systematic rating errors are known to distort ratings. 

2. The structure of the pavement rating scale is such that failure levels of unserv­
iceability cannot be established independently of the serviceability unit. 

3. An examination of available knowledge on human response to motion suggests 
that a more rational and reliable approach to the measurement of pavement unservice­
ability is to measure decrements in human tracking behavior. 

4. A portable tracking task has been designed which can be readily mounted in any 
highway vehicle. The task variables associated with the tracking technique were se­
lected on the basis that differences in the ability of subjects to perform the task should 
be minimized by selecting a relatively simple task. The input function consists of a 
triangular wave form of 1. 2-cm amplitude, and 30-cm wavelength. The speed of move­
ment of the input function is 6 cm/ sec. A subject is required to track the input function 
manually from a specified position in the test vehicle. 

5. Subjects can be readily oriented and trained in the task, and the observations 
obtained in this investigation indicate that the major systematic errors are removed 
after about 6 trials. 

6. A subject's performance can easily be measured by calculating the mean square 
error in position of his output and then transforming this to a standard tracking error. 

7. The relation observed between the standard tracking error and the present per­
formance rating confirms the existence of halo effects in the subjective pavement ratings . 

8. A high degree of correlation was observed between the mean standard tracking 
error and parallel measures of pavement roughness. 

9. In the absence of a more complete knowledge of driver behavior and human re­
sponse to motion the validity of the mean standard tracking error as a criterion of pave­
ment unserviceability can be established objectively. However, the relationship of the 
standard tracking error to the subjective ratings and the support of previous studies of 
mechanical body response would suggest that the validity of this criterion is quite high. 

10. The reliability of this tracking technique, the ease with which the human re­
sponse measures can be obtained for widely dispersed pavement sections, and the ab­
sence of any major systematic distortions would suggest that this procedure, or some 
modification of it, could easily be adopted as a standard technique assessing human 
response to vehicle motion. 
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Prediction of Skid-Resistance Gradient and 
Drainage Characteristics for Pavements 
DESMOND F. MOORE, Research Mechanical Engineer, Transportation Research 

Department, Cornell Aeronautical Laboratory, Inc. 

For slick pavements, the major factor influencing the onset of 
skidding or hydroplaning is surface texture . To evaluate the 
effectiveness of this parameter in specific instances, a simple 
instrument called an outflow meter has been designed, con­
structed, calibrated, and tested. The outflow meter not only 
compares the relative drainage abilities of surfaces by assign­
ing a drainage number to each, but also serves to establish the 
slope of the wet sliding coefficient of friction vs speed charac­
teristic for a particular texture. In this manner, periodic test­
ing of pavement sections that have marginal slipperiness will 
indicate when resurfacing is necessary. Also, the extent of 
locked-wheel skid testing is drastically reduced by the instru­
ments described herein. 

•HIGH-SPEED skidding can cause serious accidents because of the loss of directional 
ground stability and braking traction. When this occurs, the vehicle, whether an auto­
mobile or aircraft, drifts in an uncontrolled manner with negligible restraint by the 
tires. Although skidding may occur on slippery surfaces at relatively low vehicle 
velocities, a different type of skid will occur at high speeds, even though the road or 
runway exhibits a high skid-resistance characteristic at low and normal speeds. This 
phenomenon, called hydroplaning, is caused when the tire rides on a thin film of water. 

The hydroplaning phenomenon may occur whether the tire is initially either rolling 
or locked (as in braking). For every set of experimental conditions in wet weather, 
therefore, there exist two critical velocities, called the hydroplaning-limit-in-rolling 
and the hydroplaning-limit-in- sliding. In fact, the sliding hydroplaning limit corre­
sponds to a much lower vehicle velocity than the rolling situation, and this factor alone 
promotes skidding hazards as seen by the following example. Assume that a vehicle 
starts from rest on a level, wet pavement and accelerates constantly until, at some 
instant, the vehicle velocity is equal to the hydroplaning-limit-in-sliding. Because the 
tires are rolling and the vehicle is accelerating, the driver is unaware that he is in the 
critical range between the two hydroplaning limits. If there is no occasion to apply the 
brakes, the vehicle will continue to accelerate until the higher or rolling pneumatic 
limit is approached, at which stage the vehicle will drift out of control. 

Under certain conditions, the higher hydroplaning limit may be almost twice that of 
the lower (1). Assuming that the driver approaches the upper limit and then applies 
his brakes upon detecting the onset of hydroplaning, he finds that even when the vehicle 
speed decreases below the upper hydroplaning limit (because of wind resistance), con­
trol of the vehicle cannot be regained until the speed decreases to a value below the 
lower or sliding limit-if he maintains the locked-wheel condition. Thus, while the ve­
hicle decelerates from perhaps 75 to 40 mph, it will be hydroplaning, and drift out of 
control. It may be argued that if the driver releases the brakes immediately after 
applying them in panic at the upper hydroplaning limit (or if he has the presence of mind 
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never to apply the brakes under these conditions), then the wheel will begin to roll again 
below the upper limit. Unfortunately, there is evidence to suggest that once hydroplaning­
in-rolling occurs, the forces and moments acting on thetiretend to keepitfrom rotating, 
whether or not the brakes are applied (2) . 

The greatest safety hazard occurs under the above conditions because the driver is 
unaware that his vehicle is operatil1g between the two hydroplaning limits, and it takes 
only a light application of the brakes to trigger the locked-wheel hydroplaning condition 
at speeds that are far i!l excess of the lower hydroplaning limit. Of course, the situa­
tion is far less serious if the driver applies his brakes at a vehicle speed that only 
slightly exceeds the lower limit, because wind resistance in this instance only needs to 
slow the vehicle one or two miles per hour to regain control. 

Therefore, it is imperative that the nature of tire-surface interaction for the case 
of rolling on a wet surface be fully understood, particularly between the hydroplaning 
limits in sliding and rolling. Recognizing this need, Cornell Aeronautical Laboratory, 
Inc., under contract to the Bureau of Public Roads (Contract number CPR 11-1058) has 
conducted a combined analytical and experimental study of the fundamental mechanism 
of rolling ~) during the past year. 

THE MECHANISM OF ROLLING 

Consider the case of atirerollingonawet surfaceat speedsbelowthehydroplaning­
limit-in-rolling (Figs. lA and lB). A hydroplaning upward thrust exists in the wedge 
just ahead of the contact area of the tire; the magnitude of this thrust is determined by 
such factors as effective tread width, water layer depth, tire inflation pressure, and 
vehicle velocity. The contact area itself (!) comprises three zones (Fig. lB) as follows: 

1. Sinkage, or Squeeze-Film Zone: l/nder wet conditions, the forward part of what 
would normally be considered the contact area under dry conditions floats on a thin film 
of water, the thickness of which decreases progressively as individual tread elements 
traverse the contact area. Since the tire, water-film, and road surface have virtually 
no relative motion in the contact area, the tread elements in effect attempt to squeeze 
out the water between rubber and pavement. 

2. Draping, or Transition Zone: The draping zone begins when the tire elements, 
having penetrated the squeeze film, commence to drape over the major asperities of 
the surface and to make contact with the lesser asperities. 

3. Actual Contact, or Tractive Zone: This is the region where the tire elements, 
after draping, have attained an equilibrium position vertically on the surface. The 
length of this region depends on vehicle velocity; it occupies the rear portion of the 
overall contact area. Tractive effort is developed here. 

The sriuee~e -film mnP is of prim::iry impnrt:=rncP. in thP. invP.stigation of hydroplaning 
phenomena. It is apparent that when the time of squeezing action of a particular tread 
element entering the contact length exceeds the time of traversal of the element through 
the contact area, there are no draping or actual contact zones and hydroplaning occurs. 
The time of squeezing depends on inflation pressure, water viscosity, dimensions of a 
tread element, initial film thickness, and surface texture-but is independent of vehicle 
speed (4). The time of traversal, on the other hand, varies inversely with speed. By 
increaSing vehicle velocity, therefore, it is possible to reduce the time of traversal to 
a value equal to or less than the time of squeezing. In this event, a rubber element 
entering the contact region sweeps through the contact length before all the water has 
been squeezed out, and the hydroplaning-in-rolling limit has been attained. 

The objective is to minimize the times of squeezing and draping so that the time 
remaining to develop traction is maximized and, therefore, for a given set of conditions 
the hydroplaning limit is postponed to its maximum value. According to the results of 
previous investigators, the major factor influencing the time of squeezing is the nature 
of the surface roughness (5, 6), whereas both surface roughness and the dynamic prop­
erties of rubber determine the time of draping. To obtain experimental support for the 
theoretical concepts proposed in this study, a surface texture laboratory was built. 

f 
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Figure 1. Wet rolling below the hydroplaning limit. 

SURFACE TEXTURE LABORATORY 

183 

Figure 2 illustrates the general layout of the laboratory, including apparatus and 
equipment. The latter consists of an outflow meter (to assess the relative drainage 
abilities of selected pavements), a profile measuring device (to verify the predictions 
afforded by the outflow meter), a draping apparatus (to simulate the draping zone out­
line.d in the previous section), a sink.age model (truit duplicates the squeeze-film action 
in the sinkage zone), and a British portable skid-resistance tester for general labora­
tory use. The outflow meter and profile measuring device are discussed in this paper. 
It will be seen that this combination gives a valid prediction of both the drainage char­
acteristics and skid-resistance gradient for selected pavements. 

Valid experimental data to support the analytical concepts proposed in the next sec-
tion may, in theory, be obtained from any of three sources: 

1. An instrumented vehicle performing specified maneuvers; 
2. A test wheel loaded against, and driven by, a steel drum; or 
3 . A laboratory, using simpiified models to simulate the interaction between tire 

and pavement. 
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Figure 2. General view of surface texture laboratory. 

However, the interpretation of such data is perhaps realistic only in the case of the 
third alternative. This is so because the rolling of a tire is sufficiently complex that, 
by changing one variable in a given test (e.g., inflation pressure) in 1 or 2 above, the 
resulting change in a dependent variable (such as perhaps temperature) is a function 
not only of the variable that is changed but also of several other variables, many of 
which are unknown. In the above example it is clear that an increased inflation pres­
sure will cause a decrease in temperature-but what percent of the decrease accrues to 
volume changes, rubber properties (flexing), microslip changes in the contact area, 
etc.? Only the use of simplified laboratory models can separate these respective con­
tributions and, for this reason, it is believed that the fundamentals of the rolling pro­
cess can be properly understood only by using simple analysis supported by data from 
a surface texture laboratory . 

Three types of surface roughness were used in this investigation, classified as fol­
lows: 

1. Regularly rough surfaces (cubed or square-pyramid asperities or projections) 
for calibration of the outflow meter, 

2. Random surfaces (waterproof sandpaper) for laboratory use, and 
3. Random surfaces (actual roads) for field testing. 

NOMENCLATURE 

A area of outflow channel, or apparent contact area, in. 2
; 

c characteristic channel dimension, in.; 
Cn coefficient of discharge; 



d = mean void width of surface asperities, in. ; 
D = inner diameter of outflow meter, in. ; 

D. N. = drainage number; 
f sv = wet sliding coefficient of friction; 

g = acceleration due to gravity, ips; 
Ip = polar moment of inertia of channel cross- sectional area, in .4 ; 

Ko , K1 , K2, Kg = constant coefficients; 
./.. = height of liquid level in outflow meter above asperities, in.; 

MHRE = mean hydraulic radius (experimental), in.; 
MHRT = mean hydraulic radius (theoretical), in.; 
M, M / = instrument constants; 

N = number of channels under rubber ring of outflow meter; 
N' = number of asperities per unit area of surface; 

p, p ' = apparent pressure, psi; 
Pi = inflation pressure, psi; 
P = wetted perimeter of channel , in. ; 
Q = volume flow rate tlu·ough one cha1mel, in.3/sec; 

QTOT = total volume flow rate t lu·ough channels, in.3/sec; 
S.N. = skid number; 

t = efflux time for outflow meter, sec; 
V = vehicle velocity, mph; 
W = load on outflow meter, lb; 

E average asperity height, in.; 
6. thickness of rubber ring, in.; 
p density of water or glycerin, slug/in.3

; 

ri draping factor; and 
µ = absolute viscosity, lb sec/in.2

• 

THE OUTFLOW METER 
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The outflow meter is designed to measure directly the mean hydraulic radius of the 
surface texture of a road or runway. This is an essential criterion for assessing drain­
age ability as shown elsewhere (7). Figure 3 shows two views of the meter, and Figure 
4 shows the device in actual use:- The meter consists of a transparent lucite open-end 
cylinder with a thin neoprene ring of square cross section cemented to one end. The 
unit is mounted vertically on the surface to be tested; the ring is compressed onto the 
surface texture by a predetermined circumferentially applied load . The vessel is filled 
with water, and the time of efflux, of a certain quantity of water between the rubber and 
the surface voids is obtained by observing, with a stopwatch, the time for the level in 
the vessel to drop from the upper to the lower graduation mark. 

Theory 

Let ./..i> ./..f, and ./.. be the initial, final, and intermediate heights, respectively, of the 
water level in the cylinder above the center plane of the channels between rubber and 
surface (Fig. 3). Using the hydrodynamic analogy (7) between the uniform torsion of 
a prismatic bar flow through a cross section of the same shape under a steady pressure 
gradient, it is found that the total flow rate through the channels between rubber and 
surface is given by: 

NA
4 

(pgt) QTOT = NQ = 160µIp T (1) 

where 
6. = thickness of rubber ring, 

(pgt/6.) = pressure gradient under ring, and 
N = number of asperities or channels under ring. 
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Figure 3. Two views of the outflow meter. 
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Substituting the characteristic channel dimension c = A/ :ffP in this equation, and re­
membering that for the drop in level of the water in the vessel 

we obtain an expression for c: 

rrD2 dl 
QTOT = 4 dt 

c 

(2) 

(3) 



Figure 4. The outflow meter in use. 

where 

t time for water level to fall through height (li - lf), and 

M 1(40rrD26./pg)ln(li/lf) = instrument constant. 

Now the ratio of the characteristic channel dimension to the mean hydraulic radius 
(MHR) is found to be approximately constant, e.g., 

( c/MHR) ,;, 6. 67 
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(4A) 

with a maximum error of about 10 percent for all possible channel configurations and 
a maximum error of about 4 percent for all probable channel corifigurations. It can 
also be shown that, if the distribution of asperities in the surface is uniform in the 
sense that the linear density is the same in all directions, then 

N = rrD JN' 
where N' is the number of asperities per square inch of surface texture. Combining 
Eqs. 3, 4A, and 4B, the following important result is obtained: 

(5) 

where M' = 0. 1128 M/:fD (also an instrument constant). From this equation, it can 
be seen that, if the three quantities µ,, t, and N' are known, the mean hydraulic radius 
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can be found. The viscosity µ is obtained from the temperature of the liquid in the 
cylinder, and t is the efflux time measured with a stopwatch. The number of asperities 
per unit area (the areal density) can be obtained either visually, photographically, or by 
pressing a mastic compound onto the texture to obtain a three-dimensional negative for 
later analysis. Another method is to coat the surface with Prussian blue, and then 
press a sheet of paper onto the asperity tips to obtain asperity-density prints. This 
method appears to be the most satisfactory, and was used for the sandpaper and actual 
road surfaces. Little accuracy is required in estimating N', since 50 percent error in 
.JN' means only a 10 percent error in MHR, and the latter is only just outside the limits 
of expected accura.cy . 

Calibration 

The outflow meter is calibrated and checked by mounting it under different ioads on 
surfaces having both cubed and square-pyramid asperities (Fig. 5). These surfaces 
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figure 5 . Cai ibrotion surfaces for outflow meter. 



189 

were machined from aluminum plate stock, and it is possible to compute the area be­
tween the regular-type asperities and the neoprene ring of the outflow meter. Because 
the size of the cubed and square-pyramid projections is too large to permit a gradual 
drop in the level of water in the cylinder, a viscous glycerol solution is substituted for 
the water. This restores viscous flow beneath the rubber ring and makes the theory of 
the last section valid. A Cannon-Fenske viscometer is used to establish the exact 
viscosity of the glycerol, and it is found to be 98 percent pure. Thus the exact viscosity 
can be obtained from tables as a function of temperature, since this is necessary for 
calibration purposes. 

Putting D = 4 . 75 in. , ll. = 1/a in., ti = 9 .1 in., tf = 4.1 in., and pg (for glycerol) = 
~ -1A s1 -11 

78. l lb/ft3, it is found that M = 8. 89 in. 2 lb 4
, and M' = 0. 678 in.14 lb. 14

• Thus, 
Eq. 5 becomes: 

(5A) 

where the subscript E denotes experimentally determined. 
The mean hydraulic radius is also theoretically defined as 

(6) 

where 

ri = draping factor (because of the penetration of the neoprene ring by the surface 
projections), 

Cn = coefficients of discharge, 
A = equivalent outflow area between ring and asperities (defined in 7), and 
P = perimeter per channel ('~) . -

The values of A and P for each of the cubed and square-pyramid asperities surfaces 
(neglecting draping) are calculated according to a general method outlined in the Appen­
dix of ('.U . By equating the right sides of Eqs. 5A and 6, it is found that: 

(p) 1 
l 

17 Cn = O. 678 A µ/tN' /'2 (7) 

Now, the draping factor is defined as unity for zero load (i.e., when there is no draping,) . 
All the outflow meter tests, however, are conducted using loads ranging from 5 to 25 
lb. By extrapolating to zero load, the value of the radical in Eq. 7 at zero load may 
be obtained on each calibrating surface from its values at finite loads. Thus, assuming 
Cn is constant on 'One surface for all loads, 

From Eqs . 7 and 7 A: 

zero 
load 

(7A) 

(8) 



190 

TABLE 1 

Type of Surface E (in.) 

Cubed 

Cubed 

Square-pyramid 

Square-pyramid 

P/A 

42.7 0.76 

31.9 0.86 

47.6 0.92 

32.5 0.86 

A sample data sheet for the outflow meter 
tests is shown in the Appendix of (3). Sev­
eral tests for each set of conditions were 
made, and the mean value of MHRE was 
obtained from Eq. 5A. Table 1 gives val­
ues of P /A for each surface and finally the 
values of CD. 

Considering that the flow is viscous, 
the values of the coefficient of dis­
charge are reasonable and point to the 
fact that results obtained with the out­

flow meter closely predict the mean hydraulic radius of the texture. By substituting 
experimental data into the right side of Eq. 7, the product 11 Cn may be computed at each 
load for each surface. Figure 6 shows plots of 11 CD for both the cubed and sqaare­
pyramid asperity surfaces. By extrapolating to zero load (whereupon 17 ... unity), the 
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value of Cn in each case is obtained and, assuming Cn is independent of load, an indi­
cation of the draping effect on each surface is presented. 

As might be expected, the draping effect on the square-pyramid surfaces is consid­
erably greater trui.n on the cubed surfaces. Other observations from Figure 6 are: 

1. The maximum draping for a particular surface geometry appears constant and 
independent of asperity size. 

2 . The rate of increase of the draping effect with load is greater for the square­
pyramid texture. 

3. The draping effect on the square-pyramid texture becomes saturated (i.e., fur­
ther increase of load does not affect the degree of draping) at loads which are smaller 
for larger sizes of asperity. 
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Figure 8. Asperity-density prints and profiles for sandpaper surfaces. 

The draping factor 71 may be plotted against load from Eq. 7. An alternative is to di­
vide the 71 CD values at each load in Figure 6 by the corresponding value at no load. 
These curves are not shown, however, since they are similar to those in Figure 6. 
Figure 7 gives the MHRE for each surface as a function of load or draping. The mean 
hydraulic radius is a valid measure of drainage, and it is seen that the drainage ability 
is impaired when the degree of draping increases. 

The calibration tests with the outflow meter show that the instruments can be used 
to predict the drainage ability of surfaces. It gives a measure of the size of texture 
insofar as coarser surfaces more readily permit surface water to flow in the voids be­
tween asperities. The outflow meter may now be used on randomly-rough surfaces (as 
opposed to the calibration surfaces that may be classified as regularly-rough). 

Results on Sandpaper Surfaces 

A convenient set of random surfaces for laboratory use was provided by the Behr­
Manning Company, classified for reference purposes as follows: 

B.M. ff80-X 
B.M. #60-X 
B.M. #50-X 
B.M. #24-X 

Fine 
Medium Fine 
Medium Coarse 
Coarse 

These surfaces are waterproof, and were mounted on 6-in. square backing plates. The 
range of texture represented is considerably smaller than that for the calibration sur­
faces, and is comparable with that on road surfaces. The texture is sufficiently fine 
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to permit the use of water (Fig. 4). Since the density of water is less than that of the 
calibrating liquid (i.e., glycerin), the constant M 'in Eq. 5A is greater: 

MHRE = 0. 716 ~/tN' Y2 
(55) 

To evaluate the areal density N', asperity-density prints are obtained with Prussian 
blue dye (as described earlier). Figure 8 shows asperity-density prints for each of the 
sandpaper surfaces. The areal density N' is read by marking off a square inch on the 
prints and counting (by means of a movable slit) the number of points appearing. Also 
included in Figure 8 are the profiles of each surface (obtained with the profile measur­
ing device). 

The outflow meter is used on each surface for a range of loads. Figure 9 shows the 
mean hydraulic radii plotted as a function of load, and, as might be expected, it de­
creases with increasing pressure on the rubber ring. It should be noted that it is pos-
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sible to obtain the curves in Figure 9 without calibrating or cheeking the instrument as 
described in the last section. The calibrating procedure, however, shows that the re­
sults obtained are valid and reliable. Apart from the obvious fact that the coarser 
sandpapers have larger MHRE, it is seen that the rate of increase of draping with in­
creasing load is constant for all sizes of texture (equal to about 30 micro in. per lb). 
This rate of increase approaches that for the square-pyramid surfaces, indicating at 
onr.e that the sandpaper exhibits predominantly peaked or close -to-peal{ed asperitieo. 

There is a source of error in reading N' from the asperity-density prints. Further­
more, the number of points obtained is a function of the pressure applied to the paper. 
Speculation suggests that N' should be made to increase with load for each texture, by 
applying a greater pressure to the paper (in producing the prints) to correspond to the 
higher loads . This would aggravate the slopes of the curves in Figure 9. However, as 
suggested ear lier, relatively large discrepancies in N' can occur without sacrificing 
accuracy, sincetheone-eighth power of N appears in Eqs. 5A and 5B. It is, therefore , 
convenient and simpler to assume one value of N' for each surface , provided the s ame 
firm pressure is exerted on the paper to obtain the prints in each case. 

Results on Actual Road Surfaces 

Roth the outflow meter and profile measuring device were used on two selected 
asphalt road surfaces (one "bleeding" and aged, the other lightly trafficked and one year 
old) , and on one disused but relatively rough concrete surface. One of the difficulties 
encountered in the field tests was a realistic interpretation of the number of asperities 
per square inch, N'. For the sandpaper surfaces, the asperities are pointed and rela­
tively uniform in size and spacing, so that N' is read fairly accurately with the slit me­
thod. On actual surfaces, however, the situation is different and the asphalt surfaces 
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Figure 10. Mean hydraulic radii for road surfaces (obtained with outflow meter) . 
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in particular show not only smaller asperities, but also, large flattened areas that can­
not be classified as asperities. From replicas of the surfaces obtained by coating the 
area under inspection with dye, estimates of N' have been made but undoubtedly these 
est imates are more approximate than in the case of the s andpaper surfaces. 

A value of N' = 7 was assigned to the lightly-trafficked a sphalt surface, and a value of 
N' = B to the other two surfaces. These selected values will be discussed later, and it will be 
shown that they are not unreasonable. The "bleeding" a sphalt surface presents an added 
problem, because it is virtually impossible to obtain an estimate of N' from direct ob­
servation-in this case, the amplified profile of the surface is helpful. Figure 10 shows 
the variation of MHRE obtained with the outflow meter vs the load W applied. It is ob­
served that the MHRE for the concrete surface lies almost exactly between the corre­
sponding values of MHRE for the rough a nd bleeding asphalt surfaces at the same load W. 
The mean slope AMHRE/AW for the concr ete surface appears to be slightly greaterthan 
for the other two surfaces, indicating perhaps a slightly less rounded texture. 

PROF1LE MEASURING DEVICE 

Figures 11 and 12 show two views of a device designed to accurately record the local 
variations in surface geometry. It consists of a platform that moves horizontally on teflon 
rU!Ulers r elative to a base fr ame whi ch is su~ported on the texture by three l eveling s crews . 
The platform is driven in either direction at /sips by a rever sing motor thr ough a rack a nd 
pinion mechanism. An aluminum block mounted r elative to the platform on twin cantilever 
springs (this arrangement provides frictionless vertical motion of the block, with a restoring 
force provided by the springs) has an inclined needle point at the lower end which fol­
lows the profile of the surface as the platform moves. The upper end of the block has a 
thin flexible extension that is connected to the core of a linear variable-differential 
transformer. A reversing switch forthemotoranda Transpac20-30 d.c. constant-voltage 
source for the transformer are grouped together in a single unit, as shown in Figure 11. 

The output from the transformer caused by fluctuations in the position of the core is 
then fed into an oscillograph. Almost any vertical sensitivity or amplification of the 
texture may be achieved but, for the higher sensitivities, a filter network must be in­
stalled to eliminate low-frequency drift and to keep the oscillograph trace on the chart. 
Leveling of the base frame is attained by adjusting the leveling screws to center the 
circular bubble mounted on the platform. The optimum angle and sharpness of the needle 

Figure 11. Front view of profile meosuring device. 
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Figure 12 . Details of traveling platform . 

must be selected by trial and error to obtain a compromise between the conflicting re­
quirements of not sticking and true reproduction of the surface profile. 

Sample profiles for the sandpaper surfaces are shown beside the corresponding 
asperity-density prints in Figure 8. It is observed that the vertical scale in this figure 
is several times the horizontal scale fo r the profiles (the ratio is about 10 : 1), but , de­
spite thi~ diRtnrtinn, th~y ~ive an indiCaticn of the !ihn.rpnc:;;a and aiza of tha surfac6 
texture. If the horizontal scale factor is increased and made equal to the vertical scale 
factor (so that the profile is amplified without distortion), it is possible to obtain a 
theoretical value of the mean hydraulic radius for each surface. The method used is 
similar to that described by Meyer (8). The peaks of major asperities are connected 
by straight-line segments of approximately equal length, thereby creating channels or 
drainage areas between these segments and the actual surface . A planimeter is used 
to measure the drainage areas for a representative length along the texture, and an 
opisometer is used to obtain the length of the wetter perimeter for each channel. Thus, 
the mean hydraulic radius (area/perimeter) is obtained for each surface. It should be 
noted that the method of joining asperity peaks simulates, in terms of drainage area, 
the equilibrium draped position of tire elements about surface asperities at the rear of 
the contact area. An amplification factor of 20 in the horizontal and vertical directions 
was used for the sandpaper surfaces, and a factor of 40 for the actual road surfaces. 

The profile measuring device permits the computation of MHRT in accordance with 
Eq. 6 by using a simplifying assumption that n Cn = 1. The reason for making this as­
sumption is that a surface profile is two-dimensional and gives 11u i11dicaliuu uI lht:J 
three-dimensional aspects of the flow. Previous work (7) shows, in fact, that the phys­
ical outflow area obtained from a surface profile is less- than that obtained using an 
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Figure 13. Comparison of MHR obtained from outflow meter and profile measuring device. 

equivalent outflow area. (The method of obtaining the equivalent outflow area is de­
scribed in the same reference, and it accounts for the third dimension of the texture .) 
This consideration would tend to reduce MHRT, so that the assumption 17 CD = 1 {which 
tends to increase MHRT) provides a compensating effect. 

Figure 13 shows a comparison between the MHRE (at W = 25 lb) obtained from the 
outflow meter and the corresponding MHRT (with 17 Cn = 1) computed from the profile 
data for each of the sandpapers and actual surfaces. It is seen that the relationship is 
remarkably linear, indicating that the outflow meter data have been verified by a profile 
analysis of the textur es selected. Further more, the slope of the line is virtually 45 
deg, which suggests that the MHRT is only slightly less than the corresponding value of 
MHRE . The greatest depar ture from the linear relation between MHRT and MHRE is 
in the case of the bleeding asphalt surface. This is to be expected, because the theo­
retical channelization concept (7) upon which the theory of the outflow meter is ba.sed 
requires well-defined channels;- and this is obviousiy not entirely true for bleeding 
asphalt. The reason for choosing the value of MHRE at W = 25 lb in the correlation 
plot of Figure 13 is given in the next section. 

DRAINAGE NUMBERS FOR ALL SURFACES 

Since the mean hydraulic radius is a function of draping or load (applied to the rub­
ber r ing in t he case of the outflow meter, or to the tread el ements in the contact area 
for a pneumatic tire), it is convenient to select one load value, and the MHRE x 104 

obtained at this load will be call~d a drainage number. The load selected for the out­
flow meter should be the one that most nearly provides the same average pressure 
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TABLE 2 

Surface Description 

Calibration 
Surfaces 

Sandpaper 
Surfaces 

Actual Road 
Surfaces 

Cubed, { - %z in. 
Cubed, f = 1/s in. 
Sq. Pyramid, f = 1/s in. 
Sq. Pyramid, E = 3/ia in. 

B.M. #24-X 
B.M. #50-X 
B.M. #60-X 
B.M. #80-X 

Asphaltic I (rough) 
Asphaltic II (bleeding) 
Concrete (rough) 

Drainage 
Number 

193 
230 
166 
226 

40.7 
29.2 
25.8 
19.3 

53.7 
37.7 
45,2 

under the rubber ring as under the rolling tire. Assume that the asperity-density for 
the sandpaper surfaces is the same as that for a typical roadway. For the pneumatic 
tire: 

W = Pact Aact = pA {9A) 

where p and A are the apparent average pressure and apparent contact area, respec­
tively. Similarly, for the rubber ring of the outflow meter: 

so that from Eqs. 9A and 9B: 

w 
w' 

W' = p' act A' act = p' A' 

( ~act) (A~ct) = (P,) (A,) 
P act A act P A 

{9B) 

(10) 

Putting Pact = p 'act> it follows from the assumption of equal asperity density that p = p' 
and , therefore, from Eq. 10: 

W' = A' (~) = A'pi {11) 

where Pi is the inflation pressure in the tire. 
Now, for the rubber .ring, the apparent area A'= rrDA = 1.865 in; Reducing this 

value to about 1. 5 in.2 (the value of A is so :,mall that there will be edge effects that 
reduce the effective value oft.), and putting Pi= 20 psia, it is seen from Eq. 11 that 
W' = 30 lb. In fact, a load of 25 pounds was selected, because 30 pounds acting on the 
square-pyramid surfaces produce excessive penetration of the rubber ring. 

The above reasoning is approximate, but it serves to indicate the value of the load 
recommended for the outtlow meter at which to evaluate the drainage numbers. Table 
2 shows the drainage numbers not only for the sandpaper and actual road surfaces, but 
also for the calibration surfaces . 

USE OF OU'l'FLOW MF.TF.R TO PREDICT WET SLIDING COEFFICIENT 

The use of the outflow meter in obtaining drainage numbers for typical road and 
laboratory surfaces has been demonstrated, and as such it serves as a valuable instru-
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ment to compare the relative drainage abilities of different pavements. It will now be 
shown that, in addition, a prediction of the slope of the friction-velocity curve is pos­
sible for the case of sliding on a wet surface. 

It is generally agreed (4, 6) that the functional dependence of the wet sliding coeffi­
cient on velocity may be described as follows: 

(12) 

where 
fsv wet sliding coefficient of friction at velocity V, 

V vehicle velocity, ips, and 
Ko, Kl> K 2 constants which depend on the nature of the road surface. 

Over a limited speed range, it is possible to make K 2 = 0 without sacrificing accuracy. 
Eq. 12 now reads: 

(12A) 

where the constant K1 is negative and is a function of pavement properties. Differen­
tiating Eq. 12A with respect to V, 

dfs = K 
dV 

1 (13) 

According to Meyer (8), a relationship exists between the skid-resistance gradient 
and the average asperity- height £. This relationship is approximately represented by 
the following equation: 

where 

and 

d(S.N.) 
dV 

- (0.67 - 0.165 logio £
1

) 

f
1 

= E X 103 (in.) 

S. N. = skid number = 100 fsv 

According to the results obtained with the outflow meter ~), it has been found that: 

where 

MHRzero 
load 

Now~), 

and 

MHRzero ,; 0.2 Emax (±5%) 

load 

mean hydraulic radius of the textuve in the absence of draping. 

D.N. - BMHR x 108 I (±5~) zero 
load 

Emax - l, 60 E 

(14) 

(15) 

(16) 

(17) 
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TABLE 3 

Surface Description Gradient, 
dfsv/dV, or K1 

Sandpaper 
Surfaces 

Actual Road 
Surfaces 

en 0 s ~.,,. 

~ .,!' 
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c 0 
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OJ 
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Figure 14. Predicted skid-resistance gradients for sandpaper textures. 



where 

D. N. drainage number for surfaces MHR j 25 lb 

and 

E max = maximum asperity height. 

Substituting from Eqs. 15, 16, and 17 into 14, the following result emerges: 

dfsv 
= - (7.37 - l.65log10 D.N.) x 10-3 

dV 

By comparing Eqs. 13 and 18, it is seen that 

K
1 

= - (7 .37 - 1. 65 log10 D.N .) x 10-3 
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(18) 

(18A) 

Substitution of the drainage numbers from Table 2 into Eq. 18A yields values of K 1 

or dfsv/ dV for each of the sandpaper and actual s.urfaces. Table 3 shows these gradi­
ents. Note that when V = 0, fsv = fs0 and Eq. 18A then reads 

fsv = fs0 - (7. 37 - 1. 65 log10 D. N.) x 10-3 V (19) 

The value of fs0 still remains to be determined, and it is believed to be primarily a 
function of the sharpness of the texture (9). For purposes of plotting the last equation, 
assume that fs0 is the same for all surfaces. (This assumption is far from true, but 
the object is to show the rate of decay of fsv with increasing vehicle speed from an 
initial value fs0 , which is as yet undetermined for each texture.) Figure 14 shows that 
the coarser surfaces exhibit a greater drop in the sliding coefficient, and this is in ac­
cord with field observations and experience. The gradients for the actual surfaces have 
not been shown in Figure 14, since they are almost identical with those for the B.M. 
#24-X sandpaper surface. 

A check on the accuracy of Eq. 19 may be obtained by considering the results ob­
tained by Schulze and Beckmann (9). From the data of locked-wheel skid tests on 48 
roads in West Germany under wet conditions, they obtained an empirical relation be­
tween the sliding coefficient fsv and surface properties (the mean void width d between 
asperities): 

d = 13.5 - 72.6 (fs12.s - fs 37 • 5 ) + 103.6 (fs12 • 5 - fs 37 • 5)
2 (20) 

with a correlation coefficient of 0. 87. 
Putting d = 100/'VN' (where N' = number of asperities per square inch of texture, 

obtained visually by means of asperity-density prints as outliped earlier), this equation 
becomes: 

(20A) 

Substituting for the fsv values from Eq. 19: 

(0.1843 - 0.0412 log10 D.N.) 

K 3 (e.g. , constant for any one surface) (21) 

Thus, from Eq. 20A: 

'= 0.135 - 0.726K:; + 1.036K:;2 (22) 
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TABLE 4 

Computed Observed 
Surface Description Ka {Ni .JN' 

Sandpaper B.M. #24-X 0.1179 15.7 10 
Surfaces B.M. #50-X 0.1239 16.4 14 

B.M. #60-X 0.1261 16.7 18 
B.M. #80-X 0 .1313 17.4 21 

where K:i = f(D.N.) from Eq. 21. Note that Eq. 22 is now a function of surface prop­
ert ies alone . The value of K3 for each of the sandpaper and concrete block surfaces 
may now be calculat~ and .JW computed. A comparison between the computed and 
observed values oI .. vN ' is the1i possible, as shown in Table 4 for sandpaper surfaces. 
It is noted that the mean value of the computed & ( e. g. , 16. 5) is comparable with the 
mean value of the observed \IN' (e.g., 16). Since the latter values are obtained on an 
approximate basis (asperity-density prints), the agreement is good. The spread in the 
computed values is considerably lower than those in the observed values, because lhe 
criterion upon which the former is based (see .l!:q. 2UA and 9) is essentially an average 
computed for the 48 texture samples, thereby neglecting the spread indicated by the 
correlation coefficient. 

As an example of the computation of ~, consider that the rough asphalt surface for 
which {W (observed) is about 7. Hence, MHRE is obtained from Eq. 5B. Thus, 

D.N; = MHRE x 104 (at W = 25 lb) = 53.7 

Ki - (7 .37 - 1. 65 logio D.N.) X 10-3 
= 4. 51 X 10-3 

K
3 

(0.1843 - 0.0412 logio D.N.) = 0.113 
and 

1 0.135°- 0.726Ka + l.036Ka2 = 0.0588 

.JN' 
so that 

VN' (computed) = 17 .9 

The equations for Ki, K3, and 1/& are from pr evious pages . Since the computed and 
observed values of {NI do not agre , it seems probable at fu·st that the lesser asper i­
ties within the inspected area must effectively increase the observed value of & . 
However, the observed value of .fN7 would have to be increased quite drastically (in this 
case, to a value probably in the neighborhood of 16) before agreement with the calculated 
value can be obtained in the manner outlined above . It is not necessary to attain such 
agreement; since the one-year old asphalt surface is a little rougherthantheB.M. #24-X 
sandpaper surface (this is seen both from the profiles of each and from Fig. 13), it may 
logically fit on any extension to Table 4. In other words , the finer or coarser a surface 
is relative to the mean size of texture in Table 4, the greater can be the expected dis­
crepa ncy between the observed and computed values of {Ni . 

The profile measurements confirm the validity of outflow meter data, and it can be 
concluded that not only does the outflow meter compare the relative drainage abilities 
of selected surfaces by assigning a specific drainage number to each, but also it serves 
to reasonably predict the s lope of the wet sliding coeffi cienl vs speed characteristic for 
each pavement. The correlation between the observed and calculated values of .JN' as 
seen from Table 4 shows that there is substantial agreement between the results of skid 
tests in the United States (8) and in West Germany (9). Furthermore, this agreement 
is obtained by using the outflow meter to measure K--;: or dfRv/dV. 

The magnitude of the coefficient of sliding friction under wet conditions and at 
any speed V remains to be determined. It is now widely accepted (9) that the 
sharpness of the surface texture determines the magnitude of fsv, whereas the 
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mean or maximum asperity size decides the slope of the fsv vs V characteristic 
for wet conditions. Assuming that a routine friction tester is used to measure 
the wet sliding coefficient at a particular speed V, then the outflow meter can be 
used to deduce the dfsv/dV relationship, so that the sliding coefficient is known over 
a limited range of vehicle speeds. The extent of this range is determined by the upper 
and lower sliding velocities within which the dfsv/dV ratio is constant in accordance 
with Eq. 13, and this in turn depends not only on surface texture, but also slightly on 
tread pattern. A range of 20-30 mph is not unreasonable (10). 

CONCLUSIONS 

As a result of this study, a simple outflow meter has been designed, developed, and 
calibrated to compare the relative drainage abilities of laboratory and actual road sur­
faces, and to predict in specific cases the gradient of the wet sliding coefficient of fric­
tion. The instrument is a valuable tool for highway departments, since it can serve for 
periodic testing of road surfaces so that a check on permissible surface wear is afforded, 
and thus an indication can be given in certain cases of the need for resurfacing. 
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Skid Resistance Guidelines for Surface 
Improvements on Texas Highways 
B. F. McCULLOUGH, Supervising Design Research Engineer, and 
K. D. HANKINS, Associate Design Engineer, Research Section, Highway Design 

Division, Texas Highway Department 

This report pertains to the selection of a minimum skid resis­
tance for use as another guideline for surface improvements by 
the Texas Highway Department. This problem was approached 
from an accident standpoint as well as from a design standpoint, 
since experience on several sections of roadway indicated a sharp 
reduction of accidents after surface improvements. 

Skid resistance and accident data were collected on 51 7 rural 
sections that represented a random sample of Texas highways. 
The skid resistance values were obtained through the use of a 
towed trailer employing the locked-wheel principle on artifically 
wetted pavements. An analysis of this data showed that the 
possibility of a roadway section having a high accident rate in­
creased as the coefficient of friction decreased. 

On the basis of this study, composite skid resistances of 0. 4 
and 0. 3 for testing velocities of 20 and 50 mph, respectively, 
were selected as guidelines for considering surface improve­
ments. In addition, skid resistance values of 0. 31 and 0. 24 at 
20 and 50 mph, respectively, were recommended as minimum 
values. 

•EARLY IN 1963 the Texas Highway Department in cooperation with the Bureau of 
Public Roads initiated a research project to study skid characteristics of Texas high­
ways. The first prerequisite for this project was to design and construct a device to 
measure skid resistance (1). After a detailed literature survey and considerable per­
sonal contact with other representatives working in this field, a two-wheel trailer was 
selected which obtained a locked-wheel skid resistance. It was felt that this type of 
test gave a closer simulation of a braking vehicle. The trailer was designed so that the 
skid resistance could be obtained with the pavement in a wet condition. The towing 
vehicle is a two- ton Dodge truck powered by a V - 8 engine . The vehicle velocity and 
frictional force are produced as visual output on a strip chart recorder. Tests may be 
performed on either wheel individually or both wheels can be braked simultaneously. 

After obtaining equipment to measure skid resistance, the question immediately 
arises-how can accidents be reduced with this device? It is realized that the causes 
for accidents are much more complex than the influence of the deceleration induced in 
the vehicle by the pavement surface after the brake application. 

Skidding is defined by K. A. Stonex, Assistant Director, General Motors Proving 
Grounds, as the motion of a vehicle under conditions of partial or complete loss of con­
trol caused by the sliding of one or more wheels of a vehicle (2). How the vehicle reacts 
while skidding is a function of many variables of the vehicle itself, such as brake dis­
tributions, load distributions, and braking conditions. It has been found that if the front 
wheels are locked and the rear wheels roll freely the course of the car is straight. If 
the rear wheels are locked and the front wheels roll freely the car switches ends by 
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TABLE 1 

Coefficient 
Accidentsa 

Section 
Percent Reduction 

Before Afterb in Accidents 
Before After (1963) (1964) 

1 .275 . 462 974 560 42.5 
2 .275 .359 1272 814 36.0 
3 .275 . 467 931 620 33 . 4 

Sawed 
Concrete .275 960 770 19.8 

aAccidents are given per 100 million vehicle miles based on one year of observations. 

b"After" accidents have been extrapolated to a yearly basis from seven months of 
information. 
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sliding sideways to a position approximately 180 deg to the position before brake appli­
cation, much as a pendulum swings about its pivot (2). Many variations can be ex­
pected if variations are experienced in the number and extent to which wheels lock. 

Since coefficient of friction is related to skidding, and studies have found that wet 
pavement coefficients are much lower than dry pavement coefficients, it seems obvious 
that skidding is related to weather conditions. It is common knowledge that the number 
as well as the severity of accidents increases on wet roadways. However, investigators 
both in this country and abroad have made detailed studies of accidents, skidding, and 
weather conditions. Giles and Sabey of the Road Research Laboratory, United King­
dom, report that 8 percent of the total number of accidents in dry conditions involved 
skidding, whereas 27 percent of the total number of accidents on wet roads involved 
skidding (3). Virginia investigators report 0. 66 percent of the total number of acci­
dents in dry conditions were skidding accidents and 14. 65 percent of the total number 
of accidents on wet roads were skidding accidents ( 4). Virginia also reports that 
skidding of some nature occurred in 35 percent of 37, 507 accidents during 1956 in Vir­
ginia. Dr. Bruno Werner reports that from 1953 to 1956 in open country one accident 
out of every 4 or 5 involved slippery road conditions as a cause in Germany (5). The 
Road Research Laboratory, United Kingdom, reports that urban areas, even though 
they have the majority of accidents, are by no means the chief areas, since over one­
third of all skids on wet roads occur on rural roads (3). 

The studies enumerated indicate that skidding accidents occur chiefly in wet weather, 
and coefficients are lower under wet conditions. Therefore, it follows that accidents 
are in some way related to skid resistance. 

A few years ago a slick section of pavement in Texas was "deslicked" by sawing 
small, closely spaced longitudinal grooves in the concrete surface (6). This operation 
increased the coefficient of friction from 0. 32 before sawing to 0. 42- after sawing as 
measured by the stopping-distance method at 30 mph with wet pavement conditions. 
Immediately after the grooving work, the accident rate on the section decreased sharply, 
but within a year the grooves began to polish and the accident rate started to increase. 

Recently sections of the sawed concrete were overlaid with asphaltic concrete con­
taining two different types of aggregate. Coefficient of friction values were obtainted on 
the overlaid sections and also on the sawed section. Using the sawed section as a 
"before" coefficient and the coefficients obtained on the overlaid sections as "after" 
values, Table 1 compares the resultant accident rates. Even though there was a re­
duction in accidents on the sawed concrete from 1963 to 1964, the reduction of accidents 
on the overlaid sections was considerably greater. 

These studies lead to the question, how can skid resistance measurements be used 
to decrease accidents? The most obvious answer is to establish a minimum coefficient 
of friction value. Technically, this minimum coefficient should vary as to location, 
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such as hills, intersections or curves, and probably between rural and urban areas. 
The AASHO Guide (7) refers to stopping sight distance and superelevation, both of which 
are minimum coefffCient values described as "stopping distance" of a vehicle. Other 
agencies have set minimums, among them England (3), Michigan (8), and Virginia (9). 

The objective of this report is to establish a guide for a minimum coefficient value 
to be used on Texas highways. This minimum coefficient value will be selected using 
minimum design requirements, accident information and economics. Although the 
value should vary with location, this report will only consider general guidelines for a 
statewide value. Future studies will encompass more specific applications. 

METHOD OF ANALYSIS 

During the initial background study and after a review of available information, it 
was found that considerable research would be necessary for a complete study of the 
influence of surface friction on accidents. In line with the objective of this study, it 
was felt that sufficient information could be accumulated to establish a guide for a 
needed minimum coefficient of friction value. This would be done quickly with the 
thought of a complete study shortly after. 

Selection of Test Sections 

The advisory committee for this project recommended that skid resistance tests be 
performed on 517 sections which were previously selected by the Texas Transportation 
Institute in connection with pavement structure research study (10). This decision was 
based on two considerations: -

1. It was felt that existing data could be used for both projects and therefore no 
duplicate data gathering would be required. 

2. The sections selected would provide a random sample and thereby assure a 
representative sample of Texas highways. 

Since the 517 test sections are predominantly rural, additional sections were also 
selected in urban areas to provide a cross- check of any conclusions or observations. 
The urban sections were also used to develop study guidelines for the rural sections. 

Urban. -The urban study was performed on Interstate Highway 35 in two cities, 
Austin and San Antonio. A preselected number of skids were performed on selected 
roadway sections in both cities. The roadway sections were selected on the basis of 
construction project boundaries. In general, when the sections are linked end to end 
they compose the entire distances between city limits. Information was collected within 
each section boundary on each of the several accident types. The accident information 
was obtained directly from the police department files for each of the two cities. In 
both cities, the skid resistance values were obtained on the outside lanes and these 
were used for comparison purposes. 

Rural. -The rural tests were made on the 517 preselected sections. These sections 
are also being used as a part of an overall skid study of Texas materials which will be 
reported at a later date. Tests in rural sections consisted of respective averages of 
five skids made for each of the following conditions: at 20 mph in the inside wheelpath, 
50 mph in the inside wheelpath, and at 20 mph with the left wheel or test wheel between 
the wheelpaths. Rural accident information was obtained from an annual report by the 
Texas Highway Department which compiles all accidents reported by the Texas Depart­
ment of Public Safety (11). 

Figures 1 and 2 showthe inside wheelpath coefficient of friction frequency distribu­
tions for the 517 test sections for testing velocities of 20 mph and 50 mph, respectively. 
Note that the statewide average based on this sample is 0. 506 at 20 mph and 0. 391 at 
50 mph. 

Selection of Accident Type 

It is difficult to define accidents caused by skidding, for in almost every accident the 
brakes will be applied. In an emergency situation, brake application may have various 
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Figure 1. Number of rural sections compared with coefficient of friction at 20 mp11 . 
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Figure 2. Number of rural sections compared with coefficient of friction at 50 mph. 

results: (a) avoiding the accident, (b) speed reduction sufficient to cause only minor 
damage, or (c) complete loss of control thereby causing the accident. All skidding 
accidents may not be caused by brake applications, since it has been reported that 3 5 
percent of skidding accidents occurred before brake application (4). There is then in­
decision as to which accident type to select for correlating with the coefficient of fric­
tion. Should the study be based on total accidents, assuming that the percent of skidding 
accidents occurring within the total number stays constant; or rain accidents, assuming 
that skidding occurs more frequently on the wet pavement; or skidding accidents, which 
in the present case are hand-selected, taking considerable time and expense? 
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cumulative percent accidents and coefficient of friction for Austin and 
San Antonio on 1-35. 

The accidents selected in the urban areas were of three types: skid accidents, rain 
accidents, and total accidents. In an effort to "purify" the skid accidents selected, only 
those accidents caused by skidding were selected. Such accidents would be of the type 
in which the driver applied the brakes for speed reduction, lost control of the vehicle 
because of skidding, and the vehicle hit another object. The rain accidents actually 
occurred in a rain or a mist. The accidents are also a function of the vehicular density, 
especially those accidents on freeways with short gap or headways as compared with 
those accidents which occur in sparsely traveled sections. The section length also 
would influence the number of accidents. Therefore, in an effort to standardize the 
data, the accidents per length per average daily traffic were selected on a one-year 
basis. This standardization is called "Accidents Per 100, 000, 000 Vehicle Miles" (11). 

Figure 3 shows the results of the urban study, which was used as a pilot study for 
the selection of accident type. The data indicate that the three accident types are 
closely associated. Skid accidents trailed total accidents in average cumulative per­
cent, and the rain-accidents curve was the more variable of the three. This informa­
tion led to the decision to select total accidents as a study tool for the rural investiga­
tion. One limiting feature is the possibility that all total accidents are not reported, 
depending upon the severity of the accident and the driver involved. However, acci­
dents in which an injury or fatality occurs would in all probability be reported. There­
fore, on the basis of this hypothesis, fatal and injury accidents were also included as 
a study tool. 

PRESENTATION OF RESULTS 

Although numerous reports have associated accidents with skid resistance, no studies 
have been reported in this country that attempt to' arrive at a minimum skid resistance 
value through the use of accident data. 

In this study, the accident data for the test see'tioil.s described previously were used 
to investigate the effect of skid resistance on ac'cfdents. In order to develop future 
study guidelines, two different methods of analysis were used. One method was to 
directly compare accident data on a section of roadway with its coefficient of friction; 
the second method used a cumulative frequency distributio~ curve. 

Direct Comparison 

In this method, the accident rate per one hundred million vehicle miles for a given 
test section was plotted in terms of coefficient of friction for the test section. This 
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type of analysis was run using both total accidents for a section and the fatal and injury 
accidents for the section. 

Total Accidents. - Figures 4 and 5 show the total accidents experienced on a section 
of roadway in terms of the coefficient of friction for that roadway at 20 mph and at 50 
mph, respectively. Although there is a wide scatter of points, the data do indicate that 
accidents are, in general terms, inversely proportional to the coefficient of friction, or 
in other words, the accident rate tends to increase as the coefficient of friction de­
creases. The line to the right edge of the data can be designated as a line of maximum 
accidents. A section may have a low skid resistance and still have a low accident rate, 
but in no case will the accidents ex~eed that predicted by the line of maximum accidents. 
The change for a high accident rate increases as the skid resistance decreases. The 
line of maximum accidel}.ts clearly shows the inverse trend between these two para­
meters. 

Using the line of maximum accidents as a guide, there is a very sharp increase in 
the number of accidents when the skid resistance drops below 0. 45 for values obtained 
at 20 mph, whereas the rapid increase is noted near 0. 35 for tests at 50 mph. 

Fatal and Injury Accidents. -Figures 6 and 7 show the number of fatal and injury 
accidents experienced in a section of roadway instead of the total accidents used in the 
previous graphs. Figures 6 and 7 are for 20 mph and 50 mph, respectively. A line of 
maximum accidents has also been placed to the right of the data on both of these graphs. 
The trends and observations noted with total accidents are verified by these graphs. At 
20 mph, a rapid increase in fatal and injury accidents is experienced when the coeffi­
cient of friction decreases below a value of 0. 40. At 50 mph, the increase in fatal and 
injury accidents is experienced at 0. 35 as was the case with total accidents. 

Cumulative Comparison 

Another method of comparison is to use the data and construct a cumulative frequency 
distribution curve. One complicating factor in making this type of analysis is that the 
data form a normal distribution pattern rather than a factorial type arrangement, as 
would be the case for a planned experiment (see Figs. 1 and 2). Therefore, a coeffi­
cient value near the mean skid resistance of all the test sections will show a much 
greater total number of accidents because of the greater number of test sections in this 
range. In order to offset this phenomenon, an average accident rate for each coeffi­
cient range was calculated on the basis of the number of sections in the particular 
range. The frequency curve was then compiled on the basis of these values. As a 
result, a coefficient range at the extremes of the distribution has the same influence 
as one near the mean. · 

Figures 8 and 9 show these cumulative percentages for 20 and 50 mph, respectively. 
Both total accidents and fatal and injury accidents are shown on these graphs. At 20 
mph, the slope of the line starts decreasing between 0. 45 and 0. 50 for the total acci­
dents, but in the case of fatal and injury accidents, there is no sharp break in the curve 
until a value between 0. 5 and 0. 6 is reached. At 50 mph, the slope begins to decrease 
at a coefficient value between 0. 30 and 0. 35 for both the total accidents and the fatal 
and injury accidents. The point of change is much more clear-cut at 50 mph than at 
20 mph. 

It is interesting to note that the two methods of analysis give critical values approxi­
mately equal although the values vary for speed as would be expected. For 20 mph, the 
data indicate that an increase of accidents is experienced when the coefficient of friction 
decreases below a value that is in a range of 0. 4 to 0. 5. At 50 mph, this value appears 
to be between 0. 30 and 0. 3 5. Purely from an accident standpoint, the previously enu­
merated values may be considered as minimum levels for roadways in the State. 

DISCUSSION OF RESULTS 

At this point, it is again emphasized that the accident data obtained in this report 
were in no way correlated to driver characteristics, vehicular characteristics, or 
geometric characteristics. The authors fully recognize that coefficient of friction is 
not the only cause of accidents, but the r€ sults of this study point out its importance. 
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Vehicles . 

The size of sample used in this study, correlated with experience on specific locations, 
certainly lends credence to the approach used. 

In this section, a composite minimum coefficient of friction to be used as another 
guide for skidproofing will be derived from both design and accident minimum coeffi­
cients of friction. 

A design minimum coefficient of friction is stated in AASHO's policy on geometric 
design, which is the basis of design in most states. D. W. Loutzenheiser, Chief of 
Highway Design Division, Bureau of Public Roads, has a very good discussion of this 
topic in the report "Skid Resistance Values Used in Geometric Design" (12). This 
minimum coefficient is based on an assumed speed, an adequate perception, reaction 
time, and the assumption of good brakes or good vehicular characteristics. The mini­
mum was established on the basis of data derived by the stopping distance vehicle 
method. The values obtained by this method are probably more closely associated with 
accidents, in that it parallels the "panic stop" situation. Since very little stopping 
distance data were available in Texas, and it is necessary to correlate the two methods, 
the work performed at Tappahannock, Virginia, was used as a basis (13). Figure 10 
is a correlation of the two methods in which the three sedans were selected from the 
stopping distance information, and the New York, Portland Cement Association, and 
Bureau of Public Roads trailers were selected from the trailer information. These 
three trailers were chosen because their design is similar to the design of the Texas 
trailer. 

Using the above relationship in connection with the curve showing the skid resistance 
in terms of velocity that was used as the criterion for stopping distance in the AASHO 
Guide, a minimum design coefficient as measured with the trailer method may be ob­
tained. Table 2 was constructed using Figure 10 and a straight-line interpolation from 
20 mph through 40 mph to obtain the minimum design coefficient value at 50 mph. 

Accident Minimum 

Strictly from an accident standpoint, the data discussed in the previous section indi­
cate that accidents increase when the skid resistance decreases below the values in a 
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Speed 
(mph) 

20 
40 
50 

Speed 
(mph) 

20 
50 

TABLE 2 

Minimum Design Coefficient by 
Stopping Vehicle Method 

0.4 

0.3 

TABLE 3 

Recommended Composite 
Coefficient of Friction 

0.40 
0 . 30 

Minimum Design Coefficient by the 
Trailer Method 

0.31 
0. 25 
0.24 

range of 0. 4 to 0. 5 at testing speeds of 
20 mph and 0. 3 to 0. 35 at 50 mph. Al­
though it is not known to what extent all 
the accidents used in the analysis are re­
lated to skid resistance, the inner-relation 
between the two factors is evident, and it 
should be taken into consideration. 

Composite Minimum 

From a logical standpoint, the design 
coefficient for stopping distance as estab­

lished by AASHO is an absolute minimum value that can be tolerated on the highway 
system. Consideration of the accident data brings forth the question, is this the mini­
mum coefficient value to be maintained for safety? Loutzenheiser (12) refers to the 
AASHO design for Safe Stopping Distance and states: -

The friction factors used entai I a substantial safety factor for good pave­
ment, weather and tire conditions, but only a very low factor for the 
combination of pore conditions. Even in this case, there is a potential 
safety factor in the perception-reaction distance cdmponent and likely 
lower speed operations during adverse circumstances. 

The accuracy of this statement is evident from the data reported. The statement, in 
conjunction with the data, indicates that the composite minimum should be greater than 
the design minimum from a standpoint of driver safety. Although this variation in 
design accident minimums may by hypothesized to be a result of vehicle characteristics 
or driver characteristics, the fact is that the variation exists and a composite minimum 
must be determined. 

The selection of a composite minimum will not eliminate all accidents, but certainly 
the severity of the accident can be reduced. A reduction in impact velocity due to an 
improved skid resistance has a large effect on the force of impact, since the force is 
decreased by the square of the velocity. The number of vehicles is increasing on Texas 
highways and recently the speed limits were increased. Many roadways experience 
small headways and gaps and increasing the coefficient value cannot be expected to pre­
vent all accidents, but it can be expected to reduce the severity and number of accidents. 

Combining the design minimum of 0. 31 at 20 mph wj.th an accident minimum of 0. 40-
0. 45 at 20 mph and the design minimum of 0. 24 at 50 inph with the accident minimum 
of 0. 30-0. 35 at 50 mph, the composite figures in Table 3 are recommended for use by 
the Texas Highway Department. These composite minimums should be used as another 
guide for scheduling surface improvements on a section of highway. 

Implications of Composite Minimum 

After selection of a composite minimum, the immediate question arises, what per­
cent of the highway system is beluw lhi:; miuimum? Figure:; 11 and 12 indicate a cu­
mulative frequency distribution of the coefficient of friction for the 517 preselected 
rural sections at testing velocities of 20 mph and 50 mph, respectively. If the selection 
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of these test sections represents a random sample from all Texas highways, then it may 
also be assumed that this selection represents all highways in the state. Entering Fig­
ure 11 with the composite minimum value of 0.40, it may be postulated that 27 percent 
of Texas highways do not meet this minimum value at the present time. Upon first 
consideration, this percentage seems large; however, if Figure 11 is entered with the 
absolute design minimum of 0. 31, it is found that 8 percent of Texas highways do not 
comply with the design minimum at the present time. Investigating these percentages 
for a testing velocity of 50 mph, Figure 12 is entered with the composite minimum 
coefficient of 0. 30. This analysis shows that 32 percent of Texas highways do not meet 
this value, and again using the absolute design minimum of 0. 24, the data indicate 14 
percent of Texas highways are deficient. 

These composite minimums should be used as another guide for surface improve­
ment. Economic considerations along with other overall project needs would preclude 
the use of these values as absolute minimums at the present time. but the composite 
minimums should be used as positive guides for surface improvement where feasible. 
The design minimums should be considered as absolute minimums. 

CONC T ,TJRTONR A Nn HF. COMMF.NnA '1'TON8 

On the basis of this study the following conclusions and recommendations are 
warranted: 

1. The number of accidents experienced on a highway is related to the magnitude of 
the surface's skid resistance. The smaller the skid resistance, the greater the chance 
of a high accident rate. 

2. The composite minimum coefficients of 0. 4 and 0. 3 at testing velocities of 20 
and 50 mph, respectively, should be used as another guide for programming pavement 
surface improvements. When the skid resistance decreases below this value, surface 
upgrading should be considered 

3. The design coefficients of 0. 31 and 0. 24 at 20 mph and 50 mph should be con­
sidered as absolute minimum values. When the roadway skid resistance decreases 
below these values, an immediate surface improvement program should be undertaken. 

4. It is recommended that the Maintenance Engineer in each district institute an 
inventory program to determine the level of skid resistance on each project in his area. 
This inventory should be kept current in order to provide another method of evaluating 
tlie program needs for seal coats, over lays, etc. · 
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