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•IN LARGE-SCALE photogrammetric plotting, particularly in the field of highways, 
the Kelsh Plotter is one of the most commonly used instruments in North America. 
Although recent technical development has gone far in the design of new instruments, 
ranging from small refinements to automatic plotting devices, and while more and 
more photogrammetric procedures, from instrumental to analytical aerial triangula
tion, are being used to obtain photogrammetric model control, the bulk of large-scale 
photogrammetric plans is still produced on the Kelsh Plotter. 

At present a significant amount of work time is still being spent on model orienta
tion. The ratio of time spent for orientation vs plotting may vary from 1:4 to 1:10, 
depending on the amount of detail in the model, while the ratio of time spent for ori
entation vs cross-sectioning for highway work may amount to 1:1 or 1:2. 

It is therefore appropriate to suggest how the time spent for model orientation may 
be improved by other methods of orientation. One disadvantage in present trial-and
error procedures is the necessity of repeating the orientation procedures for relative 
and absolute orientation a number of times before y-parallaxes are removed and be
fore scale and elevation differences are eliminated between model and control points. 
There is no doubt that a faster convergence for the relative orientation procedure and 
a direct setting of absolute orientation elements can be made possible by numerical 
orientation procedures. 

Numerical orientation procedures as yet have not been applied to Kelsh Plotters 
since the instrument itself has no scales for the direct measurement of projector 
translations or rotations. Suggestions in the past have thus been along the lines of 
incorporating counters for projector tip, projector tilt and projector swing in the in
strument, as well as making provisions for small projector translations perpendicular 
to the base in y and z directions. This implies the need for modification of the plotter 
or for a new instrument, entailing additional expense which may not be in proportion 
to the advantages gained. 

This paper makes suggestions how numerical orientation can be applied to Kelsh 
Plotters without modifications of the instrument. Such numerical orientation can be 
applied to (a) relative orientatioµ according to measured parallaxes, (b) absolute ori
entation according to control points, and (c) setting of precomputed orie11tation ele
ments, determined from instrumental or analytical aerial triangulation. The latter 
two applications will be the most economically significant, while the first will be of 
interest in areas where trial-and-error relative orientation has a slow rate of conver
gence, such as in hilly terrain. 

The introduction of any numerical orientation method will require three conditions: 

1. The possibility of measuring or obtaining initial data with which calculations 
are to be performed. These are the y-parallaxes in the case of relative orientation, 
the scale and height differences for absolute orientation and the camera vector for the 
setting of orientation elements. 
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Figure l. The use of a diagonal cross for para I lax measurements. 

2. The calculation of tip, tilt, swing and base length in the Kelsh Plotter system 
out of y-parallaxes, scale and height differences or coordinate transformations of the 
camera vector. 

3. The possibility of introducing calculated model .rotations into the instrument. 

Since there is no device on the Kelsh Plotter projectors to make measurements, these 
have to be made on the tracing table. It is obvious that model parallaxes can be meas
ured by dropping left and right images of identical identifiable points onto a base sheet. 
Linear measurements will be possible by ordinary scales with graphical accuracy 
(±0. 3 mm). 

It is also possible to introduce model rotations as linear displacement of a point in 
x or y direction. Knowing the height of projection h, a model rotation can be trans
formed into a linear distance Adx or Ady by computation. An identifiable object can 
be dropped onto the base sheet after the tloating mark has been brought to coincide with 
it. The linear distance can then be scaled off in the appropriate direction on the base 
sheet. The tracing table can be moved by this distance and the image is then brought 
to coincide with the floating mark using the rotational element. 

By choosing a point close to the principal point, expressions for tilt in flight direc -
tion ( ¢) and perpendicular to it (w) are found as 

Adx Ady 
tg ¢ = -h- and tg w h 

Kupfer ( 4) originally suggests this proce<lul'e for Lhe simpler case of multiplex orienta
tion procedures. Similarly, if b signifies a distance in x direction away from the rota
tional center, and x is the swing, 

fl. • 
tg X = ~y 

Assuming a graphical accuracy of ±0. 2 mm for the measurement of a point, a distance 
ts determined with ±0. 2·,{2uuu,,; 0. 03 Ullll accuracy. This result0, for u Kelsh Plot
ter height of 720 mm, in ad¢ and dw of ±2. 6c {or ±1. 4') and, since b/h"" 2/ 3, in 3/ 2 
nf thP <1mn11nt nf rlv . 

NUMERICAL RELATIVE ORIENTATION 

Even though a direct linear measurement of y-parallaxes to ±0. 3 mm would be pos
sible by use of the Kelsh Plotter tracing table, it is more convenient and more accu
rate to use a diagonal cross (2) for the measurement of para.ll~x:P.S (Fig. 1). 

The cross (Fig. la) is superimposed or drawn on the tracing table of the Kelsh 
Plotter in such a way that its lines are pointed 45° off the x and y axes of the instru
ment. If both x and y parallaxes are present the eyes will try to merge the images 
with the result that two apparent images of the cross will be. seen stereoscopically (Fig. 
lb) in the form of two nonintersecting lines in space. The floating mark can be raised 
and lowered to the height of both liues (Fig. le, ld) and the height difference, dh= (h/b) 
(px) can be measured on the tracing table counter, preferably in units in which py is 
to be expressed, according to 
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px b 
PY= 2 = 2h · dh 

Assuming a c-factor (= 3MH) of 1600 for the Kelsh Plotter and a ratio of 3:1 for the 
accuracy increase for points over contours (MH = 3mH) one obtains for the standard 
error of y-parallax measurement 

b mH 
m = ± - • mH = ± -

3
- ""' ±0. 02 mm 

PY 2h 

which means a 15-times accuracy increase. 

For computation of orientation elements one can use any existing numerical formu
lation, such as those by Hallert (1) or Jerie (3), with the appropriate sign changes for 
a chosen coordinate system. - -

For the system shown in Figure 2 the parallax formulas for independent pair rela
tive orientation (the Kelsh Plotter has no by and bz) defined as corrections 

become 

py = xdxL + (x-b)dxR - h~ + ~:)dwR + ~ d¢L - (x-:)y d¢R 

From these, orientation formulas can be derived. As an example, Hallert's orienta
tion formulas for measured parallaxes at 6 points (assuming a constant h) become 

C 
C P h ( 

d¢ L = 2bd PYs - PYs) 

och 
d¢c R = 2bd (py4 - PYs) 

C 
C p h 

dw R - 4d2 

C 20000C 
where p = ---

[ 2(py1 + py2} - (pys + PY4 + PYs + pya)] 

1T 

There is usually no need to calculate dxcL and dxcR, since these are more easily 
introduced by parallax elimination. Their formulas would be 

C 
dx L 

C 
dx R 

pC [ -
3
b (py2 + PY4 + pya} + 

- ~:[ (PY1 + PYs + PYs) + 

( 
2d2

) dwcR ] 3h +- --
h C 

( 
2d

2
) dwRc ] 3h+---

h C 

Then + d¢L , + d¢ R, + dwR, + ditL and + ditR can be computed and introduced as + dax 
at point 1 (with ¢L), + dax at point 2 (with ¢R), + My at point 2 (with wR), -My at 
point 2 (with itL), +d~y at point 1 (with itR}, 

Computation will be quite fast if the constant factors are precalculated and if a form 
is used in conjunction with a desk or hand calculator. The orientation elements will be 
obtained for mpy = ±0. 02 mm with the following accuracy: 

C h c 
md¢L = ± P bd mpy = ±0. 4 

c 2h c 
± p -m = ±0 8 

d 2 PY . 
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C mpy ~3 4 2 4 C md c = md c = ±p 2,_ - h + 2h + d = ±4 
X L XR d O 2 

Considering that the most serious model deformanon is introduced by dw· and that dw 
can be set to ±2. 6c, mH max= (d • dwC)/ (pc) = ±0.19 mm, or 3 times the stl!.ndard 
error of height measurement for a point. This means that one will be abl~ to set the 
relative orientation elements by the outlined procedure within the c-factor limitation, 
but not as accurately as by careful trial-and-error procedure. The use of numerical 
relative orientation may therefore only be of advantage in mountainous models (where 
elevation differences amount to more than 3 percent of h), for which Jerie's orientation 
formulas ( 3), despite the more extensive computations, will lead to a faster and, in 
practice, equally accurate relative orientation. 

NUMERICAL ABSOLUTE ORIENTATION 

Absolute orientation, consisting of scaling and leveling of a model, is performed 
numerically ~Ya comparison of model coordinates Xi, Y_i, Zi, Xj, Yj, Zj'. .•• , and 
ground coordinl!.tes Xi, Yi, Zi, Xj, Yj, Zj, ... , of pomts PiPj . To find the proper 
scale it is necessary to introduce a base correction db to the base b (Fig. 2) 

1 

"-
(Xj - xi) 2 + (Yj - Y.1) 2 + (Zj - zi,) 2 

(Xj - Xi)~ + (Yj - Yi) 2 + (Zj - Zi) 2 

Suppose l/1c' ii, the prupe.t· scale to be introduced. Then 

db= b(~,-1) 
For the purpose of introducing db on the base bar carrying the projectors it is use

ful to attach or establish a reference mark, for example, by a needle scratch on the 
side portion of the base bar, and to measure distances to the projector chosen to be 
moved by a metal tape or any other suitable scale. 

For the determination of common tilt in x direction, 4>, and common tilt in y direc
tion, O, usually height differences are measured at the given control points ( 5). 

If .O.hi denotes the difference, actual height of the point minus model height, both 
expressed in the same units in which measurements are made in the wudel, tl1en one 
obtains for a geometrical configuration as shown in Figure 3: 

.O.hR, - .o.hL = tan ti> 
sx 

ti.hu - .o.hn' 
=tan.ii 

sy 
ta.hR' and .O.h L' are interpolated proportional to their distance between ta.bu, ti.ho and 
.0.hL, .o.hn, resper.tively. 

If relative orientation was performed with the base bar in level pol:lition (il can be 
made level using a level bubble), then O can be introducer) hy moving an object located 
along the line between principal points by an amount My in the appropriate direction 
using wL (or WR) and eliminating they-parallax by WR (or WL, respectively): 

Ahu - ~D' 
dti.y = h . tan O = h • sy 

4> can be introduced, as seen in Figure 4, by 
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t=890 mm 
q= 430mm 
s 1o be set to a fixed distance of 210 mm or 220 mm 

(as a mean spacing on the bar for wide angle photography) 

Figure 2. Definition of coordinate axes and axes of rotation for the Kelsh Plotter. 

u 
~XL = ( co: ¢ ) + h tan 4> 

if a point close to or along a line with the 
same x-coordinate as the left principal 
point is used, and by 

d.::U = -- - s -b +htan er, · ( s+b ) 
R cos rt> 

if a point close to or along a line with the 
same x-coordinate as the right principal 
point is used; s can be conveniently set 
to a fixed distance of, e.g., 210 mm (for 
reasons of symmetry) for all models. 

On the multiplex or the balplex a com
mon q, rotation can of course be more 
conveniently replaced by individual ¢ ro
tations, since corrections dbz = b sin q, 
and dbx = b ( 1 - cos q,) can be made for 
these instruments. 

Figure 3. Absolute orientation points L,U,D, 
and constructed points R' D '. SETTING OF PRECOMPTUED 

ORIENTATION ELEMENTS 

Aerial triangulation techniques today 
and in the future will provide more and more control for absolute orientation of the 
models. Since, in the aerial ti:iangulation process and its adjustment, photographs 
are computationally or physically oriented with respect to their relative space position, 
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Fi gu-re 4. Introduction of <I> by dll x L or dll x R · 

it is of interest whether i:;uch orientation data can be computed and directly introduced 
into the Kelsh Plotter as elements of relative and absolute orientation, as a prelimi
nary approximation by using unadjusted instrument or computation values or as com
puted final values derived from the adjustment. 

To introduce data from instrumental and also analytical aerial triangulation, 3 
pr·ul,lems must be solved: 

1. The gimbal system of axes (primary, secondary, tertiary) of the triangulation 
instrument, or of the system used for formulating the analytical triangulation, has 
to be converted into the Kelsh Plotter system ( ¢-axis primary, w-axis secondary, x
axis tertiary). 

2. The vectors representing the space position of the camera axis as a function of 
tilt, tip and swing have to be converted together with the xy:G courdinales uf puinls fro1u 
the unadjusted to the adjusted values. 

3. The adjusted values for tilt, tip and swing have to be rotated parallel to the 
airbase, since no possibility exists of introducing actual bz and by components on the 
Kelsh Plotter. 

The problems can be solved in the following way: 

1. Photu courUinaie::s .x. 'y 'I can be converted into ground coordinates xyz by aid of 
an orthogonal rotational matrix: 

The coefficients an to ass are functions of the sequential rotations ¢, w, x. The se
quence of rotations in A can, for example, be defined as A= Aw · A¢ • Ax or as A 
A¢ Aw Ax in which Ai is of the form 



0 

cos i 

sin i 
- si: i) 

cos i 

with i ranging from ¢ to x, taking into account the appropriate positive or negative 
sense of the rotation i. 
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If the system in which the triangulation was performed is given by A and the Kelsh 
Plotter system by A, it is only necessary to set the individual elements au/ a.11, au/ a.12 

etc., into proportion in order to determine expressions of ¢, wand x in terms of ¢, w,' 
X (1). 

2. To the values ¢, w, ii., corrections fl¢, flw, and Ax have to be added because of 
the triangulation adjustment; fl¢, Aw, flx should be in the same sequential system as 
used for determination of ¢, w, x. However, differences between a Eulerian system as 
ordinarily used in the strip adjustment of aerial triangulation will be negligible, taking 
into account the magnitude of the corrections. 

In a least squares adjustment fl¢, flw, flx are directly computable, and they can 
also be found in an interpolation adjustment by differentiation of the polynomials used. 
If 

then 

tan fl¢ = aflh = ci + 2c2X + 3c3X2 + c4y 
ax 

aflh 
tan flw = -- = C4X + cs 

ay 

tan flx = aAy = bi + 2bix + 3b3X2 + b4y 
ax 

Finally the corrected coordinates¢, w, x become 

¢ = ¢ + fl¢ 

w = w + Aw 

x = x + Ax 

3. The rotations¢, w, x have to be transformed into rotations ¢*, w*, x* which, 
together with a common rotation <t>, can be introduced into the Kelsh Plotter. If the ro
tation is to be performed by an azimuthal rotation a and a common tilt <t>, then 

(} t~· 0 

- sin o O) t•U O - Sill~) Ax~) ln a cos a O O l 0 . A¢ . Aw 

0 O 1 sin ct, 0 cos~ 

or 

(~) t) a ~) = Aa. A,t,. A¢· Aw· Ax A* 
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It is llOW again possible to s~t <!:_* uL ai1 1 a* 12 / a12 1 etc. 1 into proportion in order to 
calculate 0* , w*, x* out of ?i, w, x. It is to be remembered that o: and <I> to be used 
in the expressions are known beforehand a.nd can be calculated from 

bv bz 
tan o: = b, tan <I> = _/ 

x ,-bx2 + by2 

The calculati.on of cl>, ¢* w* and x* can be made for each successive exposure station. 
Thus ¢* L• w*L• x*L, ¢*R, w•R, x*R and cl> can be introduced in the following way: 
First the base bar is leveled in x direction as well as the projectors in x and y direc
tion. Then cl> is introduced, and subsequently ¢*L to x*R, by calculating and introduc
ing d~ and d~y displacements as outlined previously. 

CONCLUSION 

Methods have been discribed by which numerical orientation can be applied in the 
Kelsh Plotter. It is not attempted here to give a generalized practical evaluation of 
these methods, since local conditions may influence the efficiency with which numeri
cal or trial-and-error procedures can be carried out. The numerical calculation nec
essary can easily be done on the slide rule for relative and absolute orientation, and 
the precomputation of final instrument settings from aerial triangulation can be incor
porated into the adjustment which in most cases is performed on an electronic comput
er. In view of this, substantial time savings can be expected from numerical orienta
tion methods. 

REFRR.F.NCF.8 

1. Hallert, B. Photogrammetry. McGraw-Hill Co., New York, 1960. 
2. Hart. Air Photography Applied to Surveying. Longmans Green & Co., London, 

1943. 
3. Jerie. Contribution to Numerical Orientation Methods in Mountaineous Terrain. 

Photogrammetria, pp. 22-30, 1953/ 54. 
4. Kupfer, G. Numerical Absolute Orientation on the Multiplex. Bildmessung and 

Luftbildwesen, 1956. 
5. Zeller. Photogrammetry. Orell & Fuessli, Zurich, 1948. 




