Analysis for the Evaluation of the Settlement
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oTHE SETTLEMENT ratio § is a parameter used in load formulas of positive project-

ing conduits. Its value is required to determine the height of the plane of equal settle-

ment He. The settlement ratio is defined as the ratio of the diiference of the additional
settlement of the top of the conduit and the additional settlement of the critical plane in

the exterior prism to the additional consolidation of the embankment material below the
critical plane,

(s;n + 8¢) - (sf+ 8
Ew m g (g c) (1
Sm
where
Sm = additional consolidation of the embankment material in the exterior prism
between the critical plane and the natural ground surface, ft;
sg = additional settlement of the natural ground surface below the exterior
prism due to the consolidation of the foundation, ft;
Sm + Sg = additional settlement of the critical plane in the exterior prism, ft;
Sc¢ = additional deformation of the conduit, ft;

additional settlement of the bottom of the conduit (i.e., the surface of the
natural ground beneath the conduit) due to the consolidation of the founda-
tion, ft; and

Sf + 8¢ = additional settlement of the top of the conduit, ft.

sf

The equation for determining the height of equal settlement Hg is

where
be = outside width of conduit, ft;
e = base of natural logarithms = 2. 7183;
He = vertical distance from the plane of equal settlement to top of conduit, ft;
K = ratio at a point of active lateral pressure to vertical pressure for the backfill
or embankment material;
u = tan ¢ = tangent of the angle of internal friction of the backfill or embankment

material; and

e = projection ratio for positive projecting conduits = ratio of the distance between
the natural ground surface and the top of the conduit (when H, = 0) to the out-
side width of the conduit.
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The value of Hg can be determined from Eq. 2 if the values for § and the other vari-
ables are known. The upper algebraic operation symbol is applicable for positive pro-
jecting conduits, and the lower algebraic operation symbol is to be used for negative
projecting conduits.

The present method of estimating the value of § is by judgment coupled with known
boundary values. The value of 6 can be determined after a conduit is installed (1), if
provisions are made during the installation to obtain certain measurements.

The analytical derivation for the expression‘of § presented herein is based on the
concept of the existence of a lower plane of equal settlement either in the yielding foun-
dation or at the upper surface of a nonyielding foundation. The existence of a lower
plane of equal settlement can be shown by reasoning similar to that used by Marston
(2) to prove the existence of an upper plane of equal settlement above the conduit. The
parameters used in the derived expression of § can be readily determined for the par-
ticular cite conditions for which the conduit is installed.

ASSUMPTIONS
The following assumptions are made in the derivation:

1. Vertical shearing planes exist adjacent to the cradle (or conduit if no cradle).
The shearing plane is taken adjacent to the cradle because the total load on the cradle
is to be evaluated. The additional load on the cradle is required to evaluate the addi-
tional settlements in the interior prism below the conduit.

2. Cohesion is negligible.

3. The magnitude of the shearing stresses is equal to the active lateral pressure
at the vertical shearing planes multiplied by the tangent of the angle of internal friction
of the embankment material.

4, The weight of the embankment material above the top of the conduit produces a
uniform vertical pressure over the entire width of the interior prism.

5. The load on any horizontal differential element in the interior prism below the
bottom of the conduit is a uniform vertical pressure over the entire width of the interior
prism.

6. The shear at the sides of the interior prism is distributed as uniform vertical
pressure (by virtue of internal friction in the embankment or foundation materials) over
the entire width of the interior prism.

7. The shear at the sides of the exterior prism is distributed as uniform vertical
pressures throughout the embankment and foundation in the infinitely wide exterior
prism and its effect on the consolidation in the exterior prism may be neglected.

8. The embankment and foundation materials have constant moduli of consolidation.

9. The weight of the conduit and cradle are neglected.

10. One mathematical approximation is made in the derivation for case c and case d.

SYMBOLS
The following additional symbols are used in the derivation:
o 2Ky
= T

ZKfu-f

bottom width of cradle, ft. When no cradle is used, b = b, = outside width of
conduit, ft;

modulus oI consolidation of the embankment material, tons/ft

modulus of consolidation of the foundation material, tons/ft

for the complete condition—vertical distance from top of backﬁll to a hori-
zontal element of fill material having a height dH, ft; for the incomplete
condition—vertical distance from plane of equal settlement to a horizontal
element of fill material having a height dH, ft;

Hc = vertical distance from top of backfill or embankment to top of conduit, ft;

nly o P
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H'e = distance between the top of the conduit and the upper plane of equal settlement
when the interior prism has a width b;

Hf = distance between the bottom of the cradle and the nonyielding foundation ma-
terial, it. When no cradle is used, it is the distance between the bottom of
the conduit and the nonyielding foundation material.

H1 = distance between the bottom of the cradle and the lower plane of equal settle-
ment, it. When no cradle is used, it is the distance between the bottom of
the conduit and the lower plane of equal settlement;

Ki = ratio at a point of active lateral pressure to vertical pressure on the founda-
tion material ;

P’ = vertical pressure on a horizontal plane within the interior prism when the
embankment height is equal to or less than the height of equal settlement,
Ibs/ft length of conduit;

P’’ = additional vertical pressure on a horizontal plane within the interior prism
due to the weight of the material above the plane of equal settlement, lbs/ft
length of conduit;

Ae = additional consolidation of the embankment material in the exterior prism be-
tween the critical plane and the plane of equal settlement, ft (positive project-
ing conduits);

A{ = additional consolidation of the embankment material in the interior prism be-
tween the top of the conduit and the plane of equal settlement, ft (positive |
projecting conduits);

yf = tangent of the angle of internal friction ¢¢ for the foundation material;
¢t = angle of internal friction of the foundation material; and
Wb = vertical distance between the natural ground line in the exterior prism and

the bottom of the cradle (or the bottom of the conduit if no cradle is used), ft.

CASES

The four cases represented by the drawings shown in Figures 1, 2, 3, and 5 will be
considered separately.

Case a.
Value of 6 for conduits resting on rock foundation. When the conduit and embank-
ment are on nonyielding foundation (Fig. 1), the values of s » 8¢ and sg are zero.
g Sc
Thus by Eq. 1

6=-——-=1 (3)

eI G i The surface of the nonyielding foundation
Srirpied is considered as the natural ground line.

The distance between the top of the con-

duit and the natural ground line ig Pba.

TSR N

i -__" Since the foundation is nonyielding, the

] additional settlements sf and sg are both
. zero, and '
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Figure 1. Conduit resting in or on nonyielding foundations with embankment extending to the
nonyielding foundation.



The value of 8 is defined by the follow-
ing relation

b =1+ ZtE g
}*Efp

¥ Compreted embankrient
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Nonyielding foundation material

Figure 2. Conduit resting on nonyielding support with compressible foundation materials adjacent
to the conduit.

Case b.

Value of § for conduits resting on rigid support with compressible adjacent founda-
tion and embankment materials. When the conduit is on nonyielding foundation (Fig. 2),
the values of s; and s, are zero.

S + S ]
(Bm+sg) S

Sm Sm

The additional consolidation sy, of the adjacent material between the top of the conduit
and the natural ground is that consolidation due to the additional load. The additional
load is the weight of the embankment between H = H; and H = H'e (Assumption 7)

y(H, - H')
Sm = ——VE—e—pbc (4)

Similarly, the additional consolidation sg of the material between the natural ground
and the bottomn of the cradle is (Assumption 7)

V(Hc - H'e)
Sg = —Ef"_ \I’bc (5)

On substituting these values of sm and sg, obtain

o -1+ [E] ¥ (®

Case c.
Determination of the settlement ratio & when the foundation material below the top

of the conduit is homogeneous material of sufficient depth (Fig. 3). By Eq. 15 when
sc = 0, the value of § for rigid conduits is

Sm+5g-5f

5m



The values of 8 and H} are determined
from the following two derived relsations:
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ezxu(Hé/b)_ s (Hé/b) - OKubp + 1

i
i When the value of & has been determined
from the first of these two relations,
the value of H] may be obtained from the
second relation. The values of 3 and He
determined in this manner are the correct

Lower plane of equal setilement+ \

Y1eld1ng foundation material
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Figure 3. Conduit resting on yielding foundation material of sufficiently great depth,

But by definition the upper plane of equal settlement is the lowest horizontal plane at
which the additional settlement at the plane for the top of the interior prism is equal to
the settlement at the plane for the exterior prism, i.e.,

St + A = Sg + Ae + 8y (8

The evaluation of 8¢, Sg, Sy, Xj, and )¢ is made later.

Lower plane of equal settlement. In the derivation of 6 for this case, a lower plane
of equal settlement is recognized. At this plane the intensities of pressure of the in-
terior prism are equal to those of the exterior prism. Furthermore, the additional
consolidation of every portion of each horizontal plane below this plane of equal settle-
ment is equal. When loads are transferred into the upper interior prism, loads are
transferred out of the lower interior prism. Thus, shearing forces of the upper inte-
rior prism are oppositely directed from those of the lower interior prism. The addi-
tional consolidation in the interior prism is equal to the additional consolidation in the
exterior prism between the upper and lower planes of equal settlement when a rigid
conduit is installed. Hence,

Mo+ Xi=hg + 8y +fAp (9)

The evaluation of )\ involves the summation of the additional consolidations resulting
irom the variable additional pressures of each horizontal differential element. These
pressures are evaluated next. The top sign in all of the following expressions pertains
to the projection cond1t10n and the bottom sign pertains to the ditch condition.

Expressions for P/, and P‘{. Equating the vertical forces on the differential ele-
ment AH (Fig. 4) for the interval (Hy - Hg) < H< Hg

dp
- P -
dH Ta b (10)

where P = P’ + P’/
For the interval (H, + pb, + ¥b,) < H < (He + pbe + ¥b, + Hy)
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dp
— + afP = b
o f y (11)

On observing the existence of the plane of equal settlement and since Eq. 10 is a linear
homogenous differential equation, it may be written in two components

dp’ ,
a-ﬁ- F aP = vb (103.)
P :ap” -0 (10b)
dH
and similarly Eq. 11 is written
dP’ p
—— ¥ afP7 = vb (11a)
ai 151 Y
dP Ill i
—— FaP’ -9 (11b)
dH 1
The general solution of Eq. 10b is
pP* = ¢t (12a)

where ¢ is an arbitrary colnstant.
When H = H,, - H'g, P'= yb(H; - H'), the value of ¢ is

[
¢ = yb(H, -1y o e " H'e) (120)

At the top of the conduit H = Hy and P*' = P’/

4
P" = yb(Hc - H'e) e *3He (13)

where P"c = additional vertical pressure on a horizontal plane at the top of the conduit.
The general solution of Eq. 11b is

P = ce 2l (14a)

where c is an arbitrary constant. ,
When H = H, + pb, + ¥b,, then P’] = P’’,, the value of ¢ is
c C cs 1 c’

’
c - 'yb(Hc—H‘e)ei[aHe+a“f(HC+ pbc+\I/bc)] (14b)

At the lower plane of equal settlement H = H¢ + obe + ¥be + Hl and P/ = P’

[
P = yb(H, - H'y) e *(He - 2Hl1) (15)
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where P’‘] = additional vertical pressure on a horizontal plane at the lower plane of
equal settlement.

Expressions for Ag, i, Xe and Xj. The differential equation expressing the
additional consolidation in the interior prism )\j is

2"

Substituting the value of P’ previously determined (Eqs. 12a and 12b)

’
dy = L (He -Hg) e *a[H -(He-H e)]dH

]\

The general solution is

' Fa(He - H')
)\i=%(Hc-He)e c € [i(eia’H+c)] (16a)

+a

where c is an arbitrary constant.
When H = H, - H',, then ), = 0, and the value of c is

e ta(Hg - H'y) (16b)

c =
The total additional consolidation in the interior prism ); between H = H'c - H'e and
H=H,; is

y(H,-H',) ‘
e e (ptale )

+ak (17

A =

The additional consolidation in the exterior prism Ae for the interval (H, - H'e) < H<
H.is
c

(He -H'g)
Al el 1 H' (18)
E

The differential equation expressing the additional consolidation in the lower interior
prism X is

P
A’y = —
bE¢

Substituting the value of P‘] previously determined for Eqs. 14a and 14b, the general
solution is

I’
"'i V(HcE‘H e) e * [aH'e +af(Hc+ obc+ \Ilbc)] [ 1 (e FasH
f

= Tag +C)] (19a)

where c is an arbitrary constant.



When H = H, + ob; + b, then )| = 0, and the value of ¢ is
c = -e :Fa.f(Hc + Obc + \I/bc) (lgb)

The total additional consolidation in the lower interior prism X { between H = He + pbe
+\IlbcandH=Hc+pbc+\Ilbc+Hlis

y(He - H'g) '
A = _ﬁeim €(1-¢ T2fH] (20)

The additional consolidation ) ‘ in the lower exterior prism is

H,-H’
e = 7(—(:——-—3-) (H) + Tbe) (21)

E¢

The additional settlement sy, of the material adjacent to the conduit is

y(H, - H',
Sm = c—Ee_} obg (4

The expression for H'q is obtained by substituting the evaluations of Aj and Ag previ-
ously determined by Eqgs. 17 and 18 into Eq. 8.

-H' ’ ¥(Hg-H'g)
Sf + Y(_I-Ic__..__g (e iaHe - 1) B Sg+Sm+ ‘_"'_u‘ Hle
+ak E

Rearranging and using Eq. 1, 65y = Sm + Sg - S¢

H, - H' E, -H%) ’ Y(H, -H)
67( c e) ol = v (He e (eiaHe -1) - (He e’y
E c +all E e

which reduces to

?
e*2fle 4 +abpb, zaHg

or
?
e *ale FaH'g = zagpbe + 1 ‘ (22)

This relation evaluates the position of the plane of equal settlament for the conduit and
cradle. This relation differs from Eq. 2, which evaluates the plane of equal settlement
for the conduit.

Expression for H). The location of the lower plane of equal settlement is determined
by observing that the additional vertical pressure at the lower plane of equal settlement
is equal to the additional vertical pressure at the upper plane of equal settlement.

,
Y(Hg - H'Q)b = yb(H, - H',) e +(aH'g - agHy)



10

Rewriting
1 - e +(aH'g - agHp) (23)
or
aH’g - agH] = 0
and
a ]
H =—H 24
1 af e (29)

Expression for evaluation of §.

Substituting the evaluations of sy, Aj, Ae, A\'j and
Ao as given by Eqgs. 4, 17, 18, 20 and 21 into Eq. 9, obtain

y(ile - 1'e) (, +aH'e ), ¥(Hc - H's) [e aHp_ iaH%*a.fH]_] )
tak +asEy¢
(Hg - H' He - H'o) y(H, - H'p)
Yl 5o iy 4 pho) + uEf_e (Hy + obe) —C ¢

+aE

¢ ¢ [
(eiaHe 1) +7(Hc-He) o T3H'e (1_e¥afH1)
taghkis

7 (Hc - H'e) y(He - H'e)

=5 (b +H') + —E (H + Tbe)  (25)

Multiplying by H;aﬁ- and substituting Egs. 22 and 24, obtain on rearranging
c~ e

tay

Y a
E (6pbc + H’e) + "E—f E [ iaépbc + aH'e] =

= (e + pbe) T

a ’
- —He+\I’bc]
Eg [a-f

On rearranging

on

|
~ -
+ +
| proneer| | DE— |
B B
| IR | | S
& e °le

(26)
obtain
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¥
[o]
(27
+[£] .
E¢ | Kug

Equation 27 gives the expression for § when the foundation material is homogeneous for
a sufficier%ly great depth. The depth H; is sufficiently great if H¢ = H}, or from Egq.
24, H = £ g’

Ktut

Case d.

Determination of the settlement ratio § when the foundation material is shallow
(Hf < H)). The additional settlements of the interior prism and exterior prisms for
Case datH =H + (o + ¥) be + Hf are equal. By the definition of the plane of equal
settlement, the additional consolidations in the interior prism and exterior prisms be-
tween the plane of equal settlement and the nonyielding foundation are equal (Fig. 5).
This results in the relation

e

Xi+ A = Xgt Ae/+ Sy

The evaluations of the terms sy, A, and A are given by Egs. 4, 17 and 18, The
evaluations of Xj and X are obtained by substituting Hf for H] in Eqs. 20 and 21,
Making these substitutions, obtain

}‘(Hc - H'e) g iaH‘e [1 _ e:Fa.fo ] + 'y(HC - H’e) [e iaH,e i 1] )
tagEs +ak

i ¢
Z(H“’__H,E_)_ (Hf + Tbe) + )'_(HC"—HG) (H'e + pbe)
Ef E

Compacted embandrent B : The values of & and Hé depend, among other

: parameters, on the value of He. They are
determined by the simultaneous solution of
the following two derived relstions:

l+EE_ y
5 = 7Bl

7 H
1 £ B | Be
7 Be | HL

i
E :M and
Yielding foundation raterial | v 2Ku(HL/b)
| LA ! =
of depth less than Ku H! | kgl e 2K$.1(He/b) QK‘U.BD t
K e ! =4
i

! f

Figure 5. Conduit resting on yielding foundation material of shatlow depth.
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. aghy _— '
Multiplying by and substituting xaH g for asHy
Y

(He - H'g)

] [ as B ¢
eiaHe [l_e%‘aXHe]Jr_f_f[eiaHe_l]:
a E
. Bt oo
+(axH'g+aglbe) *af ¢ (H'g + obe)

’

alle 1 - +abdob, xaH'e

Recognizing that ei
as E _ ’
[1+—f——f] [a:aﬁpbc tai—l'e] + [l-eta(1 x)He]=
a E
(axH’ b)) =t (H's + pbe)
+(axH’g + a;¥b) *af 4 e + pPbe

or

E _ '
[“%Ef] (80be) + {ﬁ[l-e*"“l o | (1-x>H'e} -

af as Ef
— b — —
= c+aEPc

Make the approximation

- [1 -e +a(l - XH'e ] + (1 -x)H’ = (x - 1)6pb,

Obtain
or

(28)

The simultaneous solution of Egs. 2 and 28 can be given graphically. An illustration
of such a graphical so'ution can be found in the technical publication of the Engineering
Division of the Soil Conservation Service, Technical Release No. 5: The Structural
Design of Underground Conduits.
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