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A plane stress elasticity solution to the simply supported, three 
material beam is developed. Results are obtained for beams 
whose dimensions and material properties simulate composite 
beams consisting of two materials bonded together by a third 
material. It is shown that the elementary formulas for stresses 
and deflections yield sufficiently accurate values under certain 
conditions. In addition, slip, a quantity often measured in ex
perimental work, is influenced by many factors, and therefore 
is generally not reliable for use in interpreting test results. 
Experimental results are presented to verify the effectiveness 
of the mathematical solution. 

•IN recent years considerable research has been conducted on beams composed of two 
or more materials. Most of this research has been concerned with the behavior of 
composite beams for use in highway and building construction (1). Composite beams 
usually consist of a steel beam and a concrete slab joined either by mechanical con
nectors, or recently, by epoxy resins (2, 3). Many experimental studies of composite 
beams have been conducted and severaC mathematical solutions have been developed (4, 
5, 6). Through experimental studies and mathematical analyses, the conditions under 
which the elementary formulas for stresses and deflections are sufficiently accurate 
have been determined for composite beams utilizing spaced mechanical connectors; how
ever, these conditions may not apply to composite beams having a continuous connection 
between the slab and beam even though some of the solutions for beams with spaced 
mechanical connectors were based on the assumption that the connection was continuous. 
Also, the existing matl;lematical solutions have not compared favorably with all experi
mental results, i.e., in the case of slips. Because of these uncertainties and discrep
ancies, a more exact mathematical solution is desirable. 

THEORETICAL DEVELOPMENT 

The model beam consists of three material layers or individual beams of different 
depths and having different material properties (Fig. 1). The mathematical expressions 
describing the behavior of the three material, simply supported beam are obtained by 
employing the methods of the theory of elasticity. A plane stress condition is assumed; 
hence, determination of the solution consists of generating a stress function that satis
fies the biharmonic equation of elasticity and the appropriate boundary conditions. A 
stress function is determined for each material layer, and the normal and shearing 
stresses and the displacements at the interface of the adjoining layers are equated. 

The stress function ¢ for each material layer is assumed in the form 

¢ = f(y)sin n~x 
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Figure 1. Mathematical model. 

where f(y) is a function of y only, L is the length of the beam, and n is an integer. Sub
stitution of ¢ into the biharmonic equation yields an ordinary linear differential equation 
in f(y) which has a solution 

(lb) 

where C11 C2 , C3 , and C4 are constants of integration, anda=mr/L. 
The normal stresses ax and cry and the shearing stress Txy are obtained from the 

stress function ¢. They are 

+ aycoshay) + C4 (2coshay + aysinhay)] (2a) 

(2b) 

Txy -cosax[Cpsinhay + Cpcoshay + C3 (coshay 

+ aysinhay) + C4(sinhay + aycoshay)J (2c) 

The stress functions for all three material layers have the same form as Eq. 1; 
however, they differ because the constants of integration are not the same for each 
layer. The horizontal displacement u and the vertical displacement v enter into the 
boundary conditions; hence, it is required that they be obtained. The relationships be
tween the strains, displacements, and stresses are 

au 1 
r = - = -(ax- µcry) x ()X E 

av 
oY 

(3a) 

(3b) 
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oV +(JU 
"lxy = ax 0y 

2(1+µ2 T 
E xy (3c) 

where E is the modulus of elasticity and u is Poisson's ratio. 
The stress equations (Eq. 2) ure substituted into the strain equation (Eq. 3). Eqs. 

3a and 3b are integrated to obtain the displacements u and v. Integration of these equa
tions yields two arbitrary functions which are evaluated by substituting the displace
ments u and v into Eq. 3c. The resulting expressions for u and v are 

u = - co~O/X {Cp(l +µ)coshcey + C2a(l +µ)sinhcey + C3[2sinhcey 

+ cey(l+u)coshcey] + Ci2coshay + ay(l+µ)sinhcey]} 

+ Ay + B 

sin x v --E- {Cia(l+µ)sinhcey + C2a(l+µ)coshcey + C3[cey(l+µ)sinhcey 

+ (-l+µ)coshcey] ·+ C4 [cey(l+µ)coshcey + (-l+µ)sinhcey]} 

- Ax+ F 

(4a) 

(4b) 

where A, B, and Fare constants of integration. These constants are associated with 
rigid body motions, and are taken equal to zero here. 

The constants of integration are then evaluated from the boundary conditions. There 
is a stress function for each material layer, and there are four constants of integration 
for each stress function; therefore, there are twelve independent constants of integra
tion for which there must be twelve independent boundary conditions to obtain the solu
tion. The stress functions are denoted as ¢u ¢2, and ¢3, where the subscripts corre
spond to the material layers indicated in Figure 1. The constants of i ntegration are 
denoted as Ci, C~, etc., corresponding to ¢1 ; c:, C~, etc., cor responding to ¢ 2, etc. 

The boundary conditions are as follows. The superscripts denote the corresponding 
material layers as indicated in Figure 1. 

T~y(x, -Yi) 0 (5a) 

cry(x, -Yi) = 0 (5b) 

riy(x, 0) T~y(x, 0) (5c) 

cry(x, 0) cry(x, 0) (5d) 

ui(x, 0) :: u2(x, 0) (5e) 

vi(x, 0) v2(x, 0) (5f) 

T~(x, y2) = riy(x, Y2) (5g) 

cr~(x, y 2) cr~(x, y 2) (5h) 

u2(x,y2) = u3(x, Y 2) (5i) 

v2(x, Y2) = v3(x, Y2) (5j) 
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Tiy(x, y3 ) 0 (5k) 

cry(x, y3 ) 
E . n7TX 
ansmL (51) 

J A crx(O, y)dy 0 (6a) 

J A crx(L, y)dy 0 (6b) 

J A crx(O, y)ydy 0 (6c) 

J A ax(L, y)ydy 0 (6d) 

J A T xy(O, y)dy reaction (6e) 

J A T xy(L, y)dy reaction (6f) 

where the letter A associated with the integral sign denotes the total cross-sectional 
area of the beam. 

Boundary conditions in Eq. 5 are used to evaluate the twelve constants of integration, 
whereas boundary conditions in Eq. 6 were identically satisfied by the choice of the 
stress functions. The load in Eq. 51 is represented by a Fourier sin series expansion, 
thereby allowing a large degree of freedom in the type of loadings that may be studied. 

By applying the boundary conditions (Eq. 5), twelve simultaneous linear equations 
are obtained with the constants of integration as unknowns. The constants of integra
tion are dependent on the parameter a which in turn depends on the value of the integer 
n. For this reason, the twelve equations must generally be solved for each value of n. 
The number of times the set of equations must be solved therefore depends on the num
ber of terms of the series used to represent a given loading. Because of the large 
number of computations involved, numerical results are best obtained with the use of 
a digital computer. 

DISCUSSION OF RESULTS 

The examples of three material beams presented and discussed in this paper have 
central material layer depths that are small in comparison to the depths of the top and 
bottom layers. In addition, the total depth of the beam is small in comparison to its 
length. This type of beam simulates a composite beam consisting of two materials 
bonded together by a third material. The dimensions and material properties of the 
top and bottom layers are selected so that the neutral axis of the entire cross- section 
is located very near the top of the bottom layer. 

Except for the depths of the central and top layers, the relative beam dimensions 
are the same for all the examples presented. In terms of the dimensionless ratio x/L, 
the span length is unity. The vertical coordinates and dimensions are expressed in 
terms of the ratio y /L. For a given beam, three y /L values are assigned, one for each 
material layer. For the examples presented here, the y /L values for the top and bottom 
edges are 0.016 and 0.050, respectively. The moduli of elasticity are expressed as 
ratios of a particular layer to the modulus of elasticity of the bottom layer; hence, the 
modular ratio of the bottom layer is always unity. The letter n is used to denote the 
modular ratios and the subscripts associated with the n's identify the associated 
material layer as shown in Figure 1. The associated subscripts should prevent any 
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confusion with the integer n used previously. The modular ratios of the top and central 
layers are varied; however, Poisson's ratios for all three layers are kept the same 
throughout this investigation. Poisson's ratios for the top, central, and bottom layers 
are 0 .15, 0. 20, and 0. 25, respectively. The relative dimensions and material prop
erties were chosen to simulate, as nearly as possible, composite beams used in prac
tice. 

For most of the examples presented, a single concentrated load of unity was applied 
at midspan. In some cases two concentrated loads symmetrically placed about midspan 
are used. The total magnitude of the loads is unity, and they are located at x/L equal 
0. 30 and 0. 70. The concentrated loads are approximated by using a uniformly distrib
uted load acting over approximately 1/100 of the span length. All beams presented here 
were symmetrically loaded; however, the solution developed is not limited to symme
trically loaded beams. The solutions obtained are valid in the range of elastic behavior 
of the materials only. 

The horizontal tensile stress CJ and the vertical displacement v are obtained at mid
span for simple end-supported beams in which the modular ratio of the top material 
layer and the modular ratio and depth of the central material layer are varied. The 
top layer modular ratios n9 used are 4. 0, 6. 0, and 8 . 0. The central layer depth is 
varied from a y/L value of 0.0005 to 0.0020 in increments of 0.0005. The central 
layer modular ratio n

2 
is assigned values of 1. 0, 0. 10, 0 . 01, 0. 00 5, 0 . 001, and 0 . 0001. 

The horizontal stresses and vertical displacements (or deflections) at midspan of the 
beams are presented in terms of the ratios CJ/CJe and 6/6e, where CJ and 6 are obtained 
from the expressions for CJx and v developed earlier and CJe and 6e are obtained by using 
the transformed section and the elementary beam formulas (Appendix). The stresses 
CJ and CJ e are the tensile stresses in the lower fiber of the beam. This stress is used 
because the compressive stresses in the top fibers of the beam are not comparable. 
The concentrated load is applied at midspan; hence, the elasticity solution yields a 
local effect in the stresses at midspan, whereas the elementary solution does not. This 
local effect is not nearly as pronounced in the bottom fibers of the beam. Stress varia
tion along the beam for the stresses in the top and bottom fibers of the beam are shown 
in Figure 2. 

The deflection 6 was computed at the top edge of the bottom layer (y = O) . This would 
not introduce a significant error because the neutral axis is very near this edge. The 
deflection lie was obtained at the neutral axis of the section as computed by elementary 
methods. 
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Figure 2. Stress variation along beam's length. 
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Figure 3. Stress ratio vs central layer modular ratio. 
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Figure 4. Stress ratio vs central layer modular ratio. 
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The results of this part of the investigation are shown in Figures 3 through 8 where 
the stress ratio u/ ue and the deflection ratio 6/oe are plotted against the modular ratio 
n2 of the central layer. Figures 3 and 4 show that for central layer modular ratios 
between 0. 01 and 1. 0 the stress ratio is very nearly unity. The significance of this is 
that for this range of n2 the stresses are predicted with sufficient accuracy by the use 
of the transformed section and the elementary beam stress formulas. Although evidence 
is not presented here, this statement holds true for both normal and shearing stresses , 
and also fo:r any type of loading (8). The homogeneous beam would produce the largest 
shearing stress, and the shearing stress decreases as the central layer modular ratio 
decreases ; hence, the elementary shear stress formula would yield slightly conserva
tive results in the central modular ratio range listed previously. 
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For modular ratios less than about 0. 01, the stress ratios increase; hence, the 
stresses computed with the elementrary stress formulas would be in error, the magni
tude of the error increasing as the central layer modular ratio becomes smaller. 
Figures 3 and 4 show that the central layer depths considered did not have a significant 
effect on the stress ratios in the range of central layer modular ratios between 0. 01 
and 1. 0. The central layer depths noticeably affected the stress ratios for modular 
ratios n2 less than about 0. 01. The stresses increase with increasing central layer 
depths. Figure 5 shows that the stress ratios are not greatly affected by the value of 
the modular ratio of the top layer within the range of values considered. 
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Figure 8. Deflection ratio vs central layer modular ratio. 

The deflection ratios vs the central layer modular ratios are shown in Figures 6 
and 7. In ~neral, the foregoing discussion on the stress ratios also applies to the de
flection ratios. Between the central layer modular ratios of 0. 01 to 1. 0, the elemen
tary beam formulas for deflection may be used. The deflections are more sensitive 
to the central layer depths and top layer modular ratios than the stresses for central 
modular ratios of about 0. 01 and less (Fig. 8). The deflection ratios increase as the 
top layer modular ratios increase. 
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Figure 9. Slip curves for different central layer modular ratios. 

The three material or composite beams presented here are considered to satisfy the 
assumptions on which the mathematical solution is based, i.e., the beams are in a 
condition of plane stress. Composite beams used in construction do not generally 
satisfy the assumption of a plane stress condition. Their cross-sections are neither 
rectangular shaped nor are their widths small in comparison to their depths; hence, 
the predominate normal stress is not uniformly distributed across the width of the 
cross-section. Even though T-beams cannot be accurately analyzed, in gaining an 
adequate insight into the behavior of continuously connected composite beams, the pur
pose of this investigation has been realized. Another investigation is being conducted 
to determine a more exact method of analyzing T- beams . 

In previous investigations of composite beams (3, 5, 7) the relative displacement at 
a point between the upper and lower material layers was- usually measured. This 
quantity, commonly referred to as slip, was usually measured at the ends of the beams, 
but in some cases it was also measured at several points along the span length. 

Slip curves were obtained for several cases for the purpose of determining the quan
tities affecting the slip magnitudes and slip distribution along the span length. Here 
slip is presented as a ratio of the relative displacement between the top and bottom 
layers at a point to the depth of the central layer. For this study, the beams were 
loaded by two concentrated loads symmetrically placed about midspan. 

Slip curves for beams having different central layer modular ratios n2 are shown in 
Figure 9. The slips decrease algebraically as the central layer modular ratios de
crease. The slips are positive (a point on the bottom edge of the top layer displaces 
to the right of a point on the top edge of the bottom layer) along half of the span for a 
central layer modular ratio of 0. 050 and greater. The slips in the region between the 
end of the beam and the applied load (at x/L = 0. 30) were negative for a central layer 
modular ratio of 0. 025 and less. Some of the slips in the region between midspan and 
the applied load remained positive until the central layer modular ratios became very 
small. The foregoing discussion applied to the left half of the beam. The signs of the 
slips in the right half of the beam would be opposite to those in the left half of the beam. 
Positive slips do occur and have been observed by the authors, 

The effect on the slips of changing the reaction locations is also investigated. The 
reactions are placed at x/L values of 0. 00, 0. 025, and 0. 050. The applied loads are 
kept the same distance from the ends of the beams. Slip curves for the three 
reaction locations for beams loaded by two concentrated loads symmetrically 
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Figure 11. Slip curve.s for beams with different reaction locations. 
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placed about midspan are shown in Figure 10. The central modular ratio for the beam 
is 0.070. The maximum slip, which is positive, occurs at the ends of the beam, and 
the changing of the reaction location increases the end slips . The end slips increase 
as the reactions move away from the ends. The effect on the slips is small for the 
reaction location of x/L equal to 0. 025, but becomeR quite pronounced at x/L equal to 
0 . 050 . 

Figure 11 shows the slips for the case of the reactions located at the ends were 
negative between the ends and the applied loads. This beam had a central layer modular 
ratio of 0. 025 . For the r eaction located at x/L equal to 0. 0 50, the slip curve had a 
completely different shape than the curve with the reactions located at the ends. The 
maximum slip did not occur at the ends. This had been verified by several investigators 
who performed tests on composite beams ~. :!) . 

EXPERIMENTAL TEST RESULTS 

A three-layer beam consisting of aluminum, steel, and epoxy resin was constructed, 
instrumented, and tested for the purpose of showing the effectiveness of the mathema
tical solution. The test results were then compared to results predicted by the math
ematical solution. 

Steel and aluminum constituted the top and bottom layers, whereas the e.poxy resin 
constituted the center layer . The cross-sectional dimensions of the steel, a luminum, 
and epoxy r esin were% by% in., % by Y.~ in. , and Yoi by% in . , respectively . The 
beam was 1/i in. wide and 11,4 in. deep. The total length of the beam was 481/2 in . Du1·ing 
testing the beam was simply supported with a span length of 48 in. The material con
stants (modulus of elasticity and Poisson's ratio) for the steel and aluminum were taken 
from a handbook, whereas the material constants for the epoxy resin were obtained by 
testing tensile specimens. The tensile specimens were molded at the time the beam 
was constructed, and kept in the same environment as the beam. The strains in the 
tensile specimens were obtained by means of electric strain gages. The results of the 
epoxy resin tensile tests are shown in Figure 12. The stress- strain relationship for 
the epoxy resin was essentially linear. 

The model beam was simply supported on knife-edge supports 48 in. apart. The 
beam was positioned on the supports so that the steel constituted the top layer. Instru-
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Figure 12. Stress-strain curves for epoxy resin. 
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Figure 13. Model beam. 
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Figure 15. Comparison of predicted and experimental results-two point load. 

mentation consisted of electric strain gages and 0.0001-in. dial deflection gages. The 
e lectric stJ:ain gages were placed on the top and bottom of both the steel and aluminum 
layers at every one-tenth poi nt of the span ( 4. 8 in. in this case). The dial deflection 
gages were located at every one-tenth point of the span length. The model beam was 
not :instrumented to measure end slips, because of the lack of sensitive measui·ing de
vices. A single conce·nb.'ated load at midspan and a symmetrically placed two point 
loading located at x/L = 0. 30 and 0. 70 was used. The load was measured to an accu
racy of one pound by means of a load cell. The mathematical solution applied only in 
the elastic range; hence, during testing the maximum load applied was kept below the 
yield load. The model beam is shown in Figure 13 . 

The predicted and experimental horizontal stresses at the top and bottom edges of 
the model beam for a single concentrated load at midspan and for a symmetrically 
placed two point loading are shown in Figures 14 and 15, respectively. The values are 
for a total applied load of 100 lb. There is less than 3 percent difference between the 
maximum predicted values and the test values. 

CONCLUSIONS 

Studies of several examples of three material beams whose central layer depths 
were small compared to the depths of the other two material layers, and whose lulal 
depth was small compared to the beam's length have been presented. For thin central 
layers, the quantity that had the greatest effect on the predominate stresses and deflec
tions was the central layer modular ratio. It was also shown that for a certain range 
of cenb:al layer modular ratios, the predominate stresses and deflections may be de
termined with sufficient accuracy by using the transformed section and the elementary 
formulas for stresses and deflections . 
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An investigation was conducted to determine t he r eliability of the relative displace
ment (slip) at a point between the top and bottom material layers as an indicator of the 
behavior of composite beams . The s lips wer e sensitive to many factor s, a nd ther efore 
not a reliable indicator for m3e in experimental studies unless properly interpreted. 

A three material model beam was constructed and tested. The test results were 
coLupared to results predicted by the mathematical solution. There was little difference 
betwet.·m the test values and the predicted values; hence, the effectiveness of the math
ematical su.t1J~'itm1,was verified. 

The foregoing co1n~l.ustons are valid in the elastic range of behavior of the materials, 
and ai-e also subject to the rang ·"! qf t.I]~ var~ahl~'? considered. 

'·, 
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Appendix 
ELEMENTARY METHOD OF COMPUTING STRESSES AND DEFLECTIONS 

Neutral axis: 

-
y :: 

Figure 16. 

y~/2 +y2n2(y2+Y/2) + (Ys-YJila (Y1 + ~) 
Y1 + na)'2 + ns(Ys-Y2) 

Moment of inertia: 

Stresses: 

Deflections: 

I = i2 y~ + Y1 (y - ~'r + i2 n:!Y~ + Ill!f~ (Y1 +y/2-y)2 

ns(Ys- :12)
8 

( )( Y2+Ys -)
2 

-t 12 + ns y 3 - y 2 y l + -2- - y 

My 
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