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The study of the interaction of engineered foundations with the 
earth as a probabilistic environment is the basic theme of this 
investigation. The effect of statistically variable soil deposits 
on foundation design parameters is of primary concern. 

In particular, the Monte Carlo simulation technique is dis
cussed and applied to a specific example. The replacement of 
analytical inference with observation via simulation is empha
sized. The example presented consists of the prediction of de
sign variables such as mean length, etc., for friction piles 
driven into a two-layer soil deposit overlying rock. The 
strength of the soil and depth to rock are treated as stochastic 
variables. The importance of the size of the sample required 
for a competent simulation is discussed. 

•THE earth, quite literally, is the base for all civil engineering structures. Para
doxically , the most prevalent material the engineer deals with is also the most com
plex. Confronted with a typical nonlinear, anisotropic, nonhomogeneous and stratified 
soil deposit, a strategic retreat is often made into a linear, isotropic homogeneous 
theory. 

Equally important but sometimes ignored is the extent to which t he actual configura
tion of the subsurface deposits are known. By definition, samples of the .foundation en
viromnent are taken and with the aid of geological principles, estimates are made of 
the shape and size of the deposits encountered. A deterministic conclusion is reached 
from sampling a probabilistic environment. Quite obviously the output is not justified 
by the input. 

What is required is the study of the interaction of a foundation with the so-called 
probabilistic environment of the earth's crust. The discussion and application of a 
particularly powerful technique for this type of study comprises the subject of this 
paper. 

SIMULATION 

Simulation in the context of this paper essentially means that a controlled represen
tation of reality is utilized in order to obtain information about the behavior of a sys
tem. Observation of the behavior of the system replaces the inference associated with 
analysis because the system is simply too complicated to permit inference to work. 

Simulation of problems involving stochastic variables utilizes the aptly named Monte 
Carlo techniques. The first practical problems treated by the Monte Car lo me thod 
were connected with the design of atomic weapons at Los Alamos during World War II. 
"In these problems nature was directly modeled in its probabilistic aspects and many 
problems in particle diffusion were solved" (1). 

The Monte Carlo method is not limited to probabilistic simulation. The principle 
can be extended to difficult mathematical problems arising from deterministic problems 
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by finding analogous problems in prob
ability leading in their analysis to formally 
identical mathematical equations and then 
solving the probability problems by sam
pling experiments . 

In order to demonstrate the mechanics 
of the Monte Carlo probabilistic simula
tion procedure, an easily visualized prob
lem (Fig. 1), has been chosen for discus
sion. A colloidal particle or ion, A, finds 
itself in an environment where it is a vic
tim of Brownian motion. This simply 
means that it suffers collisions with other 
particles that cause it to trace a rather 
haphazard or random path. The path can 
be simulated in the following manner: At 
any particular location in a three-dimen
sional space there are 6 possible direc
tions of motion the particle can assume as 
a result of a collis ion. If any one of these 
directions is as likely as another (i.e., 
they are completely random), then the 
probability of any particular path is %. 
To initiate the "random walk, " a choice 
must be made for the direction of the first 
step. This is accomplished by generating 
a random number which dictates the con-
sequence of the first collision. For ex
ample, if a die is rolled, and each of the 6 
numbers on the die correspond to one of 
the 6 possible directions, then the result 
of the roll will determine the particle di
rection. If the process is repeated each 
time the particle arrives at a new desti
nation, the history of a particular walk 
can be traced. 

It is important to note that this trace is 
probably not the actual course taken by the 
real particle. However, if a large num
ber of walks are simulated and the average 
behavior statistically examined, then re
ality can be statistically predicted. Also 
of importance is the awareness of the na
ture of the technique. The outcome of a 
large number of simple computations are 
observed. Labor replaces sophistication 
in the interest of describing reality which 
is usually not digestable by elegance. 
Thus, a digital computer is practically a 
necessity. 

The use of the Monte Carlo technique as an analog for solving deterministic prob
lems is probably best known in the soil mechanics area for seepage applications. 

As shown in Figure 2, the finite difference approximation to the Laplacian describ
ing the potential function for flow in a porous medium is the same as the probability 
equation describing the likelihood that a particle moving randomly will arrive at point A 
in terms of its probability of arriving at B, C, D and E. Thus, by sampling a large 
number of random walks on a grid overlying the flow regime, the probability and hence 
potential distribution can be obtained. A complete description of this application is 
given by Scott(~. 
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PILE FOUNDATION SIMULATION 

An almost classic case of the interaction of an engineering design with a probabilistic 
environment is the driving of piles into soil which can only be statistically described. 

If a large project involving a number of different foundation requirements is in the 
preliminary design stages, the feasibility of pile foundations will probably be involved. 
If the exact location of the piles is not established, only a probabilistic answer can be 
given for the response of the interaction of the piles and the statistically variable soil 
mass. 

The first step in the analysis involves a quantitative description of the probabilistic 
character of the soil. As shown in Figure 3, a two-layer system overlying an irregu
lar rock layer has been chosen for consideration. Three different soil types are pres
ent in each layer. The probabilities listed over the strength distribution of each type 
indicate their relative preva~ence. For example, soil A, with P = 0. 3 was encountered 
in 30 percent of the borings, soil B, 40 percent of the time, etc. Now, within each 
soil type there is a strength distribution as dictated by the bar chart. Again, examin
ing soil A, 30 percent of the samples had a shear strength of approximately 0. 06, 20 
percent had a strength of 0.16, etc. The sum of these probabilities must of course 
equal 1. O, as is also the case for the probability of occurrence of different soil types 
in each layer. 

The bar chart at the bottom of Figure 3 gives the distribution of rock depths en
countered-20 percent of the borings found rock at 22 ft, 10 percent at 26 ft, etc. The 
flatness of the distribution points to a gradual slope of the rock surface over the site. 

With the statistical features of the soil deposit established, it is now possible to 
commence the simulation. The simulation sequence is schematically outlined in Fig
ure 4. 

A location for driving the first simulated pile is in a sense chosen by generating a 
random number that states which soil type is encountered. Various subroutines are 
available for generating random numbers on the digital computer. Of the integers 0 
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to 9 inclusive, the choice of 0, 1 or 2 would correspond to soil A1; 3, 4, 5 or 6 would 
correspond to soil B1; and 7, 8 or 9 to soil C1. Once the soil type is established, a 
second random number is generated which pic).<.s the particular strength encountered, 
i.e., 0 would mean a strength of O. 04 for soil A1, 1, 2 or 3 a strength of 0. 06, 4 or 5 
a strength of 0. 12, and so on. 

The simulated driving can now be started. As the pile penetrates the top layer, the 
accumulated resistance along the perimeter is checked at 1-ft intervals for accommo
dation of the applied column load. If adequate resistance is not accrued when the bot
tom of the first layer is reached, the soil type encountered in the second layer must 
be chosen. The random number generation and decision-making is repeated using the 
strength distribution in layer 2. If at a depth of 20 ft (top of rock), sufficient skin 
friction has not developed to support the column load, the depth to the rock surface at 
the simulated location is again determined by random sampling. This provides suffi
cient information to determine the final pile length. The behavior of a second pile is 
now simulated by repeating the entire process as described for the first pile. 

The question now arises as to how many simulated piles should be driven to ade
quately sample the soil-pile interaction. Figure 5 shows the mean pile length as a 
function of number of simulations for various column loads. It is readily apparent that 
100 samples would have been adequate for engineering purposes. However, caution 
should be exercised regarding general conclusions about this limited sample size. The 
extent of sampling required is related to the complexity of the phenomenon under study. 
A much larger sample would have probably been required for a soil environment with 
more ''branches" in the probabilistic tree diagram. It appears that the most direct 
approach to this question is to examine a variable of interest as a function of sample 
size in order to locate where the response stabilizes. This is especially true when 
using a digital computer. 

For design purposes, the pile variables are conveniently plotted as a function of 
column load. The mean pile length as a function of column load is shown in Figure 6. 
As can be seen, there is an increase in length of approximately 5 ft as the column load 
is increased from 25 to 40 tons with less than a 2-ft increase for an increase from 40 
to 100 tons. The effect of the undulating rock surface is thus quite vividly -portrayed. 
Up to approximately 40 tons, most of the piles do not reach rock; however, for column 
loads greater than 40, the majority do bear on rock. 
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It would appear that in conjunction with the structural requirements, this type of 
chart would greatly facilitate the decision as to whether or not to consider pile 
foundations. 

63 

Also of interest to the designer would be the variations in pile length as measured 
by the standard deviation for different column loads (Fig. 7). At the 25-ton column 
load the variation in strength of the soil results in a 4. 5-ft standard deviation; how
ever, again as the column load is increased and more piles bear on rock the standard 
deviation decreases as there is less variation in elevation of the rock surface than in 
soil strength. 

CONCLUSIONS 

A number of other variables such as elapsed driving time, etc., could have been 
presented for the particular problem under consideration. However, the purpose of 
this paper has been to explain and demonstrate the use of the Monte Carlo simulation 
technique rather than solve a particular problem. 

As a technique such as probabilistic simulation is developed by workers in related 
disciplines, the profession of civil engineering becomes obligated to explore potential 
areas of application. As typified by this presentation, there is no excuse to ignore 
some of natures realities as new methods become available. 
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