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This paper presents a modified theory that is applicable to determining 
the steady-state flow characteristics of a single vertical gravity well 
fully penetrating a homogeneous, horizontally oriented cross-anisotropic 
porous medium. The theory developed is based on the assumption that 
the profiles of the equipotential surfaces are given by nonconcentric 

· circular arcs, and this assumption is found to eliminate the contradic
tion resulting from previous assumptions by others that these equipotential 
surfaces were arcs of concentric circles. This latter assumption of 
concentric-arc equipotential surfaces is directly responsible for the 
erroneous approximation that the velocity is constant along a given equi
potential surface. Also, the concept of a "critical depth," as advanced 
by others, is found to be inconsistent with this modified theory. The 
shape of the water table is calculated from the modified theory by means 
of a digital computer, and the results are found to agree very well with 
the experimental data and numerical calculations of other investigators. 

•AS A CONSEQUENCE of the difficulties encountered when attempting to obtain exact 
solutions to seepage problems that involve free surface conditions, various approximate 
analyses have gained widespread use. Such approximate analyses generally include as
sumptions regarding both the nature of the flow and the boundary conditions. Neverthe
less, when used under applicable conditions with the proper exercise of engineering 
judgment, they often yield reasonably accurate flow quantities. However, the same de
gree of accuracy is usually not manifested when determining the shape of the free 
surface. 

Since a complete solution to any engineering problem must satisfy all aspects of ob
served experimental response, the close agreement between calculated and measured 
flow quantities for certain problems must be regarded as fortuitous, and the problem 
must be judged in need of additional theoretical modification. In particular, Muskat (1) 
warns against the indiscriminate use of such approximate analyses. This paper deals 
with a modification to a theory advanced by Jaeger (2) for solving the problem of steady
state seepage flow to a vertical gravity well which fully penetrates a homogeneous, hor
izontally oriented cross-anisotropic porous medium. Although Jaeger's theory is an 
improvement over the commonly assumed Dupuit theory, it contains an inherent con
tradiction which the proposed modification eliminates. 

COORDINATE TRANSFORMATION FOR ANISOTROPY 

When the permeability of a porous medium is uniform at all points and directionally 
independent at a point, the medium is said to be homogeneous and isotropic with respect 
to its seepage characteristics. On the other hand, if the permeability at a point depends 
on direction, the medium is termed anisotropic. Although anisotropy is a very common 
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Figure 1. Steady-state drawdown curve according 
to Dupuit. 

occurrence in nature , most solutions to 
flow problems do not explicitly consider 
such effects. Due to the deposition process 
of a porous medium and the subsequent 
environmental conditions to which it is 
subjected, cross-anisotropy or trans
verse isotropy very often results. This 
particular type of anisotropy is charac
terized by a condition of horizontal isotropy 
(that is, the permeability is constant in any 
horizontal direction), and it can be handled 
very easily in classical seepage problems 
by simply applying a coordinate transfor
mation to either the horizontal or ver
tical coordinates. The transformation 
is chosen so that the field equation for 
the cross-anisotropic medium with its 
applicable boundary conditions reduces 

to Laplace's equation (that is, V2 cp= O, where cp is a potential function) for a fictitious 
isotropic medium with similar boundary conditions. Once this is accomplished, solu
tions to boundary value problems describing the flow characteristics for homogeneous, 
isotropic porous media are immediately applicable by simple inverse transformation 
to analogous problems in homogeneous, cross-anisotropic porous media. 

PREVIOUS THEORIES 
Dupuit Theory 

The first solution to the problem described was given by Dupuit (3), who introduced 
the well-known assumptions that (a) the equipotential surfaces are vertical cylinders, 
or the flow is constant and horizontal at any vertical section; and (b) Darcy's law is ap
plicable in the entire seepage domain, and the gradient at any section is equal to the 
rate of change of the free surface with respect to the horizontal coordinate. Although 
these assumptions are reasonable for small slopes of the free surface, they are invalid 
in the vicinity of the well. For the problem under consideration the preceding assump
tions lead to the following formula: 

Q ( 1) 

where Q is the quantity of flow toward the well, and the other notation is as shown in 
Figure 1. According to its original interpretation, Eq. 1 has been used to calculate the 
well discharge if the permeability coefficient k and any two depths h1 and h2 are known 
at radii x1 and x 2, respectively, and to construct the profile of the free surface. 

Without belaboring the details of the much-discussed errors of the Dupuit theory, it 
can easily be shown that the conditions of flow at the well are not satisfied. According 
to this theory, the free surface inter-
sects the wall of the well at a height 
equal to the water column in the well; 
hence, the wall is a potential surface, 
and the streamlines must intersect it 
at right angles. Such a condition is im
possible for the streamline correspond
ing to the free surface, since it would 
indicate an inflection in the water table 
profile and a discontinuity in the flow. 
This contradiction makes it impossible 
to assume that the approximations in
volved in Dupuit's theory would lead to 
a negligible error near the well. In 

Impermeable 

Figure 2. Position of true drawdown curve with 
respect to the Dupuit curve. 



Figure 3. Jaeger assumption of concentric circular 
arcs for equipotential curves. 
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actuality, the true water table profile must 
intersect the wall of the well at a distance 
hs above the water surface in the well. 
This distance hs defines the seepage 
surface, and it represents the head 
loss which is required to overcome the 
resistance to seepage by the hatched 
sector shown in Figure 2. This evident 
weakness of Dupuit's theory has long 
been criticized, and many attempts have 
been made to replace it by a more ac
ceptable one based on either purely em
pirical or theoretical considerations. 

The contribution of Tscharni ( 4) was 
an important step in clarifying the 
validity and accuracy of Dupuit's as
sumptions. He succeeded in proving 

by exact theoretical considerations that Dupuit's formula yields theoretically accurate 
flow quantities only for the special case where x1 = Rand x2 = r (R is the so-called 
radius of influence and is that radius at which the depth of the groundwater table after 
pumping is equal to its original depth before pumping, and r is the well radius) . For 
these particular conditions, Eq. 1 becomes 

Q = k1r (2) 

However, it must be emphasized that the water table profile, or free surface, does not 
follow the curve described by Eq. 1. Experiments by Babbit and Calowell (5), Ollos (6), 
and others support Tscharni' s theoretical conclusions that (a) Dupuit' s formula yields
accura:te flow quantities for a fully penetrating gravity well if the soil is homogeneous 
and isotropic, and if the seepage conditions are defined by Darcy's linear law; and (b) 
the true water table profile, or free surface, cannot be determined by Dupuit's formula 
applied to any two sections, and it is located above Dupuit's curve. 

Jaeger Theory 

An important modification to Dupuit's approach was suggested by Jaeger (2), who 
assumed that the equipotential surfaces are circular arcs, perpendicular at one end to 
the impermeable bed and at the other end to the water table, as shown in Figure 3, and 
that the seepage velocities are constant along these circular equipotential surfaces. 
This assumption led to the introduction of a "critical depth" concept, which is similar 
to that defined for open-channel flow and possesses all the associated well-known prop
erties. In this theory the seepage surface can develop only if the water level in the well 
is lower than the critical depth corresponding to the given conditions. 

Based on the above assumption, the elementary discharge across an arc is 

dQ = v dA 

and, from Darcy's law, the velocity is 

V k 
~[z + ~] 

oS 
il<,D 

il S 

(3) 

(4) 

where cp is a potential function. Since Jaeger assumes that two adjacent arcs <,Di and 
cpi + 

1 
are concentric (that is, Acp = AR*), the velocity is constant along any given arc 

anct can be expressed as 
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v = 0 cp = k -2.!... = k sin e 
aR•~ aR* 

Since the elementary cross-sectional area is 

dA = 2rr x' dn = 2rr x' R*ch 

Eq. 3 can be written 

(5) 

(6) 

(7) 

Substitution of y = R* sin 9 into Eq. 7 and integration of the result from O to e yields 
the total flow quantity 

Q 

a 

e 

/ 2rr k y x' do: 

0 

If the integral / x' do: is approximated by 

0 

e e 
f x' do: "" Xm f d~ 

0 0 

where xm is the average value of x along the arc, Eq. 8 becomes 

Q ,,,, 2rr k y x ( 1 + f x tan ! ) e 

(8) 

(9) 

(10) 

Jaeger assumes that, if 8 is small, a tan! is negligible, and the flow quantity is 
approximately 

Q = 2rrkxy8 (11) 

Since Eqs. 10 and 11 cannot be solved by direct integration, Jaeger applied a finite
difference method to plot the water table profile. If Eq. 11 is compared with Dupuit's 
differential equation 

Q = 2rr k x y dy = 2rr k x y tan 0 
dx 

(12) 

we see that the free surface is located below the Dupuit curve, since 0 < tan a. This 
conclusion contradicts the previous one whereby the actual water table profile was 
found to lie above the surface defined by Dupuit' s equation. 

Potential Theory 

The theoretically accurate treatment of such seepage problems leads to Laplace's 
equation, which for the axially symmetric situation considered herein may be written 

1 acp + a 2({) = 0 
x ax ay2 

(13) 

with the boundary conditions 



cp = kH at x = R 

cp = kho at x = r for y s;; ho 

cp = ky at x = r for ho,, y ,, ho + hs 
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(14a) 

(14b) 

(14c) 

Most current solutions are obtained by numerical methods based on replacing the 
continuous domain by a lattice of discrete points. For a square grid with lattice spac
ing Al, Eq. 13 may be approximated by the finite-difference equation 

(15) 

where x0 is the radial position of the point and cpo, cp1, cp2, cp3, and cp4 are values of the 
potential function cp at the point under consideration and four adjacent points. Applica
tion of Eq, 15 to each and every nodal point of the lattice produces a system of non
homogeneous equations which can be solved by relaxation, matrices, etc. 

MODIF1ED THEORY 

Although Jaeger's assumption that the equipotential lines are circular arcs is a bet
ter approximation to the actual flow net pattern than that offered by Dupuit's theory, 
objection arises to the fact that these circular equipotential surfaces are assumed to 
be concentric. Figure 4 clearly shows that the radii Rf and Rf + 1 of two adjacent po
tential surfaces <Pi and <Pi+ u respectively, are not concentric. Since the distance dR* 
is decreasing from the free surface to the impermeable bed, the velocity must be in
creasing accordingly. If the velocity of the surface (D' = e) is given by Eq. 5, that is, 
the equation used in Jaeger's theory, the value of v at the bottom (D' = 0) may be deduced 
from the assumption that the distance ARb traveled by a fluid particle is equal to the 
horizontal projection of AR;, which is the distance traveled by the fluid particle along 
the free surface, or 

vb = k tan e (16) 

This assumption is supported by the experimental evidence of Babbit and Caldwell (5), 
Muskat (1), and others, according to which the pressure distribution along the imper
meable bottom surface follows Dupuit' s hypothesis. 

Following similar considera
tions and referring to Figure 5, 
we can define the velocity distri
bution along the equipotential 
curves by the equation 

Figure 4" Modified assumption for 
equipotential curves. 

Figure 5. Shape of drawdown curve with 
nonconcentric circular arcs for 
equipotential curves. 
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V k sin 9 cos OL 
cos e 

Combining Eqs. 3, 6, and 17 yields 

dQ = k sin 9 cos Ole 2rr x' R*dOL 
cos 

(17) 

(18) 

whereupon the total flow quantity is obtained by integration between the limits OL = 0 and 
0/. = 9 

Q 

9 

2 k sin 9 f x' R* cos OL dOL rr cos e 
0 

Since the geometry of the problem yields 

x' = R* (cos 0/. - cos e) + X 

substitution of Eq. 20 and y = R* sin 9 into Eq. 19 gives 

e 

Q f [ si~ 9 (cos OL - cos 9) + x] cos OL dOL 

0 

Integrating along the equipotential curve and rearranging the terms, we obtain the 
modified formula 

Q 2rrkyxtan9 r1 + ~ 2 e-s!n 2 e1 = 2rrkyxtane [.>..(9)] 
L 4X sin~ 0 J 

(19) 

(20) 

(21) 

Since the term X(9) is always positive, the curve defined by Eq. 21 will always lie abov, 
Dupuit's curve, which agrees with theoretical considerations as well as experimental 
results. 

In order to derive an equation for the shape of the water table profile, Eq. 21 must 
be integrated with respect to the variables y and x. Since .>..(9) is a function of the slopE 
of the surface, direct integration is possible only if the term in the brackets is replace 
by its average and constant value for small, but finite, intervals of x and y, as 

X (0) 1 + _L 2 e - sin 2 e 
4 i sin2 e 

- Y 1 + Y 2 - X1 + X2 
where y = --2-, x = --r, and e 
discharge is defined by the r elationship 

= arc tan y1 - Yz . 
X1 - X2 

Q 
Q = k 

(22) 

If the concept of reduced 

(23) 
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the differential equation for the water table profile is given by 

Q 

>..(e}rrx 
dx == 2y dy (24) 

Integration of Eq. 24 from x1 to x 2 and from y1 to y2 yields 

or 

Q 
>..(0)11 

2 Q 
Y1 - --

>..(9) ,r 

which defines the curve of the free surface . 

(25) 

(26) 

The accuracy of Eq. 26 depends on the size of the intervals l::i.y == y1 - y2 and l::i.x == 
x1 - x 2, since the error in replacing>.. (0) by its average value in the given interval de
creases as l::i.y and l::i.x decrease. In order to plot the water table profile, we begin at 
the point (x == R, y == H) and determine the reduced discharge by Dupuit' s equation: 

Q == 1T 
H2 - h5 
ln _!! 

r 

(27) 

Then, assuming that>.. (0) == 0 and using a small increment l::i.x == x1 - x 2, we calculate y2 

by Eq. 26. In the second step e is determined from the equation 

e == arc tan l::i.y 
l::i.x 

(28) 

and this leads to a new value for >..(e), which may be termed >.. 2(e) . Substitution of this 
latter value into Eq. 26 will yield a new value for y2 , which can then be used to calcu
late >..ie). This process is repeated until 

XO • O 
HO•(FAC)(HJ 

OREO '" "'-ttc., ... (,:.) ( 
0.1 ) 

B• orc tan X(K-II-XlKI 

Fa I+ V( K) • 't(t<•IJ ('l8•1WUJ) 
• (X(Kl • X'(tMJJ aln'-6 

XD•X(KJ 

Figure 6, Flow chart of computer program, 

(y:Jn =' (yJn- 1 (29) 

which is a point on the water table 
profile . Then, the same proce
dure is applied to successive in
tervals, and this results in the 
determination of other points on 
the free surface. 

In order to compare the results 
of this modified theory with ex
perimental data and to provide a 
graph by which the seepage sur
face can be determined, a com
puter program was developed ac
cording to the flow chart given in 
Figure 6, and 87 curves were 
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calculated. These calculated curves 
were compared with the experimental 
results of Babbit and Caldwell (5), 
Ollos (6), Bolton (7), Altovski and 
Ra.sin {7), Aravin (7), and Karadi (8), 
and with the calculations of Girinsln 
(7), Nahl'gang (9), and the authors; 
these calculated results were based or 
the numerical solution of Laplace's 
solution. This solution was obtained 
by use of matrix mathematics, where• 
by the system of nonhomogeneous 
equations was incorporated into the 
nonhomogeneous matrix equation 

(30) 

where the constant column matrix Q depends on the boundary conditions. If both sides 
of Eq. 30 are premultiplied by the Tnverse matrix A -i, we get 

A-1 
~ re = A-1 C (31) 

or 
'f = A-1 C = (32) 

which gives the values of pat the nodal points. Figure 7 shows one of the calculated 
curves together with the experimental curve found by Babbit and Caldwell (5) for a sarn 
model, two curves based on other theories, and several points determinedby the nu
merical solution to Laplace's equation, as accomplished by the authors. Although the 
calculated curve lies slightly below the experimental one, the deviation is negligibly 
small; this discrepancy between experimental and theoretical results may be explaine1 
in part by the fact that it is extremely difficult to measure accurately the shape of the 
groundwater profile near the well. Also, the points obtained from the numerical solu
tion to Laplace's equation show excellent agreement with the modified theory . =-

To assist in determining the seepage surface, Figure 8 shows log../ Q plotted r 
h~ - h

2 

versus ---0 in a manner suggested by Shestakov (7) . Since the experimental data 
Q -

of different investigators are in 
close agreement with the theo
retical curve, the modified the
ory presented herein seems to 
offer considerable improvement 
over previous theories. Due to 
the general absence of idealized 
conditions in the field, results 
obtained therefrom normally 
exhibit a slightly higher devia
tion from the theoretical curve 
than data based on experiments 
conducted in the laboratory; this 
is illustrated by the field mea
surements of Karadi (8). How
ever, note that the points cor
responding to the numerical 
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Figure 8. Graph to determine the height of the seepage 
surface. 



solutions of Laplace's equation, as obtained by Girinski (7), Nahrgang (9), and the 
authors, lie very close to the curve representing the mod1fied theory. -
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The final point to be discussed concerns the question of "critical depth." According 
to its definition, the critical depth is characterized by a water table profile which pos
sesses a vertical tangent at the wall of the well. If 8 = 90 deg is substituted in Eq. 18, 
we can immediately see that the existence of a critical depth is impossible for finite 
values of x and y. Hence, the conclusion must be advanced that this concept is errone
ous and results from the wrong approximation that the equipotential surfaces are arcs 
of concentric circles. 

SUMMARY 

A modified theory based on the assumption of nonconcentric, circular equipotential 
surfaces has been derived to describe the flow characteristics of a gravity well fully 
penetrating a homogeneous, cross-anisotropic porous medium. This theory eliminates 
the error associated with the approximation that the velocity is constant along equipo
tential surfaces and it yields results which are in good agreement with experimental 
data and numerical calculations by others. 
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