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The general equations for two-dimensional Darcian flow through 
saturated, homogeneous, anisotropic porous media are de
rived, discussed, and illustrated graphically. In general, the 
directions of the flow line ·and the gradient at a point are not 
coincident for such flow conditions, and two different definitions 
are possiple for the permeability in any arbitrary direction. 
These two definitions do not yield the same result, and the 
difference may be quite substantial, depending on the degree 
of anisotropy and the direction considered. Physically, these 
two values are the extremes associated with a given direction; 
since the laboratory-measured permeability in this same di
rection depends on the boundary conditions of the specimen, an 
intermediate directional permeability value is usually obtained 
and the use of this value in the solution of seepage problems 
is somewhat restricted. 

•ANISOTROPY is a very common occurrence in many natural soil and rock formations, 
and its effect on the flow of groundwater through such deposits presents a very complex 
and challenging problem. There are a variety of factors responsible for the anisotropy 
of a given porous medium. For example, when the effect of worm and root holes is 
extended uniformly over a large volume, the soil may be regarded as anisotropic. Due 
to its vertical structure, loess exhibits marked anisotropic flow characteristics. If a 
soil has natural or artificial stratification, the permeability depends on the direction of 
flow. Such a condition is often found in sedimentary soils consisting of alternating 
layers of different texture. Maasland (1) discusses the directional permeabilities of 
an ideal homogeneous anisotropic soil defined as a nonhomogeneous soil consisting of 
infinitesimally thin altP.rnat.ing homogPnP.011~ i~otrnpic layers. Also, anisotropy may 
result from the shape of the soil particles, since plate-shaped or needle-like particles 
will generally be oriented with their longest dimension horizontal as a result of the 
process of deposition and subsequent one-dimensional consolidation. In addition, the 
permeability may vary with direction in the bedding plane itself if the soil particles are 
arranged in that plane so that the longest axes of the particles parallel each other. One 
such study of the effects of mineral grain orientation has been presented by Graton and 
Fraser (2). Furthermore, Dapples and Rominger (3) have shown that when elongated 
mineral grains are larger at one end than at the other, their final orientation will be 
parallel to the direction of the last current disturbing them with the larger end pointin1 
opposite the direction of flow. These considerations indicate in a general way that it i: 
quite probable that a natural homogeneous porous material will be anisotropic with re
spect to permeability. 

EVIDENCE OF ANISOTROPY 

Several laboratory measurements have been made of the vertical and horizontal com• 
ponents of permeability. Muskat (4) lists 65 sand samples and observes that over two
thirds exhibit a larger permeability in the direction parallel to the bedding plane than 
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perpendicular to it (up to a ratio of 42) while some few had a greater permeability per
pendicular to the bedding plane (up to 7. 3 times the permeability parallel to the bedding 
plane). Using an analysis of soil settlement, Gould (5) found that the average ratio of 
horizontal to vertical permeability for a particular clay was 37. 5. Hvorslev (6) used 
piezometer measurements to determine the anisotropy quotient for the same soil to be 
41. 6. Aronovici (7) reports a maximum anisotropy quotient of 3. 0 for 15 soil samples. 
Using various methods of measurement, such as the auger hole method, the piezometer 
method, the tube method, and laboratory tests, Reeve and Kirkham (8) found marked 
evidence of permeability anisotropy, but noted that the quantitative vaiues obtained were 
influenced by the type of test used. As a final example, Johnson and Hughes (9) and 
Johnson and Breston (10) measured the permeability of natural rock pieces obtained 
from oil well cores in intervals through 180 degrees; anisotropic permeability condi
tions were found and some consistency was noted in the directions of the maximum and 
minimum permeabilities over relatively large areas. 

INFLUENCE OF ANISOTROPIC PERMEABILITY 

If an anisotropic porous medium is subjected to a hydraulic gradient in only one di
rection and if flow is prevented in all other directions, a definite permeability will be 
measured. If the same experiment is performed in a different direction on the same 
anisotropic porous medium, a different permeability results. These different perme
abilities are called directional permeabilities and are the usual permeability as defined 
by Darcy. 

For an anisotropic porous medium, the direction of the hydraulic gradient and the 
direction of the velocity are generally not parallel; this effect has been observed by 
Johnson and Hughes (9), Johnson and Breston (10), Scheidegger (11), Sullivan (12), 
Pressler (13), Botsef(14), Griffiths (15), and others. As a result of this flow condition, 
two different methods exist for defining directional permeabilities. The first definition 
expresses the directional permeability as the ratio of the component of velocity in the 
direction of the gradient to the magnitude of the gradient, and the second definition ex
presses the directional permeability as the ratio of the flow velocity to the component 
of the gradient in the direction of flow. Unfortunately, these two definitions do not yield 
the same result; this difficulty is "somewhat disconcerting, " as expressed by Schei
degger (11), and the decision of which definition to use depends on the type of measure
ment thathas been made. Although the latter definition is more widely employed, very 
often a permeability test on an anisotropic sample does not equal either of the two values 
defined due to imposed boundary conditions; rather, these two values are the extremes, 
and actual measured permeabilities will generally fall between them. 

THEORETICAL DEVELOPMENT 

In order to account for the directional interrelationship between flow velocity and 
gradient, Darcy's law has been extended by heuristic reasoning based on maintaining a 
linear dependence between velocity and gradient components. This same form can also 
be obtained by a basic set of postulates concerning the nature of flow in anisotropic 
media, as advanced by Ferrandon (16), and considering the consequences. 

By use of this reasoning, the "permeability" of an anisotropic porous medium has 
been described by Maasland (1), Scheidegger (11), Collins (17), Marcus (18), Liako
poulos (19, 20), and others as-a "symmetric permeability tensor." On this basis, the 
resultingvelocity-gradient relationship may be expressed as 

(1) 

Consideration of kij as a symmetric tensor leads to the conclusion that the tensor can 
be diagonalized to yield three orthogonal axes in space along which the velocity and 
gradient do have the same direction; these axes are termed the principal axes of the 
permeability tensor, and the respective permeabilities are called principal perme
abilities, k1, k2, and ks, where ki ;? k2 ;? ks. 
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Although kij is usually assumed to be a symmetric 
tensor, it is not intuitively obvious why this must be 
the case. In fact, Collins (17) states that it cannot be 
expected that all anisotropicporous media can be as
sociated with a symmetric permeability tensor. For 
example, the soil formation described by Dapples and 
Rominger (3) where elongated mineral grains are 
larger at one end than the other and oriented with their 
larger ends pointing in one direction would probably 
not produce a symmetric permeability tensor. Since a 

Figure 1. Genera I conditions for flow nonsymmetric tensor cannot be diagonalized, results 
through anisotropic porous media. cannot be expressed in terms of principal permeabil-

ities lying along orthogonal axes. 
Other pertinent studies on flow through anisotropic 

porous media have been reported by Schaffernak (21), 
Vreedenburg and Stevens (22), Vreedenburg (23), Yang (24), Ferrandon (25), Schei
degger (26), Maasiand and Kirkham (27), Rohnisch and Marotz (28), Pateland Siraska1 
(29), andmany others. In addition, Kenney (30) has studied the permeability ratio for 
perfect, repeatedly layered sediments by useof laboratory and field data. However, 
all of these studies assume the validity of a particular extension of Darcy's law for flo, 
through an anisotropic porous medium. 

Directional Permeabilities 

Assuming the symmetric tensor concept is adequate and considering only two
dimensional flow for simplicity, Eq. 1 may be written 

V : k ~ +k ~ 
X xx ax xy ay 

V =k acp +k ].!2_ 
y yx ax YY ay 

(2) 

where kxy = kyx. Thus, it is seen that flow in a given direction (e.g., the x direction) 
may be caused by the component of the gradient in a perpendicular direction (e.g., a({J/ 
a y ). To visualize this situation and to assist in the development of the resulting theor) 
tho -flnur ronnrHtinnc:! ,:a,f ll,n'IT rri,Ton nn;n+ nr;fl,;n ,.," ..--n;onf-,..nn;n "'"',..n,,11'.'.'1 _.,~,1;,..,.,_ ...,_.,.,.,. 1,,,,.. _,......,_ 
.., ......... .A.&..,,, .... ...,, ... ,._.&..,..,...,,. .. ~ _., _ ..... ., b,.., vaa t'...,.&..._a., •w .&."-&&.&.&& a.+&.a. ""'"".&.~v"'.1. vp.a.v pv.1,. vuo .&J..l'-"Y.&.U..l.l.l .1.J.J.t:1.-J U'C, .I. -c;p 

resented as shown in Figure 1 in which the x and y axes are oriented in any two mutuall 
orthogonal directions, the angles a and /3 define the directions of the velocity and the 
gradient, respectively, at the point, and II represents any arbitrary direction. 

If the velocity in the II direction is designated as v v, we may write 

V = V cos V + V sin V 
II X y 

which, by use of Eqs. 2 and 

becomes 

~ = ~ cos (/3 - 11) 
ax 11 a xf3 

k ~ cos (/3 - II) = [ k cos f3 + k sin /3] ~ cos II 
v ax 

13 
xx xy ax f3 

+ [ k cos f3 + k sin 13] --2..P_ sin v xy yy ax
13 

(3) 

(4) 

(5) 
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Use of the relation cos ((3 - v) = cos (3 cos 11 + sin (3 sin v allows Eq. 5 to be solved for 

k II as follows: (k cos f3 + k sin (3) cos v +(k cos (3 + k sin (3) sin 11 

xx ~ ~ " k - ----~------c------,--~---- (6) v - cos B cos v + sin {3 sin 11 

In a similar manner, a second expression for k 11 may be derived by writing 

~ = ~ cos v + ~ sin v ox
11 

ox oY (7) 

Solving Eqs. 2 for cl <P and cl ((), and substituting the results into Eq. 7, we obtain ox oY 

:~ = [ ( ~sin a-\y cos a)cos 11 +(k~ cos a -kxx sin a)sin v] k2 _: k (8) 

xy xx yy 

which, by use of v 11 = v cos ( v - a) = v ( cos II cos a + sin II sin a), yields the following 
expression for k : 

II 

(cos II cos a + sin II sin a) (k
2 

- k k ) 
~ xx yy 

k =~-------- ---e--- ----'----------'----
11 (k sin a -k cos a) cos 11 + (k cos a -k sin a) sin 11 xy yy xy xx 

(9) 

Thus, either Eq. 6 or Eq. 9 yields a value for k 11 and represents a general solution 
for the directional permeability in the arbitrary direction v. If we let the arbitrary 
directions x and y lie in the directions of the principal permeabilities k1 and k2, re
spectively, where k1 is greater than k 2, Eqs. 6 and 9 reduce to 

and 

k = k1 cos (3 cos v + k2 sin {3 sin 11 
11 cos (3 cos 11 + sin B sin 11 

kik2 (cos O'. cos v + sin a. s in v) 
k 11 = k 2 cos a cos 11 + k 1 sin a sin v 

(10) 

(11) 

•o•~-~-~--~---~- ~ 
Variation Between Gradient and 
Velocity Directions 

0 
0 75• 90° 

/3 

Figure 2. Angle between velocity ond gra
dient directions vs gradient direction. 

Since there is physically only one value for 
k 11 , equating Eqs. 10 and 11 will yield the fol
lowing relation between the angles a (velocity 
direction), (3 (gradient direction), and the 
principal permeabilities k1 and k2: 

(12) 

As becomes immediately evident, the directional 
permeability of an anisotropic porous medium 
in an arbitrary direction II is a function of the 
direction, the principal permeabilities, and 
the test conditions; the latter is true because 
the choice of Eq. 10 or Eq. 11 to determine the 
directional permeability depends on whether 
the gradient direction or the velocity direction, 
respectively, is known. As can be seen from 
Eq. 12, as k1 approaches k2, a approaches (3 
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a 

Figure 3. Angle between velocity and gra
dient directions vs velocity direction. 

and the difference between the k1,1 values ob
tained from Eqs. 10 and 11 becomes small. 

If A is designated as the angle between the 
gradient direction and the velocity direction, 
Eq. 12 may be written as 

tan ( B - ,-) k2 tan ct 
tan fj = k1 = tan ( ct + x) (13) 

In terms of the gradient and velocity direc
tions, respectively, x may be expressed from 
Eq. 13 as 

fj - tan -i [~: tan fj] = 

X = tan-
1 [~~ tan ct]- ct 

(14) 

As can be seen in Figures 2 and 3, for each 
value of k2/ki, X reaches a maximum at some particular value of ct or fj; for all other 
values of ct or fj at some specific k2/k1, there are two values of ct or fj which yield the 
same x. 

The point of maximum X for any given value of ka/k1 can be determined by applying 
the standard procedures of calculus. Although Eq. 14 can be used for this purpose, thE 

mathematical manipulation is simpler if the relationship tan ('t) ± s) = tan 11 ± tan 8 is 
1 :i:tan11tan e 

substituted into Eq. 13, the results solved for X and differentiated with respect to fj anc 
ct, respectively, and set equal to zero. Solving the resulting expressions for fj and ct, 

we obtain 

which, when substituted into Eq. 14, yields 

2 fj - 90° = X = 90° - 2 ct 

These equations are shown as dashed lines in Figures 2 and 3, respectively. 

Permeability in the Gradient Direction 

If II equals fj, Eq. 10 becomes 

k fj = k1 cos2 fj + k2 sin2 fj 

(15) 

(16) 

(17) 

which yields the permeability in the gradient direction. As shown by Durelli, Phillips, 
and Tsao (31) and others, Eq. 17 is similar to the equation that results for the normal 
stress an acting on a plane inclined at an angle (() to the principal stresses 0'1 and c,2, or 

a = a1 cos2 
(() + a2 sin2 

(() n 

By normalizing the permeabilities in Eq. 17 by k1, we obtain 

(18) 

(19) 
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which is the equation for a straight line with intercept 
cos2 (3 and slope sin2 (3; a plot for this relationship is 
s hown in Figur e · 4. 2 

, 2 cos (3 
For each value 0f (3, defme x = -k-- and 

• ?. (3 (3 
y 2 = s: · t hen Eq_. 17 can be written 

/3 

(20) 

02 04 0 _6 08 10 

Figure 4. Relationship between per
meability in the gradient direction 
and principal permeability ratio. 

which is the equation for an ellipse with semimajor 
and semiminor axes of k2 112 and ki- 112, r espective ly; 
the graph of this equation is given in Figure 5. Ac
cording to this definition, the coordinate transforma
tion required to transform the anisotropic porous 
medium into an equivalent isotropic one is 

X=~ x. With the use of this coordinate trans

formation, Eq. 20 becomes the equation for a circle, 
which indicates that permeability is directionally in

variant. Equation 20 is analogous to the stress quadric of Cauchy, as explained by 
Durelli, Phillips, and Tsao (31) and others, which represents the equations governing 
the state of stress at a point.-

Differentiating Eq. 20 with respect to x, we obtain 

dy k1 X k1 
- = - - - = - - cot (3 
dx k2 y k2 

(21) 

If Eq_. 21 represents the slope of the tangent to the ellipse at some arbitrary point, then 
the negative reciprocal gives the normal to the ellipse at the same point; use of this 
condition and Eq. 12 allows us to write 

dx k2 - = - tan (3 = tan a 
dy k1 

(22) 

Since a is the angle between the major principal permeability direction and the velocity 
direction, the preceding procedure permits determination of the direction of the velocity 
in a manner very similar to that employed to deter-
mine the direction of a resultant stress vector. A 
t y p i c a 1 ex a m p 1 e of this construction is shown in 
Figure 5. 

Permeability in the Velocity Direction 

If v equals a, Eq. 11 becomes 

1 cos2 a sin2 a 
-- =---+---
k k1 k2 

Ci 

(23) 

which yields the permeability in the velocity direction. 
By normalizing the permeabilities in Eq. 23 by k1 and 
inverting, we obtain 

Ci 2 1 , 2 k [ k ]-1 
~ = cos a + k

2 
sm a (24) 

which is shown graphically in Figure 6. 

y 

I 

-.Iii, 

Figure 5. Graphical representation of 
permeability in the gradient di re ct ion. 
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Figure 6. Relationship between per
meabi ilty in the veiocitydirection 
and principal permeability ratio. 

For each value of a, define x2 = ka cos2 a and 
y2 = ka sin2 a; then Eq. 23 can be written 

(25) 

which is the equation for an ellipse with semimajor 
and semiminor axes of ktf2 and k~12 , respectively; the 
graph of this equation is given in Figure 7. This ap
proach, which is based on the velocity direction defi
nition of permeability, is discussed briefly by Harr 
(32) and others, and it is very commonly employed in 
the solution of seepage problems. The associated 
coordinate transformation to obtain an equivalent iso-

tropic medium is X = ~ x. Equation 25 is analo

gous in form to the equations representing the stress 
ellipse of Lame and the associated stress director 
surface, as discussed by Durelli, Phillips, and Tsao 
(~), and others. 

Differentiating Eq. 25 with respect to x, we obtain 

(26) 

which represents the slope of the tangent to the ellipse at some arbitrary point; hence, 
by use of Eq. 12 and the condition that the normal to the ellipse at this same point is the 
negative reciprocal of the tangent, we may write 

dx k1 
- = - tan a = tan B dy k2 

(27) 

Since f3 is the angle between the major permeability direction and the gradient direction, 
the preceding procedure permits determination of the direction of the gradient in a 
manner analogous to that used to determine stress directions. 

Although the preceding representations in terms of ellipses are very convenient for 
permeabiiity vaiues which are measured in the diredion of the velocity or in the direc
tion of the gradient, they are limited to these two cases and cannot be used to represent 
permeability values measured in arbitrary directions. However, if the degree of an
isotropy is small, the ellipse representations for arbitrary directional permeabilities 
will yield reasonable results with small errors. 

Comparison of Permeabilities in Gradient 
and Velocity Directions 

Equations 17 and 23 represent the per
meability in the direction of the gradient and 
velocity, respectively; as such, they are 
very restricted in their applicability. In gen
eral, these two definitions for permeability 
will be different; it is only for the case where 
k2 equals k1 that the two definitions yield the 
same value. For sake of argument, we may 
write the ratio kB /k a as 

,., 2 • 2 cos ct. sin ct. kQ [ ] [ 2 • 2 ] 
ka = k1 cos B + k2 sm 8 ~ + --ic;-

( 28) 
Figure 7. Graphi ca I representation of per
meability in the velocity direction. 
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If ct. is taken equal to f3, Eq. 28 may be written 

2 

k (1 -k2) 
_!! - 1 = k t s in2 f3 cos2 f3 (29) 
k k2 

a k1 

Since the ratio kB /ka should be unity, a measure of 
the difference between the calculated values of ka 
and ka may be obtained from the equation 

Percent llifference O I 00 [ ( , -: )' s;n' µ cos' µ] 

(30) 

Similarly, Eq. 30 could be expressed in terms of 
a. Approaches similar to the preceding have been 
presented by Scheidegger (11) and Marcus (18). As 
can be seen from the plot oTthe percent difference 
in permeabilities vs the ratio of the principal per
meabilities (Fig. 8) for the various angles a or {3, 
these differences can be quite large and therefore 
are not always negligible. 

LABORATORY APPLICATION 

One very important application of the preceding theory lies in the conventional man
ner in which permeability tests are conducted on specimens in the laboratory. To de
termine the directional permeability of an anisotropic porous material, boundaries 
must be imposed. These boundaries, together with the principal permeabilities and the 
orientation, determine the direction of flow and the gradient at each point of the sample. 
Hence, the directional permeability will be a function of the dimensions of the sample 
as well as the material properties. If a given head loss produces a constant flow rate 
through a rectangular sample, some average value for the apparent directional per
meability can be determined by application of Darcy's law; it is this apparent perme
ability that is generally measured in normal permeability tests. However, since the 
geometry of the sample is not taken into account, the results of these tests have limited 
value in the determination of permeabilities in directions other than along the principal 
axes. In a rectangular sample with an infinitely large length-to-width ratio, the flow 
lines are forced to be parallel to the sample boundary and the measured directional 
permeability is the lower limit. On the other hand, if the sample has an infinitely small 
length-to-width ratio, the direction of the gradient will be perpendicular to the upper 
and lower equipotential faces of the sample and the measured directional permeability 
is the upper limit. A more detailed treatment of this point has been given by Marcus(~). 

CONCLUSIONS 

Based on the theoretical considerations presented in this paper for two-dimensional 
Darcian flow through a saturated, homogeneous, anisotropic porous medium, the fol
lowing conclusions may be drawn: 

1. The direction of the flow lines and the direction of the gradient are not coincident, 
in general, and flow in a given direction may result from the component of the gradient 
in a perpendicular direction. 

2. Two different definitions exist for directional permeability, and the difference 
between values obtained from each of these definitions may be substantial. 
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3. The directional permeability of an anisotropic porous medium is a function of th1 
direction, the principal permeabilities, and the boundary conditions, since the boundar 
conditions will determine the direction of flow or the direction of the gradient. 

4. Due to imposed laboratory conditions, permeability tests on specimens of aniso
tropic porous media will generally not yield a permeability value that is associated witl 
either the velocity direction definition or the gradient direction definition; rather, some 
intermediate permeability will be obtained. 

5. The specific cases of permeability in the velocity or gradient directions may be 
conveniently represented by ellipses which are similar in nature to those used to repre 
sent stresses; however, directional permeabilities in arbitrary directions cannot be 
handled in such a manner. 
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