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Foreword 
This RECORD will be of great interest and benefit to the soils engineer, 
helping to provide appropriate information for design, construction and 
analysis. 

Schuster presents important and enlightening comparisons of different 
methods for stability analysis of clay slopes relating to actual case his
tories. The author makes definite recommendations of caution that 
should be of interest to all engineers giving consideration to backslope 
and embankment stability. 

A comparison of a mathematical model of embankment analysis by 
the finite element method with field measurements is presented by Dong, 
Hasson, and Westmann. The model can give qualitative predictions, 
with those for the vertical stresses being at least as accurate as cur
rent methods of measurements. Satisfactory prediction of vertical dis
placements was obtained but predictions for lateral displacements were 
in error by an order of magnitude. Suggestions for precautions to be 
considered before a more complete analytical and field study is under
taken are enumerated. The development of this method will enhance the 
abilities of the engineer to predict and thereby to more properly design 
for the resultant stresses and displacements. A discussion by Weber 
follows. 

In his paper, Giraud calculates settlement coefficients for seven points 
of the contact areabetweenthe embankment and the soil mass, and gives 
practical and numerical examples of their use. The tables and charts 
presented will be quite useful to the engineer concerned with the settle
ment of large embankments. These calculations will enable him to make 
value judgments regarding dangers to culverts or other buried structures 
within the fill as well as to estimate more accurately the amount of sur
charge needed. 

Gerrard presents a mathematical consideration of the anisotropy of 
soil structure for use in predicting the effect of the structure of an earth 
mass on its response to loading. Solutions for variation of the displace
ment, strain, and stress components are included. 

Huang and Shepard discuss the possibilities of using a high moisture 
content soil in high fills. The results of laboratory tests are presented 
to show the effect on final shear strength and to indicate that these soils 
might be used in high fills with extra care if sufficient time is allowed 
for consolidation. A discussion by Tice follows. 

Spangler presents additional data on settlement at the Fort Randall 
Dam, extending the record from 1956 to 1967. He concludes that the 
original conclusions as to the double drainage assumption and the Terzaghi 
theory of consolidation are still valid. 

A modified theory of seepage that correlates well with observed 
experimental results is presented in the paper by Karadi and Krizek. It 
takes into account anisotropic permeability and is also based on an as
sumption that the equipotential surfaces are not necessarily concentric. 
This improved theory should contribute to a greater accuracy for those 
engineers involved in subsurface drainage and seepage. 

Krizek in another paper expands upon the anisotropic permeability of 
natural homogeneous porous materials. These permeabilities may differ 
substantially, but ordinary testing may not establish them properly be
cause of boundary limits of the test procedure. Thus commonly accepted 
laboratory procedures may not establish the true field anisotropic per
meabilities and this may well affect seepage calculations. 

Haliburton describes in an abridgment the research under way to 
establish variations in subgrade moisture through the use of nuclear 
measurements from probes inserted periodically into aluminum pipes 
that have been permanently installed in the subgrade. 
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Selection of Analytical Methods and Strength 
Parameters for Slope Stability Investigations 
In Cohesive Soils 
ROBERT L. SCHUSTER, Department of Civil Engineering, University of Idaho 

•IN RECENT years methods of stability analysis for slopes in cohesive soils have 
reached a relatively high degree of refinement. At the same time, soil testing proce
dures have been perfected to the point where we are now able to determine accurately 
the shear strength parameters of cohesive soils under a wide variety of testing condi
tions. However, there still exists the problem of selecting the method of analysis 
and the shear strength parameters most applicable to a slope under specific existing 
field conditions. For example, should the stability analysis of a clay slope be based 
on the cp = 0 (total stress) concept or should it be on a c', cp 1 (effective stress) basis? 
In addition, should the shear strength parameters used be based on peak shear strengths 
or residual shear strengths? The answers to these and similar questions are of con
siderable importance to highway engineers concerned with the stability of clay slopes. 

Recent studies of landslides in Europe and North America combined with advances 
in testing techniques provide new insight into selection of the best methods of analysis 
and strength parameters for various field conditions. This paper will briefly review 
case histories which bear on this problem, and will attempt to draw conclusions rela
tive to such selection. 

BASIC APPROACHES TO STABILITY ANALYSIS 

Slope stability problems in clays are of two general types: (a) short-term stability 
(end-of-construction case), and (b) long-term stability (steady seepage case). The 
short-term case applies for a short time after a cut is made in a slope. In excavating 
for a cut, shear stresses are induced which may cause failure in the undrained state. 
Theoretically it is possible to analyze the stability of a newly cut slope on the basis of 
either total or effective stresses; however, since it is difficult to ascertain the dis
tribution of pore pressures under these conditions, the cp = 0 method of analysis (total 
stress method) has proved more successful. In this method, a circular failure sur
face is commonly assumed, and the strength along this surface is taken as the undrained 
shear strength, c, of the soil. If there is a variation in undrained shear strength with 
depth, it is necessary to divide the failure block into slices and to utilize the shear 
strength along the failure surface at the base of each slice. 

The long-term (steady seepage) case is encountered in natural slopes and should 
also be considered in stability of embankments. In this case pore pressures are in 
equilibrium with steady seepage as stresses are applied; thus, no excess pore pres
sures are induced. This case is analogous to that of the drained shear test, and ef
fective stress parameters should be used. 

Two approaches are used most commonly in analysis of the long-term case. As 
shown in Figure 1, these are the conventional method of slices (17) and the Bishop 
method (2). Both of these are used on an effective stress basis for the long-term sta
bility case; i.e., they are used with effective stress parameters. The Bishop method 

Paper sponsored by Committee on Embankments and Earth Slopes and presented at the 47th Annual 
Meeting. 
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of analysis differs from the conventional 
method of slices in that it takes into account 
the forces on the sides of each slice; these 
are completely ignored in the conventional 
method of slices. For this reason the Bishop 
method is theoretically the more accurate 
of the two. However, the Bishop method is 
more complicated than the conventional 
method of slices, and thus is somewhatmore 
costly to use. 

ACCURACY OF METHODS OF ANALYSIS 
AS SHOWN BY CASE HISTORIES 

Short-Term Failures of Cuts in 
Clay Slopes 

Figure 1. Effective stress analysis by conven
tional method of slices and Bishop method. 

Factors of safety1 obtained from analyses 
of four well-documented short-term failures 
by the cp = O, total stress method are given 
in Table 1. Many other instances of short
term failures can be found in the literature, 
but these four are among the best-documented 
short-term case histories; they also give re

sults which are reasonably representative of the majority of such failures. 
For the failure condition, a stability analysis should logically result in a factor of 

safety of 1. 0. Thus, as shown in Table 1, the cp = 0 method of analysis provides real
istic results when applied to short-term failures in normally consolidated to slightly 
overconsolidated clays which do not contain fissures or similar discontinuities. How
ever, in the case of fissured overconsolidated cl ays such as those found in the Massena 
and Bradwell cuts, factors of safety were obtained which were unrealistically hjgh. 
For the Massena cut this discrepancy was probably due to the presence of fissures in 
the clay. These fissures lowered the field shear strength but had little effect on labo
ratory shear strength because the laboratory specimens were too small to contain fis
sure systems (i.e. , the specimens were from solid blocks between the fissures). 

The t-igh factor of s~iety ealculated for the Bradwell cut has been ascribed to two 
factors by Skempton and LaRochelle (16). Of major importance was the loss in strength 
due to fissuring of the clay. Also of significance was the fact that the rate of loading 
in the undrained shear test had an effect on the measured shear strength. A time to 

TABLE 1 

SHORT-TERM FAILURES OF CUTS Jl'f CLAY SLOPES INVESTIGATED BY i:, = 0 ANALYSIS 

Locality 

HuntspUl Cuti England 

Congress Street Expressway, 
Chicago 

Skattmanso, Sweden 

Massena, New York 
Bradwell, England 

Clay Type 

Non-Iissured, nprmally consolidated 
or slightly overconsolidated 

Non-fissured, normally consolidated 
or slightly ovcrconsolidated 

Non-Iissured, normally consolidated 
or slightly overconsolidated 

Fiss ured, slightly overconso1idated 
Fissured, overconsolidated 

Factor o( 
Safety by 

({) = 0 
Analysis 

0,9 

1, 11 

1.1 
1.4 
1,8 

References 

Skemplon and Golder (~) 

Ireland ~) 

Cadling and Odenstad (4) 
Bazett et al {J) -
Skempton andLaRochelle (16) 

1As used here factor of safety is considered to be the sum of the resisting moments divided by the sum 
of the moments tending to cause failure. For a discussion of the concept of factor of safety as applied 
to soil and foundation engineering, see Jumikis (7), 



TABLE 2 

LONG- TERM STABILITY OF NATURAL CLAY SLOPES DETERMINED BY 
0 = 0 AND c ' ,i., ' ANALYSES 

Case I-Stable Slopes in Normally Consolidated Intact Clays 

Locality 

Drammen, Norway (Profile C) 
Bakklandet, Norway (Profile A) 
Borregaard1 Norway 

Factor or Safety by 

tfJ = 0 
Analysis 

0.58 
0. 75 
0.85 

c',c,0' Analysis 
(Bishop Method) 

1, 26 
1,85 
1.25 

References 

K1aernsh and Simons (8) 
Bjerrum and Kjaernsln3) 
BJerrum and Kjaernsli @) 
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failure of approximately 15 
minutes was used to obtain the 
undrained shear strengths used 
in Skempton and LaRochelle's 
stability analyses. A test of 
15-minute duration is convenient 
when many such tests are to be 
conducted, but it obviously cor
responds to a rate of strain far 
greater than that to which the 
clay is subjected during excava
tion. For this reason Skempton 

and LaRochelle conducted a series of undrained triaxial tests with times to failure rang
ing from 15 minutes to 8 days, and noted an unmistakable tendency for strength to de
crease with increasing time to failure. They found the undrained shear strength of London 
clay to be about 20 percent lower in a 7-day test than in the conventional 15-minute 
test. This loss of strength with time undoubtedly was part of the reason for the seem
ing anomaly in the results of the Skempton and LaRochelle analyses. The change in 
strength with time was found to be a result of migration of pore water toward the shear 
zone in a specimen due to pore pressure gradients set up upon application of load. This 
phenomenon was previously reported by Olson (9) who noted that the tendency for in
crease in moisture content along the failure zone is particularly great in heavily over
consolidated clays. 

Long-Term Stability of Stable Natural Clay Slopes in Normally Consolidated 
Intact Clays 

Table 2 compares factors of safety for stable natural slopes (i.e., slopes which 
had not failed) in normally consolidated clays in Norway as determined by total stress 
and effective stress methods. The clays were all of the intact variety; i.e., they were 
free of fissures and similar discontinuities. 

Each of these slopes was analyzed to assess the validity of the two approaches to 
slope stability analysis as applied to stable natural clay slopes. The total stress anal
yses were based on the cp = 0 method; the Bishop method was used for the effective 
stress analyses. The three cases analyzed all involve normally consolidated intact 
clays. No similar data could be found for stable slopes in overconsolidated clays of 
either the intact or fissured varieties. 

Since a stable natural slope is in a state of steady seepage, it would be expected 
that strength parameters determined on an effective stress basis would provide more 
reasonable results than those obtained from undrained shear tests. This expectation 
is supported by the factors of safety in this table. Since the slopes in question were 
stable, their true factors of safety should be greater than 1. 0. Thus, for all three 
cases, total stress analyses based on undrained shear strengths resulted in calculated 
factors of safety which were much too low. In contrast, the factors of safety obtained 
in the effective stress analyses are reasonable values for stable slopes at least in that 
they are greater than 1. 0. 

TABLE 3 

LONG-TERM STABILITY OF NATURAL CLAY SLOPES DETERMINED BY'-' = 0 AND c' ,e,' ANALYSES 
Case Il-Slldes in Normally Consolidated and Overconsolidated Intact Clays 

Locality 

Drammen, Norway 
Lodalen, Norway 
Selset, England 

Type of Clay 

Normally consolidated 
Slightly overconsolidated 
Overconsolldated 

Factor of Sa.Iety by 

" . 0 Method Analysis 
o! 

Bishop 

Shces Method 

0.47 0.80 1.01 
I.DI 0.85 1, 05 
i. 7 1.05 

References 

Kjaern.31i and Simons (8) 
Sevaldson (11) -
Skempton and Brown (14) 

and Skempton (.!,!) -
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Crltlcal Safety Factors 

Total Stres~ Analrsls . . . . 0.47 

Bishop Analysls . . . . . . 1.01 

Conventlonal Method of Sllces 0 .80 

~;::!. ~=u;i-+W::: t 
Analysls [~""'FLJo.• 'ii 

1,3 "' Bishop•• · 'o Effective l .. '2. ~ 
Stress 1,1 i 
Analysis l .O i.. 

Elev. In ' 
Meters 

L,W,L. -1.0 ------ - ---- -- -- ----

[After KJaernsll and Simons (a)] 

Figure 2. Slope failure on the Drammen River 'Nith results of 
stability analyses using total stress method, Bishop method, 
and conventional method of slices. 

Long-Term Stability of Slides 
in Natural Clay Slopes in 
Normally Consolidated and 
Overconsolidated Intact Clays 

Table 3 gives factors of safety 
calculated for slides which have 
occurred under long-term con
ditions in intact clays, The anal
yses were by means of (a) the 
q; = 0 method, total s tress ap
proach; (b) the conventional 
method of slices, effective stress 
basis; and (c) the Bishop method, 
effective stress basis. 

One of the best-documented 
studies of slides under long
term stress conditions is that by 
Kjaernsli and Simons (8) of the 
Drammen River slide in Norway. 
Figure 2 shows a cross section 

of this slide. This profile was located a short distance from the stable profile noted 
in Table 2. The failui·e circles shown are critical circles as determined by the q; = 0 
and Bishop methods of analysis. Factors of safety are also plotted for other possible 
slip circles. As shown in Table 3 and Figure 2, a factor of safety of only 0, 47 was 
obtained for this failure by the q; = 0 total stress analysis. This is obviously too low 
to be valid. The conventional method of slices on an effective stress basis resulted in 
a factor of safety of O. 80, which, while more reasonable than that found in the ip = 0 
analysis, is still too low. The Bishop method, using strength parameters determined 
on an effective stress basis, provided a reasonable factor of safety of 1. 01. 

The same general trend is shown in the other analyses in Table 3. In all three cases 
factors of safety determined by the Bishop method are very close to the true factor of 
safety of 1. 0. The values determined by the conventional method of slices are too low 
by 15 to 20 percent, and the results of the q; = 0 analyses are erratic. There is little 
doubt that of the three approaches the Bishop method provides the most satisfactory 
results. 

Long-Te1·m Stability for Slides in Natural Slopes in Fissm·ed, Overconsolidated 
Clays 

Few well-documented stability analyses of slides in overconsolidated clays contain
ing fissures or similar discontinuities are to be found in the literature. Of these, four 
of the best are given in Table 4. 

As shown in this table, factors of safety obtained by Skempton in use of the ip = 0 
analysis are completely unrealistic for failure conditions in fissured, overconsolidated 

soils. This is probably due both 
to the fact that total stress anal
ysis is not well-suited to long
term conditions and to the exis-

TABLE 4 

LONG~ TERM STABILITY OF NATURAL CLAY SLOPES DETERMINED BY 
IP = 0 AND c',f/J' ANALYSES 

Case lll-Slides in Fissured, OverconsoHdated Clays 

Locality 

Jackfield, England 
Sudbury Hill, England 
Kensal Green, England 
South Saskatchewan River 

Damsite, Canada 

Factor of Safety by 

"' = 0 
Analysis 

4,0 

3,8 

c',¢' Analysis 
(Bishop Method) 

2,06 
2, 1 
1.6 

Approximately 
3-4 

References 

Skempton (12) 
Skempton ITT) 
Skempton ITT, 13) 
Ringheim @) -

tence of fissures with resultant 
lowering of the shear strength. 

However, the results obtained 
by both Skempton and Ringheim 
using the effective stress ap
proach also are high. Since 
considerable care was taken in 
testing these soils, it is probable 
that the shear strengths obtained 
in the laboratory were correct for 
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After Skempton (12) 

Figure 3. Shear strength characteristics of an overcon
solidoted cloy on effective stress basis. 
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the conditions of testing, but that 
these testing conditions did not rep
resent existing field conditions in 
these fissured clays. 

In 1936, Terzaghi (18) first 
speculated on the reduction of 
strength of overconsolidated clays 
due to fissuring. Skempton (12) 
has since presented a strong case 
for this concept based on his stud
ies of the failures shown in Table 
4 and of other failures in fissured, 
overconsolidated clays in the United 
Kingdom. In these studies, Skemp
ton has postulated that the effective 
shear strength along an individual 
fissure or other existing failure 
surface in a clay approximates the 

residual shear strength obtained from slow, drained direct shear tests in a shear box 
apparatus in which the clay is subjected to displacements amounting to several inches. 

Figure 3 shows the shear characteristics obtained in such a test of an overconsolidated 
clay. As the clay is strained, it builds up increasing resistance to deformation. Under a 
given effective pressure, however, there is a definite limit to the resistance the clay can 
offer; this is the "peak strength", Sf, In an ordinary direct shear test, the test is termi
nated shortly after the peak s tr ength has been defined, and sf is referred to s imply as the 
" shear strength" of the clay (under a given effective pressure) on an effective str es s basis . 
If the test is continued to larger deformation, however, it is found that the strength of the 
clay decreases as the displacement increases. This process, which Skempton refers to as 
"strain-softening", is not without limit, because ultimately a certain "residual strength", 
sr, is reached which the clay maintains even when subjected to large displacements. 

If three such drained shear tests are conducted under three different effective pres
sures, the peak and residual strengths, when plotted against effective pressure as 
shown in Figure 3, will show a relationship approximately in accordance with the 
Coulomb-Terzaghi law. Peak strength can therefore be expressed by 

Sf c ' + a ' tan cp ' 

Since test results have almost invariably shown that c ~ is very small, it can be as
sumed that residual shear strength can be determined from 

= I tan I 
C1 cp r 

It should be noted that the difference between peak and residual strengths is small 
for normally consolidated clays. Thus, the concept of residual shear strength is of 
real interest only in the case of overconsolidated clays. 

The analogy between residual shear strength and the shear strength available on 
existing failure planes is reasonable. In cases where failure tends to occur entirely 
along an existing failure surface, as might be the case where material is to be removed 
from the toe of an old existing slide block, it would thus seem practicable to use resid
ual shear strength parameters in the stability analysis. 

In the case of clays containing fissures or similar discontinuities, however, it prob
ably is not reasonable to assume that over 30 to 40 percent of the critical slip surface 
will actually occur along these discontinuities. In this case, use of residual shear 
strength parameters would be too conservative an approach because the true strength 
would lie between the peak and residual values. To aid in understanding this concept, 
Skempton has devised a "residual factor", R, which he attempts to apply to existing 
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Figure 4. Relationship of residual factor 
to stability of fissured clay slopes. 
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fissured, overconsolidated clays to aid in sta
bility analysis (Fig. 4). Completely unfissured 
clays have R values of zero, and peak strengths 
are used in stability analyses of such clays. 
If it is possible to develop a new failure sur
face entirely along an old surface, R is equal 
to 1, and residual strengths are used. For 
cases in between (i.e., fissured clays), R 
would be based on the proportion of slip sur
faces to be developed along existing fissures. 
The choice of R value is obviously difficult, 
but ever poor approximations of R will result 
in stability analyses of fissured, overconsoli
dated clays which are more reasonable than 
would be the case if the lowering of available 
shear strength due to the presence of these 
discontinuities is not considered. 

As noted in the discussion of Table 1, fis
suring also has an effect on the short-term 
available shear strength of overconsolidated 
clays. Skempton and LaRochelle (16) illus
trate how this short-term shear strength of a 
fissured clay can be approximated from the ef
fective stress parameters. Consider an intact 
clay with an undrained shear strength, Cu = 
2000 psf, and with the following shear strength 
parameters on an effective stress basis: 

350 psf 

0 

cp 

I 
({)r 

= 20° 

15° 

Let us arbitrarily consider the confining pressure, a~, at which the undrained shear 
strength as given above for the non-fissured clay is equal to the drained shear strength. 
This pressure can be calculated from the relationship 

2000 psf = 350 psf + a~ tan 20° 

The confining pressure will thus be a' = 4500 psf. 
If we further envision this same clRy in the ground under an effective pressure of 

4500 psf but in a fissured state so that R = 0. 2, we can calculate a value of undrained 
shear strength for the fissured clay as follows: 

if R 0. 2: c' 280 psf, cp' = 19°, 

= 280 + 4500 tan 19° 1800 psf 

Therefore the degree of fissuring indicated here would result in a reduction of un
drained shear strength of 200 psf or 10 percent of the strength of the unfissured clay. 
A reduction of strength of this magnitude due to fissuring could easily result in the dis
crepancies in factors of safety noted for the short-term stability cases for fissured 
clays in Table 1. 
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SUMMARY 

The case histories discussed here provide considerable insight into the efficacy of 
total and effective stress methods of slope stability analysis as applied to clay slopes 
under varying field conditions. In addition, they give an indication as to which shear 
strength parameters should be used with these methods. 

For short-term stability analysis of non-fissured clays, the cp = 0 total stress meth
od is satisfactory. For short-term stability of fissured, overconsolidated clays, the 
cp = 0 analysis is not safe unless account is taken of reduced strength due to the pres
ence of fissures. Also, it must be remembered that for overconsolidated clays the 
rate at which the undrained shear test is conducted has considerable effect on the lab
oratory undrained shear strength, and that undrained shear strengths obtained in the 
common 15-minute test may be considerably higher than those in existence in the slope 
at time of failure. 

For long-term stability of slopes in non-fissured clays, analysis on an effective 
stress basis is preferable to use of the cp = 0 total stress analysis. Assuming use of 
the effective stress approach, the Bishop method results in what appear to be better 
analyses than the conventional method of slices, the method of slices producing fac
tors of safety for the failure state which are 15 to 20 percent too conservative. 

Effective stress methods of analysis should also be used for long-term stability of 
slopes in over consolidated clays containing fissures or other discontinuities. However, 
because of the reduced strength of the clay due to fissuring, it is necessary to utilize 
shear strength parameters which represent a compromise between peak shear strength 
and residual shear strength as determined in laboratory shear tests. More studies of 
the effects of fissure systems on the stability of slopes in overconsolidated clays are 
needed before we can accurately determine the shear strengths applicable to meaning
ful analyses of such slopes. 
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Embankment Analysis and Field Correlation 
S. B. DONG, C. HASSON, and R. A. WESTMANN, Department of Engineering, 

University of California, Los Angeles 

• ANALYSIS of earth embankments has been a problem of long standing. Considerable 
interest in this area arises naturally from its practical applications in the construction 
of highway fills and earth dams. 

Earlier approaches to this problem area have necessarily focused attention on slope 
stability. The development of techniques to determine possible states of plastic equili
brium permits estimating the ultimate performance and safety of the earth structure. 
Unitl recently, however, little effort has been devoted to evaluation of stress and de
formation states in embankments during construction and prior to failure. 

The development of computer techniques makes possible the solution of geometrically 
complicated boundary-value problems. Articles appearing in recent works (1, 2) sur
vey the field of numerical methods of structural and stress analyses. These-methods 
include the techniques of finite differences and finite elements. The finite element 
method (FEM) has recently attracted the attention of many structural analysts. This is 
primarily due to its inherent versatility and to the ease with which the technique can be 
applied to problems heretofore considered intractable. Extension of the FEM to include 
the effects of nonlinear materials has been made as well (3, 4). This clearly indicates 
the possibility of a quantitatively meaningful stress and deformation analysis of earth 
embankments. 

Such analyses of earth embankments have been attempted by Goodman and Brown (5) 
and by Clough and Woodward (3). These analyses model the embankment as a contin-
uum constructed by a "placement in layers" process. In addition, Clough and Woodward 
include the possibility of nonlinear material behavior where the nonlinearity is taken 
as a piece-wise linear function. While these analyses give results that are at least 
qualitatively correct, it still remains to determine the accuracy of the continuum ma
terial model. 

In a recent construction program, the Materials and Research Department of the 
California Division of Highways placed and instrumented some high earth embankments. 
It was a program intended to develop accurate and reliable instrumentations for stress 
and deformation measurements and to acquire technical experience in placing these 
gages. Assuming the integrity of these field measurements (within reasonable experi
mental scatter), these experimental results afford an excellent opportunity to assess 
the validity of the mathematical model. 

It is the purpose of this paper to perform the necessary numerical analyses for a 
particular embankment and compare the results with the field measurements. This 
comparison then permits an assessment of the accuracy of the mathematical model and 
prediction technique. 

MATHEMATICAL MODEL AND THE NUMERICAL TECHNIQUE 

Due to the complexities attendant to a stress and deformation analysis of a highway 
fill resting on natural terrain, a number of simplifying assumptions must be introduced 
to render the problem tractable. One important assumption is that the actual three
dimensional system can be represented as a two-dimensional plane strain problem. 
Thus, the cross section of the embankment and flexible foundation is considered to be 
a typical section taken from the long roadway and fill. Complete continuity is assumed 
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to exist between the fill and the foundation. Another assumption is that both embank
ment and foundation materials are linearly elastic, but each may possess different 
mechanical properties. The effect of incremental construction of the embankment is 
necessarily accounted for, as all embankments are built by an incremental process 
where the fill is gradually placed. At least one previous analysis (8) was made under 
the hypothesis that stresses and deformations in the embankment were obtained by di
rect application of the gravitational body forces on the complete structure (single-lift 
analysis). Obviously, this is generally not valid, inasmuch as actual construction of 
the fill does not follow this procedure. It has been shown (3) that the values of the dis
placements from an incremental analysis differ appreciably from a single-lift analysis. 
Recapitulating the description of the mathematical model, the present analysis is based 
on a plane strain system with linearly elastic isotropic materials that is constructed 
and loaded incrementally. 

The finite element method is employed to obtain stresses and displacements in this 
typical cross section. In this method, the continuous system is idealized as an assem
blage of smaller, but finite, elements connected at a discrete number of points called 
nodes. The basis for the method is a consistently derived stiffness for each of these 
elements, the stiffness being a relationship between the generalized forces and the dis
placements at the nodes of each element. Stiffness of the elements used in the present 
analysis is predicated on a material possessing linear elastic properties. When the 
stiffnesses of all elements have been defined, the analysis of the stresses and deforma
tions in the element assemblage resulting from any given loading condition is a standard 
structural analysis problem, which requires the simultaneous satisfaction of (a) equili
brium-the generalized force at each nodal point must equilibrate the externally applied 
nodal force-and (b) compatibility-deformations must be continuous from one element 
to another. Further information concerning this method will be found in the works 
mentioned previously (1, 2). It should be noted that the aforementioned description of 
FEM is one way of regarding the method. The same technique can be thought of as a 
minimization problem (Rayleigh-Ritz) in the calculus of variations, where the approxi
mate coordinate functions used to represent the displacement patterns are automatically 
generated from the values of the nodes (6). 

In FEM, the incremental construction as well as the complicated geometrical con
figuration of the cross section can be simulated without any additional difficulties. The 
present analysis is predicated on a model where 9 layers, each approximately 25 ft in 
height, were used. Although the 25-ft height of each layer appears large compared to 
thP ::id1rnl rnnl'ltrnr.tinn prnreclure where normally less than one foot of material is 
placed at a time, it has been shown (3) that this size of layer in comparison to the total 
depth of fill is adequate for representing the incremental construction. To further sub
stantiate that this incremental lift size is reasonable in the present analysis, a typical 
standard embankment was analyzed (Fig. 1). Various cases were calculated with 4, 8, 
16, and 32 lifts. The horizontal and vertical displacements and the vertical stress at a 
particular point (see Fig. 1 for its location) are plotted in Figure 2. It is seen that the 
results converge sufficiently with the use of 8 lifts. Beyond 8 lifts, the results were 
not altered appreciably, thus indicating a diminishing return for the additional compu
tational labor. The relative size of lift to total height in the actual embankment is in 
the neighborhood of the 8-lift analysis in this convergence study. Consequently, the 
convergence of the analytical results with respect to lift size for the present model is 
supported, thus permitting this mathematical simulation of the incremental construc
tion process. 

The underlying assumptions of plane strain and time-independent linearly elastic 
mechanical properties were made only to facilitate the analysis. It should be noted 
that a FEM numerical scheme exists for three-dimensional solids (7) but, at the pres
ent stage of development, even to perform a relatively simple analysis would overtax 
the capacity of the computer or require an excessive amount of time, thus obviating 
this as a feasible approach to the problem. Further advances in computer technology 
and programming techniques will remove these difficulties. Nonlinear material prop
erties may be considered by performing an analysis wherein the stress-strain law is 
taken as piece-wise linear and employing a constitutive law in which the physical 



Figure l. Standard embankment. 

Figure 2. Convergence with respect to number 
of lifts. 
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nonlinearities are analytically de
scribed (3, 4). Inasmuch as the ma
terial properties in the present case 
have not been precisely ascertained, 
incorporation of material nonlinearity 
did not seem to be warranted. This 
does not imply that such effects are 
unimportant. Clearly the term which 
soil mechanicians call modulus of 
elasticity is dependent upon the con
fining pressure. 

RESULTS AND COMPARISON 

The particular embankment under 
consideration is located in Osito Can
yon on the new section of US 99, ap
proximately 10 miles north of Castaic, 
California. Its general vicinity may 
be described as being in the mountains 
immediately north of Los Angeles. 

The cross-sectional configuration together with location of the instrumentation are 
shown in Figure 3a. Instrumentation shown in this figure was a random selection of 
the total instrumentation in the field study. A finite element idealization is shown in 
Figure 3b. 

The incremental construction process was simulated with 9 lifts, each approximately 
25 ft in thickness. FEM analyses for various ratios of E1/ E 2 (fill to foundation moduli) 
were performed and the results are given in Figures 4 through 11. In Figures 4 and 
5 are shown the vertical stress at 2 points as a function of height of fill above the pres
sure cells. The horizontal and vertical displacements at 3 stations are plotted in Fig
ures 6 through 11 as a function of height of fill above the instrumentation . The ratios 
E/E 2 serve as the parametric variable for the family of curves in these figures. 

As indicated earlier, the Materials and Research Department (MRD) initiated this 
program to develop reliable measurement devices. Different types of pressure cells 
were used, viz., Gloetzl, Kyowa 7 in., Kyowa 13 in., Modified Carlson 7 in., and Mod
ified Carlson 18 in. Displacement measuring devices consisted of settlement platforms 
and horizontal movement indicators. The details of the instrumentation were not of 
immediate interest to the authors , who were more concerned with the assessment of 
the mathematical mode I. Therefore, 
readers interested in the instrumentation 
should contact the MRD. 

From the geological exploration, the 
MRD indicated that the modulus of elas
ticity E1 was of the order of 600 ksf with 
Poisson' s ratio approximately O • 40. It 
was also suggested that t he foundation ma
terial was such that the appropriate value 
of E1/E 2 is O . 1. Therefore, in comparing 
field data, attention should be directed to 
that curve with Ei/E2 aa O. 1. 

The field data for the verticaJ stress 
shown in Figures 4 and 5 fall generally 
along the analytical results. The curve 
for the theoretical results was insensitive 
to the ratio of E1/E 2 , indicating a relative 
independence of the vertical stress upon 
this moduli ratio. The stresses for 
E1/ E 2 = 0.1 were approximately the same 
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as those for E1/E 2 = 1. 0. This 
appears logical because the ver
tical stress should primarily be a 
function of the specific weight y 

Figure 10. Analytical and field displacements at 
station No. 19. 

of the fill material and height of 
fill. A dotted line representing 
yh, which is equal to the product 
of the specific weight and actual 
height of fill directly above the 
pressure cell, was also drawn. 
This line represents the approxi
mate engineering estimate of the 
vertical stress. Both field data 
as well as the two analytical esti
mates are within reasonable prox
imity of each other. 

The horizontal and vertical dis-
placements are shown in Figures 
5 through 11 for various ratios of 
E1/E 2 • The ratio of interest for 
comparison is approximately 

E1/E 2 = 0 .1. Field data for the vertical displacements fell within a reasonable range 
of the theoretical results. Field data for the horizontal displacements were consistently 
low when compared with theoretical results. 

CONCLUSIONS 

From an examination of the analytical results and comparison with the field data it 
is quite clear that the mathematical model can at least lead to qualitative predictions. 
Figures 4 and 5 indicate that the capability to predict the vertical stresses by this ap
proach is at least as accurate as the current methods for measuring the field results. 
In addition, Figures 7J 9, and 11 show that with proper values of the foundation and 
embankment moduli, satisfactory estimates for the vertical displacements are obtained. 
Better correlation might be attained by accounting for material stiffening with increased 
confining pressure. 

On the other hand, Figures 6, 8, and 10 clearly indicate that the mathematical esti=
mates for lateral deflections are in error by an order of magnitude. (In a recent com
munication, the MRD has indicated that the validity of the field measurements for the 
lateral deflections is doubted.) 
From this it might be expected 
that theoretical predictions of the 
lateral stresses are in error as 
well. Unfortunately MRD did not 
make any measurements of the 
horizontal stresses in the embank
ments so this point cannot be 
resolved. 

The weakest feature of the 
mathematical model is the mate
rial characterization. Replace
ment of the linear elastic stress
strain relation by a more accurate 
nonlinear constitutive law should 
lead to significant improvements. 
Whether this will overcome the 
apparent order of magnitude error 
in the horizontal displacements 
remains to be seen. However, 
this improvement can only be made 
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after suitable testing of the actual field material. In situ properties of the fill and 
foundation may be estimated by sonic measurements. This would be particularly use
ful for determining the ratio of foundation and fill moduli. 

Another possible improvement concerns the role of the foundation. This displace
ment field, and to some extent the stress field, depend on the amount of foundation in
cluded in the finite element idealization. This feature has not been considered in this 
study. 

Based on these results the following recommendations are made for future analytical 
and field studies: 

1. Estimates for stress and displacement fields should be obtained prior to place
ment of instrumentation. 

2. It is hoped that lateral pressures will be measured as well as vertical stresses. 
In this way, a better assessment of the model can be made. 

3. Since vertical stresses are dependent primarily on density and height of fill, 
vertical pressure cells might be used to calibrate cells measuring horizontal stresses. 

4. It is necessary to determine accurately the material properties of the earth fill 
when instrumenting an embankment. Only then can an accurate analysis be performed 
and accuracy of the predictions be assessed. 

The research program of the MRD in this area is still in progress. The results in 
this paper are based on the preliminary findings from this continuing research. As 
other embankments are instrumented and more and better information becomes avail
able it will be necessary to review the results presented here. 
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Discussion 
WILLIAM G. WEBER, JR., President, W. G. Weber and Associates, Sacramento, 
California-The authors are to be complimented on an excellent presentation of stresses 
and strains in an earth mass. As the authors have indicated, there is considerable dis
agreement between the theory and measured horizontal strains. Therefore, it is de
sirable to comment briefly on the type of installation that was used under this com
mentor's direction. 

A schematic of the first of these installations is shown in Figure 12. This in
stallation was made on the San Luis Reservoir relocation. A trench, 2 to 3 feet deep 
and 2 feet wide, was dug across the embankment. Two-inch plastic tubing with slip 
joints every 20 to 40 feet was placed on the bottom of this trench. Vertical platforms 
were placed at the desired spacing. Plastic-coated stainless steel ¼-in. aircraft cable 
was then connected to each platform and run through the plastic tubing to the edge of 
the embankment. The platform on centerline had a cable extending in both directions 
through the fill. The cables came through a gage box set in concrete at the edge of the 
Im and were held taut by a 50-lb weight system. The gage box was also 1°eferenced to 
a system of hubs outside the fill influence so that its movement could be independently 
observed. Also, water level-type settlement platforms were installed to record the 
vertical movement. 

Major damage occurred to the weight system on this first set of installations because 
of construction operations, therefore little usable data were obtained during construc
tion. On the Ridge Route installations, a metal housing was used to protect the gage 
box (Fig. 13), and a spring loading system was used to keep the cables taut. Complete 
data were obtained with these units during construction. 

Figure 12. Horizontal and vertical movement indicator. 
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Figure 13. Side of embankment on Ridge Route showing the instrument shelters. 

In comparing the movement of the gage box as indicated by surveys and the cables 
connected to the centerline platform (cable through the fill), a serious discrepancy was 
noted. For example, at one elevation the surveys indicated that the two gage boxes on 
opposite sides of the fill had moved apart 0. 32 feet, while the cables indicated they 
moved apart 0. 09 feet. At the present time it is not known which movement is correct; 
however, there are indications that the cables are tending to move as a unit at the gage 
box and all tend to have about the same indicated movement. 

As a result of this discrepancy in the horizontal movement, the installation made in 
northern California during the summer of 1967 included electrical potentiometers be
tween adjacent platforms. To date, the electrical potentiometers have indicated move
ments several times in excess of the movement indicated by the cables. Thus, the 
field data from the horizontal movement platforms are of questionable accuracy. Thus, 
the field data in Figures 6, 8, and 10 are probably in error. The field data from the 
vertical movements and vertical stresses are considered reasonably reliable. 



Settlement of an Embankment Resting on a 
Semi-Infinite Elastic Soil 
JEAN-PIERRE GIROUD, Laboratoire de MJcanique des Sols, 

UniversitJ de Grenoble, France 

This paper is concerned with the theoretical determination of 
the settlement of an embankment. The ground is assumed to 
be a semi-infinite mass of elastic isotropic homogeneous soil 
with a plane upper boundary. The load applied by the em
bankment on the ground surface is approximated by a linearly 
distributed pressure. 

The settlement coefficients have been calculated for seven 
points of the contact area between the embankment and the soil 
mass by integration of the Boussinesq formula for the settle
ment due to a single normal load. The numerical values of 
these coefficients have been listed in tables and plotted in 
charts on which the parameters are the geometrical dimen
sions of the embankment. Practical examples are given. 

•THE settlement of a load resting on a soil mass is usually determined by plotting the 
stress distribution curve and computing the settlement of each soil layer according to 
the results of consolidation tests. However, if the soil is homogeneous, the settle
ment is given directly by formulas derived from the theory of elasticity. For example, 
the settlement of a normal load uniformly distributed on a circular area at the surface 
of a semi-infinite elastic soil mass (Fig. 1) is given by the well-known formulas 

1 - 1/2 
w1 = -E-- 2 pR at the center (1) 

1 - 11
2 4 

W2 = -E- Tr pR at the edge (2) 

T 
i R 

Figure 1. Settlement of a uniformly loaded circular 
area. 

in which 

w = settlement (meters or feet); 
p = load (bars or lb/sq ft); 
R = radius of the loaded area 

(meters or feet); 
E = Young's modulus of elasticity 

(bars or lb/sq ft); and 
v = Poisson's ratio (dimensionless). 

These relations, established by 
Boussinesq (2, p. 140), are based on 
the assumptions that (a) the soil mass 
is semi-infinite with a plane horizontal 
upper boundary; (b) the soil behaves as 
an isotropic homogeneous continuum 

Paper sponsored by Committee on Mechanics of Earth Masses and Layered Systems. 
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which follows Hooke's law (linear elasticity with small strains); (c) the load is perfectly 
flexible and normal and there is no friction between it and the boundary of the soil 
mass; and (d) body forces are set equal to zero. 

The same assumptions will be used here to obtain the expressions for the settlement 
of an embankment resting on a horizontal ground. It is pointed out that the formulas 
thus obtained are likely to be used in the case of a soil slightly heterogeneous if one may 
estimate the mean values of the modulus E and the ratio v. 

PRINCIPLE OF COMPUTATIONS 

The settlement of a point of the ground surface due to a single normal load (Fig. 2) 
is also given by a formula established by Boussinesq (~, p. 100): 

1 - v 2 N 
w =-----E 1T r (3) 

in which 

N = concentrated normal load (newtons or pounds); and 
r = horizontal distance from load N to point P where the settlement is expressed 

(meters or feet). 

The settlement due to a normal load distributed over an area of the ground surface 
is obtained by integrating Eq. 3. For example, Eq. 1 is given by 

2 1T R 

1 - 1)2 p 
w=-- -

rdr 1 - v 2 

r= - E- 2pR (4) 
E 1T 

0 0 

in which e is the angle in polar coordinates. 
The same process will be used for the computation of the settlement due to the load 

of an embankment; it will be accomplished with integrals similar to the one of Eq. 4 
but, owing to the complexity of the load distribution, the computations are much longer. 

THE EMBANKMENT LOAD 

Let us consider the embankment shown in Figure 3a. The load applied to the ground 
surface can be approximated by a linearly distributed normal pressure as shown in 

Single load 

N 

Seml-lnflmte soil mass 

Figure 2. Settlement at point P 
due to a single normal load N at 
distance r. 

Figure 3b. This pressure increases from zero along 
the edge of the loaded rectangular area to the uniform 
pressure p on the inner rectangle. The value of p is 
given by 

p = yh = pgh 

in which 

p = pressure on the inner rectangle (bars or 
lb/sq ft); 

(5) 

y = unit weight of soil in embankment (newton/m3 

or lb/cu ft); 
p = density of soil in embankment (kg/m3

); 

h = height of the embankment (meters or feet); and 
g = acceleration of gravity (9. 81 m/ s 2

). 

Actually, the contact stresses between the embank
ment and the ground surface are not exactly normal 
(Fig. 4). But one may argue that the computation 
based on the assumption of normal pressure yields a 
good approximation since 
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,1 

Fig . 3 a 

Transverse 

C ---
section 

C -
.,___/ ___ \ 1, 

a 

Longitudinal section 

C C ------ -
I ~ 

b 

C - y · ,~ Fig.3b 

X 

I y 
a 

1 

' 
x' h 

Transverse section x - x' 

C C --- -
a 

Longitudinal section y _ y' 

C ----- C -
Atl1111 l l ll lll 11 J.J Ill ll l l I I 111 l ~ 

b 

Uniformly dis tribute d pressure 

Figures contour lines of the pressure 

1, 

Figure 3. The embankment is defined in Figure 3a and the load applied by it on the ground surface is 
shown in Figure 3b {a= width of embankment, b = length of embankment, c = width of slope). 
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Transverse section of the 

embankment 
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pl AiU IJ l I l I I ! ~ Normal load distribution used for 

settlement computations 

Actual load dlstrl/J11tion 

likely to be exerted by the 

embankment 

Figure 4. Comparison between the normal load distribution used for the computations and the load 
distribution likely to be exerted by the embankment on the ground surface. 

1. The shearing contact stresses are probably small. For example, calculations 
for special cases give a maximum value of about p/10 according to Bishop (1, p. 34) 

and p/7 according to Christensen (3, p. 75)-:-

C C • • 

b 

2. Settlements due to tangential loads are smaller 
than settlements due to normal loads. For example, 
at the corner of a square area uniformly loaded: 

1 - 1)2 

w = --E- a p O. 56 for a normal load p 

{1 + v) (1 - 2 11) • 
w = E at 0. 18 for a tangential load t 

according to Vogt (~, p. 24). Hence, for 11 = 0. 3, 
0 
• s' a w = i o. 51 

C 

A ---------• c 
a 

Figure 5. Location of points where 
the settlement is computed. 

at 
w = E o. 09 

in which a is the side of the square. 

PRACTICAL UTILIZATION OF RESULTS 

The settlements have been computed in seven points 
of the loaded area (Fig. 5). Thus seven coefficients 
have been obtained; their formal expressions are 
given later. The numerical values of these coefficients 
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were determined by computer and are shown in Charts 1 to 7 in the Appendix. The 
settlement of a point is given by: 

1 - I) 2 
w = -E- paK (6) 

in which 

E = Young's modulus of elasticity (bars or lb/sq ft); 
11 = Poisson's ratio (dimensionless); 
p = uniform normal load over the central rectangular area (bars or lb/sq ft); 
a= width of the embankment (meters or feet); and 
K = settlement coefficient related to the considered point (dimensionless). 

For example, at point B: 

(the values uf KB being given by Chart 3 in the Appendix). 

(7) 

Let us notice that an embankment of infinite length resting on a semi-infinite mass 
yields an infinite settlement as predicted by the plane strain theory of elasticity. 

NUMERICAL EXAMPLES 

Let us consider an embankment 144 m (480 ft) long, 96 m (320 ft) wide, 12 m (40 ft) 
high and with a lateral slope of 26. 5°. The unit weight of the material in fill is 
1. 78 t/m3 (110 lb/cu ft) and the elastic properties of soil are E = 500 bars= 1. 05 x 106 

lb/ sq ft and 11 = 0. 3. What settlements are to be expected? 
First, compute c, the width of the slope: 

c = tan ~6. 50 = 2 h = 24 m (80 ft) 

Hence, c/a = 0. 25 and b/a = 1. 5. Furthermore, p = 2. 1 bars (4400 lb/sq ft) as cal
culated from Eq. 5. 

The settlement at any point is given by Eq. 6: 

w = l - O. Og X 2. 1 X 96 X K = l - O. Qg X 4400 X 320 X K 
5oo 1. Ob X 106 

= 0. 367 K (m) = 1. 22 K (ft) 

= 36. 7 K (cm)= 14. 6 K (in.) 

Hence, by decreasing values: 

KO= 1. 064 

KB,= 0. 954 

KA,= 0. 882 

Kc,= o. 803 

KB= 0. 580 

KA= 0. 515 

KC= 0. 387 

w
0 

= 39 cm = 15.5 in. 

35 cm = 14 in. 

w A' 32 cm ~ 13 in. 

w C , ~ 29 cm ~ 11. 5 in. 

w ~ 21 cm ~ 8. 5 in. 
B 

w A = 19 cm ~ 7. 5 in. 

wC ~ 14 cm ~ 5. 5 in. 
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b 

~ ~ Ait 
1 f1 _, ~, a 

b 

C 8 

Figure 6. Shape of the embankment in the special case, a= 2c, and location of the points where the 
settlement is computed. 

If the same embankment reaches the height of 24 m (80 ft), its shape is shown in 
Figure 6. In this case c/a = 0. 5 and p = yh = 4. 2 bars= 8800 lb/ sq ft. The settlement 
is given by 

W l 5g0 0
9 X 4. 2 X 96 X K = l - O. 09 X 8800 X 320 X K 

1. 05 X 106 

= 73. 4 K (cm)= 29. 3 K (in.) 

The values thus calculated are 

K
0 

= ~, = o. 748 

KA, = Kc,= o. 711 

~ = 0. 352 

KA= 0. 307 

KC= 0. 232 

w
O 

= wB, "" 55 cm "" 22 in. 

w A' =we, "" 52 cm "" 21 in. 

wB "" 26 cm "" 10 in. 

w A "" 22 cm "" 9 in. 

w C "" 17 cm "" 7 in. 

EXPRESSIONS OF SETTLEMENT COEFFICIENTS 

The calculations are too lengthy to be reproduced in detail here, but since the main 
steps and the main results may be of interest to investigators dealing with similar 
problems they have been summarized in a Supplement. * The formal expressions of 
the settlement coefficients whose numerical values are found in Charts 1 through 7 in 
the Appendix (see Fig. 5 for location of points 0, A, B, C, A', B' and C ') are as 
follows: 

b 
a=a 

f3 = £_ 
a 

*Supplement (approximately 16 pages) is available from the Highway Research Board at cost of 
handling and reproduction. Refer to Supplement XS-13, Highway Research Record 223. 
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EXPRESSION OF THE COEFFICIENTS IN THE SPECIAL CASE a = 2c 

The shape of the embankment is shown for this case in Figure 6. The settlement 
coefficients have been directly calculated at points 0, A, B, C and A' and we checked 
that the same expressions were obtained by setting (3 = 0. 5 in Eqs. 8 through 14. 

b 
o: = a: 
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1 [(2 1)21 1+ .J1 + 2 0t - 1)2 
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EXPRESSION OF THE COEFFICIENTS IN THE SPECIAL CASE c = 0 

(19) 

In this case the embankment load is reduced to a uniformly distributed pressure 
over a rectangular area. Hence Eqs. 8 through 14 become the well-known formulas 

K
0 

= i [ log (a+~)+ a log 
1 

+ ~ ] (20) 

(21) 

K__ 1[21 ex+~ 1 2+~ ] --irn, = -; og 2 + a og a (22) 

Kee , = ¾ r log (a+ ~) + a log l + ~ l (23) 
L .J 
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The Axisymmetric Deformation of a 
Homogeneous, Cross-Anisotropic Elastic Half Space 
C. M. GERRARD, Research Fellow, University of Melbourne 

The sources of anisotropy in the structure of soils are traced 
and it is suggested that many practical solutions from the 
homogeneous cross-anisotropic elastic half space can be used 
to predict the effect of the structure of an earth mass on its 
response to loading. 

Based on previously developed methods, solutions are 
produced for the axisymmetric deformation of a homogeneous, 
cross-anisotropic elastic half space acted upon by the following 
loading conditions: (a) uniform vertical pressure, (b) uniform 
vertical displacement, (c) linearly increasing radial shear 
stress, (d) linearly increasing torsional shear stress, and (e) 
linearly increasing torsional shear displacement. In all cases 
the loaded areas are circular in shape and the solutions indicate 
the variation of all displacement, strain, and stress components 
throughout the half space. 

•THE widespread existence of anisotropy patterns in the structure of soils has been 
largely overlooked until recent times. In general, soils can be grouped according to 
genesis as being either weathered in situ (residual) or deposited. For the former 
group it is highly likely that any anisotropy existing in the structure of parent rocks 
will be inherited. The general occurrence of anisotropic structures in both sedimentary 
and igneous rocks throughout the world can be seen by reference to the literature (2, 
9, 19, 27, 28, 37, 40). -
- Theconceptthat the symmetries of a rock fabric are reflections of the symmetries 
of the movements involved during the rock forming processes (19) can also be applied 
to relate the symmetries of the patterns of the anisotropic structures of deformed 
soils and the symmetries of the deformations. This has been verified by a variety of 
analytical and experimental methods for processes such as the deformation of residual 
and deposited soils, the deposition of soils, and the re111olding of soils. 

Examples of such deformations are (a) soils located on instable slopes (20, 21), (b) 
soils subject to non-equal principal stresses (25), (c) compacted soils and pavement 
materials (16, 33, 29), (d) soils deposited by the vertical dropping of particles (13, 35), 
(e) soils sheared ina preferred direction ('.0, (f) wind- deposited soils (~), (g) soils -
situated in wheel tracks and deformed by traffic action (17 ), and (h) clays subject to 
rotational rolling (38 ). From the preceding it can be seen that for a wide range of 
practical situationsthe soils involved will have anisotropic structures which should 
be taken into account when considering their mechanical behavior. 

In this paper the axisymmetric deformation of a homogeneous elastic, cross
anisotropic half space is considered. [Solutions for some deformations possessing a 
vertical plane of symmetry are also now available (14). J · Such a material is a sim
plification of the most general anisotropic state because it has an axis of symmetry 
of rotation so that all directions in the planes normal to the axis are equivalent with 
respect to the elastic properties. The axis of symmetry is taken as being vertical 
and the half space is bounded by a horizontal plane. The number of elastic parameters 
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involved with a cross-anisotropic material 
is five compared with two for an isotropic 
material. Several workers have attempted 
to analyze soils and rocks as being cross
anisotropic elastic materials and have 
fully or partially measured the parameters 
involved(~ 11, ~' 32, 35, 37). Although 
soils are not usually homogeneous or 
elastic in the classical sense, the solu
tions provided will allow engineers to 
estimate the main differences in response 
to loading of soils with cross-anisotropic 
structures as compared with soils that 
have isotropic structures. 

Five loading systems, applied over 
circular areas, are considered in this 
paper (Fig. 1). The first of these, loading 
condition A, is a uniform vertical pres
sure p and is an idealization of static 
traffic loadings and is the usual approxi -
mation made regarding foundations on 
sand. Loading condition B, in the form 
of a uniform vertical displacement A with 
no surface shear, has application to load
ing by a rigid plate or rigid punch, e.g., 
plate bearing tests and foundations. 

The findings of Marwick and Starks 
(24) that pneumatic tires exert inwardly 
acting shear stresses on pavements sug-
gested loading condition C, which is a 

linearly increasing radial shear stress from a value of zero at the center of the load 
to a maximum value of s at the periphery. Lee (22) has highlighted the fact that in
wardly acting shear stresses are also developed under foundations with rough bases. 
Hence, an approximate solution to this class of problems can be found by superimposing 
the solutions for loading condition C onto the solutions for loading conditions A or B. 

Loading conditions D and E are both torsional in nature; they are, respectively, a 
linear increase in torsional shear stress from zero at the center to a maximum value 
t at the periphery, and a linear increase in torsional displacement from zero at the 
center to a maximum value Ii at the periphery. This type of loading can be produced 
in foundations as a result of wind loading and also in the pavements of parking areas 
from the rotation of wheels about a vertical axis. It may also have application to the 
analysis of the early stages of vane shear tests. 

In considering the five loading conditions, the aim is to provide complete solutions 
to all displacement, strain, and stress components at all points throughout the half 
space. This is necessary because, first, the most critically loaded points from a soil 
mechanics point of view may lie away from the load axis. Second, the assessment of 
the behavior of an earth mass under load often requires an estimate of the total field 
of stresses and/or strains and/or displacements, e.g., three-dimensional consolidation 
problems. For a homogeneous, isotropic material subjected to a circular load of 
uniform pressure, solutions for all stress, strain, and displacement components 
throughout a half space have been given by Ahlvin and Ulery (1). 

Some of the loading conditions mentioned have been examined previously. One of 
the first reported solutions to the loading of a homogeneous, cross-anisotropic medium 
is that of Wolf (39 ), who considered a point load. However, the generality of his work 
is limited due tocertain restrictions imposed on the values that can be assumed for 
the elastic parameters. Quinlan (26) has used Fourier-Bessel integral methods to 
examine the response of cross-anisotropic half spaces to various axisymmetric dis
tributions of vertical stresses or displacements. Although these methods are developed 
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for a general point within the elastic system, the solutions presented apply mainly to 
points either on the surface or on the load axis. 

Koning (18) and the Delft Laboratory (8) have given the general solution for stresses 
and displacements in a homogeneous cross-anisotropic half space due to a point load 
and a rigid punch load. In addition, they have produced a solution for points on the 
surface and the load axis for the condition of a circular area of uniform vertical pres
sure. Similar problems have also been considered by Lekhnitskii (23), who has solved 
for the stress distributions due to a point load and a circular area oT uniform vertical 
pressure. 

A finite difference method to examine the axisymmetric distribution of stresses and 
displacements in a cross-anisotropic half space, which has properties varying with 
depth, has been presented by Gerrard and Mulholland (11). 

Barber (4) has investigated the response of an isotropic, homogeneous half space to 
various axisymmetric distributions of inwardly acting (radial) shear stresses. How
ever, in his solutions the only component given is the vertical direct stress. In a 
more recent publication, Gerrard (12) has outlined a method for the calculation of the 
complete pattern of stresses, strains and displacements in layered, cross-anisotropic 
systems. The loadings considered are distributed in an axisymmetric fashion and may 
include vertical direct stresses and/or radial shear stresses. 

Some of the solutions given in this paper are an enlargement of those given earlier 
by the Delft Laboratory (8) and hence this latter work was used to provide a check on 
the solutions for some ofthe stress and displacement components. In every compar
ison made the two respective solutions were found to be equivalent. 

NOTATION 
General 

r, e, z 
u,v,w 

cylindrical coordinates 
displacements in corresponding coordinate directions 

ir, ee, zz 
rz, ez, re 

(rr' •ee• E"zz 

·rz' ·ez ' 're 

direct stress and shear stress components of stress tensor 

direct strain and shear strain components of strain tensor 

components of elasticity tensor a, b, c, d, f 
M' n"I nrl,1l 11ci n-f a 1 ru ~• f-.; ,....;+ .. .,. .;...., f-1-. ,.... ,..,,.,,,...4-.; ,.. ,.. 1 ,..J.; _,.. ,..~.; ,..._ 

.1..1..1....,...,...u. ..... u v.i. .._,.1,.u..u..,.1.v.1.1,,J .LU. I.J.J, ic;; V C .L 1..1.VQ.J. UJ..l. C VLLVJl ~v 
EH modulus of elasticity in the horizontal direction 

vTT Poisson's ratio-effect of horizontal strain on complementary 
n horizontal strain 

vHV Poisson's ratio-effect of horizontal strain on vertical strain 

vVH Poisson's ratio-effect of vertical strain on horizontal strain 

E modulus of elasticity-isotropic material 
v Poisson's ratio-isotropic material 

Quantities and Parameters Involved in Solutions 

a= 
[ ½]½ 

ad - c2 
- cf + f(ad) 2 

(2fd) ½ 

[ ½]½ ad - c2 
- cf - f(ad) 2 

(2fd)½ 

'Y = 



I:!.. = uniform vertical displacement (inches) 
6 = maximum torsional displacement (inches) 

cr = arsin { 
2 

} 
[ l/)2 + (1 + r )2 

] 
1
/

2 + [ ijl + (1 - r )2 ] 1/2 

2 ~ A = artan 
,p2 + r 2 

- 1 

f 
C +2 a2 

C +½ p ¢ 

f - (p - ¢) 
2 

m2 = -- ----
f c + d a 2 

2 

21/2 (c + d p 2 ) (c + d ¢ 2 ) 

- rr1/2 d (p 2 - ¢a) 

m4 = 
21/2 c + d a 2 

1r1/2 2da 

r/ = [ (I/! 2 + r2 - 1 )2 + 4 1/J 2 J ¼ 

p = uniform vertical loading pressure (psi) 

d ¢ 2 - !_ 
2 ql = ----

(c +½ )¢ 

~ = 

r = 
ro = 
s = 
t = 
z = 

2 f 
d p - 2 

(c +½)p 
horizontal offset from load axis/ro (inch/inch) 
loaded radius (inches) 
maximum radial shear stress load (psi) 
maximum torsional shear stress load (psi) 
depth from surface/ ro (inch/inch) 

STRESS-STRAIN RELATIONSHIPS 
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By definition an axisymmetric deformation is one in which all of the stresses, strains, 
and displacements do not vary with 6. In this paper the torsional and non-torsional 
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components are dealt with separately and hence a general deformation in which these 
components are combined can be considered by superposition. 

Non-Torsional Component 

For a cross-anisotropic elastic material undergoing non-torsional axisymmetric 
deformation, the stresses can be expressed in terms of the strains by 

rr a• ( + b, f + C • £ (la) 
rr ee zz 

fe b, f + a . fee + C ,f (lb) 
rr zz 

~ 

+ d. £ (le) zz = C • f: + C • <99 rr zz 

rz = f . f (ld) 
rz 

The direct strains can be expressed in terms of the direct stresses by the following 
relations: 

( = -ea 

£ zz 

(2a) 

(2b) 

+ (2c) 

From Eqs. 1 and 2 certain interrelationships between the elastic parameters can 
be determined: 

a = 

EH IIVH 
c= -----"-"------''-=---

d= 

1 - IIH - 2 liHV IIVH 

E II (1-11 ) 
H VH H 

liHV (t - liH - 2 liHV IIVH) 

11
HV 

(3a) 

(3b) 

(3c) 

(3d) 

(3e) 



The strain components are 

au 
f or rr 

u 
faa = -r 

aw f = zz oz 

1 (°w au) 
frz = 2 ~ +-

oz 

At all points on the load axis (i.e., r = 0) it can be shown that 

rr = ae and 
u au 
r a r 

Torsional Component 

The relevant stress-strain relationships are 

az=f f -f .!~ · 8z - 2 a z 

re = (a - b) f = (a - b) _! (~ - ~) 
r0 2 a r r 

METHOD OF SOLUTION AND PRESENTATION OF RESULTS 

41 

(4a) 

(4b) 

(4c) 

(4d) 

(5) 

(6a) 

(6b) 

The method of solution of problems of this type involving cross-anisotropic m aterials 
has been outlined previously by Gerrard (i2) and Gerrard and Mulholland (15) and is 
based on the integral transform techniquesdeveloped by Sneddon (30) and Tranter (34): 
For all five loading conditions, the solutions for the displacements-;-strains, and stresses 
involve integrals of products of Bessel functions. In order to simplify presentation 
these integrals have been abbreviated according to the following notation: 

co 

I (r,, r, X, I/))= f JT/ (k). Jr (kr). kx . e -1/)k. dk (7) 

0 

The form of the solution obtained for non-torsional axisymmetric deformation has 
been shown to depend on parameters that are functions only of the elastic constants 
(.§., .!.~). In the latter work these parameters are given as a 2 and fJ 2

• Hence, for each 
of the loading conditions A, B, and C, three complete lists of solutions are given for 
the cases of 

1. Cross-anisotropic: a 2 positive, {J 2 positive; 
2. Cross-anisotropic: a 2 positive, fJ 2 zero; and 
3. Isotropic: this is a simplification of case 2 with a 2 = 1, fJ 2 = 0. 

The form of the solution for torsional deformation does not depend on the value of 
parameters in the same way as for non-torsional deformation. Thus, for each of load
ing conditions D and E, two complete lists of solutions have been prepared, correspond
ing to cross-anisotropic behavior and isotropic behavior respectively. 
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The solutions for each loading condition contain a section dealing with the evaluation 
of the appropriate integrals. These sections are divided into three parts depending on 
whether the integrals are to be evaluated (a) at a general point within the system (i.e., 
r IO, 1/) I 0), (b) at a point on the load axis, (c) at a point on the surface. 

With regard to the evaluation of the integrals at a general point, simple and direct 
results are obtained for the defined displacement conditions (B and E ). However, this 
is not so for the defined stress conditions (A, C, and D) where the integrals were eval
uated by numerical integration on a high-speed digital computer for a range of values 
of r and 1/J. Altogether thirteen integrals were treated in this way. if 

Some of these integrals have been previously tabulated by Eason, Noble, and Sneddon 
(10) for different ranges of values of r and 1/J. For anisotropic materials, the parame
ter 1/J is in the form of either p z, ¢ z, a z, y z and hence it is a function of the elastic 
properties as well as the depth. This means that when using the Appendix tables to 
calculate the stresses, strains, and displacements at a particular point within the sys
tem it will generally be necessary to interpolate between the tabulated points along the 
1/J coordinate. 

At points on the load axis (i.e., r = 0) the integrals involved in all of the loading con
ditions can be evaluated simply and directly. On the other hand, for points on the sur
face (i.e., 1/J = z = 0) the integrals for all loading conditions become discontinuous in 
nature in order to fulfill the loading conditions. As indicated, most of the integrals 
have simple results while the remainder yield results in the form of hypergeometric 
functions (30, 36). Integrals whose coefficients contain z' have not been considered 
since theirproducts (z • I) are in general zero for points on the surface. The values 
of integrals given in this paper are based directly or indirectly on the results obtained 
by Watson (36), Sneddon (30), and Bateman Manuscript Project (~). 

TOTAL LOAD-DEFINED DISPLACEMENT RELATIONSHIPS 

For loading condition B it is possible to derive relationships between the defined 
surface displacement and the requisite total external load. The relationships, found 
by integrating the appropriate surface stress over the loaded area, are as follows: 

Cross-anisotropic: a 2 positive, /3 2 positive 

f 

Total load = 
2 (c + d p 2

) (c + d ¢
2

) 
- 4 I::,. ro -- -----~~~------

f d p ¢ (p + ¢) 
C: 2 

Cross-anisotropic: a 2 positive, /3 2 zero 

Isotropic 

Total load = 

E Total load = - 4 fl. ro ----
2 (1 - 11

2
) 

(Ba) 

(Bb) 

(Be) 

*The results are given in Tables l through 13, which are included in a lengthy Appendix not published 
in this Record but which is avai I able from the Highway Research Board at cost of hand ling and re
production. Refer to Supplement XS-14, Highway Research Record 223. 
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Similarly, for loading condition E relationships can be found between defined sur
face displacement and the requisite total external torque. These relations are: 

Cross-anisotropic: 

Isotropic: 

Total torque = 

Total torque 

8 

3 
fl • ro 2 

• f • y 

- ! • 0- ro 2 _E_ 
3 1 + II 
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Laboratory Investigation on the Use of 
High Moisture Content Soils in High Fills 
Y. H. HUANG, Assistant Professor of Civil Engineering, University of Kentucky, and 
F. D. SHEPARD, Highway Research Engineer, Virginia Highway Research Council 

A laboratory investigation on the use of high moisture content 
soils in high fills is described. The purposes were to inves
tigate (a) the effect of thixotropy, initial moisture content and 
density, and consolidation on the shear strength of clay-like 
soils with moisture contents up to 8 percentage points above 
optimum; (b) the effect of initial moisture content and density 
on the consolidation characteristics of these soils; and (c) the 
possibility of using these soils in high fills and the manner in 
which they should be used. 

Two soils-a Dunmore silt loam and a Clarkesville clay 
loam-were investigated. Soil specimens were fabricated by 
static compaction and later investigated for shear strength by 
the direct shear test and for consolidation characteristics by 
the conventional consolidation test. The results show that, 
when a soil is consolidated under high pressures, the initial 
moisture content and density have little effect on the final 
shear strength. This leads to the conclusion that high mois
ture content soils can be used if they are placed in the lower 
part of a high fill and if sufficient time is allowed for them to 
consolidate. A procedure for using these soils in high fills is 
also suggested. 

•THE development of the Interstate Highway System has introduced a new problem into 
the highway field, namely, the shortage of suitable soils required for high fills. This 
shortage is caused in part by the limitations in moisture contents on soils that can be 
used. Since some of the soils from cuts and surrounding areas have moisture contents 
exceeding these limitations, large quantities of soils, which are mostly clayey, often 
have to be wasted and a suitable borrow found, thus increasing tremendously the cost 
of construction. 

This problem is particularly critical in the Ridge-and-Valley Province of Virginia 
where high moisture content clay-like soils are frequently encountered. Virginia used 
to limit the moisture content of embankment soils to not exceed 3 percentage points 
above the optimum determined by the AASHO standard compaction test. However, a 
recent study of 159 soil survey samples from three Interstate projects in this area 
showed that only 11 percent of the samples met this limitation, while 54 percent had 
moisture contents more than 10 percentage points above optimum. Though the 1966 
edition of Virginia Specifications has changed the limitation to 5 percentage points above 
optimum, this revision still cannot prevent the waste of large amounts of wet soils. 
Since many of these wet soils appear quite stiff and have the ability to support the rollers, 
a study on the possibility of using them is of practical significance. 

The chief reason for not using these wet clayey soils in highway fills is that they can
not be compacted effectively to a desirable density. Even if this density can be achieved 
by increasing the compactive effort, the use of higher moisture contents during 
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compaction will result in different soil structures which, in turn, may have adverse 
effects on soil properties. 

The effect of structures on the behavior of compacted clays was discussed by Lambe 
(1, 2), employing the principles of colloid and crystal chemistry. He indicated that a 
clayey soil compacted on the dry side of optimum generally resulted in a flocculated 
structure, whereas that compacted on the wet side of optimum generally resulted in a 
dispersed structure. 

Seed and Chan (3, 4) made an extensive investigation on the structure and strength 
characteristics of compacted clays. They substantiated Lambe's findings and demon
strated that for the same compacted density a flocculated structure generally exhibited 
less shrinkage, more swelling, higher swelling pressure, a steeper stress-strain 
curve, greater undrained strength, and lower pore pressure when compared with a 
dispersed structure. However, if the undrained strength and pore pressure were mea
sured at large strains, the initial structure might be disturbed and its effect might be
come not so apparent. They also found that static compaction generally resulted in a 
flocculated structure, while dynamic or kneading compaction generally resulted in a 
dispersed structure. 

Though clays compacted wet of optimum generally result in a dispersed structure 
and less strength, their strength may sometimes increase substantially with time. This 
thixotropic effect has been found in many fine-grained soils (5, 6). Mitchell (6) attrib
uted the thixotropy in soils to the initial non-equilibrium of interparticle forces after 
compaction. He found that the thixotropic effect would occur if the initial structure was 
dispersed artificially to an extent greater than dictated by the interparticle forces. The 
role of water content in determining thixotropic behavior is to alter interparticle forces. 
If it is of a magnitude such that a dispersed structure can be induced by means of ex
ternally applied forces, even though the soil particles would tend to flocculate when at 
rest, the soil will be thixotropic. If the water content is such that the soil assumes a 
stable dispersed or flocculated structure independent of applied forces, the thixotropic 
effect will be negligible. 

Since density and moisture content appreciably affect the engineering properties of 
soils, they should be properly controlled in the construction of fills. However, it is 
also felt that these two factors may not be so critical if the soil is placed under high 
fills. It is possible that under high overburden pressures soils with widely different 
initial densities and moisture contents after compaction may be finally consolidated to 
nearly the same density and moisture content, if given adequate time. Furthermore, 
the undesirable effect of high initial moisture contents, which induce a weaker struc
ture, may be offset by thixotropic regains. In other words, consolidation along with 
thixotropy are the mechanisms which may change an initially weak soil into a much 
stronger one. If this is found true, there should be no reason to believe that those clays 
with moisture contents exceeding specification limits cannot be used under high fills. 

One may argue that the suggestion of permitting a higher moisture content, or a 
lower density, for soils placed in high fills is contrary to normal practice since many 
specifications require greater density for deeper fills. However, these specifications 
are based on the assumption that the fills are massive with a long drainage path that 
requires a very long time to consolidate, so most of the settlements occur after the 
pavement is placed. If adequate drainage is provided in the fill such that most of the 
consolidation is completed before paving, a lower density for deeper fills might be 
permitted. 

The purposes of this study were to investigate (a) the effect of thixotropy, initial 
moisture content and density, and consolidation on the shear strength of clay-like soils 
with moisture contents up to 8 percentage points above optimum; (b) the effect of initial 
moisture content and density on the consolidation characteristics of these soils; and 
(c) the possibility of using these soils in high fills and the manner in which they should 
be used. 

In this study two soils, one a Dunmore silt loam and the other a Clarkesville clay 
loam, were investigated (7). Since both soils exhibit the same type of behavior, only 
data on the Dunmore silt loam will be presented. However, it must be borne in mind 
that the conclusions based on the Dunmore silt loam are also supported by extensive 
data on the Clarkesville clay loam. 
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Though the moisture contents of the soil used in this investigation were limited to 
8 percentage points above optimum, it is believed that the conclusions drawn from this 
study are also applicable to higher moisture contents as long as the wet soil can sup
port the rollers and other construction equipment. 

PRELIMINARY CONSIDERATIONS 

Before conducting any shear tests, three factors must be carefully considered: 
types of shear test, degrees of saturation, and increments of consolidation pressure. 

Types of Shear Test 

Because of the large number of tests required for this investigation, the direct shear 
test was employed instead of the conventional triaxial shear test. 

When a soil is placed on the top of a fill, it is not subject to any significant consolida
tion pressures. Since the loads imposed by traffic are transient in nature, a quick 
shear test employing a very small normal pressure will simulate the actual field 
conditions. 

When a soil is placed under high fills, it is subject to considerable overburden 
pressures. Since these pressures are applied slowly and a sufficient period of time 
can be made available for the soil to consolidate, a consolidated quick test should be 
employed. 

The most direct way of finding the combined effect of consolidation and thixotropy is 
to consolidate the soil in a direct shear machine and then test it after a desirable period 
of time. However, this was impracticable because some specimens had to be left in the 
machine for 90 days to complete a test. Consequently, a modified procedure utilizing 
a confining device, as will be described later, was employed. 

Degree of Saturation 

For a soil compacted to a given density, the degree of saturation has a great effect 
on its shear strength. An unsoaked soil specimen is stronger than a soaked one be
cause the increase in moisture content after soaking decreases the cohesion. Since a 
fill may be subject to severe weather conditions during construction, it is desirable 
that the specimen be completely soaked before testing. 

The soaking of compacted soils generally results in swelling, the magnitude of which 
depends on the moisture content used during compaction and the confining pressure ap
plied during soaking (4). Soils compacted dry of optimum may show a greater strength 
than those wet of optimum when unsoaked or soaked under high confining pressures; 
however, the reverse may be true if they are soaked under low confining pressures be
cause of the larger swelling exhibited by the dry soils. Consequently, conclusions 
based on unsoaked specimens may not be applicable to soaked specimens. This clearly 
indicates that an arbitrary method of soaking must be established before any conclusions 
can be drawn. 

In this investigation, both unsoaked and soaked specimens were employed. When the 
specimens, after being fabricated, were not subjected to consolidation before shear, 
the direct shear test was conducted at the molding moisture content and the specimens 
were not soaked. If the specimen was subjected to consolidation, it was first soaked 
under an arbitrary consolidation pressure of 0. 23 ton per sq ft (equivalent to 200 grams 
of load on the 1:40 level arm) for 24 hours and the soaking continued as the consolidation 
pressure increased. 

Increments of Consolidation Pressure 

In order to simulate construction procedures, consolidation pressures were applied 
in increments. The first increment was 0. 23 ton per sq ft and this was doubled each 
time until the desired consolidation pressure was obtained. When the specimens had 
been fully consolidated to the given pressure, they were kept in a confined state for a 
given period of time until being sheared. 
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This method of applying the consolidation pressure in the direct shear test is quite 
similar to that in the consolidation test so that the results obtained from the shear test 
can be related to those from the consolidation test. 

SOIL CHARACTERISTICS 

The soil reported in this paper was taken from Interstate Highway 81, about 2 miles 
north of Marion, Virginia. The physical properties of the soil were as follows: 

1. Pedological classification 
2. Specific gravity of solids 
3. Atterberg limits 

a. Liquid limit 
b. Plastic limit 
c. Plasticity index 

4. AASHO standard compaction 
a. Optimum moisture content, percent 
b. Maximum dry density, lb per cu ft 

5. Grain size analysis, percent 
a. Clay (smaller than 0. 002 mm) 
b. Silt (0. 002 to O. 05 mm) 
c. Sand (greater than 0. 05 mm) 

6. HRB classification 

PROCEDURE 

Dunmore Silt Loam 
2.70 

70 
42 
28 

32.6 
86. 6 

63 
28 

9 
A-7-5 (19) 

The procedure involved the preparation and testing of laboratory-compacted speci
mens. Two types of specimens were fabricated-strength and consolidation specimens. 

The moisture-density relationship was obtained using the AASHO standard com
pactive effort, and the dry densities at moisture contents of 0, 3, 5, and 8 percentage 
points above optimum were determined. Soil specimens having these moisture contents 
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Figure l. Moisture-density relationship. 
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were then compacted by a static method to densities corresponding to 95 percent of 
those obtained by the standard effort. It was believed that these densities could be 
easily obtained in the field. 

Figure 1 shows the moisture-density relationship. The particular moisture contents 
and densities used are also indicated. 

Preparation of Strength Specimens 

The strength specimens were prepared by statically compacting the soil in a split 
ring 2. 5 in. in diameter and 0. 75 in. in height. Split rings were used so that the speci
mens could be tested in a direct shear machine. To prevent drainage between the rings, 
vacuum grease was applied and adhesive tape was secured around the outside to keep 
the two rings together. To facilitate compaction, the soil having approximately the 
desirable moisture content was placed in a mold 4. 5 in. in diameter with the split ring 
embedded at the center. The whole mold assembly was then statically compacted by a 
Soiltest Versa Tester. When the soil was compressed to the required den~ity, the load 
was released and the specimen removed from the mold. The top and bottom faces of 
the specimen were trimmed flush with the split ring and the trimmings used for water 
content determinations. The specimen was then weighed so that its density could be 
found. 

An attempt was made to control the moisture content within limits of ± 0. 5 percent 
and the density within± 0. 5 lb per cu ft. This requirement was generally fulfilled ex
cept for a very limited number of specimens. However, in no case was a discrepancy 
of more than ± 1 percent in moisture content or ± 1 lb per cu ft in density permitted. 

Since the shear strength was investigated under three consolidation pressures (0, 
1.85, and 7.40 tons per sq ft), four moisture contents (0, 3, 5, and 8 percentage points 
above optimum), and three curing times (1, 14, and 90 days), a total of 36 tests were 
required. Each test consisted of three specimens, so that a total of 108 specimens 
were fabricated. 

In the case of zero consolidation pressure, the compacted specimens were placed in 
plastic bags and cured for 1, 14, and 90 days before testing. The direct shear test was 
conducted at the molding moisture content, and no soaking of the specimens was 
required. 

Figure 2. Confining device. 

In the case of 1. 85 and 7. 40 tons per sq 
ft consolidation pressures, the compacted 
specimen, with both top and bottom porous 
stones in place, was positioned in a con
fining device consisting of two plates and 
four connecting bolts as shown in Figure 2. 
The device was then placed in an empty pan 
and centered in a conventional consolidation 
apparatus. After an initial consolidation 
pressure of 0. 23 ton per sq ft had been ap
plied, the specimen was soaked by filling 
the pan completely with water. Th,e load 
was then doubled every 24 hours until a 
consolidation pressure of 1. 85 or 7. 40 tons 
per sq ft was obtained. After the specimen 
had been consolidated under the prescribed 
pressure, it was kept in the consolidated 
state by slightly tightening the four bolts. 
The specimen was then cured in a moisture 
room for 1, 14, and 90 days before testing. 

Preparation of Consolidation Specimens 

The consolidation specimens were pre
pared in the same manner as the strength 
specimens except that a fixed consolidation 
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ring was used instead of a split ring. The specimen, after being compacted and checked 
for density, was used immediately for the consolidation test. 

Testing 

The strength specimen, after being cured for a given time, was set in a conventional 
direct shear machine and tested immediately. In the case of unconsolidated specimens, 
a very small normal load, say 0. 23 ton per sq ft, was applied to seat the specimen. In 
the case of consolidated specimens, a normal load equal to the original consolidation 
pressure, i.e., 1. 85 or 7. 40 tons per sq ft as the case might be, was applied. After 
the normal load had been put on, the nuts on the confining device were loosened and the 
undrained shear test was performed immediately. The test was conducted at a fairly 
quick rate, say 0. 15 in. per minute, until the peak strength was obtained. 

The consolidation specimens were tested on a standard consolidation apparatus. The 
specimens were soaked under a consolidation pressure of 0. 23 ton per sq ft for 24 hours. 
Then consolidation pressures of 0. 405, 0. 81, 1. 62, 3. 24, 6. 48, and 12. 96 tons per sq ft 
were successively applied, and each maintained for a 24-hour period. The dial was 
read at 5, 10, 20, 30, and 60 seconds, then 2, 4, 8, 15, 30, and 60 minutes, and fi
nally 2, 4, 8, 24 hours. 

TEST RESULTS AND DISCUSSIONS 

The test data on shear strength are summarized in Table 1. These data contain the 
information from which some of the figures and tables to follow were obtained and the 
final conclusions were drawn. 

Effect of Curing Time on Shear Strength 

The test on unconsolidated and unsaturated specimens is one of the most direct and 
simple methods for finding the effect of curing time on strength. Here specimens are 
tested in the same conditions as they are molded, the only variable being the curing time. 

TABLE I 

DATA ON SHEAR STRENGTH, DENSITY AND MOISTURE CONTENT 

Moisture Content Above Optimum 

Consolidation Time 0 Percent 3 Percent 5 Percent Pressure 8 Percent 
(~nn/ci.n fn (days) 

s y w s y w s y w $ y w 
(lb/sq ft) (lb/cu ft) (%) (lb/sq ft) (lb/cu ft) (%) (lb/sq ft) (lb/cu It) (%) (lb/sq ft) (lb/cu It) (%) 

1894 82 .5 32 . 5 1493 80, 7 35,8 1011 77 , 8 37 .o 752 75 , 0 41.1 
1836 81 ,6 32 . 6 1531 BO . I S& . t 1113 77 . 0 37 .o 788 74 .2 40, 7 
2059 81 , 6 32 , 5 1623 80,0 35.G 1067 77 .1 38 , 0 798 74 .5 40 , 3 

D 
1873 81 ,7 32 . 9 1531 80,3 35 .8 1030 78 .0 37 , I 854 75, 2 40,3 

Unsaturated 
14 1966 81 ,U 32 , 9 1475 80,3 35. 8 1120 77 . 0 37 , 2 806 74 .3 41,0 

1846 82 .Z 32 . 7 1456 80,4 35 .8 1038 77 .7 37 .a 788 74 .0 41 . 0 

2075 82 .6 32 . 2 1688 80 . 8 35 , 0 1118 78,3 37 ,9 668 74. 7 40 . 2 
90 2121 82 . •I 31. 9 1539 80, I 35 .9 1099 77 ,8 38, I 909 74.9 40 , 3 

2102 83 . I 31 . 8 1596 80, 3 35 ,0 1070 '/8,6 37 ,2 890 74.7 40 . 4 

2615 82 , G 32 . B 2588 80, 7 35.1 2216 77 . 8 37 .7 2012 74.0 41,0 
2709 02 .a 32 . 7 2375 80.3 35 . 1 2068 77 ,0 37 .3 1963 74 .9 40, 5 
2709 81. 0 32. Q 2347 79 . 7 35 , 1 2189 77 .7 38 , I 1988 74.8 40,8 

1,85 2504 82 .3 31 .8 2402 79, 6 36 . 0 2161 78 . 2 37. 7 1994 75. 1 40.•I 

Saturated 14 2496 83 . I 31 ,0 2496 80, 5 35 .5 2058 77 .s 38,0 1938 75 .2 40. 7 
2664 82 . 7 32 . , 2272 81,0 35.1 2133 78 . 2 37. I 1938 74 ,2 40 . 7 

2412 82 . 2 32 , I 2375 79. 8 35, 5 2076 77 .3 37 . 0 1892 75 .0 39 . 7 
90 2458 82, 6 31. 8 2364 79 ,0 35 ,3 1984 78.6 37 , 3 1752 75 .2 40 , 1 

2550 82 .6 32,0 2216 79 .9 35 .'3 2068 78.4 37 .6 1781 74 ,5 41,0 

5491 81, 8 32 . 0 5574 79 .0 36. l 4935 78,5 37 ,0 4910 75. 0 40. 7 
5436 81. J 33 .0 4730 80 ,9 35 ,0 5129 78.4 36.9 4968 74,'I 40. 7 
5278 81, 5 33 .0 4647 80 , 1 35 , 7 5296 78.3 36.8 4805 75. I 40.8 

7 ,40 5240 81 ,9 32 ,'I 5129 80 ,~ 36.0 4916 78, I 37. 8 5008 74. 2 40, 9 

Saturated 14 5054 81 ,8 32,G 5102 80 . 7 35, 7 5018 78,3 37 .5 4916 75 , I 40.8 
5018 Bl , 1 32, 8 5148 80 . 4 35,9 5064 77 .8 38.0 5046 74, 9 40 , 7 

5054 82 . 1 32. S 5027 80 ,G 35, 7 4694 77 ,8 36. 7 {860 74 ,.1 40. 5 
90 5240 82 ,0 32 ,-1 5008 80 ,G 35.8 4939 77 . 4 37, 3 4833 74. 3 40,3 

5129 82 , 7 33 .0 5370 79 ,S 35.5 4968 77 .: 37 .0 5129 74. 3 40.3 

Note: S = shear strength determined by the direct shear test; y = dry unit weigh~; w = moisture content. 



TABLE 2 

EFFECT OF CONSOLIDATION PRESSURE, CURING TIME, 
AND MOISTURE CONTENT ON SHEAR STRENGTHa 

Consolidation 
Pressure 
(ton/sq It) 

Unsaturated 

1.85 
Saturated 

7 .40 
Saturated 

Time 
(days) 

1 
14 
90 

1 
14 
90 

1 
14 
90 

Moisture Content Above Optimum {'l) 

0 

1929. 7 
1895.0 
2079. 3 

2677. 7 
2554. 7 
2473.3 

5401. 7 
5104.0 
5141 ,0 

1549 . 0 
1487 . 3 
1607 , 7 

2436. 7 
2390.0 
23IB. 3 

4983 , 7 
5126, 3 
5135 . 0 

1063, 7 
1062 , 7 
1095, 7 

2157. 7 
2117. 3 
2042. 7 

5120.0 
4999. 3 
4867 .0 

8 

779 . 3 
816,0 
822 , 3 

1987 , 7 
1956, 7 
180B,J 

4894, 3 
4990, 0 
4940. 7 

0
Sheor slrength is in lb per sq ft. 
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The test on consolidated and saturated speci
mens is another way of checking the thixotropic 
effect. It has been known for some time that for 
a given set of initial conditions there exists a 
unique relationship between the void ratio at 
failure and the shear strength (8, 9 ). As long 
as there is no structural disturbance this rela
tionship appears to be independent of all other 
variables. Specimens with the same initial 
conditions and consolidated under the same 
pressure should arrive at the same void ratio. 
This void ratio is maintained by the confining 
device throughout the curing period. If there 
is no thixotropic effect, or structural change, 
during the curing period, the reapplication of 
the normal pressure during shear should cause 

very little change in void ratio. Since these specimens have the same void ratio after 
consolidation and since in the quick test this void ratio is equal to the void ratio at 
failure, the same strength should be obtained no matter how long the specimens are 
cured. 

Table 2 shows the effect of consolidation pressure, curing time, and moisture con
tent on shear strength. The shear strength is the average peak strength obtained from 
three test specimens. 

A glance at Table 2 shows that curing time has very little effect on shear strength. 
To find whether curing time had a significant effect on shear strength, an analysis of 
variance (10) based on the shear strength shown in Table 1 was made; the results are 
given in Table 3. 

The F ratio is a ratio of the between-group mean square and the within-group mean 
square. If this ratio exceeds a given value corresponding to the degrees of freedom 
for the variance estimate and the confidence level, the hypothesis that the two mean 
squares estimate the same variance is rejected, and curing time is considered to have 
a significant effect on shear strength. 

Table 3 shows that, of the 12 sets of tests, 9 indicate the insignificance of curing 
time at the 95 percent confidence level, while the other three have F ratios only slightly 
over the 5. 14 criterion. This may indicate that under the given methods of sample 
preparation and testing the thixotropic effect is practically nonexistent. This lack of 
thixotropy may be attributed to the following two causes: 

1. In the range of moisture contents employed, static compaction always results in 
a flocculated structure, which lacks the thixotropic effect. If dynamic or kneading com
paction were employed, a dispersed structure might be induced and the soil might be
come thixotropic (5, 6). 

2. The shear strength is the peak strength which occurs at relatively large displace
ments. Since these large displacements cause a 
complete disturbance of the structure, the effect 
of initial structure may not be reflected in the 
shear strength (_:!, _i). 

Though the shear strength at smaller displace
ments was also investigated and found to be non
thixotropic, it is possible that the direct shear 
test, even at small displacements, still causes a 
considerable disturbance to the soil structure. If 
the shear strength were determined at small 
strains by a triaxial compression test, the soil 
might exhibit thixotropic effect. 

This explanation on the causes of non
th ix o tr op y is purely conjectural. It is quite 

TABLE 3 

EFFECT OF CURING TIME ON SHEAR STRENGTH 

Consolidation 
Pressure 
(ton/sq fl) 

1.85 

7 .40 

Moisture Content 
Above Optimum 

(~) 

0 
3 
s 
8 

F Ra.Ho E!iect of 
Curing Time 

0.13 Insignificant 
2. 79 Ins1gnif1cant 
2 , 42 Insignificant 
0.23 Insignilicant 

5, 61 Slgnificant 
0,84 Insignificant 
2.57 Insignificant 

11,47 Significant 

6, 72 Significant 
0,21 Insignificant 
2.35 InsignUicant 
0.54 Insignificant 

Note : At 95 percent confidence level, the effect of time iss igniFicanl 
when F value ls greater thon 5.14. 
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Figure 3. Shear strength vs moisture content under different consolidation pressures. 

possible that the soil is non-thixotropic no matter what methods of compaction or tests 
are employed. Leonards (9) determined the unconfined compressive strength of a 
compacted Fort Union clay and found that the strength remained unchanged for a period 
of one year. The lack of thixotropy may indicate that density is one of the most im ~ 
portant factors affecting strength. 

Effect of Moisture Content on Shear Strength 

Since curing time has practically no effect on shear strength, the shear strength at 
different curing times and moisture contents as listed in Table 1 can be plotted together 
as shown in Figure 3. The least-square lines together with the formulas relating 
strength to moisture content were obtained by standard linear regression techniques (10). 
The figure shows that there exists a straight-line relationship between shear strength 
and moisture content; the lower the consolidation pressure, the more rapid the change 
in strength with moisture content. 

The correlation coefficient C as shown in the figure is a measure of the validity of 
the correlation. A coefficient of 1 indicates a perfect correlation, whereas a coeffi
cient of O indicates no correlation at all. For unconsolidated and unsaturated specimens, 
there is an excellent correlation between shear strength and moisture content, but the 
correlation becomes poorer as the consolidation pressure increases. 

The effect of consolidation pressure on the slopes of these straight lines and on the 
correlation coefficients indicates that as far as shear strength is concerned the initial 
moisture content is more important for unconsolidated specimens but becomes less im
portant as consolidation pressure increases. 

Effect of Density on Shear Strength 

Since under a given compactive effort there exists a unique relationship between 
moisture content and density, the shear strength is related to density as well as to 
moisture content. In fact, density is a better indicator of strength than moisture 
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Figure 4. Shear strength vs density under different consolidation pressures. 

content because the latter does not convey any meaning unless the compactive effort 
is specified. 

~ 

~ 

Figure 4 shows that there is also a straight-line relationship between shear strength 
and dry density. The straight-line relationship between shear strength and moisture 
content and between shear strength and dry density indicates that the moisture
density relationship must be linear. This is generally true except at the vicinity of the 
optimum moisture content, as was shown in Figure 1. 

In Figure 4 the vertical intercept between any two straight lines indicates the in
crease in shear strength due to the given increase in consolidation pressure. Since a 
larger intercept indicates a more rapid increase in strength with the increase in con
solidation pressure, the figure shows that consolidation has more effect in increasing 
the shear strength at lower densities than at higher densities. 

It should be noted that these straight lines may not give the best fit. For the un
consolidated and unsaturated specimens, a curve concaved slightly upward would give 
a better fit; it was found that a plot of density vs logarithm of shear strength would 
result in a straight line that gives a better correlation coefficient. 

Figure 5 is a replot of the least-square lines shown in Figure 4, when the shear 
strength is expressed as a percentage of the strength at a density corresponding to 95 
percent of the maximum density. It can be clearly seen that density has a tremendous 
effect on shear strength for unconsolidated specimens; however, its effect on strength 
diminishes appreciably when the consolidation pressure increases. For example, the 
shear strength at a density of 75 lb per cu ft is only 33 percent of that at 82. 2 lb per 
cu ft. Nevertheless, if the soil in these two widely different compacted states is placed 
in high fills under a consolidation pressure of 7. 4 tons per sq ft, the low-density soil 
will arrive at a shear strength 95 percent of the high-density soil. This may indicate 
that low-density or high moisture content soils can be used in high fills if they are 
given sufficient time to consolidate. 
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Effect of Consolidation Pressure on Void Ratio 

Figure 6 shows the relationship between void ratio (e) and the logarithm of pressure 
(log p), when the soil is fully consolidated under the given pressures. The figure shows 
that the e-log p curves converge as the consolidation pressure increases. This sub
stantiates the previous finding that soils with widely different initial densities but con
solidated under high pressures will exhibit only slight differences in strength because 
th<> rliff<>r""""q in rl<>n<=<ity or voirl r::it.io hP.comP. sm::illP.r as the consolidation pressure 
increases. 

The void ratios corresponding to the desirable and actual densities are marked on the 
left of the figure. As Figure 6 shows, under small consolidation pressures the soil 
compacted at the optimum moisture content results in a decrease in density. This is 
due to the swelling of the soil when soaked. 

A SUGGESTED PROCEDURE FOR USING lilGH MOISTURE CONTENT SOILS 

The investigation indicates that, though there is no evidence of thixotropic regains in 
the soil studied, consolidation alone can increase the shear strength appreciably. The 
effect of consolidation on shear strength is more noticeable at lower initial densities 
than at higher densities. Under high consolidation pressures a soil with widely dif
ferent initial densities and strengths can finally arrive at some densities and strengths 
which are only slightly different. If soils having a density lower than or a moisture 
content greater than the specification limit are placed under high fills and time is al
lowed for them to consolidate, there should be no reason to believe they cannot be used. 

In order to use wet soils properly, two questions must be answered: 

1. Where should they be placed, or what is the minimum consolidation pressure 
required? 

2. What is the time rate of consolidation, or will the consolidation or settlement be 
essentially complete before the pavement or other structures are placed on the fill? 
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Minimum Consolidation Pressure Required 

The lack of thixotropy in the soil indicates that density is the most important factor 
affecting shear strength, the effect of structure being negligible. A given density can 
be obtained by either compaction or consolidation. In fact, consolidation is a better 
process than compaction because it causes a dissipation of the pore pressure and thus 
increases the effective stress. If the soil with a moisture content of 40. 36 percent and 
a density of 74. 9 lb per cu ft is used and the minimum density requirement is 82. 2 lb 
per cu ft, it can be found from Figure 6 that the soil must be placed under a consolida
tion pressure of not less than 4. 8 tons per sq ft, which is equivalent to a fill height of 
about 90 ft. 

Under a given consolidation pressure, the void ratio at 100 percent consolidation as 
shown in Figure 6 will generally take a very long time to attain. In engineering practice 
it is not necessary to have the fill 100 percent consolidated before the pavement or other 
structures are placed. A certain percentage of consolidation, say 95 percent, may be 
considered satisfactory so long as the remaining consolidation or settlement is small 
and within the specified tolerance. 

Let eo be the initial void ratio, or the void ratio obtained when the soil is soaked 
under a pressure of 0. 23 ton per sq ft, and e100 be the final void ratio for a given con
solidation pressure. The void ratio at 95 percent consolidation is 

egs == ea - 0. 95 (eo - e100) 

== O. 95 e100 + 0. 05 eo 

Based on the final void ratios and the initial void ratios, the relationship between 
the void ratio at 95 percent consolidation and the consolidation pressure is plotted in 
Figure 7. The minimum pressure required to consolidate the soil with a moisture con
tent 8 percentage points above optimum to a density of 82. 2 lb per cu ft is 5. 3 tons per 
sq ft, which is equivalent to a fill height of 100 ft. 

-

~ 
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The selection of 95 percent consolidation is for illustration purposes only. Properly, 
the percentage should be chosen so that the remaining settlement will not be detrimental 
to the overlying structures. The remaining settlement can be determined by the fol
lowing formula: 

where 

AH = eos - e100 (2H) 
1 + e9s 

AH= remaining settlement after 95 percent consolidation, in ft; 
2H = thickness of consolidated layer, in ft; 
e9s = void ratio at 95 percent consolidation; and 
e100 = void ratio at 100 percent consolidation. 

For example, if the soil with a moisture content 8 percentage points above optimum 
is 20 ft thick and subject to an average consolidation pressure of 5. 3 tons per sq ft, 
then from Figure 6 e100 = 1. 032, and from Figure 7 egs = 1. 049, and 

AH = 1. 049 - l . 032 X 20 - 0 166 ft - 2 . 
1 + 1. 049 - · - m. 

Time Rate of Consolidation 

If it is found that the consolidation must be 95 percent complete before the construc
tion of any overlying pavements, then a question immediately arises as to the actual 
time required to effect 95 percent consolidation. This can be determined from Terzaghi 's 
theory of consolidation by the following formula: 

D2 
t=T -vC 

V 
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where 

t = time, in days; 
T v = time factor depending on the initial pore pressure distribution and the percent 

consolidation; 
D = length of drainage path, in ft, equal to half thickness of consolidation layer if 

drainage is provided at both top and bottom; 
Cv = coefficient of consolidation, in sq ft per day. 

If the initial pore pressure is constant or varies linearly with depth, then Tv = 1. 129 at 
95 percent consolidation. 

In the above example, if drainage is provided at both top and bottom of the 20-ft wet 
layer, then D = 10 ft. Since the consolidation coefficient of the soil was found to be 
0. 22 ft 2/ day based on the consolidation test, the time required to effect 95 percent con
solidation is 

(10)2 
t = 1. 129 x Q.22 = 513 days 

If the above time is considered too long, additional drainage must be provided to 
reduce D. If additional drainage is provided at the mid-height, then D = 5 ft or t = 
128 days. 

It was not the intention of this study to investigate the design and construction of 
drainage facilities. However, it must be pointed out that a very simple method of pro
viding drainage is to place sand layers at frequent intervals in the fill. This "sandwich 
construction, " wherein the wet clay layers are alternated with a granular, permeable 
material, has been suggested by Baker and Gray (11). Though they arbitrarily recom
mend that the wet clay be deposited in 1-ft layers, the maximum thickness of clay layers 
could be determined from the theory of consolidation as described here. 

CONCLUSIONS 

In this study the possibility of using high moisture content soils in high fills was 
judged on the basis of two considerations: (a) they must have sufficient strength to 
prevent shear failures, and (b) they must not cause the overlying structures to settle 
excessively. 

A laboratory investigation of the soil used in this study revealed the following im
portant facts: 

1. Under the given methods of sample preparation and testing, the soil did not ex
hibit thixotropic behavior. 

2. The shear strength increased appreciably with the increase in consolidation 
pressure, the rate of increase being more remarkable at low densities than at high 
densities. 

3. The initial density had a tremendous effect on shear strength when the soils were 
not subjected to consolidation; however, its effect on strength diminished appreciably 
when the consolidation pressure was increased. 

4. Under high consolidation pressures, a given soil with widely different initial 
densities and strengths finally arrived at some densities and strengths which were only 
slightly different. 

5. Based first on the assumption that density is the most important factor affecting 
strength and then on Terzaghi 's theory of consolidation, a procedure was suggested to 
determine the depth below which wet soils could be placed and the length of drainage 
path required to effect a given degree of consolidation. 

Due to the large varieties of soil properties and fill dimensions, no analyses of 
stability and settlement for any fills were attempted. However, the facts clearly in
dicate that soils having moisture contents well above optimum can be used in high fills 
if proper drainage is provided. In fact, the consolidation process is superior to that 
of compaction from the standpoint of ultimate strength, as demonstrated by Leonards 
(9). Unfortunately, the beneficial effect of consolidation has not been properly utilized 
in the construction of fills. 
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It is believed that wet soils, unless too wet to be handled with construction equip
ment, can be used as fill materials if proper drainage is provided. However, if suit
able materials can be found nearby, it may be more economical to use the borrow ma
terials rather than the excavated materials because the cost of installing drainage 
facilities may be prohibitive. On the other hand, if large quantities of the soils exca
vated are too wet and suitable borrow cannot be obtained at a reasonable cost, the in
stallation of drainage facilities in lieu of wasting the excavated materials may be the 
more economical practice. This demonstrates that a cost analysis must be conducted 
before any decisions on the use of high moisture content soils are made. 
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Discussion 
J. A. TICE, Highway Research Engineer, Virginia Highway Research Council-The 
authors are to be congratulated on a well-written paper. It is hoped that this discussion 
will show another way of approaching the problem of how to best use wet materials in 
highway fills. 

The results presented offer further proof that the shear strength increases with con
solidation pressure, and corroborate the generally held idea that samples having initially 
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different moistures and densities consolidate to a common void ratio. This latter point 
can be seen by extrapolating the e-log pressure curves in Figures 6 and 7. The data on 
thixotropy are interesting and indicate that samples wetter than those tested may pos
sibly show some strength gains due to thixotropy. In any event the gains appear to be 
small. 

The remainder of this discussion will be devoted to the section titled "A Suggested 
Procedure for Using High Moisture Content Soils," for it is here that the writer's opin
ion differs from that of the authors. The underlying philosophy of this section seems to 
be that if, after compaction and consolidation, the wet material has a void ratio cor
responding to the void ratio of 95 percent of the standard AASHO maximum density, the 
wet soil can be used. This philosophy is based on the assumptions that (a) density is 
the most important factor affecting strength and (b) achievement of 95 percent of the 
standard AASHO maximum density is a desirable objective. Neither of these assump
tions is particularly relevant to the main purpose of Huang and Shepard's study, namely, 
to investigate the possibility of using these soils (wet soils) in high fills and the manner 
in which they should be used. 

The key questions concerning an embankment are (a) can it be built without under
going a shear failure and (b) will future settlement affect the highway? Although the 
authors treat the second question, they ignore the first, evidently assuming that if 95 
percent standard AASHO maximum density is achieved, there will be no problems. This 
is not so. Achievement of a specified density does not mean that the consolidated shear 
strength will be sufficient to support the height of fill needed to produce the required 
consolidation pressure. Regardless of the placement conditions of the soil, consolida
tion of the embankment will result in an equilibrium being established between the 
weight of the embankment and the density (void ratio) of the soil. If, at this equilibrium, 
the shear strength of the soil is sufficient to support the embankment, the actual density 
is irrelevant (considering here embankments at least 10 ft in height where the traffic 
load is negligible compared to the weight of the embankment). Huang and Shepard rec
ognize that trying to compact the wet soil to 95 percent standard AASHO maximum den
sity may be harmful, but still they believe that achievement of this density by consolida
tion is a desirable goal. As they point out for one of the soils used in the study, 
requirement of this density results in the requirement that about 90 ft of fill be above 
the wet material. Fills this high are rare, at least in Virginia. Were density after 
consolidation disregarded, it is quite possible that much lower fills could be built with 
wet materials in the lower portion. 

Since, in the writer's opinion, shear strength is a major consideration in embank
ment design, and since shear strength, an easily measured property, increases with 
consolidation pressure, why concern ourselves with the ultimate density? The writer 
believes a more reasonable procedure would be one based on the increase of shear 
strength with consolidation pressure. This would also allow more flexibility in the use 
of wet materials in fills. An alternative approach has been developed, but time and 
space do not permit a detailed explanation of this alternative. 

As can be seen, the writer's main objection to Huang and Shepard's procedure is their 
emphasis on attaining a consolidated density equal to a compacted density required by 
existing specifications. Although specification limits are important, the results of this 
research project show that existing specifications are not adequate with regard to the 
use of wet materials and that, if wet materials are to be used, specifications on place
ment density as well as on placement water content need to be revised. 



Further Measurements of Foundation Settlements 
In the Ft. Randall Dam Embankment 
M. G. SPANGLER, Research Professor of Civil Engineering, Engineering Research 

Institute, Iowa State University 

• MEASURED settlements of the foundation soil beneath the Ft. Randall dam were pre
sented in an earlier publication (1) , together with estimated settlements calculated by 
the Terzaghi Theory of Consolidation. At that time the latest settlement measurement 
had been made about 1 ½ to 4 years after completion of the earth embankment. There
fore, the elapsed time for comparison of actual settlements with estimated settlements 
was relatively short. 

Settlement measurements have been continued since 1956, the most recent having 
been made in March 1967. The elapsed time since completion of the embankment is 
now about 13 to 16 years and a much more complete picture of the comparison between 
actual and estimated settlements is available. The purpose of this paper is to present 
these additional measurements. 

The Ft. Randall dam is located on the Missouri River about 6 miles south of the 
town of Lake Andes in southeastern South Dakota, It is a multiple-purpose rolled-earth 
dam that is a major unit in the comprehensive Pick-Sloan Plan for control of the Mis
souri River and development of the river basin. The structure has a maximum height 
of 160 ft and is 10,000 ft long. The width of the embankment section is 60 ft at the top, 
and, including an impervious upstream blanket and both upstream and downstream 
chalk berms, the maximum width at the base is 4,500 ft. The volume of earth fill is 
28,000,000 cu yd and the dumped chalk in the berms is 22,000,000 cu yd. 

A generalized geological section (see Fig. 1 of Ref. 1) along the longitudinal axis of 
the right or west bank portion of the dam shows an extensive alluvial terrace deposit of 
clays and silts extending from about Sta. 17 to Sta. 50 and ranging in thickness up to 
about 160 ft. The Omaha District of the Corps of Engineers, U.S. Army, under whose 
auspices the dam was designed and constructed, made extensive borings at the site. A 
number of combination piezometers and settlement plates with riser pipes were installed 
through which the settlement of the natural ground surface could be measuredbothduring 
construction of the embankment and after its completion. Eight exploratory boreholes, 
chosen because of their proximity to 12 of the settlement gage points, were selected as 
representing the character of the foundation soil. The locations of the bore holes and 
settlement gages were shown in the earlier report ( 1 , Fig. 2) . 

The graphs showing estimated and actual settlements at 12 observation points on top 
of the clay foundation material between Stations 20 and 50 have been extended to include 
the data obtained between 1956 and 1967 (Figs. 1-12), along with the calculated settle
ments given in the earlier paper. 

The following conclusions were incorporated in the 1957 paper: 

The authors consider that the genera I agreement between the estimated 
settlements and the actual measured settlements is very good. Certainlyit 
can be said that the order of magnitude of both the estimated and actual 
values is the same. Specifically, the authors rate the comparison as good 
at gages 31, 32, 33, 36, 37, 38, 16, and 17; as fair at gages 34 and 35; 

Paper sponsored by Committee on Embankments and Earth Slopes and presented at the 47th Annual 
Meeting. 
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Figure 12. Time-settlement curves, gage 39. 

and as poor at gages 18 and 39. The results tend to strengthen confidence 
in the Theory of Consolidation and the various methods of approach em
ployed in this study. 

Also, the measured rates of settlement lead to the conclusion that the 
assumption of double drainage of the compressible layer was the most ap
propriate in this case. Although the available boring logs did not reveal 
a definite, continuous drainage element at the bottom of the clay, it is 
believed that the alluvial character of the soil was such that downward 
drainage actually did develop to a considerable extent and that the rate 
of settlement was hastened thereby. 

Study of the additional measured settlement data incorporated in this paper, although 
indicating some changes in the details of the correlation between estimated and actual 
settlements, does not justify a revision of the conclusions quoted above. 
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Modified Theory for Seepage Characteristics 
Of a Single Gravity Well 
GABOR KARADI, Associate Professor of Mechanics, University of Wisconsin

Milwaukee, and 
RAYMOND J. KRIZEK, Associate Professor of Civil Engineering, The Technological 

Institute, Northwestern University 

This paper presents a modified theory that is applicable to determining 
the steady-state flow characteristics of a single vertical gravity well 
fully penetrating a homogeneous, horizontally oriented cross-anisotropic 
porous medium. The theory developed is based on the assumption that 
the profiles of the equipotential surfaces are given by nonconcentric 

· circular arcs, and this assumption is found to eliminate the contradic
tion resulting from previous assumptions by others that these equipotential 
surfaces were arcs of concentric circles. This latter assumption of 
concentric-arc equipotential surfaces is directly responsible for the 
erroneous approximation that the velocity is constant along a given equi
potential surface. Also, the concept of a "critical depth," as advanced 
by others, is found to be inconsistent with this modified theory. The 
shape of the water table is calculated from the modified theory by means 
of a digital computer, and the results are found to agree very well with 
the experimental data and numerical calculations of other investigators. 

•AS A CONSEQUENCE of the difficulties encountered when attempting to obtain exact 
solutions to seepage problems that involve free surface conditions, various approximate 
analyses have gained widespread use. Such approximate analyses generally include as
sumptions regarding both the nature of the flow and the boundary conditions. Neverthe
less, when used under applicable conditions with the proper exercise of engineering 
judgment, they often yield reasonably accurate flow quantities. However, the same de
gree of accuracy is usually not manifested when determining the shape of the free 
surface. 

Since a complete solution to any engineering problem must satisfy all aspects of ob
served experimental response, the close agreement between calculated and measured 
flow quantities for certain problems must be regarded as fortuitous, and the problem 
must be judged in need of additional theoretical modification. In particular, Muskat (1) 
warns against the indiscriminate use of such approximate analyses. This paper deals 
with a modification to a theory advanced by Jaeger (2) for solving the problem of steady
state seepage flow to a vertical gravity well which fully penetrates a homogeneous, hor
izontally oriented cross-anisotropic porous medium. Although Jaeger's theory is an 
improvement over the commonly assumed Dupuit theory, it contains an inherent con
tradiction which the proposed modification eliminates. 

COORDINATE TRANSFORMATION FOR ANISOTROPY 

When the permeability of a porous medium is uniform at all points and directionally 
independent at a point, the medium is said to be homogeneous and isotropic with respect 
to its seepage characteristics. On the other hand, if the permeability at a point depends 
on direction, the medium is termed anisotropic. Although anisotropy is a very common 
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Figure 1. Steady-state drawdown curve according 
to Dupuit. 

occurrence in nature , most solutions to 
flow problems do not explicitly consider 
such effects. Due to the deposition process 
of a porous medium and the subsequent 
environmental conditions to which it is 
subjected, cross-anisotropy or trans
verse isotropy very often results. This 
particular type of anisotropy is charac
terized by a condition of horizontal isotropy 
(that is, the permeability is constant in any 
horizontal direction), and it can be handled 
very easily in classical seepage problems 
by simply applying a coordinate transfor
mation to either the horizontal or ver
tical coordinates. The transformation 
is chosen so that the field equation for 
the cross-anisotropic medium with its 
applicable boundary conditions reduces 

to Laplace's equation (that is, V2 cp= O, where cp is a potential function) for a fictitious 
isotropic medium with similar boundary conditions. Once this is accomplished, solu
tions to boundary value problems describing the flow characteristics for homogeneous, 
isotropic porous media are immediately applicable by simple inverse transformation 
to analogous problems in homogeneous, cross-anisotropic porous media. 

PREVIOUS THEORIES 
Dupuit Theory 

The first solution to the problem described was given by Dupuit (3), who introduced 
the well-known assumptions that (a) the equipotential surfaces are vertical cylinders, 
or the flow is constant and horizontal at any vertical section; and (b) Darcy's law is ap
plicable in the entire seepage domain, and the gradient at any section is equal to the 
rate of change of the free surface with respect to the horizontal coordinate. Although 
these assumptions are reasonable for small slopes of the free surface, they are invalid 
in the vicinity of the well. For the problem under consideration the preceding assump
tions lead to the following formula: 

Q ( 1) 

where Q is the quantity of flow toward the well, and the other notation is as shown in 
Figure 1. According to its original interpretation, Eq. 1 has been used to calculate the 
well discharge if the permeability coefficient k and any two depths h1 and h2 are known 
at radii x1 and x 2, respectively, and to construct the profile of the free surface. 

Without belaboring the details of the much-discussed errors of the Dupuit theory, it 
can easily be shown that the conditions of flow at the well are not satisfied. According 
to this theory, the free surface inter-
sects the wall of the well at a height 
equal to the water column in the well; 
hence, the wall is a potential surface, 
and the streamlines must intersect it 
at right angles. Such a condition is im
possible for the streamline correspond
ing to the free surface, since it would 
indicate an inflection in the water table 
profile and a discontinuity in the flow. 
This contradiction makes it impossible 
to assume that the approximations in
volved in Dupuit's theory would lead to 
a negligible error near the well. In 

Impermeable 

Figure 2. Position of true drawdown curve with 
respect to the Dupuit curve. 



Figure 3. Jaeger assumption of concentric circular 
arcs for equipotential curves. 
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actuality, the true water table profile must 
intersect the wall of the well at a distance 
hs above the water surface in the well. 
This distance hs defines the seepage 
surface, and it represents the head 
loss which is required to overcome the 
resistance to seepage by the hatched 
sector shown in Figure 2. This evident 
weakness of Dupuit's theory has long 
been criticized, and many attempts have 
been made to replace it by a more ac
ceptable one based on either purely em
pirical or theoretical considerations. 

The contribution of Tscharni ( 4) was 
an important step in clarifying the 
validity and accuracy of Dupuit's as
sumptions. He succeeded in proving 

by exact theoretical considerations that Dupuit's formula yields theoretically accurate 
flow quantities only for the special case where x1 = Rand x2 = r (R is the so-called 
radius of influence and is that radius at which the depth of the groundwater table after 
pumping is equal to its original depth before pumping, and r is the well radius) . For 
these particular conditions, Eq. 1 becomes 

Q = k1r (2) 

However, it must be emphasized that the water table profile, or free surface, does not 
follow the curve described by Eq. 1. Experiments by Babbit and Calowell (5), Ollos (6), 
and others support Tscharni' s theoretical conclusions that (a) Dupuit' s formula yields
accura:te flow quantities for a fully penetrating gravity well if the soil is homogeneous 
and isotropic, and if the seepage conditions are defined by Darcy's linear law; and (b) 
the true water table profile, or free surface, cannot be determined by Dupuit's formula 
applied to any two sections, and it is located above Dupuit's curve. 

Jaeger Theory 

An important modification to Dupuit's approach was suggested by Jaeger (2), who 
assumed that the equipotential surfaces are circular arcs, perpendicular at one end to 
the impermeable bed and at the other end to the water table, as shown in Figure 3, and 
that the seepage velocities are constant along these circular equipotential surfaces. 
This assumption led to the introduction of a "critical depth" concept, which is similar 
to that defined for open-channel flow and possesses all the associated well-known prop
erties. In this theory the seepage surface can develop only if the water level in the well 
is lower than the critical depth corresponding to the given conditions. 

Based on the above assumption, the elementary discharge across an arc is 

dQ = v dA 

and, from Darcy's law, the velocity is 

V k 
~[z + ~] 

oS 
il<,D 

il S 

(3) 

(4) 

where cp is a potential function. Since Jaeger assumes that two adjacent arcs <,Di and 
cpi + 

1 
are concentric (that is, Acp = AR*), the velocity is constant along any given arc 

anct can be expressed as 
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v = 0 cp = k -2.!... = k sin e 
aR•~ aR* 

Since the elementary cross-sectional area is 

dA = 2rr x' dn = 2rr x' R*ch 

Eq. 3 can be written 

(5) 

(6) 

(7) 

Substitution of y = R* sin 9 into Eq. 7 and integration of the result from O to e yields 
the total flow quantity 

Q 

a 

e 

/ 2rr k y x' do: 

0 

If the integral / x' do: is approximated by 

0 

e e 
f x' do: "" Xm f d~ 

0 0 

where xm is the average value of x along the arc, Eq. 8 becomes 

Q ,,,, 2rr k y x ( 1 + f x tan ! ) e 

(8) 

(9) 

(10) 

Jaeger assumes that, if 8 is small, a tan! is negligible, and the flow quantity is 
approximately 

Q = 2rrkxy8 (11) 

Since Eqs. 10 and 11 cannot be solved by direct integration, Jaeger applied a finite
difference method to plot the water table profile. If Eq. 11 is compared with Dupuit's 
differential equation 

Q = 2rr k x y dy = 2rr k x y tan 0 
dx 

(12) 

we see that the free surface is located below the Dupuit curve, since 0 < tan a. This 
conclusion contradicts the previous one whereby the actual water table profile was 
found to lie above the surface defined by Dupuit' s equation. 

Potential Theory 

The theoretically accurate treatment of such seepage problems leads to Laplace's 
equation, which for the axially symmetric situation considered herein may be written 

1 acp + a 2({) = 0 
x ax ay2 

(13) 

with the boundary conditions 



cp = kH at x = R 

cp = kho at x = r for y s;; ho 

cp = ky at x = r for ho,, y ,, ho + hs 
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(14a) 

(14b) 

(14c) 

Most current solutions are obtained by numerical methods based on replacing the 
continuous domain by a lattice of discrete points. For a square grid with lattice spac
ing Al, Eq. 13 may be approximated by the finite-difference equation 

(15) 

where x0 is the radial position of the point and cpo, cp1, cp2, cp3, and cp4 are values of the 
potential function cp at the point under consideration and four adjacent points. Applica
tion of Eq, 15 to each and every nodal point of the lattice produces a system of non
homogeneous equations which can be solved by relaxation, matrices, etc. 

MODIF1ED THEORY 

Although Jaeger's assumption that the equipotential lines are circular arcs is a bet
ter approximation to the actual flow net pattern than that offered by Dupuit's theory, 
objection arises to the fact that these circular equipotential surfaces are assumed to 
be concentric. Figure 4 clearly shows that the radii Rf and Rf + 1 of two adjacent po
tential surfaces <Pi and <Pi+ u respectively, are not concentric. Since the distance dR* 
is decreasing from the free surface to the impermeable bed, the velocity must be in
creasing accordingly. If the velocity of the surface (D' = e) is given by Eq. 5, that is, 
the equation used in Jaeger's theory, the value of v at the bottom (D' = 0) may be deduced 
from the assumption that the distance ARb traveled by a fluid particle is equal to the 
horizontal projection of AR;, which is the distance traveled by the fluid particle along 
the free surface, or 

vb = k tan e (16) 

This assumption is supported by the experimental evidence of Babbit and Caldwell (5), 
Muskat (1), and others, according to which the pressure distribution along the imper
meable bottom surface follows Dupuit' s hypothesis. 

Following similar considera
tions and referring to Figure 5, 
we can define the velocity distri
bution along the equipotential 
curves by the equation 

Figure 4" Modified assumption for 
equipotential curves. 

Figure 5. Shape of drawdown curve with 
nonconcentric circular arcs for 
equipotential curves. 
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V k sin 9 cos OL 
cos e 

Combining Eqs. 3, 6, and 17 yields 

dQ = k sin 9 cos Ole 2rr x' R*dOL 
cos 

(17) 

(18) 

whereupon the total flow quantity is obtained by integration between the limits OL = 0 and 
0/. = 9 

Q 

9 

2 k sin 9 f x' R* cos OL dOL rr cos e 
0 

Since the geometry of the problem yields 

x' = R* (cos 0/. - cos e) + X 

substitution of Eq. 20 and y = R* sin 9 into Eq. 19 gives 

e 

Q f [ si~ 9 (cos OL - cos 9) + x] cos OL dOL 

0 

Integrating along the equipotential curve and rearranging the terms, we obtain the 
modified formula 

Q 2rrkyxtan9 r1 + ~ 2 e-s!n 2 e1 = 2rrkyxtane [.>..(9)] 
L 4X sin~ 0 J 

(19) 

(20) 

(21) 

Since the term X(9) is always positive, the curve defined by Eq. 21 will always lie abov, 
Dupuit's curve, which agrees with theoretical considerations as well as experimental 
results. 

In order to derive an equation for the shape of the water table profile, Eq. 21 must 
be integrated with respect to the variables y and x. Since .>..(9) is a function of the slopE 
of the surface, direct integration is possible only if the term in the brackets is replace 
by its average and constant value for small, but finite, intervals of x and y, as 

X (0) 1 + _L 2 e - sin 2 e 
4 i sin2 e 

- Y 1 + Y 2 - X1 + X2 
where y = --2-, x = --r, and e 
discharge is defined by the r elationship 

= arc tan y1 - Yz . 
X1 - X2 

Q 
Q = k 

(22) 

If the concept of reduced 

(23) 
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the differential equation for the water table profile is given by 

Q 

>..(e}rrx 
dx == 2y dy (24) 

Integration of Eq. 24 from x1 to x 2 and from y1 to y2 yields 

or 

Q 
>..(0)11 

2 Q 
Y1 - --

>..(9) ,r 

which defines the curve of the free surface . 

(25) 

(26) 

The accuracy of Eq. 26 depends on the size of the intervals l::i.y == y1 - y2 and l::i.x == 
x1 - x 2, since the error in replacing>.. (0) by its average value in the given interval de
creases as l::i.y and l::i.x decrease. In order to plot the water table profile, we begin at 
the point (x == R, y == H) and determine the reduced discharge by Dupuit' s equation: 

Q == 1T 
H2 - h5 
ln _!! 

r 

(27) 

Then, assuming that>.. (0) == 0 and using a small increment l::i.x == x1 - x 2, we calculate y2 

by Eq. 26. In the second step e is determined from the equation 

e == arc tan l::i.y 
l::i.x 

(28) 

and this leads to a new value for >..(e), which may be termed >.. 2(e) . Substitution of this 
latter value into Eq. 26 will yield a new value for y2 , which can then be used to calcu
late >..ie). This process is repeated until 

XO • O 
HO•(FAC)(HJ 

OREO '" "'-ttc., ... (,:.) ( 
0.1 ) 

B• orc tan X(K-II-XlKI 

Fa I+ V( K) • 't(t<•IJ ('l8•1WUJ) 
• (X(Kl • X'(tMJJ aln'-6 
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Figure 6, Flow chart of computer program, 

(y:Jn =' (yJn- 1 (29) 

which is a point on the water table 
profile . Then, the same proce
dure is applied to successive in
tervals, and this results in the 
determination of other points on 
the free surface. 

In order to compare the results 
of this modified theory with ex
perimental data and to provide a 
graph by which the seepage sur
face can be determined, a com
puter program was developed ac
cording to the flow chart given in 
Figure 6, and 87 curves were 
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calculated. These calculated curves 
were compared with the experimental 
results of Babbit and Caldwell (5), 
Ollos (6), Bolton (7), Altovski and 
Ra.sin {7), Aravin (7), and Karadi (8), 
and with the calculations of Girinsln 
(7), Nahl'gang (9), and the authors; 
these calculated results were based or 
the numerical solution of Laplace's 
solution. This solution was obtained 
by use of matrix mathematics, where• 
by the system of nonhomogeneous 
equations was incorporated into the 
nonhomogeneous matrix equation 

(30) 

where the constant column matrix Q depends on the boundary conditions. If both sides 
of Eq. 30 are premultiplied by the Tnverse matrix A -i, we get 

A-1 
~ re = A-1 C (31) 

or 
'f = A-1 C = (32) 

which gives the values of pat the nodal points. Figure 7 shows one of the calculated 
curves together with the experimental curve found by Babbit and Caldwell (5) for a sarn 
model, two curves based on other theories, and several points determinedby the nu
merical solution to Laplace's equation, as accomplished by the authors. Although the 
calculated curve lies slightly below the experimental one, the deviation is negligibly 
small; this discrepancy between experimental and theoretical results may be explaine1 
in part by the fact that it is extremely difficult to measure accurately the shape of the 
groundwater profile near the well. Also, the points obtained from the numerical solu
tion to Laplace's equation show excellent agreement with the modified theory . =-

To assist in determining the seepage surface, Figure 8 shows log../ Q plotted r 
h~ - h

2 

versus ---0 in a manner suggested by Shestakov (7) . Since the experimental data 
Q -

of different investigators are in 
close agreement with the theo
retical curve, the modified the
ory presented herein seems to 
offer considerable improvement 
over previous theories. Due to 
the general absence of idealized 
conditions in the field, results 
obtained therefrom normally 
exhibit a slightly higher devia
tion from the theoretical curve 
than data based on experiments 
conducted in the laboratory; this 
is illustrated by the field mea
surements of Karadi (8). How
ever, note that the points cor
responding to the numerical 
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solutions of Laplace's equation, as obtained by Girinski (7), Nahrgang (9), and the 
authors, lie very close to the curve representing the mod1fied theory. -
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The final point to be discussed concerns the question of "critical depth." According 
to its definition, the critical depth is characterized by a water table profile which pos
sesses a vertical tangent at the wall of the well. If 8 = 90 deg is substituted in Eq. 18, 
we can immediately see that the existence of a critical depth is impossible for finite 
values of x and y. Hence, the conclusion must be advanced that this concept is errone
ous and results from the wrong approximation that the equipotential surfaces are arcs 
of concentric circles. 

SUMMARY 

A modified theory based on the assumption of nonconcentric, circular equipotential 
surfaces has been derived to describe the flow characteristics of a gravity well fully 
penetrating a homogeneous, cross-anisotropic porous medium. This theory eliminates 
the error associated with the approximation that the velocity is constant along equipo
tential surfaces and it yields results which are in good agreement with experimental 
data and numerical calculations by others. 
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Permeability of Anisotropic Porous Media 
RAYMOND J. KRIZEK, Associate Professor of Civil Engineering, The Technological 

Institute, Northwestern University 

The general equations for two-dimensional Darcian flow through 
saturated, homogeneous, anisotropic porous media are de
rived, discussed, and illustrated graphically. In general, the 
directions of the flow line ·and the gradient at a point are not 
coincident for such flow conditions, and two different definitions 
are possiple for the permeability in any arbitrary direction. 
These two definitions do not yield the same result, and the 
difference may be quite substantial, depending on the degree 
of anisotropy and the direction considered. Physically, these 
two values are the extremes associated with a given direction; 
since the laboratory-measured permeability in this same di
rection depends on the boundary conditions of the specimen, an 
intermediate directional permeability value is usually obtained 
and the use of this value in the solution of seepage problems 
is somewhat restricted. 

•ANISOTROPY is a very common occurrence in many natural soil and rock formations, 
and its effect on the flow of groundwater through such deposits presents a very complex 
and challenging problem. There are a variety of factors responsible for the anisotropy 
of a given porous medium. For example, when the effect of worm and root holes is 
extended uniformly over a large volume, the soil may be regarded as anisotropic. Due 
to its vertical structure, loess exhibits marked anisotropic flow characteristics. If a 
soil has natural or artificial stratification, the permeability depends on the direction of 
flow. Such a condition is often found in sedimentary soils consisting of alternating 
layers of different texture. Maasland (1) discusses the directional permeabilities of 
an ideal homogeneous anisotropic soil defined as a nonhomogeneous soil consisting of 
infinitesimally thin altP.rnat.ing homogPnP.011~ i~otrnpic layers. Also, anisotropy may 
result from the shape of the soil particles, since plate-shaped or needle-like particles 
will generally be oriented with their longest dimension horizontal as a result of the 
process of deposition and subsequent one-dimensional consolidation. In addition, the 
permeability may vary with direction in the bedding plane itself if the soil particles are 
arranged in that plane so that the longest axes of the particles parallel each other. One 
such study of the effects of mineral grain orientation has been presented by Graton and 
Fraser (2). Furthermore, Dapples and Rominger (3) have shown that when elongated 
mineral grains are larger at one end than at the other, their final orientation will be 
parallel to the direction of the last current disturbing them with the larger end pointin1 
opposite the direction of flow. These considerations indicate in a general way that it i: 
quite probable that a natural homogeneous porous material will be anisotropic with re
spect to permeability. 

EVIDENCE OF ANISOTROPY 

Several laboratory measurements have been made of the vertical and horizontal com• 
ponents of permeability. Muskat (4) lists 65 sand samples and observes that over two
thirds exhibit a larger permeability in the direction parallel to the bedding plane than 
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perpendicular to it (up to a ratio of 42) while some few had a greater permeability per
pendicular to the bedding plane (up to 7. 3 times the permeability parallel to the bedding 
plane). Using an analysis of soil settlement, Gould (5) found that the average ratio of 
horizontal to vertical permeability for a particular clay was 37. 5. Hvorslev (6) used 
piezometer measurements to determine the anisotropy quotient for the same soil to be 
41. 6. Aronovici (7) reports a maximum anisotropy quotient of 3. 0 for 15 soil samples. 
Using various methods of measurement, such as the auger hole method, the piezometer 
method, the tube method, and laboratory tests, Reeve and Kirkham (8) found marked 
evidence of permeability anisotropy, but noted that the quantitative vaiues obtained were 
influenced by the type of test used. As a final example, Johnson and Hughes (9) and 
Johnson and Breston (10) measured the permeability of natural rock pieces obtained 
from oil well cores in intervals through 180 degrees; anisotropic permeability condi
tions were found and some consistency was noted in the directions of the maximum and 
minimum permeabilities over relatively large areas. 

INFLUENCE OF ANISOTROPIC PERMEABILITY 

If an anisotropic porous medium is subjected to a hydraulic gradient in only one di
rection and if flow is prevented in all other directions, a definite permeability will be 
measured. If the same experiment is performed in a different direction on the same 
anisotropic porous medium, a different permeability results. These different perme
abilities are called directional permeabilities and are the usual permeability as defined 
by Darcy. 

For an anisotropic porous medium, the direction of the hydraulic gradient and the 
direction of the velocity are generally not parallel; this effect has been observed by 
Johnson and Hughes (9), Johnson and Breston (10), Scheidegger (11), Sullivan (12), 
Pressler (13), Botsef(14), Griffiths (15), and others. As a result of this flow condition, 
two different methods exist for defining directional permeabilities. The first definition 
expresses the directional permeability as the ratio of the component of velocity in the 
direction of the gradient to the magnitude of the gradient, and the second definition ex
presses the directional permeability as the ratio of the flow velocity to the component 
of the gradient in the direction of flow. Unfortunately, these two definitions do not yield 
the same result; this difficulty is "somewhat disconcerting, " as expressed by Schei
degger (11), and the decision of which definition to use depends on the type of measure
ment thathas been made. Although the latter definition is more widely employed, very 
often a permeability test on an anisotropic sample does not equal either of the two values 
defined due to imposed boundary conditions; rather, these two values are the extremes, 
and actual measured permeabilities will generally fall between them. 

THEORETICAL DEVELOPMENT 

In order to account for the directional interrelationship between flow velocity and 
gradient, Darcy's law has been extended by heuristic reasoning based on maintaining a 
linear dependence between velocity and gradient components. This same form can also 
be obtained by a basic set of postulates concerning the nature of flow in anisotropic 
media, as advanced by Ferrandon (16), and considering the consequences. 

By use of this reasoning, the "permeability" of an anisotropic porous medium has 
been described by Maasland (1), Scheidegger (11), Collins (17), Marcus (18), Liako
poulos (19, 20), and others as-a "symmetric permeability tensor." On this basis, the 
resultingvelocity-gradient relationship may be expressed as 

(1) 

Consideration of kij as a symmetric tensor leads to the conclusion that the tensor can 
be diagonalized to yield three orthogonal axes in space along which the velocity and 
gradient do have the same direction; these axes are termed the principal axes of the 
permeability tensor, and the respective permeabilities are called principal perme
abilities, k1, k2, and ks, where ki ;? k2 ;? ks. 
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Although kij is usually assumed to be a symmetric 
tensor, it is not intuitively obvious why this must be 
the case. In fact, Collins (17) states that it cannot be 
expected that all anisotropicporous media can be as
sociated with a symmetric permeability tensor. For 
example, the soil formation described by Dapples and 
Rominger (3) where elongated mineral grains are 
larger at one end than the other and oriented with their 
larger ends pointing in one direction would probably 
not produce a symmetric permeability tensor. Since a 

Figure 1. Genera I conditions for flow nonsymmetric tensor cannot be diagonalized, results 
through anisotropic porous media. cannot be expressed in terms of principal permeabil-

ities lying along orthogonal axes. 
Other pertinent studies on flow through anisotropic 

porous media have been reported by Schaffernak (21), 
Vreedenburg and Stevens (22), Vreedenburg (23), Yang (24), Ferrandon (25), Schei
degger (26), Maasiand and Kirkham (27), Rohnisch and Marotz (28), Pateland Siraska1 
(29), andmany others. In addition, Kenney (30) has studied the permeability ratio for 
perfect, repeatedly layered sediments by useof laboratory and field data. However, 
all of these studies assume the validity of a particular extension of Darcy's law for flo, 
through an anisotropic porous medium. 

Directional Permeabilities 

Assuming the symmetric tensor concept is adequate and considering only two
dimensional flow for simplicity, Eq. 1 may be written 

V : k ~ +k ~ 
X xx ax xy ay 

V =k acp +k ].!2_ 
y yx ax YY ay 

(2) 

where kxy = kyx. Thus, it is seen that flow in a given direction (e.g., the x direction) 
may be caused by the component of the gradient in a perpendicular direction (e.g., a({J/ 
a y ). To visualize this situation and to assist in the development of the resulting theor) 
tho -flnur ronnrHtinnc:! ,:a,f ll,n'IT rri,Ton nn;n+ nr;fl,;n ,.," ..--n;onf-,..nn;n "'"',..n,,11'.'.'1 _.,~,1;,..,.,_ ...,_.,.,.,. 1,,,,.. _,......,_ 
.., ......... .A.&..,,, .... ...,, ... ,._.&..,..,...,,. .. ~ _., _ ..... ., b,.., vaa t'...,.&..._a., •w .&."-&&.&.&& a.+&.a. ""'"".&.~v"'.1. vp.a.v pv.1,. vuo .&J..l'-"Y.&.U..l.l.l .1.J.J.t:1.-J U'C, .I. -c;p 

resented as shown in Figure 1 in which the x and y axes are oriented in any two mutuall 
orthogonal directions, the angles a and /3 define the directions of the velocity and the 
gradient, respectively, at the point, and II represents any arbitrary direction. 

If the velocity in the II direction is designated as v v, we may write 

V = V cos V + V sin V 
II X y 

which, by use of Eqs. 2 and 

becomes 

~ = ~ cos (/3 - 11) 
ax 11 a xf3 

k ~ cos (/3 - II) = [ k cos f3 + k sin /3] ~ cos II 
v ax 

13 
xx xy ax f3 

+ [ k cos f3 + k sin 13] --2..P_ sin v xy yy ax
13 

(3) 

(4) 

(5) 
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Use of the relation cos ((3 - v) = cos (3 cos 11 + sin (3 sin v allows Eq. 5 to be solved for 

k II as follows: (k cos f3 + k sin (3) cos v +(k cos (3 + k sin (3) sin 11 

xx ~ ~ " k - ----~------c------,--~---- (6) v - cos B cos v + sin {3 sin 11 

In a similar manner, a second expression for k 11 may be derived by writing 

~ = ~ cos v + ~ sin v ox
11 

ox oY (7) 

Solving Eqs. 2 for cl <P and cl ((), and substituting the results into Eq. 7, we obtain ox oY 

:~ = [ ( ~sin a-\y cos a)cos 11 +(k~ cos a -kxx sin a)sin v] k2 _: k (8) 

xy xx yy 

which, by use of v 11 = v cos ( v - a) = v ( cos II cos a + sin II sin a), yields the following 
expression for k : 

II 

(cos II cos a + sin II sin a) (k
2 

- k k ) 
~ xx yy 

k =~-------- ---e--- ----'----------'----
11 (k sin a -k cos a) cos 11 + (k cos a -k sin a) sin 11 xy yy xy xx 

(9) 

Thus, either Eq. 6 or Eq. 9 yields a value for k 11 and represents a general solution 
for the directional permeability in the arbitrary direction v. If we let the arbitrary 
directions x and y lie in the directions of the principal permeabilities k1 and k2, re
spectively, where k1 is greater than k 2, Eqs. 6 and 9 reduce to 

and 

k = k1 cos (3 cos v + k2 sin {3 sin 11 
11 cos (3 cos 11 + sin B sin 11 

kik2 (cos O'. cos v + sin a. s in v) 
k 11 = k 2 cos a cos 11 + k 1 sin a sin v 

(10) 

(11) 

•o•~-~-~--~---~- ~ 
Variation Between Gradient and 
Velocity Directions 

0 
0 75• 90° 

/3 

Figure 2. Angle between velocity ond gra
dient directions vs gradient direction. 

Since there is physically only one value for 
k 11 , equating Eqs. 10 and 11 will yield the fol
lowing relation between the angles a (velocity 
direction), (3 (gradient direction), and the 
principal permeabilities k1 and k2: 

(12) 

As becomes immediately evident, the directional 
permeability of an anisotropic porous medium 
in an arbitrary direction II is a function of the 
direction, the principal permeabilities, and 
the test conditions; the latter is true because 
the choice of Eq. 10 or Eq. 11 to determine the 
directional permeability depends on whether 
the gradient direction or the velocity direction, 
respectively, is known. As can be seen from 
Eq. 12, as k1 approaches k2, a approaches (3 
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~·--~----r---.~--r-----r---, 

a 

Figure 3. Angle between velocity and gra
dient directions vs velocity direction. 

and the difference between the k1,1 values ob
tained from Eqs. 10 and 11 becomes small. 

If A is designated as the angle between the 
gradient direction and the velocity direction, 
Eq. 12 may be written as 

tan ( B - ,-) k2 tan ct 
tan fj = k1 = tan ( ct + x) (13) 

In terms of the gradient and velocity direc
tions, respectively, x may be expressed from 
Eq. 13 as 

fj - tan -i [~: tan fj] = 

X = tan-
1 [~~ tan ct]- ct 

(14) 

As can be seen in Figures 2 and 3, for each 
value of k2/ki, X reaches a maximum at some particular value of ct or fj; for all other 
values of ct or fj at some specific k2/k1, there are two values of ct or fj which yield the 
same x. 

The point of maximum X for any given value of ka/k1 can be determined by applying 
the standard procedures of calculus. Although Eq. 14 can be used for this purpose, thE 

mathematical manipulation is simpler if the relationship tan ('t) ± s) = tan 11 ± tan 8 is 
1 :i:tan11tan e 

substituted into Eq. 13, the results solved for X and differentiated with respect to fj anc 
ct, respectively, and set equal to zero. Solving the resulting expressions for fj and ct, 

we obtain 

which, when substituted into Eq. 14, yields 

2 fj - 90° = X = 90° - 2 ct 

These equations are shown as dashed lines in Figures 2 and 3, respectively. 

Permeability in the Gradient Direction 

If II equals fj, Eq. 10 becomes 

k fj = k1 cos2 fj + k2 sin2 fj 

(15) 

(16) 

(17) 

which yields the permeability in the gradient direction. As shown by Durelli, Phillips, 
and Tsao (31) and others, Eq. 17 is similar to the equation that results for the normal 
stress an acting on a plane inclined at an angle (() to the principal stresses 0'1 and c,2, or 

a = a1 cos2 
(() + a2 sin2 

(() n 

By normalizing the permeabilities in Eq. 17 by k1, we obtain 

(18) 

(19) 
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which is the equation for a straight line with intercept 
cos2 (3 and slope sin2 (3; a plot for this relationship is 
s hown in Figur e · 4. 2 

, 2 cos (3 
For each value 0f (3, defme x = -k-- and 

• ?. (3 (3 
y 2 = s: · t hen Eq_. 17 can be written 

/3 

(20) 

02 04 0 _6 08 10 

Figure 4. Relationship between per
meability in the gradient direction 
and principal permeability ratio. 

which is the equation for an ellipse with semimajor 
and semiminor axes of k2 112 and ki- 112, r espective ly; 
the graph of this equation is given in Figure 5. Ac
cording to this definition, the coordinate transforma
tion required to transform the anisotropic porous 
medium into an equivalent isotropic one is 

X=~ x. With the use of this coordinate trans

formation, Eq. 20 becomes the equation for a circle, 
which indicates that permeability is directionally in

variant. Equation 20 is analogous to the stress quadric of Cauchy, as explained by 
Durelli, Phillips, and Tsao (31) and others, which represents the equations governing 
the state of stress at a point.-

Differentiating Eq. 20 with respect to x, we obtain 

dy k1 X k1 
- = - - - = - - cot (3 
dx k2 y k2 

(21) 

If Eq_. 21 represents the slope of the tangent to the ellipse at some arbitrary point, then 
the negative reciprocal gives the normal to the ellipse at the same point; use of this 
condition and Eq. 12 allows us to write 

dx k2 - = - tan (3 = tan a 
dy k1 

(22) 

Since a is the angle between the major principal permeability direction and the velocity 
direction, the preceding procedure permits determination of the direction of the velocity 
in a manner very similar to that employed to deter-
mine the direction of a resultant stress vector. A 
t y p i c a 1 ex a m p 1 e of this construction is shown in 
Figure 5. 

Permeability in the Velocity Direction 

If v equals a, Eq. 11 becomes 

1 cos2 a sin2 a 
-- =---+---
k k1 k2 

Ci 

(23) 

which yields the permeability in the velocity direction. 
By normalizing the permeabilities in Eq. 23 by k1 and 
inverting, we obtain 

Ci 2 1 , 2 k [ k ]-1 
~ = cos a + k

2 
sm a (24) 

which is shown graphically in Figure 6. 

y 

I 

-.Iii, 

Figure 5. Graphical representation of 
permeability in the gradient di re ct ion. 
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Figure 6. Relationship between per
meabi ilty in the veiocitydirection 
and principal permeability ratio. 

For each value of a, define x2 = ka cos2 a and 
y2 = ka sin2 a; then Eq. 23 can be written 

(25) 

which is the equation for an ellipse with semimajor 
and semiminor axes of ktf2 and k~12 , respectively; the 
graph of this equation is given in Figure 7. This ap
proach, which is based on the velocity direction defi
nition of permeability, is discussed briefly by Harr 
(32) and others, and it is very commonly employed in 
the solution of seepage problems. The associated 
coordinate transformation to obtain an equivalent iso-

tropic medium is X = ~ x. Equation 25 is analo

gous in form to the equations representing the stress 
ellipse of Lame and the associated stress director 
surface, as discussed by Durelli, Phillips, and Tsao 
(~), and others. 

Differentiating Eq. 25 with respect to x, we obtain 

(26) 

which represents the slope of the tangent to the ellipse at some arbitrary point; hence, 
by use of Eq. 12 and the condition that the normal to the ellipse at this same point is the 
negative reciprocal of the tangent, we may write 

dx k1 
- = - tan a = tan B dy k2 

(27) 

Since f3 is the angle between the major permeability direction and the gradient direction, 
the preceding procedure permits determination of the direction of the gradient in a 
manner analogous to that used to determine stress directions. 

Although the preceding representations in terms of ellipses are very convenient for 
permeabiiity vaiues which are measured in the diredion of the velocity or in the direc
tion of the gradient, they are limited to these two cases and cannot be used to represent 
permeability values measured in arbitrary directions. However, if the degree of an
isotropy is small, the ellipse representations for arbitrary directional permeabilities 
will yield reasonable results with small errors. 

Comparison of Permeabilities in Gradient 
and Velocity Directions 

Equations 17 and 23 represent the per
meability in the direction of the gradient and 
velocity, respectively; as such, they are 
very restricted in their applicability. In gen
eral, these two definitions for permeability 
will be different; it is only for the case where 
k2 equals k1 that the two definitions yield the 
same value. For sake of argument, we may 
write the ratio kB /k a as 

,., 2 • 2 cos ct. sin ct. kQ [ ] [ 2 • 2 ] 
ka = k1 cos B + k2 sm 8 ~ + --ic;-

( 28) 
Figure 7. Graphi ca I representation of per
meability in the velocity direction. 
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If ct. is taken equal to f3, Eq. 28 may be written 

2 

k (1 -k2) 
_!! - 1 = k t s in2 f3 cos2 f3 (29) 
k k2 

a k1 

Since the ratio kB /ka should be unity, a measure of 
the difference between the calculated values of ka 
and ka may be obtained from the equation 

Percent llifference O I 00 [ ( , -: )' s;n' µ cos' µ] 

(30) 

Similarly, Eq. 30 could be expressed in terms of 
a. Approaches similar to the preceding have been 
presented by Scheidegger (11) and Marcus (18). As 
can be seen from the plot oTthe percent difference 
in permeabilities vs the ratio of the principal per
meabilities (Fig. 8) for the various angles a or {3, 
these differences can be quite large and therefore 
are not always negligible. 

LABORATORY APPLICATION 

One very important application of the preceding theory lies in the conventional man
ner in which permeability tests are conducted on specimens in the laboratory. To de
termine the directional permeability of an anisotropic porous material, boundaries 
must be imposed. These boundaries, together with the principal permeabilities and the 
orientation, determine the direction of flow and the gradient at each point of the sample. 
Hence, the directional permeability will be a function of the dimensions of the sample 
as well as the material properties. If a given head loss produces a constant flow rate 
through a rectangular sample, some average value for the apparent directional per
meability can be determined by application of Darcy's law; it is this apparent perme
ability that is generally measured in normal permeability tests. However, since the 
geometry of the sample is not taken into account, the results of these tests have limited 
value in the determination of permeabilities in directions other than along the principal 
axes. In a rectangular sample with an infinitely large length-to-width ratio, the flow 
lines are forced to be parallel to the sample boundary and the measured directional 
permeability is the lower limit. On the other hand, if the sample has an infinitely small 
length-to-width ratio, the direction of the gradient will be perpendicular to the upper 
and lower equipotential faces of the sample and the measured directional permeability 
is the upper limit. A more detailed treatment of this point has been given by Marcus(~). 

CONCLUSIONS 

Based on the theoretical considerations presented in this paper for two-dimensional 
Darcian flow through a saturated, homogeneous, anisotropic porous medium, the fol
lowing conclusions may be drawn: 

1. The direction of the flow lines and the direction of the gradient are not coincident, 
in general, and flow in a given direction may result from the component of the gradient 
in a perpendicular direction. 

2. Two different definitions exist for directional permeability, and the difference 
between values obtained from each of these definitions may be substantial. 
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3. The directional permeability of an anisotropic porous medium is a function of th1 
direction, the principal permeabilities, and the boundary conditions, since the boundar 
conditions will determine the direction of flow or the direction of the gradient. 

4. Due to imposed laboratory conditions, permeability tests on specimens of aniso
tropic porous media will generally not yield a permeability value that is associated witl 
either the velocity direction definition or the gradient direction definition; rather, some 
intermediate permeability will be obtained. 

5. The specific cases of permeability in the velocity or gradient directions may be 
conveniently represented by ellipses which are similar in nature to those used to repre 
sent stresses; however, directional permeabilities in arbitrary directions cannot be 
handled in such a manner. 
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Nondestructive Measurement of 
Suhgrade Moisture Variations 
T. ALLAN HALIBURTON, Assistant Professor, School of Civil Engineering, 

Oklahoma State University 

•MOISTURE variation and accumulation under highway subgrades, with resulting 
changes in soil volume and strength, can result in poor pavement performance. Mea
surement of subgrade moisture changes and correlation of these data with soil, climate, 
and pavement conditions may yield information useful in improving highway design 
procedures. 

Accordingly, the School of Civil Engineering at Oklahoma State University, in coop
eration with the Oklahoma Department of Highways and the Bureau of Public Roads, 
initiated in June 1964 a six-year study to measure subgrade moisture variations. Scopt 
of the study is fourfold: (a) to develop an effective procedure for measuring subgrade 
moisture variations; (b) to develop procedures for making these measurements through 
out Oklahoma; (c) to relate measured moisture changes to soil, climate, and pavement 
conditions; and, hopefully, (d) to suggest revised design procedures to improve pave
ment performance (1). 

Nuclear depth moisture and density equipment was chosen to measure subgrade 
moisture variations, and, after much discussion and experimentation, actual field test 
site installation was started in the summer of 1966. The heavy clays which predom
inate in Oklahoma required a specially designed pickup-mounted drilling unit to core 
the pavement and auger a straight, close-tolerance 2-inch hole to a 10-foot depth. A 
10-foot length of Schedule 150 (2.000 inch OD, 1.900 inch ID) seamless aluminum pipe, 
plugged at the bottom, was installed in the augered hole as access tubing for the 1. 865-
inch OD nuclear depth moisture and density probes. Standard plumbing supplies were 
used to cover the tubing and protect it from weather and traffic without destroying 
pavement integrity. Three tubes were installed at each site, at the center and edges 
of the pavement. An on-pavement working time of 4 to 6 hours was normally required 
to install the tubes and collect initial data. Detailed procedures for installation are 
available elsewhere (2). 

Preliminary test site selection was made in the office. Sites were located close to 
Weather Bureau recording stations to obtain useful climate data. Final site selection 
was made by visiting the area and, all other factors being equal, picking a location 
where maximum sight distance for on-pavement working safety was available. Both 
old and new pavements were selected. By measuring conditions under old pavements 
in good condition, allowable moisture levels might be determined. Measurements 
under new pavements would allow the phenomenon of moisture accumulation to be ob
served. No discrimination was made with respect to pavement type, either flexible or 
rigid, and various shoulder conditions were investigated. The majority of sites were 
installed on cohesive subgrades, but several sites were installed in granular material. 

Fifty test sites have been installed in northeastern and north central Oklahoma duri11 
the summers of 1966 and 1967. Data collection at all sites is proceeding on a 6- to 8-
week basis. The test sites have behaved well under traffic and weather conditions, 
with only minimal maintenance required. 

Two sets of nuclear depth moisture and density equipment are being used to collect 
field data. Calibration of the nuclear equipment for Oklahoma soils was required (3, 
j_), but it has proven very reliable and trouble-free under daily use for almost two -
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~ars. Pavement condition ratings have been made periodically at each site by the 
klahoma Department of Highways, and attempts are being made to evaluate field 
ata collected to date. 
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It is concluded that the project has developed efficient procedures for in-place non
estructive measurement of subgrade moisture variations, using nuclear depth mois-
1re and density equipment. 
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