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•A RATIONAL analysis of pavement structures, foundations and land locomotion prob
lems is based on the application of continuum theories of behavior of pavements and/or 
soil systems. The objective of a rational analysis is the development of numerical 
data that will accurately predict the performance of a particular engineering structure. 
In the analysis of pavements this objective would be accomplished if the rational anal
ysis accurately predicted the stress and displacements in a pavement system subjected 
to a known pattern of vehicle loading. 

One of the features required in a rational analysis of pavement structures is the de
scription of surface conditions imposed by vehicle traffic. In particular, attention is 
directed to the lateral restraints imposed on the surface by a ti.re. 

The movement of an automobile, truck or any self-propelled vehicle depends on the 
traction of the wheel as applied to the pavement surface. A perfectly smooth surface 
would provide no traction and there would be no movement. Thus, realistically the 
loaded area of a tire imprint transmits vertical loads due to the weight of the vehicle 
and tractions which are due to the lateral restraints between the tire and the pavement. 

The nature of lateral restraint between the applied tire load and the pavement sur
face is demonstrated in Figure 1. A static circular loading applied to a frictionless 
surface (Fig. la) will produce a surface displacement vector (ui). This vector has two 
components, the vertical displacement (uz) and the radial displacement (ur). In actu
ality, the pavement surface is not frictionless. There is some lateral restraint be
tween the tire and the surface. The application of a vertical force and subsequent lat
eral motion (ur) will induce a frictional force between the tire and the pavement. This 
frictional effect (Fig. lb) alters the magnitude and distribution of the displacement of 
the pavement surface. The exact shape of the altered displacement pattern depends on 
the magnitude and distribution of the frictional force. A simplified means of determining 
the frictional force is to assume Coulomb friction. The frictional force is then di
rectly proportional to the applied load. A more realistic, though more complex, me
chanism would be to consider the frictional force as related to the radial displacements. 
This is in the nature of considering the adhesion between the tire and the pavement sur
faces. 

The adhesive effect (Fig. le) restricts the lateral displacement (ur) of the pavement 
surface. The exact nature of adhesion between the tire and the pavement is unknown. 
It is probably a function of the load as well as the material properties of tire and pave
ment. A specification of full adhesion (ur = O) under the load, on the other hand, will 
produce an extreme effect which can form a bound to all other solutions. 

This paper treats the problem of an elastic half-space. The surface of the half
space is subjected to a vertical loading and a lateral restraint. The vertical load is 
uniformly distributed over a circular area. The lateral restraint conditions are such 
that the region inside the circular area has full adhesion (the lateral displacement is 
zero) while the area outside the circle is frictionless (the shear stress is zero). 

ADHESION UNDER A FLEXIBLY LOADED AREA 

The theory considered is the three-dimensional theory of elasticity for a homoge
neous, isotropic material. Small strains are assumed. It is further assumed that the 
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elastic medium is a half-space and that 
the surface conditions induce axially sym
metric stresses and displacements. The 
theory of elasticity sign convention is 
used. Tensile stresses are positive . 

Frictionless Surface 

The problem of a frictionless surface 
was first solved by Boussinesq (1), and 
later by Love (4). This solution forms 
the basis for later adhesive surface solu
tions. 

In order to distinguish this solution 
from others presented here, the stresses 
and displacements for a frictionless sur
face will be designated with a superscript 
(f). 

The surface is loaded by a uniform load 
intensity (p 0 ) which acts over a circular 
area of radius (a). The boundary condi
tions are 

f 
Uzz =-p0, Qsrsa, Z 0 (la) 

z 
Figure l. Surface conditions. 

f 
crzz 0, r >a, 0 (lb) 

f 
crrz = O, 0 s r s "', z = 0 (le) 

It is convenient to express the stresses and displacements in nondimensional form. 
The nondimensional variables are 

R r/a 

and 
z z/a 

The stresses and displacements are 

Po (l + v) 

E ZI.i - {l - 2vJij 

f p 0 (l + v) [ J 
uz/a = E 2(1 - v)I~ + ZI~ 

a!.~/Po = zI2 - I1 + 1 - 2v Io - ~ I1 
tttt: o o R i R1 

= ~ I1 _ 2 I1 _ 1 - 2v Io 
R i o R i 

- I~ - ZI~ 

- ZI2 

1 

(2a) 

(2b) 

(3a) 

(3b) 

(3c) 

(3d) 

(3e) 

(3f) 



where 

i A. q - 1 Js(RA.) J 
1

(A.) exp ( -A.Z)dA. 

0 

and (E) and (11) are Young's modulus and Poisson's ratio, respectively. 
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(3g) 

The integrals (Iq) defined above can be expressed in terms of elliptic integrals ( 4). s -
They have also been tabulated (3). 

The surface (Z = O) displacements are 

f lb (1 + v) (1 - 211) 
R < 1 (4a) uR(R, O)/a 2E R, 

f p (1 + 11) (1 - 211) 1 uR(R, O)/a 0 R > 1 (4b) 2E R' 

f 4(1 - 112 )p
0 E(R), (4c) uz(R, O)/a nE R < 1 

f 
uz(R, O)/a = •(I ~~' )p, R [ E (i) - (R~~ ') K (k)] , R > 1 (4d) 

where K(R) is the complete elliptic integral of the first kind and E(R) is the complete 
elliptic integral of the second kind. 

The stress components along the centroidal axis (R = O) are 

akR(O, Z)/p
0 

= a~9 (0, Z)/p 0 = ~ [ ZI~ (0, Z) - (1 + 211) I~ (0, Z)] (5a) 

a~z(O, Z)/p
0 

= - l~(O, Z) - ZI~(O, Z) (5b) 

f 
aRZ(O, Z)/p 0 = 0 (5c) 

where 

I~ (0, Z) = 1 - ( z/V 1 + Z2 
) (5d) 

(5e) 

Adhesion Under a Flexibly Loaded Area 

The adhesion problem is one in which there is no lateral displacement under the 
load while the surface outside the load is frictionless. These conditions are formulated 
for a uniform flexible loading as 

-
O'zz - Po, 0 :;;; r :;;; a, z = 0 (6a) 

-
O'zz 0, r > a, z = 0 (6b) 

u = 0 
r ' 

0 :;;; r :s: a, z = 0 (6c) 

i] = 0 
rz ' 

r > a, z = 0 (6d) 
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It is noted that this case is identified by a bar over the appropriate stress or displace
ment component. 

A solution to the elasticity problem with boundary conditions specified by Eqs. 6 is 
accomplished by use of the principle of superposition. The following boundary condi
tions specify a stress distribution: 

au = 0 0 s; r s; "" z = 0 zz ' ' (7a) 

-f 

- u~ = 0 s: r s: a, z = 0 (7b) 

0, r >a, z = 0 (7c) 

which when added to the frictionless solution will result in the solution to the boundary 
value problem specified by Eqs. 6. 

A solution can be developed by integral transform methods (6). Applying Eq. 7a to 
the transformed stress function (¢*) results in -

¢* = - i [ (1 - 211) - ~z J A
2 

exp ( -~z) (8) 

The application of Eqs. 7b and 7c results in the dual integral equations, 

"' 

I ;2 A2J i (;r)d; 1 - 2v r < a 
4(1 - 11) por, (9a) 

0 

"" 

I t 3 A .T ( tl'\rk .. 0 r >a ., ... -2-1'~-,-., -, 

0 

General relationships for the solution of dual integral equations have been developed 
~' _§_). The coefficient (A2) becomes 

A 2 = 2V2Tri A~ [ J% (>-..)f % ] (10) 

The transformed stress function (¢*) is 

(Ha) 

where 
1 - 2v (11b) 

(1 - 1i)'\/2TT 

The stress components are 

(12a) 

.,, [211Ko1 2(1 - v) Ko - ~ K1] ., + R 1 R i 
(12b) 

17ZK~ (12c) 
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(12d) 

where 

=i 'A q-% Jg 1 (A.) J (ID.) exp (-A.Z)dA. 
/2 s 

(12e) 

0 

The stress components along the centroidal axis (R = 0) of the load are 

AoRR(o, Z)/p
0 

= ~a00 (o, Z)/p 0 = 11 [ (1 + v) K~ (o, Z) - f K~ (o, z)J (13a) 

Aozz(O, Z) /p 0 = 71ZK~ (0, Z) (13b) 

where 

AoRz(O, Z)/Po = 0 

K~(O, Z) = V2fii [tan-
1
(1/Z) - Z/(1 + z2

)] 

K:(o, 2) = '\f871i/(1 + 22
)

2 

(13c) 

(13d) 

(13e) 

The stress components due to adhesion are obtained by adding the above solution to 
the stress components due to the frictionless surface. 

Figure 2 presents a profile of the radial and tangential stress along the centroidal 
axis. For an incompressible material (v = 0.5) there is no effect due to an adhesive 
surface. As the material becomes more compressible the radial stress, for both the 
frictionless andadhesivecases, decreases in magnitude. The magnitude of thedecrease, 
in the adhesive case however, is substantially greater than for a frictionless surface. 

A similar effect is shown in Figure 3, a profile of the vertical stress for both the 
adhesive and frictionless case. In the frictionless case the vertical stress is indpen
dent of Poisson's ratio. In the adhesive case, on the other hand, the vertical stress 
decreases with increasing compressibility. Near the surface the decrease is of the 
order of 25 percent. That is, a very compressible material will have a vertical stress 
some 25 percent less than an incompressible material. 

The surface shear stress is 

= - i!...:_~ R R < 1 
(1-vhr~' 

(14a) 

R > 1 (14b) 

The lateral distribution of the surface shear stress is shown in Figure 4 for various 
values of Poisson's ratio (v). For all but an incompressible material the shear stress 
starts at zero at the center and increases to infinity at the edges of the load. This is 
akin to the problem of a rigid load where the contact stresses are theoretically infinite 
at the edges of the load. 

In a real material with adhesion the high shear stresses at the edges of the loaded 
area will induce some local yielding thus distributing frictional stresses along the sur
face. From a practical viewpoint the effect of tire loads on a pavement is to induce 
high shear stresses at the edges of the tire imprint. 

The adhesive effect is directly opposed to the frictional effect. A frictional surface 
effect is one in which the magnitude of the shear stress is a maximum at the center of 
the load (R = O) and dissipates to zero at the edge of the loaded area. In an adhesive 
condition the shear stress is zero at the center of the load. It increases to a maximum 
value at the edge of the loaded area. 
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It is also noted that if the material is incompressible the surface shear stress is 
zero. This confirms the fact that the frictional and adhesive solutions are identical 
for this special case . 

The surface displacements are 
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uR(R, O)/a = 0, R < 1 (15a) 

uR(R, O)/a (l +; ~ 211
) p 0 [ R sin-

1 
(1/R) + ( 1+~R2 -1)/R], R > 1 

(15b) 

uz(R, 0)/a \i 11 p
0 

[ 4(1 - v) E(R) - (\-_ 
2
:)

2 V 1 - R2
], R < 1 (15c) 

uz(R, O)/a = 4(\Ev:i) p
0 

R [ E(l/R) - R2R~ l K(l/R)], R > 1 (15d) 

Figure 5 shows the lateral distribution of surface settlement. Adhesion under the 
load only affects the settlement under the load. Outside the loaded area the settlements 
are those of the frictionless case. 

The effect of Poisson's ratio on the 
magnitude of settlement in the adhesive 
case is substantially different than in the 
frictionless case (Fig. 6). In the fric
tionless case the minimum surface set
tlement occurs for an incompressible 
material. As Poisson's ratio decreases 
the settlement decreases in magnitude 

Rodia! Oi1lonce r/o 

Figure 4. Radio I distribution of surface 
shear stress-flexible load. 
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as an arithmetic progression. On the 
other hand, in the adhesive case the mini
mum settlement occurs at both ends (zero 
and one-half) of the Poisson ratio spectrum. 
The maximum settlement occurs in the 
neighborhood of (v = 0.2). The settlement 
is about 14 percent higher than the mini
mum settlement. 

Thus the effect of adhesion is to first 
reduce the overall magnitude of settle
ment . In addition, the effect of compres 
sibility is substantially altered, in that 
the maximum settlement occurs for com
pressibilities which are approximately at 
a halfway point in the compressibility 
spectrum. 

CONCLUSIONS 

This paper has presented a solution for 
the stresses and displacements in an elas
tic half-space under the influence of sur
face adhesion. In addition to the numerical 
solutions presented there are several dis-
tinct features of surface adhesion. 

The presence of adhesion reduces the 
magnitude of the stresses. The greatest stress reduction is in the lateral stresses. 

For a frictionless surface the vertical stresses are independent of the elastic con
stants. The presence of adhesion implies a dependence on Poisson's ratio (v). 

The surface shear stress distribution produced by an adhesive surface starts at zero 
at the center of the load and goes to infinity at the edges of the load. This means that 
the friction induced by adhesion is greatest at the edges of the tire imprint on a pave 
ment. Thus there are local shear failures along the perimeter of a flexible load. 
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