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The design of flexible pavements requires a knowledge of the 
stresses and displacements induced by traffic. This paper is a 
study of the response of viscoelastic materials to moving loads 
in pavement systems. By neglecting the inertia effect, expres
sions for stresses and displacements in single- and two-layered 
viscoelastic systems are developed for a moving concentrated 
load based on tbe elastic-viscoelastic correspondence principle. 
Numerical solutions for various types of materials at various 
speeds of the load and discussions of the influence and relative 
importance of various factors affecting the solutions are pre
sented. Comparisons are made between existing fieldmeasure
ments of stress and displacement and the results obtained in 
this study. The computed stresses and displacements decrease 
with increasing speed of the load as well as with increasing 
value of retardation time of the viscoelastic material. For 
viscous materials, the displacements continue to increase as 
the load moves away from the station, but the maximum stress 
always occurs when the load is directly over the station. The 
stresses and displacements in the subgrade soils are reduced 
when a reinforcing layer is present. The degree of reduction 
depends on the speed of the load and the relative material prop
erties for each layer. 

•IN recent years, there has been an increasing interest in the application of dynamic 
theory to the structural design of pavements. Although engineers realize that a highway 
pavement is subject to moving loads as well as stationary ones, most current methods 
of pavement design are based on the assumptions that the pavement materials are time
independent and linearly elastic, and that the design wheel load is stationary. Since 
highway pavement materials have both elastic and viscous properties (1), the stress
strain relations for the materials are not constant but vary with time. -Recent research 
has shown that, under small strains, asphalt mixtures exhibit viscoelastic behavior (2) 
and that a viscoelastic theory should give a better approximation of the displacements 
in pavement systems than that obtained by elastic theories (3). Space technology has 
also advanced in recent years as a result of studies of the viscoelastic behavior of solid 
rocket propellants (4, 5). 

The analysis of linear viscoelastic media is generally based on the correspondence 
principle developed by Lee (6), which permits the application of existing elastic theory 
to the solution of the viscoelastic problem. Considerable work, based on this principle, 
has been done in the analysis of both elastic and viscoelastic plates on viscoelastic foun
dations (7). The application of the principle to the analysis of layered systems was 
initiated by Ishihara(~) and Westmann (~)in 1962. 
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The analysis of viscoelastic pavements subjected to moving loads has received in
creasing attention. One approach (10, 11, 12) considers the pavement to be a visco
elastic beam or plate supported by alinearly elastic foundation. This beam or plate is 
loaded by a concentrated force moving at constant velocity. Perloff and Moavenzadeh 
repor ted (13) a thorough study of the surface deflection characteristics of a viscoel astic 
medium under a moving point load. They found that the r esponse of pavement materials 
to moving loads was quite different from the response to stationary loads. 

The st'.!dy reported herein expands Perloff' s and Moavenzadeh' s work to layered sys
tems. Information is presented that may lead to a better understanding of the influence 
and relative importance of the various factors that enter the problem, i.e., material 
properties and the speed of moving loads. A method of analysis was developed and, by 
neglecting inertia forces, equations were derived for stresses and displacements in
duced by moving concentrated loads at points on and below the surface of viscoelastic 
pavement systems. The equations ·were solved on a digital computer. 

In deriving equations for layered systems, a "rough" interface was assumed, i.e ., the 
displacement in the horizontal direction and the shearing stress were continuous across 
the interface. It was felt that a rough interface would better describe the actual condi
tion of flexible pavement structures. 

To show the effect of a reinforcing layer on the reduction of stresses and displace
ments at the subgrade soils, computations were included for viscoelastic semi-infinite 
solids that had the same material properties as the subgrade soils. These computations 
were compared with those for layered systems. Because the stresses and displace
ments under moving loads decrease rapidly with increasing speed of the load, numerical 
solutions were obtained for various speeds and several types of materials. These re
sults were then compared with solutions for stationary loads. 

It was felt that a dimensional presentation of several variables could best serve one 
essential purpose of this study, i.e., to show the effect of the speed of the load and the 
variations of material properties on the stresses and displacements in pavement sys
tems. Therefore, time, t, was expressed as seconds and velocity, v, as miles per hour 
in the numerical presentations. 

Since layered systems were difficult to analyze, even with a high-speed digital com
puter, an incompressible material and a Kelvin model were assumed for each layer to 
describe the behavior of the linear viscoelastic materials. To obtain compatible results 
the same were assumed in single-layer systems. The results presented herein are 
limited to one- and two-layer systems. 

ELASTIC ANALYSIS 

Single-Layer Systems 

The expressions for vertic.al stresses an.d v~rtical <ii~pl_aceme11t.s (in the remainder 
of the discussion, stress and displacements are considered to be "vertical") in a semi
infinite elastic half space, subjected to a vertical normal load, can be found in Timo
sheu.ko and Goodier (14): 

where 

11 = Poisson's ratio, 
E =Young's modulus, 

3q -5/ 
Sz = - o z a (R2 + z2) i 2 

2;" (la) 

(lb) 

R = horizontal distance from the normal load to the point where the stress and dis
placement are found, and 

Z =depth of the point from the surface. 
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Figure l. A two-layer elastic system. 
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Two-Layer System 

The elastic solution for two
and three-layer systems was de
veloped by Burmister (15), and 
later extended by Mehta and Velet
sos (16), by using stress function 
method to determine the compo
nents of stress and displacement 
under stationary loads. 

A two-layer elastic system is 
shown in Figure 1. The Young's 
moduli of layers 1 and 2 are E 1 

and E 2, respectively, and the Poisson's ratio for each layer is assumed to be one-half. 
Eqs. 2 express the displacement W 0 on the surface, and the displacement W 1 and the 
stress a1 at a point 2H below the surface of a two-layer system under a normal point 
load, q0 • The derivation of the equations can be found elsewhere (16, 17). 

where 

CD 

= 4:H2 f Jo (mp) Vo dm 

0 

CD 

= ~ f J 0 (mp) V 1 dm 
4?TH 

0 

CD 

~ f mJ0 (mp)V dm 
2?TH 

0 

J 0 = Bessel function of the first kind and order zero, 
m = a parameter 
p = R/H, 

3 -2m 2 -4m 
V = ~ 1 + 4Nme - N e 

0 
Ei 1 - 2N{l + 2m2 ) e - 2m + N2e -4ffi' 

3 (l ) -2m ( 2) -4m v = ~ (1 _ N) + 2m e - N 1 - 2m e , 
1 

E2 1 - 2N(l + 2m2 ) e - 2m + N2e-4lll 

( ) -2m ( 2) -4m 
V = (l _ N) 1 + 2m e - N 1 - 2m e d 

qo -2m -4m ' an 
1 - 2N(l + 2m2

) e + N2e 

Moving Load 

(2a) 

(2b) 

(2c )" 

Since the speeds of the vehicle loads traveling on highway pavement are much less 
than the speeds of the shear and compression waves propagated in the pavement struc -
tures, it was assumed that inertial effects are negligible. The problem was therefore 
treated as quasi-static. 

The pavement structure was assumed to be at rest initially. For times greater than 
zero, the surface of the pavement was subjected to a concentrated load of magnitude, 
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q0, moving along the r-axis with constant speed, v (Fig. 1). The elastic problem for a 
q

0 
loading at a given instant is solved by Eqs. 1 and 2 by shifting the origin of coordi

nates. R can be represented as 

where R0 is the horizontal distance from the origin, o, to the point where the stress and 
displacement are sought. In this study, o corresponds to the initial position cf the mov
ing load. 

VISCOELASTIC ANALYSIS 

Material Characterization 

The viscoelastic stress-strain relations used throughout this paper are based on the 
principle of elastic-viscoelastic correspondence developed by Lee (6) and ar e defined 
by means of linear differential operators with respect to time. For-a linear, homo
geneous, and isotropic material, the stress-strain relation can be represented by two 
pairs of operators, one of which r elates the deviatoric (shearing) stress to the devia
toric strain, the other the mean normal dilatational (volumetric) stress to the mean 
normal strain. For an incompressible material, the bulk modulus of the material, K, 
becomes infinite. Attention was concentrated on the shearing stress and shearing strain 
relations. 

The behavior of a viscoelastic material in pure shear is represented by a differential 
relation in the form 

where 

Sij = deviatoric stress = aij - (j) 6ij °ltk• 

eij = deviatoric strain = <ij - ( j) Oij <kk, 

aij = stress tensors, 

E"ij = strain tensors, 

6ij = Kronecker delta (i.e., oij = 1 when i = j; oij = 0 when i ;, j ), 

Il 

Q = L: 
r=O 

The analogous equation for the elastic solid is 

where G is the shear modulus. 
Compare Eqs. 3 and 4: 

n 

G=~ =L 
r =0 

(3) 

(4) 

(5) 
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For incompressible materials, Young's modulus, E, and Poisson's ratio, 11, are related 
to G and K. 

E = 9KG/(3K + G) = 3G (6a) 

(6b) v = (3K - 2G)/(6K + 2G) = 0. 5 

To eliminate the time variable, the Laplace transform with respect to t can be applied 
to Eq. 3. The transforms of stresses and strains are denoted by a star on the corre
sponding function. H the system is initially undisturbed, i.e., with initial stress and 

strain conditions equal to zero, an operator in :t merely becomes the same function of 

the transformed variable p, so Eq. 3 becomes 

P(p)sij * = 2Q(p)eij * (7) 

where 

m 

P(p) =~ a Pr r 
r =0 

and 

n 

Q(p) =~ arPr 

r =0 

H the Laplace transforms of the stresses and strains are considered, and if G* is 
defined as follows 

G 

Figure 2. Kelvin model representing 
response to deviatoric stress. 

where T is the retardation time. 

(8) 

then by replacing G and q0 in the elastic equations 
for stresses and displacements with G* and q0 *, 
respectively, the equations for the Laplace trans
forms of stresses and displacements are obtained. 
These equations are functions of the transformed 
variable, p, and their inversions give the stresses 

7J and displacements in terms of t. 
Hit is assumed that the response of the mate

rial to deviatoric stress can be represented by a 
Kelvin model, and that the response of the mate
rial to mean normal stress is infinitely rigid 
(K = m) as shown in Figure 2, the transformed 
shear modulus of the Kelvin material is 

G* = G + 11P = G(l + rp) (9) 

From Eqs. 6a and 9, the transformed Young's modulus E* becomes 

E* = 3G(l + Tp) (10) 
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Single-Layer Systems 

For a single-layer incompressible system, the associated elastic problem for the 
displacement has the form 

* 
w* = 4rr~* {q0z

2 [(R0 - vt)2 
+ z2T% + q0 [(R0 - vt>2 + z2r~} (11) 

The viscoela::>lic solution can be obtained readiiy by using the convolution integral (18 ). 
Substituting Eq. 10 into Eq. 11 and applying the convolution theorem gives -

t 

4TT ( ) f 1 ( t - T
1

) { 2 W = % GW t = T exp - -T- Z 

0 

+ [(R0 - VT
1
)
2 + Z2r~} dT' (12) 

where T
1 is a time variable varying from zero to t. 

Eq. 12 was integrated numerically on the Burroughs B - 5500 digital computer by use 
of Simpson's rule. For displacements on the surface, the method used by Perloff and 
Moavenzadeh (13) also was used to avoid the singularity. In this method the conditions 
where the load approaches the point and the conditions where it moves away from the 
point are considered separately. Eq. 12 can be written as 

Ro (l - €) 
v 

W= I 
0 

t 

+ I 
Ro (l+ €) 
v 

1 ( t - T
1

) I - - ---- exp - -- dT 
T{[ R

0 
- VT

1 I) T 

1 exp f _ t ~ -r'') dT' 

T( \R0 - VT
1 

\) \ 

where f: is any positive number less than unity. 

Two-Layer Sys tem s 

(13) 

The method employed for solving two-layer viscoelastic systems is applicable when 
the equations for stress and displacement can be reduced to a form suitable for direct 
Laplace inversion. These equations for stresses and displacements in the transformed 
domain for a two-layer elastic system and a moving concentrated load are 

wo* = 4rr~2 I {qo-Jo [m(p - Vt)]}* Vo* dm 

0 

(14a) 

(14b) 



where 

v 
v = H' 

Ro 
cr = H' 

CD 

aB* = 2:~2 I {mqOJO [m(p - Vt)] r va* dm 

0 
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(14c) 

and v/, Vs*, Yr/ are the same as shown inEqs. 2 except that N, Gi, and G2 are re

placed by N*, G/, and G/. 
Moreover, the viscoelastic solution for two-layer systems can be obtained by using 

convolution integral, as in the case of single-layer systems. After the exchange of 
integrals, we have 

t co 

w = 4" w (t) o q
0 

o = ~z f f J 0 [m(p - Vr')] V0 (t - r')dmdr' 

0 0 

<1 = B 

t CD 

= ~z f f Jo [m(p - Vr')] Vs(t - r')dmdr' 

0 0 

t 

- 21T <1 (t) = _!__ f 
q B H2 

0 0 

co 

f mJ0 [m(p -Vr')] V<1(t - r')dmdr' 

0 

(15a) 

(15b) 

(15c) 

where r' is a time variable varying from zero to t, and the expression (t - r') means 
that V °' VB• and Va are functions of (t - r'). 

Mathematically, the exchange of integrals is possible because the inner integrals of 
Eqs.15areuniformly convergent in the range 0 ~ r' ~ t (19). This exchange is desir-
able since it greatly reduces the computation time. -

Assume that the incompressible materials in layers 1 and 2 of a two-layer system 
are characterized by the models shown in Figure 2. From Eqs. 2, 9, and 10, let r 12 = 
.,. ii T 2, G 12 = G/G2 , and p = the transformed variable of time, t. Then the Laplace 
transformations of V 0, VB• and V <1 can be obtained: 

(16a) 

* 2 BiP + C1 
Vi - --B - G2F o p2 + DoP + Eo 

(16b) 

* 2 Bi 7"2P
2 

(B1 + C1 'T"z)p +Ci v = - --~------
a F o p2 + DoP + Eo 

(16c) 

where 

( )
2 -2m ( 2 2 ) -4m ( 2 Ao = G 12r 12 + 1 + 4me G12 7"12 - 1 - e G12r12 - 1) 

B 0 = 2[(G12 + l)(G 12r12+ 1)+ 4me- 2m(G 12
2r 12 - 1)- e-4m(G12 - l)(G 12r 12 - 1)] 
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)2 -2m ( 2 ) -4m ( )2 C
0 

= (G12 + 1 + 4me G12 - 1 - e G12 - 1 

( )2 ( 2) -2m ( 2 2 l) -4m ( )2 F 0 = G12r 12 + 1 - 2 1 + 2m e G12 r 12 - + e G12r 12 - 1 

D0 =? · [<G12 + 1) (G12r 12 + 1) - 2(1 + 2m2 )e -
2
m (G12

2r 12 - 1) 

+ e - 4m (G10 - l)(G12r 12 - 1) J 
E0 = j. · [<G12 + 1)2 

- 2(1 + 2m2 )e - 2m (G12
2 

- 1) + e - 4m (G12 - 1)2
] 

B1 = (G
12

r
12 

+ 1) (1 + 2m)e-2m - (Gi:ir 12 - 1) (1 - 2m2 )e- 4m 

C1 = (G12 + 1) (1 + 2m)e - 2m - (G12 - 1) (1 - 2m2 )e - 4m 

The values of V0 , VB, and Va in Eqs. 15 can be obtained by inverting Eqs. 16. To 
solve the double integral in Eqs. 15, the inner integral was evaluated by the use of the 
Gaussian quadrature formula; the outer integral by Simpson's rule. The singularity 
that exists in Eq. 15a for the surface displacement was treated in a manner similar to 
that employed in the case of a single layer. 

For systems of more than two layers or for compressible material, the mathematical 
work required for the direct inversion method becomes very tedious, and the polynomial 
that results is of such a high degree that its roots are almost impossible to find. There
fore, the direct inversion method is used mainly when stress and displacement equations 
can be reduced to a sum of simple partial fractions. For multi-layer or compressible 
material, the collocation inversion method originally proposed by Schapery (20) should 
be used. This method was successfully employed by Huang (21) for analyzingfour-layer 
compressible systems under stationary lottns. Moreover in the present study, it waf1 
found that the collocation method also was applicable for moving loads. However, the 
results obtained for multi-layer systems by the collocation method were limited in this 
study because of the excessive computer time required. The results for multi-layer 
systems and the theory of the coliocation method can be found elsewhere (17). 

PRESENTATION AND DISCUSSION OF NUMERICAL RESULTS 

Eqs. 12 and 15 were used to compute the stresses and displacements at selected 
points in pavement systems. In so doing, numerical values were assigned to the vari
ables H, p, V, and t. H, the thickness of the top layer, was assumed to be 1 ft. In the 
case of the single-layer system, the stresses and displacements were computed at a 
point 2 ft below the surface. For comparison, it was assumed that the material prop
erties in the lower layer of the two-layer systems were the same as those in the single
layer system. The effect of a reinforcing layer in reducing the stress and displacement 
in the subgrade soils could thus be studied. The dimensionless factor p or R0 /H cannot 
be factored out of the Bessel function J 0 [m(p - Vr')] as in the case of the load q0 ; there
fore, a numerical value was assigned to p. In the expression for p, R0 is the horizontal 
distance from the starting point of the load to the point where the stresses and displace
ments are to be determined. The traveling time, for a given value of R0 , varied with 
the value of v. It was clear that for large values of v, greater values of R0 should be 
provided. However, when a very large value of R0 was used, the upper limit of integra
tion was increased. Moreover, the error term for Simpson's rule integration is a func
tion of the fifth degree of interval size. Hence, the proper value of R0 was chosen so 
that the calculated displacements did not change significantly when greater values of R0 
were used. To find the proper value of R0 , a series of values of t equal to 10, 000 sec, 
1,000 sec, 100 sec, and 10 sec was assigned to Eq. 12 to compute the displacements. 
For this case R0 was replaced by the expression vt, and as a result, a value oi R0 equal 
to 100 v was determined most suitable for use in the subsequent numerical computations 
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Figure 3. Effect of speeds on displacement factors 2 ft below surface-single-layer incompressible 
systems. 

in this study. In Eqs. 15, V stands for v /H, where v is the speed of the moving load; t 
is the time the load traveled from its initial position. It should be noted that both stress 
and displacement increased if a value of R0 greater than 100 v was used. This effect 
was more pronounced when the material became more viscous. 

Single-Layer Systems 

The effect of speed of the moving load on the displacements at a point 2 ft below the 
surface of a single-layer system at four different values of retardation time is shown 
in Figure 3. The retardation time T is defined as the ratio of the viscosity to the spring 
modulus of the model. For convenience of presentation, the time was set at zero when 
the load was directly over the station where the displacements were to be computed. 

As the speed of the load increases, the displacement decreases (Fig. 3). This is not 
surprising, since higher speed implies a shorter time during which the considered point 



... I 0 10 -1 ... . .. . 
~ 
II 

! 
!!: 
t=. 10-e. 

~ 

io-• o~......._.._.__.___._._...._.....,,o.,....._......_.._.__.___._._.L...L_,2L-o -'--'----'---'-'--'-'-'--'--',L-o ..L...L-JL-.L...J..-JL-L-1.-'--'•'-o -'---L-'-.L...J..---'---L-L-'-,'-o..L....&-'-..L.....J.-"-_._.._--'-'•o 

SPEED OF LOAD, ~PH 

Figure 4. Effect of speeds on displacement factors 2 ft below surface-single-loyer incompressible systems. 

is subjected to a given stress. Moreover, a large value of retardation time implies a 
lower rate of deformation in the viscoelastic material and, consequently, a smaller dis
placement for a given time. 

As the load approaches the station, the relations of various velocities to a given re
tardation time are quite similar (Fig. 3), but displacement generally increases as the 
velocity decreases. Moreover the rebound displacement, as measured by Fw , occurs 
more quickly for smaller retardation times. B 

For comparison, soluliu111:; Iur Lhe perfectly elastic case were plotted as dashed lines 
(Fig. 3) with the curves for T = 1 sec. For a short retardation time, T = 1 sec, the elas
lic and viscoelastic solutions are almost the same. 'l'he comparisons are based on a 
constant value of spring modulus, G, for the model. For two differ ent materials having 
the same retardation time, however, one can have a greater shear modulus than the 
other. 

To determine the variation of the displacements at unusually low and high speeds, 
relations were also computed using speeds of 0.1, 120, 200, 300, and 400 mph. The 
shapes of the .displacement curves at these speeds were quite similar to those in Figure 
3 and are not presented here. It should be pointed out, however, that as the speed of the 
moving load increa ses, the inertia effect becomes more s ignificant, and the method of 
computat1on -usea here aoes notyield correct 1·esults. 

The effects of speed of the moving load on the maximum displacements at various 
values of retardation time a.re shown in Figure 4. The maximum displacement de
creased as v and T increased. When the maximum displacements at a point 2 ft below 
the surface for v = 60 mph were compared with those under a stationary load, the ratios 
were 5. 57 x 10-2

, 1.23 x 10-2
, 1.17 x 10- 3

, and 2.1 x 10-4 for T = 1, 10, 100, and 1000 
sec, respectively. 

Two-Layer Systems 

.The general behavior of the displacements in two-layer systems was rather similar 
to that of single-layer systems. Displacement-time curves for a point 2 ft below the 
surface for r 12 equals 10 and 0.5, respectively, are shown in Figure 5. The shapes of 
the curves are very similar to those for the single layer, except the displacements are 
reduced because of the upper reinforcing layer. In view of this, the shape of the curves 
for multi-layer systems is also believed to be similar to that for single-layer systems. 
The displacement decreased with increasing value of the ratio T 12 for lower speeds, if 
the material in the bottom layer was very viscous. 
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Figure 5. Effectof speeds on displacement factors 2ft below surface-two-layer incompressible systems. 

Since a reinforcing layer is placed on the subgrade soil to reduce the stress and dis
placement in the subgrade soil, the i·atios of the displacements for single- and two
l ayer systems for various v, Tz , and r 12 values were comput ed (Table 1). For v = 0.1 
and 1 mph, and for T = 1 sec, the displacement decreased appreciably because of the re
inforcing layer, even when r 12 was less than unity. For r 2 "' 100 sec, the displacement 
decreased only slightly when r 12 < 1, but decreased appreciably when T 12 = 10. For all 
values of T 12 , the effect of r einforcing layer decreased as the value of r 2 increased. 
To reduce the subgrade soil displacements under very slow moving vehicle loads or 
parked vehicles, the following suggestions should be followed: 



v 
(mph) 

O.l 

1.0 

6.0 

60.0 

TABLE 1 

EFFECT OF REINFORCING LAYER IN 
REDUCING SUBGRADE 

DISPLACEMENT-TWO-LAYER SYSTEMS 

Ratio of Displacement in Two-Layer Systems to 
r, 

(sec) 
Single-Layer Systems (G1o = 10) 

T12 = 0. 5 r12 = 1.0 r12 = 10 

l 0.74 0.73 0.68 
Hi U.B:1 U.l!U 0.71 

100 0.95 0.92 0.74 
1000 0.97 0.94 0.82 

1 0.87 0.83 0.70 
10 0.90 0.86 0.74 

100 0.96 0.94 0.84 
1000 0.98 0.96 0.88 

1 0.95 0.90 0.73 
10 0.96 0.92 0.76 

100 0.96 0.94 0.85 
1000 0.98 0.96 0.89 

1 0.97 0.92 0.84 
10 0.97 0.94 0.87 

100 0.98 0.95 0.90 
1000 0.98 0.97 0.94 

1. For elastic subgrades, construction of a reinforcing layer that is stiffer than the 
subgrade soil is most beneficial. The displacement can be decreased further if the 
value of 'T' 12 is greater than unity. 

2. For viscous subgrades, the capacity for retarding displacement in the reinforcing 
layer should be larger than U1at for tbe subgrade, i.e ., r 12 should be greater than unity; 
otherwise a stiff reinforcing layer is of little value. 

When loading speed was increased to 6 mph, the influence of the reinforcing layer 
was not significant for the case 'T' 2 = 1 sec, unless r 12 was greater than unity. A similar 
influence of the reinforcing layer also was observed in the case where the subgrade be-

SPEED OF LOAD, MPH 

Figure 6. Effect of speeds on displacement factors 2 ft below surface-two-layer incompressible systems 
(G1Q=T12 = 10). 
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TABLE 2 

STRESS FACTOR AS A FUNCTION OF t, Tz, AND v 

Incompressible Two- Layer System-2 Ft Below Surface (G12 = Tu = 10) 

The Tabulated Values Represent the Quantity - crz ~ 
qo 

t 20 40 70 90 100 125 150 175 200 

T2 = 1 -6.03 -4. 77 -1.85 -1. 79 1.85 5.93 -1.21 9.3 7.53 
at -5 at -5 at -5 at -4 at -1 at -4 at -6 at -5 at -4 

t 20 40 70 90 100 125 150 175 200 

.<: -1. 72 -2.54 -2. 72 -3.32 1.36 5.38 2.54 0.38 -o. 78 Cl. 
T, = 10 e at -5 at -5 at -5 at -4 at - 1 at -3 at -3 at -4 at -6 ... -

II t 20 40 70 90 100 102 110 150 200 
> 

T2 = 100 -1 .67 -3. 76 -8.61 -3. 71 1.29 6.22 8. 90 1.15 1. 76 
at -6 at -6 at -6 at -4 at -1 at -2 at -4 at -3 at -3 

t 20 40 70 90 100 102 110 150 200 

r2 = 1000 1. 53 -7.86 -5.11 -3. 75 1.28 6. 09 -2.33 1.43 9.63 
at -7 at -7 at -6 at -4 at -1 at -2 at -4 at -4 at -4 

came more viscous, i.e., as .,.2 of the bottom layer increased. When v was further in
creased to 60 mph, the significance of the reinforcing layer was practically unnoticeable. 

It is concluded that the effect of a reinforcing layer in reducing the displacements in 
the bottom layer increased with increasing values of T12 , but decreased with increasing 
speeds of the load, as well as increasing values of the retardation time of the material 
in the bottom layer. 

Because Perloff and Moavenzadeh (13) thoroughly discussed the surface deflection 
characteristics of a viscoelastic compressible medium under a moving point load, the 
results for surface displacements are not presented herein . However, the surface dis
placement curves were very similar to those obtained for displacements 2 ft below the 
surface. 

The effect of speed of load on displacement in two-layer systems at a point 2 ft below 
the surface is shown in Figure 6. The displacement decreased with increasing speed 
of the load and with increasing value of the retardation time of the bottom layer. 

The values of the stress factor, SB, are shown in Table 2 for different times in the 
viscoelastic system under a moving point load. Because very long computer time was 
needed to obtain accurate results as v was increased, the numerical solutions at differ
ent times presented are only for av of 1 mph. The maximum stress (for this case, 
compression) always occurred at the time when the load was directly over the station. 
When the load moved toward or away from the station, the stresses changed signs. 

The relation between the stress factor Ss and the speed of the load is shown in Figure 
7 for four values of T2• The stress factor decreased with increasing v and then reached 
a constant value as v exceeded 15 mph. 

Considerable computer time was required to obtain accurate results for two-layer 
systems. The main difficulty developed in evaluating the outer integral inEqs. 15 by 
Simpson's rule. Not only did the values of the inner integral vary irregularly with the 
values of.,.', but the expressions for V0, Vs, and Vrr were very complicated. The degree 
of complexity of the function to be integrated depended upon the speed of the load, ma
terial properties, and time (or loading position). For a given material property, the 
computer time generally increased with increasing speed of the load and with increasing 
value of the upper limit in the Simpson's integration. However, for given values of v 
and t, the variation of computer times with material properties was irregular. In some 
cases, the computer time changed greatly with a change of only one variable of the ma
terial properties, i.e., .,. 

12
, G12 , and T2 • In several cases, a solution required more than 

60 min on the Burroughs B-5500 digital computer. 
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Figure 7. Effect of speeds on stress factors 2 ft below surface-two-layer incompressible systems. 

COMPARISON OF RESULTS WITH FIELD DATA 

Attempts were made to compare the results shown in Figures 6 and 7 with earlier 
field test results. Field test results obtained by the Road Research Laboratory, En
gland, are shown in Figure 8. Materials comprising the test road section are shown at 
the upper right corner. These studies indicated that the measured subgrade stresses 
decreased as the vehicle speed was increased from creep speed to about 15 mph; speeds 
above 15 mph remained constant. The curves from Figure 7 for 'T2 values between 1 and 
10 have similar shapes as those obtained by the Road Research Laboratory. In both 
cases, the stresses decreased as the speed of the load increased and remained constant 
for v greater than 15 mph. For 'T2 greater than 10, the stress vs speed curves were 
nearly horizontal straight lines, indicating that the stresses were independent of the 
speed. It was beyond the scope of this study to determine experimentally the appropriate 
values of retardation times for various paving materials. However, it seems that a 
Kelvin model could be used for predicting the variation of vertical soil stresses for nor
mal vehicle speeds, provided the values of G12 , ,-12 1 and 'T2 are properly determined. 

The speed-deflection da~a obtained from the AASHO Road Test (23 p . 104) show that 
the deflection decreased almost linearly wifi:i increasing vehicle speed. - Results of th.e

present study also show (Fig. 6) 
that the displacement decreased 

ll~lQI A.S.itff.ai.,t 111'C..A ll11114Q ~O\JlllH fl.Ji I .. 
·--'-°'-"-"'-"-"~··-· ._ .. _._<...,_._ .. ___ " · .· ·.: 
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Figure 8. Test results from Road Research Laboratory, 
England. 

" 

with increasing vehicle speed, but 
the variation was not linear. More -
over, the computed rate of decrease 
of displacement with increasing 
vehicle speed was faster than that 
observed in the AASHO Road Test . 
However, this difference does not 
invalidate the results obtained in 
this study, because the displace
ments computed herein assumed 
incompressibility of materials 
and were for a point 2 ft below the 
surface, while the data obtained in 
the AASHO tests were taken on the 
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surface and under actual road conditions. It is believed that a model with more ele
ments than the Kelvin model, and the consideration of compressibility of the material 
may yield better results. 

Although the numerical examples presented herein bear no direct relation to the field 
tests conducted earlier, it strongly indicates that solution capability is available for this 
class of problems. It is reasonable to assume that an appropriate model can be designed 
to represent a given pavement structure, using the method of computation in this paper 
and laboratory data of stress and displacement as functions of time and speed. Values 
of the model's parameters may be determined by using the method suggested by Schapery 
(24), which employs a collocation method for fitting the response of finite element visco
elastic models to experimental data over the entire time scale. 

CONCLUSIONS 

The objective of this research was to make an analytical study of the response of ma
terials in highway pavement systems to moving traffic loads. Equations were developed 
for stresses and displacements at any point in an incompressible, viscoelastic pavement 
induced by a moving point load. The equations were then analyzed numerically on a 
high-speed digital computer for various types of materials at different speeds of the 
moving load. The major conclusions resulting from the analyses are as follows: 

1. Because of the time-dependent nature of the material in the viscoelastic pave
ment, the solutions for stresses and displacements were also time-dependent. The 
stress and displacements depended upon the magnitude and speed of the load, the elastic 
and viscous components of the shear response of the material, the ratios of retardation 
time in layered systems, and time. 

2. The time-dependent response of the material resulted in retardation of stress and 
displacement due to a moving load. The interaction between speed and material proper
ties produced continued displacement for a short time after the load moved away from 
the station. 

3. In all cases, the stress and displacement decreased with increasing speed of the 
load as well as with increasing value of retardation time of the material. 

4. For two-layer systems, the maximum stress always occurred when the load was 
directly over the station, and the stress was compression. When the load moved toward 
or away from the station, the stresses possibly changed signs. The stress decreased 
with increasing speed of the load, and then reached a constant value as the speed ex
ceeded 15 mph. 

5. For two-layer systems, the displacements at the bottom layer were reduced due 
to an overlying reinforcing layer. The displacements were further reduced by increas
ing the retardation time of the reinforcing layer. The effect of the reinforcing layer, 
however, decreased with increasing speed of the moving load and with increasing value 
of the retardation time of the bottom layer. 

6. The general shapes of the curves in single- and two-layer systems were similar. 
It is believed that the shapes of curves in systems with a greater number of layers and 
more complex materials would also be similar to those of single- and two-layer sys
tems. 

7. The theory of linear viscoelasticity qualitatively describes the material behavior 
under moving loads better than under stationary loads because of the relatively smaller 
stresses and displacements under a moving load. 
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