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A study has been made of the statistical implications of a 
United Kingdom specification for strength of concrete for high
way structures and the quality of materials supplied to and ac
cepted under the specification to see in what way the specifi
cation might be improved. The distribution of results from 
strength tests is normal and the proportion of concrete defec
tive at any specified strength may be estimated once the statis
tical parameters of the distribution have been evaluated. The 
proportion defective provides a useful measure of equality that 
can be used to study the effect of particular specification re
quirements on the quality of concrete supplied if the operating 
characteristic (OC) curve (relating the proportion defective and 
the probability of acceptance of that quality) is computed over 
a range of qualities. 

The conclusions reached from examination of the OC curve 
are compared with the results of a statistical examination of 
the actual quality of concrete supplied to 186 jobs where 8,400 
test results were obtained. Methods of improving specifications 
are briefly considered in the light of the risks to the producer 
of concrP.tP. and to thP. consumP.r, thP. ohjP.ct of any spP.cification 
being to provide a fair apportionment of the risks of rejection 
of "good" material and acceptance of "poor" material between 
producer and consumer. 

•SOME MEASURE of strength is used in most countries as an index of the quality of 
concrete. It is common practice to specify the strength required of concrete and to 
compare this with the actual strengths achieved as estimated by testing samples of the 
production. In the United Kingdom, for example, it has been the practice for many years 
to make test cubes from freshly mixed concrete and then, after curing for 28 days, to 
test these cubes in compression to provide information on the quality of the concrete 
before it was placed. The necessity of curing the test specimens means that the results 
are of little value in the control of the concrete production, which is best effected by 
other means, but such results are valuable to the purchaser or specifying authority who 
wishes to be assured that concrete of adequate quality has been produced. 

The simplest approach to specifications is to state a "minimum" strength below 
which no test result may fall, and indeed many such specifications are still in use. 
However, there has been an increasing recognition that, because of the variable nature 
of the results on which acceptance decisions are based, this is an unsatisfactory and 
inefficient method of specification. As a result, there has been a movement in specifi
cations toward the concept of a "characteristic" strength below which not more than a 
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fixed and predetermined proportion of the test strengths should fall. This recognizes 
that concrete production, sampling, specimen making and curing, and testing are all 
variable procedures and will contribute to the overall variability of the final test results 
on which decisions are based. 

This variability can be taken into account in specifications relatively simply because 
measurements of concrete strength can be treated as being normally distributed (1, 2). 
Occasionally it is possible to show that a particular set of results is not distributed -
normally, but such distributions probably arise from nonrandom variations in the pro
duction. Where it is known, for example, that changes in aggregate or in the design 
composition of the mixture have taken place, these can be taken into account during the 
statistical treatment, but some variations may occur unknown to or unrecorded by the 
producer. However, if the assumption of normality is not strained too far by treating 
results of a very long period of production as homogeneous or by placing undue emphasis 
on the frequency of occurrence of results in the extreme tails of the distribution, a sat
isfactory practical basis for statistical treatment is available. 

A normal or Gaussian distribution may be defined completely in terms of a mean (u.) 
and a standard deviation (cr ). It follows that a specified or characteristic strength of 
concrete may be defined as 

L = µ. - kcr 

where k is a constant defining the proportion of the overall distribution falling below 
L, i.e., the proportion defective (p). In the practical writing of a specification, a value 
of cr is assumed and u is fixed by the design requirements. Thus, for a given "failure 
rate" denoted by k, a specified strength, L, may be calculated. However, when it comes 
to the judgment of compliance with this specified strength, decisions have to be based 
on estimates, m and s, of the true mean and of the standard deviation achieved. These 
estimates are derived from sampling the overall population of possible strengths and 
it is here that the uncertainty arises. Decisions are often required on relatively small 
numbers of results where the values of m ands may not be good estimates ofµ and cr. 

There are two general methods of approaching the judgment of compliance with speci
fication; these methods have been discussed in relation to the composition of bituminous 
mixtures by Mathews and Hardman (3). In the cas e of str ength of conc r ete , test results 
may be classified (a) by attributes, Ce ., employing the numbers of test results that 
fal l s hort of the specified strength; or (b) by variables, i.e., employing the magnitudes 
of the test results to estimate the true mean strength and sometimes the variability to 
compare with a specification of these properties. The second method is normally used 
on small groups of measurements where the mean and the standard deviation (or some
times the range) are computed and decisions are based on a comparison of mn - k' sn 
with the specified strength. This approach is efficient in the use of data but requires 
some computational effort. In general, the value of the constant k' should be different 
from the value of k used in design that applies only to the infinite distribution; the value 
required, k', is that applying to the actual group size, n. 

RISK IN SPECIFICATION 

The aim of any specification is to state clearly the minimum quality of material or 
work that is required. The method adopted for judging compliance should ensure that 
work of the specified minimum quality or better is accepted and work of a worse stan
dard is rejected. Unfortunately, when decisions are based on sampling from the over
all population of possible results, a clear-cut decision free from all risk of error is 
impossible. It is possible to be only reasonably sure. 

The decisions on compliance with specification must be fair to the producer, who re
quires assurance that when he produces work of the specified quality it is likely to be 
accepted, and to the consumer, who requires reasonable assurance that his specifica
tion is being met and that he is getting value for money. In neither case can the as
surance be absolute, and therefore in any scheme based on sample measurements there 
are two risks to be recognized and assessed. There is a "producer's risk" that "good" 
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material may be rejected, which forms part of his overall commercial risk, and there 
is a "consumer's risk" that "bad" material may be accepted. The most important fac
tor in determining these risks is the rate of sampling. Where the tests are few, the 
risks are high, especially for the consumer if in the design of the acceptance scheme 
the view is taken that the producer's risk should be fixed at a low level to minimize the 
risk of rejection of suitable material. This leads to the conclusion that the design of 
the acceptance scheme and the accompanying rate of sampling by the consumer should 
pay considerable attention to the criticality of the design requirements. At present 
little or no attention is paid to this point in specification. 

The risks involved can be seen more clearly by reference to an example. If it is 
specified that concrete be supplied with no more than 5 percent of the total production 
less than the specified strength, L, and then if decisions are taken on the basis that a 
single sample is tested and the material is accepted if the result is not less than the 
specified strength, there is a risk to the producer that on the average the material of 
the minimum specified quality will be rejected once in twenty times. On the other hand, 
if a production with a mean strength equal to the specified strength is offered (that is, 
material which is 50 percent defective), then there is an even chance that the single test 
will fall above the mean and the production will be accepted. In these circumstances, 
therefore, the consumer has a 50 percent risk of accepting a production that is 50 per
cent defective. In this example there is a linear relationship between the true propor
tion that is defective and the chance of acceptance of that quality. This is shown by the 
straight line in Figure 1; it is the simplest example of an operating characteristic (OC) 
curve. Such OC curves, which define the relationship between the defective level and 
probability of acceptance, can be derived for any type of acceptance scheme. 

The ideal form of the OC curve for an acceptance scheme would be such that all 
qualities of production better than the specified minimum would be accepted, and all 
worse qualities would be rejected all the time. This is impossible in practice and it 
is necessary to have a relationship where there is some producer's risk and a consumer 
sumer's risk, which may be very large indeed if decisions are based on small numbers 
of test results. 

OPERATING CHARACTERISTIC CURVE FOR STRENGTH OF 
CONCRETE SPECIFICATION 

The probability of acceptance with an attributes scheme is calculated relatively 
easily using the binomial expansion of (p + q)n where p is the true average proportion 

defective , (p + q) = 1, and n is the number 
of samples on which a decision is based. 
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Figure 1. Examples of some operating character
istic (OC) curves. 

These calculations are described and typi
cal results tabulated in most of the stan
dard statistical texts. The calculations of 
the probability of acceptance for a variables 
scheme of the type "accept if mn - k' sn " 
L", where mn and snare the mean and 
standard deviation of a set of n results, 
presents rather more difficulty because the 
proportion defective is determined by two 
variables, mn and sn, one of which, mn, is 
distributed normally while the other, Sn, 
has a skew distribution, so that the mean 
estimate does not coincide with the popula
tion standard deviation, a. This type of 
problem is also described in statistical 
texts, and Resnikoff and Lieberman (4) give 
tables that make possible the necessary 
estimates of probability of acceptance over 
a range of true qualities. 

The evaluation of the QC curve for the 
assessment of an acceptance scheme may 



best be shown by reference to an actual specification. A specification that has been 
widely used in the United Kingdom for structural concrete takes the following form: 

Consider the results of strength tests three at a time: if none of the three is 
less than the specified strength (L), accept; if any resu It is less than L, ca 1-
culate the mean (ma) and the range (r3) of the three results and then accept 
if both m3 is not less than L and r3 is not greater than one fifth of m3. 
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Clearly this specification was intended to allow some test results to fall below the 
specified strength and in such circumstances still classify the concrete as acceptable 
if the mean strength is at least equal to that specified and the concrete is not exces
sively variable. The OC curve for the first criterion is shown in Figure 1, which also 
shows the OC curve for the second (double) criterion. This second criterion operates 
only on concrete that has not been accepted by the first criterion, and thus the overall 
probability of acceptance for the two criteria taken together is given by 

where P1 is the probability of acceptance by the first criterion and P2 the probability of 
acceptance of the same quality by the second criterion. The individual and overall 
probabilities are given in Table 1 for a concrete with a coefficient of variation of 10 
percent. Figure 2 shows the effect of the range requirement for concretes of the same 
true proportion defective produced under two different standards of control correspond
ing to coefficients of variation of 10 and 15 percent. 

It will be seen from the OC curves that an output some 30 percent defective to the 
specified strength will be accepted 60 percent of the time in spite of the relatively com
plex acceptance scheme. However, the producer needs to maintain the level of defectives 
below about 4 percent to have at least a 95 percent chance of the work being accepted. 
Thus, the net result of the application of the two criteria is to produce an OC curve that, 
over most of the range of possible qualities, provides little better protection to the con
sumer than the single test criterion shown by the straight line in Figure 1. This seems 
to be a very poor return for the complexity of the scheme. 

DEFINITION OF ACCEPTABLE QUAI.JTY 

It is clear that no single parameter will adequately define the acceptable strength of 
concrete; the process of judging compliance on test samples must mean that a range of 
strengths will be accepted and therefore in writing a specification it is necassary to 

TABLE 1 

INDIVIDUAL AND COMBINED PROBABILITIES OF ACCEPTANCE 
(Coefficient of Variation 10 percent) 

Percent 
Probability of Acceptance Combined 

Defective Criterion 1 Criterion 2 
Criteria 

p P1 Pa P1 + (1 - P1) Pa 

0.0 100 67 100 
1.0 97 67 99 
2.5 93 67 97 
5.0 86 67 95 

10.0 73 66 91 
20.0 51 62 81 
25.0 43 58 76 
35.0 28 49 63 
50.0 13 33 42 
60.0 7 22 27 
70.0 3 13 16 
80.0 1 5 6 
90.0 1 
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Figure 2. Combined OC curves at two levels 
ofvariabilityforcriterion land criterion 2 taken 

together. 

define this range of strength. Ideally, this 
strength distribution should be so related 
to the distribution of stresses to which the 
concrete might be subjected in service that 
the risk of a low strength coinciding with a 
high stress would be negligible, but this is 
not yet possible. The alternatives there
fore are either to set some arbitrary stan
dard, as at present, or to examine what is 
economically possible in current practice 
and to accept this as a valid estimate of 
desirable quality. A specification may then 
be drafted to ensure acceptance of no worse 
quality than this, and to exert pressure for 
a change in the quality level where justified. 

The levels of strength attained in current 
practice in the United Kingdom were there
fore investigated. The strength-test results 
for concrete supplied for a substantial num
ber of highway structures built to the speci
fication discussed previously were examined 
and the quality expressed in terms of the 
proportion defective estimated from the 
properties of a normal distribution. 

Two assumptions have been made. One assumption is that the proportion defective 
calculated from the test results is a reliable estimate for any particular lot of concrete. 
The errors associated with this assumption will be small except {a) where inhomogeneity 
occurs in the data (this has been detected in only very few cases where extremely long 
runs of production have been examined; in such cases, assignable causes of variation 
clearly exist but insufficient evidence is available to eliminate their effect on the popu
lation parameters), and (b) where the samples have not been taken at random (for ex
ample, where the engineer samples specially from what he believes to be poor concrete; 
in the present case, the error from this source was probably small). Two further minor 
sources of error occur when (c) concrete is rejected for reasons of workability (this 
tends to curtail the extremes of the distribution), and (d) low test results are discarded 
(because it is usual to find low results specially noted in site records, this is not likely 
to be a source of serious error). 

The second assumption is that, because the concrete has been accepted, the distri
bution of strengths observed adequately describes the desirable level of quality. This 
introduces two sources of possible substantial error because {a) the data show that on 
a number of occasions where relatively low strength was specified, the concrete sup
plied had high strength (presumably it was cheaper or more convenient on site to use 
a supply of concrete already available than to produce a relatively small amount of the 
specified grade); and {b) rejection of concrete solely on grounds of inadequate strength 
appears to be extremely rare (the data analyzed showed no instances of rejection al
though it was clear that in some cases the level of strength was subsequently increased 
by a distinct amount when low test results had been obtained). 

In spite of the reservations arising from the foregoing assumptions, it is believed 
that the distribution of the level of defectives derived from the survey of current prac
tice gives a valid estimate of the quality that is currently regarded as acceptable by 
engineers for highway structures. The distribution of quality obtained is shown in Fig
ure 3. Comparison of Figures 2 and 3 indicates that the actual quality obtained in prac
tice was somewhat better than the quality that could have been accepted under the speci
fication; the average level of defectives is about 4 percent, and 90 percent of the work 
was less than 10 percent defective. The highest proportion of defectives was 30 percent. 
It has been found from an examination of the data from the 186 jobs, that neither the 
level of specified strength nor the method of production had any significant effect on 
the distribution of quality. 
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Two other measures of the strength 
distribution can be derived from the 
data: (a) the distribution of the ratio of 
the mean to the specified strength 
(m/ L), and (b) the distribution of the 
variability, expressed as the coeffi
cient of variation (cr/i.i). These are 
shown in Figures 4 and 5. It is neces
sary to make a distinction between 
low- and high-strength concrete be
cause there is a practical limit to the 
strength attainable, and therefore for 
the high-strength concrete the ratio 
of mean to specified strength is 
smaller on the average. Furthermore, 
to achieve regular compliance with a 
high-strength criterion, it is neces
sary to have good control, and there
fore the coefficient of variation tends· 
to be small. However, the curves for 
the lower strength concretes indicate 
that the high average quality com

mented on earlier was achieved in the main by working with an average strength well 
above that strictly necessary rather than by applying very strict site control. 

DISCUSSION AND CONCLUSIONS 

It is one thing to specify a desired strength of concrete; it is another to obtain reason
able assurance for the consumer that the specified strength is attained and at the same 
time provide a reasonable assurance to the producer that good-quality material is not 
rejected. In the example cited in this paper, there is little apparent connection between the 
quality that is found in practice and the quality that the specification might be expected 
to give. 

With concrete in highway structures in Great Britain, the quality is such that, on an 
average job, 4 percent of the concrete is likely to be less than the specified strength ; 
one would expect that if producers just met the specification, the proportion defective 
should be somewhat higher. This situation would seem to result from two factors : one, 
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the exercise of judgment by engineers (out
side the specification requirements), and the 
other, and probably more important, the de
sire of producers to limit their risks severe
ly because of the serious economic conse
quences of rejection. On a consideration 
purely of production costs and selling prices, 
it might be concluded that the break-even 
point should be reached at about 80 percent 
probability of acceptance, which in the present 
example means a defective level of about 15 
percent. However, the penalties associated 
with rejection are likely in general to be con
siderably greater than the production cost of 
the rejected material, and hence the contrac
tor is unwilling to operate at a level of quality 
that gives him any significant risk. This sug
gests that, if the level of quality fow1d in the 
survey is what is really required, the speci
ficat ion s hould be recast to provide s uch a 
quality and not to rely on intangible factors. 

There is considerable scope for the ex-
amination of the risks to the consumer im

plicit in specification requirements because these are frequently not appreciated. Even 
the quite complex requirements discussed in this paper do not provide adequate protec
tion in a really critical situation. Indeed, no method of judgment based on only a very 
small number of tests can ever provide a really high degree of assurance. The testing 
requirements have always to be balanced against the economic consequences of undetect
ed poor-quality material. The risks can be limited by the adoption of efficient criteria 
of judgment, such as the comparison of means of small groups of results-say, three or 
four at a time-with a limit set in relation to the specified strength, group size, and 
some fixed level of producer's risk. Even greater efficiency can be obtained if it is 
possible to use a "variables" scheme rather than an "attributes" scheme. For example, 
a criterion for ten successive groups of three test results is of the form 

where mso is the mean of the 30 results and rs is the average range of the ranges in the 
ten groups of three. This would be an efficient means of maintaining a distribution of 
quality similar to that described in Figure 3. The OC curve for this criterion is shown 
in Figure 6. 

The most important factor too often neglected in the implementation of compliance 
schemes is that the decisions must be consistent and consistently enforced. It is only 
in this way that the risks will be fairly apportioned between the producer and the con
sumer. If the decisions are distorted in any way, such as by accepting, albeit reluctantly, 
material indicated as unsatisfactory or by rejecting material on insufficient grounds, 
then the inevitable consequence will be to distort the risks. 
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