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When a reinforced concrete pavement cracks, there is some 
reduction in rigidity . The reduction may result from imper 
fect transfer of moment across the crack or from imperfect 
transfer of both moment and shear, depending on the width of 
lhe ci·ack and how well the pavement is reinforced. Analyses 
are made for deflections and moments in pavement loaded near 
a long, straight crack for various combinations of moment and 
shear transfer across the crack. Fourier integrals are used 
to solve the problem. Solution is first made for a concentrated 
load at a given point, and then Maxwell's reciprocal theorem is 
used to obtain deflections at that point due to distributed loads 
at any point. A program has been written for computing de
flections and moments for any assumed efficiency of transfer. 
Representative results are given in the form of tables. Analy
ses are based on the assumptions that (a) except for the crack, 
the pavement bends in accordance with the Lagrangian equation 
for thin plates, and (b) the subgrade reaction is directly propor
tional to the local deflection. Present study shows that increas
ing efficiency of moment and shear transfer across a crack re
duces the maximum deflections and moments in the pavement 
due to loads on the pavement. 

ICONCRETE pavements usually crack, resulting in reduced load-carrying capacity and 
other undesirable features. Various remedies have been tried. These include spaced 
joints with load transfer devices, prestressing, and continuous reinforcement. The idea 
of continuously reinforced pavement is to control the width of the cracks rather than 
prevent them. With sufficient reinforcement the cracks may be kept so small that mo
ment and shear are transmitted across them. The purpose of this investigation is to 
determine the stresses and displacement in a pavement under load as a function of the 
efficiency of transfer of moment and shear across a crack in the pavement. 

In the analysis we shall assume that, except for one long, straight crack, the pave
ment bends in accord with the Lagrangian equation for thin plates and that the reactive 
pressur e of the subgrade is proportional to the local deflection. Our interest will be in 
maximum moments and deflections caused by loads in the vicinity of the crack. The 
necessity for a general solution is avoided by considering first a concentrated load for 
which solutions of the homogeneous differential equation are adequate. Then, by using 
Maxwell's reciprocal theorem and an integr ation, we can find the deflection at a given 
point for a distributed load . Curvatures are found by appropriate differ entiation and 
then moments and stresses are computed by the usual formulas for plates. 
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THEORETICAL DERIVATIONS 

Pavement Equations 

x As shown in Figure 1, the x axis is 
placed at the crack and the y axis goes 
through the point of application of the con
centrated load. This is the point (o, c) 
where c is the distance of the load from 
the crack. For purposes of the analysis, 
three regions are considered, depending 
on the y coordinate, as follows: Region I, 
cs: y; Region II, o s: y s: c; and Region ill, 
y s: o. 

With only the one concentrated load the 
homogeneous differential equation 

(1) 

Figure 1. Pavement with a straight crack. is applicable for each region. Symbols in 
this and other equations in this paper are 
defined as follows: 

a, b, c = linear distances; 
D = flexural rigidity of the slab; 
k = subgrade modulus or weight density of equivalent liquid subgrade; 

t = (D/k)% for liquid subgr ade; 
Mx = bending moment per unit of length of the edges parallel to the x axis; 
My = bending moment per unit of length of the edges parallel to the y axis; 

P = total loadon slab; 
q = intensity of load on slab per unit of area; 
w = deflection of slab; 

x, y = rectangular coordinates; 
O!, f3 = variables of integration in Fourier integrals; 

'Y = 0!2 + {32; ' 
µ = Poisson's ratio; 

<ti, p = proportional constants; 
V2 = Laplace operator; 

Consider the following solutions of Eq. 1 for the three respective regions: 

Wl = 
Pt3 /m cos 0!X(A1 cos {3y + B1 sin Q,, )e -yy dO! 
11D "'3 

0 

co 

Pt3 f w2 = 1TD cos 0!X(A2 cos {3y cosh yy + B.2 sin {3y cosh yy 

0 

+ C:i cos fjy sinh yy + D2 sin {3y sinh yy) dO! 

cos O!X(A3 cos {3y + B3 sin {3y)e'YY dO! 

(2) 

(3) 

(4) 
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where 

ri ../1+ 4 t 4 2 ~l+clt4 

'Y2 __ + a fi=-~+----
- 2 2t2 

' 2 2t2 
(5) 

t
4 = D/k (6) 

Ai, B1 , A2 , B2 , <;, D2 , A3 , B.i are arbitrary functions of the variable of integration 
a and are introduced for the purpose of satisfying four conditions at the boundary be -
tween Regions I and II and four conditions at the boundary between Regions II and m. 

Each solution satisfies Eq. 1 and is capable of meeting all boundary requirements 
for the region to which it applies. 

Boundary Conditions 

For the analysis, each region is considered to extend to infinity in both plus and 
minus x dirnctions and the solutions for each region are Fourier integrals in the x di
rection; therefore, no further consideration need be given to the boundaries at x = ±co, 
The requirement that the deflection approach zero as y approaches ±co is met by using 
only positive values of 'Y from Eq. 5. There remain eight conditions to be satisfied as 
follows. At y = c, 

W1 = W2 

E" f D :y V2
(w1 - W2)dx = P 

-E" 

For all positive values of E, however small, Pis the concentrated load. At y =0, 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

Equations 7, 8, and 9 express continuity of deflection, slope and moment between 
Regions I and II. Equation 10 expresses continuity of shear except at the point of the 
concentrated load where the proper discontinuity is provided, since 

/ ~ J cos .. "" dx = p (15) 

-E" 0 
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and j cos ax dais the well-known Dirac 
0 

delta function. Continuity of twist Myx is 
satisfied when the other continuity conditions 
are met. 

At the crack between Regions II and III 
there may be discontinuity in deflection and/or 
slope. Continuity of moment is expressed by 
Eq. 11. Continuity of twist and shear is re
placed by continuity of reaction, Eq. 12, in ac
cord with thin plate theory. Equation 13 states 
that the moment transmitted across the crack 
is proportional to the discontinuity in slope, 
and Eq. 14 states that the reaction transmitted 
is proportional to the discontinuity in deflec -

Figure 2. Area to be loaded divided into rec- tion. If the proportionality constants p and ¢ 
tangles for deriving deflections. are both infinite, there is perfect continuity; 

if they are both zero, there is no continuity. 
If there is moderate reinforcement, one might 

expect poor transmission of moment and good transmission of reaction. 
Substitution of Eqs. 2, 3, and 4 into the eight boundary conditions, Eqs. 7 to 14, re

sults in a matrix of equations. A FORTRAN program was written that computes the 
elements of the matrix and makes the solution for the eight conditions arbitrary func
tions of a for any given values of the nondimensional parameters al and c/ t. 

Deflections and Moments 

If the deflection at any point (x, y) due to a concentrated load at point (o, c) were de
sired, it could be found by numerical integration of the applicable integral, Eqs. 2, 3, 
or 4. For this purpose the matrix of equations would be solved for the arbitrary func
tions for a sufficient number of properly spaced values of at. In like manner the mo
ment at any point (x, y) due to the concentrated load could be found by numerical integra
tion of the corresponding integral for moment. However, our interest is in deflections 
and moments due to distributed loads. Because the deflection at (o, c) due to a load at 
(x, y) is equal to the deflection at (x, y) due to a load at (o, c ), the deflection at (o, c) due 
to a distribution load could be found by replacing P in the appropriate expression for w 
by q dx dy and integrating over the loaded area. 

To avoid the tedious integrations suggested for a given loading distribution, influence 
charts for deflections are prepared. The area that may be loaded is divided into rec
tangular blocks, of which one is represented in Figure 2. The deflection, W(i, j) at point 
(o, c) due to a uniform load of q intensity over the i, j block shown, is given by 

(16) 

where the general term w[a, b] is found by integrating the appropriate expression for w 
with respect to x from zero to a and with respect to y from zero to b. For example, this 
gives for Region I 

w(a b) - _g£ !"" sin O!a [A1 (-yt cos Rb+ 11t sin Rb) 
' - TTD at( (y.t)2 + (Rt)2 ] ,., ,., ,., 

0 

- B1 (f3.t cos ffu + y.t sin f3b)]e -.,,t> <la! (17) 

Reciprocal relations do not in general apply between derivatives of deflections. That 
is, the curvature in the y direction at point (o, e) due to unit load at point (x, y) is not 



190 

equal to the curvature in the y direction at point (x, y) due to unit load at point (o, c). 
However, because c is the coordinate in the y direction for deflection at point (o, c), the 
curvature in the y direction at this point is c2w /ac2 where w is the deflection. From 
these considerations the moments at point (d, c) due to a load at point (x + d, y) are given 
by 

M = y 
(o2W - D -+ 21c 2 

o2W) 
µ. 21d2 (18) 

Mx = - c~2w D Od2 + a
2

w) 
µ. ac2 (19) 

( ) a
2
w Mxy = 1 - µ. D --adac 

(20) 

where (x + d) has been substituted for x in the appropriate expression for w. After dif
ferentiation, d may be set equal to zero to obtain moments at (o, c). 

Expressions for curvature in the x direction are readily obtained; thus for Region I 
the curvature a2w1/ad2 at (o, c) due to a uniform load over the region bounded by x - a, 
x = O, y = 0, y = b is given by 

co 

g£ J a.t sin a.a { 
'll'D (y.t.}2 + ({31.f (A1 yt cos {3b - .f3t sin ,Bb) 

0 

+ B..t ({3t cos [JP + yt sin .Bb) ] e -yb d~ {21) 

In view of the lengthy analytical expressions, the curvature in they direction is ex
pressed by the central difference formula, 

w(o, c + Ac) - 2w(o, c) + w(o, c - de) 
(Ac)2 (22) 

Finally, the moment M(i, j) under consideration at the point (o, c) due to a uniform 
load over the i, j block is given by 

where m is the value of the moment in question due to a uniform load over the whole 
area bounded by x = O, x = a, y = O, y = b. 

NUMERICAL CALCULATIONS AND RESULTS 

Representative results of the computations are given in Tables 1, 2, and 3. Table 1 
gives Cw in the expression 

w = Cw qt4/2,000 D (24) 

where w is the deflection at the point (o, c) due to a uniform load of q intensity over a 
square area O.lt by O.lt with center at the designated x and y coordinates. In like 
manner, Table 2 gives Cm in the expression 

(25) 

These two tables are for the special case of c = O, i.e., at the edge of the crack, p = 0.0, 
i.e., no moment transfer across the crack, and ¢ = "'• i.e., perfect transfer of shear 



IX I a.a5 a.15 

1.45 . 9235 . 9178 

1. 35 i.as9 IL 052 

1. 25 l.2a7 i .199 

1.15 1. 368 l. 359 

l.as 1. 542 1. 532 

0.95 1. 731 ~- 720 

0.85 1.934 1. 921 

0. 75 2 .153 1:2 .137 

a.65 2.387 '1 .369 

0. 55 2.636 2. 615 

0.45 2. 902 2 .877 

0. 35 3.184 J .155 

0.25 3.482 l. 447 

0.15 3. 797 J.752 

0.05 4 .128 '4.069 

~ t a.as a.15 

1.45 2.aaa 2. 744 

l.JS J.225 J.147 

l.2S J. 7aJ J.608 

l.lS 4.2SJ 4.lJS 

l.OS 4.888 4.74a 

0.9S 5.627 S.439 

a.as 6.491 6.248 

a. 7S 7.SlJ 7.192 

a.6S 8. 736 8.Jao 

a.SS la.22 9.611 

a.4S 12.aa 11.17 

a.JS 14.48 l3.a2 

o. 2S 17.74 lS.lS 

O.lS 22.48 17.28 

a.as 29.aa 18.47 

TABLE 1 

DEFLECTION COEFFICIENTS Cw 
(See Eq. 24) 

C = 0.0, p = 0.0,. ¢ = m, µ = 0.15 

a.25 a.35 a.45 a.55 a.65 

. 9a64 , 8897 . 868a .8418 . 8115 

l.a39 i.a2a . 9956 . 9656 • 9311 

1.184 1.162 1.134 l.1oa l.a6a 

1. 342 1. 317 1. 284 1. 245 1.201 

1. 513 1.484 1.447 1. 402 1. 352 

1.697 1.664 1.622 1. 571 1.514 

1.895 1.857 1.809 1.751 1.686 

2.107 2 .a64 2.aa9 1.943 1.869 

2. 334 2.284 2.221 2.146 2. 063 

2. 575 2.517 2.445 2.360 2. 266 

2.830 2. 763 2.680 2. 583 2. 478 

J.099 J. 021 2.925 2.816 2.697 

3. 380 l.289 3.179 3.056 2. 923 

3. b72 3.565 J .440 3. 301 3 .153 

3 .972 J .848 3. 706 3. 551 3.387 

TABLE 2 

MOMENT COEFFICIENTS Cm 
(See Eq. 25) 

C = 0,0, p = 0.0, ¢ = m, µ = 0, 15 

0.25 o. 35 0.4S o.ss 0.6S 

2.62a 2.443 2.222 1.968 1.692 

2.997 2.783 2.518 2.216 l.89a 

3.424 J.164 2.84S 2.485 2.1oa 

3.908 J.S9l J.20S 2. 774 2.321 

4.4S9 4.068 J.S98 J.081 2.S46 

S.084 4.S98 4.a2J J.402 2. 771 

S.79S S.184 4.477 J. 729 2.98S 

6.6a2 S.826 4.9Sl 4.asa 3.177 

7 .516 6.Sl6 S.428 4 .347 J.JJa 

8.541 7.236 5.882 4.S93 3.424 

9.663 7.94S 6.271 4. 757 3.438 

la.02 8.S68 6.SJ7 4.aas J.JS6 

11.89 8.991 6.621 4. 712 J.171 

l2.S6 9.a98 6.494 4.471 2.914 

12.61 8.832 6.169 4.as9 2.8Sl 
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a.75 a.85 a. 95 

• 7778 . 7412 . 1a24 

. 8927 . 8512 . 8a71 

1.017 . 97a2 . 92a4 

1.151 l.a98 l.a42 

1. 296 1.236 1.17 3 

l.4Sa 1. 383 1. 312 

1.615 1.539 l.46a 

1. 789 1. 7a4 1.615 

1. 972 1.877 1. 779 

2.165 2.a59 1.949 

2.365 2. 247 2.126 

2. 571 2. 441 2 .·308 

2.783 2.640 2.495 

3.oao 2.842 2.684 

3.218 3.047 2. 875 

o. 75 a.as 0.95 

l.4a5 1.116 . 8348 

l.S5S 1.222 .8992 

l. 710 1.325 . 9567 

l.86S 1.422 l.aOJ 

2.016 l.saa l.034 

2.156 1.576 .a44 

2.27S l.619 .a26 

2.363 1.627 . 9737 

2.4a7 l.S9a . aaaa 

2.394 l .Sa2 .7398 

2.Jla l.JS4 .ssa1 

2.1sa .l.147 .Jlla 

1.912 .892S . 0227 

l.S68 .6552 .3532 

1.171 . 426S .4148 
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TABLE 3 

DEFLECTION AND MOMENT COEFFICIENTS 
(See Eqs. 24 and 25) 

c/ l x/ l v/l o/D $/D 

0.5 0.05 0.45 o.o 0 

0.5 0.05 0.45 o.o l 

0.5 0.05 0.45 o.o 100 

0.5 0.05 0.45 0.0 1000 

0.5 0.05 0.45 o.o m 

0.5 0.05 0.45 0.001 0.001 

0.5 o. 05 0.45 O.Ol 0.01 

0.5 0.05 0.45 O.l 0.1 

o.o 0.05 0.05 o.o 0.0 

o.o 0.05 0.05 0.0 m 

0. 3 0.05 0.05 0.0 m 

0.3 0.05 0. 25 0.0 m 

0.3 0 . 05 0 . 45 0.0 m 

0.3 0.15 0.05 0 . 0 m 

0. 3 0.15 o. 25 0.0 m 

aTaken from Tables 2 and 3 of Influence Charts for Concrete Pavements, 
G. Pickett and G. K. Ray, ASCE Transoetloru, Vol. 116, 1951. 

bJhe value seems to be loo large . 

c 
w 

4. 667a 

3 . 483 

2. 770 

2. 753 

2 . 753 

4 .649 

4.612 

4.305 

0.203b 

4 .128 

3.291 

3 .123 

2 . 859 

3 . 257 

3.077 

cm 

29.06a 

26 .99 

23 . 58 

23 . 31 

25.5la 

28 . 85 

28.82 

28. 56 

56.42° 

29.~0 

16.67 

25 . 53 

20 . 46 

14.08 

15.44 

across the crack. Table 3 gives selected results for various values of c, p, and ¢. 
These three tables were prepared from a much larger body of computed data, including 
results for both Cw and Cm for the following cases and ranges of x/t and y/t: 

c/t p/D ¢/D x/l y/t 

0. 0. co 0 - 2.0 0-3.0 
0.3 0. co 0-2. 0 0-3.0 
0.5 0. co 0-2.0 0-3.0 
0.5 0. 1 0-1. 0 0-1. 
0.5 0. 100 0- 1. 0 0-1. 
0.5 0. 1000 0-1. 0 0-1. 
0.5 0.001 0.001 0-1. 0 0-1. 
0.5 0.01 0.01 0-1. 0 0-1. 
0.5 0.1 0.1 0-1. 0 0-1. 

Because the solutions in every case were for areas 0. ll by 0. ll, a total of 2, 400 of 
each of Cw and Cm were obtained. For each Cw a minimum of one infinite integral was 
evaluated, and for each Cm a minimum of three infinite integrals was evaluated. Simp
son's rule was used in the numerical integration of the infinite integrals. The spacing 
of the intervals and the maximum value of al used were varied until no further changes 
were detected in the first four significant digits of the integrated values. In like manner 
Ac was varied to obtain what was believed to be optimum accuracy in determining 
a2w/ac 2

• As Ac is decreased accuracy is increased until round-off error dominates. 
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For each Ott used, an eighth-order matrix of equations based on the eight boundary 
conditions was solved; 22 of the 64 elements of the matrix were zero, 14 were easily 
obtained, 8 involved two to three functions, 14 involved four to six functions, and 6 in
volved nine to ten functions. For example, in the four to six category was element (2, 5) 
given by 

{Jt sin Be sinh ye - yt cos Be cosh ye 

where f3 and y are given by Eq. 5. Therefore, considerable computational effort was in
volved. The computations were done on a CDC 1604 computer at the University of Wis
consin. 

Space limitations do not permit further description of how the computations were 
made nor inclusion of more computed results. However, if one has an adequate com
puter available and the FORTRAN program used, he may obtain as many results similar 
to those shown in Tables 1 to 3 as desired. The program can be obtained on request 
from the author. 

If Tables 1 and 2 are plotted to scale they become influence charts and as such can be 
used to obtain deflections and moments for any distribution of loading. 

Examination of Table 3 shows the decrease in deflection and moment with increase in 
either or both moment and shear transfer across the crack. Comparison of perfect 
shear transfer with that of no shear shows that the deflection at the crack (c = 0) for 
loads near the crack (y/t = 0.05) is reduced to about half (8.203 to 4.128), and the mo
ment at the crack is reduced to nearly half (56.42 to 29.80) by the shear transfer. This 
reduction is much less for points farther from the crack. 

SUMMARY 

This paper considers a cracked Westergaard pavement supported on a Winkler foun
dation and subjected to a normal load applied near the crack. After formulating integral 
equations to the problem we have determined numerical values of interest. 

The present study shows that increasing efficiency of moment and shear transfer 
across a crack reduces the maximum deflections and moments in the pavement. If the 
results shown in the tables are plotted to scale and become influence charts, one can 
obtain deflections and moments for any distribution of loading. An available computer 
program will give deflections and moments for any assumed efficiency of transfer. 

For the continuously reinforced pavement, where transverse cracks usually occur at 
close intervals, a similar approach can be extended to the problem by dividing the slab 
into more regions. The present analytical study is confined to an isolated crack, with 
continuous uncracked slabs on both sides. 
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