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The design of horizontally curved bridge girders is complex, and simplify
ing assumptions are made by designers to facilitate analysis. The reli
ability of two methods of analysis was checked by placing strain gages on 
longitudinal reinforcing steel and stirrup reinforcing steel at several criti
cal locations on a two-span continuous, curved concrete box beam. In 
addition, load cells were placed at the three reaction points and at six lo
cations where the curved beam supports secondary structural members. 
The test results were in fairly good agreement with values computed by 
the curved-beam method of analysis. Values computed by the straight
beam method of analysis were not in as good agreement with the test 
results. 

•HORIZONTALLY CURVED BEAMS are often employed in modern highway bridges. 
The structural analysis of such beams is complex, and simplifying assumptions are 
usually made by designers. With the increasing use of curved beams, investigation 
of the behavior of these beams in service is of considerable importance. 

The District of Columbia Department of Highways and Traffic now has in progress 
several full-scale experimental projects on curved beams. These projects involve 
both steel I-beams and reinforced concrete box beams; this report is concerned with 
the reinforced concrete box-beam project. The box beam serves as one of the main 
girders of D. C. Bridge 516. This bridge carries traffic from 11th Street, S. W., over 
the Pennsylvania Railroad tracks and D Street, S. W., to a connection with the 12th 
Street Expressway. This paper contains a discussion of the design and analysis of the 
box beam. Moments and shears computed by the curved-beam method of analysis are 
compared with those computed by the straight-beam method. A discussion of the ex
perimental investigation intended to measure the reactions and stresses on the rein
forcement is also included, and test results are compared with analytical values. 

ANAL YSI~ AND DESIGN 

Design and Construction Materials 

The box beam is two-span continuous and circularly curved in the horizontal plane. 
The circular arc that is equivalent to the centerline length of the box beam is 124. 75 ft 
with a radius of 106.083 ft and a central angle of 67 deg 23 min 07 sec. Geometry of 
the box beam is shown in Figure 1. The center pier, point B, is located at 52 .52 ft 
(arc length) from the south abutment, point A. Expansion-bearing shoes at both south 
and north abutments and a fixed-bearing shoe at the center pier support the box beam. 
In Figure 1, D indicates the location of a diaphragm in the box beam and T indicates a 
point of intersection of a T-beam. T-beams carry the roadway slab loads, and they are 
simply supported on the box beam and the north abutment or on the center pier. There 
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Figure 1. Geometry of box beam. 

is a 3. 79-ft eccentricity of the point of support of each T-beam with respect to the long
itudinal centerline of the box beam. T-beam loads will be referred to as unsymmetri
cal loads. Figures 2 through 4 show the final design drawings of the box beam. The 
assumptions made and the procedure followed for the final design are the same as those 

TABLE 1 

that will be described in the design calcu
lations for the dead loads by the curved
beam method. 

CONCRETE TEST DATA FOR THE CURVED BOX BEAM The construction materials used in the 
box beam were carefully controlled. The 
compressive strength test results for the 
curved box-beam concrete are given in 
Table 1. The bridge parapet, which rests 
directly on the box beam, and the T-beams 
were constructed of lightweight aggregate 
concrete. The mix was designed for a 
maximum average weight of 105 pounds 
per cubic foot. 

Age at Test 
(days) 

7 
7 
7 

14 
14 
14 

28 
28 
28 

Location 

Bottom slab 
Side walls 
Top slab 

Bottom slab 
Side walls 
Top slab 

Bottom slab 
Side walls 
Top slab 

Average 
Compressive strength 

(psi) 

3, 656 
3,070 
3,970 

4, 357 
3,787 
4,680 

4,943 
4,407 
4, 950 The longitudinal reinforcement is con

stituted of Nos. 10 and 7 bars for the box-
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beam slabs and Nos. 10 and 5 bars for sidewalls (web); stirrup reinforcement is ac
complished with No. 5 bars. All bars are intermediate-grade deformed. The average 
yield point and tensile strength for the reinforcing steel are 48,600 psi and 79,000 psi 
respectively. 

Curved-Beam Method of Analysis 

The box is simply supported at the abutments A and C, and is continuous over the center 
pier B. It is assumed that the twist of the box beam under loading is not restrained at 
the supports , thus the two-span continuous, curved box beam is statically determinate . 
The reactions at B, center pier, and at C, north abutment, were determined by taking 
moments about AC and AO r espectively (Fig. 1). The reaction at A, south abutment, 
was found by summing the vertical forces and was checked by taking moments about 
CO. After the reactions were computed, torsional and flexural moments at any sec
tion transverse to the longitudinal axis (arc) were determined by taking moments at 
that section. The moment arms were divided respectively into the components in the 
planes parallel and perpendicular to that section. 

The dead load consists of the box-beam weight and the slab and T-beam weights 
carried by the T-beams to the box beam. It was assumed that the weight of the box 
beam was a uniformly ciistributed load. It was felt that no significant errors caused 
by slight variations in the box-beam cross section would result from this assumption. 
Concentrated T-beam loads and uniformly distributed box-beam weight used in the 
analysis are shown in Figure 5. Flexural moments, torsional moments, and flexural 
shears were computed by the procedure described previously. The flexural moments 
owing to eccentricity caused by the unsymmetric condition of T-beam loads are noted 
as Mfpe , and the flexural moments caused by the equivalent symmetric T-beam loads, 
as Mfp• The unsymmetric condition of the T-beam loads caused negative flexural 
moments throughout the length of the box beam . It is noted that at the center pier , 
Mfpe is approximately 88.5 percent of Mfp (Mfp = 719 kip-ft vs Mfp = 813 kip-ft ). 

Straight-Beam Method of Analysis 

For the purpose of comparing the curved-beam method with the straight-beam 
method, a simplified straight-beam analysis was performed by straightening the curved 
box beam out to its fully developed length. In this method the eccentricity of the T
beam loads was not considered in computing the flexural moments and shears. 

Comparison of Results Obtained From the Two Methods of Analysis 

Total T-beam load moments by the curved-beam method consist of the moments 
caused by equivalent symmetric T-beam loads and the moments caused by eccentricity 
of T-beam loads. Because of the eccentricity, the T-beam load moments at the center 
pier and at T-beam No. 4 increase from -813 to -1,532 kip-ft, and decrease from 550 
to 261 kip-ft respectively. The T-beam load moments by the straight-beam method at 
the same sections are -663.5 and 587 .8 kip-ft respectively. These moments by the 
straight-beam method are respectively 18 percent lower and 6.8 percent higher than 
-813 and 550 kip-ft, and 56.7 percent lower and 125.2 percent higher than -1,532 and 
261 kip-ft. Apparently the unsymmetric condition of the T-beam loads are attributed 
to the large discrepancies in the T-beam load moments between the curved-beam 
method and the s traight-beam method. 

For uniform load only (box-beam weight), the moments at the center pier and T
beam No. 4 are -2,125 and 1,069 kip-ft by the curved-beam method, and -1,589 and 
1,249.6 kip-ft by the straight-beam method. The moments by the straight-beam method 
are from 25.22 percent lower to 16.9 percent higher than the moments by the curved
beam method. 

For uniform load only (box-beam weight), the reactions by the straight-beam method 
are 26.29 percent higher at the south abutment, 6.36 percent lower at the center pier, 
and 6.61 percent higher at the north abutment than those by the curved-beam method. 
For the T-beam loads, the percentage difference in reactions is considerably higher. 
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Figure 2. Curved box girder. 
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52.52' 72.23' 

Figure 5 . Dead loads and strain gage locations. 

EXPERilVIENTAL INVESTIGATION 

The instrumentation of the curved box beam consists of strain gages on both longi
tudinal and stirrup reinforcement, and of load cells at both the T-beam and the box
beam supports. 

Strain gages were placed in groups that are indicated as groups 1, 2, 3, 4, and 5 in 
Figure 5. The strain gages in groups 1, 2, and 3 are bonded to the longitudinal rein
forcement: group 1, in the regions of relatively small moment; group 2, in the region 
of the maximum negative moment; and group 3, in the region of the maximum positive 
moment. The strain gages in groups 4 and 5 are bonded to stirrup. reinforcement: group 
4, in the region of the maximum shear, and group 5, in the region of small shears. 
Table 2 gives specific locations of the strain gages. At strain-gage groups 1 and 3, the 
instrumented bars are located at two different depths of the box beam. The strain-gage 
group 2 has the instrumented bars at four different depths. At each depth, four or six 
bars were instrumented as given in Table 2. The strain-gage groups 4 and 5 have four 
instrumented stirrup bars each and the strain gages are at mid-depth of the stirrup 
bars. Figures 3 and 4 also show the arrangement of the reinforcement and the strain 
gages that are indicated by a symbol, x. 

The load cells were installed to measure the box-beam reactions and the T-beam 
loads carried to the box beam. A schedule of the load-cell locations is shown in Figure 
6. A link (structural steel prism) was used to measure the reaction at the south abut
ment. The reactions at the other two supports and the loads imposed by the T-beams 
were measured by means of cylindrical ring load cells. 

Figure 6. Load eel I arrangement . 



Strain 
Gage 

Group 

2 

2 

2 

2 

3 

3 

4 

:5 

Strain Bar 
Gage Size 
No. No. 

1 
2 
3 
4 

27 
28 
29 
30 

31 
32 
33 
34 
35 
36 

47 
48 
49 
50 

5 
6 
7 
8 

15 
16 
17 
18 

43 
44 
45 
46 

9 
10 
11 
12 
13 
14 

19 
20 
21 
22 

23 
24 
25 
26 

10 
7 
7 
7 

10 
7 
7 

10 

10 
10 
10 
10 
10 
10 

10 
10 
10 
10 

10 
7 
7 

10 

10 
10 
10 
10 

7 
7 
7 
7 

10 
10 

7 
7 

10 
10 

6 
5 
6 
6 

5 
5 
5 
5 

+ Indicates tensile stresses. 

TABLE 2 

ANALYSIS OF STRESSES IN REINFORCEMENT 

(Measured 1n psi) 

Test Curved-Beam Method Straight-Beam Method 

Box-Beam 
Weight 
Only 

-3, 270 
-3, 540 

-2, 160 

+2, 850 
-1, 500 
-1, 710 
-3, 750 

+1, 950 

+3, 480 
+3, 960 
+4, 290 

+1,350 
+4, 080 
+4, 020 
+2, 520 

-2, 940 

-8, 820 
-8, 850 

+4, 500 
+2, 910 

-3, 450 
-3, 450 
-7, 890 
-4, 380 

30 
-1, 710 
+2, 490 

- 480 

- 270 
+ 900 
- 450 
- 390 

-1, 110 
+ 390 
-2, 790 
+2, 430 

Total 
Dead 
Load 

Box-Beam 
Weight 

Only 

Total 
Dead 
Load 

Bax-Beam 
Weight 
Only 

Longitudinal Reinforcement 

+10, 500 
660 

+ 2, 910 

+10, 350 
+ 6,630 
+ 4,710 
+ 6,840 

+ 8,610 

+12, 690 
+14, 310 
+15, 420 

+11, 500 
+10, 920 

+ 220 

- 200 

+3, 820 

+ 11, 220 +3, 180 

- 2, 610 

- 5,400 
- 9, 630 -4, 270 

+ 7,410 
+ 7,110 

- 1, 470 
- 3,690 
- 2, 190 

+1, 870 

- 1, 140 -2, 760 

+15, 570 
+15, 930 
+20, 370 

+12, 030 
+2, 460 

- 1, 330 

+ 5,010 

+13, 800 

+12, 100 

- 6, 740 

+ 8,820 

- 3, 180 

+10, 500 

Stirrup Reinforcement 

+ 2, 580 
+ 2, 310 
+ 2, 580 
+ 1, 950 

+ 2, 190 
+ 3,720 
+ 9,030 
+ 5,280 

+2, 910 
+1, 590 
+2, 070 
+2, 880 

+3, 360 
+4, 320 
+1, 440 
+6, 750 

+ 750 

- 660 

+2, 320 

+1, 930 

-2, 600 

+1, 040 

-3, 220 

+2, 900 

Total 
Dead 
Load 

+ 200 

160 

+ 7,240 

+ 6,350 

- 3,540 

+ 4,630 

- 4,360 

+14, 420 

Instrumentation and Field Readings 

Location of 
Instrumented 

Bar 

109 

Bottom row of bottom 
slab 

Top row of top slab 

Top row of top slab 

Bottom row of top 
slab 

Bottom row of bottom 
slab 

Top row of side wall 

Top row of top slab 

Bottom row of bottom 
slab 

2 ft 6 1n. from bottom 
of box beam (mid
depth of stirrup) 

2 ft 6 1n. from bottom 
of box beam (mid
depth of stirrup) 

Strain gages were used on reinforcing bars and on load cells. The deformed rein
forcing bars are intermediate grade. A single strain gage was attached at each gage 
point. The load-cell rings are made from corrosion-resistant steel to meet the re
quirement of ASTM Designation A 276-60T, Type 303 Specifications. Load-cell rings 
were specified in two sizes: 21/8 in. (outside diameter) by% in. (thickness) by 1¼ in. 
(height) for the center piel', and 4½ by ½ by 1¼ in. for north abutment and T-beam 
points. In several instances, steel shims had to be used to obtain uniform bearing over 
a support. ASA No. 125 finish was specified for the surface of the bearing plates in 
areas in contact with the load cells. 
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The load cells were placed on the bearing plates and provided with shims as needed. 
The electrical lead wires from the load cells were connected to the terminal boxes at 
the abutments and center pier. Upper bearing plates covered the load cells and zero 
readings were taken. 

All reinforcing steel, including the bars on which strain gages had been placed, was 
tied in place as designed. The electrical lead wires were rolled in a tight coil and in
serted through 2-in. galvanized iron pipes to the designated terminal boxes. The zero 
readings of the strain gages were taken before and, in some cases, after the concrete 
was placed. 

Seventeen days after the concrete was placed in the top slab, all false work was re
moved and two sets of readings were taken for the strain gages on the reinforcing bars 
and on the load cells at the box-beam supports. The two sets of readings were for the 
purpose of determining effects caused by box-beam weight only. 

The load cells at the T-beam bearing seats on the box beam were placed in position 
and the zero readings were taken. The T-beams and roadway slabs were placed. Two 
sets of the readings for all load cells and strain gages were taken; one set was laken 
in the evening and a second set was taken the following morning. 

Test Results 

The principal test data are strains in reinforcement and load-cell readings for the 
reactions as given in Tables 2 and 3. These tables also contain the computed values 
by both the curved-beam and straight-beam methods. 

Stresses in Reinfor cing Steel Bars-The location of the strain gages and the proce
dure for taking readings have been described previously. The performance of the strain 
gages was less than satisfactory. Eight of the 44 strain gages were inoperative. 

In each strain-gage group, there are four or six strain gages (Table 2). These 
gages permit determination of strain in four or six different reinforcing bars across 

Load 
Locatfon Cell 

No. 

Center pier 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 

North abutment 

25 
26 
27 
28 
29 
30 
31 
32 
33 

Link at south 
abutment 34 

Total 

TABLE 3 

ANALYSIS OF REACTIONS 

(Measured in kips) 

Test Curved-Beam Method straight-Beam Method 

Box-Beam Total 
Weight Dead Load 
(70 F) (73 F) 

Box-Beam Total Box-Beam Total 
Weight Dead Load Weight Dead Load 

263 . 3 377.2 256. 3 382.4 240.4 383.3 

52.0 42. 6 
19. 5 22.8 
15. 2 21. 2 
3.5 8. 0 

15. 8 27 . 5 
16. 8 42.0 
46.0 42.0 
50.0 68.8 
0 . 0 1.0 

22.0 32. 5 
4.0 20. 5 

18. 5 49. 5 

57. 5 70.5 81.7 92.9 87.1 109.0 

o.o 0.0 
1. 0 13 .4 

11.8 39.2 
1.8 13. 0 
0.0 o.o 

17. 3 3. 7 
23. B 1. 3 
0.0 0.0 
1. 8 0.0 

60.0 26.5 38.8 13.0 49.0 49.7 

380. 8 474. 2 376. 8 488. 0 376. 5 488. 0 
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the width of the beam. The effects of the strains, caused by the shrinkage of the con
crete or the change in temperature, are not considered in the analysis of the test re
sults. The steel stress, measured by the test and given in Table 2, was computed by 
multiplying the strain by the modulus of elasticity. The difference in temperature be
tween the time zero readings were taken and the time test readings were taken was 
less than 30 F. Steel stresses by analytical methods were computed using conventional 
reinforced concrete design theory. 

Flexural stresses in longitudinal reinforcement given in Table 2 do not take into 
account the effects of torsion transverse tie and web reinforcement. It is assumed, 
therefore, that strains in the longitudinal steel are caused by flexure only. Because 
the longitudinal steel stresses determined by the tests with the box-beam weight only 
were relatively low (Table 2), it is assumed that the box-beam weight did not cause 
flexural cracks. Theoretically, if there are no flexural cracks in the box beam, there 
will be no movement of the longitudinal steel relative to the adjacent concrete. Conse
quently, the strains in the steel and in the concrete immediately surrounding the steel 
are the same. The modular ratio of 10 was used to transform the steel into the equiv
alent concrete area to compute the steel stresses. 

In the computations of the steel stresses caused by the total dead load, the transformed
section method was also used with a modular ratio of 8. The magnitude of steel stresses 
obtained from test data indicates that flexural cracks occurred in the box beam. 
There is no reliable method of computing the steel stresses at locations away from 
flexural cracks. It is assumed in this analysis, therefore, that the flexural cracks 
occurred at or near the sections where strain gages were located and that tensile 
forces at these sections were resisted by longitudinal steel only. At the time of 
testing, no observations were made of flexural crack formations or patterns; however, 
recent observations indicated very closely spaced fine cracks on the tension sides of 
the box beam. 

The largest observed value of the tensile stress at a given depth in each strain-gage 
group is used to compare with the computed values. It is likely that strain gages giving 
the smaller tensile stresses are located away from the flexural cracks. 

At the location of strain-gage group 2 (near the center pier, maximum negative 
moment region), the steel stresses computed by the curved-beam method compare 
fairly well with those obtained from the strain readings; whereas, the steel stresses 
computed by the straight-beam method are considerably lower than those obtained from 
strain readings. However, in the maximum positive moment region (vicinity of strain
gage group 3), the steel stress in the bottom slab (tension side) by the straight-beam 
method is nearly the same as that obtained from the test; whereas, the corresponding 
stress is lower by the curved-beam method than by the test. Although the straight
beam method gives a somewhat closer agreement with the test results from strain-gage 
group 3 than the curved-beam method, the steel stresses computed by the curved-beam 
method give better comparison in general with those obtained from the test. 

The steel stresses observed at the location of the strain- gage group 1 on the bottom 
slab do not agree with those computed by either method. However, the steel stresses 
obtained from the test at the top slab for the total dead loads are in good agreement 
with those computed by the curved-beam method. 

Shear stresses in stirrup reinforcement were determined by the eight strain gages 
in groups 4 and 5 placed on stirrup reinforcement. Any theoretical analysis of the 
stresses in stirrup reinforcement can be only approximate, and it is necessary to rely 
on careful observations of the crack pattern in the beam during testing. When the test 
was conducted, no study was made of the crack pattern. Recent field observations 
(2 ½ years after the test) revealed a few diagonal cracks in the area of strain- gage groups 
4 and 5, and closely spaced fine vertical cracks were observed. 

There are no indications of cracking in the vicinity of the strain gages placed on 
the vertical stirrups (mid-depth of beam). Theorectically there should be very little 
linear strain or stress in the vertical direction in the concrete and steel at mid-depth 
because a state of pure shear is presumed to exist at the neutral axis that is near mid
depth. Significant stresses given in Table 2 were observed, however. strains ob
served were generally compression for box-beam weight only, and tension for total 
dead load. No explanation is attempted for the high strains measured. 
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Reactions-Thirty-three load cells and one link were installed to measure reactions 
for compa1•ison with quantities computed by the two analytical methods. The test re
sults and the computed reactions are summarized in Table 3. The summations of the 
total dead-load reactions and the box-beam weight reactions obtained from the test 
compare very well with those used in the design calculations, as seen in Table 3 (e.g. , 
380.8 kips by the test vs 376.6 kips by the design computation for box-beam weight only, 
and 474.2 kips vs 488 kips for the total dead loads). 

The bridge deck weight carried by each T-beam to the box beam was measured by 
two load cells. Load cells 14 and 19 at the T-beam bearings became inoperative at the 
early stage of the bridge construction. The load cell readings at all T-beam bearing 
points indicated tension forces. Tension forces could not possibly exist at the T-beam 
points nor could they be measured if they did exist because of the nature of the load
cell installation. A thorough check of these load cells failed to reveal causes for such 
erratic behavior of the load cells. No attempts were made to analyze the test data 
from these load-cell readings. The nature of the structure allows for analytical esti
mation of T-beam ioads with a high degree of accuracy. 

The reactions at the center pier, caused by box-beam weight only, were computed by 
the curved-beam method and the straight-beam method and are respectively 2.6 and 
8.7 percent lower than the reaction by the test. At the north abutment they are re
spectively 42 and 51.5 percent high, and at the south abutment, 35 and 18.3 percent lower 
than by the test. Because the magnitudes of the reactions at the north and south 
abutments are small relative to the reaction at the center pier (Table 3), thehigher per
centages of the discrepancies between the test and the computed values are not neces
sarily significant. 

The percentage differences in the reactions caused by total dead load are approxi
mately the same as those for the box-beam weight. The reactions computed by the 
curved-beam method and the straight-beam method are respectively 1.38 percent higher 
and 10.31 percent lower at the center pier, 31.77 and 54.6 percent higher at the north 
abutment, and 51 percent lower and 53.6 percent higher at the south abutment than the 
reactions obtained by the tests. At the center pier where the reactions are fairly large, 
the difference between reactions computed by the straight-beam method and those from 
the test are 6 to 9 percent more than those between reactions computed by the curved
beam method and the test. At the north abutment, the difference is 10 to 22 percent. 

Twist of Box-Beam at the Center Pier-The torques resisted at the center pier were 
computed by taking moments of the load- cell readings about the longitudinal centerline 
of the box beam. They were 29.6 kip-ft by the box-beam weight and 40 kip-ft by the 
total dead loads. 

CONCLUSIONS 

On the basis of the strain observation of the longitudinal reinforcement and the load
cell readings at the box-beam supports, the curved-beam method is fairly reliable. It 
is assumed in this method that the twist of the box beam is not restrained at the box
beam supports. The results calculated by the curved-beam method are in better agree
ment with those obtained by the test than the results computed by the straight-beam 
method. Where the loading is symmetrical about the longitudinal centerline of the box 
beam, the difference in the results between the curved-beam method and the straight
beam method is small. The difference is fairly large for unsymmetrical loading, 
however. 




