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A method is presented to solve the problem of dynamic response 
of single-span, simply supported, horizontally curved highway 
bridges subjected to moving loads. The problem is analyzed by 
idealizing the bridge to be a single curved beam of equivalent 
rigidity and mass and the moving loads to be either a single 
constant force or two constant forces. The results of this anal
ysis are utilized to develop impact factors for both flexural and 
torsional response of the bridge. The impact factor design 
curves are presented for various span lengths and central an
gles. These curves represent the response of the Bureau of 
Public Roads standard bridges of the I-beam noncomposite and 
welded girder composite types with four girders supporting the 
concrete slab. 

•A TREND in recent years has been to construct bridges so that they accommodate 
highway alignment predetermined by considerations of tight geometric restrictions, 
simplicity of construction, aesthetics, and economics of cost. The increasingly fre
quent occurrence of structures on curved alignment therefore requires, for design pur
poses, an estimate of the general level of dynamic response when subjected to moving 
loads. 

The response of horizontally curved highway bridges is analyzed by idealizing 
the bridge to be a simply supported, uniform, curved beam of equivalent mass and 
rigidity as shown in Figure 1. In general, moving loads on highway bridges possess 
sprung and unsprung components of mass and can be idealized as a single-axle or 
a two-axle load unit with sprung and unsprung mass as shown in Figure 2. The 
response analysis of curved bridges, based on such an elaborate analytical repre
sentation of the vehicle, was performed by Vashi (1). The results of this analysis 

were presented Tn the form of spectrum curves 
for the bridge response as a function of vari
ous parameters. This study showed that the 
constant-force solution was, in general, ade
quate for estimating the curved bridge response. 
For certain combinations of the parameters, 
the constant-force solution was found to form 
an upper bound to the data. The analysis pre
sented herein, therefore, considers the loads 
to be either a single constant force or two con
stant forces moving with constant speed. The 

Figure 1. Idealization of simply supported Appendix contains a notation of symbols used 
horizontally curved bridge. in this paper. 

Paper sponsored by Committee on Dynamics and Field Testing of Bridges and presented at the 49th Annual 
Meeting. 

49 



50 

THEORETICAL ANALYSIS 

Differential Equations 

The differential equations for the horizontally curved beam developed by Vlasov (2) 
may be modified to include the inertia forces of translation and rotation and may be -
written as 

(
'Elw ') GKt Elw Elx + GKt N .. 

-- + Elx T/ 11
# - --T/

11 + --0 1111 
- B + mbT'/ = f(z, t) 

R2 R 2 R R 

where 

Elx =flexural rigidity, 
Elw =warping rigidity, 
GKt = tor sional rigidity, 

R = radius of horizontal curvature, 
T/ =vertical displacement of the shear center in the y-direction, 
B = angle of twist of the beam cross section, 

(la) 

(lb) 

mb = beam mass per unit length, 
P0 = polar radius of gyration of the beam cross section about its shear center, 

f(z, t) =external l oad i n the y- direction per unit length, and 
m(z, t) =externally applied torsional moment per unit length. 

Number of primes and number of dots above T/ and B indicate the order of differentiation 
with respect to the coordinate z and the time t respectively. 

For the simple-support boundary conditions, it iR :u1sHmed that the normal stresses 
resulting from bending and warping torsion, the displacement ri, and the rotation B van
ish at the support. These ~onc:li tions can be written in their simplest mathematical 
form as 

T/ (0, t) = T/ (L, t) = 0 

B (0, t) = B (L, t) = 0 

rf' (0,' t) = rf' (L, t) = 0 

~(0, t) = B"(L, t) = 0 

(2a) 
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(2d) 
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Figure 2. Idealization of vehicle: (a) single-axle load unit and (b) two-axle load unit. 
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Solution for a Single Constant Force 

The problem of forced vibrations of a simply supported curved beam caused by a 
constant force P moving with constant speed Vis governed by Eqs. land 2. Assuming 
the curved beam to be initially at rest, the general solution for 71(z, t) and B(z, t) was 
obtained previously (1) by·use of the normal mode theory. Application of this theory 
results in the following equations: 

00 2 . mrz 
PL3 ~ smL 

71(z, t) = 1T4EI £.J E RM Gns(t) 
x n=l s=l ns 

(3a) 

00 t K . n'FTZ PLJ ~ ns smL 
B(z, t) = 1EI R £.J RM Gns(t) 

'" x n=l s=l ns 
(3b) 

where 

sin 21Tnot T~ ll!Sin 21Tn
2
.JPns T~ 

Gns(t) = - ' 
n2(n2Pns - cl) n3

../ Pns (n2Pns - cl) 

VTB 
a= 2L =speed parameter, 

(AD)2 ( A2) (W¢)2 
C = 1 + ;2 + 1 + D2 Wv ' 
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A = _!:_ = ~ and 
7TR 180' 

L 
D=-. 

1TPo 

It is to be noted that w<iJ, wv, and TB, as defined here, represent respectively the nth 
uncoupied torsional natural frequency, the nth uncoupled flexural natural frequency, 
and the fundamental flexural natural period of a straight beam of the same length, mass, 
and rigidities as the curved beam. Thesymbolwnsdenotesthe two (s = 1 and 2) natural 
frequencies of the curved beam for each n = 1, 2, 3, ... , ro. The natural frequencies 

of the curved beam depend on the three nondimensional parameters A, D, and W¢. Co-
wv 

efficients Kns (s = 1 and 2 for each n = 1, 2, 3, ... , oo ) repre.sent the amplitude ratios 
of the torsional rotation to the vertical displacement of a cross section for vibration 
with the nth natural frequency wns· It should be noted that corresponding to s = 1, wn1 
< Wv and K111 < 0, and when s = 2, Wn2 > wv and Kn2 > 0. 

Dynamic Increments for Stress Resultants 

Stress resultants relevant to the problem of a curved beam are the bending moment 
M, the St. Venant's torque S, the warping torque W, and the bimoment B. These stress 
resultants, as described by Vlasov (~), can be expressed in terms of Tl and 9 as follows: 

M = - Elx(rf' - ~) (4a) 

s = GKt(~ +a') (4b) 

W = - Elw(~ + 9"') (4c) 

B = - Eiw(~ + a") (4d) 

For highway bridges, the parameter a< 1 and the contribution of terms in Eqs. 3a 
and 3b for n > may be neglected in comparison with those for n = 1. Considering only 
the term n = 1, therefore, reduces Eqs. 3a and 3b to the following: 

PL 3 sin 7TZ 2 ( 
ri(z, t) = 4 L L: G1s t) 

7T Eix s=l RM1s 
(5a) 

PL3 • 7TZ 2 
sm L '°' KisG1s(t) 

0(z, t) = 4 £...J RM 
7T ElxR s=l ls 

(5b) 

Substituting Eqs. 5a and 5b into Eq. 4a yields 

PL in 'ITZ 2 2 

M = s L L: 1 + A Kls G ( ) 
'"2 s =l RM1s ls t 

(6a) 

The static bending moment Mst is obtained from Eq. 6a by setting a = O, but retaining 

the term sin 27Ta T~. This yields 
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(6b) 

The maximum static bending moment Mst, max can be obtained by setting sin 2'!l'a TtB = 1 

in Eq. 6b. The instantaneous value of the dynamic increment for bending moment can 
be obtained by subtracting Eq . 6b from Eq. 6a. This value, when nondimensionalized 
with respect to the maximum static bending moment Msb max• represents the dynamic 
increment for the bending moment Dlfiexural.• which can be written as 

(7) 

where 

The dynamic increments associated with the St. V enant' s torque, warping torque, and 
bimoment can be obtained by a similar procedure. It can be shown that these are all 
equal to Dltorsional> which is given by 

~ 1 + Kis () 
L.J RM Hist 
s=l ls 

Dltorsional = 2 1 K E + is 
s=l Pls RM1s 

(8) 

The dynamic increments as given by Eqs. 7 and 8 are dimensionless and are independent 
of the magnitude of the moving force P. From Eqs. 7 and 8, an upper bound to the maxi
mum value of Dif1exural and Dltorsional can be obtained by taking the sum of the abso
lute values of the individual terms. This approach yields 

2 l+A2K 1 a E s __ _ 

DI _ s=l P1s RM1s ({Pls - a) 
flexural, max - .).. 2 

Ditorsional,max = 

~ 1 +A Kls 

s=l Pls RM1s 

t (-l)s+l(l + K18 ) a 

s=l Pis RM1s [,JP!s - (-l)s+la J 
t 1 + Kls 
s=l Pls RM1s 

(9a) 

(9b) 
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These equations are useful in estimating the general level of response caused by moving 
vehicles and will form a basis for the impact factors to be developed in the next section. 

IMP ACT FACTORS 

General Factors 

Various investigations have studied the response of horizontally curved girders. The 
works of Tan and Shore (3, 4, 5) and Christiano and Culver (6, 7, 8) are the most cur
rent and important contributions . These works differ in some respects from that of 
Vashi (1). All of the works cited include the response due to a moving constant force. 
Tan and Shore assumed a doubly symmetric cross section to be the girder and extended 
their analysis to the case of a single-axle, single-wheel vehicle with sprung and un
sprung mass. Assuming a singly symmetric, thin-walled, open cross section to be the 
girder, Christiano and Culver also investigated the response due to a single-axle, two
wheel vehicle with sprung and unsprung mass. Such an idealization for the vehicle per -
mits the study of vehicle rolling effects on the response. The analysis by Vashi con
sidered, in addition to the single- axle sprung vehicle, the case of a two-axle vehicle 
that is useful in studying the effects of vehicle-pitching and the axle spacing on the re
sponse. Christiano and Culver verified their analysis by tests on a laboratory model 
and Tan and Shore performed a parametric study of the bridge response using bridge 
parameters evaluated by an arbitrary method. However, no attempt was made to in
corporate in their analyses the characteristics of actual highway bridges and provide 
information suitable for design purposes . The work of Vashi differs from other works 
because the analysis is applied to evaluate impact factors for Bureau of Public Roads 
standard bridges. The reduction of results to useful design information is based on 
certain important observations summarized elsewhere (1). The observations are as 
follows: -

1. For a combination of a small value of frequency ratio av and a large value of 
mass ratio RS, or, conversely, the peak values of the dynamic increments for the dis
placement and the stress resultants can be approximated by the constant force solution. 
This approximation is valid for the entire range of values of the axle spacing parameter 

0 s; ~ s; 0.5 . 

2. For a combination of arbitrary values of the mass ratio and the frequency ratio, 

the dynamic increments due to a single-axle, sprung mass load(~ = 0) were found to 

be generally a conservative representation of the absolute maximum response for £_ > 0. 

:i. For -conditions s tated-in the second observation, the dynamic increments due to a 
single-axle, sprung mass load were larger than the corresponding ones due to the con
stant forr.e . However, these larger values were not critical because they were shown 
not to correspond to the maximum static effects . 

4. The amplitude of the peak responses increases uniformly with the increasing 
values of the speed parameter a for given values of the other parameters . 

The analysis of flexural-torsional response of horizontally curved bridges due to 
moving vehicles with sprung and unsprung mass is extremely complex because of its 
dependence on various physical parameters governing the r esponse. However, the fore
going observations reveal that the constant-force solution can adequately predict the re
sponse. In what follows, the constant-force solution will therefore be used to illustrate 
the development of the impact factors. 

Development of Impact Factors 

For a single moving constant force, the maximum values of the dynamic increments 
for the bending moment, st. Venant's torque, warping torque, and bimoment can be ap
proximated by Eqs. 9a and 9b. It is shown elsewhere (l)that, for two moving constant 

forces each of magnitude t and with a relative spacing-of~ s: 0.5, the maximum dynamic 
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increments for the bending moment, St. Venant's torque, warping torque, and bimoment 
can also be given by Eqs. 9a and 9b if expressed in terms of 

PL ~ 1 + A2Kls PLA . GKt ..).. 1 + K1s 
2 L.J p RM ' 2 EI ~ p RM ' 

'IT s=l ls ls rr x s=l ls ls 

respectively and if ~ ~ = 2, 4, 6, 8, . . . . This allows the amplification factor for 

flexural behavior to be written as 

AF M,max 
flexural = Mst,max 

=----- ------------ (10) 
Mst,max 

For two .forces each of magnitude i' Mst,max can be expressed by the first term in the 
series solution as 

PL(l+cos~) 2 l + A2Kls 
M - """"' st,max - 2112 ~ P1sRM1s 

Substituting Eq. lla into 10 yields 

t 1 + A2Kls a. 

AF l s=l PtsRMts {"1P1$ - a.) 
flexural = + 2 

1 ( 1 1Fb) """"' l +A2K1s '2" +cos L L.J 
s=l P1sRM1s 

The impact factor, lnexural' is then given by 

t 1 + A2Kls et 

s=l P1sRM1s N Pls - a) 
1nexural = -

1
-(----

11
-b-)-..-2-

1
- +-"-A-2_K_ 

'2" 1 + cos - L: ls 
L s =l P tsRM ls 

(lla) 

(llb) 

(12a) 

Similarly, the impact factor associated with the torsional response may be written as 

2 s+l L: (-1) (1 + Kts> a 

s=l P1sRM1s [.J Pls - (-l)S+ l a] 
ltorsional = ------ -----..----------

1 (i 1Tb) """"' 1 + Kts '2" +cos -L £.J 
s=l P1sRM1s 

(12b) 
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Figure 3. Comparison of amplification factor history curves for bending moment. 

Comparison of Theory With Results From Literature 

Figures 3 and 4 show a comparison of the results obtained by Eqs. 7 and 8 with those 
of Christiano (6). These figures represent the history curves for amplification factors 
associated with the. bending moment and the warping torque. Christiano's theoretical 
results include more than one term of the series and are calculated using the physical 
properties of a laboratory bridge model that was tested. An inspection of these curves 
reveals that the agreement between the two results is good, and the normal mode solu
tion, based on only the first term n = 1, is satisfactory. A comparison with results of 
field tests would be useful to prove the applicability of the analysis to field conditions; 
however, this is not possible because tests on curved bridges have not been conducted 
to date. 
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Impact Factor Curves for 
BPR Bridges 
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utilizing the expressions for impact 
factors given by Eqs. 12a and 12b, im
pact curves were prepared for two 
classes of bridges-the BPR standard 
bridges of the I-beam noncomposite and 
welded girder composite types with four 
girders supporting the concrete slab. 
The cross sections of both bridge types 
(9) are showninFigure 5. These bridges 
are intended to be built on straight align
ment. However, for the purposes of 
this study, they are assumed to be built 
on curved alignment by keeping the span 
length constant and varying the radius 
of horizontal curvature. The physical 
parameters relating the bridge and ve
hicle characteristics, which enter into 
Eqs. 12a and 12b, are the torsional-

flexural frequency ratio~ (n = 1), the 
Wv 

ratio of span length to polar radius of 

gyration about the shear center D = ~, 
!TPo 

the speed parameter a, the axle-

spacing parameter~' and the central subtended angle parameter A. The designs of the 

bridges based on standard plans were analyzed previously (1) to evaluate the necessary 
parameters given in Table 1. The parameter A is directly propor tional to the central 
subtended angle A, which varies between 15 and 75 deg, accounting for practical bridge 
construction. The present AASHO impact formula (10) does not reflect the effect of 
vehicle speed. However, it is clear from the fourth observation summarized previously 
that for maximum response the speed parameter o: should be computed using a repre
sentative value of the maximum limit on the vehicle speed. In the present study, the 

TABLE 1 

BRIDGE AND VEHICLE PARAMETERS FOR IMPACT CURVES 

Span "'¢ a at b Description Length "'v D 60 mph L L, ft (n = 1) 

I-beam, noncomposite, 24 ft 20 0.9432 0 .7536 0.116 0.500 
wide, H15-44 loading 25 0.9519 0 .9416 0.134 0.500 

30 0.9463 1.1274 0.133 0.500 
35 0.9505 1.3120 0.136 0.500 
40 0.9430 1.4916 0.136 0.500 
45 0.9466 1.6692 0.139 0.500 
50 0.9566 1.6369 0.136 0.500 
60 0.9645 2 .1642 0.143 0.500 
70 1.1726 2.4234 0.147 0.500 

Welded girders, composite 26 90 1.3046 2.3963 0.116 0.369 
ft wide, H20-S16-44 loading 100 1.4046 2 .4759 0.116 0.350 

110 1.4260 2.4324 0. 113 0.316 
120 1.4563 2.3765 0.111 0.292 
130 1.4440 2 .3635 0.113 0.269 
140 1.4574 2 .1751 0.109 0 .250 
150 1.4426 2.0553 0.106 0.233 
160 1.4339 1.9342 0.106 0.219 
170 1.3619 1.6473 0.106 0.206 
160 1.3462 1.6325 0.102 0.195 
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Figure 6. Flexural impact factor curves for I-beam 
noncomposite bridges. 

values of O! correspond to a maximum ve
hicle speed of 60 mph. In accordance with 
the dimensions of the trailer wheelbase of 
the AASHO H20-816-44 design vehicle, the 
axle spacing b is varied between 14 and 3 5 
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Figure 7. Torsional impact factor curves for I-beam 
noncomposite bridges. 

ft, with t s 0.5. The value of the axle-spacing pai·ameter ~is given in Table 1. 

It is seen from data in Table 1 that the torsional-flexural frequency ratio w</J (n = 1) 
Wv 

is nearly constant and approximately equal to 0.95 for the I-beam type noncomposite 
bridges. For the welded girder type composite bridges, this ratio increases with span, 
attaining a maximum and then decreasing with span. The value of this ratio ranges from 
1.30 to 1.46. The nondimensional parameter D increases approximately linearly with 
the span length for the I-beam type bridges a.nd decreases for the welded girder type 
bridges. The parameter ranges from 0.75 to 2.43 for the I-beam type bridges a.ncJ from 
1.63 to 2.48 for the welded girder type bridges. The speed parameter a, which corre
sponds to a vehicle speed of 60 mph, is nearly constant for various span lengths of both 
types of bridges. The value of this parameter ranges from 0.116 to 0.147 for the I-beam 
type bridges and from 0.102 to 0.118 for the welded girder type bridges. The value of 

the axle spacing parameter ~is subject to the condition~:;:; 0.5. Because of this, the 

maximum value of~ = 0.5 applies for the I-beam type bridges, while for the welded 

girder type bridges the value of~ ranges from 0.195 to 0.389. 

Figures 6, 7, 8, and 9 show the impact curves for the BPR standard bridges of the 
I-beam and welded girder types. These impact curves are based on the approximate 
expressions given by Eqs. 12a and 12b. Also included in Figures 6 and 8 is a plot of the 
AASHO impact formula (10) for flexural response of straight bridges. 

The following procedu1·e illustrates the use of the impact curves to predict the maxi
mum dynamic response for an actual horizontally curved bridge due to two moving con
stant forces: 

step 1. Compute the maximum static values of the bending moment, St. Venant's 
torque, warping torque, and bimoment using conventional methods (11). 
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Figure 8. Flexural impact factor curves for welded 
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Figure 9. Torsional impact factor curves for welded 
girder composite bridges. 

Step 2. For a given span length, L, enter Figure 6 or 8 to obtain the value of 
lf1exural corresponding to the chosen value of the central subtended angle A. 

Step 3. Repeat procedure of Step 2 to obtain !torsional from Figure 7 or 9. 
Step 4. To obtain the maximum total value of the bending moment, multiply the cor

responding static value obtained in Step 1 by 1 + Inexural. 
step 5. To obtain the maximum total values of the st. Venant's torque, warping 

torque, and bimoment, multiply the corresponding static values obtained in Step 1 by 
1 + Itor sional · 

The method presented provides a working criterion for impact in preliminary bridge 
design. However, the final design should be verified using Vashi's analysis (1). It is 
seen from Figures 6 and 8 that the flexural impact factor increases as the value of A is 
increased. From Figure 6, it is clear that the AASHO impact formula cannot be used 
to predict the response of curved bridges of I-beam noncomposite type. However, 
Figure 8 shows that the AASHO impact formula is conservative up to A = 45 deg for the 
curved bridges of welded girder composite type. Figures 7 and 9 show that the torsional 
impact factor decreases as the value of A is increased. It should be remembered that 
large values of !torsional described in these figures relative to smaller values of the 
central subtended angle A are of no practical importance because these values corre
spond to small values of maximum static effects. However, for larger values of A, the 
torsional impact factors are important because they correspond to large values of max
imum static effects. These results show that the impact factors associated with the 
torsional response may at times be more important than the impact factors associated 
with the flexural response, and, hence, the torsional response may be more decisive in 
governing the design of horizontally curved bridges. 

SUMMARY AND CONCLUSIONS 

A method is presented to analyze the dynamic response due to constant forces of a 
horizontally curved beam. The results of this analysis are utilized to develop impact 
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factors for flexural-torsional response of a curved beam. Particular emphasis has 
been placed on applying these impact factors for determining the general level of re
sponse that can be expected during the service life of the highway bridges. A procedure 
was proposed to determine impact for two classes of actual highway bridges of BPR 
standard designs. Study of the impact factor curves prepared for the BPR standard 
bridges of the I-beam and welded girder types indicates that the impact factors asso
ciated with the torsional response may at times be more important than the impact fac
tors associated with the flexural response. Thus, the torsional response may be more 
decisive in governing the design of horizontally curved bridges. 
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Appendix 

NOTATION 

The following symbols are used in this paper: 

A = TT~ 1~0, central subtended angle parameter; 

AFnexural =amplification factor associated with the flexural response; 
b =axle spacing; 
B = bimoment; 

L 
D = TTPo, ratio of span length to polar radius of gyration about shear center; 



Dlnexural = dynamic increment associated with the flexural response; 
Dltorsional =dynamic increment associated with the torsional response; 

· E =modulus of elasticity of the bridge material; 
f(z, t) =external load in the y-direction per unit length; 

G =modulus of rigidity of the bridge material; 
Gns(t) = a time-dependent nondimensional function; 
H1s(t) = a time-dependent nondimensional function; 

Inexural = AFnexural - 1, flexural impact factor ; 
Itorsional = torsional impact factor; 

Ix = moment of ine1·tia of the bridge cross section; 
Iw =warping constant; 

Kns =amplitude ratios; 
Kt =St. Venant's torsional constant; 
L = length of the curved beam along the centerline between the supports; 

mb =beam mass per unit length; 
m(z, t) =externally applied torsional moment per unit length; 

M =bending moment; 
n =an integer denoting the order of the natural mode of vibration; 
P =magnitude of the traveling constant force; 
R =radius of horizontal curvature of the bridge; 

RMns = { [ 1 + ( ~ns YJ, dimensionless ratio; 

RS =ratio of the mass of the vehicle to the mass of the bridge; 
S =St. Venant's torque; 
t =time; 

61 

TB = fundamental flexural natural period of a straight beam of the same length 
and rigidity as the curved beam; 

V =speed of the vehicle; 
W =warping torque; 

x, y, z =three mutually perpendicular axes that are fixed in the beam cross section; 
VTB 

Ci1 = ~· speed parameter; 

4 =central subtended angle in degrees; 
77 =vertical displacement of the shear center in the y-direction; 
e = angle of twist of the beam cross section; 

Po = polar radius of gyration of the beam cross section about its shear center; 
Pnl Pn2 = modification factors for coupled natural frequencies of the curved beam; 

' av = ratio of the vehicle-suspension frequency to the bridge frequency; 
Wns = coupled natural frequencies of the curved beam (s = 1 and 2 for each 

n = 1, 2, 3, ... , co); 
wv = nth uncoupled flexural natural frequency of a straight beam of the same 

length and rigidity as the curved beam; and 
w¢ = nth uncoupled torsional natural frequency of a straight beam of the same 

length and rigidity as the curved beam. 




