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Much effort the past several years has been directed toward 
the use of analytic aerotriangulation as a tool to help solve 
some of the highway mapping problems. Some of these efforts 
in the area of vertical control extension for large-scale photo
graphs have been discouraging. This paper presents in a sim -
plified and detailed manner a mathematical solution of an 
analytic aerotriangulation procedure that is exact to within 
limits that are negligible in their effect on the resulting errors 
obtained from using actual large-scale photographic data. The 
procedure is of the cantilever strip assembly type where rela-
tive and absolute orientation is performed on the first model 
with the remaining models being relatively oriented and scaled, 
similar to an analog aerotriangulation procedure as used with 
a Zeiss C-8 stereoplanigraph. This procedure can be used in 
production or as a research tool to study and evaluate control 
extension errors that can be attributed to the photography, 
measurement of photograph coordinates, ground control, and 
adjustment procedures. 

•ANALYTIC AEROTRIANGULATION procedures have been developed that give satis
factory results for small-scale photography, but when applied to large-scale photog
raphy the results do not always meet the requirements desired for compiling large
scale topographic maps that are commonly used in highway work. This raises the 
question as to whether or not a mathematical solution to the aerotriangulation problem 
that has been developed for small-scale photography can be successfully applied to a 
procedure for large-scale photography. 

For small-scale photography the relative orientation solution can assume that dif
ferences in elevation of the relative orientation points are small compared to the flying 
height, and the resulting errors in the orientation motions are negligible compared to 
errors caused by other factors such as errors in measuring photograph coordinates; 
therefore, these differences in elevation can be neglected in the solution. For large
scale photography this assumption may not be applicable. For example, for 1 :40,000 
photography taken with a 6-in. focal length camera, the flying height would be 20,000 ft 
above the average ground elevation. If there is a 100-ft difference in elevation between 
the low and high points, the maximum neglected elevation would be 50 ft. This elevation 
difference would be 1 :400 of the flying height. For 1 :3, 000 photography taken with the 
same camera of the same area, this neglected elevation difference would be 1:30 of the 
flying height or a difference by a factor of more than ten. 

In the relative orientation solution the orientation motions are not exactly independent 
variables; however, they approach independence as they approach zero. For low-flying 
heights, the air tends to be less stable resulting in larger orientation motions that con
sequently increase the importance of taking into account the interdependency of the 
orientation motions. 
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Considering the 2 differences between large-scale and small-scale photography just 
mentioned, it seems worthwhile to develop an exact solution to the analytic aerotriangula
tion problem. 

RELATIVE ORIENTATION 

If 2 aerial photographs having overlapping coverage are taken such that the second 
photograph lies in the same plane as the first with its x-axis coinciding with a line 
defined by the x-axis of the first photograph, then a point in the overlapping area will 
have the same y-coordinate on both photographs. Any deviation of this ideal orientation 
of the second photograph with respect to the first will cause a difference in y-photo 
coordinates. These differences are referred to as y-parallaxes. If y-parallaxes at 
5 points are known, it is possible to determine 5 orientation elements, dY, dZ, dx, dw, 
and d¢, that will define this deviation of the second photograph (Fig. 1). Such a deter
mination is known as relative orientation. Once the orientation elements have been 
determined, it is possible to rectify the second photograph (i.e., change the x- and y
photo coordinates of the photo images) so as to produce a hypothetical photograph thal 
would be identical with one that was taken with ideal orientation to the first photograph. 

In order to determine the relationship between y-parallax at a point and the orienta
tion elements, each orientation element is first treated independently. Y-parallax, Py, 
is defined so as to also be a correction to be applied to the y-coordinate of the right 
photograph (i.e., Py = y' - y "). 
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Figure 1. Figure 2. 



From similar triangles, 

Figure 3. 

Figure 4. 
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Figure 5. 

Rli,_ :t:_ 
Ar - r 

Pyrp = -f Ar 

Py - y 
11 

co sex f [ 1 - _1 _ ] 
¢ - f cos(cx + d ¢) coscx 

Py¢= y" [ cos(~
0
:d~) - 1 ] 

TILT (dw) 

From Figure 3, 

Pyw = y' - y" 

y' = f tan (/J + dw) where {3 = arc tan ( f ) 
y" = f tan fj 
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(1) 

Pyw = f [ tan(/J + dw) - tan fj] (2) 
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SWING (dx) 

From Figure 4, 

Pyx = y' - y" 

r = V ·y 112 + x''a 

y' = r sin(y + dx) where y = arc sin ( ~") 

y" = r sin y 

Pyx = V y"2 + x"2 
[ sin(y + dx) - sin y ] (3) 

dZ 

From similar triangles (Fig. 5 ), 

Y H - h 
y' = -f-

Y H - h +dZ 
-= 

f y" 

Y 
_ y'(H-h) _ y 0 (H-h+dZ) 
- f - f 

y"(H - h) ·= y"(H - h) + y"dZ 

(y' - y")(H - h) = y"dZ 

Pyz = y' -y" 

"dz 
Pyz = ~ H-h (4) 
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dY 

From similar triangles (Fig. 6), 
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Figure 6. 

Y H - h 
7 = -f-

Y +dY 
y 

y' 

H-h 
=-f-

fY 
H-h 

y " = f(Y - dY) 
H-h 

Pyy = y' - y" 

Pyy = .....IT_ _ fy - fdY 
H-h H-h 

fdY 
Pyy = H - h (5) 

These relationships between y-parallax and the 5 relative orientation motions are 
derived assuming no interdependency. In actuality, interdependency between the orien
tation motions must be taken into account. That is to say, if a photograph is moved 
through an angled¢, the correction in y due to d¢ must be taken into account when com
puting the change in y due to a rotation through dw. A sequence of relative orientation 
motions is taken to be d¢, dw, dx, dZ, and dY. This sequence makes calculations much 
simpler because the first 2 motions render a rectified photograph that lies in a plane 
parallel to the plane of the photograph to which it is being oriented. 

The new set of relationships between y-parallaxes and the relative orientation mo
tions, taking into account interdependency, are as follows: 

TIP (d¢) 

11 [ COS ex ] ( X 
11

) Py¢ = y --r---=---- - 1 where ex = arc lan - -cos(cx + d¢) f 
(6) 

TILT (dw) 

Pyw f [tan(,B -1- ctw) - tan ,B] where ,8 = arc tan ( Y
11 \Py'/) ) (7) 

SWING (dx) 

Pyx= r [sin(y + dx) - sin y ]where r = f(y" + Py0 + Pyw)2 + (x" + Cx¢ + Cxw)2 (8) 

y • arc sin(" +Py:+ Py.,) 
Cx0 = correction to x due to d¢ 
Cxw = correction to x due to dw 



dZ 

Pyz = 

dY 

{y " + Py</! + Pyw + Pyx)dz 
H - h 

fdY 
Pyy = H - h 
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(9) 

(10) 

The y-parallax at any one point due to the 5 orientation motions is equal to the sum 
of the y-parallaxes due to each motion. Therefore, 

Pyt = Py,. + Py + Py + Py + Py 
.., W X Z y 

(11) 

In order to rectify a photograph it is also necessary to correct the x-photo coordi -
nates. A relationship between the x-photo coordinate correction at a point and the 5 
relative orientation motions is obtained in a similar fashion as for they-photo coordi
nate correction. This analysis yields the following: 

TIP (d¢) 

ex¢ = f [ tan a - tan(a + d¢) ] (12) 

TILT (dw) 

Cxw ( II ) [ COS /J 1 ] 
= x + CX¢ cos (/3 + dw) -

(13) 

SWING (dx) 

Cxx = r [ cos(y + dx) - cos y ] (14) 

dZ 

Cxz (15) 

dY 

Cxy = 0 (16) 

where a, /3, y, and r are the same values as used in the y-photo coordinate correction 
equation. 

The total correction for the x-photo coordinate of a point due to the 5 relative ori
entation motions is 

Cxt = ex¢+ Cxw + Cxx + Cxz 

If a change in the air base is taken into consideration where 

then 

fdX 
Cxx = 

H -h 

(17) 

(18) 

(19) 
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For the purpose of developing an analytical relative orientation procedure, it is as
urned that the flying height of the initial photograph has been assumed or computed by 
the absolute orientation procedure and that the air base has also been assumed or com
puted by the scaling procedure. In the expanded form of Eq. 11, d¢, dw, dx, dZ, dY , 
and hare unknown with Pyt being the measured y-parallax at a point. Six observation 
equations obtained by measuring the x- and y-photo coordinates of 6 points on the over
lapping area of 2 photographs will not yield a solution of the orientation elements be
cause each point may have a different value of h (elevation). This means there will 
always be 5 more unknowns than observations equations. This problem can be sur
mounted by using 5 observation equations, solving for approximate orientation values, 
using these values to apply approximate corrections to x-photo coordinates, and then 
using these x-photo coordinates to compute approximate values of elevations that can 
be used in resolving the observation equations. This process can be iterated until 
convergence is reached. 

The expanded form of Eq. 11 is nonlinear making a direct solution of a set of ob
servation equations impossible. To obtain a solution, a linear equation is developed 
that will approximate Eq. 11 and will approach exactness when the orientabon motions 
approach zero. 

The derivation of this linear equation is as follows: 

TIP (d¢) 

y " [ 
cos a -1 ] Py¢ 

cos(O! + M ) 

y" [ 
cos a 

cos ex cos d¢ - sin a sin d¢ 

II [ 

f/ r 
= y 

(f/r)cos d¢ - (-x "/r)sin d¢ 

Assuming cos d¢ = 1; sin d¢ = d¢, 

Y
,, [ f/ r 

Py¢ = -f/_r_+-(x-_H....,/r_)_d_¢ 

Assuming x"d¢ is small compared to f, 

TILT (dw) 

y"x" 
d¢ 

f 

Py w f [ tan(,8 + dw) - tan ,8 J 

-1] 
-1] 

[ 
tan (3 + tan dw ] 

f - ----- - tan (3 
1 - tan (3 tan dw 

(6) 

(20) 

(7) 



Assuming Py¢= 0, then f tan {J = y ", and 

Assuming tan dw = dw, 

SWING (dx) 

y " + f tan dw 

Pyw = 1 - (y "/f)tan dw - y " 

fy " + f2 tan dw - fy" + y"2 tan dw 

f - y" tan dw 

( 
112) 

Pyw = f +7 dw 

Pyx = r [ sin(y + dx) - sin y] 

r [ sin y cos dx + cos y sin dx - sin y ] 
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(21) 

(8) 

Assuming Py¢ = O, Pyw = 0, Cxq1 = O, Cxw = 0, then r sin y = y " and r cosy= x " and 

Pyx= y" cos dx +x" sin dx - y " 

Assuming cos dx = 1 and sin dx = dx, 

Pyx= x"dx 

dZ 

Assuming Py¢= 0, Py w = 0, Pyx= 0, 

dY 

y" 
Pyz = -- dZ 

H-h 

f 
Py = -- dY 

Y H - h 

The sum of the changes in y due to each orientation motion yields 

II II ( 112) // f y X y y 
d¢ + f +- dw +x"dx +--dZ + --dY 

f f H-h H-h 

(22) 

(9) 

(23) 

(10) 

(23) 
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An iteration procedure is used with 5 linear observation equations and their corre
sponding exact nonlinear observation equations to compute the orientation motions. As
suming values for elevations, the linear equations yield approximate values of the com
puted values of y-parallaxes. These parallaxes are compared with the measured y
parallaxes, and the differences are used in the linear equations to obtain corrections 
to the originally computed orientation motions. As the differences in computed and 
measured parallaxes become small, the orientation corrections become small making 
the linear equations approach the exact equations, and convergence is reached. Cor
rections are then computed for the x-photo coordinates, and these corrected coordi
nates are used to compute corrected elevations. The iterating process from approxi
mate to exact equations is then repeated with the corrected elevations, computing more 
nearly correct elevations after convergence. This process is continued until values of 
elevations converge. 

After the relative orientation motions have been computed and the corrections ap
plied to the coordinate of points lying in the overlapping area, the correction to the 
coordinates of the points not lying in the overlapping area must also be computed if 
these points are to be used in a succeeding model. Even though the orientation mo
tions are known, the corrections for the coordinates of these points cannot be computed 
using the expanded forms of Eqs. 11 and 19 without knowing the elevations of these 
points. Therefore, elevations must be assumed for these points, partial corrections 
applied to the coordinates, relative orientation applied to the succeeding photograph, 
an air base computed for the succeeding model, and then elevations of the points com
puted. This procedure is iterated until convergence of the coordinate corrections for 
these points is reached. 

The linear observation equations enable one to use a least squares adjustment pro
cedure where more than 5 relative orientation points in a model can be used. Using 
matrix notation, the least squares solution to the observation equations is as follows: 

where 

d¢ Pyl 

dw Py2 

X dx , b , and 

dZ 

dY Pyn 

A= the coefficient matrix. 

ABSOLUTE ORJENTATION 

Absolute orientation is defined as the scaling, leveling, and orientation to ground 
control of a relative oriented stereoscopic model or group of models. For the canti-
1 e"'To-.-. C!t~lp acsornhly, thic:! ic:! gpf"lfll'Ylplic:!h,:an hy .... ~~tifying thP fir~t phntngr~ph to yiP.lci 
a truly vertical photograph, relatively orienting the second photograph with respect to 
the first, which yields a rectified vertical second photograph, and then scaling the model 
comprised of the 2 photographs to yield an absolutely oriented model. The orientation 
of the remainder of the strip is accomplished by relatively orienting each succeeding 
photograph and scaling each succeeding model. 

The earth's curvature (curvature of a level surface) is neglected in the absolute 
orientation procedure, and the level datum for the first model is considered to be a 
secant plane. For large-scale photography at a nominal scale of 1 in. = 200 ft, the 
ground coverage of the first model is approximately 1,800 ft by 1,100 ft. For typical 
ground control distribution, the maximum error in elevation due to the secant plane 
is about 0. 01 ft. For a cantilevered strip 5 models long (approximately 3,500 ft for 
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1 in. = 200 ft photograph), the error in elevation in the last model is about 0. 2 ft and 
varies with the square of the distance from the first model. This error is significant 
and can be corrected for after the strip assembly. Because, for real data, the errors 
in the computed ground coordinates are such that a strip adjustment is necessary, the 
correction for the earth's curvature is accomplished in the various strip adjustment 
procedures available. 

The absolute orientation motions required to yield the rectified vertical photograph 
are a rotation about they axis, d'17, and a rotation about the x axis, dE. Also, a change 
in the flying height above the datum, dH, is necessary to index the elevations. If before 
absolute orientation is accomplished the first model is relatively oriented and scaled, 
the Z-distance to a point can be computed where this distance is the perpendicular dis
tance above the tilted datum (see h' in Figure 7). The difference between this computed 
distance and the true elevation for the point, dh, is a function of the 3 orientation motions. 
To determine this relationship, each orientation motion is first treated independently. 

d11 (Fig. 7) 

dh11 

cos 9 

cos(e + d11) 

H - h' 

cos 9 

Figure 7. 

= h - h' 

= 
H h' ( n) 
--;- where e = arc tan - xf 

H-h 
= 

r 

H-h 
= -----

cos(e + d11) 

cos 0 
H - h

1 

= (H - h) cos(e + d'17 

cos 9 
H - h + ct.,, = (H - h) -c-os_(_e_+_d_11_) 
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de- (Fig. 8) 

dH (Fig. 9) 

dh (H - h) cos e - (H - h) 
11 = cos(e + d17) 

dh (H - h) [ cos e - 1 ] 11 = cos(e + d71) 

dhE" = h - h' 

H h' ( ") cos >.. = --=;-- where >.. = arc tan ¾ 
H-h 

cos(X + d~) = -r-

H - h' 
cos>.. 

H - h' 

H - h + dhe-

H-h 
cos(>.. + de-) 

(H - h)cns >.. 

cos(>- + dE) 

(H - h)cos X 
cos(>.. + de-) 

(H - h)cos X _ (H _ h) 
cos(X + dE) 

dhe- = (H - h) [ cos >.. - 1] 
cos(x + d E) 

dhH = h - h' 

dH = h-h' 

dhH = dH 

(24) 

(25) 

(26) 

w-nen the photograph is rectified by the d71 and d1: i'Otations, the x- and y - photo coordi
nates must be corrected correspondingly. Because d17 is analogous to d¢, and de- is 
analogous to dw, the following relationships can be written: 

d!J (from Eg. 1) 

C . [ cos e l] 
Yr, .::: Y cos(a + dr,) - (27) 

ctn (from Eg. 12) 

Cx11 = f[tan e - tan(0 + dr,)J (28) 



f' 

J_ 

H 

dH 

dH 

Figure 8. 
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Figure 9. 

d!J (from Eq. 12) 

Cy e: = f[tan(X + de:) - tan X] 

de: (from Eq. 13) 

C II [ cos A 
Xe: = x cos(X + de:) 
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(29) 

(30) 

Because dH is actually a change in the datum 
and the distance from the photograph to the 
ground does not change, there are no correc
tions to be applied to the x- and y-photo co
ordinates for dH. 

To take into account interdependency such 
as was done for relative orientation, the se
quence of motions is taken to be d77, de:, and 
dH. Equations 24 through 30 can then be 
rewritten as follows: 

d¾ = (H - h) [ cos e - 1 ] 
cos(e + d77) 

(31) 

y - y -C 11 [ cos 6 l ] 
11 - cos(a + d71) 

(32) 

Cx11 = f[tan e - tan(e + d77)J where e 

( x") arc tan -f (33) 

de: 

dhe: = (H - h) [ cos A - 1 ] 
cos(>. + de:) 

(34) 

(35) 

(x" +Cx..,)[ cos X -1] where X= arc tan (y" +fCy77 ) 
., cos(X + de:) 

(36) 

dhH = dH (37) 

The difference between the computed elevation and the known elevation at any one 
point due to the 3 absolute orientation motions is equal to the sum of the differences 
due to each motion. 

Therefore, 

dhT = dh77 + dhe: + dH (38) 
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The expanded form of Eq. 38 is nonlinear making a direct solution of a set of obser
vation equations impossible. In order to obtain a solution, a linear equation is developed 
that will approximate Eq. 38 and will approach exactness when the orientation motions 
approach zero. 

The derivation of this linear equation is as follows: 

dh17 = (H - h) [ cos e - 1 ] 
cos(e + dr,) 

(H _ h) [ cos 9 _ l ] 
cos a cos d17 - sin 8 sin d17 

From Figure 7, 

cos 8 f/r' 

sin a -x"/r' 

dh (H -h)[ f/r " -1] 11 = (f/r')cos dr, - (-x "/r')sin dr, 

Assuming cos d17 = 1; sin dTJ = d17, 

dh - (H - h) [ f/r 
1 

- 1 ] 
11 - f/r' + (x 11/r 1

)d11 

= (H -h) f- (f + x ,,d77) 
I + x "dr, 

Assuming x 11 d17 is small compared to f, 

- (H - h)x "d17 
dh17 = - - -f---

(H _ h) [ cos A _ l ] 
cos(A + de-) 

= (H _ h) [ cos A l J-
cos >.. cos dE" - sin >.. sin de- -

From Figure 8 and assuming interdependency is negligible, 

COSA = f/r' 

sin>..= y "/r' 

dhE" = (H - h) [ f/r 
1 

- 1 ] 
(f/r')cos de- - {y"/r')sinde-

Assuming cos de- = 1; sin de- = de-, 

(31) 

(39) 

(34) 
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[ 
f/r ' ] 

dhe- (H-h) f/r'- (y"/r' )de- -1 

(H _ h) f - (f - y''de-) 
f - y

11de-

Asswning y "de- is small compared to f, 

(H - h)y " 
f de- (40) 

dH 

dhH = dH (37) 

Because Eq. 37 is already linear, it remains unchanged. The sum of the difference 
in elevation due to each orientation motion yields 

(H - h)x" (H - h)y " 
dhT = - f dr, + f - de- + dH (41) 

In Eq. 41, dr,, de-, and dH are unknowns with dhT being the difference in the known ele
vation of a point (vertical control point) and the computed Z-distance to this point, com
puted from the relative oriented first model. Three observation equations obtained 
from 3 vertical control points yield approximate solutions to the 3 motions. These 
motions are used in the exact equations (expanded form of Eq. 38) to obtain computed 
differences in elevation. These differences are compared with the original differences 
obtaining residuals due to the approximate equations to compute corrections to the 
original computed motions. This procedure is iterated until convergence is reached. 
After the final motions are obtained, these motions are used to correct x- and y-photo 
coordinates and to correct the flying height above the datum. 

The original computed Z-distances (computed 'from the relative oriented model) 
were computed using an air base and flying hei~ht that wer e obtained using the titled 
datum; therefore, the final absolute orientatioq' motions obtained earlier are not exact. 
In order to approach exactness, the second photograph is relatively oriented again to 
the almost exact horizontal datum from which an air base and flying height can be com
puted. Absolute orientation is then computed. This procedure is iterated until con
vergence is reached. 

After final absolute orientation of the first photograph is determined, the remaining 
photographs can be relatively oriented and the resulting models scaled. This yields 
an absolutely oriented cantilevered strip from which ground coordinates of any point 
measured on the photographs can be computed. 

CONCLUSIONS 

The theory and equations just developed have been incorporated into a computer 
program and tested with hypothetical data. The results of the testing show that the 
programmed procedure is exact to within limits that are negligible in their effect on 
the resulting errors obtained from using actual photographic data. Errors incurred 
when using this program with actual data can then be attributed to the photography, 
measurement of photograph coordinates, and ground control; and efforts to improve 
the results can be concentrated in these areas. The relative and absolute orientation 
equations are mathematical models of conventional stereoscopic mapping instruments 
such as the Kelsh plotter and can, therefore, be used to study and analyze the errors 
involved in the use of these pieces of equipment. 




