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The purpose of this paper is to present a closed-form plasticity solution 
to slope stability problems in homogeneous soils. The paper discusses 
the basic concepts and limitations of the plasticity solution by comparing 
it to existing limit equilibrium solutions. Stability factors computed by 
the plasticity technique assuming straight-line, circular, and logarithmic
spiral failure surfaces are presented. These are compared with stability 
factors computed from existing limit equilibrium solutions including the 
Culmann method, the friction circle method, and the Rendulic logarithmic
spiral method. Design charts developed from the plasticity solution are 
presented for a useful range of friction angles and slope geometries. 

•THERE ARE numerous methods currently available for performing slope stability 
analyses. The majority of these may be categorized as limit equilibrium methods. 
The basic assumption of the limit equilibrium approach is that Coulomb's failure cri
terion is satisfied along the failure surface. The failure surface may be assumed to 
be a straight line, circular arc, logarithmic spiral, or other irregular surface. Ana
lytical, graphical, semigraphical, and numerical procedures for solving limit equi
librium problems are available. 

A weakness of the limit equilibrium approach is that it neglects the soil's stress
strain relationship. From the mechanics of solids point of view, a valid solution is 
obtained if equilibrium, compatibility, and the material's stress-strain relationship 
are simultaneously satisfied. The limit equilibrium method considers only equilibrium. 

In an attempt to take account of the stress-strain relationship in analyzing the sta
bility of slopes, it has been suggested that the theory of plasticity be applied to the 
problem (8). The purpose of this paper is to utilize plasticity theory to solve homoge
neous earth slope stability problems, and to compare the results with conventional 
limit equilibrium solutions. The results are presented in the form of a design chart 
of stability factors computed for a useful range of friction angles and slope geometries. 

LIMIT EQUILIBRillM METHOD 

The Culmann method (7) represents a typical limit equilbrium solution and is briefly 
reviewed here for purposes of illustration and comparison. The method assumes that 
failure occurs on a plane (straight line) passing through,the toe of the earth slope. The 
Culmann failure mechanism is shown in Figure 1, where Wis the weight of soil in the 
wedge ABD, C is the total cohesion along the failure plane AB, and a, {3, and 0 are the 
slope angles. Pis the resultant force necessary to hold wedge ABD in equilibrium, H 
is the height of the earth slope, and ¢ is the friction angle for the soil. From the geo
metrical relationships shown in Figure 1, the weight of soil in the wedge ABD is 

1 
W = 2 y 1 H csc f3 sin ({3 - 8) (1) 

where y is the unit weight of the soil and 1 is the length of the failure plane AB. If c 
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is the unit cohesion, then 

C = cl (2) 

~
c oo• -a 

p 
9• oj. 

Substitution of Eqs. 1 and 2 into the 
law of sines expressed for the force 
diagram in Figure 1 yields 

yH 
c 

2 Sin f3 COS l/J 
sin~ - e)sin (e - ¢) (3) 

Figure 1. Straight-line limit equilibrium failure plane 
(Culmann method). 

The term yH/c is a dimensionless 
expression called the stability factor, 
Ns. The critical stability factor (most 
dangerous plane) may be obtained by 

minimizing the first derivative of the stability factor with respect to e. This yields 

N 
Scrit. 

4 sin {3 cos ¢ 
= 1 - cos (f' - ¢) 

For a vertical cut where fj = 90 deg = ¥, Eq. 4 becomes 

Nscrit. = 4 tan (i + ~) 
The critical height of the slope, He, is 

He = Ns ~ = 
4c tan (!.. + P..) 

crit. Y Y 4 2 

(4) 

(5) 

(6) 

The Culmann method has been widely used for slope stability analyses because of its 
simplicity, even though the assumptions on which the method is based are of question
able validity . 

Extensive refinements of the limit equilibrium method have been undertaken by 
many investigators. These refinements have generally been concerned with defining 
a more acceptable failure surface or with modifying the method by which the forces 
acting on the failure surface are handled. A summary of the various limit equilibrium 
methods currently in use is given in Table 1. 

The foregoing description of limit equilibrium methods is intended to provide a 
background for, and to distinguish these methods from, the plasticity method. Thus 
only the basic features of the methods have been introduced. The results obtained by 
the various methods will be compared with plasticity solutions later in the paper. 

PLASTICITY ANALYSES 

Plasticity analyses are based on two main theorems for any body or assemblage of 
bodies of elastic-perfectly plastic material: 

1. Lower Bound Theorem-If an equilibrium distribution of stress can be found 
that balances the applied load and nowhere violates the yield criterion that includes c, 
the cohesion, and ¢, the angle of internal friction, the soil mass will not fail or will 
be just at the point of failure. 

2. Upper Bound Theorem-The soil mass will collapse if there is any compatible 
pattern of plastic deformation for which the rate of work of the external loads exceeds 
the rate of internal energy dissipation. 

According to the upper bound theorem, it is necessary to find a compatible failure 
mechanism (velocity field) in order to obtain an upper bound solution. A stress field 
satisfying all conditions of the lower bound theorem is required for a lower bound 
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TABLE 1 

CLASSIFICATION OF SLOPE STABILITY ANALYSIS BY LIMIT EQUILIBRIUM METHOD 

Type of Name of Type of 
Basic Assumptions References Failure Plane Method Solution 

S!i'aight line Culmann method Analytical Failure occurs on a plane Culmann (2) 
through the toe of the slope 

Method of Analytical The slope is constant with Resal ~) 
infinite slope a unlimited extent 

A vertical column is typical Frontard (!.!) 
of the entire mass 

No cohesion may be depended 
on within the depth to which 
tension occurs 

Wedge method Semi graphical, Sliding block mechanism is Culmann (_'.?_), Terzaghi 
analytical assumed with lateral earth and Peck (23) 

forces 

Circular area Slices methodb Semigraphical, The lateral forces are equal Statens Jarnvagars 
numerical on two sides of each slice Geotekniska Com-

m ission, 
Fellenius (10) 

Bishop's methodb Analytical, Oblique side forces on each Bishop~) 
numerical slice are considered 

Simplified Analytical, Vertical component of lateral Bishop (2), Little and 
Bishop's methodb numerical earth forces are considered Price Qi) 

to be equal and opposite 

¢-circle methodb Analytical, Resultant acting on rupture Gilboy (!.?_), Taylor 
graphical arc is tangential to a con- (~), Casagrande (_~_) 

centric circle with radius = 

R sin ¢d 

Modified Analytical, The resultant misses tangency Taylor (22) 
¢-circleb graphical to the ¢ct circle by a small 

amount; radius of IOct circle = 
KR sin ¢d 

Logarithmic Log-spiral Analytical No assumptions required to Rsndulic (19), Taylor 
spiral method make the problem statically Cg), Spencer (~ 

determinate 

Irregular Irregular Analytical, General slip surface Moq~enstern and 
numerical Forces between slices are Price (!.~) 

considered 

aCircular arc failure plane, suggested by Petterson and Hultin (_1.Q) , blong-term stability analysis (seepage considered). 

solution. If the upper bound and lower bound provided by the velocity field and stress 
field coincide, the exact value of the collapse load is determined (for an elastic
perfectly plastic material). The following section gives examples demonstrating the 
application of plasticity theorems to problems of earth slope stability. 

V= Velocity 

Rigid 
H 

\_ Dlsoool lnully Loyer 

Figure 2. Straight-line plasticity failure 
mechanism-velocity field (upper bound 

solution). 

Straight-Line Failure Plane 

A pla~u1.:ny aualy~i~ u1 u1e slope stability 
problem was first performed by Drucker and 
Prager (8). They assumed a straight-line fail
ure plane and suggested the upper bound failure 
mechanism shown in Figure 2. The symbols 
are as previously defined. As the wedge formed 
by the shear plane slides downward along the 
discontinuity surface, the rate of work done by 
the external forces is equal to the vertical com
ponent of the velocity multiplied by the weight 
of the soil wedge. For a vertical cut ({3 = 90 deg) 
and horizontal backfill (a = 0 deg), the rate of 
external work is 
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Rate of Workext. = ~ yH3v cot e sin (e - ¢) (7) 

where V equals the velocity of the wedge and is inclined at angle ¢ to the discontinuity 
surface. The rate of internal energy dissipation along the discontinuity surface is 

cH 
Rate of Workint. = sin e V cos ¢ (8) 

Equating the rate of external work (Eq. 7) to the rate of internal energy dissipation 
(Eq. 8) gives 

H ,, 2c cos¢ 
y sin (a - ¢) cos e (9) 

Minimizing the right side of Eq. 9 gives 

7T ¢ 
0 = 4 + 2 (10) 

and 

(11) 

Thus it may be seen that the upper bound plasticity solution for the critical height, 
He, of a vertical cut yields the same value as the Culmann limit equilibrium solution. 

A lower bound solution for a vertical cut was also developed by Drucker and Prager 
(8) and later refined by Chen and Scawthorn (4). The suggested stress field is com-
- posed of three regions, as shown in Figure 3a. 

-· 
H 

_),_ m JI u. J,"Y = n T TCT.=y(y-H) 

CTy=CTx= y(y·H) 

~ 
Y (a) An Equilibrium Solution 

Figure 3. Plasticity stress field for a vertical 
cut (lower bound solution): (a) an equilibrium 
condition, and (b) Mohr circles of the equili -

brium condition. 

Region I, in the bank itself, is subjected to 
uniaxial compression that increases with depth. 
Region II is under biaxial compression and 
region III is under hydrostatic pressure 
(ax = ay). Figure 3b shows the correspond
ing Mohr circles for each region. Failure 
occurs when the circle representing region I 
meets the yield curve. Therefore, 

~ yH = c cos ¢ + ~ yH sin ¢ (12) 

and 

(13) 

Hence, the lower bound solution is only half 
the value given by the upper bound solution. 

Logarithmic-Spiral Failure Plane 

Model studies have indicated that the shape 
of the failure plane for earth slopes is fre
quently close to a logarithmic spiral (13). 
Drucker and Prager (8) have suggestedthat 
the upper bound solutiOn could be improved by 
choosing a logarithmic spiral as the discon
tinuity surface rather than a straight line. 
Recently, a closed-form mathematical solu
tion of the upper bound problem has been 
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DB = L 

H 

Rigid 

Discontinuity Layer 

Figure 4. Logarithmic-spiral plasticity failure mechanism
velocity field (upper bound solution). 

developed by Chen, Giger, and Fang (6). The assumed failure mechanism is shown in 
Figure 4. The triangular-shaped regiOn ABD rotates as a rigid body about the center 
of rotation 0, with the materials below the logarithmic surface AB remaining at rest. 
Thus, the surface AB is a surface of velocity discontinuity. The mechanism can be 
specified by three variables, e

0
, eh, and H, which are the slope angles of the chords 

OB and OA and the height of the embankment respectively. From the geometrical re
lations it may be shown that the ratios H/r0 and L/r0 can be expressed in terms of the 
angles eo and eh in the forms 

_!_!_ = . s{; /3 ) {sin (eh +ex) exp [(Sh - 80 ) tan 0] - sin (So +ex)} (14) r 0 sin - et 

where r 0 =radius of logarithmic spiral at e = e0 . Also, if L =length of the slope DB 
(Fig . 4), then 

L sin (Sh - e0 ) 

r 0 sin (eh + et) 

sin (8 11 + fj) { } 
- sin (eh + o:) sin (,8 _ o:) exp [ (eh - 80 ) tan ¢ ] sin (Sh + et) - sin (8 0 + ex) 

(15) 

The rate of external work may be obtained by the simple algebraic summation of the 
rates of work resulting from rotation of the soil weight in the regions OAB, OAD, and 
ODB: 

Rate of Workext. = yrcJ n (f 1 - f 2 - fJ (16) 

where n is the angular velocity of the region ABD and fl' f 2, and f 3 are defined as 

- (3 tan ¢ cos 80 + sin 80 )} (17) 
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(18) 

~ exp [(Sh - S0 ) tan ¢] [sin (Sh - So) - r~ sin (Sh+ a) J 
~ cos S0 - r~ cos a + cos Sh exp [(Sh - S0 ) tan ¢] f (19) 

l 
The rate of internal dissipation of energy occurs along the discontinuity surface AB 

and may be found by integration of the differential rate of dissipation of energy along 
the surface, over the whole surface. This is obtained by multiplying the differential 
area, rd 0/cos ¢, by the cohesion, c, times the tangential discontinuity in velocity, 
V cos ¢, and integrating from 00 to Sh: 

Rate of Workint. 

(20) 

Equating the external rate of work (Eq. 16) to the rate of internal energy dissipation 
(Eq. 20) yields 

where f(0h, 00 ) is defined as 

sin f3 {exp [2(0h - 0
0

) tan¢] - 1} 
f(Sh, So) = 2 sin ({3 - a) tan¢ (f

1 
- f

2 
- f) 

(21) 

{ sin (sh + a) exp [(sh - 00 ) tan ¢ ] - sin (0 0 + a) } (22) 

By the upper bound theorem, Eq. 21 gives a least upper bound solution for H when 
f(0h, 00 ) is a minimum. Such a condition is attained when 

of of e;e =Oande;e = 0 
h 0 

(23) 

Solving these equations and substituting the resulting values of eh and 00 into Eq. 21 
yields the critical height, He, of an earth slope 

H ,;; £ N c 'Y s (24) 

where 

(25) 

The value Ns depends on the slope angles, a and {3, and the angle of internal friction,¢. 
The results of this analysis are shown in Figures 5 and 6 for the special cases 

a = 0 or {3 = 90 deg and are tabulated numerically in Table 2 for the more general 
cases. 
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Figure 5. Stability factor versus slope angle, f3, for various friction 
angles. 

TABLE 2 
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SUMMARY OF STABILITY FACTORS, N8 , COMPUTED BY PLASTICITY THEORY 
(UPP ER BOUNO) 

Friction Slope Slope Angle, fJ (deg) 
Angle, ¢ Angle, 0< 

(deg) (deg) 90 75 60 45 30 15 

0 0 3.83 4.57 5.25 5.86 6.51 7.35 

0 4.19 5.14 6.17 7.33 9.17 14,80 
5 4.14 5.05 6.03 7.18 8.93 14.62 

10 0 4.59 5.80 7.26 9.32 13.53 45.53 
5 4.53 5.72 7.14 9.14 13.26 45.15 

10 4.47 5.61 6.98 8.93 12.97 44.56 

15 0 5.02 6.57 8.64 12.05 21. 71 
5 4.97 6.49 8.52 11.91 21.50 

10 4.90 6.39 8.38 11.73 21.14 
15 4.83 6.28 8.18 11.42 20.59 

20 0 5.51 7.48 10.39 16.18 41.27 
5 5.46 7.40 10.30 16.04 41.06 

10 5.40 7.31 10.15 15.87 40.73 
15 5.33 7.20 9.98 15.59 40.16 
20 5.24 7.04 9.78 15.17 39.19 

25 0 6.06 8.59 12.75 22.92 120.0 
5 6.01 8.52 12.65 22.78 119.8 

10 5.96 8.41 12.54 22.60 119.5 
15 5.89 8.30 12.40 22.37 118.7 
20 5.81 8.16 12.17 21.98 117.4 
25 5.71 7.97 11.80 21.35 115.5 

30 0 6.69 9.96 16.11 35.63 
'i ~ .~~ 9 .~7 16.0() 8~ .44 

10 6.58 9.79 15.87 35.25 
15 6.53 9.67 15.69 34.99 
2Ci 6.44 9.54 15.48 34.64 
25 6.34 9.37 15.21 34.12 
30 6.22 9.15 14.81 33.08 

35 0 7.43 11.68 20.94 65.53 
5 7.38 11.60 20.84 65.39 

10 7.32 11.51 20.71 65.22 
15 7.26 11.41 20.55 65.03 
20 7.18 11.28 20.36 64.74 
25 7.11 11.12 20.07 64.18 
30 6.99 10.93 19.73 63.00 
35 6.84 10.66 19.21 60.80 

40 0 8.30 14.00 28.99 185.6 
5 8.26 13.94 28.84 185.5 

10 8.21 13.85 28.69 185.3 
15 8.15 13.72 28.54 185.0 
20 8.06 13.57 28.39 184.6 
25 7.98 13.42 28.16 184.0 
30 7 .87 13.21 27.88 183.2 
35 7.76 12.95 27.49 182.3 
40 7 .61 12.63 26.91 181.1 
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Figure 6. Stability factor versus slope angle, a., for various friction angles. 
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Figure 8. Comparison of stability factor values computed by various methods for {3 of 
15, 45, and 75 deg. 

COMPARISON OF LIMIT EQUILIBRIUM AND PLASTICITY RESULTS 

Figures 7 and 8 show the stability factor, Ns, versus friction angle, l/J, for various 
angles, {3, with angle a. constant and equal to zero. Both limit equilibrium and plas
ticity solutions are shown. 

It may be noted that in the case of steep embankments, limit equilibrium methods 
and upper bound plasticity methods yield similar results. The discrepancies between 
the various 1nethods increase Ylith increasing friction angle n.....~d VJ"it.11 decreasing slope 
angle, {3. 

SUMMARY AND CONCLUSIONS 

Additional insight into many soil mechanics problems such as bearing capacity (17), 
earth pressure (1, 18), and s lope s tability (8) may be obtained by considering soil as a 
perfectly plastic-material. The limitations of plasticity theory applied to soil mechan
ics problems have been discussed by Drucker (9) and more recently by Chen (5). 

In applying plasticity theory to problems of earth slope stability, the following con
clusions may be considered applicable within the limitations of the assumptions used: 

1. For a straight-line failure plane, both limit equilibrium and upper bound plas
ticity methods yield the same results, suggesting that the conventional limit equilib
rium method provides an upper bound solution. 
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2. For a logarithmic-spiral failure plane, the upper bound plasticity method pro
vides a closed-form mathematical solution. Currently, only numerical procedures 
are available for solving the limit equilibrium equations. The results of the upper 
bound plasticity solution are presented in the form of a design chart giving stability 
factors for a wide range of soil properties and slope geometries (Table 2). 

3. The most significant advantage to using the plasticity method in analyzing the 
stability of earth slopes is that the upper and lower bound theorems provide a mecha
nism for bounding the solution. On the other hand, limit equilibrium methods do not 
provide any indication of their own validity. This is not meant to imply that stability 
analyses should be performed solely by plasticity methods. Soil is not a perfectly 
plastic material although it does exhibit certain plastic characteristics. What the upper 
and lower bound theorems do provide are additional guidelines to aid the designer in 
establishing a rational factor of safety for the problem under consideration. 
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Discussion 
LESLIE L. KARAFIATH, Grumman Aerospace Corporation-The application of plas
ticity theory to slope stability problems requires the finding of solutions for the basic 
differential equations of plastic equilibrium. These equations combine the differential 
equations of static equilibrium with the Mohr-Coulomb failure criterion characterized 
by the effective strength parameters c and 11>; the development of the differential equa
tions in a form suitable for numerical integration is due to Sokolovski. The solution 
of these equations is a family of slip lines that form zones of plastic equilibrium; each 
point within these zones is in failure condition. The mode of failure of granular mate
rials that follow that Mohr-Coulomb criterion is, indeed, zone failure, as earth pres
sure experiments and sand amply demonstrate. 

The strength properties of soils that generate pore pressures may be described by 
the undrained strength parameters cu and ll'>u- Formal solutions of the differential 
equations of plasticity can be obtained by substituting these parameters in the Mohr
Coulomb failure criterion. These solutions, however, are invalid in the physical sense, 
because the inclination of the slip lines to the direction of principal stresses is 
45 deg± ¢u/2 in the formal solutions, whereas theory and experiments equally indicate 
that the inclination of the failure surface is governed by the effective angle of friction 
and its angle is 45 deg± 11>/2. Thus plasticity theory does not apply to cases where the 
use of undrained strength parameters is appropriate; indeed, the soil in such cases 
fails along a narrow band that may be called a single failure surface. The develop
ment of such a single failure surface is often the result of pore water migration to
ward the most stressed portion of the soil mass and other progressive failure phenom
ena. This process will be discussed in more detail elsewhere. 

The authors do not present zone solutions for the basic differential equations of 
plastic equilibrium but assume a surface oi ;'veiocity discontinuity " in their analyses 
and apply the limit theorems of plasticity theory to determine upper bounds for the 
height of a stable slope. The assumption of a discontinuity surface is essentially 
equivalent to assuming a single failure surface in the conventional ("limit equilibrium" 
in the authors' terminology) methods; it is a reasonable assumption for short-term 
slope stability problems controlled by the undrained shear strength of soil. By skillful 
selection of the variables, the authors arrive at an expression for the stable slope 
height (Eq. 21) that is amenable to minimizing; the authors call the minimum value of 
the stable slope height "least upper bound." Although more elegant, this procedure 
corresponds to the search for the critical failure surface in conventional analyses. It 
appears that the same equation could be obtained by considering moment equilibrium 
about point 0, and, therefore, it is not surprising that the stability factors for the 
same failure surface geometry the authors show in Figures 7 and 8 for the limit 
equilibrium (3) and plasticity methods (7) are the same except for a slight difference 
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at r/J = 25 deg for {3 = 30 deg, which may be an inaccuracy in the calculation. The au
thors also show that, for plane failure surfaces, the limit equilibrium method and the 
upper bound theorem yield identical results and conclude that the application of limit 
theorems developed in plasticity theory provides a mechanism for bounding the solu
tion and contributes thereby additional information on the validity of the solution. 

There are several reasons why the limit theorems fail in this respect when applied 
to soil mechanics, particularly slope stability problems. First, if the upper and lower 
bound theorems, originally applied in soil mechanics to zone solutions of the basic dif
ferential equations of plasticity, are considered valid for any surface discontinuity, 
then limit equilibrium solutions are statically admissible and so, therefore, are lower 
bound solutions. Second, the lower and upper bound theorems may provide a mecha
nism for bounding the solution, as the authors state, but this bounding would be valid 
only for the particular discontinuity geometry chosen. To obtain true brackets of the 
stability factors for the slope stability problem, bounds for all potential failure surface 
geometries would have to be determined. If a zone solution for the problem had been 
found, the boundary discontinuity would be unique and this problem would not arise. 
Third, the whole philosophy of the upper bound theorem is objectionable from the soil 
mechanics point of view. The validity of a solution is judged on the basis of a velocity 
field that would obtain after failure if the soil obeyed the prescribed plastic strain rate. 
Strains and volume changes that the soil undergoes prior to failure in the process of 
mobilizing its ultimate strength are completely disregarded. These strains and vol
ume changes are appreciable; their compatibility with the stress field is the criterion 
that should determine the validity of solutions. Admissibility of velocity fields may be 
important in analyses of plastic flow, as for example in extrusion problems, but pre
occupation with velocity fields in slope stability, earth pressure, or bearing capacity 
problems diverts attention from the analysis of prefailure volume changes and strains. 

H. Y. FANG and T. J. HIRST, Closure-The authors wish to thank Karafiath for his 
valuable comments. They agree that analyses of prefailure volume change and defor
mation are desirable. However, until improved soil stress-strain characterizations 
are available, practical solutions to soil engineering problems will continue to be 
based on simplified idealizations of soil behavior. Limit equilibrium and plasticity 
approaches are two such idealizations. 

Karafiath notes that, in the case of analyses involving the undrained strength pa
rameters, cu and ¢u, plasticity solutions are invalid in the physical sense because the 
principal stresses are inclined at 45 deg± l/J/2 to the slip lines and not at 45 deg± rf>u/2. 
Such an observation may be equally applied to limit equilibrium solutions. This in
compatibility of theory with real behavior is further complicated by the dilatant nature 
of soils. Volume changes accompanying the application of shear stress can magnify 
inhomogeneities initially present in all soils and can lead to the development of pre
ferred planes of failure that are unrelated to the theoretically predicted failure sur
faces. In the case of both limit equilibrium and plasticity approaches, such inhomo
geneity renders all solutions rigorously unacceptable. The authors never intended to 
suggest that, in terms of stress-strain behavior, the theory of plasticity is more rig
orous than limit equilibrium. Certainly both methods have very real limitations. 

That the plasticity solutions (7) are in agreement with the limit equilibrium solu
tions (3) is not sufficient to imply that the plasticity solutions correspond to conven
tional analyses. The assumptions on which the plasticity method is based were out
lined by Chen and Scawthorn (4) and others, and are fundamentally different from those 
of the conventional limit equilibrium approach. The fact that the solutions are the same 
attests to little else than an apparent insensitivity of the stability factors to the assumed 
material behavior. In this regard, it should be noted that the discrepancy between the 
limit equilibrium solution (3) and the plasticity solution (7) for ¢ = 25 deg and {3 = 30 deg 
is believed to be due to rounding errors in the original limit equilibrium hand calculation. 
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Application of plasticity theory to slope stability problems will provide upper and 
lower bounds for the critical height. The nearness of the bounds to the true critical 
height of an embankment depends on two considerations: (a) How well does the theory 
of plasticity model the real behavior of the soil in the embankment, and (b) how close 
are the chosen stress and plastic deformation fields to those that would obtain in a per
fectly plastic embankment? The bounding of the solution is valid for any stress or de
formation field that satisfies the conditions of the limit theorems. It is not necessary 
to determine all potential stress and deformation fields (or failure surface geometries) 
in order to establish true bounds to the solution. The bounds may frequently be im
proved (i.e., brought closer to the true solution), however, by searching for additional 
acceptable stress and deformation fields. 

If conventional limit equilibrium solutions are statically admissible, then, by def
inition, they represent lower bound solutions. Conventional limit equilibrium solutions 
consider conditions along an assumed failure surface only. This, in itself, does not 
guarantee that the yield criterion is not violated elsewhere, and therefore such solu
tions are not lower bounds. 

Karafiath's objection to the overall philosophy of the upper bound approach cannot 
be accepted by the authors. The stress-strain relationship used in the upper bound 
solutions is based on the idealized flow rule applied at the moment of incipient failure, 
not after failure. Limit equilibrium methods, on the other hand, do not consider the 
stress-strain relationship of the soil at any stage prior to, at, or after failure. 

In summary, a useful and acceptable method of analysis must satisfy two conditions: 
(a) It must yield realistic answers, and (b) it must be simple to apply. The plasticity 
theory approach is simple because it provides a closed-form solution to the problem. 
It has been shown to yield reasonable answers when compared with limit equilibrium 
solutions whose validity has been established on the basis of practical experience. Fi
nally, application of plasticity theory to slope stability problems provides an oppor
tunity for bounding the solution. Rational interpretation of all of the approximate solu
tions available to an engineer will continue to be the most practical and attractive ap
proach to slope stability problems until material behavior in complex stress states, 
such as embankments, is better understood. 




