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The effects of strain gradient on the stress-strain relationship of concrete 
in compression, when such effects are not influenced by the presence of a 
differential strain rate for different fibers of a section, are studied. An 
experimenlal procedure is developed that permits maintenance of a con
stant strain gradient under uniform strain rates, malting it possible to 
separate strain rate and strain gradient effects. Concrete prisms are 
tested under 3 different strain gradients and at the same uniform rate of 
straining. Test results indicate that strain gradient, when it is not ac
companied by strain rate effects, has very little influence on the stress
strain curves of concrete in compression. 

•WHETHER IT IS APPROPRIAT.I:!: to apply concrete stress-strain curves obtained 
from compression tests under uniform strain to a situation where a strain gradient 
prevails is a long-debated question to which a satisfactory answer has not as yet been 
found. 

The problem was investigated at some length by Hognestad et al. (1) during the mid-
1950's. They, on the basis of their research, came to the conclusion that the general 
characteristics of stress-strain relationships for concrete in concentric compression 
were applicable also to flexure. Smith (2) also carried out similar investigations, and 
his results did not seem to disagree with-this conclusion. Around 1960, however, this 
conclusion began to be seriously challenged. Rasch (3) had shown earlier that the ef
fect of strain rate on the stress-strain relationship of concrete is quite significant. 
Rllsch (4) now directed attention to the fact that, because the fibers on the compression 
side of a beam are subjected to different strain rates' different stress-strain curves 
should be invoked for different fibers. In 1965, Sturman et al. (5) reported an investi
gation into the influence of flexural strain gradients on microcracking and the stress
strain behavior of plain concrete. They found that the peak of the flexural curve was 
located at a strain about 50 percent higher and a stress about 20 percent larger than 
the peak of the curve for concentric compression. Sargin (6) later tested concrete 
specimens under both concentric and eccentric loading to observe the effect of flexural 
strain gradients on concrete stress-strain relationships. In his eccentric tests, he 
obtained a peak strain about 30 percent higher than a peak stress very nearly equal to 
that obtained in his concentric tests. 

It should be pointed out at this stage that the compression zone of a beam section 
differs from a section under concentric compression in 2 important respects. First, 
the fibers on the compression side of a beam are subjected to different strain rates, 
varying from zero at the neutral axis to a maximum at the extreme fiber. Second, the 
less highly strained fibers on the compression side of a beam have a restraining effect 
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on the adjacent more highly strained ones. All the investigators mentioned so far, ex
cept Rlisch (4), studied the combined effects of these 2 different factors. Rusch ascribed 
any differences between the stress-strain curves of concrete under concentric com
pression and those under flexural compression to the first of these 2 factors and 
neglected the second one altogether. The first and only attempt so far to study the 
relative significance of these 2 factors-strain rate and strain gradient-was made by 
Clark, Gerstle, and Tulin (7). They devised an experimental procedure that permitted 
maintenance of a constant strain gradient under uniform strain rates, making it possible 
to separate the strain rate and strain gradient effects. They found that, whereas the 
effect of strain rate was as predicted by Rusch (4), the presence of a strain gradient 
as such had no significant effect on the stress-strain curves. These findings cannot, 
however, be accepted without some further verification, in view of the following 
reasons (!!): 

1. In the construction of their stress-strain curves, Clark et al. followed an ap
proach similar to the one used previously by Riis ch (4) and Rusch et al. (9). The method 
consisted of drawing a parabolic stress diagram limited by the 2 edge strains corre
sponding to each level of loading. This resulted in overlapping segments of parabolas 
that were then fitted into a continuous stress-strain envelope. This procedure may 
give good results for small strain gradients where the 2 edge strains are close to each 
other. However, where large strain gradients are involved, because each of the seg
ments mentioned covers quite a large portion of the stress-strain diagram, the choice 
of an arbitrary parabola for segments may lead to erroneous results. 

2. The authors obtained unusually high maximum stress and peak strain values in 
concentric as well as eccentric tests on plain concrete specimens. 

3. The authors tried to explain the discrepancy between their results and those 
reported by Sturman et al. (5) by attributing it to the presence of a differential strain 
rate for different fibers in the latter case. But a close look at Figure 5 of Rusch's 
paper (4) reveals that strain rate effects alone cannot possibly produce a 20 percent 
increase in maximum stress and a 50 percent increase in peak strain simultaneously. 
It should be noted, however, that there is not much of a conflict between the authors' 
findings and those of Sargin (6). A 30 percent increase in peak strain, unaccompanied 
by any increase in maximum stress, can be caused by strain rate effects alone. 

The object of the present investigation was to supplement the findings of Clark et al. 
through a further series of tests. The effects of strain gradient on concrete stress
strain relationships, when they are not accompanied by strain rate effects, were 
studied. 

OUTLINE OF TESTS 

A total of 13 specimens was tested in 3 different sets. The specimens were necked 
concrete prisms measuring 22 in. in length and 5 by 5 in. in cross section in the test 
region. No longitudinal reinforcement was used in any of the specimens. All of them, 
however, were laterally reinforced. The transverse reinforcement consisted of No. 2 
ties at a longitudinal center-to-center spacing of 3 in. At each end of the specimens, 
3 ties were placed at a spacing of 1 Y:i in. in order to reduce the effect of stress con
centration at the ends. The No. 2 bars were round and plain and had an average yield 
stress of 44 ksi. The center-to-center dimensions of the ties were 3% by 3% in. 

Four of the 13 specimens were tested under concentric and the remaining 9 under 
eccentric loading. Of the 9 eccentrically loaded specimens, 4 were tested under a 
strain gradient of 0.0004 radian/in. and 5 under a strain gradient of 0.0006 radian/in. 
The primary variable in this investigation was strain gradient. The concrete used had, 
on an average, a cylinder strength of 5, 100 psi. All the specimens were cast with their 
longitudinal axes in a vertical position. The age of the specimens at the time of testing 
varied from 26 to 29 days. 

TEST SETUP AND TEST PROCEDURE 

For eccentric loading tests, an experimental procedure was employed that provided 
for the individual control ~f bending and axial loads, permitting maintenance of a 
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constant strain gradient under uniform strain rates and making it possible to separate 
strain rate and strain gradient effects . The same experimental procedure was em
ployed for concentric loading tests also to ensure the maintenance of a zero strain 
gradient across the test cross section at all stages of loading. Thus, each specimen 
was tested under the action of a major load applied directly to the specimen and a minor 
load applied through 2 steel brackets fixed to the enlarged ends of the specimen. The 
test setup is shown in Figure 1. The minor load was applied at a distance of 32% in. 
from the centerline of the specimen and the major load at an eccentricity of % in. in 
the same direction . The minor load was applied to the brackets by means of a small 
hydraulic jack of 10-ton capacity. A 20,000-lb load cell was used to measure this load. 
A closed-loop materials test system , consisting of a 500,000-lb capacity load frame, 
was utilized for applying the major load. The load frame contained a servoram actuator 
that imposed a force on the specimen and that was made to move at a constant rate 
throughout each test. The load applied by the actuator was transferred to the concrete 
specimen through 2 parallel knife-edge supports . The load was measured by a 250,000-
lb load cell incorporated in the load frame. 

Longitudinal strains were measured along 5-in gage lengths on 2 opposite faces of 
each specimen. Lateral deflections undergone by eccentrically loaded specimens at 
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Figure 1. Test setup. 
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various stages of loading were also measured at 
the midheight of each specimen. Sanborn Model 7 
DCDT-250 displacement transducers were used 
to measure both the strains and the deflection. 

At the beginning of each test, the 2 DCDT's on 
2 opposite faces of the specimen were connected 
to the X and Y axes of an X-Y recorder. A ramp 
function generator that was used to regulate the 
movement of the machine ram was then switched 
on. The machine ram thus began to move at a 
predetermined constant rate of 0.66 in./hr. As 
the specimen was strained, the pen of the X-Y 
recorder began to move. When the test is con
centric, the pen should move along a 45-degline . 
The movement of the pen was closely watched 
throughout each test. As soon as it started de
viating from the 45-deg line, in a concentric test, 
it was brought back by increasing or decreasing 
the minor load. In an eccentric test the secon
dary load was regulated so that the pen, instead 
of moving along a 45-deg line, initially moved 
along a line parallel to the axis to which the 
strain gage on the most strained face of the speci
men was connected. After the pen had moved 
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horizontally by a certain distance, i.e., after the Figure 2. Strain and stress distribution in 
difference between the strains on 2 opposite faces the test region of an eccentrically loaded 
of the specimen had reached a certain desired 
value, the pen was made to move along a 45-deg 
line as before, so that the strain difference be-

specimen. 

tween the 2 opposite faces remained constant at all subsequent stages of loading. 
The signals from the 2 load cells, measuring the major and minor loads, and the 

3 DCDT's, measuring longitudinal strains and deflection, were fed into a Solatron data 
logger that displayed these voltages in digital form. The displayed signals were read 
at regular intervals throughout each test. 

ANALYSIS OF TEST RESULTS 

Concentrically Loaded Specimens 

Strain and stress distributions are assumed to be uniform over the critical cross 
section of the specimen. Say, at any time, P1 is the major load applied on the speci
men and P2 is the minor load. Then, if P3 is the weight of each minor load carrying 
bracket, the resultant load on the specimen at that particular time is 

(1) 

If '1 is the deformation corresponding to this load measured over a gage length L 0 and 
At the cross-sectional area, then 

Stress a = PI At (2) 
and 

Strain € = ~/L0 (3) 

Eccentrically Loaded Specimens 

A numerical method is employed in this analysis. It is more general than the one 
used by Hognestad et al. (1) and very similar to the one used by Sargin (6). 

In an eccentric test, initially, the strain at one face of each specimen-is maintained 
at zero, while the strain on the opposite face is increased continuously till the differ-
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ence between these 2 strains reaches a certain value. This strain difference is main
tained constant during all subsequent stages of loading. The analyses of test data are 
slightly different for these 2 parts of each test. Here an analysis for the second part 
(Part A) is presented first. A method of analysis for the initial part (Part B) can be 
derived as a special case of this analysis and is presented later in this section. 

Part A-From force and moment equilibriums, the magnitude and point of applica
tion of the internal resultant force can be calculated directly. From Figure 2, 

(1) 
and 

where 

ai. a2 , and as = distances of points of application of P1, P2 , and P 3 respectively 
from the least strained fiber of critical cross section, neglecting 
deflection; 

s =distance of neutral axis from least strained fiber; 
Ii = lateral deflection of the specimen; and 

a 0 =distance of point of application of P from neutral axis. 

Assuming a linear strain distribution, strain compatibility of the section can be 
writ.ten as 

where 

E' 
_2_ 

s - e 
"-2 
s 

s. = _E_L_ 
y c c + e 

f 1 and E2 = strains in most and least strained fibers respectively; 

(5) 

< and E~ = strains measured by transducers attached to most and least strained faces 
respectively; 

c = distance of neutral axis from most strained fiber; 
E = strain in any fiber; 
y = distance of this fiber from neutral axis; and 
e = distance from center of deformation transducer to specimen surface. 

Equation 5 makes it possible for E 1 and E2 to be expressed in terms of the measured 
strains E; and E; . 

If all fibers are assumed to follow one and the stress-strain curve 

then force and moment equilibriums in the section can be written as 

where 

f 0 = P /be and m 0 = Pao/be 2, and 
b = width of cross section. 

Using Eq. 5, Eqs. 6 and 7 can be rewritten for a rectangular section as 

(6) 

(7) 

(8) 
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(9) 

Differentiating Eqs. 8 and 9 with respect to <
1

, solving the resulting equations simulta
neously, and substituting finite differences for differentials, the following stress-strain 
relationships are obtained: 

(10) 

(11) 

Part B-E 2 is expressed, in this case, in terms of <1 using Eq. 5, and both s (s = e) 
and c (c = s + d, where d =depth of cross section) are constants. Eqs. 10 and 11 get 
reduced to 

f(E) = -- 2mo -f - + E -- - - -c [ s (~mo Mo s)] 
1 c - s 0 c 1 ~(. ~(. c 

GENERAL STRESS-STRAIN RELATIONSHIP FOR CONCRETE 
IN COMPRESSION 

(lOa) 

(lla) 

Experimental stress-strain diagrams defined at some discrete points are obtained 
from an analysis of test data by the method just explained. In each of these diagrams, 
experimental scatter manifests itself in the form of deviations from the general trend. 
In order to find out what the general trend in each case is, it is necessary to postulate 
a general form for the stress-strain relationship of concrete in compression. Test 
results can then be used to find empirical coefficients of this stress-strain relationship 
for a best correlation. Of all the available formulations of the stress-strain relation
ship of concrete in compression, the one proposed by Sargin (6) is by far the most 
general. For the purpose of the present study, it is postulated that the general form 
of the stress-strain relationship of concrete in compression e~'l be represented by the 
following equation proposed by Sargin: 

where 

I Ax + (D - l)x2 
a = k3fC ( )x a l -1- A-2 +Dx 

A= E<;£o/k3f~; 
x = f./f.Q, 
f~ = cylinder strength of concrete; 

Ee = initial modulus of elasticity; 
k3 = ratio of maxi.mum stress to cylinder strength; 
E 0 = strain corresponding to maximum stress; and 

(12) 

D = parameter that mainly affects the slope of the descending branch of a stress-
strain curve. 

The principal factors affecting concrete behavior can be introduced into the stress
strain relationship through these 5 parameters (f~, Ee, k3 , E0, and D). In the present 
study, a nonlinear regression analysis is employed to find the parameters of Eq. 12 
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for a best correlation with test results obtained for each specimen. The details of the 
regression analysis are given elsewhere (10). 

TEST RESULTS 

Concentrically Loaded Specimens 

Analytical stress-strain curves of the form given by Eq. 12 were fitted to experi
mental data obtained for each specimen. The values of the parameters of these curves 
for best correlation with experimental data are given in Table 1. The experimental 
and analytical stress-strain diagrams are shown in Figure 3. 

Eccentrically Loaded Specimen s 

A complete stress-strain diagram for the most strained fiber of each specimen was 
obtained by fitting a curve of the f orm given by Eq. 12 to the experimental points given 
by Eqs . 10 and l Oa ). it was observed both by Sargin (6) and by the authors that Eq. lla 
gave very erratic stress values. These values were ignored, and it was assumed that 
the initial portion of the stress-strain curve for the most strained fiber of a specimen 
was valid for the least strained fiber also. A complete stress-strain diagram for the 
least strained fiber of each specimen was thus obtained by fitting a curve of the form 
given by Eq. 12 to experimental points given by Eqs. lOa and 11. The initial portion 
of each stress-strain diagram obtained in this way was subject to both strain rate and 
strain gradient effects. This did not, however, affect the purpose of the present study 
because the subsequent portion (which included the peak) of each diagram was free 
from strain rate effects, and, in drawing conclusions, only the k3 and E 0 values of the 
different curves were compared. The analytical and experimental stress-strain dia
grams for the most and least strained fibers of each specimen of series E1 are shown 

TABLE 1 

EXPERIMENTALLY OBTAINED STRESS-STRAIN CURVE PARAMETERS 

1' Ee (psi) k, <0 (percent) D 
Specimen (ps"i) IIb ra II II II 

C-1 4,260 45,484}f; 0.775 0 .4452 0.969 9 

C-2 4,110 43, 571 fl:: 
' c 

0.691 0 .3237 0.9881 

C-3 4,110 48,635K 0.676 0 .4052 0.6414 

C-4 5, 700 38, 158/c; 0.725 0 .33 54 1.3540 

Avg. 4,545 43,962/i~ 0 .717 0 .377 4 0 .9884 

E1-l 5, 700 50,182}f; 48, 149,f;, 0 .751 0.761 0.3351 0.3446 0 .2185 0 .2510 

E,-2 5,400 65, 382,/f::. 58,014,f;, 0 .761 0.774 0 .3590 0 .3809 0 .8257 0 .8030 

E 1 -3 5,400 51,945/f; 50,189f;_ 0 .790 0 .795 0.2743 0 .2934 0 .4834 0 .4242 

1':,-4 5, 150 52,841K 52 841 /f' ' \'-c 0 .802 0.829 0.2557 0 .2590 1.6092 1.6134 

Avg. 5,413 53,693jf;_ 0 .783 0 .3128 

E
2
-l 5, 150 48,579,f;_ 45,085./f; 0 .773 0 .797 0.3592 0.3748 0 .9275 0 .9143 

E,-2 5, 550 31,579}f; 34,771.Jf::. 0.682 0.647 0.2619 0.2935 0 .9547 0 .7937 

E,-3 5, 550 52,497}f; 52,356.f;; 0 .649 0 .598 0 .29 57 0 .3635 0.8578 0 .4783 

E2 -4 5,200 49,018.Jf::. 47,019 ff:. 0 .742 0 .765 0.3457 0.3545 0 .8384 0 .8393 

E,-5 5,200 46,301,f;, 49, 168,/f::. 0 .765 0.780 0.3370 0.3262 0 .7584 0 .8000 

Avg. 5,330 45,637.f;. 0 .720 0 .3312 0.8162 

aMost strained fibers. bleast strained fibers. 
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Figure 3. Analytical and experimental stress-strain diagrams for the specimens of Series C. 
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Figure 5. Analytical and experimental stress-strain diagrams for the specimens of Series E •. 

in Figure 4 and those for the specimens of series E2 are shown in Figure 5. The dif
ferent parameters associated with each stress-strain diagram are given in Table 1. 

DISCUSSION OF TEST RESULTS 

The average values of ks and e: 0 obtained in test series C, E1 , and E2 are as follows: 

Item 

Average concrete strength (psi) 
Strain gradient (rad/in.) 
ks 
e:0 (percent) 

Series C 

4,545 
0 

0.717 
0.3774 

Series E 1 

5,413 
0.0004 

0.783 
0.3128 

Series E2 

5,330 
0.0006 

0.720 
0.3312 

It can be seen that no general trend in the effects of strain gradient on the k3 and e:0 
parameters can be established. This very lack of trend, however, suggests that the 
effects of strain gradient on the ks and e:0 parameters, when they are separated from 
strain rate effects, are not very pronounced. If there are, in fact, any such effects, 
they are so insignificant that they could not even be observed in the present case because 
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of (a) a slight variation in the concrete strengths of the different specimens, (b) the fact 
that lateral reinforcement may have slightly different effects on bound concrete under 
concentric and eccentric loading, and (c) normal experimental scatter. The present 
study, therefore, leads to a conclusion similar to the one reached earlier by Clark et al. 
(7). It also snows that Riisch's assumption to the effect that any difference between the 
stress-strain curves of concrete under concentric and flexural compression can be 
ascribed to the presence of a differential rate of straining for different fibers in the 
latter case (4) was substantially correct. 

Any conciiision regarding the effect of strain gradient on the descending branches of 
stress-strain curves is not attempted here, in view of the large scatter in the D-values 
obtained in test series E 1 • 

CONCLUSION 

On the basis of the results reported and the discussion given, it can be concluded 
that strain gradient, when it is not accompanied by strain rate effects, has very little 
or no influence on the stress-strain curves of concrete up to their peak points. 
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