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Foreword 
The 7 papers in this RECORD are concerned primarily with the deforma­
tions of concrete induced by sustained and short-term compressive and 
tensile loads. These papers are concerned not only with the magnitude 
but also with the mechanisms of deformations and with certain anomalies 
that have been reported. The concrete technologist will be especially in­
terested in the results of the studies presented here. The last paper should 
be useful and of interest to the designer also. 

Popovics reviews the literature and gives the reader an overview of the 
principal characteristics for the elastic deformations of concrete. He 
points out that the elastic constants determined for a concrete will vary 
with the method of test. He concludes that, although the elastic constants 
are easier to determine by some dynamic methods, the results by static 
methods are of greater significance to the designer. 

Swamy presents the "complete" stress-strain curves for concretes in 
compression as determined by a constant-strain-rate test procedure. He 
shows that under certain loading conditions the failure of concrete appears 
to be ductile rather than brittle. 

Ghosh and Randa have investigated the effect of compressive strain 
gradients on the stress-strain relationship of concrete. Their results in­
dicate that when strain rates are uniform the strain gradients have little 
effect on stress-strain curves. 

Johnston describes a study aimed at determining the effect of mix vari­
ables on the tensile properties of concrete. His data indicate that the 
initial tangent modulus in tension can be accurately predicted when the 
modulus of the aggregate is known. 

Imbert conducted tensile tests on thin concrete plates containing centrally 
located holes. From his results it seems evident that the strain gradients 
caused by the holes inhibit the length of microcracking near the holes and 
cause considerable inelastic deformations. 

Li and Ramakrishnanpresent some data that tend to show that concretes 
made with gap-graded aggregates may have some advantages over those 
made with continuously graded aggregates. Their gap-graded concretes had 
less creep, less drying shrinkage, and greater modulus of elasticity than 
their continuously graded concretes. 

Branson, Meyers, and Kripana1·ayanan present design proeedures for 
prestressed concrete structural members. These procedures, which are 
verified by test 1·esults for normal-weight and lightweight concretes, in­
clude provisions for calculating the effects of creep and drying shrinkage. 

-T. W. Reichard 
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Characteristics of the Elastic 
Deformations of Concrete 
SANDOR POPOVICS, Northern Arizona University 

The instantaneous deformations of concrete are explained as a result of 
elastic deformations and internal crack propagation. Empirical formulas 
are presented for the numerical approximation of the stress-strain dia­
gram. The definitions and various static and dynamic test methods are 
discussed for the determinations of the Young's modulus, shear modulus, 
and Poisson's ratio. Related formulas are also presented. Comparisons 
are made between static Young's moduli determined by various methods, 
between dynamic Young's moduli obtained by various methods, between 
static and related dynamic moduli, and between static and dynamic 
Poisson's ratios. It is shown that the constants determined by dynamic 
methods are greater than the corresponding static constants. Attempt 
is made to explain the revealed differences. Data concerning the repro­
ducibility of the elastic constants close the paper indicating that the test 
methods for dynamic constants are superior in this respect. The static 
elastic constants of concrete are of greater significance to the design 
engineer than the corresponding dynamic values. On the other hand, the 
determination of the dynamic constants is easier. 

•WHEN A LOAD is applied to a body, the body is deformed. The amount and character 
of deformation depend on the properties of the body, the particular environment, the 
magnitude of the load, the rate at which it is applied, and the elapsed time after the load 
application that the observation is made. Different materials vary widely in their re­
sponse to load. This response is called rheological behavior. Although instantaneous 
response and time-depending response are not entirely separable, it is convenient to 
consider them separately as elastic deformations and plastic deformations respectively 
(1). A deformation is said to be elastic if it appears and disappears immediately on ap­
plication and removal of stress. 

A knowledge of the deformability of concrete is necessary to compute stresses from 
observed strains, to proportion sections of highway slabs and reinforced concrete mem­
bers when certain design procedures are used, and to compute loss of prestress in pre­
stressed structures. In the study of models of concrete structures, it is also necessary 
to know the stress-strain characteristics of the material for the model so that dimen­
sional similarity may be obtained. 

SHAPE OF THE STRESS-STRAIN DIAGRAM FOR CONCRETE 

The instantaneous deformations of a specimen under load can be described conve­
niently by a stress-strain diagram. Figure 1 shows such a typical diagram for the axial 
deformation of a concrete specimen loaded with 2 different rates in uniaxial compression 
or tension. The stresses are averages (loads divided by cross-sectional area) and so 
too are the strains . The diagram is influenced considerably by the testing conditions, 
such as type of testing machine, rate of loading, size and shape of specimen, size and 
location of strain gages, and nwnber of load repetitions (~, ~' i, .§), as well as by the 
age and composition of concrete, such as type and quantity of aggregate, and especially 
the porosity (§), in a similar but not identical way as the concrete strength is influenced 
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by most of these factors ('.L, ~. Torque-twist 
diagrams for concrete are similar to the 
stress-strain diagram <m and serve a similar 
purpose. 

Along with the axial deformations, trans­
verse deformations also take place under load. 

.. .. ., 
~ -(/) 

It is customary to characterizethe lateral de- c 

formation by the Poisson's ratio, which is => 
the absolute value of the ratio of transverse 
strain to the corresponding axial strain re­
sulting from a uniformly distributed axial 
stress below the proportional limit of that ma­
terial. 

The shape of the stress-strain diagram or 
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the torque-twist diagram or the stress­
Poisson' s ratio diagram for concrete can be 
explained in qualitative terms from the well­
established fact that the fracture of concrete 
takes place through progressive internal 
cracking (!Q). The compressive stress-strain 
diagram starts out with a nearly linear portion 
that stretches to about 30 percent of the ulti-

Figure 1. Two typical stress-strain curves for 
concrete under uniaxial load. The top curve is 
characteristic of a loading process where the 
rate of stress increase is kept constant during 
the testing. The bottom curve is obtained by 

keeping the rate of strain increase constant. 

mate load. Beyond this point the curve devi-
ates gradually from the straight line. This is 
attributed chiefly to the increase of cracks on the interface of coarse aggregate and mor­
tar, that is, to the start of discontinuity in the specimen and later to extensive mortar 
cracking, although some creep probably also takes place (.!!, 12). In accordance with 
this mechanism, the stress-strain diagram is usually more curved for concrete than 
for the comparable mortar that usually has a less flat curve than the comparable paste. 
This failure mechanism also implies that (a) the stress-strain diagram of concrete be­
comes steeper and more nearly linear with the increase of the rate of loading; (b) the 
curvature of the diagram increases with the amount and size of the aggregate in the con­
crete; (c) the shape of the diagram obtained by tensile load is similar to, although more 
nearly linear than, the shape of the comparable diagram obtained by compressive load; 
and (d) the major part of the concrete deformations that is caused by the internal crack­
ing and creep is permanent. Experimental evidence supports these implications (10) . 
Also, when concrete and mortar specimens are subjected to increasing uniaxial com­
pression, the Poisson's ratio for each begins to increase on attaining a certain stress 
level. After that the volume of the specimen also begins to increase. This can be ex­
plained again by the appearance and propagation of cracking, because hardened paste 
specimens continue to consolidate at an increasing rate with increased load, and stone 
specimens show only a slight volume expansion at stresses near failure (13). 

NUMERICAL APPROXIMATIONS FOR THE 
STRESS-STRAIN DIAGRAM OF CONCRETE 

Despite the supporting experimental evidence, the best that the theory of internal 
cracking can do is to describe the stress-strain relationship in qualitative terms. Other 
theories are even less suitable for this purpose. Thus, only empirical formulas ob­
tained from boundary conditions and by curve-fitting are available for the numericalap­
proximation of the stress-strain diagram of concrete. Several of these formulas are 
compared, as shown in Figure 2, in terms of f/ fo relative stress and (/<

0 
relative 

strain. The limits of validity and degrees of approximation of these formulas are re­
stricted. Further analysis of these formulas is presented elsewhere (J). 

THE STATIC ELASTIC CONSTANTS OF CONCRETE 

The most common measure of elasticity is the modulus of elasticity. This term is 
defined, in general, by the Standard Definitions of Terms Relating to Methods of Me-
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chanical Testing (ASTM Designation E 6-
66) as the ratio of stress to corresponding 
strain below the proportional limit. Mod­
ulus of elasticity, like stress, is expressed 
in force per unit of area (psi or kg/cm2). 
For concrete, as well as for other mate­
rials where the stress-strain relationship 
is curvilinear rather than linear, one of the 
4 following terms may be used (Fig. 3): 

/ 
1 .01--11---1--1-~-~--...,,,...i=--t---i 

1. Initial tangent modulus-The slope 
of the stress-strain curve at the origin; O L----''------'~--''--------'----'-----'----'--' 

2. Tangent modul:us-The slope of the 
stress-strain curve at any specified stress 
or strain; · 

3. Secant modulus-The slope of the 
secant drawn from the origin to any spec­
ified point on the stress-strain curve; and 

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 
e le. Relative Strain 

Figure 2. Comparison of several formulas for the 
stress-strain diagram of concrete. 

4. Chord modulus-The slope of the 
chord drawn between any 2 specified points 
on the stress-strain curve. 

All 4 definitions refer to the static modulus of elasticity in contrast to the modulus of 
elasticity computed from dynamic tests. 

Static modulus of elasticity may be measured in compression, tension, or shear. 
The modulus in tension or compression is frequently referred to as Young's modulus of 
elasticity and is designated by E. The shear modulus is sometimes called the modulus 
of rigidity or torsional modulus and is designated by G. These 2 moduli describe the 
elastic behavior of a homogeneous and isotropic material completely. Thus, the third 
usual elastic constant, the Poisson's ratio, can already be expressed in terms of E and 
G, as follows: 

whereµ is the Poisson's ratio. 

en 
en 
Q) .... 
;;, 

-c: 
:::> 

Unit Strain 

Figure 3. Four definitions for the 
static Young's modulus of elast.icity 

of concrete. 

(1) 

The only ASTM standard method for the determi­
nation of static elastic constants of concrete is the 
standard Method of Test for Static Young's Modulus 
of Elasticity and Poisson's Ratio in Compression of 
Cylindrical Concrete Specimens (ASTM Designation 
C 469-65). It stipulates a chord modulus between 2 
points 011 the stress-sh'ain curve defined as follows : 
The lower point corresponds to a strain of 50 micro­
inches/inch (µ. in./in.), and the upper point corre­
sponds to a stress equal to 40 percent of the strength 
of concrete at the time of loading. The lower point 
is near the origin but far enough removed from the 
origin to be free of possible irregularities in strain 
reading caused by seating of the testing machine 
platens and strain measuring devices. The upper 
point is taken n.ear the upper end of the working stress 
range that was assumed in design. Thus, the deter­
mined modulus is approximately the average modulus 
of elasticity in compression throughout the working 
stress range (!). The specimen should be loaded at 
least twice without recording any data during the first 
loading. Calculations should be based on the average 
of the results of subsequent loadings . At least 2 sub­
sequent loadings are recommended. 
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Usually cylinders or prisms are used for the determination of the modulus of elastic­
ity in compression. In order to compensate for the effect of eccentric loading or non­
uniform response by the specimen, strains should be measured along the axis of the 
specimen or along 2 or more gage lines uniformly spaced around the periphery of the 
cylinder. The selection of the gage length is important. It must be large in comparison 
with the maximum particle size of the aggregate so that local strain irregularities do 
not unduly influence the results. It must not, however, encroach on the ends of the spe­
imen because strains near the ends may differ from strains elsewhere. Half the speci­
men height is a good gage length. Both mechanical devices and electrical gages have 
been used successfully for strain measurements of concrete. 

The Young's modulus can also be determined, at least theoretically, on specimens 
loaded as beams. Deflection measurements, curvature measurements, or strain mea­
surements in the extreme fibers can be used for this purpose. The usual approach is 
to measure deflections caused by known loads and to calculate the modulus of elasticity 
from a suitable beam-deflection formula. Unfortunately, the application of the usual 
simple deflection formulas provide unreliable E values for concrete for 2 reasons. First, 
these formulas are based on the assumption that the material follows Hooke's law, which 
in the case of concrete is not true. Second, the depth-to-span ratios of unreinforced 
concrete beams normally used for such tests are so large that shear deflection com­
poses a significant part of the total deflection. A beam-deflection formula for center­
point loading and corrected for shear(!, .!!) is as follows: 

J>l!I ] Est = 4!lFi [ 1 + (2 .4 + 1. 5µ) (h/l) 2 
- 0 .84 (h/l) 3 

where 

Est static Young's modulus of elasticity; 
F maximum deflection, 
P applied central load, 
1 distance between supports, 
I moment of inertia of the section, 
µ Poisson's ratio, and 
h depth of the beam. 

(2) 

When the beam has a 6- by 6-in. cross section and is loaded at the third-points of an 
18-in. span, the following formula can be used (15): 

p 
Est = F (1.16 + 0.125µ) (3) 

where the P total load is expressed in pounds, Fin inches, and Est in psi. Equations 
2 and 3 are not corrected for the deviation from Hooke's law. Thus, the values they 
provide for the Est of a concrete are greater than the actual values, often to a consid­
erable degree. 

Static determination of Poisson's ratio is made by measuring both the axial strain 
and the corresponding transverse strain. Details are described by Yoshida (lfil. A 
standard test method is given in ASTM C 469. Poisson's ratio is also commonly com­
puted by Eq. 1 from results of Young's modulus and shear modulus. The shear modulus 
is most often determined dynamically or by calculation from E and µ. When a direct 
static determination is desired, a torsion test is the common procedure. 

static modulus of elasticity and Poisson's ratio can be calculated from splitting ten­
sile test if principal strains are measured at the center of the concrete cylinder (17). 
In this case, the gage length should be limited to about 0.07 of the specimen diameter 
because the strains encountered in this test are of rapidly changing character. Also, 
this method is sensitive to observational errors. 

Static tests for Young's modulus and Poisson's ratio involve the application of stresses 
of the same order as those in practice, whereas. the stresses induced in the dynamic 
tests are very small. Because these elastic constants are stress-dependent, the static 
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modulus and ratio are of greater significance to the design engineer than the correspond­
ing dynamic values. On the other hand, the determination of the dynamic values is, in 
most cases, easier and more preci.se. 

THE DYNAMIC ELASTIC CONSTANTS 

The dynamic Young's modulus or the dynamic shear modulus is usually determined 
by the .resonance frequency method. Rayleigh was the first to set forth simplified re­
lationships among the resonant frequency of vibration of a homogeneous specimen, the 
velocity of a vibratory wave passing through the material, and the modulus of elasticity 
of the material (!!!). The first application of this method on concrete was published by 
Powers in 1938 (Til) . The ASTM standard forms of this method a.re based essentially 
on the more exact theory developed by Pickett (W and are described in the Standard 
Method of Test for Fundamental Transverse, Longitudinal, and Torsional Frequencies 
of Cone rete Specimens (ASTM Designation C 215-60) . The recommended test speci­
mens are beams that are made in accordance with the standard pi·ocedure prescribed 
for the flexural specimens, but other suitable specimens, such as cylinders, can also 
be used. The elastic constants may be calculated from the following formulas: 

Er = CWn2 ( 4) 

Er = DW(n') 2 (5) 

Gr = BW(n") 2 (6) 

where 

Er == dynamic Young's modulus calculated from the fundamental resonance frequency 
of the concrete specimen; 

Gr == dynamic shear modulus calculated from the fundamental torsional frequency; 
W = weight of the specimen; 
n' = fundamental transverse frequency, cps; and 

n" = fundamental torsional frequency, cps. 

The values of the C, D, and B factors depend on the shape and size of the specimen 
tested , on the units used, and on the Poisson's ratio of the concrete. Detailed instruc­
tions for the calculation of these fact0rs may be found in ASTM Method C 215 or in the 
literature(~ 22, 23, ~ 25, .?.§,). Equation 5 can be written in the following form when 
Er is in psi and when the specimen is a rectangular prism: 

(7) 

where 

L = length of the prism, in.; and 
d1 = unit weight of the concrete, lb/cu ft. 

Poisson's ratio does not enter heavily into the computations when Eq. 5 or Eq. 7 is 
used. Because the true value of Poisson's ratio is rarely known, it has become popular 
to use the longitudinal resonance technique for Er so that the effect of an error in the 
assumed value of Poisson's ratio may be minimized. Longitudinal resonances of bars 
of square cross section or cylindrical rods provide particnlarly accu1·ate results for 
Young's modulus (~. This test method is also described in the British Standard 1881. 

The application of pulse transmission , which apparently was started on conc1·ete by 
Long and Kurtz (El), is not recommended for the determination of the dynamic modulus 
of elasticity (the pulse modulus) by the pertinent ASTM standard Tentative Method of 
Test for Pulse Velocity Through Concrete (ASTM Designation C 597-67 T). The reasons 
for this may be the marked effect of Poisson's ratio on the pulse modulus as well as the 
fact that the usually applied calculations do not provide proper values for the pulse mod­
ulus if the cement paste and aggregate differ greatly in elastic properties ~ _gfil. 1f 
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this modulus is still to be computed from the pulse velocity, Whitehurst advises the use 
of the formula developed origillally by Poisson for homogeneous materials as follows 
(~. 30): 

V 2d (1 + µ) (1 - 2µ) 
g (1 - µ.) 

where 

Ep = dynamic Young's modulus calculated from the pulse velocity, 
V = longitudinal (compression) wave velocity, 
ct = density, and 
g = gravitational acceleration. 

(8) 

If Ep is expressed in psi, Vin ft/sec, ct = d1 in lb/cu ft, and gin !t/sec2
, the right side 

of Eq. 8 should also be divided by 144. Then a simplified form of this formula (µ = 0 .24) 
is as follows: 

(9) 

The V term in Eqs. 8 and 9 is actually the velocity of the wave front and is equivalent 
to the wave velocity only as long as the latteT does not change with frequency. Because 
this appears to be true for concrete, the pulse velocity can be used in Eqs. 8 and 9 with 
little or no error (.:!!,). 

Simultaneously with the longitudinal waves, transverse (shear) and surface (Rayleigh) 
waves are also generated by an impulse. The 3 types of wave travel with different ve­
locities and become separated in time as the path length increases. The S, shear, and 
R, Rayleigh, wave velocities and their relationship to the elastic constants of a material 
(.!.§., B, ~. 33, 34) are 

and 

gE s2 = Q.. 
d 2d (1 + µ.) 

R = pS 

where p = 0.911 and 0.928 whenµ. = 0.2 and 0.3 respectively. 

(10) 

(11) 

It is possible, at least theoretically, to calculate the dynamic Poisson's ratio directly 
when, for instance, both the longitudinal frequency and the longitudinal wave velocity are 
available by matching Eqs. 5 and 8, or by using Eqs. 8 and 10 when both the longitudinal 
wave velocity and the shear wave velocity are measured, or when both the V and R ve­
locities are available (~ .:g, ~ . The practical difficulty with these methods is that 
the S or R velocities or both cannot usually be determined accurately enough. The ap­
plication of Eqs. 4 through 11 !or concrete represents a more or less tolerable over­
simplification because concrete is far from being a perfectly elastic, homogeneous, and 
isotropic material. 

ESTIMATION OF THE ELASTIC CONSTANTS BY MODELS 

Calculating the deformability of a composite solid material, such as concrete, given 
the deformabilities and amounts of the composing phases, is an important problem both 
from theoretical and practical standpoints. Such calculations are hindered by the .fact 
that concrete has a complicated internal structure. Therefore, i·epeated attempts have 
been made to apply suitable simplified hypothetical structures, the so-called composite 
models, for such calculations. 

Any model approach for composite materials involves considerable simplifying as­
sumptions. In case of deformations, these assumptions concern stresses and strains 
as well as the relationship between them; for instance, elastic behavior of the model 
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components is usually assumed to be linear . More sophisticated models may provide 
more general applicability , but it is important to realize that every model contains a 
number of simplifying assumptions. Therefore, one should make the selection of the 
proper model for a given purpose by balancing the easy applicability of the model against 
a reasonable generality, considering that the increase of complexity of a model has 
usually a diminishing rate of return in reliability. It appears that the simplest models 
for the estimation of the modulus of elasticity, which still have an adequate reliability 
for considerable number of practical cases (36, 37), are represented by the following 
formulas: - -

(a) For normal-weight concrete, 

1 (1 - g G) 1 
Ee = 

0
·
5 

Em + Ep + 
0

·
5 

(1 - g)Em + gEp 
(12) 

(b) For lightweight-aggregate concrete, 

EL = (l _ g)/~~ + g/Ep + 0.5 [(1 - g)Em + gEp] (13) 

(c) For the effect of porosity, 

(14) 

where 

Ee, EL, and Ep estimated modulus of elasticity of normal-weight, lightweight, 
and porous concrete respectively; 

E 0 = modulus of elasticity of the concrete with zero porosity; 
Em and Ep = modulus of elasticity of the cement paste and aggregate respec-

tively; 
g = fractional volume of aggregate (percent/100); 
n = experimental constant; and 
v = pore content. 

All models are based on certain simplifying assumptions; consequently, their reli­
ability and limits of validity are restricted. Thus, the model approach is best used for 
qualitative examination of material behavior. 

COMPARISON OF THE VARIOUS KINDS OF YOUNG'S MODULI 

The Young's moduli of a concrete obtained in various manners are usually more or 
less different. The size of this difference depends on several factors as described in 
the following sections. 

static Moduli of Elasticity 

Walke1· (~ demonstrates that the i·elation of the tangent modulus to the secant mod­
ulus at the same load is 0.8 to 0.9 within practical stress limits. Davis and Troxell 
~) find that the secant modulus of a granite concrete of about 2,500 psi compressive 
strength decreases almost lineal'ly from 2. 5 x 106 psi to 1. 7 x 10° psi at the age of 28 
days as the applied stress is increased from 200to 1,000 psi. Data by Jones and Richart 
(.1Q) show that the secant modulus of elasticity i s about 106 psi less at 0.9£~ than at 0.5f~. 
Shideler (ill reports that values of the secant modulus of structural lightweight and nor­
mal concretes obtained at 0 . 3f~ are almost identical with values obtained at OA5f~ . 
Klieger's pertinent results as reported by Philleo (~show a similar tendency. 

Data by Klieger (12.} demonstrate that the static modulus of elasticity determined by 
the compression of 6- by 12-in. cylinders is about three-fourths of the comparable 
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modulus obtained by the flexure of 6- by 6- by 30-in. beams on an 18-in. span and using 
Eq. 3. On the other hand, Witte and Price (~ report that the secant moduli determined 
by compression at the ages of 2 and 3 years are practically the same as the comparable 
moduli obtained by the flexure of 3- by 3- by 161

/ 1-in . beams and using, presumably a 
simple deflection formula without any correction for shear or curvilinear stress distri­
bution. Measurements by Vile show a practical equality of elastic modulus values ob­
tained under uniaxial compressive and tensile states of stress (~. The differences be­
tween the initial tangent and secant moduli or between secant moduli at differing stresses 
or between tangent and chord moduli are due to the curvilinear character of the stress­
strain diagram of concrete (Fig. 3) . The discrepancies between compressive and flex­
ural moduli can be attributed to the shear and the nonlinear stress distribution in flexure. 

Dynamic Moduli of Elasticity 

As Figure 4 shows, the moduli of elasticity calculated from longitudinal resonance 
frequencies and those from transverse frequencies are practically identical (44, .!?) . 
Data by Obert and Duvall (.1§) support this finding. The agreement between the reso­
nance modulus and the modulus calculated from the pulse velocity is less satisfactory. 
As a rule, the Ep pulse moduli are greater. This is shown in Figure 5 where pertinent 
values obtained on the s ame specimens that provided data for Figure 4 are plotted ( 44, 
i§). Data published by other investigators (~ £!) likewise show that Ep is about 10 
percent greater than Er of the same concrete. Similarly, according to Philleo (_gfil, 
Whitehurst obtained pulse moduli that were up to 47 percent greater than the correspond­
ing resonance moduli, with an average difference of 15 percent. Philleo's own data in­
dicate a similar tendency. 

Klieger (15) determined the moduli of elasticity of a series of concrete mixtures by 
the resonance method both on 6- by 12-in. cylinders and on comparable 6- by 6- by 
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Figure 4. Comparison of moduli of elasticity from transverse resonance 
frequencies to moduli from longitudinal resonance frequencies (44, 45). 
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30-in. beams, having found the latter values to be about 8 percent higher. A similar 
test series by Stanton (.!!!), however, shows close agreement between the moduli of the 
2 types of specimens. 

The most likely reason for the tendency of Ep to be greater than Er is that the pulse 
velocity is less affected by porosity than by the resonance frequency. This is supported 
by Figure 5 that indicates the loosening of the internal structure of concrete to be caused 
by repeated freezing and thawing, which reduces the value of Ep to less than that of Er. 

Static Versus Dynamic Moduli 

The dynamic Young's moduli are, as a rule, higher than the corresponding static 
val•ies. Powers was the first to publish comparisons between the static and resonance 
me iuli of concrete (19). He found good agreement between these 2 types of moduli both 
when the static values were determined by the compression of 6- by 12-in. cylinders 
and, in another series, when static secant moduli, at about one-third the ultimate 
strength, were calculated from central deflections of plain concrete beams. (No cor­
rections were applied for shear or stress distribution.) In calculating the resonance 
modulus, however, he used an oversimplified formula. Had he used the formula cor­
rected by Pickett (_g_Q) , he would have obtained 7 to 10 percent higher values for Er. In 
accordance with this, later i.nvestigato1·s find that, by using Pickett's equations, the res­
onance moduli are regularly higher than the comparable static secant moduli. This dif­
ference is influenced by numerous factors, such as the composition and age of concrete 
and the curing and testing conditions. 

Stanton (.!!!) reports that the secant modulus of 6- by 12-in. cylinders at 1,000 psi 
was found to range from 62 percent of the resonance modulus at 28 days to approximately 
75 percent at later periods. Data by Shideler (!!) show that values of the resonance 
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moduli of his moist-cured structural lightweight concretes are about 350,000 psi greater 
than the secant moduli, whereas this difference for sand-and-gravel concretes is about 
1, 500 ,000 psi. He also demonstrates that, as the concretes dry, the difference between 
the secant modulus and resonance modulus is reduced. Similarly, Reichard (49) finds 
that the average ratios of the resonance to the secant modulus at the ages of lday, 28 
days, and 1 year are 1.13, 1.11, and 1.10 respectively for lightweight concretes and 
1.37, 1.32, and 1.16 respectively for normal-weight concretes. Data by Hirsch (.§.Q) 
demonstrate that the secant moduli are approximately 10 percent less than the resonance 
moduli. Chefdeville (.W suggests that the Est/Er ratio increases to unity as the stress 
related to the Est decreases. Klieger's pertinent comparison (15) shows that for 6- by 
12-in. cylinders made of a wide range of concrete composition, the static moduli are, 
in all cases, lower than the related resonance moduli, the differences being smaller at 
1 and 3 years than at 28 days. Other experimental evidence also indicates (52, ~. E.!) 
that the higher the modulus of elasticity is the closer the agreement between resonance 
and static moduli will be. 

A few comparisons are also available between values of static secant modulus com­
puted by Eq. 2 or 3 from deflection measurements to the related resonance modulus. 
Philleo noticed a tendency for such Er/Est ratios to decrease as the modulus of elastic­
ity increased@. Klieger l'eports (.!.§) that such static moduli are slightly lower at 28 
days than the resonance moduli, but at 1 and 3 years these differences are small and 
irregular. Thus, it seems that on the average the static secant moduli from deflection 
formulas, corrected for shear, agree fairly well with the resonance moduli. 

Some experimental evidence seems to indicate that the ratio of the pulse modulus to 
the static modulus is close to the unity when the static modulus is about 6 x 106 psi and 
increases rapidly with the decrease of the static modulus (~. A group of aerated con­
crete in the range of 450 to 1,000 psi compressive strength also provided practically the 
unity for the Ep/Est ratio (E.2). 

There is nothing surprising in the fact that the static and dynamic moduli of elastic­
ity, as a rule, differ. In the static test, there is always an inelastic portion of the mea­
sured strain at a particular stress that reduces the calculated value of the modulus. The 
magnitude of this inelastic portion varies with age and composition of concrete, curing, 
testing conditions, and other variables. In the dynamic tests, the fundamental resonance 
frequency or the pulse velocity is determined at a very low stress level of 1 psi. Con­
sequently, the inelastic deformations are almost completely eliminated. For this rea­
son, several investigators consider the dynamic modulus as equivalent to the static 
initial tangent modulus. Also, the static modulus and the dynamic modulus are affected 
by the composite character of concrete in different ways. Experimental evidence seems 
to indicate, for instance, that the value of Young's modulus determined statically is more 
dependent on the elastic properties of the paste and less on the properties of aggregate 
than the modulus determined dynamically ~. 

Poisson's Ratios 

Several investigators have reached the conclusion that dynamic Poisson's ratios are 
consistently higher than the corresponding static values. Also, there seems to be a dif­
ference between dynamic Poisson's ratios obtained by different methods. 

Anson and Newman (31) are of the opinion that dynamic Poisson's ratios calculated 
by Eq. 1 from Er and G;flexural and torsional resonance moduli may be 0.03 to 0.05 
higher than the corresponding dynamic ratios calculated from pulse velocity and longi­
tudinal resonance frequency tests. Simmons (~ as well as Elvery (~ report that ra­
tios calculated by Eq. 1 from longitudinal and torsional resonance frequencies are con­
sistently about 0.04 lower than the corresponding values from pulse velocity and longi­
tudinal resonance frequency measurements, which, in turn, are about 0.08 higher than 
the corresponding static ratios. Data by Shideler (!!) show that the dynamic Poisson's 
ratio .::alculated again by Eq. 1 from flexural and torsional resonance frequencies is, on 
the average, 0.02 higher for structural lightweight concretes, and 0.03 higher for sand­
and-grnvel concretes than the static ratio in the case of wet concretes. In the case of 
dry cor1cretes this difference is practically negligible. 
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The source of the differences between various Poisson's ratios is similar to that for 
the various Young's moduli. A significant portion of the difference between static and 
dynamic ratios is probably due to the inelastic deformations that occur when loads are 
applied in the static test. Thus, the dynamic Poisson's ratio might be considered as 
equivalent to the tangent static ratio at zero stress. Also, the static Poisson's ratio 
and the dynamic ratio are affected by the composite character of concrete in different 
ways. The dynamic ratio appears to decrease with an increase in aggregate content and 
age of concrete but increases as the water-cement ratio is increased, whereas the static 
ratio is hardly affected by the water-cement ratio and increases toward the dynamic 
value with the age of concrete (~. 

A possible reason for the differences between various dynamic Poisson's ratios is 
that the application of Eq. 1, as well as Eqs. 4 through 11, to concrete is an oversimpli­
fication because concrete is not an elastic, homogeneous, and isotropic material. 

REPRODUCIBILITY OF THE MEASUREMENTS OF ELASTIC CONSTANTS 

The few available experimental data appear to indicate that the reproducibility of the 
static elastic constants is poorer than that of the dynamic constants. In a comparative 
test series Mather (~ finds that pulse velocity determinations in uncracked concrete 
could generally be reproduced within 2 percent by various instruments and operators 
for mass structures. Wider variation may be expected for short path lengths of the or­
der of 1 ft or less. Witte and Price (42) report average coefficients of variation of 2.3, 
7.4, and 10.3 percent for the resonance Young's modulus, compressive secant, and flex­
ural secant moduli respectively. 

Simmons (57) shows that the standard deviations of static Poisson's ratio measure­
ments, of dynamic ratios calculated by Eq. 1, and of dynamic ratios calculated from 
pulse velocity and resonance frequency measurements are 0.014, 0.007, and 0.009 re- · 
spectively. These values correspond to coefficients of variation of 8.9, 3.6, and 3.8 per­
cent respectively. McCoy and Mather {fil!.) report that the coefficients of variation of 
dynamic Poisson's ratios calculated by Eq. 1 are 11 percent at the age of 14 days and 
9 percent at 180 days. Their specimens all contained the same aggregate, but the types 
of the applied cements varied within wide limits. 

The variation in the elastic constants of concrete in situ can be, of course, much 
higher. Neville (.§Q) reports cases after El very where the ratio of maximum to minimum 
value of the modulus of elasticity is as high as two. 

CONCLUSIONS 

1. The shape of the stress-strain diagram for concrete can be derived only quali­
tatively from the available theories. Empirical formulas can be used for numerical 
approximation. 

2. There are several methods for the determination of each of the elastic constants, 
and the results are more or less different. As a rule, the constants determined by dy­
namic methods are greater than the corresponding static constants. 

3. A part of these differences is due to the fact that the stresses induced in the dy­
namic testing are much smaller than those in the static testing. Another reason is that 
the concrete is not an elastic, homogeneous, or isotropic material. 

4. Static tests for the elastic constants involve the application of stresses of the 
same order as those in practice. Thus, the static constants are of greater significance 
to the design engineer than the corresponding dynamic values. On the other hand, the 
determination of the dynamic values is easier and more precise. 

5. The reproducibility of the dynamic elastic constants is better than that of the 
static constants. 
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Time-Dependent Deformation of 
N oncomposite and Composite 
Prestressed Concrete Structures 
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Department of Civil Engineering, University of Iowa 

This paper reports the results of an investigation of the use of sand­
lightweight concrete in prestressed laboratory beams and bridge girders. 
The study is divided into 3 parts: a materials study of the concrete be­
havior itself, a laboratory study of the behavior of both noncomposite (5 
beams) and composite (4 beams) prestressed beams, and the field mea­
surement of camber of prestressed girders (5 girders) used in the fabri­
cation of a composite bridge in Iowa. In addition, systematic design pro­
cedures are presented and verified by the experimental results. The 
methods described for predicting material behavior and structural re­
sponse are generalized to apply to prestressed concrete structures of dif­
ferent weight concretes. Continuous time functions are provided for all 
needed parameters so that the general solutions readily lend themselves 
to computer solutions. Approximate equations are also included . Design 
procedures are presented for calculation of strength and elastic properties, 
and creep and shrinkage of the sand-lightweight concrete of this project at 
any time, including ultimate values. An indication is given of the calcula­
tion of these properties for normal-weight, sand-lightweight, and all­
lightweight concrete in general. Design procedures are also given for 
calculation of loss of prestress and camber at any time, including ultimate 
values, of noncomposite and composite prestressed structures. Results 
computed by these methods are shown to be in agreement with the control 
specimen data, the laboratory beam data, and the bridge girder data. 

•ALTHOUGH the behavior of noncomposite and composite prestressed beams ofnormal­
weight concrete has been studied extensively, with most of these referring to noncom­
posite beams only (1, 2, 3, 4, 5, 6, 7, 8), it appears that no such investigation has 
been made of composite preStressed members of lightweight concrete. 

Sinno (9), in his study of lightweight noncomposite prestressed bridge girders, con­
cluded that hyperbolic functions (used in modified form in this paper) can be used to 
predict loss of prestress and camber. Branson and Ozell (5) and Sinno (9) observed 
that camber tends to reach its ultimate value relatively early compared fO creep and 
shrinkage, because of the offsetting effects of loss of prestress on the one hand and 
camber growth due to creep on the other. 

Methods used in this study for predicting loss of prestress and camber are based 
in part on papers by Branson and Ozell (_§_), Branson (10), and ACI Committee 435 (!.!)· 

DESCRIPTION OF EXPERIMENTAL INVESTIGATION 

Materials and Test Specimens 

The details of the laboratory beams and bridge girders are shown in Figure 1 and 
are given in Appendix B. The laboratory beams were designed as follows: 

Paper sponsored by Comm ittee on Mechanical Properties of Concrete. 
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Group A-three noncomposite beams with different prestress moments. 
Group B-three beams, two of which are composite beams. The slabs were cast 

at 4 weeks and 10 weeks after the prestressed beams were cast. The 
same pres tress moment was used for the 3 beams. 

Group C-same as Group B but with a different prestress moment. 

The laboratory beams (moist-cured for 3 days and prestressed at age 7 days) and 
bridge girders (steam-cured until prestressed at age 2 or 3 days) are sand-lightweight 
aggregate concrete (100 percent sand substitution for fines along with lightweight coarse 
aggregate), while the slabs are normal-weight concrete. The composite bridge deck 
was cast 9 weeks after the bridge girders were cast. 

The mix ingredients per cubic yard of s and- lightweight concrete were cement (Type 
1), 705 lb; sand, 1,395 lb; idealite aggregate (60 per cent of % to %a in. and 40 per­
cent of %6 in. to No. 8), 822 lb; water , 35.0 gal; Darex at l's oz per sack,, 6.5 oz ; and 
WRDA {used instead of 21.0 oz of pozzolith for lab beams), 50 oz. Two shrinkage 
specimens and 3 creep specimens (6 by 12 in. cylinders placed under a sustained uni­
form stress of about 30 percent of the ultimate concrete strength) were cast for each 
sand-lightweight concrete. 

6~' \ , .. 
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J; ... - ... £....8..:..!!.. •.• --j 
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Laboratory non-composite and composite beams 

8 .. diaphrams 
@ 29' from 
supports 
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Bridge girders 

• Deflected strands 

Figure 1. Laboratory beams and bridge girders. 
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Instrumentation and Test Data 

The principal instrumentation for the laboratory beams included load cells for each 
strand to measure the prestressing force, dial gages for camber, and a Whittemore 
strain gage for concrete strains. A level rod and precise level were used to obtain the 
camber measurements for the bridge girders. 

The laboratory specimen experimental data consist of the following: 

1. Concrete strength properties, elastic properties, creep and shrinkage data from 
control specimens, and steel properties; 

2. Temperature and humidity data; 
3. Steel relaxation data; 
4. Initial and time-dependent concrete beam strains (these are used in determining 

experimental loss of prestress); and 
5. Initial and time-dependent camber. 

Camber data for the bridge girders were obtained in cooperation with Young's study 
(12). Material properties of the bridge girder concrete were measured in the labora­
tory. The concrete and steel properties, and other data, are given in Appendix B. 

STRENGTH AND ELASTIC PROPERTIES 

A study of concrete strength versus time in this project and elsewhere (13) indicates 
an appropriate general equation in the form of Eq. 1 for predicting compressive 
strength at any time. 

(1) 

where a and b are constants, (f~)28d = 28-day strength, and t is time. 
The following equations were developed in this study and by Branson and Christiason 

(13) and were used by ACI Committee 209 (14) for normal-weight, sand-lightweight, and 
all-lightweight concrete (using both moist- and steam-cured concrete and Types 1and3 
cement). Equations 2 and 4 refer to the concrete (Type 1 cement) of this project. 

For moist-cured concrete, Type 1 cement, 

(f~lt = 4.00 ! 0.85t (fc)2sd; or (fcl7d = 0. 70(f~)28d, (fc)u (2) 

For moist-cured concrete, Type 3 cement, 

(f~)t = 2.30 ~ 0.92t (fc)2sd; or (fchd = 0.80(fc)2sd, (fc)u i.o9(fc) 28d (3) 

For steam-cured concrete, Type 1 cement, 

(fc)t = 1.00 ! 0.95t (f~)2sd; or (fc)2.0d = 0.69(f~)28d· (f~)u l.05(f~)28d (4) 

For steam-cured concrete, Type 3 cement, 

where tis age of concrete in days, and (f~)u refers to an ultimate (in time) value. The 
results of Eqs. 2 and 4 agree with the experimental data of this project, as shown in 
Figure 2. As shown elsewhere (13, 14), Eqs. 2, 3, 4, and 5 refer to average values 
only (the references give ranges of variation). 

The secant, initial tangent, and computed moduli of elasticity (using Eq. 6) for the 
laboratory beam and bridge girder concrete are given in Appendix B. 
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strength versus time curves for the moist-cured labo­
ratory beam concrete and steam-cured bridge girder 

concrete. 

33 1.5 .. r;tf' • w fic, psi; 

w in pcf and f~ in psi (6) 

The computed values for the limited num­
ber of tests made were from 6 to 15 per­
cent higher than the initial tangent values. 
However, the computed initial camber of 
the laboratory beams and bridge girders 
was in aggrement with the measured re­
sults (Table 2). Equation 6 (15) is con­
sidered satisfactory for normal-weight, 
sand-lightweight, and all-lightweight 
concrete. 

CREEP AND SHRINKAGE 

The principal variables that affect 
creep and shrinkage are outlined and dis­

cussed in Appendix C. The design approach presented here for predicting creep and 
shrinkage refers to "standard conditions" and correction factors for other than stand­
ard conditions. 

Based largely on the data and information from several sources (16, 17, 19, 20, 21, 
22, 23, 24, 25, 26) and from this project, the following design procedure;- which was 
developedinfuisproject and by Branson and Christiason (13) and used by ACI Commit­
tee 209 (14), is recommended for predicting a creep coefficient and unrestrained shrink­
age at any time, including ultimate values. The general values suggested for Cu and 
(Esh)u should be used only in the absence of specific creep and shrinkage data for local 
aggregates and conditions. However, the time-ratio part on the right side, except for 
Cu and (Eshht• of Eqs. 7 through 9 have been found (13) to apply quite generally. Bran­
son and Christiason (13) and ACI Committee 209 (14)show that these general values of 
Cu and (Esh)u refer toaverage values only and give ranges of variation. 

1. Standard creep equation-4 in. or less slump, 40 percent ambient relative hu­
midity, minimum thickness of member 6 in. or less, loading age 7 days for moist­
cured and 1 to 3 days for steam-cured concrete. 

t0.60 

Ct = 10 + to.ea Cu 

For the laboratory beam sand-lightweight concrete (moist-cured) of this project, 
Cu= 1.75. The average relative humidity, H, was 40 percent. 

(7) 

For the bridge girder sand-lightweight concrete (steam-cured) of this project, Cu = 
2.15 for H = 40 percent. H was 70 percent. From Eq. 12 for H = 70 percent, Cu = 
0.80(2.15) = 1.72. 

General value suggested for all weights of structural concrete (both moist- and 
steam-cured concrete, Types 1 and 3 cement), Cu = 2.35 for H = 40 percent. From 
Eq. 12 for H = 70 percent, Cu = 0.80(2.35) = 1.88. 

2. Standard shrinkage equations-4 in. or less slump, 40 percent ambient relative 
humidity, minimum thickness of member 6 in. or less. 

a. Shrinkage at any time after age 7 days for moist-cured concrete, 

For the laboratory beam sand-lightweight concrete of this project, (Esh>u = 
650 x 10- 5 in ./in. The average relative humidity, H, was 40 percent. 

(8) 

General value suggested for all weights of structural concrete (both Types 1 and 3 
cement) , (Esh)u = 0 .70(800 x 10- 5

) = 560 x 10-5 in./in. 
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b. Shrinkage at any time after age 1 to 3 days for steam-cured concrete, 

(9) 

For the bridge girder sand-lightweight concrete of this proj ect, (€sh)u = 560 x 10-6 

in ./in. for H = 40 percent. H was 70 percent. From Eq. 13 for H = 70 percent, (E'.sh)u = 
0.70(560 x 10-0

) = 392 x 10-0 in./in. 
General value suggested for a ll weights of structural concrete (both Types 1 and 3 

cement), (E:sh\i = 730 x 10-6 in ./in. for H = 40 percent. From Eq. 13 for H = 70 per­
cent, (E'. sh)u = 0.70(730 x 10- 6

) = 510 x 10-s in ./in. 
In Eqs. 7, 8, and 9, tis time in days after loading for creep and time after initial 

shrinkage is considered. Values from the standard Eqs . 7, 8, and 9 of Ct/Cu and 
(E'.sh)t/(E'.sh)u are given in the following: 

Item 

Ct/Cu, Eq. 7 
(E'.sh)t/(€sq)u, Eq. 8 
(E'.sh)t/(E'.sh)u, Eq. 9 

1 Month 

0.44 
0.46 
0.35 

3 Months 

0 .60 
0.72 
0 .62 

6 Months 

0.69 
0.84 
0.77 

1 Year 

0.78 
0.91 
0.87 

5 Years 

0.90 
0 .98 
0.97 

The lower creep and shrinkage for the concrete of this project, as compared with 
the average or general values, was probably due to the high concrete strengths attained. 
The computed (Eqs. 7 and 8) and measured creep and shrinkage for the moist-cured 
concrete of this project are shown in Figures 3 and 4. 

" u 

1.6 Eq. (7) is based on Gp. 
A and C data because 
of the stress level 

1. 2 relative to 
the beams 

0.8 

0.4 

-- Measured 
• Group A 
A Group B 
• Group C 

- - - - Computed by Eq. (7) 

0 .___..._ _ _,_ _ _._ _ __.. _ ___. _ ___..___ ,___...__.....__ ..... 
0 20 40 60 80 100 120 140 160 180 200 

Time in days 

Figure 3. Measured and computed creep coefficient for the sand­
lightweight concrete of Groups A, B, and C-slump less than 3 in., loaded 
at age 7 days, average relative humidity 40 percent, and thickness of 

specimens 6 in. 

60 

-- Measured 
• Group A 
A Group B 
• Group C 

----- Computed by Eq. (8) 

80 100 120 140 160 180 200 
Time in days 

Figure 4. Measured and computed shrinkage strains for the sand-l ightweight 
concrete of Groups A, B, and C-slump less than 3 in., shrinkage from age 7 
days, average relative humidity 40 percent, and thickness of specimens 6 in. 
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3. Correction factors-All correction factors are applied to ultimate values. How­
ever, because creep and shrinkage for any period in Eqs . 7, 8, and 9 are linear func­
tions of the ultimate values, the correction factors in this procedure may be applied 
to short-term creep and shrinkage as well. 

For slumps greater than 4 in. , see Figure 11. 
For loading ages later than 7 days for moist-cured concrete and later than 1 to 3 

days for steam-cured concrete , use Eqs. 10 and 11 for the creep correction factors 
(~). These results are also shown in Figure 5. 

Creep (C. F .)LA 1.25 tI.,}.118 for moist-cured concrete 

Creep (C. F.)LA 1.13 ti,}.0 9 5 for steam-cured concrete 

where tLA is the loading age in days. Examples are as follows: 

tLA 

10 
20 
30 
60 
90 

Moist-Cured (C. F .)LA 

0.95 
0.87 
0.83 
0.77 
0.74 

Steam-Cured (C. F .)LA 

0 .90 
0.85 
0.82 
0.76 
0 .74 

(10) 

(11) 

For shrinkage considered from other than 7 days for moist-cured concrete and other 
than 1 to 3 days for steam-cured concrete, determine the differential in Eqs. 8 and 9 
for any period starting after this time. For shrinkage of moist-cured concrete from 
1 day (used to estimate differential shrinkage in composite beams, for example), use 
Shrinkage C. F. = 1.20. 

For greater than 40 percent ambient relative humidity, use Eqs. 12 and 13 for the 
creep and shrinkage correction factors (13, 25, 27). 

Creep (C. F.)H 

Shrinkage (C. F .)H 

1.27 0.0067 H, H ~ 40 percent 

1.40 0.010 H, 40 '£ H ~ 80 percent } 
3.00 - 0 .030 H, 80 ~ H ~ 100 percent 

where H is relative humidity in percent. Examples are as follows : 

H 

40 or less 
50 
60 
70 
80 
90 

100 

Creep (C. F .)H 

1.00 
0.94 
0.87 
0.80 
0.73 
0.67 
0.60 

Shrinkage (C. F .)H 

1.00 
0.90 
0.80 
0.70 
0 .60 
0.30 
0 .00 

(12) 

(13) 

For minimum thickness of members greater than 6 in ., see Figure 11 for the creep 
and shrinkage correction factors as a function of length of drying and loading periods. 
For most design purposes , this effect (as shown in Appendix C) can be neglected for 
creep of members up to about 10 to 12 in. minimum thickness, and for shrinkage of 
members up to about 8 to 9 in. minimum thickness. 

This method of treating the effect of member size was based on information from 
other sources (13, 16, 28) and this project. For large-thickness members, refer to 
the method of Hansen and Mattock (28) and others for relating size and shape effects 
for creep and shrinkage to the volume-surface ratio of the members. 
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Other correction factors for creep and shrinkage, which are usually not excessive 
and tend to offset each other, are described in Appendix C. For design purposes, 
these may normally be neglected. 

LOSS OF PRESTRESS AND CAMBER 

Relaxation Tests 

Relaxation measurements were made for 3 different diameter 7-wire prestressing 
strands. The results agreed well with the equation suggested by Magura et al. (29) as 
shown in Figure 5. -

It should be noted, however, that the relaxation of steel stress in a prestressed 
member takes place under decreasing steel strain (due to creep and shrinkage), rather 
than at constant length as in a relaxation test. The loss of prestress due to steel re­
laxation is also affected by slab-casting (level of stress in steel is raised) in the case 
of composite beams. Because of these effects and the practice of overtensioning to 
counteract the relaxation that takes place between the time of tensioning and release 
(this practice was assimilated in the laboratory beam tests, where it is shown in Fig­
ure 5 that about 2 percent relaxation takes place in 24 hours, fo.r example), it is felt 
that about 75 percent of the steel relaxation in a constant-length relaxation test should 
be used in prestressed concrete loss calculations. 

Antill concluded (30) that steel relaxation is probably insignificant beyond 100,000 
hours (11.4 years), and that this ultimate value might be taken as twice the value at 
1,000 hours (1.4 months). The relaxation equation recommended in this paper is the 
same time-function (log t) as that of Magura et al. (29) except that it is reduced by 25 
percent in magnitude and has incorporated Antill 's idea (30) that the ultimate value be 
taken as twice the value at 1,000 hours. This results in an ultimate steel relaxation . 
for prestressed concrete of 7. 5 percent, as shown in Term 4 of Eq. 14 and in the other 
equations. 

Computed Loss of Prestress and Camber 

The discussion in this section is based on or related to previous studies by the au­
thors and others (5, a, 7, 10, 11, 29, 30, 31, 32) . 

Noncomposite Beams- atAnyT ime, IllclUcfingultimate Values-The loss of pre­
stress, in percentage of initial tensioning stress, is given by Eq. 14. 

1 2 

100 
fsi 

(14) 
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Fi F· e 2 

Term 1 is the prestress loss due to elastic shortening = PLe1; fc = - + _!_I 
M ~ t 

- ~ e; and n is the modular ratio at the time of prestressing. Frequently F 
0

, Ag, 

and lg are used instead of Fi, At. and It. where F 0 = Fi (1 - n p). Only the first 2 
terms for fc apply at the ends of simple beams. For continuous members, the effect 
of secondary moments due to prestressing should also be included. { AFt) 

Term 2 is the prestress loss due to concrete creep . The expression, Ct\1 - 2 Fo , 

was used by Branson and Ozell (5} and by ACI Committee 43 5 (11) to approximate the 
creep effect resulting from the variable stress history. A later section on required 
calculations and summary of general para.me ters gives approximate values of AFt/F 
(in form of AFs/F0 and AFu/F 0 ) for this secondary effect (expression in parenthese~ 
at 3 weeks to 1 month, 2 to 3 months, and ultimate values. 

Term 3 is the prestress loss due to shrinkage (32). The expression, (f:shh Es, 
somewhat (approximately 1 percent loss differential for the bridge girder ultimate 
value in the example here) overestimates on the safe side Term 3. The denominator 
represents the stiffening effect of the steel. 

Term 4 is the prestress loss due to steel relaxation and assumes maximum value = 
7.5 percent (at or above 105 hours= 11.4 years). In this term, tis time after initial 
stressing in hours. This expression applies only when fsi /fy is greater than or equal 
to 0.55, in which fy is the 0.1 percent offset yield strength . 

The camber is given by Eq. 15. It is suggested that an average of the end and mid­
span loss be used for straight tendons (laboratory beams here) and 1-point harping, 
and the midspan loss for 2-point harping (bridge girders here). 

l 2 3 4 5 

~ ~ ,..---"---.. "" 
At = (Ai)F 0 - (Ai)D + [ - A~t + (1 - ::;)Ct J (Ai)F

0 
- Ct(Ai)D - AL (15) 

Term 1 is the initial camber due to the initial prestress force after elastic loss, F0 . 

Appendix D gives common cases of prestress moment diagrams with formulas for com­
puting camber, (Ai)F . Here F 0 = Fi (1 - n fc/fsi), where fc is determined as in Term 

0 
1 of Eq. 14. For continuous members, the effect of secondary moments due to pre-
stressing should also be included. 

Term 2 is the initial dead load deflection of the beam; (Ai)D =KM I//Eci lg. Ap­
pendix A gives the K and M formulas . lg is suggested instead of It for practical 
reasons. 

Term 3 is the creep (time-dependent) camber of the beam due to the prestress force . 
This expression includes the effects of creep and loss of prestress, that is, the creep 
effect under variable stress. AFt r efe1·s to the total loss at any time minus the elastic 
loss. It is noted that the term, AFt/F0 , refers to the steel stress or force after elas ­
tic loss, and the prestress loss in percent, PL (as used here), refers to the initial 
tensioning stress or force. The two are related as 

and can be closely approximated by 

Term 4 is the dead load creep deflection of the beam. 
Term 5 is the live load deflection of the beam. 
Unshared and Shored Composite Beams at An Time Includin Ultimate Values­

Subscripts 1 and 2 are used to refer to the slab or effect of the slab such as under 
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slab dead load) and precast beam respectively. The loss of prestress, in percentage 
of initial tensioning stress, for unshored and shored composite beams is given by Eq. 
16: 

4 5 6 

~~ 
+ (e:sh)t Es/(1 + npks) + 1g~ 1.5log10t - (m fcs) 

3 

Term 1 is the prestress loss due to elastic shortening. Term 1 of Eq. 14 gives the 
calculation of fc. 

Term 2 is the prestress loss due to concrete creep up to the time of slab-casting. 
Cs

2 
is the creep coefficient of the precast beam concrete at the time(of sl:~-c)asting. 

Term 2 of Eq. 14 has comments concerning the reduction fac tor 1 -
2 
F: . 

Term 3 is the prestress loss due to concrete creep for any period following slab­
casting. Ct is the creep coefficient of the precast beam concrete at any time after 

2 

slab-casting. The reduction factor, 1 - ((aFs + aFt)/2F0 ], with the incremental 
c reep coefficient, (Ct

2 
- Cs

2
), estimates the effect of creep under the variable pre­

s tress force that occurs after slab-casting. The r eduction factor term was m odified 
from previous references. The expression, I/le, modifies the initial value and ac­
counts for the effect of the composite section in restraining additional creep curvature 
(strain) after slab-casting. 

Term 4 is the prestress loss due to shrinkage. Term 3 of Eq. 14 has comments. 
Term 5 is the prestress loss due to steel relaxation. In this term, t is time after 

initial stressing in hours. Term 4 of Eq. 14 gives the maximum value and limitations. 
Term 6 is the elastic prestress gain due to slab dead load, and m is the modular 

ratio at the time of slab-casting. 

M n· e s, l 

lg 

refers to slab or slab plus diaphr agm dead load, and e and lg refer to the precast beam 
section properties for unshored construction and the composite beam section properties 
for shored construction. 

Term 7 is the prestress gain due to creep under slab dead load. Ct is the creep 
coefficient for the slab loading, where the age of the precast beam conhete at the time 
of slab-casting is considered. For shored construction, the term, I/le, is dropped. 

Term 8 is the prestress gain due to differential shrinkage. PGns = m fed• where 

Q Yes ec 
fed = le , and fed is the concrete stres~ at the steel cgs. The nomenclature in 

Appendix A gives additional descriptions of terms. Because this effect results in a 
prestress gain, not loss, and is normally small (Table 3), it may usually be neglected. 

The camber of unshored and shored composite beams is given by Eqs. 17 and 18 
respectively. 

Unshored Construction-
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4 
---~~~~~~~---:-~~~_,.._.-~~~~~~~~~~~~~ 

+ l-AFt ;oAFs + (1 - AFs2;oAFt) (Ct2 - Cs)] (~)Fo ~~ \ 
6 7 8 

~~ 
- (A·) - Ct (~) ____: -

I i i i le (17) 

Term 1 is the initial camber due to the initial prestress force after elastic loss, 
F0 . Term 1 of Eq. 15 gives a further explanation. 

Term 2 is the initial dead load deflection of the precast beam. (~) 2 = K M2 L 2/Eci lg. 
Term 2 of Eq. 15 has a further explanation. 

Term 3 is the creep (time-dependent) camber of the beam due to the prestress 
force up to the time of slab-casting. Term 3 of Eq. 15 and Terms 2 and 3 of Eq. 16 
give further explanations. 

Term 4 is the creep camber of the composite beam due to the prestress force for 
any period following slab-casting. Term 3 of Eq. 15 and Terms 2 and 3 of Eq. 16 give 
further explanations. 

Term 5 is the creep deflection of the precast beam up to the time of slab-casting 
due to the precast beam dead load. Cs is the creep coefficient of the precast beam 
concrete at the time of slab-casting. 

2 
, 

Term 6 is the creep deflection of the composite beam for any period following slab­
casting due to the precast beam dead load. Term 3 of Eq. 16 has a further explanation. 

Term 7 is the initial deflection of the precast beam under slab dead load. (~) 1 = 
K M 1 L2/Ec8 1g. The nomenclature in Appendix A contain,s Kand M formulas. When 
diaphragms are used, additions t o (Ai) i are r equired: 

(~)lD = E~~g (f -~2 ) 
where Min is the moment between diaphragms, and a is L/4, L/3, and so on for 2 
symmetrical diaphragms at the quarter points, third points, and so on respectively. 

Term 8 is the creep deflection of the composite beam due to slab dead load. Cti is 
the creep coefficient for the slab loading, where the age of the precast beam concrete 
at the time of slab-casting is considered. Term 3 of Eq. 16 gives comments concern­
ing 12/lc. 

Term 9 is the deflection due to differential shrinkage. For simple spans, Ans = 
QycsL2/8Ecslc, where Q = n A1 E/3. The nomenclature in Appendix A has additional 
descriptions of terms. The factor 3 provides for the gradual increase in the shrinkage 
force from day 1, and also approximates the creep and varying stiffness effects (7). 
This factor 3 is also consistent with the data here and elsewhere. Table 4 gives nu­
merical values used here. In the case of continuous members, differential shrinkage 
produces secondary moments (similar to the effect of prestressing but opposite in sign, 
normally) that should be included (35). 

Term 10 is the live-load deflection of the composite beam, in which the gross­
section flexural rigidity, Ee le, is normally used. 

Shored Construction-

At = Eq. 17 (18) 

with Terms 7 and 8 modified as follows: 
Term 7 is the initial deflection of the composite beam under slab dead load. (Ai) 1 = 

K M1 L2/Ecs le· Appendix A gives Kand M formulas. 
Term 8 is the creep deflection of the composite beam under slab dead load -

Ct
1
(Ai)

1
• The composite-section effect is already included in Term 7. 
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It is suggested that the 28-day moduli of elasticity for both slab and precast beam 
concretes, and the gross 1 (neglecting the steel), be used in computing the composite 
moment of inertia, le, in Eqs. 16, 17, and 18. 

Special Case of "Ultimate" Loss of Prestress and Camber-For computing ultimate 
values of loss of prestress and camber, Eqs. 19, 20, 21, 22, and 23 correspond term­
by-term to Eqs. 14, 15, 16, 17, and 18 respectively. 

Loss of prestress for noncomposite beams, as per Eq. 14: 

1 2 3 4 

PLu = [;;:) + ~ fc)Cu~ - ~::) + (<8 h\.Es7<1 + npk8 ) 9 100 
+ f:"" 

Sl 

Camber of noncomposite beams, as per Eq. 15: 

Loss of prestress for unshored and shored composite beams, as per Eq. 16: 

4 5 6 7 

~~ 

+ (Esh)u Es/(1 + npks) + 0.075 fsi - (m fcs) - (m fcs) (.BsCu) ~2 
c 

8 

~] 100 - PGns -. 
fs1 

Camber of unshored composite beams, as per Eq. 17: 

1 2 3 

~ ~ r[ AF ( AF-) ----=]-' (A.)F - (A.) + - __ s + 1 - _s as Cu (A1·)F 
-i 0 i 2 F

0 
2F0 0 

6 

I 
- (1 - a )C (~) i s u 2 le 

7 a 9 io 
~ ~ ~ ,.-..., 

- (Ai)1 - llsCu(Ai)l I~ - Ans - aL 

Camber of shored composite beams, as per Eq. 18: 

~ = Eq. 22 

(19) 

(21) 

(22) 

(23) 

except that the composite moment of inertia is used in Term 7 to compute (Ai) 1' and 
the ratio, I/le, is eliminated in Term 8. 
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It is noted that Eqs. 14 through 23 could be greatly shortened by combining terms 
and substituting the approximate parameters given in Eqs. 24, 25, and 26. They are 
presented in the form of separate terms, however, in order to show the separate ef­
fects or contributions to the behavior (such as the prestress force, dead load, creep, 
and shrinkage that occur both before and after slab-casting). The grossly approximate 
equations are as follows: 

For noncomposite beams, 

~ = Ai + ~i Cu ( 1 - :: ~) , Ai (24) 

For composite beams; 

PL,; (25) 

(26) 

Required Calculations and Summary of General Parameters 

Continuous time functions are provided for all needed material parameters (and for 
different weight concretes, moist- and steam-cured), so that the equations here readily 
lend themsleves to computer solutions. Certain other read-in data (such as the effect 
of behavior before and after slab-casting-o:s, f3s, m, and AF s/F 0 ) are also included. 
The parameters related to material properties are summarized later so that, for com­
posite beam hand calculations, for example (in addition to the section properties, pre­
s tress force, F 0 , and concrete stresses, fc, fcs), the only calculations needed for 
computing prestress loss and camber are the initial camber , (Ai)F., (Ai)

2
, and (Ai)

1
; 

Ans; and ~L· o 
The following loss of prestress ratios at the time of slab-casting and ultimate are 

suggested for most calculations: 

1. AF s/F 0 for 3 weeks to 1 month between prestressing and slab-casting = 0 .11 
for normal-weight, 0.13 for sand-lightweight, and 0.15 for all-lightweight; 

2. AF s /F 0 for 2 to 3 months between prestressing and slab-casting = 0.15 for 
normal-weight, 0.18 for sand-lightweight, and 0.21 for all-lightweight; and 

3. AFu/F0 = 0.22 for normal-weight, 0.25 for sand-lightweight, and 0.29 for all­
lightweight. 

Note that these are defined as the total loss (at slab-casting and ultimate) minus 
the initial elastic loss divided by the prestress force after elastic loss. The different 

TABLE 1 

AVERAGE MODULAR RATIOS 

Normal- Sand- All-
Weight Lightweight Lightweight 

Modular Ratio (w = 145) (w = 120) (w = 100) 

MC SC MC SC MC SC 

At release of prestress, n = 7 .3 7 .3 9.8 9.8 12.9 12.9 
3 weeks between prestress-

ing and slab-casting, m = 6.1 6.2 8.1 8.3 10.7 10.9 
1 month between prestress-

ing and slab-casting, m = 6.0 6.2 8.0 8.2 10.5 10.7 
2 months between prestress-

ing and slab-casting, m = 5.9 6.1 7 .9 8.2 10.2 10.6 
3 months between prestress-

ing and slab-casting, m = 5.8 6.0 7 .7 8.0 10.2 10.5 
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values for the different weight concretes are due primarily to different initial strains 
(because of different E's) for normal stress levels. 

Table 1 gives average modular ratios based on f~i = 4,000 to 4, 500 psi for both 
moist-cured (MC) and steam-cured (SC) concrete and Type 1 cement for both 250 and 
270 K prestressing strands. Up to 3 months , f~ = 6,360 to 7,150 psi (using Eq. 2) for 
MC; and at 3 months, f~ = 6,050 to 6,800 psi (using Eq. 4) for SC. 

E8 = 27 x 10° psi for 250 K strands, Es = 28 x 106 psi for 270 K strands, Ck'A refers 
to.otr 

to the part of the total creep that takes place before slab-casting {as = 
1 0 60 , as 

0 + t. 
per Eq. 7), and f3s [equal to the average Creep (C.F.)LA from Eqs. 10 and 11] is the 
creep correction factor for the precast beam concrete age when the slab is cast (under 
slab dead load). Equations 7, 8, and 9 and the correction factors here give suggested 
values of Cu and (< sh)u. 

The following may be substituted for normal-weight, sand-lightweight, and all­
lightweight concrete (moist- and steam-cured, and Types 1 and 3 cement): 

Time Between 
Prestressing and 

Slab-Casting 

3 weeks 
1 month 
2 months 
3 months 

ets 

0.38 
0.44 
0.54 
0.60 

f3s 

0.85 
0.83 
0.78 
0.75 

Sample Calculations 

The following numerical substitutions for ultimate loss of prestress at midspan, 
using Eqs. 21 and 25, and ultimate midspan camber, using Eqs. 22 and 26, with the 
general parameters given here, are made for the sand-lightweight, steam-cured com­
posite bridge girders (with slab moist-cured) of this project. 

Parameters and Terms for Interior Girders-Span = 86 ft; girder spacing = 7 ft; 2-
point harp~g at 0.4 L pt. from end! ~ (midspan). = 

2
14.3 in.; e (end) = 6.2 in. ;. fpi = 

190,000 psi; Fi = 867 k; As = 4.56 m.; Ag = 520 m .; p = 0.00883; I~ = 108,500 m.; 
Mn (precast beam) = 410 ft-k; le = 334,100 in.4 {using slab width divided by a factor of 
Estem/Eslab = 3.42/3.41 = 1.00); and Ms, Di (slab plus diaphragm moment at midspan 
span} = 630 ft-k. 

Moduli of elasticity {using Eqs. 2, 4, and 6 for concrete ): Es = 28 x 106 psi, as sug­
gested for 270 K grade strands here. Slab Ee = 3.41 x 106 psi, for f~ = 3,500 psi, w = 
145 pcf (Table 7). Precast beam {description of m and n is given in general parameters 
section for concrete properties): Eci = Es/n = 28 x 106/9 .8 = 2.86 x 106 psi; and Ecs = 
Es/m = 28 x 10°/8.2 = 3.42 x 106 psi. 

Using Fi, At, and It, as per Term 1 of Eq. 14 or 16 or 21, fc = 2,467 psi; as per 
Term 6 of Eq. 16 or 21, fcs = 1,006 psi. These concrete stresses refer to the mid­
span section. As per Term 1 of Eq. 15 or 17 or 22, for camber, F0 = Fi(l - n fc/fs1) = 
758 k, using fc = 2,467 psi. 

From the general parameters .section, n =Es/Eel= 9.8; for 2-month period be­
tween prestressing and slab-casting, m = E8 /Ecs = t!.2; as = 0.54· (38 = 0.78 ; and 
l:.Fs/F0 = 0.18. AFu/F0 = 0.25. 

From Eqs. 7 and 9, for H = 70 percent, Cu "' 1.88 and ((sh)u = 510 x 10-a in./in. 
From Eq. 8, for differential shrinkage, {(sh)u = 1.2(560) = 670 x 10-s in./in. 
Initial camber and deflection, and differential shrinkage deflection: (.6.j)F = 4.09 

0 
in., as per Term 1 of Eq. 15 or 17 or 22; (t1i) 2 = 1.74 in., as per Term 2 of Eq. 15 or 
17 or 22; and {~) 1 = 2.26 in. , as per Term 7 of Eq. 17 or 22. This deflection is due 
to the slab and diaphragm dead load. t1ns = 0.49 in., as per Term 9 of Eq. 17 or 22. 

Solutions for Interior Girders-Ultimate loss of prestress at midspan using Eq. 21 
is 
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(1) (2) (3) ( 4) (5) (6) (7) (8) 
PLu = 12.7 + 11.7 + 2.8 + 6.5 + 7.5 - 4.3 - 2.0 - 1.6 33.3 percent 

Ultimate midspan camber using Eq. 22 minus ~Lis 

(1) (2) (3) (4) 
Au = 4.09 - 1.74 + 3.05 + 0.80 

(5) 
1.77 

(6) 
0.48 

(7) 
2.26 

(8) 
1.06 

(9) 
0.49 

Ultimate loss of prestress at midspan using the approximate Eq. 25 is 

PLu = 24.6 - 5.2 + 7.5 + 7.5 = 34.4 percent 

Ultimate midspan camber using the approximate Eq. 26 is 

Au 0.09 + 0.05 = 0.14 in. 

where ai = 4.09 - 1. 74 - 2.26 0.09 in. 

0.14 in. 

Also given in Tables 2 and 3 are the prestress loss and camber results by the more 
reliable Eqs. 14 through 17 and 19 through 22, and the approximate Eqs. 24 through 
26, for the laboratory beams and bridge girders. Although the agreement is good (note 
the camber is near zero due to the slab effect) by these methods, the approximate 
method may be suitable in many cases (Tables 2 and 3) for rough calculations only. 
Also, the calculations needed by the approximate methods are not significantly fewer 
than those by the other methods. The more reliable equations should be preferable for 
computer use. 

Experimental Loss of Prestress and Camber Results 

The loss of prestress at the end and midspan for the laboratory beams was deter­
mined from the measured concrete strains. However, this measured loss does not in­
clude the steel relaxation loss, because steel relaxation is a "stress relaxation at con­
stant length-or nearly so in the case of a prestressed concrete beam" phenomenon. 

-~-t....---~gg___­

Time after 

Dottcd line iG 

400 800 1200 
End Section Midspan Section 

Initial plus time-dependent strain distribution diagrams 
from concrete strains measured on the sides of the beams 

Typical experimental prestress loss detennined for end section at 180 days, where fsi = 172 ksi, 
Es= 27 x 103 ksi, and observed concrete strain at cgs = 1,001 x 10"6 in.fin. 

Item 

Loss from measured strains (l,001 x 10"6 ) (27 x 103 ) (100)/172 

Increase in measured loss due to lateral distribution (determined as 
2.5 percent of 15. 7) 

Measured loss due to steel relaxation (75 percent of value shown in 
Fig. 5) 

Total experimental loss of prestress 

15.7 

0.4 

5.5 
21.6 

Figure 6. Typical measured strain distribution diagrams for the end and midspan 
sections of Beam B1, and example of experimental prestress loss determined for 

the end section at 180 days after prestressing. 
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Separate relaxation tests were made, and the results are shown in Figure 5. From 
these and other tests, the relaxation equation given in Term 4 of Eq. 14 was deter­
mined. An example of the experimental determination of prestress loss for a typical 
laboratory beam is shown in Figure 6. 

Experimental and computed loss of prestress versus time curves for the laboratory 
beams are shown in Figure 7, and the computed curves for the bridge girders are 
shown in Figure 8. Measured and computed midspan camber versus time curves for 
the beams and girders are shown in Figures 9 and 10. The general Eqs . 14 through 17 
with experimental parameters were used in all comparisons with test results in Fig­
ures 7, 9, and 10. These results are given in Tables 2 and 3 at release of prestress 
(camber only), just before slab-casting (3 and 9 weeks for the beams and 9 weeks for 
the girders, after prestressing), and at 180 days for the beams and 560 days for the 
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Figure 7. Experimental and computed loss of prestress (using general Eqs. 
14 and 16 with experimental parameters) for the laboratory beams. 
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Figure 8. Computed loss of prestress (using general Eq. 16 with experimental parameters) for the bridge girders. 

TABLE 2 

EXPERIMENTAL AND COMPUTED LOSS OF PRESTRESS FOR LABORATORY BEAMS AND COMPUTED LOSS 
OF PRESTRESS FOR BRIDGE GIRDERS 

Computed Ultimate Lossd 
Time Computed Experi- Computed Loss by 

Between Loss Just mental General Eqs. 14 and 16 Gen. Eqs. Ult. Eqs. Approx. 

No. Prestress Before Loss at With Exp. P arametersc 14 and 16 19 and 21 Eq. 25 
and Slab-Ca.st 180 Daysb With Exp. With Gen. With Gen . 

Slab-Casta 
End Ratio Mid Ratio Parameters Parameters Parameters 

(days) Mid Ratio End Mid 
End Mid End Mid End Mid 

Laboratory Beams 

Al 23 .5 22.0 25.5 1.09 24.6 1.12 31.7 30.5 36.9 35.4 - e 

A2 21.0 19.5 23.2 1.10 22.3 1.14 28.9 27.8 33.5 32.1 
A3 19.0 18 .5 21.4 1.13 20.4 1.10 26 .7 25.5 32.0 30.6 
Bl 21.6 21.0 24.0 1.11 22.9 1.09 29.8 28.6 34.6 33.1 
B2 21 15.0 1.07 21.9 20 .5 22 .2 1.02 20.7 1.01 26.5 25.0 28.9 27 .2 31.0 29.4 
B3 63 19.4 1.10 21.4 20.0 22.6 1.06 21.1 1.05 26.8 25.2 29.4 27 .6 31.0 29 .4 
Cl 25 .0 24.0 25.7 1.03 24.7 1.03 31.9 30 .8 37 .2 35.7 
C2 21 16.4 0 .97 23.0 21.4 23 .7 1.03 22.4 1.05 28 .2 26.7 30 .9 29.3 33.1 31.6 
C3 63 21.1 1.01 23.6 22 .3 24 .4 1.03 23.0 1.03 28.7 27.2 31.7 30.0 33 .1 31.6 

Bridge Girders 

152 65 28.4 27 .3 28 .2 29.4 29 .6 30.4 34 .0 30 .5 35.0 
153 65 29.4 28.0 28 .6 30 .2 30 .0 30 .3 33 .3 30.5 34.4 
154 65 29.4 28.0 28.6 30 .2 30.0 30 .3 33.3 30 .5 34.4 
155 60 28.4 27 .2 27 .0 29 .3 28 .7 30 .3 33.3 30 .5 34.4 
156 60 29.8 28.4 29.2 30 .5 31.0 30.4 34.0 30.5 35.0 

Note: All losses are expressed in percentage of initial stress. The ratios in the table are computed-experimental. The note to Table 4 gives a description of 
the experimental parameters. The section on sample calculations gives a description of the general parameters. 

aThe lab<KetorV beams ond brliige grrdors were prestressed at age 7 days and 2 to 3 days resptl'Cll l,loly. 
bFigure 6 !Jlowi an example o f the oXparlmental prestress loss determination. The 180 days and 560 days in footnote c refer to days after prestressing. 
ciao days for ll!borotorv beoms and 560 days for bridyo girdo~ 
dB~ause the lobontorv beam concrlttO'ltreoyths at reJeue were well beyond the range specified for the general parameters, then and m values in the 

general parameter columns were computed separately for the laboratory beams. Where general parameters are used, a correction factor is applied for rel a-
tive humidity only. 

eNo approximate equation was given in the paper for noncomposite beam loss of prestress. Equation 25 refers to composite beams only. 
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Figure 9. Measured and computed camber (using general Eqs. 15 and 17 
with experimental parameters) for the laboratory beams. 
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TABLE 3 

MEASURED AND COMPUTED MIDSPAN CAMBER FOR LABORATORY BEAMS AND BRIDGE GIRDERS 

Computed Ultimate Camberc 
Time Computed Camber 

Initial Camber Between Camber Just Before byGeneral Eqs . 15 
Gen. Eqs. Ult. Eqs. Approx. 

Prestress Slab-Cast and ,17 With Exp. Eqs. 24 No. 
and Pararnctersb 15 and 17 20 and 22 

and 26 Meas Comp Ratio With Exp . With Gen. 
Slab-Casta Meas Comp Ratio Par am- Par am- With Gen. 

(days) Meas Comp Ratio eters eters Par am-
eters 

Laboratory Beams 

Al 0 .27 0.25 0.93 0.44 0 .46 1.04 0.54 0.68 0 .77 
A2 0 .20 0.19 0 .95 0.35 0 .35 1.00 0.42 0 .52 0 .59 
A3 B~d 0. 0,15 0.27 0.26 0 .96 0 .31 0 .38 0.44 
Bl 0.22 0.22 1.00 0.39 0.39 1.00 0.46 0.58 0 .66 
B2 0 .23 0.22 0.96 21 0.32 0.32 1.00 0.25 0.27 1.08 0.28 0.26 0 .29 
B3 0.23 0.22 0.96 63 0.36 0 .35 0.97 0.26 0.27 1.04 0.28 0 .28 0 .30 
Cl 0.27 0.27 1.00 0.47 0.49 1.04 0.57 0.73 0 .75 
C2 0.27 0.27 1.00 21 0.39 0.3 9 1.00 0.34 0.36 1.06 0.38 0 .37 0.39 
C3 0.27 0.27 1.00 63 0.44 0 .44 1.00 0.35 0.37 1.06 0.39 0.39 0.39 

Bridge Girders 

152 2.05 2.14 1.04 65 3.10 3.06 0.98 0.50 0.45 0.90 0.43 0.51 0 .53 
153 2.05 2.22 1.08 65 3.10 3.13 1.02 0.25 0.19 0.76 0.16 0.14 0 .14 
154 2.10 2 .22 1.06 65 3 .05 3.13 1.03 0.20 0.19 0.95 0.16 0.14 0 .14 
155 1.90 2.14 1.13 60 2.95 3.04 1.03 -0.02 0.04 0.01 0.14 0 .14 
156 1.85 2 .27 1.23 60 2.92 3 .16 1.08 0.30 0.52 1.74d 0.50 0.51 0 ,53· 

Note: All camber values are in inches, The ratios in the table are computed-measured. The note to Table 4 gives a description of the experimental parameters. The 
section on sample calculations gives a description of the general parameters. 

3The laboratory beams and bridge girders were prestresscd at age 7 days and 2 to 3 days respectively. The 180 days and 560 days in footnote b refer to days after 
prcstresslng. 

b190 days for laboratory beams and 560 days for bridge girders. 
caecause the laboratory beam concrete strengths at release were well beyond the range specified for the general parameters, the n and m values in the general param· 

eter columns were computed sep.arrllely for the IAboratory b.:t•ms. 
dcamber has been reduced from ahoot 3 in. before llab·castfng to less than 1h in. after 1 year (Fig. 10) . This ratio is large for the near-zero camber even though the 

difference in camber is 0.22 in . 
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TABLE 4 

COMPUTED ULTIMATE LOSS OF PRESTRESS AT MIDSPAN, BY TERMS, FOR LABORATORY 
BEAMS AND BRIDGE GIRDERS, USING GENERAL EQS. 14 AND 16 WITH EXPERIMENTAL PARAMETERS 

No . 

Al 
A2 
A3 
Bl 
B2 
B3 
Cl 
C2 
C3 

152 
153 
154 
155 
156 

Note: 

Creep Creep Elastic Gain Total 
Elastic Loss Loss Shrink Relax Gain Creep Gain Due to Loss, Eqs . 

Loss Before After Loss Loss Due to Due to Slab Differential 
Slab-Cast Slab-Cast Slab Shrink 

14 and 16 

Laboratory Beams 

5.2 8.0 9.8 7 .s 30.5 
4.1 6.3 9.9 7 .5 27.8 
3.2 4.8 10.0 7 .5 25.5 
4.5 6.9 9.7 7.5 28.6 
4.5 2.9 1.2 9 .7 7 .5 -0.4 -0 .2 -0 .2 25 .0 
4.5 4.0 0.9 9.7 7.5 -0.4 -0.2 -0.8 25.2 
5.4 8.3 9.6 7.5 30.8 
5.4 3.5 1.5 9.6 7 .5 -0.4 -0.2 -0.2 26.7 
5.4 4.8 1.1 9.6 7.5 -0.4 -0.2 -0.6 2p 

Bridge Girders 

11.5 9.8 2.1 4.5 7 .5 -3.7 -1.5 -0.6 29.6 
12.0 10.3 2.2 4.5 7 .5 -4.2 -1.7 -0.6 30.0 
12.0 10.3 2.2 4.5 7 .5 -4.2 -1.7 -0.6 30.0 
11.5 9.6 2.2 4.5 7 .5 -4.3 -1.7 -0.6 28 .7 
12.3 10.3 2.3 4.5 7 .5 -3.8 -1.5 -0.6 31.0 

The table is arranged in the order of terms in Eq. 16. All losses are expressed in percentage of initial stress_ The experimental parameters 
used in the calculations forth is table are shown in Table 7 (strength and elastic properties) and elsewhere in this paper for the sand-lightweight 
concrete of this project. The slab shrinkage is shown here only. The correction factors given here for age of loading, humidity, and member 
thickness (8 in . for bridge girders) are used where appropriate with experimental parameters. The resulting creep and shrinkage factors used 
are as follows: 

Precast beam creep 
Precast beam shrinkage (x 10"6 in.fin.) 
Slab shrink&ge {from day 1 ), used in computing 

diff-ur~ntial shrinkage (x 10"6 in.fin.) 

Laboratory Beams 
(40 percent relative humidity) 

Cu=1.75 
(c sh}u = 650 

(•,h}u = 470 
The section on sample calculations gives a comparison with the general parameter results. 

TABLE 5 

Bridge Girders 
(70 percent relative humidity) 

Cu = 1.62 
(c sti)u = 352 

('sh}u = 330 

COMPUTED ULTIMATE MIDSPAN CAMBER, BY TERMS, FOR LABORATORY BEAMS AND BRIDGE GIRDERS, 
USING GENERAL EQS. 15 AND 17 WITH EXPERIMENTAL PARAMETERS 

Initial Dead Beam 
Elastic Creep 

Load Dead Deflec-
Initial Deflec- Creep Creep Creep Load Deflec- Deflec- ti on Total 

Camber ti on Camber Camber Deflec- Deflec- ti on lion Due to Camber, 
No. Due to Due to up to After ti on ti on Due to Due to Differen- Eqs . 

Pre- Beam Slab- Slab- up to After Slab Slab ti al 15 and 17 
stress Dead Cast Cast Dead Dead 

Load Slab- Slab-
Load Load Shrink 

Cast Cast 

Laboratory Beams 

Al 0.30 -0.05 0.37 -0 .09 0.53 
A2 0.24 -0.05 0.31 -0 .09 0.41 
A3 0.19 -0.05 0.25 -0.09 0.30 
Bl 0.27 -0.05 0.34 -0.10 0.46 
B2 0.27 -0.05 0.14 0.07 -0.04 -0.02 -0.05 -0.02 -0.0l 0.29 
B3 0.27 -0.05 0.19 0.05 -0.05 -0.01 -0.04 -0.02 -0.04 0.30 
Cl 0.32 -0.05 0.40 -0.09 0.58 
C2 0.32 -0.05 0.16 0.08 -0 .03 -0.02 -0.04 -0.02 -0.01 0.39 
C3 0.32 -0.05 0.22 0.06 -0.05 -0.01 -0.04 -0.02 -0.04 0.39 

Bridge Girders 

152 3.71 -1.56 2.33 0.65 -1.42 -0.36 -1.96 -0.78 -0.18 0.43 
153 3.87 -1.64 2.39 0.68 -1.49 -0.38 -2.21 -0.87 -0.19 0.16 
154 3.87 -1.64 2.39 0.68 -1.49 -0.38 -2.21 -0.87 -0.19 0.16 
155 3.72 -1.57 2.28 0.71 -1.40 -0.37 -2.26 -0.91 -0.19 0.01 
156 3.96 -1.68 2.38 0.73 -1.50 -0.39 -2.01 -0.81 -0.18 0.50 

Note: The table is arranged in the order of terms in Eq. 17. All values are in inches. The note to Table 4 gives a description of the experimental 
parameters. The section on sample calculations gives a comparison with the general parameter results. 
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girders . The test period for the laboratory beams was terminated after 6 months in 
order to conduct load-deflection tests . 

The computed ultimate values are also given in Tables 2 and 3 using the general 
Eqs . 14 through 17 with experimental parameters determined for the sand-lightweight 
concrete of this project, and using the ultimate-value Eqs . 19 through 26 with general 
parameters given for normal-weight, sand-lightweight, and all-lightweight concrete. 
For the general parameters, the same creep and shrinkage factors are suggested for 
all 3 concretes, with different modular ratios and prestress loss ratios (AF s/F 

0 
and 

AFu/ F 0 ) for each. The computed ultimate values for loss of prestress and camber 
are given term-by-term in Tables 4 and 5 using the general Eqs. 14 through 17 with 
experimental parameters. 

DISCUSSION AND CONCLUSIONS 

The experimental and computed loss of prestress and camber for the sand­
lightweight concrete structures of this project are shown in Figures 5 through 10 and 
Tables 2 through 5. Results both by general Eqs. 14 through 17 (for values at any 
time, including ultimate) with experimental parameters and by Eqs. 19 through 22 and 
24 through 26 (for ultimate values) with general parameters (given here) are included. 
These results serve to substantiate the generalized procedure presented for predicting 
loss of prestress and camber of noncomposite and composite prestressed structures . 
The approximate Eqs. 24 through 26 may be suitable for rough calculations only in 
some cases. 

Results computed by the material parameter, Eqs. 2, 4, 7, 8, and 9, are com­
pared with the data of this project in Figures 2 through 4 . Equations 2 through 9 
are generalized for different weight concretes . The procedure for predicting creep 
and shrinkage is one of providing standard functions, with suggested ultimate values 
for different weight concretes, and correction factors for pertinent conditions other 
than "standard" (13). These conditions are briefly described in the text and in Ap­
pendix C. The ultimate values suggested should be used only in the absence of specific 
information pertaining to local aggregates and conditions. 

Continuous time functions are provided for all needed material parameters (and for 
different weight concretes, moist- and steam-cured), so that the prestress loss and 
camber equations readily lend themselves to computer solutions. Certain other read­
in data (such as for the effect of behavior before and after slab casting-o:s, FJs, m, 
and AF s / F 0 ) are also included, along with a summary of parameters convenient for 
hand calculations . By using these parameters, the calculations needed in the approxi­
mate Eqs. 24 through 26 are not significantly fewer than those needed in the more re­
liable Eqs. 14 through 23. 

It is noted that Eqs. 14 through 23 could be greatly shortened by combining terms, 
but they are presented in the form of separate terms (results are given in Tables 4 
and 5 and in the section on sample calculations) in order to show the separate effects 
or contributions to the behavior (such as prestress force, dead load, creep, and 
shrinkage that occur both before and after slab-casting). 

The following specific observations and conclusions are made relative to the results 
shown in Figures 5 and 7 through 12 and given in Tables 1 through 4 and other parts 
of the paper. 

1. The ultimate steel relaxation percentage recommended for regular 7-wire 
strand to be used in pre stressed concrete structures is 7. 5 [Fig. 5 and its results 
and discussion, Term 4 of Eq. 14, and other research (29, 30)]. 

2. The computed initial camber agreed well in mostcases with the measured ini­
tial camber, as given in Table 2. 

3. The computed prestress loss for the laboratory noncomposite beams was slightly 
higher (from 0.3 to 2.8 percent prestress loss differential after 6 months) than the 
experimental results (Fig. 7 and Table 2). The direct application of laboratory creep 
data for uniformly loaded specimens to beams with nonuniform stress distribution ap­
pears to slightly overestimate the creep effect relative to loss of prestress of non­
composite beams. The same overprediction was not found in the case of camber, 
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apparently because the F /A stress component, which is a dominant factor in loss of 
prestress results, does not contribute directly to camber. The camber results and 
other pres tress loss results (for composite beams) shown in Figures 7, 9, and 10 and 
given in Tables 2 and 3 are considered to be in very good agreement. For these cases 
(noncomposite beam camber and composite beam loss and camber), offsetting creep 
(and shrinkage in the case of composite beams) effects occur. 

4. As shown in Figures 7 and 8 and as given in Table 2, the difference in the end 
and midspan prestress loss was quite small for the laboratory beams, and relatively 
large for the bridge girders before slab-casting. After slab-casting, the prestress 
loss in the bridge girders was only slightly different at end and midspan. 

5. The loss of prestress for the sand-lightweight concrete bridge girders was of 
the order of 27 to 29 percent at 560 days after prestressing and 29 to 31 percent ulti­
mately (Fig. 8 and Table 2). It was determined that loss percentages for bridges 
under similar conditions using normal-weight concrete will normally be somewhat 
lower than these (of the order of 25 percent), and those for bridges using all-lightweight 
concrete will normally be somewhat higher than these {of the order of 35 percent or 
higher). Higher losses for the lighter concretes, for example, are due primarily to 
the lower modulus of elasticity (higher elastic strains for a given stress level) and not 
necessarily to greater creep and shrinkage behavior. 

6. Slab-casting causes an elastic deflection (downward) and prestress gain and a 
time-dependent deflection and prestress gain due to creep and differential shrinkage. 
Loss of prestress due to creep and camber growth under the prestress force and pre­
cast beam dead load is also reduced by the effect of the hardened slab (as opposed to 
the case of no composite slab). These results are given in Tables 4 and 5 and in the 
section on sample calculations. The composite slab reduces the ultimate loss of pre­
stress at midspan of the bridge girders about 11 percent {41 - 30 = 11 percent). The 
camber curves nearly level off at about 3.0 in. just before slab-casting (Fig. 10 and 
Table 3). After slab-casting and up to ultimate, the camber is reduced to near zero. 

7. The effect of the 3-week and 9-week slab-casting schedules for the laboratory 
beams had only a small effect on loss of prestress (Fig. 7) and a more noticeable ef­
fect on camber (Fig. 9). When considering a 3-week slab (slab cast 3 weeks after pre­
stressing) for the bridge girders, as compared with the actual 9-week slab, the ulti­
mate loss of prestress at midspan was about 2 percent less and the ultimate midspan 
camber about 0.10 in. less for the 3-week slab. These results serve to point out the 
relatively small beneficial effect of casting the deck slab as early as possible [also 
indicated by Corley et al. (6)]. It is noted that there are also offsetting effects in the 
case of the effect of slab-casting schedules. An earlier slab tends to reduce total 
creep deformation (causing upward camber) by forming an earlier composite section, 
but it also reduces differential shrinkage deformation (causing downward deflection). 

8. The different individual contributions to prestress loss and camber, as illus­
trated by the different terms in Eqs. 14 through 23, are sensitive to the stiffness, 
creep, and shrinkage concrete properties. However, the net results of these equa­
tions tend toward more correct solutions than the individual terms because of offset­
ting effects. This is especially true in the case of composite beams and is less the 
case for noncomposite beams (Tables 2 and 3, and also the comparison of ultimate­
value results with experimental parameters and general parameters). 

9. The inclusion of all terms in Eqs. 14 through 23 appears to incorporate all 
significant effects in the reliable prediction of prestress loss and camber. These 
effects can be seen in the term-by-term data given in·Tables 4 and 5 and in the sec­
tion on sample calculations. In the sample calculations for the bridge girders using 
the general parameters, for example, the 7 terms (omitting Term 8, differential 
shrinkage) for loss of pres tress varied from 1. 6 to 12. 7 percent, and the 9 terms for 
camber varied from 0.48 to 4.09 in. The results by the approximate Eqs. 24 through 
26 and the more reliable equations were in reasonably good agreement (Tables 2 and 
3 and the section on sample calculations) for the structures of this project. 

10. All of the bridge girder data shown in Figure 10 indicated an increase in camber 
of about 0.4 in. between 300 to 370 days (starting in April). This appears to be due to 
higher temperatures and is consistent with the observations of Delarue (33). 
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11. The systematic procedures described in this paper for predicting time­
dependent behavior are deterministic in nature. Probabilistic methods are also needed 
for estimating variability of behavior. 
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Appendix A 
NOTATION 

1 subscript denoting cast-in-place slab of a composite beam or the effect of 
the slab as due to slab dead load. 

2 subscript denoting precast beam. 
A area of section. 

Ag area of gross section, neglecting the steel. 
As area of prestress ed s teel. 
At ar ea of transformed section. 
a empirical constant in Eq. 1 (also used in Term 7 of Eq. 17 as the distance 

from end of beam to the nearest of 2 symmetrical diaphragms, and in Ap­
pendix D from end to harped point in 2-point harping). 
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empirical constant in Eq. 1. 
creep coefficient defined as ratio of creep strain to initial strain. 
correction factor. 
creep coefficient at time of slab-casting. 
creep coefficient at any time. 
creep coefficient of the composite beam under slab dead load. 
creep coefficient due to precast beam dead load. 
ultimate creep coefficient. 
subscript denoting composite section (also used to denote concrete, as Ee). 
subscript denoting creep. 
differential shrinkage strain (also used to denote dead load). 
subscript denoting differential shrinkage. 
effective depth of section. 
modulus of elasticity of concrete such as at 28 days. 
modulus of elasticity of concrete at the time of transfer of prestress. 
modulus of elasticity of concrete at the time of slab-casting. 
modulus of elasticity of prestressing steel. 
eccentricity of steel cgs. 
eccentricity of steel at center of beam (see Appendix D; also used in Eq. 16 
to denote eccentricity of steel in composite section). 
eccentricity of prestressed steel at end of beam (see Appendix D). 
prestress force after losses . 
initial tensioning force. 
prestress force at transfer (after elastic losses). 
loss of prestress due to time-dependent effects only, such as creep, shrink­
age, steel relaxation (the elastic loss is deducted from the tensioning force, 
Fi, to obtain F 0 ). 

total loss of prestress at slab-casting minus the initial elastic loss that oc­
curred at the time of prestressing. 
total loss of prestress at any time IT\inus the initial elastic loss. 
total ultimate loss of pres tress minus the initial elastic loss. 
concrete stress such as at steel cgs due to prestress and precast beam 
dead load in the prestress loss equations. 
concrete stress at steel cgs due to differential shrinkage. 
concrete stress at the time of transfer of pres tress. 
concrete stress at steel cgs due to slab dead load (plus diaphragm and dead 
load when applicable). 
stress in prestressing steel at transfer (after elastic loss). 
initial or tensioning stress in prestressing steel. 
yield strength of steel (defined here as 0 .1 percent offset). 
compressive strength of concrete. 
compressive strength of concrete at any time. 

(f~)7d compressive strength of concrete at 7 days (similarly for 2.0 days, 
3 days, and 28 days). 

or 1 to 

(-1' I\ 
.1.c'u 

H 
= ultimate (in time) compressive strength of concrete . 

relative humidity in percent. 
I moment of inertia (second moment of area). 

11 = moment of inertia of slab. 
12 
le = 

moment of inertia of precast beam. 
moment of inertia of composite section with transformed slab (slab is trans­
formed into equivalent precast beam concrete by dividing the slab width by • 
Ec/EcJ 
moment of inertia of gross section, neglecting the steel. 

moment of inertia of transformed section. 
subscript denoting initial value. 
deflection coefficient. For example, for beams of uniform section and 
uniform load, 
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K Y4, for cantilever beam, 
K 5/4a, for simple beam, 
K 8/ias, for hinged-fixed beam (one end continuous), and 
K Y32, for fixed-fixed beam (both ends continuous) . 
1 + e 2/r 2

, where r 2 =lg/Ag. 
span length (also used as a subscript to denote live load). 
subscript denoting loading age. 
bending moment. When used as the numerical maximum bending moment 
for beams of uniform section and uniform load, 
(-) M q L 2/2, for cantilever beam, 
(+) M q L 2/8, for simple beam, 
(-) M = qL 2/8, for hinged-fixed beam (one end continuous), and 
(-) M = q L 2/12, for fixed-fixed beam (both ends continuous). 
maximum bending moment under slab dead load. 
maximum bending moment under precast beam dead load. 
bending moment between symmetrically placed diaphragms. 
bending moment due to slab or slab plus diaphragm dead load. 
modular ratio of the precast beam concrete, Es/Ecsi at the time of slab­
casting. 
modular ratio, Es/Eci• at release of prestress. 
prestress gain in percentage of initial tensioning stress or force. 
prestress gain due to differential shrinkage. 
total prestress loss in percentage of initial tensioning stress or force. 
prestress loss due to elastic shortening. 
prestress loss due to steel relaxation. 
total pres tress loss in percent at any time. 
ultimate prestress loss in percent. 
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s teel percentage, As/ Ag. 
differential shrinkage force = D A1 E J3. The factor 3 provides for the 
gradual increase in the shrinkage force from day 1, and also approximates 
the creep and varying stiffness effects (7, 30). 
uniformly distributed load. - -
radius of gyration, r 2 =lg/ Ag. 
subscript denoting time oI slab-casting (also used to denote steel). 
subscript denoting shrinkage. 
time in general, time in hours in the steel relaxation equation, and time in 
days in other equations here. 

= age of concrete when loaded, in days. 
subscript denoting ultimate value. 
unit weight of concrete in pcf. 
distance from centroid of composite section to centroid of slab. 
ratio of creep coefficient at any time to ultimate creep coefficient. 

= ratio of creep coefficient at the time of slab-casting to Cu. 
creep correction factor for the precast beam concrete age when loaded. 

= creep correction factor for the precast beam concrete age when slab cast. 
maximum camber (positive) or deflection (negative). 
initial camber, deflection. 
initial deflection under slab dead load. 
initial deflection due to diaphragm dead load. 

= initial deflection under precast beam dead load. 
initial dead load deflection. 
initial camber due to the initial prestress force, F 0 . 

differential shrinkage deflection. 
live load deflection. 
total camber, deflection, at any time. 
ultimate camber, deflection. 
shrinkage strain in microinches per inch at any time. 
ultimate shrinkage strain in microinches per inch. 
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Appendix B 

DETAILS OF DESIGN AND TESTS OF BEAMS AND GIRDERS 

The details of the labor a tory beams and bridge girders are given in Table 6, and the 
concrete properties, temperature, and humidity data are given in Table 7. 

TABLE 6 

e DETAILS OF LABORATORY BEAMS AND BRIDGE GIRDERS 

aAll Beams are 6" x 8 11
, d•6", Span=lS', b s labs are 20 11 x 2" L=86', 7"slab 

Beam Group Group A Group B Group c Bridg e Girder 

Beam No . Al A2 A3 Bl 82 B3 Cl CZ C3 152- 156 

c end nid 

Beam r:J !:J [J D Ll Ll D Ll ~ TI ll . 

J>res tressing in 2-3/8 3-5/16 1-3/8 3-5/16 3-5/16 3-5/16 2-3/8 2-3/8 2-3/8 30-1 / 2 
Strand dia 1-5 / 16 1-5/16 1-5/16 1-5/16 1-5/16 

As in2 0. 2176 0 . 1734 0.1377 0 . 1734 0.1734 0.1734 0.2176 0. 2176 0.2176 4 .56 

p = As/Ag 0.00453 o. 00361 0.00287 0 . 00%1 0.00161 0. 00361 0.001i53 0.001,53 0.00453 0.00883 

Des. Pre. For.Fi' 1 38.0 30.0 24.0 30.0 30.0 30 . 0 38 .0 38. 0 38.0 86 7 .0 

Meas.Pre. F1 ,k1J 37 .0 29.6 23.4 30.0 29 .9 29.9 38.0 37. 9 37.9 867 .0 

dConcrete t=+388 t=+311 t=+244 t=+313 t=+312 t=+312 t=+395 t=+394 t=+394 t=-429 t•-107 
Stresses 
at releas e of b=-1932 b=-1541 b=-1224 b=-1 563 b=-1555 b=-1555 b=-1975 b=-1970 b=-1970 b=-2633 b=-2955 
pre stress , ps i 

a 03/8 11 Strand, eS/16" Strand, Measured stress in all strands o f l ab. beams= (172±°4) ksi. Measured stress 
in all strands of bridge girders = 190 ksi, 

bSix gage WWF, 6" by 6" (A z 0 ,058 in2 per ft width), slab steel placed in center of slab. No , 3 U- Stirrups 
in form of tica for compo~i tc s lab are spaced at 6 11 cc. in end qu4rter span and at 22 1/2 11 cc . in middle 
half of beam. 

cStrands plac ed so that lateral eccentricity is eliminated. 

dThese stresses are computed using the Measured Fi: t = top fiber stress, b =bottom fiber stress. These 
initial stresses refer to the prestressed section in all cases. The stresses in the case of laboratory 
beams refer to the end section only. The rectangular (6" by 8 11

) beam dead load, extreme fiber stress at 
midspan p 218 psi. 

eThe ultimate strength and yield strength (0.1% offset} were: for the laboratory beam steel 250 ksi and 
and 235 kei, respectively, and f o r the bridge girder steel 270 ksi and 250 ks i res pec tively. 



TABLE 7 

a-!!cONCRETE PROPERTIES, TEMPERATURE AND HUMIDITY DATA 

Concrete Batch 
Gp.A Gp.B Gp.C Slab Slab Slab Slab l" Bridge Bridge 

Property Lt.Wt Lt.Wt Lt.Wt B2 C2 B3 C3 Lt.Wt 8Slab 
N.Wt N.Wt N.wt N.Wt N.Wt 

f' c (7 days) psi 6700 5500 6150 -- - - -- 5600 

f' (28 days) psi 9350 8150 8750 4800 4140 5100 4300 6100 3500 c 

Unit Wt (Wet) pcf 124.0 124.0 125.0 -- -- - -- - -
u. Wt (Dry-7d)pcf 123.0 123.5 123 .5 153 152 152 153 122.0 145 

Meas. Air Ent. % 4.0 6.0 6.0 -- - - - - -
Slump in 2.0 2.5 2.5 2.5 2.5 3.0 2.5 -- -
cModulus of psi -- -- a. 3.20 -- - -- -- a. 3.04 -
Elasticity x 106 - -- b. 3.33 -- -- -- -- b. 3.10 --
at 7 Days 3.68 ~ c . 3.55 -- - - - c. 3.32 -

cModulus of psi - -- a. 3.28 -- - - -- - --
Elasticity 106 - -- b. 3.58 -- - - -- - -
at 28 Days x 4.35 ~ c. 4. 23 i,21 1.:.21. 4.41 ~ 3.47 1..:.il 

aLab. temp: 61-85 deg. F., avg. temp. 78 deg. F. Lab. relative humidity: 
25-61%, avg. rel. hum. 40%. Avg. rel. hum. for central Iowa (from U.S. 
Weather Bur.): Jan.-797.-;-:luly-66%, Mean Annlllll 71%. For Spr-Sum-Fall, use 70%. 

bstress levels for creep tests were approx. design stresses for lab. beams: 
Mix Strl!Jlsth , f;, at 7 doys 

Gp. A 6700 psi 
Gp. B 5500 
Gp. C 6150 

Stress Level for Creep Tests 
2010 psi 
1375 
1845 

% of 7d-fc 
30% 
25 
30 

cThe modulus of elasticity values are as follows: a. Measured secant (to 
0.5 f~) mod. of el., b. Measured initial tangent mod. of el., c. All 
values underlined are computed using Ec = 33 ~ , psi. 

dcompuced values of modulus of elasticity ac relea•le for bridge girders: 
Girder No. AgC at Release Strength ot Rel. 0 Mod. of El. at Rel. 

152 2 days 5160 psi 3.19 x 106 psi 
153 2 4670 3.04 
154 2 4685 3.05 
155 3 5130 3.19 
156 3 4440 2.96 

eComputed mod. of el. of pres. units at time of slab casting, c Ec x 106psi: Gp.B 
--~, 4.30; Gp.C--4.23, ~; Girders 152,153,154--3.50; Girders 155,156--L.1.Q. 

fconcrete specimens for data in this column obtained from casting yard for 
Bridge Girders 155 and 156. Measurements made in laboratory. 

8 11Design11 values were used for bridge slab concrete. 

Appendix C 

PRINCIPAL VARIABLES AFFECTING CREEP AND SHRINKAGE 
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Presented here is a summary of the principal variables that affect creep and shrink­
age (15, 16, 17, 18, 19) in most cases. The corresponding nominal correction factors, 
basedOn the standardconditions herein, are given earlier and shown in Figure 11 (13, 
14, 16, 31). The results shown in Figure 11 and equations for these curves were de­
veloped by Branson and Christiason (13). The variables considered are minimum 
thickness of member, water-cement ratio in the form of slump and cement content, 
mix proportions in the form of percentage of fines and air content, environmental 
humidity, and time of initial loading and time of initial shrinkage. 

The following comments refer to the nominal correction factors for creep and shrink­
age (Fig. 11), which are normally not excessive and tend to offset each other. For de­
sign purposes, in most cases, these (except possibly the effect of member size and 
slump, as discussed in the text and in the following) may normally be neglected. 
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Figure 11. Nominal creep and shrinkage correction factors for the parameters shown (il) . 

Creep Correction Factors 

Slump: C. F. = 0.95 for 2 in., 1.00 for 2.7 in., 1.02 for 3 in., 1.09 for 4 in., and 
1.16 for 5 in. Tends to be offset by effect of member thickness. May be marginal but 
normally can be neglected. 

Cement content (sacks/cu yd): C. F. = 1.00. No correction factor required for con­
crete of, say, 5 to 8 sacks per cu yd at least. 

Percent fines (by wt): C. F. = 0.95 for 30 percent, 1.00 for 50 percent, and 1.05 for 
70 percent. Normally negligible. 

Air content (percent): C. F. = 1.00 for 6 percent or less, 1.09 for 7 percent, and 
1.17 for 8 percent. Tends to be offset by effect of member thickness. May be neg­
lected for, say, up to 7 percent air. 

Minimum thickness of member: C. F. = 1.00 for 6 in. or less :md 0.82 for 12 i n. 
Tends to be offset by effect of slumps greater than 3 in. and air contents greater than 
6 percent. Can normally be neglected for members up to about 10 to 12 in. 

Shrinkage Correction Factors 

Slump: C. F. = 0.97 for 2 in., 1.00 for 2. 7 in., 1.01 for 3 in., 1.05 for 4 in., and 
1.09 for 5 in. Tends to be offset by effect of member thickness. Normally can be 
neglected. 

Cement content (sacks/cu yd): C. F. = 0.87 for 4 sacks, 0.95 for 6 sacks, 1.00 for 
7.5 sacks, and 1.09 for 10 sacks. Normally negligible for, say, 5 to 8 sacks per cu yd 
at least. 

Percent fines (by wt): C. F. = 0.86 for 40 percent, 1.00 for 50 percent, and 1.04 
for 70 percent. May be marginal but normally can be neglected. 
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Air content (percent): C. F. = 0.98 for 4 percent, 1.00 for 6 percent, and 1.03 for 
10 percent. Normally negligible. 

Minimum thickness of member: C. F. = 1.00 for 6 in. or less and 0.84 for 9 in. 
Tends to be offset by effect of slumps greater than 3 in. Can normally be neglected 
for members up to about 8 to 9 in. minimum thickness. 

Appendix D 
PRESTRESS MOMENT DIAGRAMS AND CAMBER FORMULAS 

The following are common cases of prestress moment diagrams with formulas for 
computing camber. 

Prestressed Beam 
F0 e Moment 

Diagram 
Midspan Camber 

Due to F0 e Moments 



Strain Gradient and the Stress-Strain 
Relationship of Concrete in Compression 
S. K. GHOSH, Department of Civil Engineering, University of Pittsburgh; and 
V. K. HANDAt Department of Civil Engineering, College of Petroleum and Minerals, 

Dhahran, Saudi Arabia 

The effects of strain gradient on the stress-strain relationship of concrete 
in compression, when such effects are not influenced by the presence of a 
differential strain rate for different fibers of a section, are studied. An 
experimenlal procedure is developed that permits maintenance of a con­
stant strain gradient under uniform strain rates, malting it possible to 
separate strain rate and strain gradient effects. Concrete prisms are 
tested under 3 different strain gradients and at the same uniform rate of 
straining. Test results indicate that strain gradient, when it is not ac­
companied by strain rate effects, has very little influence on the stress­
strain curves of concrete in compression. 

•WHETHER IT IS APPROPRIAT.I:!: to apply concrete stress-strain curves obtained 
from compression tests under uniform strain to a situation where a strain gradient 
prevails is a long-debated question to which a satisfactory answer has not as yet been 
found. 

The problem was investigated at some length by Hognestad et al. (1) during the mid-
1950's. They, on the basis of their research, came to the conclusion that the general 
characteristics of stress-strain relationships for concrete in concentric compression 
were applicable also to flexure. Smith (2) also carried out similar investigations, and 
his results did not seem to disagree with-this conclusion. Around 1960, however, this 
conclusion began to be seriously challenged. Rasch (3) had shown earlier that the ef­
fect of strain rate on the stress-strain relationship of concrete is quite significant. 
Rllsch (4) now directed attention to the fact that, because the fibers on the compression 
side of a beam are subjected to different strain rates' different stress-strain curves 
should be invoked for different fibers. In 1965, Sturman et al. (5) reported an investi­
gation into the influence of flexural strain gradients on microcracking and the stress­
strain behavior of plain concrete. They found that the peak of the flexural curve was 
located at a strain about 50 percent higher and a stress about 20 percent larger than 
the peak of the curve for concentric compression. Sargin (6) later tested concrete 
specimens under both concentric and eccentric loading to observe the effect of flexural 
strain gradients on concrete stress-strain relationships. In his eccentric tests, he 
obtained a peak strain about 30 percent higher than a peak stress very nearly equal to 
that obtained in his concentric tests. 

It should be pointed out at this stage that the compression zone of a beam section 
differs from a section under concentric compression in 2 important respects. First, 
the fibers on the compression side of a beam are subjected to different strain rates, 
varying from zero at the neutral axis to a maximum at the extreme fiber. Second, the 
less highly strained fibers on the compression side of a beam have a restraining effect 

*Formerly Department of Civil Engineering, University of Waterloo, Ontario. 

Paper sponsored by Committee on Mechanical Properties of Concrete and presented at the 49th Annual Meeting. 

44 



45 

on the adjacent more highly strained ones. All the investigators mentioned so far, ex­
cept Rlisch (4), studied the combined effects of these 2 different factors. Rusch ascribed 
any differences between the stress-strain curves of concrete under concentric com­
pression and those under flexural compression to the first of these 2 factors and 
neglected the second one altogether. The first and only attempt so far to study the 
relative significance of these 2 factors-strain rate and strain gradient-was made by 
Clark, Gerstle, and Tulin (7). They devised an experimental procedure that permitted 
maintenance of a constant strain gradient under uniform strain rates, making it possible 
to separate the strain rate and strain gradient effects. They found that, whereas the 
effect of strain rate was as predicted by Rusch (4), the presence of a strain gradient 
as such had no significant effect on the stress-strain curves. These findings cannot, 
however, be accepted without some further verification, in view of the following 
reasons (!!): 

1. In the construction of their stress-strain curves, Clark et al. followed an ap­
proach similar to the one used previously by Riis ch (4) and Rusch et al. (9). The method 
consisted of drawing a parabolic stress diagram limited by the 2 edge strains corre­
sponding to each level of loading. This resulted in overlapping segments of parabolas 
that were then fitted into a continuous stress-strain envelope. This procedure may 
give good results for small strain gradients where the 2 edge strains are close to each 
other. However, where large strain gradients are involved, because each of the seg­
ments mentioned covers quite a large portion of the stress-strain diagram, the choice 
of an arbitrary parabola for segments may lead to erroneous results. 

2. The authors obtained unusually high maximum stress and peak strain values in 
concentric as well as eccentric tests on plain concrete specimens. 

3. The authors tried to explain the discrepancy between their results and those 
reported by Sturman et al. (5) by attributing it to the presence of a differential strain 
rate for different fibers in the latter case. But a close look at Figure 5 of Rusch's 
paper (4) reveals that strain rate effects alone cannot possibly produce a 20 percent 
increase in maximum stress and a 50 percent increase in peak strain simultaneously. 
It should be noted, however, that there is not much of a conflict between the authors' 
findings and those of Sargin (6). A 30 percent increase in peak strain, unaccompanied 
by any increase in maximum stress, can be caused by strain rate effects alone. 

The object of the present investigation was to supplement the findings of Clark et al. 
through a further series of tests. The effects of strain gradient on concrete stress­
strain relationships, when they are not accompanied by strain rate effects, were 
studied. 

OUTLINE OF TESTS 

A total of 13 specimens was tested in 3 different sets. The specimens were necked 
concrete prisms measuring 22 in. in length and 5 by 5 in. in cross section in the test 
region. No longitudinal reinforcement was used in any of the specimens. All of them, 
however, were laterally reinforced. The transverse reinforcement consisted of No. 2 
ties at a longitudinal center-to-center spacing of 3 in. At each end of the specimens, 
3 ties were placed at a spacing of 1 Y:i in. in order to reduce the effect of stress con­
centration at the ends. The No. 2 bars were round and plain and had an average yield 
stress of 44 ksi. The center-to-center dimensions of the ties were 3% by 3% in. 

Four of the 13 specimens were tested under concentric and the remaining 9 under 
eccentric loading. Of the 9 eccentrically loaded specimens, 4 were tested under a 
strain gradient of 0.0004 radian/in. and 5 under a strain gradient of 0.0006 radian/in. 
The primary variable in this investigation was strain gradient. The concrete used had, 
on an average, a cylinder strength of 5, 100 psi. All the specimens were cast with their 
longitudinal axes in a vertical position. The age of the specimens at the time of testing 
varied from 26 to 29 days. 

TEST SETUP AND TEST PROCEDURE 

For eccentric loading tests, an experimental procedure was employed that provided 
for the individual control ~f bending and axial loads, permitting maintenance of a 
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constant strain gradient under uniform strain rates and making it possible to separate 
strain rate and strain gradient effects . The same experimental procedure was em­
ployed for concentric loading tests also to ensure the maintenance of a zero strain 
gradient across the test cross section at all stages of loading. Thus, each specimen 
was tested under the action of a major load applied directly to the specimen and a minor 
load applied through 2 steel brackets fixed to the enlarged ends of the specimen. The 
test setup is shown in Figure 1. The minor load was applied at a distance of 32% in. 
from the centerline of the specimen and the major load at an eccentricity of % in. in 
the same direction . The minor load was applied to the brackets by means of a small 
hydraulic jack of 10-ton capacity. A 20,000-lb load cell was used to measure this load. 
A closed-loop materials test system , consisting of a 500,000-lb capacity load frame, 
was utilized for applying the major load. The load frame contained a servoram actuator 
that imposed a force on the specimen and that was made to move at a constant rate 
throughout each test. The load applied by the actuator was transferred to the concrete 
specimen through 2 parallel knife-edge supports . The load was measured by a 250,000-
lb load cell incorporated in the load frame. 

Longitudinal strains were measured along 5-in gage lengths on 2 opposite faces of 
each specimen. Lateral deflections undergone by eccentrically loaded specimens at 

m:n. -
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Figure 1. Test setup. 
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various stages of loading were also measured at 
the midheight of each specimen. Sanborn Model 7 
DCDT-250 displacement transducers were used 
to measure both the strains and the deflection. 

At the beginning of each test, the 2 DCDT's on 
2 opposite faces of the specimen were connected 
to the X and Y axes of an X-Y recorder. A ramp 
function generator that was used to regulate the 
movement of the machine ram was then switched 
on. The machine ram thus began to move at a 
predetermined constant rate of 0.66 in./hr. As 
the specimen was strained, the pen of the X-Y 
recorder began to move. When the test is con­
centric, the pen should move along a 45-degline . 
The movement of the pen was closely watched 
throughout each test. As soon as it started de­
viating from the 45-deg line, in a concentric test, 
it was brought back by increasing or decreasing 
the minor load. In an eccentric test the secon­
dary load was regulated so that the pen, instead 
of moving along a 45-deg line, initially moved 
along a line parallel to the axis to which the 
strain gage on the most strained face of the speci­
men was connected. After the pen had moved 
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horizontally by a certain distance, i.e., after the Figure 2. Strain and stress distribution in 
difference between the strains on 2 opposite faces the test region of an eccentrically loaded 
of the specimen had reached a certain desired 
value, the pen was made to move along a 45-deg 
line as before, so that the strain difference be-

specimen. 

tween the 2 opposite faces remained constant at all subsequent stages of loading. 
The signals from the 2 load cells, measuring the major and minor loads, and the 

3 DCDT's, measuring longitudinal strains and deflection, were fed into a Solatron data 
logger that displayed these voltages in digital form. The displayed signals were read 
at regular intervals throughout each test. 

ANALYSIS OF TEST RESULTS 

Concentrically Loaded Specimens 

Strain and stress distributions are assumed to be uniform over the critical cross 
section of the specimen. Say, at any time, P1 is the major load applied on the speci­
men and P2 is the minor load. Then, if P3 is the weight of each minor load carrying 
bracket, the resultant load on the specimen at that particular time is 

(1) 

If '1 is the deformation corresponding to this load measured over a gage length L 0 and 
At the cross-sectional area, then 

Stress a = PI At (2) 
and 

Strain € = ~/L0 (3) 

Eccentrically Loaded Specimens 

A numerical method is employed in this analysis. It is more general than the one 
used by Hognestad et al. (1) and very similar to the one used by Sargin (6). 

In an eccentric test, initially, the strain at one face of each specimen-is maintained 
at zero, while the strain on the opposite face is increased continuously till the differ-
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ence between these 2 strains reaches a certain value. This strain difference is main­
tained constant during all subsequent stages of loading. The analyses of test data are 
slightly different for these 2 parts of each test. Here an analysis for the second part 
(Part A) is presented first. A method of analysis for the initial part (Part B) can be 
derived as a special case of this analysis and is presented later in this section. 

Part A-From force and moment equilibriums, the magnitude and point of applica­
tion of the internal resultant force can be calculated directly. From Figure 2, 

(1) 
and 

where 

ai. a2 , and as = distances of points of application of P1, P2 , and P 3 respectively 
from the least strained fiber of critical cross section, neglecting 
deflection; 

s =distance of neutral axis from least strained fiber; 
Ii = lateral deflection of the specimen; and 

a 0 =distance of point of application of P from neutral axis. 

Assuming a linear strain distribution, strain compatibility of the section can be 
writ.ten as 

where 

E' 
_2_ 

s - e 
"-2 
s 

s. = _E_L_ 
y c c + e 

f 1 and E2 = strains in most and least strained fibers respectively; 

(5) 

< and E~ = strains measured by transducers attached to most and least strained faces 
respectively; 

c = distance of neutral axis from most strained fiber; 
E = strain in any fiber; 
y = distance of this fiber from neutral axis; and 
e = distance from center of deformation transducer to specimen surface. 

Equation 5 makes it possible for E 1 and E2 to be expressed in terms of the measured 
strains E; and E; . 

If all fibers are assumed to follow one and the stress-strain curve 

then force and moment equilibriums in the section can be written as 

where 

f 0 = P /be and m 0 = Pao/be 2, and 
b = width of cross section. 

Using Eq. 5, Eqs. 6 and 7 can be rewritten for a rectangular section as 

(6) 

(7) 

(8) 
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(9) 

Differentiating Eqs. 8 and 9 with respect to <
1

, solving the resulting equations simulta­
neously, and substituting finite differences for differentials, the following stress-strain 
relationships are obtained: 

(10) 

(11) 

Part B-E 2 is expressed, in this case, in terms of <1 using Eq. 5, and both s (s = e) 
and c (c = s + d, where d =depth of cross section) are constants. Eqs. 10 and 11 get 
reduced to 

f(E) = -- 2mo -f - + E -- - - -c [ s (~mo Mo s)] 
1 c - s 0 c 1 ~(. ~(. c 

GENERAL STRESS-STRAIN RELATIONSHIP FOR CONCRETE 
IN COMPRESSION 

(lOa) 

(lla) 

Experimental stress-strain diagrams defined at some discrete points are obtained 
from an analysis of test data by the method just explained. In each of these diagrams, 
experimental scatter manifests itself in the form of deviations from the general trend. 
In order to find out what the general trend in each case is, it is necessary to postulate 
a general form for the stress-strain relationship of concrete in compression. Test 
results can then be used to find empirical coefficients of this stress-strain relationship 
for a best correlation. Of all the available formulations of the stress-strain relation­
ship of concrete in compression, the one proposed by Sargin (6) is by far the most 
general. For the purpose of the present study, it is postulated that the general form 
of the stress-strain relationship of concrete in compression e~'l be represented by the 
following equation proposed by Sargin: 

where 

I Ax + (D - l)x2 
a = k3fC ( )x a l -1- A-2 +Dx 

A= E<;£o/k3f~; 
x = f./f.Q, 
f~ = cylinder strength of concrete; 

Ee = initial modulus of elasticity; 
k3 = ratio of maxi.mum stress to cylinder strength; 
E 0 = strain corresponding to maximum stress; and 

(12) 

D = parameter that mainly affects the slope of the descending branch of a stress-
strain curve. 

The principal factors affecting concrete behavior can be introduced into the stress­
strain relationship through these 5 parameters (f~, Ee, k3 , E0, and D). In the present 
study, a nonlinear regression analysis is employed to find the parameters of Eq. 12 
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for a best correlation with test results obtained for each specimen. The details of the 
regression analysis are given elsewhere (10). 

TEST RESULTS 

Concentrically Loaded Specimens 

Analytical stress-strain curves of the form given by Eq. 12 were fitted to experi­
mental data obtained for each specimen. The values of the parameters of these curves 
for best correlation with experimental data are given in Table 1. The experimental 
and analytical stress-strain diagrams are shown in Figure 3. 

Eccentrically Loaded Specimen s 

A complete stress-strain diagram for the most strained fiber of each specimen was 
obtained by fitting a curve of the f orm given by Eq. 12 to the experimental points given 
by Eqs . 10 and l Oa ). it was observed both by Sargin (6) and by the authors that Eq. lla 
gave very erratic stress values. These values were ignored, and it was assumed that 
the initial portion of the stress-strain curve for the most strained fiber of a specimen 
was valid for the least strained fiber also. A complete stress-strain diagram for the 
least strained fiber of each specimen was thus obtained by fitting a curve of the form 
given by Eq. 12 to experimental points given by Eqs. lOa and 11. The initial portion 
of each stress-strain diagram obtained in this way was subject to both strain rate and 
strain gradient effects. This did not, however, affect the purpose of the present study 
because the subsequent portion (which included the peak) of each diagram was free 
from strain rate effects, and, in drawing conclusions, only the k3 and E 0 values of the 
different curves were compared. The analytical and experimental stress-strain dia­
grams for the most and least strained fibers of each specimen of series E1 are shown 

TABLE 1 

EXPERIMENTALLY OBTAINED STRESS-STRAIN CURVE PARAMETERS 

1' Ee (psi) k, <0 (percent) D 
Specimen (ps"i) IIb ra II II II 

C-1 4,260 45,484}f; 0.775 0 .4452 0.969 9 

C-2 4,110 43, 571 fl:: 
' c 

0.691 0 .3237 0.9881 

C-3 4,110 48,635K 0.676 0 .4052 0.6414 

C-4 5, 700 38, 158/c; 0.725 0 .33 54 1.3540 

Avg. 4,545 43,962/i~ 0 .717 0 .377 4 0 .9884 

E1-l 5, 700 50,182}f; 48, 149,f;, 0 .751 0.761 0.3351 0.3446 0 .2185 0 .2510 

E,-2 5,400 65, 382,/f::. 58,014,f;, 0 .761 0.774 0 .3590 0 .3809 0 .8257 0 .8030 

E 1 -3 5,400 51,945/f; 50,189f;_ 0 .790 0 .795 0.2743 0 .2934 0 .4834 0 .4242 

1':,-4 5, 150 52,841K 52 841 /f' ' \'-c 0 .802 0.829 0.2557 0 .2590 1.6092 1.6134 

Avg. 5,413 53,693jf;_ 0 .783 0 .3128 

E
2
-l 5, 150 48,579,f;_ 45,085./f; 0 .773 0 .797 0.3592 0.3748 0 .9275 0 .9143 

E,-2 5, 550 31,579}f; 34,771.Jf::. 0.682 0.647 0.2619 0.2935 0 .9547 0 .7937 

E,-3 5, 550 52,497}f; 52,356.f;; 0 .649 0 .598 0 .29 57 0 .3635 0.8578 0 .4783 

E2 -4 5,200 49,018.Jf::. 47,019 ff:. 0 .742 0 .765 0.3457 0.3545 0 .8384 0 .8393 

E,-5 5,200 46,301,f;, 49, 168,/f::. 0 .765 0.780 0.3370 0.3262 0 .7584 0 .8000 

Avg. 5,330 45,637.f;. 0 .720 0 .3312 0.8162 

aMost strained fibers. bleast strained fibers. 
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Figure 3. Analytical and experimental stress-strain diagrams for the specimens of Series C. 
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Figure 5. Analytical and experimental stress-strain diagrams for the specimens of Series E •. 

in Figure 4 and those for the specimens of series E2 are shown in Figure 5. The dif­
ferent parameters associated with each stress-strain diagram are given in Table 1. 

DISCUSSION OF TEST RESULTS 

The average values of ks and e: 0 obtained in test series C, E1 , and E2 are as follows: 

Item 

Average concrete strength (psi) 
Strain gradient (rad/in.) 
ks 
e:0 (percent) 

Series C 

4,545 
0 

0.717 
0.3774 

Series E 1 

5,413 
0.0004 

0.783 
0.3128 

Series E2 

5,330 
0.0006 

0.720 
0.3312 

It can be seen that no general trend in the effects of strain gradient on the k3 and e:0 
parameters can be established. This very lack of trend, however, suggests that the 
effects of strain gradient on the ks and e:0 parameters, when they are separated from 
strain rate effects, are not very pronounced. If there are, in fact, any such effects, 
they are so insignificant that they could not even be observed in the present case because 
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of (a) a slight variation in the concrete strengths of the different specimens, (b) the fact 
that lateral reinforcement may have slightly different effects on bound concrete under 
concentric and eccentric loading, and (c) normal experimental scatter. The present 
study, therefore, leads to a conclusion similar to the one reached earlier by Clark et al. 
(7). It also snows that Riisch's assumption to the effect that any difference between the 
stress-strain curves of concrete under concentric and flexural compression can be 
ascribed to the presence of a differential rate of straining for different fibers in the 
latter case (4) was substantially correct. 

Any conciiision regarding the effect of strain gradient on the descending branches of 
stress-strain curves is not attempted here, in view of the large scatter in the D-values 
obtained in test series E 1 • 

CONCLUSION 

On the basis of the results reported and the discussion given, it can be concluded 
that strain gradient, when it is not accompanied by strain rate effects, has very little 
or no influence on the stress-strain curves of concrete up to their peak points. 
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The Effect of Holes on Tensile Deformations 
in Plain Concrete 

IGNATIUS D. C. IMBERT, University of the West Indies 

Recent research has shown that concrete can exhibit considerable inelas -
tic deformation in tension. This is particularly evident in flexural and 
unia.xial tensile tests in stiff machines and in tests where strain gradients 
are present. This paper describes experimental work on the effect of cen­
trally located holes on tensile deformation in thin concr.ete plates. Tests 
were conducted in a special unia.xial-tension machine, and strain measure­
ments along the horizontal axes of the plates showed that extensive inelas­
tic deformation occurred in the vicinity of the hole edges. Strains some­
what further away remained "elastic" for most of the loading range, being 
quite small in specimens with diamond holes. The presence of holes had 
apparently little effect on tensile strength. Specimen behavior is explained 
in terms of the energy-release concept of fracture mechanics, it being 
concluded that inelastic deformation is the result of progressive and ex­
tensive microcracking. Such microcracking, in which crack lengths re­
main relatively short, apparently occurs when the critical strain-energy 
release rate is retarded, and it seems certain that the strain gradients 
created by the presence of holes have this retarding effect. These gradi­
ents clearly localize cracking in the vicinity of the hole edges and inhibit 
it considerably elsewhere. With regard to tensile strength, it may be con­
cluded that, as inelastic deformation near hole edges reaches a certain 
stage, stress redistribution and eventual uniformity take place. 

•THE TENDENCY IN RECENT YEARS to exploit an increasingly higher proportion. 
of the ultimate strength of concrete in the design of structures has made research in-
to its basic nature and behavior essential. As a result of such research, it is now fully 
recognized that strength, deformation, and crack development and propagation are 
closely interrelated. It has also been discovered that the mechanism of fracture is 
similar under most types of loading and that crack propagation, which leads to failure, 
is directly related to internal tension. This discovery together with the fact that ten­
sile strength and deformation are of particular importance in connection with shear 
strength, flexure, torsion, and design of prestressed concrete and liquid-retaining 
structures, pavements, and airfields has pointed to the necessity for thorough studies 
of the behavior of concrete in tension. 

It is the purpose of this paper to make a brief review of research on the deforma­
tional behavior of concrete in tension and to extend the field of lrJiowledge by presenting 
results and discussion of experimental work by the writer. This work consisted prin­
cipally of tests in uniaxial tension of long concrete plates containing centrally located 
holes. Microcracking and the energy concepts of fracture mechanics are discussed 
where appropriate. 

PREVIOUS RESEARCH ON TENSILE DEFORMATION IN CONCRETE 

A number of researchers have investi~ated tensile deformation in concrete in both 
uniaxial tension and flexure (! through 18). They have repo1·ted "cracking" strains 
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ranging from 40 to 180 IH, but the bulk of the research indicates that the range of 90 to 
120 µ.E covers most concretes. Cracking strain is defined here as the strain at which 
there is significant departure from linearity in the load-strain curve and is known as 
the "extensibility" of concrete. It may also be considered as the elastic limit of the 
material. 

Evans (3) and Todd (5) both considered that cracking strain had a value of about 100 
µ.E: but, whereas Todd cla imed that ultimate strain did not much exceed this value, Evans 
found that it sometimes exceeded 200 µ. E:. Flexural tests on plain concrete beams by 
Blackman, Smith, and Young (7) gave values of 250 µ.E: for ultimate strain, and similar 
tests by Evans and Kong (14) and Welch (16) some years later produced values of nearly 
500 µ.c - -

A significant feature of the work of Blackman, Smith, and Young, who conducted 
tests not only in pure flexure but also in uniaxial and eccentric tension, was the dis­
covery that the presence of a strain gradient affected the magnitude of ultimate strain. 
This strain varied from 140 µ.f: in uni.axial tension (zero strain gradient) to a maximum 
of 250 µ.f: in pure flexure. They also discovered that concrete had its lowest tensile 
strength in uniaxial tension and that the variation of ultimate strain with strain gradient 
agreed with the difference between uniaxial tensile strength and the modulus of rupture. 
Their findings were confirmed by Kaplan (11), who also discovered that, as the per­
centage of coarse aggregate increased, both cracking and ultimate strains decreased. 
Cracking strain in uniaxial tension, for example, decreased to a value as low as 40 µt. 

The results reported so far were obtained from the usual short-term tests. Ohno 
and Shibata (9) have shown, however, that the magnitude of ultimate strain is also a 
function of rate and duration of loading. In tests conducted at relatively slow rates of 
loading over periods of several days, they recorded ultimate strains of over 500 µE in 
uniaxial tension. That such strains could occur in concrete in uniaxial tension was a 
significant discovery, especially when one realizes that the tests were conducted in a 
relatively "soft" machine incapable of providing much restraint to the specimens. 

The effect of restraint on the behavior of concrete has received particular attention 
in recent years, and it has come to be recognized that the magnitude of tensile strain 
is a function of the degree of restraint in the tensile zone. Keeton (19) has shown that 
tensile strains of nearly 2,100 µf can occur internally in cylinders under concentric 
compression. Zielinski and Rowe (20) have found that large tensile strains can also 
occur in similarly loaded prisms and cubes and, as their maximum measurement of 
1,170 µE was the average over a gage length of 50.8 mm (2 in.), it is likely that the 
maximum tensile strain was much larger than this. From these results, it may be 
concluded that concrete can undergo large tensile strains under certain loading condi­
tions. These conditions undoubtedly create some form of restraint that inhibits or re­
tards failure. Such restraint occurs not only in the usual compressive tests but also 
in compressive, flexural, and tensile tests conducted in stiff machines. 

By using a machine sufficiently stiff to produce the required restraint, Sturman, 
Shah, and Winter (1 5) were able to measure tensile strains in flexure as large as 1, 780 
µf. Because their s pecimens were removed from the machine before failure so that 
they could be specially examined for microcracking, this strain magnitude was clearly 
less than that of ultimate strain. Their tests also indicated that the presence of a 
strain gradient considerably increased the capacity of the concrete to deform, the de­
formation depending on the magnitude of the gradient. It seemed clear, therefore, that 
restraint was produced not only by the stiffness of the machine but also by the strain 
gradient. 

Hughes and Chapman (17) were among the first researchers to test concrete in uni­
axial tension in an adequately stiff machine. The stiffness of the machine made it pos­
sible for them to control the rate of strain, and they were able to record "peaked" load­
strain curves. At the peak load, they measured strains of about 100 µE and then, as 
the load decreased, continued to measure strains that reached as high as 1,840 µ.E be ­
fore failure. Similar tests by Evans and Marathe (18) produced values of ultimate 
strain as high as 2,800 µf. -

This capacity of the material to deform under certain conditions of restraint possi­
bly explains why it has a higher tensile strength in ordinary flexure than in ordinary 
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uniaxial tension. In flexure, the extreme "fibers" are initially the most highly stressed 
and strained, and restraint appears to be provided by the less highly strained adjacent 
ones. Such restraint apparently makes it possible for relatively large deformation to 
take place in the extr eme fibers as loading increases . Kaplan's bending tests on 
notched beams (21) indicate that this is what happens and that the deformation is sim­
ilar to the plastiCtype in metals. If this happens, there must come a stage in the de­
formation when the load-carrying capacity of the extreme fibers begins to decrease. 
The higher stresses are transferred to the adjacent fibers that now begin to deform 
more extensively, and the process continues, with external load increasing, until the 
zone of extensive deformation penetrates deep enough for failure to take place. An ex­
planation of this deformational behavior in terms of microcracking and the concepts of 
fracture mechanics has been given by the writer (22). 

TESTS ON SPECIMENS WITH HOLES 

Types of Holes 

The deformational behavior of concrete in tension that was revealed by tests in 
which restraint was produced by stiff machines and/ or flexural strain gradients 
prompted the writer to investigate the effect of strain gradients on specimens loaded 
in uniaxial tension. Such strain gradients can be created by the presence of holes, and 
it was decided that tests would have most satisfactory results if the holes were cen­
trally located in relatively thin concrete plates. These tests were part of a program 
of research on the effects of holes in concrete (23). 

The holes were of various shapes and sizes, but the results shown diagrammatically 
here are for circular and diamond shapes of one particular size only. These results 
are considered sufficient to demonstrate the general behavior of the concrete. A com­
plete report of results for all the s hapes and sizes can be found elsewhere (23). 

Specimens and Method of Test 

The specimens were made from a specially "scaled-down" concrete mix that had a 
maximum aggr egate size of 4. 76 mm (3/ia in.). This was found to be the smallest size 
required for producing a true concrete and ensuring at the same time that gage lengths 
were sufficiently short for measurement to be as nearly at a "point" as possible. Such 
measurement was essential in view of the fact that strain in the vicinity of a hole was 
expected to change rapidly from point to point. Tests of 28 days on cubes and uniaxial 
tension specimens without holes gave strengths of 48.3 N/mm2 (7 ,000 lbf/in. 2) in com­
pression and 3.7 N/mm 2 (540 lbf/in.2

) in tens ion. 
The specimens were 1,200 mm iong by 200 mm wide by 35 mm thick and were tested 

in a uniaxial tension machine designed by the writer (23). The tensile force was ap­
plied through a self-centering, "lazy-tongs" device that gripped the specimens laterally. 
The clear length of the specimens between the upper and the lower grips was 620 mm. 
This length ensured that a condition of pure tension was produced at the central, mini­
mum cross section where strain measurements were made. The gripping device was 
an improved and larger version of one designed by O'Clery and Byr ne (24) at Dublin 
University nearly 10 years ago. The upper grips were connected through a pinned link 
to a double-flanged, universal coupling of the type used on drive shafts in agricultural 
machinery and thence to a rod attached to a hydraulically operated center-pull jack. 
The jack was located at the center of the top plate of the machine. The lower grips 
were connected to the base plate through a pinned link and universal coupling identical 
to the ones at the top. Preliminary experiments on specimens without holes indicated 
that the machine could provide a reliable uniaxial tension test. 

Strain was measured by means of polyester-backed, electrical resistance strain 
gages, 10 mm long by 1.5 mm wide. These gages were placed along the horizontal 
axis of one face of the specimens, 5 on each side of the hole, and connected to the 10-
point switching unit of a strain indicator. They were located on the specimens for 
which results are given here such that their centerlines were at distances from the 
hole edges of 2, 10, 20, 40, and 58 mm respectively. The transparency of the gage 
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backing and the clearly marked centerlines made accurate location relatively simple. 
The first 2 gages on each side of the hole were grouped relatively close together be­
cause of the rapid variation of strain expected along those sections of the horizontal 
axis near to the hole edges. The specimens were loaded in steps of 0.91 kN (205 lbf), 
and strain readings were taken at each step until failure. 

Test Results 

Diagrams of vertical strain distribution along the horizontal a.xis of typical speci­
mens are shown in Figures 1 and 2. The distribution is shown for each load step until 
failure, and the points representing measured strains are joined by linear interpolation. 
Although the strain variation between gage locations was not likely to be linear, this 
method of interpolation is considered the best one for drawing the diagrams. In any 
case, the patterns of strain distribution are clearly illustrated by this method. 

A study of the diagrams reveals some interesting features of strain behavior. These 
are briefly described as follows: 

1. Strain distribution was such that the existence of strain gradients was clearly 
evident. These gradients started to increase quite early in the loading range, the 
strains in the vicinity of the hole edges becoming increasingly larger than those at lo­
cations farther away. This behavior began at strain levels well below the cracking 
strain or elastic limit. The gradients became quite steep as failure approached, par­
ticularly in the specimens with the diamond holes. 

2. As loading increased, the rate of 
strain increase in the vicinity of the hole 
edges became more rapid, particularly 
after the elastic limit had been passed. 
The increase in the final load stage was 
very rapid indeed. Most of the strains at 
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locations farther away increased at reasonably uniform rates and rarely exceeded the 
range of cracking strains. They were also rather smaller in the specimens with dia­
mond holes than in those with circular ones. 

3. The strains at the hole edges reached quite high values in the specimens with 
diamond holes, the maximum strain exceeding 2,000 µ.f: in 2 specimens. In a substan­
tial proportion of the specimens with diamond holes and a somewhat smaller proportion 
of those with circular holes, the maximum strain at the hole edges reached values well 
over 1,000 µ.f:. The strains near the specimen edges, on the other hand, were quite 
small and, as failure approached, showed little or no increase. In some specimens, 
there was even a strain decrease near failure. This strain relaxation was also evident 
in some of the specimens with circular holes. 

Although results shown in the diagrams are for one size of hole only, it has already 
been explained that there were various sizes of holes for each shape. The variation 
of size had a marked effect on strain distribution. In the specimens with the largest 
size of hole, the strains at locations away from the hole edges became distinctly 
smaller and smaller as the specimen edges were approached. As the holes became 
smaller, however, the relative differences among the strains at these locations be­
came correspondingly smaller and, in some cases, the strains at the specimen edges 
were equal to, or a little larger than, those at locations farther inside. The variation 
of size had no effect on the magnitude of ultimate strain at the hole edges. In particu­
lar, the maximum strains in most of the specimens with diamond holes were very large 
whatever the size of the hole, 

A significant and important result of the research program was the discovery that 
relatively large holes and the elastic stress concentration associated with them had no 
appreciable effect on ultimate tensile strength of concrete. The only effect on the 
specimens was to reduce their central cross section and thus reduce the magnitude of 
ultimate load. That this behavior was almost certainly related to the deformational 
characteristics of concrete and its cracking mechanism is discussed in a later section 
of the paper. 

FRACTURE MECHANICS AND MICROCRACKING 

An understanding of the behavior exhibited in the tests can best be understood by a 
consideration of the energy concept of fracture mechanics and its relation to micro­
cracking and crack propagation in concrete. It is appropriate, therefore, that an out­
line and brief discussion of research in this field be presented before proper analysis 
of the test results can be made. 

In 1920, Griffith (25) suggested that the tensile fracture strength of brittle materials 
was greatly affected by the presence of small cracks and other discontinuities that ex­
isted before, or were formed after, load was applied. He claimed that these flaws 
acted as tensile stress concentrators and proposed a strength theory based on the 
energy-release concept. According to his theory, a flaw would extend by cracking 
when the stress concentration at its tip exceeded a certain value, thus causing the 
creation of a new crack surface and the transformation of strain energy to surface 
energy. He suggested that the crack would extend rapidly when the rate of release 
of strain energy was at least equal to the rate of increase of surface energy due to the 
formation of new surface area. 

The Griffith condition for crack initiation and extension is given by the equation 

2nca
2 

= 4T (1) 
E 

in which 2c is the length of the crack, a is the tensile field stress remote from the 
crack, T is the specific surface energy, and E is the modulus of elasticity. 

This approach has been extended by Irwin (26) and Orowan (27) who took into account 
the irrecoverable work done in materials in which plastic flow occurs. They suggested 
that the surface energy term in Eq. 1 should be augmented by the work of plastic de­
formation. The view is now held that, if the augmented surface energy term is re­
placed by the total energy absorbed in crack initiation and extension, the modified 
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Griffith theory may be applied to concrete. Irwin has designated the rate of release of 
s train energy as G and has further designated it as Ge when it reaches the critical value 
r equired for unstable crack extension and eventual fracture . Kaplan (21) and Romualdi 
and Batson (28) have attempted to make quantitative determinations of Ge for concrete 
but, as Popovics (29) points out, the elusive values of E and T make this an extremely 
difficult and uncertain exercise. Nevertheless, it seems clear that Ge is a fundamental 
property of concrete. 

In uniaxial tension tests conducted in the usual "soft" machines, fracture occurs 
fairly soon after the load-strain curve deviates from linearity. An explanation for this 
has been given by Glucklich (30), who says that, up to a certain stress, the behavior 
of the concrete is strictly elastic and the stress-strain curve is a straight line. At 
that stress, the most severe crack existing prior to load begins to extend slowly, and 
the specimen cross section capable of sustaining load decreases. The stress now be­
gins to increase at a faster r ate, the crack extends fartl1er, and the stress-strain curve 
begins to deviate from linear ity. The strain-energy release rate, 2nca2/E, increases 
even faster and is soon equal to the maximum rate of energy absorbed by the crack 
surface, wifu resultant unstable crack extension and fracture. 

The abrupt termination of the stress-strain curve after a relatively small deviation 
from linearity indicates either fuat there is little inelastic deformation in ordinary 
uniaxial tension or that fue rapidity of fue strain-energy release rate prevents obser­
vation of such deformation. Flexural tests of plain concrete beams in ordinary ma­
chines have shown, however, that concrete can exhibit appreciable inelastic deforma­
tion in tension, the magnitude of ultimate strain being many times greater fuan that of 
cracking strain, as mentioned earlier. The capacity of concrete to deform in this way 
is even more clearly demonstrated by the stiff-machine tests in uniaxial tension and 
flexure that are reported earlier in the paper. It seems certain that the inelastic de­
formation is due to a process of progressive microcracking (31, 32, 38) in which the 
critical rate or release of strain energy, Ge, is retarded. This relationship and the 
near certainty that fue microcracking process is intimately related to fue restraint 
imparted by the loading system and/ or strain distribution bring us to a consideration 
of microcracking. 

That microcracking occurs in concrete at loads measurably below the ultimate was 
first suspected by Brandtzaeg (33) some 40 years ago. tntrasonic, acoustic, micro­
scopic, X-ray, and electrical-resistance-strain-gage techniques (4, 6, 11, 13 tllrough 
16, 18, 31, 34 through 38) have since been used to study microcrackil1g,and it has 
beenestablished that microcracking exists before any load is applied. These cracks 
are mainly in the form of bond cracks that form along the interface between coarse ag­
gregate and mortar. Up to about 30 percent of ultimate load, the extension of these 
cracks is negligible but, above this load level, the cracks begin to increase appreciably 
in length, width, and number. At about 50 to 60 percent of ultimate load, mortar 
cracks begin to bridge between already existing bond cracks, but the process is still 
one of controlled crack growth and is confined to short lengfus. This is the "prerupture" 
stage (34). At about 70 to 85 percent of ultimate load, the number and length of mortar 
cracks b egin to increase appreciably, continuous crack patterns develop, and the load­
strain curve bends significantly to the horizontal. The "critical" load has now been 
reached and fracture soon follows. If fracture can be retarded by some form of re­
straint, microcracking continues progressively, an extensive cracking pattern develops, 
and considerable inelastic deformation takes place. The load-strain curve also begins 
to descend and fuen flattens out. 

The behavior described has been established primarily from tests in uniaxial com­
pression and flexure, but research (17, 18, 32, 36) has indicated that similar behavior 
occurs in concrete in uniaxial tensioll. The almost identical shapes of the load-strain 
curves obtained from stiff-machine tests in uniaxial compression (39) and tension (17, 
18) give nearly certain confirmation of this similarity of behavior. - -
- What seems to happen in stiff-machine tests is fuat the strain energy is only partially 
released into the specimen, the rest being absorbed by the machine. Consequently, 
the rate of release of strain energy into the specimen is retarded, the energy released 
is rapidly absorbed by the numerous crack surfaces distributed throughout the material, 
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and crack extension is soon stabilized. Crack extension is also arrested or controlled 
when the need for release of strain energy is increased by bond cracks entering a 
tougher mortar phase or mortar encountering a zone of higher strength such as an ag­
gregate particle or a region of advanced hydration. As load increases, cracking pro­
gresses by the growth of other cracks next in order of weakness. These are, in turn, 
soon arrested; the load continues to increase and others begin to grow. Eventually, 
the microcracking progresses to a stage where the load-carrying capacity of the con­
crete decreases and the load-strain curve descends. Fracture, however, does not yet 
take place because the extensive multiplication of microcracks still provides sufficient 
crack surfaces for energy absorption. At some stage, the cracking pattern becomes 
extensive enough for only a few areas of the concrete to be able to sustain load or for 
no furthet cracks to form. Critical stresses and crack lengths now occur, Ge can no 
longer be retarded, rapid crack extension occurs, and fracture takes place. If the ex­
tensive multiplication of microcracks occurs within the measuring area of a strain gage, 
the gage will indicate considerable deformation and this is the reason for the phenom -
enally large strains measured by Evans and Marathe (18). 

Retardation of the strain-energy release rate also seems to occur in the presence 
of strain gradients. This was indicated by the flexural tests of Sturman, Shah, and 
Winter (15) that are mentioned earlier in the paper. From their microscopic examina­
tions, they discovered that strain gradients retarded crack extension considerably, 
especially in the mortar, and caused any appreciable cracking to be localized at and 
near the extreme fibers. The steeper the gradient, the more noticeable was this ef­
fect. It seems clear that this behavior was responsible for the extensive inelastic de­
formation in tension that their specimens exhibited and that strain gradients must some­
how have a restraining effect sufficient to arrest or retard critical cracking. 

ANALYSIS AND DISCUSSION OF TEST RESULTS 

The effect of holes on stress and strain distribution in homogeneous elastic and 
elastoplastic materials is well treated in the relevant literature, and the writer has 
already made a review of research in this field (23). Figure 3 shows the distribution 
of vertical strain along the horizontal axis of a relatively long plate of homogeneous, 
elastic material subjected to a uniform tensile stress aa in the vertical direction. The 
plate contains a centrally located circular hole, the diameter of the hole and the width 
of the plate being the same as those of the specimen shown in Figure 1. 

The maximum strain, f. m• occurs at the hole edge such that 
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Figure 3. Vertical strain distribution along horizontal 
axis of elastic plate with central circular hole. 

:i: = 3.74 (2) 

where f.a is the elastic strain proportional 
to aa, the applied stress. The ratio f.m/ 
f. a is known as the strain concentration 
factor. The corresponding stress con­
centration factor is O'm/O'a· 

The strain distribution curve shows 
that a strain gradient exists from the very 
commencement of application of O'a· The 
writer is not aware of any published work 
on strain distribution in plates of finite 
width containing diamond holes. Isida (40) 
has, however, determined that the maxr=­
mum vertical strain at the hole edge along 
the horizontal axis of elastic plates con­
taining diamond holes of the size and cor­
ner curvature shown in Figure 2 is such 
that 
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(3) 

This value and the strain distribution diagrams obtained from research on plates 
with circular and V-shaped notches indicate that the elastic strain gradient in plates 
containing centrally located diamond holes is steeper than in those containing circular 
ones. 

When the elastic limit is reached at the points of maximum strain on the hole edges 
in elastoplastic materials such as ductile metals, plastic zones form around these 
points and large strains occur there. As the load increases, more plastic zones de­
velop in the vicinity of these points and considerable increase in strain takes place. 
The process continues until failure, the strains at the critical points becoming several 
times greater than those ~lsewhere. Experimental results (41) show that the strain 
gradient along the horizontal axis can become very steep nearthe hole edges as failure 
approaches. Stress computations from these results and the values of ultimate load 
indicate that, as the strain gradient increases with plastic deformation, the stress 
gradient decreases and effectively vanishes near failure. Stress redistribution and 
eventual uniformity of stress must, therefore, take place. 

The strain behavior of the writer's concrete specimens was similar in many re­
spects to that of elastoplastic materials just described, and it seems clear that the 
existence of strain gradients from the commencement of loading led eventually to the 
development and localization of inelastic deformation at and near the hole edges. From 
the earlier discussion, this deformation must almost certainly have been due to pro­
gressive microcracking and the retardation of the strain-energy release rate associated 
with it. The strain behavior must also have been responsible for the fact that the mag­
nitudes reached by ultimate loads showed that the presence of holes had no effect on 
tensile strength. It may be concluded that, as microcracking became extensive near 
the hole edges, the load-carrying capacity of the concrete there decreased, and the 
stresses were redistributed to other regions farther away until uniformity of stress 
distribution occurred. Stress concentration effects due to the presence of holes, con­
sequently, vanished, and the material displayed tensile strength as if there were no 
holes. 

A significant feature of strain behavior was the fact that the strain gradients started 
to increase early in the loading range and at strain levels well below the cracking 
strain or elastic limit. As such increases could only take place in homogeneous ma­
terials after the onset of inelastic deformation at the hole edges, it is clear that they 
were made possible by the heterogeneous nature of concrete and its resultant capacity 
for microcracking under load. Such microcracking must clearly have occurred early 
in the most highly stressed regions near the hole edges. The early gradient increases 
were particularly marked in the specimens with diamond holes, and this behavior can 
be attributed to the fact that the relatively high elastic stress concentration factors and 
steep elastic strain gradients were conducive to early microcracking near the hole 
edges. 

As microcracking progressed at and near the hole edges, the rate of strain increase 
there became more rapid. The rate continued thus until the development of inelastic 
deformation when it became considerably more rapid. The maximum stress, which ex­
ceeded 2,000 µ.£ in some specimens, were phenomenally large. Because they were 
measured at locations not exactly at the hole edges and the strain gradients near fail­
ure were very steep at these locations, the strains at the actual edges must have been 
even larger still. There were 2 other factors that made it very likely that the strains 
at the actual edges were significantly larger than those recorded. First, the strains 
were measured by gages that, although quite small, had finite area and could only 
measure average and not peak values. Second, the strains increased so rapidly be­
fore fracture that it was impossible to measure the actual values at fracture accurately. 
The writer estimates that the strain at fracture in some specimens was probably as 
large as 3,000 µ.£ at the actual hole edges. 

The relatively small strains at locations some distance away from the hole edges 
and the particularly small ones at the edges of specimens with diamond holes led to the 
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inescapable conclusion that the effect of the strain gradients and their early increase 
must have been such as to inhibit deformation at these locations considerably. More­
over, the reasonably uniform rates of strain increase indicated that the concrete in 
these regions remained elastic till fracture. The material obviously underwent only 
a small amount of microcracking and crack extension despite the ultimately high 
stresses transferred by redistribution as failure approached. Another phenomenon 
was the strain relaxation in these regions, particularly at the specimen edges, just 
prior to failure in most of the specimens with diamond holes. The writer postulates 
that, as large, rapid deformations caused the concrete to "open out" at the hole edges, 
some form of "clothes-peg" action occurred. Such action would have caused a pinch­
ing effect at those locations away from the hole edges that were outside the "pin" of the 
clothes-peg. 

The tendency of the strain distribution curves to have a relatively gentle gradient at 
locations some distance away from the hole edges in the specimens with the smaller 
holes was not surprising in view of the well-known findings of research on the effect 
of holes on homogeneous materials (Fig. 3). The fact that the strains at the edges of 
some of these specimens were a little larger than those at locations farther inside can 
be explained by the heterogeneous nature of concrete, some regions of the material 
being more susceptible to deformation than others. What was remarkable, however, 
was the fact that the size of the hole had no apparent effect on the magnitude of ulti­
mate strain in the vicinity of the hole edges. Because the hole size and the magnitude 
of its associated elastic stress concentration factor do have some effect on the magni­
tude of ultimate strain in these regions in homogeneous materials, it seems evident 
that such behavior was due to the heterogeneous nature of concrete and its capacity for 
progressive microcracking. This microcracking was clearly limited to the vicinity 
of the hole edges and caused extensive inelastic deformation there whatever the size 
of the hole. 

CONCLUSIONS 

The research reported and discussed in this paper indicates the following: 

1. Although fracture in ordinary uniaxial tension occurs fairly soon after the load­
strain curve deviates from linearity, concrete can exhibit extensive, inelastic defor­
mation in tension under certain conditions of loading and strain distribution. This be­
havior is most noticeable in stiff-machine tests in uniaxial tension and flexure and in 
tests in which specimens are subjected to strain gradients created either by flexure 
or by the presence of holes. 

2. Extensive inelastic deformation is explicable in terms of the energy concept of 
fracture mechanics and the microcracking inherent in concrete. If the critical strain­
energy release rate is retarded in some way, critical crack extension is arrested and 
progressive microcracking takes place. The occurrence of such microcracking with­
in the area of a strain gage leads to observations of phenomenally large tensile strains. 

3. In stiff-machine tests, the retardation of the critical strain-energy release rate 
can be explained by the fact that the strain energy is only partially released into the 
specimen, the rest being absorbed by the machine. It can also be explained to some 
extent by the increased need for released strain energy when cracks encounter zones 
of higher strength in the heterogeneous material. It is not clear what causes retarda­
tion of the rate in the presence of strain gradients, but microscopic and X-ray exami­
nations have shown that cracks, especially in the mortar, are localized in the regions 
of largest strain and confined to short lengths. 

4. Uniaxial tension tests on long, thin concrete plates show that the strain gradients 
created by the presence of centrally located holes have a marked effect on the defor­
mational behavior of concrete. Inelastic strains develop and localize at and near points 
on hole edges where the highest stresses occur in the elastic range. These strains can 
become very large and reach values several times higher than limiting elastic strain. 
Strains at locations some distance away from the hole edges, on the other hand, are 
relatively small and generally remain within the elastic range up to failure. Those at 
the specimen edges can be very small indeed, and, clearly, the presence of strain 
gradients inhibits deformation in these regions considerably. 
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5. The strain relaxation evident at those locations outside the regions of large de­
formation just prior to failure in most of the specimens with diamond holes can be ex­
plained by the writer's clothes-peg theory. It seems that, as the large, rapid defor­
mations occur near failure and cause the concrete to open out at the hole edges, some 
form of clothes-peg action takes place, resulting in a pinching effect at locations some 
distance away from the hole. The effect is more marked as the specimen edges are 
approached. 

6. The presence of relatively large holes has apparently no effect on tensile strength 
of concrete specimens apart from the weakening effect of reduced cross section. This 
can be explained by the fact that concrete exhibits similar deformational behavior to 
that of elastoplastic materials containing centrally located holes, uniform stress dis­
tribution occurring before failure. The only difference is that "plasticity" in concrete 
is really the result of brittle microbehavior. 
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Deformation of Concrete and Its 
Constituent Materials in Uniaxial Tension 
C. D. JOHNSTON, University of Calgary 

Stress-strain curves for concrete loaded in uniaxial tension are shown 
for a wide variety of mixes. The data illustrate the influence of water­
cement ratio and maximum size, grading, and type of aggregate on the 
form of the stress-strain curve. In addition, all mixes are found to 
conform to a dimensionless stress-strain curve plotted in terms of ten­
sile strength and failure strain. Stress-strain curves for cement paste 
and rock are also shown, and values for the bond strength of various 
paste-rock combinations are included. Experimental values of the ini­
tial tangent modulus of different concretes are compared with analytical 
values obtained by using equations proposed in the literature, and fairly 
good agreement is observed. 

•THE STRESS-STRAIN BEHAVIOR of concrete loaded in uniaxial compression has been 
the subject of a great deal of research and is now considered to be fairly well under­
stood. Although many researchers believe that the behavior in uniaxial tension is very 
similar, the data supporting or repudiating this view are very limited. This paper gives 
tensile stress-strain curves obtained for a wide variety of concrete mixes and attempts 
to isolate the influence of various mix parameters on the form of the curve. Tensile 
stress-strain curves for cement paste and different rocks from which the aggregate was 
crushed are shown, and paste-rock bond strengths are also included. In conclusion, an 
attempt is made to explain concrete behavior in uniaxial tension in terms of the tensile 
properties of the constituents, using some of the different models referred to in the 
literature to explain its behavior in compression. 

TESTS 

Testing Technique 

Uniaxial tension tests were performed at a loading rate of 25 psi/min on 6 in. square 
(aggregate maximum size 11/2 in.) or 4 in. square (aggregate maximum size % or % in.) 
prisms. Four-in. square prisms were used for cement paste, rock, and paste-rock 
bond tests. Load was applied through tension grips in which the specimen was held 
solely by friction. Strains were optically recorded by a pair of 8-in. roller extensom­
eters. The test method has been analysed and discussed in detail in a previous paper 
(!), where coefficients of variation ranging from 4 to 6 percent depending on aggregate 
maximum size are quoted for concrete. All data subsequently discussed refer to Type 
1 cement concretes or pastes cured in water for 28 days and tested in a saturated 
condition. 

Mixes 

The mixes used in the test program fall into 2 main groups referred to as Series 1 
and 2. Series 1 comprised 36 basalt aggregate mixes in 3 groups of 12 having effective 
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water-cement ratios of 0.35, 0.45, and 0.55. Twelve different aggregate gradings, 4 
each for aggregate maximum sizes of 11/2, %, and % in., are examined, and the percent­
age of material finer than a No. 4 sieve is indicated where appropriate. The gradings 
employed are those given in Road Note 4 (~ and Research Report 4 (~. Series 2 com­
prised 36 mixes employing 5 crushed rock aggregates and an irregular gravel. Effect­
ive water-cement ratios were as in Series 1, and 3 gradings, representing each aggre­
gate maximum size, were selected from the range covered in Series 1. 

INFLUENCE OF MIX PARAMETERS 

Aggregate Maximum Size and Grading 

Figures 1, 2, and 3 show the tensile stress-strain curves obtained from the Series 1 
mixes. It is evident that both the tensile strength and the failure strain increase as the 
aggregate maximum size decreases, and that, for a constant aggregate size, both in­
crease as the sand (material finer than a No. 4 sieve) content increases. The variation 
of both parameters with aggregate maximum size and grading has been related in a pre­
vious paper (.!) to the mean particle diameter for the grading and will not be discussed 
further. As the present paper is mainly concerned with values of elastic moduli, the 
important feature of Figures 1, 2, and 3 is the essentially constant value of the initial 
tangent modulus at any particular water-cement ratio. Only in the 2 finest %-in. grad­
ings is a slight decrease evident. This is attributable to the relatively higher paste con­
tent of these mixes compared with the other ten in each figure. These results imply 
that the tangent modulus is independent of aggregate size and grading. However, it is 
likely to be affected to a small extent by changes in the proportion of fine to coarse ag­
gregate, because these 2 materials do not generally have the same elastic modulus. 

Water-Cement Ratio 

Figures 1, 2, and 3 show that both the tensile strength and the failure strain decrease 
as the water-cement ratio increases, and appropriate relationships have been developed 
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Figure 1. Tensile stress-strain curves for basalt aggregate concretes (Series 1 
mixes) of water-cement ratio 0.35. 
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Figure 2. Tensile stress-strain curves for basalt aggregate concretes (Series 1 mixes) 
of water-cement ratio 0.45. 

in the earlier paper (.1) . As far as the tangent modulus is concerned, a slight decrease 
is evident as the water-cement ratio increases. However, it is incorrect to try to re­
late this change to water-cement ratio alone, as both the elastic modulus of the paste 
and its volumetric proportion in the mix alter when the water-cement ratio changes. 

Aggregate Type 

Figures 4, 5, and 6 show relevant tensile stress-strain curves obtained from the 
Series 2 mixes. Once again, relationships involving tensile strength and failure strain 
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Figure 3. Tensile stress-strain curves for basalt aggregate concretes (Series 1 mixes) 
of water-cement ratio 0.55. 
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Figure 4. Tensile stress-strain curves for different aggregate concretes (Series 
2 mixes) of water-cement ratio 0.35. 
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are dealt with in the earlier paper (i), and it is sufficient to note that , while the tensile 
strength inc reases, the failure strain decreases as the elastic modulus of the aggregate 
increases . Figures 4, 5, and 6 also show a marked change in the initial tangent modu­
lus of concrete as the elastic modulus of the aggregate alters, while its value is once 
again seen to be essentially independent of aggregate s ize and grading for any given ag­
gregate. The relationship is more clearly shown in Figure 7 where points for concretes 
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Figure 5. Tensile stress-strain curves for different aggregate concretes (Series 
2 mixes) of water-cement ratio 0.45. 
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TABLE 1 

MATERIAL PROPERTIES OF CONCRETE 

Water- Paste Elastic Modulus (10-' psi) 
Cement Content Aggregate 

Ratio (percent) Concrete Aggregate Paste 

0.35 42 Basalt 5.9 10.6 2.84 
Limestone I 5.5 10.3 2.84 
Limestone II 5.3 7.8 2.84 
Granite 4.4 6.2 2.84 
Sandstone 2 .8 2.4 2.84 
Voids 1.2 0.0 2.84 

0.45 33 Basalt 5.6 10 .6 2 .05 
Limestone I 5.4 10.3 2.05 
Limestone II 4.9 7.8 2.05 
Granite 4.2 6.2 2.05 
Sandstone 2.2 2.4 2.05 
Voids 0 .7 0 .0 2.05 
Polystyrene 0.9 2.05 

0.55 29 Basalt 5.4 10.6 1.63 
Limestone I 5.5 10.3 1.63 
Limestone II 4.8 7.8 1.63 
Voids 0.5 0.0 1.63 

containing aggregate of zero elastic modulus are also included. These are calculated 
by using appropriate values of the elastic modulus of cement paste and the volumetric 
proportion of paste in the mix given in Table 1. It is interesting to note the close agree­
ment between the 0. 45 water-cement ratio paste and a similar concrete made with poly­
styrene aggregate of very low elastic modulus, whose properties became available by 
chance from a separate undergraduate project. 

DTh1ENSIONLESS STRESS-STRAIN FUNCTION FOR TENSION 

In view of the dimensionless nature of the s tress -strain curve for compression ob­
served by Gilkey (E.}, the preceding stress-strain curves for tension are analysed in a 
similar manner . The reference parameters are the maximum stress achieved and the 
corresponding strain. This is the maximum strain achievable, except when special 
stiff testing apparatus is used to detect the descending portion of the stress-strain curve. 
As an example, the percentage strain corresponding to 50 percent maximum stress is 
considered. The results for the Series 1 mixes, in which the variables are water­
cement ratio and aggregate grading, are given in Table 2, and those for the Series 2 
mixes, in which the variable is aggregate type, are given in Table 3. It is apparent 
from Tables 2 and 3 that there is no definite change in the tabulated value with mix pa­
r ameters and that the values are sufficiently similar to be re.garded as constant. The 
similarity of the mean value and standard deviation obtained in each table support this 
view, and the dimensionless curve shown in Figure 8 is accordingly obtained. This 
curve makes it possible for the 28-day stress-strain curve for any concrete containing 

TABLE 2 

STRAIN (PERCENTAGE OF FAILURE STRAIN) AT A STRESS OF 50 PERCENT OF THE 
TENSILE STRENGTH, SERIES 1 MIXES 

Basalt Aggregate in All Mixes 
Water-
Cement 1 '.f,-in. Aggregate Grading '/,-in . Aggregate Grading '/.-in . Aggregate Grading 

Ratio 
No . 1 No. 2 No. 3 No. 4 No . 1 No. 2 No. 3 No. 4 No . 1 No. 2 No. 3 No. 4 

0.35 36.1 36.1 45.4 38.9 38 .8 35.5 38.3 38 .0 39 .8 42.6 36.9 37 .9 

0.45 36.8 41.0 41.5 36.7 40.6 44.0 46.0 38.8 42.2 42.3 38 .1 41.6 

0.55 43 .2 35.8 33.7 40.0 44.8 39.5 34.7 41.4 39.0 41.2 40 .9 35.9 

Note: Mean value 39,4 percent; standard deviation ±3.0. 
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TABLE 3 

STRAIN (PERCENTAGE OF FAILURE STRAIN) AT A STRESS OF 50 PERCENT OF THE 
TENSILE STRENGTH, SERIES 2 MIXES 

Water-Cement Ratio Water-Cement Ratio Water-Cement Ratio 

Aggregate for 11/,-in. Aggregate for 3/,-in. Aggregate for 3/,-in. Aggregate 

Type Grading No. 2 Grading No. 1 Grading No. 2 

0 .35 0.45 0.55 0 .35 0.45 0.55' 0.35 0.45 0.55 

Basalt 42.9 41.4 36.4 41.8 36.8 40. 4 45.0 45.5 43.9 
Granite 39.4 35.5 38.5 36.0 39.7 40.5 
Gravel 34.7 31.8 37 .8 36.2 39.3 38.9 
Sandstone 40 .0 40 .3 38.4 36.5 
Limestone I 41.2 37.2 44. 5 41.5 44.3 
Limestone II 42.1 42.7 43.7 39.8 42.0 

Note: Mean value 39,9 percent; standard deviation :1::3.2 . 

Type 1 cement to be derived once the tensile strength and the failure strain are 
known . These parameters can be predicted by using the relationships developed by 
Johnston (.1). 

PROPERTIES OF THE CONSTITUENT MATERIALS 

Stress-Strain Behavior of Cement-Paste and Aggregate 

Stress-strain curves for the 5 rock types and for cement pastes having water-cement 
ratios equal to those of the concretes of Series 1 and 2 are shown in Figure 9. The data 
shown in Figure 9 indicate that most rocks and cement pastes , unlike concrete , have 
linear stress-strain curves. Some difficulty was experienced in testing the white lime­
stone (limestone II) because of the presence of nwnerous, almost invisible, geological 
joints and fossils commonly found in this type of rock, so it is doubtful whether the full 
extent of the curve for this material is shown . With the exception of the curve for lime­
stone II, the data indicate that aggr egate te.nsile s trength is gi·eater than that of the 
strongest corresponding co11c1·ete. Therefore , it is to be expected that .concrete failu re 
in tension involves negligible aggregate fracture , a fact observed throughout the wide 
variety of mixes tested. 

In contrast to the fairly consistent be-
havior of concrete, that is coefficients of 
variation in strength of 4 to 6 percent , the 
behavior of cement paste was extremely 
variable. Although the slope of the various 
stress-strain curves obtained was essen­
tially constant at a particular water­
cement ratio, the tensile strength varied 
considerably, coefficients of variation be­
ing about 3 times those for concrete. This 
s uggests that the relatively less variable 
strength of concrete is attributable to the 
presence of aggregate particles acting as 
crack arrestors in the paste, which on its 
own behaves as a brittle material with very 
variable strength governed by the presence 
of randomly oriented flaws. 

Paste-Rock Bond Strength 

The first series of bond tests was per­
fo r med on 4-in . square cross sections of 
cement paste and sawed rock joined in the 
orientation shown in Figure lOa. The uni-
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Figure 8. Dimensionless stress-strain function for 
concrete in uniaxial tension. 
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axial tensile bond strengths of various paste-rock combinations are given in Table 4. 
Results are the mean obtained from 4 tests and, in common with other similar investi­
gations (§., J), exhibit high coefficients of variation. However, they establish the order 
of tensile bond strength, although no quantitative relationship to rock type or water­
cement ratio is evident in this limited number of results. Alexander ( 6), from more 
extensive data, has indicated that bond strength decreases with increasing water-cement 
ratio and decreasing silica content. However, the strengths given in Table 4 are sev­
eral orders of magnitude lowe1· than those of Alexander (E.}. One possible contributory 
factor is the well-known difference between s trengths obtained from midpoint flexural 
loading and those obtained from uniaxial tensile loading. Moreover, Hsu and Slate (7) 
have obtained values of the same order as the writer , so it appears that bond strength 

DPosle 
~Rock 

(a) (b) (c) (d) 

Figure 10. Orientations used for testing the paste­
rock bond strength. 

is very dependent on the method of deter­
mination. 

The second series of test-s was per­
formed by using a 0.45 water-cement ratio 
paste joined to sawed basalt in all the 

TABLE 4 

PASTE-ROCK BOND STRENGTHS IN UNIAXIAL 
TENSION 

Bond Strength (psi) 

Rock Type W-C W-C w-c 
Ratio Ratio Ratio Mean 
0.35 0.45 0.55 

Basalt 212 195 199 202 
Limestone I 234 130 190 185 

(dolomitic) 
Limestone II 64 78 71 71 

(white) 
Granite 107 173 233 171 
Sandstone 109 112 146 122 
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various configurations shown in Figure 10, 
and results are given in Table 5. It is ap­
parent that the paste-rock bond strength i s 
very dependent on ori entation, increasing 
from a minimum in pure tension to a 
maximum in pure compression when the 
strength of the weaker material rather than 
bond becomes the criterion. In addition, 
Alexander ( 6) has shown that bond strength 
depends on the orientation of the interface 
relative to the direction of casting, and he 
gives values of 108 and 46 percent for t op 
and bottom surfaces respectively, relative 

TABLE 5 

BOND STRENGTHS FOR VARIOUS LOADING 
ORIENTATIONS 

Loading Orientation 

Uniaxial tension 
Equal tension and shear at 45 deg 
Pure shear 
Equal compression and s hear a t 45 deg 
Uniaxial compression 

acement paste strength , 

Bond Strength 
(psi) 

186 
139 
251 
924 

5,5ooa 

to side or vertical surfaces as 100 percent. These variations are attributable to var­
ious degrees of bleeding of water from the cement paste and its accumulation at the 
interface. 

ANALYTICAL MODE LS 

Some of the most significant work in this field has been presented by Hansen (!!) in 
a paper that summarizes the variety of mathematical expressions fo r the elastic modu­
lus of concrete derived by him and many other workers . The following are 2 simple 
equations suggested in Hansen's paper for a 2-phase material consisting of elastic 
pa;rticles, subscripted 2 , dispersed in a matrix, subscripted 1. 

Based on equal strains in each phase , 

(1) 

and based on equal stresses in each phase, 

E 
1 (2) 

In addition, a complex equation for spherical particles evenly distributed in a con­
tinuous matr ix, obtained by Hashin, has been simplified by assuming that Poisson's 
ratio for all phases is 0.2. This yields the following result: 

(3) 

Equation 1 is the upper bound value for the elastic modulus of a 2-phase material, 
which Hansen suggests is applicable for Ei > E 2 • Equation 2 is the lower bound value, 
which he suggests is applicable for Ei < E z, provided that there is no bond between par­

ticles and matrix. Equation 3 is an inter­
mediate value, which he suggests is ap­
plicable for Ei > Ez and also for Ei < E z, 

TABLE 6 

EXPERIMENTAL AND CALCULATED ELASTIC MODULI 
FOR SERIES 1 MIXES 

Water-Cement 
Ratio 

0.35 

0.45 

0.55 

Experimental 

6.1 

5.4 

5.1 

Note: Amounts are in 10-6 psi , 

Eq. 2 

4.92 

4.22 

4.05 

Eq. 3 

5.71 

5.38 

5.14 

pr ovided that there is maximum bond be­
tween particles and matrix. 

Average values for concrete , obtained 
for the Series 1 mixes shown in Figures 1, 
2, and 3 are compared with values from 
Eqs . 2 and 3 given in Table 6, as the condi ­
tion Ei < E2 applies. It is apparent that 
Eq. 3 gives good agreement, particularly 
at the higher water- cement r atios. In view 
of this a similar comparison is given for 
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TABLE 7 

EXPERIMENTAL AND CALCULATED ELASTIC MODULI o Basoll 

FOR SERIES 2 MIXES 

Water- Experi-
Cement mental 

Eq. 1 Eq. 2 
Ratio 

0.35 5.9 7 .31 4.90 
5.5 7.14 4.88 
5.3 5.70 4.48 
4.4 4.78 4.13 
2.8 2.59 2.57 

1.20 0.0 

0.45 5.6 7.67 4.37 
5.4 7.48 4.33 
4.9 5.83 3.98 
4.2 4.55 3.66 
2 .2 2.28 2.27 
0.9P 0.70 0.0 

0.55 5.4 7.92 4.02 
5.5 7.71 3.98 
4.8 5.96 3.66 

0.49 0.0 

Note: Amounts are in 10-6 psi. 

Eq . 3 Eq. 3 Amended 

5.68 5.71 
5.61 5.66 
4.93 5.21 
4.38 4.91 
2.58 3.54 
0.76 

5.34 5.36 
5.26 5.31 
4.62 4.90 
4.08 4.58 
2.27 3.24 
0.42 

5.08 5.10 
5.02 5.07 
4.40 4.67 
0.29 
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Figure 11. Comparison of experimental and calculated 
elastic moduli. 

the wider variety of mixes of Series 2 in Table 7 and Figure 11. Once again, Eq. 3 
gives good agreement while tending to slightly underestimate the experimental values. 
Although Eq. 1 may apply for E1 > E2 (see polystyrene concrete), it substantially over­
estimates the expe1·imental values for E1< E2. Eq. 2 is inaccurate for E1 < E2, yields 
the trivial answer of zero when E2 is zero, and gives reasonable values only if Ei ~ E 2, 

when both Eqs. 1 and 3 also give similar values. Jn short, it might be concluded that 
Eq. 3 represents normal-weigl1t concrete and Eq. 1 represents lightweight concrete. 
However, one unknown factor in these analyses is the elastic modulus of the fine ag­
gregate. Up to now E2 bas been assumed to be equal to the elastic modulus of the coarse 
aggregate, but it is, of course, the resultant of the volumetric proportioning of the mod­
uli of the fine and coarse aggregates. By using a value of 11.0 x 10° psi given by Han­
sen (m for pure quartz sand simila.r to that used in this investigation, amended values 
for Eq. 3 have been calculated, and it is evident that they introduce a marked discrep­
ancy when the modulus of the coarse aggregate is noticeably less than that of the fine 
aggregate. Therefore, in spite of the good agreement with the original values obtained 
by using Eq. 3, rt must be asked whether the aggregate particles behave in such a way 
that only the modulus of the large particles is of paramount importance, or whether the 
modulus of the sand is considerably smaller than assumed. Unfortunately, no iurther 
data are available to answer this question. 

CONCLUSIONS 

1. The initial tangent modulus of the stress-strain curve in uniaxial tension is es­
sentially independent of aggregate maximum size and grading, somewhat dependent on 
water-cement ratio, and very dependent on the elastic modulus of the aggregate. The 
tensile strength and the failure strain are related to all 3 mix parameters as shown by 
Johnston (!). 

2. The tensile stress-strain curves for any 28-day concrete containing Type 1 ce­
ment can be included in a single curve plotted by using dimensionless coordinates, as 
shown in Figure 8. 

3. Cement paste and rock, unlike concrete, have linear stress-strain curves in 
tension. Cement paste is particulai·ly brittle and variable in its behavior, and it is 
concluded that the relatively less variable behavior of concrete is attributable to the 
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crack-arresting action of the aggregate particles. Paste-aggregate bond strengths in 
both tension and shear are considerably less than concrete strengths, so the progressive 
curvature of the stress-strain curve occurs as bond is broken down. Unlike compres­
sion, when aggregate particles may still transmit stress in t he absence of bond, the 
stress in the aggr egate must fall gradually to zero under uniaxial tension, and it is to 
be expected that the concrete just before failure will behave as if it contained aggregate 
of zero elastic modulus. 

4. The initial tangent modulus of normal-weight concrete seems to be accurately 
predicted for a wide r ange of aggregates by using Eq. 3 and by assuming that the modu­
lus of elasticity of the coarse aggr egate is representative of the combined fine and 
coarse aggregates. This finding is contrary to that of Hansen, who concludes, mainly 
on the basis of compression test data, that Eq. 2 is applicable to normal-weight concrete. 
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Young's Modulus, Creep, and Shrinkage 
of Gap-Graded Concrete Versus 
Continuously Graded Concrete 
SHU-T'IEN LI and V. RAMAKRISHNAN, 

South Dalcota School of Mines and Technology 

This paper presents experimental results verifying the authors' previous 
hypothesis that gap-graded air-entrained concrete has higher Yow1g's 
modulus of elasticity in compression, less shrinkage, and less creep 
than its continuously graded colll}terpart of the same maximum size of 
coarse aggregate and same amount of entrained air. These attributes 
al.'e tne dit·ect results of less specific surface in gap grading, compared 
to that in continuous grading, requiring less water-cement ratio, less 
cement, less water, less matrix, and higher aggregate-matrix ratio. 
The inapplicability of existing equations for gap-graded concrete is 
shown, and new mathematical relationships are derived for modulus of 
elasticity and creep for both gap- gr aded and continuously graded con­
cretes. The equations are further compared with other existing results 
for gap-graded concrete. 

•A KNOWLEDGE of the deformations of concrete is important for the design of any 
structure with reinforced or prestressed concrete. The strains that cause deformations 
in concrete may be classified as elastic strains, plastic strains, creep strains, shrink­
age strains, and thermal strains. In the design of concrete structures, particularly 
those for highways, all of these deformations are to be considered. In this paper 3 of 
them, elastic, creep, and shrinkage strains for gap-graded concrete, are discussed. 

OBJECTIVES AND SCOPE 

Li had proposed the hypothesis in his previous papers (!_, ~ that gap-graded concrete 
would have higher modulus of elasticity in compression, less shrinkage, and less creep 
than its continuously graded counterpart of the same maximum size of coarse aggregate 
and same amow1t of entrained air. All other things being equal, the specific surface 
per unit volume for gap-graded concrete is much less than that for continuously graded 
concrete, and gap grading eliminates loose juxtaposition and particle interference that 
are inherent in continuous grading. Because of these facts there al'e many advantages 
i11 using gap-graded concrete. The reduction of smaller sizes in coarse aggregate, and 
often in fine aggregate as well, leads to better workability and much less cement. In 
comparison with continuously graded concrete, gap-graded concrete thus requires less 
water, less water-cement ratio, less matrix, and hence higher aggregate-matrix ratio. 

To verify Li's hypothesis, an extensive research program sponsored by the South 
Dakota Department of Highways and the U. S. Bureau of Public Roads has been carried 
out to study all aspects of gap-graded concrete as compared to those of continuously 
graded concrete. Summarized here are the findings of the experimental results in re­
gard to the basic mechanical property, modulus of elasticity, and the physical properties, 
creep and shrinkage, for both gap-graded and continuously graded concretes having the 

Paper sponsored by Committee on Mechanical Properties of Concrete and presented at the 49th Annual Meeting. 
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same amount of entrained air and mixes with similar workability to the extent that they 
require similar attention and compaction. 

MATERIALS AND TEST PROGRAM 

Sand from Oral, South Dakota, with an absorption of 2 .04 percent and a specific 
gravity of 2. 63, crushed limestone with an absorption of 0. 58 percent and a saturated 
surface-d1·y specific gravity of 2. 73, Type 1 portland cement, and "Protex" air­
entl'aining agent were used throughout the investigation. 

Aggregates of gap-g1·aded concrete consisted of a narrow-size range of coarse ag­
gregate and a nanow-size range of line aggregate in which undesirable intermediate 
sizes and extreme fines were removed. The optimum mixes for the comparison of gap­
graded and continuously graded Concretes were developed through pilot experiments so 
that they would have practically the same workability with respect to placement and fin­
ishing. Thus, the improvement in the physical and mechanical properties and other 
merits of gap-graded concrete enumerated in this paper are the achievable advantages 
from a practical point of view. Strengths of mix designs selected for this investigation 
were 3,000, 4,500, 6,000, and 7,500 psi to correspond to those commonly used in struc­
tural concrete . In all cases the actual strengths obtained were within a variation of ± 5 
percent of the design strengths. 

The mixes used were st,iff. They were designed to give 0- to l/2-in. slump for 7, 500-
and 6,000-psi concretes and 0- to %-in. slump for 4,500- and 3,000-psi concretes. The 
consistency of each mix was measured by means of a ' Vebe" consistometer. The time 
in seconds required to consolidate the slump cone into a cylindrical mass 93/o in. in di­
ameter constituted a measure of the consistency of the mix. The cylinder specimens 
were consolidated by internal vibration according to ASTM C 31-62T. The prisms used 
for shrinkage tests were consolidated on a small vibrating table. For plastic wiit weights, 
the concrete was compacted by rodding. All the specimens except those for creep were 
cured in lime-satu1·ated water for 28 clays. All test procedures were according toASTM. 

The elastic modulus was determined by an axially mounted strain frame fastened to 
concrete cylinders for the compressive-stl'ength test. The modulus of elasticity is the 
"chord modulus" defined by ASTM C 469-65. 

Creep tests were conducted on three 6- by 12-in. cylinders taken from each of the 
relevant mixes. These specimens were stored in moist sacks at a temperature of 73.4 
F until the age of 7 days. They were next kept in the humidity-controlled room in an 
ambient temperatui·e of 73.4 F and relative humidity of 50 percent until the age of 28 
days. Then they were subjected to a sustained load of 30,000 lb (1,063 psi). The sus­
tained load was checked at .frequent intervals by a calibrated pressure gage and adjusted 
by hydraulic jacks. Creep measurements were taken by a mechanical strain gage over 
a 10-in. gage length. 

TABLE 1 

GRADINGS OF COARSE AND FINE AGGREGATES 

Maximum Size of Percentage 
Maximum Size of 

Percentage Passing 
Sieve 

Passing Gap Grading Continuous Grading 

1 in.a 3/4 in. Y2 in. 1 in. '/, in. y, in. 

1 in. 100. 0 (100) 100 
:Yt ill. JG. 5 (40) 100.0 7R 100.0 
1h in. 36.5(40) 36. 5 100.0 56 72.5 100.0 
'le in. 36. 5 (40) 36.5 36. 5 42 45.0 71. 5 
No. 4 36. 5 (40) 36.5 36.5 28 30.0 30.0 
No. 8 36. 5 (40) 36.5 36. 5 21 23.0 20.0 
No. 16 0 (12) 0 36. 5 15 16.0 15. 0 
No. 30 (0) 0 8 9.0 10.0 
No. 50 0 0 0 

aNumbers in the parentheses indicate grading used for the 4,500-psi concrete. To get a good finish, 
these gradings were arrived at by trial mixes, 
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TABLE 2 

DETAILS OF MIX PROPORTIONS 

Maximum Water- Aggregate- Cement 
Slump Veb e Time 

Vibration Plastic 
Mix No. Size Cement Cement Content (in.) (sec) Time Unit Weight 

(in.) Ratio Ratio (lb/cu yd) (sec) (pcf) 

Gap-Graded Concre te 

G182 y, 0.32 3. 7 819 Ya 14 17 142 
GlBO 0.40 5.0 644 '110 9 9 144 
Gl83 0.52 6.2 527 % 8 8 144 

Gl79 '/. 0.32 4.2 752 0 15 17 145 
Gl78 0.45 6.0 562 '/. 6 7 147 
Gl81 0. 52 6.9 492 '/. 8 14 147 

Gl89 0. 33 4.5 714 0 16 25 145 
Gl90 0.40 6.5 527 '/. 13 12 142 
Gl91 0.48 7.0 486 'le 6 5 145 

Continuously Graded Concrete 

Cl04 y, 0.32 2. 7 1013 '/. 11 7 144 
Cl05 0.38 3.4 852 ;; .. 7 5 152 
Cl06 0.50 4.9 638 % 3 4 149 

Cl09 '/, 0.32 3.1 923 '/. 13 20 144 
ClOl 0.40 4.0 757 '/, 5 5 151 
Cl02 0.48 5.9 551 'le 5 5 151 

Cl07 0.32 3.5 862 'Y" 10 17 153 
c 98 0.37 4.9 665 "6 14 10 150 
ClOO 0.46 5.8 576 }',. 7 4 150 

Measurements of drying shrinkage were made on prisms 3 in. square and 11.5 in. 
long. All of the shrinkage specimens, after 28 days of curing, were stored in a 
temperature- and humidity-controlled room at a temperature of 73.4 F and relative 
humidity of 50 percent. Shrinkage strains were recorded according to the schedule 
stipulated by ASTM. 

The concrete mixes used in this program are given in Tables 1 and 2. 

TEST RESULTS OF MODULUS OF 
ELASTICITY, CREEP, AND SHRINKAGE 

Modulus of Elasticity 

Measured modulus-of-elasticity values 
for all the 18 mixes are given in Table 3. 
The relation between modulus of elasticity 
in compression and cylinder compression 
strength is shown separately for gap­
graded and continuously graded concretes 
in Figure 1. The modulus of elasticity for 
gap-graded concrete is consistently higher 
throughout all strengths than that for con­
tinuously graded concrete. 

The comparison of moduli of elasticity 
for gap-graded and for continuously graded 
concrete is shown in Figure 2 on the basis 
of equal cement content, equal workability, 
and equal ease of placement. The curves 
are plotted separately for each maximum 
size of coarse aggregate because the op­
timum cement content is dependent on such 
size. The data shown in this figure clearly 
bear out the hypothesis (!_, .?) that the mod-
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Figure 1. Comparison of relationship between cylin­
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TABLE 3 

TEST RESULTS OF MODULUS OF ELASTICITY 

Gap-Graded Concrete Continuously Graded Concrete 

Compressive 
Modulus 

Com1>resslve Modulua 
Density of Dnnsity of Mix No. Strength a {pcf) Elasticity Mix No. Slrcngtha 

(11<l.f) Eh1s tid ty (psi) (106 psi) ~1sl) (101 pal) 

G182 7,606 153. 0 5. 93 C104 7,4 12 151. 5 5. 72 
153.0 5.88 152. 0 5. 72 
153. 5 5.98 151. 0 5. 72 

Gl80 6,325 153. 0 5.46 Cl05 6,007 151. 0 5.43 
153.0 5. 58 151. 0 5. 45 
155.0 5. 76 150.0 5. 47 

G183 4,638 150. 0 4.98 C106 4,510 150.0 4.78 
149.0 4.66 150. 0 4.62 
149.0 4. 94 149.0 4. 81 

G179 7,338 154.0 6.2 9 C109 7,402 152. 5 5.68 
155. 0 6.20 152.5 5. 61 
155. 5 6. 20 153. 5 5.60 

Gl78 ti,769 152.0 5.25 ClOl 5,875 151.5 5. 10 
154. 0 5. 38 152. 0 5. 01 
152.0 5.45 151. 5 5.02 

Gl81 4,276 153. 5 4.92 Cl02 4,594 152.5 4.82 
153. 0 4. 71 152.5 4.63 
152. 5 4.80 153. 0 4. 72 

Gl89 7,208 155. 5 6. 17 Cl07 7,376 154.0 5. 67 
156. 0 6.21 154.0 5.67 
156. 0 6. 22 154. 5 5. 54 

G190 5,980 155. 0 5. 65 c 98 6,025 154.5 5. 37 
156.0 5.65 154.0 5. 37 
155. 0 5. 77 154.0 5. 67 

G191 4,660 153.0 5.10 ClOO 4,567 154.0 5.08 
154.0 5.14 154.0 5. 17 

154. 5 4, 69 

aAverage of 4 cylinders. 
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ulus of gap-graded concrete is higher than that of continuously graded for all maximum­
size aggregates . Both Figures 1 and 2 indicate that the same strength and elastic modu­
lus could be obtained with a considerable amount of saving in cement by adopting gap 
grading instead of the conventional grading. 

Creep 

Creep strains measui·ed at a constant stress of 1,063 psi are shown in Figure 3 for 
a period of 320 days for both gap-graded and continuously graded concretes. The creep 
strains are the average of 6 values measured on 2 diametric~,!ly opposite faces of each 
of the 3 cylinders. It was noted that there was very little variation among the 6 read­
ings, indicating that the load was applied without eccentricity. The mix details and test 
results are given in Table 4. 

Figure 3 shows that the gap-gi·aded concrete of equal strength creeps less than the 
continuously graded concrete at all ages. At an age of 320 days, the continuously graded 
concrete has creeped 35 percent more than the corresponding gap-graded concrete. The 
creep was observed at a stress-strength ratio of 18 percent, referred to the strength at 
the time of application of the load. This slightly lower stress-strength ratio was adopted 

TABLE 4 

TEST RESULTS OF CREEP STRAINS 

Maximum Water- Aggregate-
Slump Vebe Vibration 28-Day Modulus of Elastic Strain 

Mix No. Size Cement Cement (in.) Time Time Strength Elasticity for 1,063 psi 
(in.) Ratio Ratio (sec) (sec) (psi) (psi) Stress 

Gl18 '/. 0.45 6.0 il 5,840 4.84 x 106 220 x 10-• 
C011 '/. 0.40 3. 85 y, 5,980 4. 25 x 106 250 x 10- ' 
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because of the limitations of the loading device. It is expected that, for a higher s t ress­
stre11gth ratio, the creep strains will be considerably highe1· and the difference between 
the creeps of gap-graded concrete and continuous ly graded concr ete will be considerably 
higher. Litvin and Pfeifer (~ used a higher stress - strength ratio, and they found a 
higher difference in creep between gap-graded and continuously graded concrete. 

When the specimens were subjected to a load of 30,000 lb at the end of 28 days, the 
unit elastic strains measured at a stress of 1,063 psi were 220 x 10- 6 and 250 x 10-6 

in./in. respectively for gap-graded and continuously graded concretes. Hence the cor­
responding secant moduli of elasticity are r espectively 4.84 x 106 and 4.25 x 10 6 psi, 
showing 14 percent higher for gap-graded concrete, even though the actual cylinder 
strength for this concrete was 140 psi less than that for continuously graded concrete. 

Shrinkage 

Shrinkages of gap- graded and continuous ly graded concretes have been compared for 
mixes with 1-, %-, and i/2-in . maximum-size coarse aggregates and for 3 differ ent nom-
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inal strengths of 7,500, 6,000, and 4,500 psi. The details of gradings and mixes are 
given in Tables 1 and 2, and test results are given in Table 3. Three specimens were 
cast for each mix, and each point plotted represents the average of 3 values. It was 
noted consistently that the readings in all 3 specimens were nearly the same in all 16 
mixes tested. The batches were made in pairs, one gap-graded and one continuous, so 
as to reduce possible systematic errors. 

The measured shrinkage strains and the duration observed are shown in Figures 4, 
5, and 6. The concretes compared had the same maximum size of coarse aggregate, 
same cylinder compressive strength, and the same workability and ease of placement, 
but the gap-graded concrete had less water content, less cement content, and higher 
aggregate-cement ratio. 

Figures 4, 5, and 6 show that, for all maximum sizes of aggregates and for all 
strengths, the shrinkage of gap-graded concrete is considerably less than that of con­
tinuously graded concrete. This again confirms the hypothesis previously proposed. 
At 100 days, the shrinkage of continuously graded concrete with %-in. maximum-size 
aggregate and 7,500-psi nominal strength was 48 percent higher than that of the corre­
sponding gap-graded concrete. 

A comparative study of Figures 4, 5, and 6 further indicates that (a) the shrinkage is 
smaller when larger size aggregates are used, (b) shrinkage increases as the strength 
of concrete increases, (c) shrinkage reduces as the aggregate-cement ratio is increased, 
(d) shrinkage increases as the water-cement ratio is increased, and (e) shrinkage in­
creases as the cement content increases. This phenomenon is true for both gap-graded 
and continuously graded concretes. 
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Figure 6. Comparison of shrinkages for gap-graded and continuously 
graded concretes of 4,500-psi strength. 
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PROPOSED EQUATIONS FOR YOUNG'S MODULUS AND CREEP 

Young's Modulus 

Modulus of elasticity for concrete is a basic property, and its accurate determination 
is important. Many factors such as strength of concrete, age of concrete, grading of 
aggregates, properties of aggregates, type of concrete (lightweight or normal weight), 
rate of loading, water-cement ratio, type and size of specimen and its density, and 
moisture content at the time of testing influence the results. 

Several empirical formulas have been suggested previously for use in design calcula­
tions, mostly expressed as a function of ultimate compressive strength only; but the re­
lationships proposed by various investigators do not show any acceptable agreement, 
especially when they are applied to concretes of different densities such as structural 
lightweight concrete. An empirical formula was proposed by Pauw ( 4) expressing the 
modulus of elasticity of concrete, Ee, as a function of density, w, and ultimate com­
pressive strength, f~, as 

This formula has been adopted by the ACI Code 318-63. The results of the present 
investigation are compared with Pauw's equation and shown in Figure 7 in which the test 
results for gap-graded concrete obtained by Litvin and Pfeifer (3) are also shown. The 
figure reveals clearly that Pauw's equation does not correctly predict the modulus-of­
elasticity values for gap-graded concretes tested in this investigation and at PCA Lab­
oratory by Litvin and Pfeifer. It is to be noted that the results of this investigation and 
those of Litvin and Pfeifer show the same pattern. 

Further this investigation has proved that gap-graded concrete is generally slightly 
denser and has higher strength than its continuously graded counterpart of the same 
maximum-size coarse aggregate. Even when compared on an equal strength basis, it 
has also shown that gap-graded concrete is likewise denser than continuously graded 
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Figure 7. Comparison of modulus of elasticity of gap-graded 
concrete with Pauw's formula for continuously graded concrete. 
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concrete. Therefore it is not logical to expect a single equation to predict the moduli 
of elasticity of both concretes. Hence 2 separate equations, one for gap-graded and 
another for continuously graded, are proposed. Even though a wide range of density 
has not been covered in this investigation, a plot of the density versus modulus of elas­
ticity, shown in Figure 8, indicates clearly that the density of concrete is an influencing 
parameter in the determination of moduli of elasticity for both concretes. Therefore, 
it could be expected that modulus of elasticity of concrete could vary as a colinear func­
tion of density and compressive strength. To make it perfectly general, and to account 
for the difference between cylinder and cube strength, let 

( 
WA ) ft Ee = o: I72!ffi + f3 c + Y 

where 

Ee Young's modulus in psi (chord modulus as defined in ASTM C469-65) ; 
o: and f3 dimensionless coefficients; 

Y an unknown constant in psi; 
w = unit weight of concrete in pcf; 
A = area of cross section of specimen in sq in.; 
h = height of the specimen in in.; and 
f~ = compressive strength in psi. 

(1) 

This equation is dimensionally consistent and automatically takes into account the 
difference in cylinder and cube specimens, while o:, {3, and Y would be different for the 
2 types of specimens. 

Let 
A 

I72mi 
361T 

4(1728)12 

for 6- by 12-in. cylinders. Then the colinear relation among Young's modulus, density, 
and strength with cylinder tests becomes 

... 
'" "' 

6,5 

"'o 6,0 .... 
" ... 
"" ., ... 

.::: 5.5 ., 
'" .. .... 
"' ... 
0 

'"5 .0 

" .... 
" 'O 

~ 

•Gap-Graded Concret• 
• Continuously-Gradec ' 

Concrete ' ·y "" . v ,_ 

• v-:-~ 
,, 

• ,... 

v. ...-- ___ ... 
~ ................... 

v ... ...... ------
• _..:----, 

/ .., ....... 
v .------- - .. 
.---_... ... -- I 

• • 
149 150 151 152 153 154 155 156 

Density in pcf 

Figure 8. Comparison of relationship between density and modulus of elasticity 
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By using the t est results of Ee, w, and f~ , 2 curves, one Ee versus f~ and another 
Ee versus w, wer e plotted as shown in Figures 1 a:nd 8 r espectively for both gap-gr aded 
and continuously graded concretes. By choosing 3 points, the cor responding Ee , w, 
and f~ values ar e r ead directly from the figures. Substituting these values 3 times into 
Eq. 2, we can solve for these unlmowns. Different values were obtained for gap-graded 
and continuously graded concretes. The separate equations obtained a1·e as follows: 

For gap-graded concrete, 

Ecg = 0.109 x 10~ + 185 f~ - 12.14 x 106 

For continuously graded concrete, 

where 

Ecg 
Ee 

w 
f' c 

Ee = 0.0670 x 10~ + 185 f~ - 6.223 x 10 6 

Young's modulus for gap-graded concrete in psi; 
Young's modulus for continuously graded concxete in psi; 
density of 6- by 12-in. cylinder specimen in pcf; and 
compressive strength of 6- by 12-in. cylinder in psi. 

(3) 

(4) 

It is recognized that the maximum size of coarse aggregate may influence the values 
ct, {j, and I', but the results available do not justify to derive separate equations for dif­
ferent sizes of aggregat es. The proposed equations are applicable for a range of f~ 
from 4,000 to 8,000 psi, which are the limits of the tests. 

TABLE 5 

COMPARISON OF CALCULATED AND TEST RESULTS FOR GAP-GRADED CONCRETE 

Li and Ramakrishnan Litvin and Pfeifer 

Modulus of Modulus of 

Unll 
Compres- Elast.ir.ity Ratio of Unit 

Compres- Elasticity Ratio of 
sive (108 psi) sive (10' psi) 

Mix No. Weight Test to Mix No. Weight Test to 

(pcf) 
Strength Calculated (pcf) 

Strength Calculated 
(psi) Calcu- (psi) Calcu-

Test Test 
lated lated 

G182 153. 0 7 ,606 5. 93 5.97 0. 99 Elgin 145.2 3,880 3. 91 4.43 0. 88 
153.0 7,606 5. 88 5. 97 0. 98 gravel 145.2 5,600 4.42 4.74 0.93 

153. 5 7, 606 5. 98 6.02 0.99 concrete 145.9 6,160 4. 75 4.90 0.97 

Gl80 153.0 6,325 5. 46 5. 73 0.96 148. 1 5,870 4.61 5. 09 0.91 
147.2 6,020 4.71 5.07 0.93 

153.0 6,325 5.58 5. 73 0. 97 146. 5 6, 170 4. 70 5.00 0.94 
155. 0 6,325 5. 76 5. 93 0.97 

144.3 5,140 4.41 4.5 6 0.97 
Gl83 150.0 4,638 4.98 5.07 0.98 144.4 5,700 4.47 4.66 0.96 

149.0 4,638 4.66 4. 97 0. 94 144. 2 6,050 4.37 4. 73 0. 92 
149.0 4,638 4.94 4. 97 0. 99 

Elmhurst 148.9 5,340 4.85 5.05 0.96 
Gl79 154.0 7,338 6.29 6. 02 1. 04 limestone 146.0 5,170 4. 59 4. 75 0.97 

155. 0 7 ,338 6. 20 6.12 1.01 concrete 145.1 5,420 4.52 4.67 0.97 
155. 5 7,338 6.20 6.17 1.00 146.3 5,450 4.69 4.87 0.96 

Gl78 152. 0 5, 769 5. 25 5. 53 0.95 
148. 1 5,690 4.85 5.06 0. 96 
147.4 5,870 4. 99 5.04 0.99 

154. 0 5,769 5.38 5. 73 0. 94 146.5 5,170 4.97 4.81 1.03 
152.0 5,769 5. 45 5. 53 0, 99 

145.4 5,840 5.17 4.84 1.07 
Gl81 153. 5 4,276 4. 92 5.35 0. 92 144. 4 6,360 5.06 4.80 1. 05 

153. 0 4,276 4. 71 5.30 0.89 
152. 5 4 ,276 4. 80 5. 25 0. 92 

G1 89 155. 5 7,208 6.17 6.12 1.01 
156. 0 7,208 6. 21 6. 17 1. 01 
156. 0 7,208 6. 22 6. 17 1. 01 

Gl90 155.0 5,980 5. 65 5.87 0. 96 
156. 0 5,980 5. 65 5. 97 0.95 
155. 0 5,980 5. 77 5.87 0.98 

G191 153. 0 4,660 5.10 5.42 0.94 
154.0 4,660 5.14 5.54 0.93 

Note: Coefficient of variation =4,10 percent; standard deviation= 0.04; and mean of ratio of test to calculated= 0.97. 
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Equation 3 for gap-graded concrete has been compared with the test results of this 
investigation (Table 5) and of Litvin and Pfeifer (~ and shows excellent agreement. The 
mean of the ratios of test value to calculated value is 0.97, the coefficient of variation 
is 4.10 percent , and the standard deviation is 0.04. 

Creep 

With the method of least squares, the following 2 equations, one for gap-graded con­
crete and another for continuously graded concrete, were obtained for the 2 curves 
shown in Figure 3. 

Cg 
t (5) = 78 + l . 5 t for t ~ 40 

Cg 
t for t :;; 40 (5a) = 36 + 2.91 t 

c 59 + i.111 t fort <: 40 (6) 

c t 
2 t fort :;; 40 (6a) 23 + 

where 

Cg == creep in./in./ psi, for gap-gr aded concrete; 
c creep in./in./psi, for continuously graded concrete; and 
t = time under sustained load in days . 

These equations are applicable for a stress-strength ratio of 18 percent. Nasser and 
Neville (~ have reported that the creep in concrete is proportional to the stress-strength 
ratio. By assuming that these concretes conform to the proportionality between creep 
and stress-strength ratio , the creep at other loads could be estimated from these 
equations . 

CONCLUSIONS 

Young's modulus, creep , and shrinkage are basic to the analysis and design of re­
inforced and prestressed concrete structures. Such data are not fully available at pres­
ent for gap-graded concrete. The results presented here, though not exhaustive, will 
be quite useful to design engineers. 

The general conclusions that can be drawn within the premise of this investigation 
are as follows : 

1. Gap-graded concrete has higher modulus of elasticity than its equivalent contin­
uously graded concrete. Because modulus of elasticity is inversely related to deforma­
tions and deflections of a structure , higher modulus would mean higher structural 
stiffness and hence lesser elastic deformations and deflections under applied loads. 
Also, the higher the modulus, the lesser will be the loss in the initial prestressing force 
in pretensioned concrete members. 

2. For grade-separation structures, higher modulus of elasticity will permit shal­
lower stringers and less gradient for overpasses. 

3. Under identical conditions, gap-graded concrete has less creep and shrinkage 
than the corresponding continuously graded concrete. This has special advantages in 
structural concrete under prestress . In a prestressed concrete member , creep and 
shrinkage act together to reduce the initial prestressing force. Any decrease in creep 
and shrinkage strains would decrease the loss of prestress. Because creep and shrink­
age strains alone usually cause about 70 percent of the total losses in prestress, any 
reduction in this would be a significant advantage . 

4. In any indeterminate structure, small displacements of one member, whether 
they be due to creep or shrinkage , may give rise to additional stresses and moments 
in other members. Although, in concrete structures subjected to thermal gradients, 
creep and shrinkage will reduce stresses due to thermal rise, they will cumulate the 
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effects due to thermal fall. Such detrimental effects of creep and shrinkage will be much 
reduced when gap-graded concrete is used. 

5. Based on test data, equations have been derived for the determination of modulus 
of elasticity and creep strains for structural concrete in compression. The suggested 
equations for gap-graded concrete have also shown excellent agreement with the results 
previously obtained by Litvin and Pfeifer at PCA Laboratory. 

6. With regard to shrinkage, gap-graded concrete behaves in a manner similar to 
that of continuously graded concrete: Shrinkage increases as the strength of concrete or 
the water-cement ratio or the cement content is increased; and shrinkage decreases 
when larger size aggregates are used or when the aggregate-cement ratio is increased. 

7. The present test data have clearly shown the advantages of gap-graded concrete 
over continuously graded concrete. For the same cement content and equal workability, 
gap-graded concrete has higher compressive strength than continuously graded concrete. 
This would mean lower cement requirements. The test results show a possible savings 
in cement of about 30 percent. This investigation has further shown that gap-graded 
concrete is denser than the continuously graded counterpart of the same maximum-size 
coarse aggregate. 

These conclusions confirm the authors' previously published hypothesis. The authors 
recommend wider adoption of gap grading in concrete aggregates not only for the advan­
tages mentioned here but also for a better adaptation to any naturally occurring aggre­
gates that do not contain all the needed sizes and quantities for optimum continuous 
grading. 
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The Inelastic Deformation of Concrete 
NARAYAN SWAMY, Department of Civil and Structural Engineering, 

University of Sheffield 

A knowledge of the complete stress-strain curve of concrete is essential 
for ultimate strength design. Conventional stress-controlled tests give 
little information on deformation beyond the maximum load. Tests are 
reported on concrete cylinders and prisms at constant rate of straining 
using a servomechanism connected to the hydraulic system and auto­
matically recording the load deformation. The effect of specimen size, 
aggregate type, age, strength, and cyclic loading on the deformational be­
havior of concrete is studied. The strain at maximum load tends to in­
crease with concrete strength and with age. The ultimate strain at collapse 
is many times that at maximum load and is independent of strength and 
height-width ratio of specimen. At equal deformations beyond the maximum 
load, low-strength concrete and specimens of smaller height-width ratio 
possess greater load resistance. Age and strength also influence the shape 
of the stress-strain curve. The elastic modulus based on total strain is 
about 55 to 80 percent of that obtained from strains in the central part. The 
presence of the falling branch suggests different cracking and failure 
mechanisms in the ascending and descending parts, and the significance of 
internal friction at decreasing loads. The ability to sustain decreasing 
loads at increasing deformation relieves stress concentrations and ensures 
plastic flow without violent failure. 

•THE STRESS-STRAIN RELATION of a material forms the basis of all design of struc­
tural members. With a material such as concrete, which is subjected to time-dependent 
deformation due to environmental conditions in addition to that due to superimposed load, 
a knowledge of the complete stress-strain behavior including the post-yield deforma­
tion is necessary for an adequate appreciation of the ultimate strength design of con­
crete members, for the prevention of cracks, and for the design for movements in con­
crete structures. Although the principles of ultimate strength design of reinforced and 
prestressed concrete members are well-established, it is still far from clear as to the 
exact nature of the relationship of the stress-strain characteristics of concrete in con­
centric compression and in flexural compression. 

Very high ultimate strains are generally required if a structural member is to de­
velop its full moment of resistance and exhibit ductile characteristics of failure, and 
these strains cannot normally be measured when a compression specimen is tested at 
a constant rate of loading. In a conventional stress-controlled test, the test specimen 
fails suddenly at a peak strain of about 2,000 microstrains (10- 6 mm/mm) and gives 
the impression that concrete behaves like a brittle material with little or no inelastic 
deformation prior to fracture. The behavior of concrete in flexural compression, on 
the other hand, shows considerable inelasticity, and ultimate strains in excess of 4,000 
microstrains have often been observed in the compression fibers of flexural failure. 

This apparent brittle behavior of concrete is due to the flexibility of the hydraulic 
system and the lack of rigidity of the testing machine, ratherthantoaninherentproperty 
of the material. The possibility of increasing deformation with decreasing loads be­
yond the maximum was recognized more than 30 years ago (!, ~), but it was Whitney (~), 
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who first reported the complete stress-strain curves in compression and showed that 
concrete possesses a post-peak deformation that is represented by the falling portion 
of the stress-strain curve. By applying deformation at a constant rate, strains up to 
8,000 microstrains were reported. Because of the increasing deformation with falling 
loads, the rate of straining has a significant effect on the shape of the stress-strain 
curve (4, 5, 6). The lack of stiffness of the testing machine is much more significant 
when testilig -high-strength concrete, and even with a very stiff machine sudden failures 
could occur with high-strength concrete (7, 8). 

Conventional testing machines with control of load rate can be transformed into con­
trol of strain rate by using the machine to deform an elastic member, the deformation 
of which can be utilized to control the deformation of the test specimen. Such tech­
niques havebeen successfullyused for compression tests (9, 10 11, 12) and, more re­
cently, for axial tension tests (Q), modulus of rupture tests (14},and splitting tests (!Q). 
On the other hand, the elastic characteristics of the test frame can be modified by the 
use of a hydraulic compensator (16). Machines capable of applying a constant rate of 
deformation have also been developed (17, 18 ). All these tests show that the specimens 
remain reasonably intact even when loaded to strains many times that of the stress­
controlled test. 

CONSTANT STRAIN DEVICE 

The major difficulty in obtaining the post-yield deformation arises from the fact that 
the stiffness of the concrete specimen is of the same order as that of a conventional hy­
draulic testing machine. In a conventional stress-strain test, the stiffness or the spring 
rate Ks of the specimen is initially positive, becomes zero at the peak load, and then 
becomes negative; whereas, the stiffness of the machine Km remains constant and is 
represented by a straight line. Over the falling branch of the stress-strain curve the 
stiffness of the specimen becomes negative, and, if this value is greater than the stiff­
ness of the machine, a region of instability occurs soon after the maximum load that 
precipitates either a sudden failure or a crack through to a new position of equilibrium 
(Fig. 1). In using an elastic frame as a load-carrying device during the post-yield de­
formation stage, the total applied load increases with increase in the total deformation, 
and the overall stiffness of the system remains always positive. 

In the tests reported here this incompatibility of the stiffness characteristics of the 
specimen and the testing machine has been overcome by the use of a servomechanism 
and 3 displacement transducers mounted between the platens of the testing machine. 
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Figure 1. Instability condition due to stiffness characteristics of test 
specimen and testing machine. 



The unit is designed for use with any hy­
draulically controlled testing machine 
and, by direct connection to the pressure 
line, regulates the applied load to the 
specimen by the operation of an electro­
magnetic valve. Any desired strain rate 
of loading can be achieved by comparing 
the measured strain with that required, 
which is done automatically using a 
servoamplifier, the output of which con­
trols the electromagnetic valve. By con­
trol of the hydraulic system, the machine 
is made sufficiently stiff to reduce the 
loading at the instant of instability to 
maintain a constant rate of straining, so 
that the complete load-deformation curve 
of the specimen can be obtained. The 
load and deformation regulating console, 
together with the servomechanism and the 
hydraulic regulating valve, is shown in 
Figure 2. 
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Figure 2. Load-deformation regulating console and 
servosystem for constant rate of straining (A, pump 
unit; B, strain control console; and C, hydraulic paver 

supply and servosystem). 

DESCRIPTION OF TESTS 

The tests reported here were carried out on prisms and cylinders of various sizes. 
Ordinary portland cement obtained from one delivery was used throughout the tests. 
Four different types of aggregates, consisting of crushed gravel and crushed rocks of 
granite, basalt, and limestone, were used. Two different gradings of coarse aggregate 
were used: a single size of 10 mm and a continuous grading of 5 to 19 mm. The same 
fine aggregate was used for all the tests and consisted of a washed pit sand with an 
average fineness modulus of 3.1. 

Different mix proportions were generally used. The crushed gravel (5 to 19 mm) 
and the crushed basalt and crushed limestone tests were all carried out with nominal 
1 :2 :4 mix proportions. The size and grading of the aggregate, the size of the speci -
men, and the mix proportions are shown in the figures. 

All the specimens were cast under the same conditions and were internally vibrated. 
The specimens were kept in molds for 3 days, were then kept under water for 7 days, 
and were subsequently stored in a room of constant temperature and humidity. The 
tests were carried out in a 2,000-kN Amsler hydraulic testing machine with the hy­
draulic load regulator attached to the pressure system. The displacement of the pla­
tens was controlled by 3 differential-transformer type transducers, and, along with the 
load, was directly fed to an X-Y plotter. In addition, the end-to-end displacement of 
the specimen was also measured by means of 3 dial gages reading to about 10 x 10-3 mm. 

All the tests were carried out at a constant strain rate of 2,000 to 2,500 microstrains 
per minute. At least 3 specimens of any batch were tested at any given age. Because 
of the variations of concrete in the specimens, small fluctuations in the loading rate 
and differences in the stress-strain characteristics were inevitable. All but Figure 4 
show as near reproductions as possible of the curves recorded through the X-Y plotter. 
The dial gage readings measuring end-to-end displacements of the specimen generally 
agreed within 3 percent, and tests with larger differences were discarded. It is em­
phasized that the strains reported represent the overall average strains measured end­
to-end of the specimen. In a few tests, strains over the central part of the specimen 
were also measured by electric resistance gages on opposite sides. From the large 
amount of information obtained from the tests, only typically representative data are 
presented here. 
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DISCUSSION OF TEST RESULTS 

The first cracks observed in the tests 
were invariably vertical and occurred 
near the midheight of the specimen. They 
generally became visible only at loads 
near the maximum load. As the defor­
mation proceeded, more vertical cracks 
could be seen forming, and this continued 
process of cracking was reflected in the 
lack of smoothness of the descending part 
of the stress-strain curve. The cracks 
prior to final collapse generally extended 
from end-to-end of specimen. The strain 
at maximum load varied between 2,000 
and 4,000 microstrains, and the ultimate 
strain prior to collapse reached up to 
1. 5 to 2. 0 percent. The strain when the 
specimen ceased to carry any further load 

Figure 3. Appearance of concrete prisms, cylinders, 
and cubes after straining to 1.0 to 1.5 percent at a 

constant rate. 

was about 6 to 8 times the strain at maximum load. In spite of the very large strains, 
the prisms and cylinders remained intact, but cubes showed considerable disintegra -
tion (Fig. 3 ). 

CYLINDER AND PRISM TESTS 

Figure 4 shows the stress-strain relationships for 150- by 300-mm cylinders of 3 
different mixes and made of crushed granite of 10-mm size. The figure is typical of 
the effect of strength on the stress-strain characteristics of the material Although 
the curves for high- and low-strength concretes are similar in shape, there are 3 dif­
ferences among them worth noting: (a) The strain at maximum load tends to be greater 
for the stronger concrete; (b) the low-strength concrete shows a much flatter region 
at the peak load than the high-strength concrete; and (c) at equal deformations the low­
strength concrete shows greater load resistance in the falling branch of the curve. The 
ultimate strains at collapse of the test specimens, however, are not very different for 
the 3 strengths. 

The slopes of both the rising and falling branches of the curves increase with the 
maximum stress of the specimen. High strength concretes thus tend to become more 
unstable immediately after the peak load is reached, and this lack of stability increases 
with increased rate of straining (!, ~). 

~~·l -· -· 1 10 1n/• • 
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'°° -""' ""°"""' 

Figure 4. Stress-strain curves for 150- by 300-mm cylinders of 
crushed granite aggregate. 
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TABLE 1 

RESULTS OF CYLINDER TESTS AT CONSTANT STRAIN 

Initial At Proportional Limit At Maximum Stress Cube Cylinder 

Mix 
Tangent Stress 

Strength a Strengths "m "m 
Modulus Stress SLrnln 

6 
Strain fu f' Tu fl 

(N/ mm• • 10') (N/ mm') (cm/cm x io· l Om (cm/cm X 10-6
) (N/ mm2

) (N/r:im2
) (N / mm' ) 

l 0.9 5 19.8 1,800 24 .6 3,500 26 .3 24.2 0.935 1.020 

2 1.42 27 .6 1,950 37 .3 3,500 44.1 37 .5 0.845 0 .995 

3 1.71 39.3 2,300 52 .4 3,850 61.4 52.0 0.854 1.010 

8Average of 3 tests. 

The main characteristics of the curves shown in Figure 4, together with the associated 
cube and cylinder strengths, are given in Table 1. The initial tangent moduli shown are 
based on the end-to-end deformation of the specimen and are seen to be much less than 
the normal values obtained when strains are measured over the central part of the 
specimen. The strain distribution in compressively loaded concrete specimens depends 
not only on the location of the gage length but also on the type of gage used (19). With 
mechanical gages, surface strains are known to differ by as much as 30 percent from 
strains measured between embedded inserts; with resistance gages, the measured strain 
depends on the relation between the gage length and the maximum aggregate size (20). 
Strains measured with gage lengths of 6 to 8 times the size of aggregate can show varia­
tions up to 50 percent over those measured with gage lengths of the same size as the 
largest aggregate. The overall deformation of a specimen measured between the platens 
is always greater than that measured over the central portion (19 ), so that elastic moduli 
based on end-to-end strain measurements are bound to be significantly lower. There 
is, in addition, an unknown degree of end restraint that would alter the observed strain 
values. 

In general, the initial tangent modulus measured in these tests for a range of con­
crete strengths varied from about 55 to 80 percent of the corresponding value, based 
on strain measurements in the central region of the specimen both at constant strain 
rate and at constant stress rate of loading. It is, of course, questionable whether elas­
tic moduli measured over the central part in prisms and cylinders are applicable to 
stress computation in structural members in service, because of the monolithic nature 
of their construction and the inevitable end restraints produced. This variability of 
elastic moduli, depending on the size and location of gage, partly explains the large dis­
crepancies in the stresses in reinforced concrete beams computed by the elastic theory. 

The stress and strain values at proportional limit given in Table 1 refer to the end 
of the linear range of the stress-strain curve. It was generally found that the maxi­
mum stress of prisms nearly coincided with cylinder crushing strength, and similar 
results have also been obtained for necked specimens (21). 

The results of tests on crushed gravel prisms are shown in Figures 5 and 6; Figure 
5 refers to 100 mm cubes, and Figure 6 refers to 200- and 300-mm high prisms of the 
same cross section. In general, specimens of different height showed more or less 
the same order of strain capacity prior to collapse, although individual specimens 
showed wide variations (Fig. 6). At equal deformations, the load capacity during the 
falling portion of the stress-strain curve depends on the height-width ratio of the spec­
imen and decreases with increasing height of the specimen. 

The stress-strain curve for a prism in which additional strain gage measurements 
were taken in the center of the specimen is shown in Figure 6. Although these strains 
were recorded in a matter of seconds, there was stress relaxation during this period 
that increased at higher loads and during the post-peak deformation. This stress re­
laxation at constant rate of straining points to 2 factors. First, in restrained structural 
members this confirms a redistribution of stresses and a rapid reduction of peak 
stresses as the maximum load is approached: The rate of plastic flow is then greater 
the higher the stress. Second, by analogy, some creep strains are bound to be in­
cluded in the observed strains in a stress-controlled test, even of short-time duration. 



94 

.. 
----- C..lo ! t i, ..._, en,. _ _, 1 0 ·-- ~- · _,..,._ 

Figure 5 . Stress-strain curves for 100-mm cubes of crushed gravel aggregate. 

Figure 6. Stress-strain curves of 200- and 300-mm high prisms of crushed gravel 
aggregate. 

The nonlinearity found in constant stress tests is therefore due partly to internal micro­
cracking and partly to time-dependent strains. There is evidence, however, that if the 
effects of time and creep deformation are taken into account, then the stress-strain 
rela tionship at moderate str esses for normal concrete is reasonably linear (22 , 23). The 
creep deformation is very rapid for lean concrete (22). - -

The effect of age on the stress-strain characteristics of prisms made of crushed 
basalt aggregate is shown in Figure 7. The 1-day and 3-day tests were carried out 
immediately after demolding, and the 7-day test on the water-cured surface-dry spec­
imen. These curves show that the strain at maximum load increases between 1 and 3 
days and between 7 and 28 days. As the age and strength increase there is a distinct 
hump at the peak load. The curves show generally the same characteristics as those 
shown in Figures 5 and 6. 

The rate of straining has also a significant influence on the s trength and elastic 
properties of concrete. Not only do strength and elastic modulus inc·rease with increase 
in rate of straining, but also the observed strain capacity at the maximum load is known 
to be substantially greater than the corresponding value in the static tests (§., 24, 25). 
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Figure 7. Influence of age on the stress-strain characterisitics of concrete 
prisms of crushed basalt aggregate. 

INTERNAL MICROCRACKING AND FAILURE MECHANISM 
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The fact that all curves shown in Figures 4 through 7 possess 2 distinct regions in 
their stress-strain characteristics suggests that there may well be 2 distinct mech­
anisms of cracking and load capacity in the ascending and descending parts of the stress­
strain curve. When loaded at a constant stress rate and failure occurs in the region of 
the maximum load, it has been shown that preexisting and new bond cracks develop dur­
ing the early part of the loading and that mortar cracks develop at about 70 to 90 per­
cent of the failure load (11). The increase in deformation is then no longer propor­
tional to the increase in load, and the internal cracking and the time-dependent strains 
cause a progressive deviation of the stress-strain relation from linearity. 

In the constant strain test, the ascending part of the curve is linear up to about 70 
to 80 percent of the maximum stress and is largely due to the cohesive strength of the 
material. The descending part, on the other hand, is far from smooth and consists of 
a series of minute irregular movements. Every time a microcrack forms there is a 
fractional relaxation of load, followed immediately by stress stabilization, further 
cracking, and so on. During the post-peak deformation, friction thus plays a predom­
inant part in the load-carrying capacity of the specimen. There is probably increased 
breakdown of the adhesion between the matrix and the aggregate, and as the internal 
microcracking proceeds the internal friction becomes more significant. With further 
internal cracking, the material resembles more and more a granular mass and depends 
primarily on frictional effects to sustain the decreasing load. Low-strength concretes 
show the significant effects of internal friction much more than high-strength concrete 
(Fig. 4). 

The descending part of the stress-strain curve represents, in effect, the behavior 
of the cracked concrete, and, although the specimen is fractured as a material, it 
can still withstand decreasing loads, though with increasing deformation. This ability 
to sustain increasing deformation without ceasing to carry the load is an important char­
acteristic of the cracked concrete and contributes to the relief of stress concentrations 
in structural members, such as around openings (17, 26). In the complete stress-strain 
curves shown in Figures 4 through 7, the ascendingpart may be considered to be the 
characteristic properties of the material, while the falling branch represents the char­
acteristic properties of the structural system of which the cracked specimen forms a 
part. 

EFFECT OF REPEATED UNLOADING AND RELOADING 

One of the significant characteristics of the falling branch of the stress-strain curve 
is that a sudden or violent failure cannot occur in a cracked specimen on the descend­
ing portion of the curve. It possesses a definite load-carrying capacity, although this 
decreases with increasing deformation. The stability of the cracked specimen during 
the post-peak deformation stage was studied by subjecting a number of specimens to 
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Figure 8 . Deformational behavior of crushed granite cylinders under cyclic 
loading. 
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Figure 9 . Effect of repeated unloading and reloading on stress-strain 
characteristics of crushed limestone prisms. 

gradually decreasing and increasing load cycles. Typical results are shown in Figures 
8 and 9, and some comparative results are shown in Figures 5 and 7. Figure 8 shows 
the tests on crushed granite cylinders, and Figure 9 shows the results of tests on cubes 
and prisms of crushed limestone. 

All figures show that a cracked specimen subjected to load cycling in the descend­
ing part of its stress-strain curve resumes its characteristic deformational behavior 
at the end of each load cycle. Further, these curves show that, even after considerable 
cracking beyond the maximum load, the specimens exhibit a certain amount of elastic 
behavior; they not only possess stability but also are capable of sustaining very large 
strains without losing their load capacity. The loops formed by the load cycles, which 
represent the energy loss during each cycle, are generally narrow. Their slope is, in 
effect, a measure of the elasticity of the cracked concrete specimen and can be con­
sidered to represent the elastic modulus of the cracked specimen. This modulus is 
seen to decrease with decreasing resistance of the fractured specimen. In a way, this 
decrease in modulus is analogous to the decrease in the modulus of resistance under 
sustained loading (27 ). With each cycle, the negative slope of the stress-strain curve 
also decreases, thus ensuring that the cracked specimen becomes less and less liable 
to sudden failure. 

The load cycles during the ascending part of the stress-strain curve show that con­
crete is basically an inelastic material and that creep strains occur even under short­
term loading, although its 2 basic constituents-the coarse aggregate and the mortar 
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matrix-are largely elastic. There are permanent residual strains on unloading, even 
at low load levels. On reloading, however, the slope is nearly constant; and on repeated 
reloading, the straight-line sections are again nearly parallel. Upon reloading the spec­
imen generally follows its previous deformational behavior. The energy dissipated dur­
ing the ascending part is generally less than that in the descending part of the curve, 
and this again confirms the significance of frictional damping in its contribution to load 
capacity after the member has cracked. The width of the hysteresis loop generally de­
pends on the range of stress and increases with it. The ability to absorb strain energy 
again depends on the rate of straining and on the strength and strain capacity at the 
maximum load (24). 

FRICTIONAL DAMPING 

The jagged nature of the descending part of the stress-strain curve and the area of 
the loop formed by the loading-unloading cycles also indicate a measure of the damping 
properties of concrete. Damping arises mainly from the inelasticity of the material 
and is a measure of its capacity to absorb and dissipate energy through internal fric­
tion. These tests show that frictional damping can be an important characteristic of 
concrete. At low loads, energy dissipation occurs through inelastic deformation; at 
higher loads, damping mainly occurs through energy dissipation into surface energy 
through crack propagation and rupture of cohesive and frictional bonds within the sys­
tem. This is further assisted by local yielding and progressive inelastic deformation 
around the internal discontinuities and the propagating cracks. Friction damping thus 
occurs mainly at the interfacial boundaries between the matrix and aggregate inclusions 
and becomes the main load-bearing mechanism in the descending part of the stress­
strain curve. It can therefore be very significant in cracked structural members and 
in members subjected to dynamic loading and can contribute to substantial reductions 
of the maximum strains within a structure. The amount of energy absorbed appears 
to depend on the rate of straining (24), although tests on steel specimens show damping 
capacity to be independent of the rate of loading. 

CONCLUSIONS 

1. The ultimate strain in uniaxial compression is 6 to 8 times the strain at maxi­
mum load and is generally independent of concrete strength and the height-width ratio 
of the specimen. 

2. The strain at maximum load varies between 2,000 and 4,000 microstrains and 
tends to increase with concrete strength and age. 

3. A cracked specimen on the falling branch of the stress-strain curve has consider­
able load capacity although this decreases with increasing deformation. This ability to 
sustain large strains without ceasing to carry load ensures relief of peak stresses and 
the absence of sudden and violent failure. 

4. At equal deformations beyond the maximum load, low-strength concrete and spec­
imens of small height-width ratio possess greater load resistance. 

5. The internal friction due to the continued process of discrete cracking at the in­
terfacial boundaries between the matrix and aggregate inclusions plays a significant 
role in the load-carrying capacity of the cracked specimen. 

6. The initial tangent modulus at constant strain based on end-to-end strain of the 
specimen is about 55 to 80 percent of the normal value obtained from strains measured 
in the central section of the specimen. 

7. The cracked concrete subjected to repeated cyclic loading on the falling branch 
exhibits a certain amount of elastic behavior. The energy loss during each cycle is 
generally low, and the repeated unloading and reloading does not significantly affect 
the load capacity of the specimen. 

8. Permanent residual strains remain on unloading even at low stress levels. 
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