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The validity of any analytical method can best be proved by comparing its 
solutions with actual test results. To obtain specific test results for use 
in verification of the discrete-element methods, a study of small
dimension slab-on-foundation under controlled conditions was conducted. 
An instrumented aluminum slab 9 by 9 by 1/a in. was tested resting on a 
specially prepared saturated clay subgrade under 2 loading positions. 
Plate-load tests were performed to determine linear and nonlinear char
acteristics of the soil for representing the subgrade according to the 
Winkler assumption. These characteristics were also determined from 
stress-strain relations of the soil, obtained from unconfined compression 
tests. A comparison of discrete-element solutions and experimental re
sults was made for deflections , principal stresses, and stresses along the 
edge for different loads. The tests confirm that the discrete-element 
solutions can be used with confidence to obtain satisfactory solutions for 
pavement slabs. 

•PRIOR TO 1963, the Westergaard solutions for pavement slabs (17, 18, 19, 20) were 
the best available. Since that time a discrete-element method develop by Hudson and 
others (3, 4, 5, 6, 10, 14) has overcome many of the limitations of previous methods. 

Matlock-and Haliburton (10) presented a discrete-element model that satisfied the 
differential equation for a beam column. The model is a system of rigid bars connected 
by springs that represent the stiffness of the beam. Hudson and Matlock (3, 4, 5) ex
tended this bar spring model to a slab by using an alternating direction iterative -method 
to solve for the deflected shape of the slab. Stelzer and Hudson (14, 6) utilized a direct 
matrix manipulation technique to obtain the deflections. For mostproblems this has 
been shown to be more efficient computationally than the alternating-direction technique. 

In the discrete-element model of the slab as suggested by Hudson and others (3, 4, 
5, 6, 14), the slab is replaced by an analogous mechanical model representing all stiff
ness and support properties of the actual slab (Fig. 1). The joints of the model (Fig. 2) 
are connected by rigid bars that are in turn interconnected by torsion bars represent
ing the twisting stiffness. The flexible joint models the concentrated bending stiffness 
and the effects of Poisson's ratio. The soil support is represented by independent 
elastic springs, i.e., the Winkler foundation, concentrated at the joints. 

The deflection at each joint is unknown. The basic equilibrium equations are de
rived from the free body of the slab joint with all appropriate internal and external 
forces and reactions. These equations include summing the vertical forces at each 
joint and summing the moments about each individual bar. A complete derivation of 
these equations can be found elsewhere (14). The stiffness matrix thus generated is 
partitioned into submatrices. A back-and-forth recursive technique analogous to Mat
lock's method of solving beam columns (10) is applied to the submatrices to solve for 
the deflections; and the slopes, moment~ shears, and reactions are computed by using 
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Figure 2. Typical joint i-j taken from discrete-element slab model (NJ. 

the difference-equation relations. Computer programs DSLAB 5 and DSLAB 30 (14 and 
11 respectively} have been developed for a slab resting on linearly elastic foundation 
springs. They are written in FORTRAN computer language for the Control Data Cor
por·atton 6600 digital computer. Subsequently the method has been modified by Kelly (7) 
using nonlinear support characteristics. Salient features of DSLAB 5, DSLAB 30, and 
DSLAB 26 are given in the Appendix. The method was checked by comparing solutions 
with data existing for problems in the literature, but more complete checks were 
needed. 

The validity of analytical solutions can best be proved by comparing them with re
sults of carefully controlled tests. To obtain test results for use in verifying discrete
element methods for slabs on foundation, a study was developed in two parts, one to 
check the modeling and method of solution for plates on simple supports for a variety 
of stiffness and load conditions, and the second to investigate the modeling of a slab 
on soil foundation using linear and nonlinear Winkler foundation models (1, 2). Tests 
were conducted on an instrumented aluminum slab resting on a clay subgrade for a 
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center load and two-point corner loads. Characteristics of the soil subgrade, for use 
in the computer program, were determined by tests conducted on circular rigid plates 
(12), and from stress-strain relationships of the soil obtained from unconfined com
pression tests. This paper briefly describes the second portion of the study including 
development of the test procedure, various tests conducted, representation of the soil 
by linear and nonlinear characteristics, and comparison of analytical and experimental 
solutions for the tests under static loading. 

SOIL PREPARATION AND PROPERTIES 

Taylor Marl clay from near Austin, Texas, was used as the subgrade material. 
The clay was thoroughly dried at 130 F, crushed, redried, and pulverized. It was 
then mixed with water in a mechanical mixer to get an approximate water content of 
38 percent, and the mixed soil was placed in plastic bags and stored in a moisture
controlled room to avoid evaporation. Storing of the prepared soil for a month helped 
to achieve uniform moisture content throughout the soil mass. After one test was per
formed, the soil was stored in a similar way until the next test. 

The properties of Taylor Marl as determined in the laboratory were liquid limit, 
59; plasticity index, 29· optimum water content, 17.5 percent; and maximum dry den
sity, 106

3
5 lb/ft3. The in situ properties in the test box were average density, 

116 l b/ft ; water content, 38 percent; average degree of saturation, 96 percent; aver
age shear strength from unconfined compression test, 177 lb/ft2 (1.23 lb/in~) ; and 
modulus of subgrade reaction (tangent) k, 160 lb/in 3 • 

TEST BOX AND SLAB SIZES 

A 2 by 2 by 2 ft box, made of plywood % in. thick, stiffened by 2 by 4 in. lumber 
with detachable top and bottom covers that could be bolted on, was used in the tests. 
Based on work by Lee (8), a slab of 9 by 9 in. was chosen so that there would be little 
restraining effect due to the container walls and bottom. This size also agreed with 
the r ough criterion that the zone of influence extend to at least twice the width of the 
slab (15). The thickness of the slab, 1/e in., was chosen so that increasing the hori
zontaldimensions of the slab would have a negligible effect on the behavior of the slab. 

Elastic properties, i.e., modulus of elasticity E and Poisson's ratio 11, were de
termined by testing a 2 by 18 in. strap of the material in tension. Longitudinal and 
transve1·se strains were measu1·ed by using foil s train gages oriented at 90 deg. The 
slab properties determined are as follows: modulus of elasticity E, 10.5 x 106 lb/in.2; 
Poisson's ratio 11, 0.34; bending stiffness Dx = Dy, 1.930 x 1013 lb/in. ; twisting stiff
ness Cx = Cy, 1.280 x 103 lb/in .; and radius of r elative stillness t, 1.87 in. 

Method of Placing Soil and Slab in the Test Box 

The top and bottom covers of the test box were detached. To position the slab on 
the inside of the bottom cover, 4 plywood planks were fixed so that a 9 by 9 in. space 
was left in the center. This space was filled with plaster of paris, but the top 1/a-in. 
portion was left for the slab, which was positioned with the side having rosettes facing 
downward and the other side flush with the plywood planks. To reduce friction between 
soil and the slab, the top face of the slab, which would be in contact with the soil, was 
covered with a thin film of grease. A polyethylene sheet was spread on the planks, and 
the greased slab was left uncovered. The body of the box was then fixed to this as
sembly by bolts. The soil was prepared by mixing and was extruded in a 3 by 3 in. 
cross section in convenient lengths under a vacuum of about 20 psi. The soil blocks, 
cut in different lengths, were placed in the box until one row was completed. Several 
precautions were taken to ensure close contact between adjacent blocks by staggering 
the joints in the adjacent blocks with fingers and compacting each layer by a 10-lb 
drop hammer with a compacting surface of 6 by 6 in. falling 18 in. with 2 blows at 
each position. This procedure was continued until the whole box was filled. Then a 
polyethylene sheet was placed over it, and the top cover was attached. The box was 
taken to the testing bed, where it was lifted by 2 small hoists and supported from the 
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ceiling. The box was then turned over, bringing the slab to the top, and the top cover 
in the new position was then removed. The plaster of paris block was also removed, 
leaving the slab and the rosettes exposed to the room temperature. The soil was 
covered by a polyethylene sheet and wooden planks until arrangements for loading and 
measurement were completed. 

LOADING 

Load was applied by a mechanical screw jack, measured by a load cell, and re
corded in a digital voltmeter. The output was read on the digital scanning system as 
well as on the digital voltmeter. The details and specifications of these devices are 
given elsewhere (1, 2). Tests were performed under 2 loading positions: center load 
and 2-point corner loads . 

DEFLECTION AND STRAIN MEASUREMENT 

Deflections of slab were measured by 0.0001-in. dial gages and LVDT's (linear 
variable differential transducers). An independent frame consisting of vertical, hori
zontal, and diagonal members was made to support the dial gages and LVDT's. The 
frame did not touch the box or the loading unit during the testing. Strains were mea
sured by 4 rosettes for center loading and by 3 rosettes and 2 strain gages along one 
edge for corner loading. 

TEST PROCEDURE 

After the box was turned upside down, it was positioned under the loading frame, 
the level of the top of the slab was checked, and the verticality of the applied load was 
ensured. All the LVDT's and dial gages were fixed at their respective places. The 
connections of the LVDT's, strain gages, and load cells to the 40-channel voltmeter 
were completed. Alternate channels were used for load to aid in getting the LVDT out
put and strain gages output to correspond to exact loads separately. When all the test 
arrangements were completed, the LVDT's and strain gages were calibrated. The 
screw jack was set to produce a movement of the loading rod of about 0.0124 in./min. 
After the initial readings of all the measuring devices were recorded, the load was 
applied continuously and data were obtained at regular intervals. The loading con
tinued until the maximum load, 255 lb for center loading and 208 lb for corner loading, 
was reached. The slab was then unloaded and readings were again taken at regular 
intervals. 

After the test the slab was removed. The plate load test was conducted on a rigid 
plate 1/a-in. thick and 9 in. in diameter according to ASTM specifications. Tests on 
rigid plates of 1, 2, 4, and 6 in. in diameter were also conducted, as reported by 
Siddiqi (12). Vane shear tests were conducted at 8 locations and up to 5 in. from the 
surface,and torvane shear tests were also conducted. Samples were taken for mois
ture content, density, and degree of saturation and for unconfined compression tests 
during the soil placement and after the test. The unconfined compression tests were 
performed at the same loading rate as the slab testing and also at several moisture 
contents. 

TESTS CONDUCTED 

Tests were conducted in a 3-phase program. Phase 1 was preliminary slab testing 
under center load to establish a suitable test procedure. Two preliminary series 
(series 300 and 320) were conducted; one on :m uninstrumented slab and the other on 
an instrumented slab. Both series were conducted under small loads producing de
flec tions within linear charac teristics of the soil. Test data, analysis , and difficulties 
encountered in these preliminary series are reported by Agarwal and Hudson (1, 2). 
Phase 2 (series 330) was the testing of the instrumented slab with center load. -The 
testing was done under loads producing deflections within linear and nonlinear soil 
characteristics, first under static and then under cyclic loads . Phase 3 was the test
ing on the instrumented slab under 2-point corner loads (series 340), producing deflec-
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test setup loading and measurement devices 

Figure 3. Center-load slab test. 

tions within linear and nonlinear soil characteristics, first under static and then under 
cyclic loads. Slab series 330 and 340 were the main test series and are analyzed here 
for the static case. The chief findings of the preliminary series are also included 
wherever helpful. Test data of series 330 and 340 under cyclic loading are discussed 
elsewhere (!, ~). 

CENTER-LOAD SLAB TEST (SERIES 330) 

Load was applied by the mechanical jack (Fig. 3) through a %-in. diameter loading 
rod and transmitted to the slab by a ball so as to apply only a vertical component of 
load. 

Soil Properties 

Soil subgrade was represented by the Winkler foundation, which was determined 
from the pressure versus deflection characteristics obtained from plate load tests. 
From the preliminary series, as reported in detail by Siddiqi (12), it was observerl 
that these characteristics were influenced by the plate size. Therefore, it was de
cided to use the data of the 9-in. diameter rigid plate in analysis of the 9 by 9 in. slab. 
The pressure versus average deflection data are shown in Figure 4 along with 2 sets 
of test data; one for a preliminary series (series 320), and the other for corner-load 
slab test (series 340). The curves for the material used in series 330 and 340 are al
most identical, but the behavior in series 320 was significantly different. Curve I for 
the main series and Curve II for the preliminary series were used in subsequent linear 
and nonlinear analyses. 

The soil properties as determined after the slab test are discussed in detail by 
Agarwal and Hudson (!, .~), and the average properties have already been given. 

Test Results 

Deflections and strains were calculated for different loads during loading and un
loading. The method of reduction is described by Agarwal and Hudson (1, 2). 

Dial gages on the slab served as checks for LVDT's at identical positions. The 
deflections at all the points increased nonlinearly with the increase in load (Fig. 5). 
At all points, deflections were downward up to a 55-lb load and then upward at the 
corner for the rest of the loading. During unloading the curves did not follow the load
ing curves, but had permanent sets of different magnitudes at various points at zero 
load. The deflection data of the 3 dial gages serving as checks for the LVDT's at 
identical position showed that nonlinear behavior, following different paths during load
ing and unloading and having different permanent sets, was similar to that for LVDT's 



6 

80 

60 

.. .. 
~ . .. .. 40 . 
..: 

20 

/ 
0 / 
/ 

\

urve JI Cl-- ...l'.l.--0 
O E!.-- 0 0-0 

D ---- 0 g_ ...--- A p- I::,. ... . 

D / 0. 
0/,, 0 

9/ o°' D Prelim inary Slob Test ( Series 320) 

0 
I::,. 

Curve I 

Curve n 

Center Lood Slob Test ( Serie, 330) 
Corner Load, Slob Teat (Series 340) 

Piecewiae Linear E1timot1 for Center Load 
and Corner Load, Teats 

- Piecewiu Linear E1timat1 for P,ellminary T11t 

o.__ ____ _.__ ____ _._ ____ _J'------'------ --'--------'- - ---.L------'--

240 

200 

160 

~ 
- 120 .., 

0 . _, 

o 

0 

0 04 0 08 0 . 12 0.16 0 .20 0 24 

Oefltction, inch 

Figure 4. Pressure versus deflection data of 9-in. diameter rigid plate. 

LVDT 6 I.VDT 3 LV OT 5 LVDT 2 

Lo 

0.01 0 .02 0 . 03 0.04 0 .0~ 0 .06 0.07 
Deflection I inch 

0.28 

Lo 

Point of 
LoodinQ 

0.08 

Figure 5. Load versus deflection curves for LVDT's for center-load slab test (series 300) . 

0 . 32 

0 .09 



240 

o, I I 
(Uplift) ! 6 

I I 
! b 
I I 

200 

I I 
I I 
I I 
4 9 
I I 
I I 

' I I I 

160 

I I 
120 I I 

1 d 
I o,. D: I 
I I 

80 

'i B ....... _ ..... Cl 
I 

I I 
I I 

" I 0 I 
I I 
I I 
I D11' 1.5 in from Mid-edo• on Soil I 
I I 

D3: 1. 41 in . from Corner on Soil I I I I 
I I 

I 

4D 

O.OO t 0 .0 02 o.oo~ o.oo• 0 .005 0. 006 0 . 001 0 . 008 0,009 
Deflection, inch 

Figure 6. Load versus deflection curves for dial gages on soil for center-load slab test (series 330) . 

(1, 2). For 2 points on the soil near the slab periphery, the nonlinear behavior and 
large permanent sets on unloading indicate that the adjoining soil was affected as the 
slab was loaded (Fig. 6). 
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The method of getting largest principal stresses and their directions from the strain 
reading of the rosette is described elsewhere (1, 2). The behavior of nonlinear varia
tions, having different paths during loading and-unloading, and different residual 
stresses at various locations on unloading, was similar to that for deflections (Fig. 7). 

Comparison of Experimental and Analytical Deflections 

Analytical solutions based on the discrete-element model were found by using 
DSLAB 30 (11), with soil represented by linear springs; and DSLAB 26 (7), with soil 
representedby nonlinear springs. Salient features of DSLAB 30 and DSLAB 26 are 
given in the Appendix. The linear and nonlinear soil springs below the slab were ob
tained by the following methods: 

1. Linear springs from 9-in. diameter rigid plate test data corresponding to 0.01-
in. deflection (tangent modulus); 

2. Linear springs from 9-in. diameter rigid plate test data corresponding to 0.02-
in. deflection (secant modulus); 

3. Nonlinear springs using the entire pressure versus deflection curve of the 9-in. 
diameter plate test; and 

4. Nonlinear springs using Skempton's recommendation for unconfined compres
sion test data (derivation given in! and~). 

The different soil representations outlined in the preceding are shown in Figure 8. The 
linear springs act in tension as well as compression. The nonlinear springs act in 
compression only. As clays can take small amounts of tension (16), these springs 
were made active in tension also, with the same slope as that in compression for the 
earlier portion of the curve. 
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The measured and computed deflections using linear and nonlinear springs for soil 
for a particular load on the slab were compared, and the error was calculated as per
centage of maximum measured deflection, i.e., 

where 

Percentage error 

measured deflection at point i, 
computed deflection at point i, and 

X 100 

maximum measured deflec tion for the load under consideration. 

(1) 

For a load of 100 lb (categorized as a load producing small deflections), the plots 
along centerline and diagonal for measured and analytical deflections using different 
linear and nonlinear springs (Figs. 9 and 10) and the percentage errors (1, 2) indi
cated there was good correlation between the experimental and DSLAB solutions using 
springs B, C, and D. The error was within 5 percent near the loaded area, 7 percent 
near the midedge, and 22 percent near the corner. The difference in error at the cor
responding checkpoints, using dial gages, was within 2 percent. The results obtained 
by using linear springs (secant modulus corresponding to maximum deflection) were 
almost the same as those using nonlinear springs. Similar comparisons in both pre
liminary slab tests were observed (1, 2). 

From the plots for measured and-analytical deflections along the centerline and 
diagonal (Figs. 11 and 12 respectively), for a load of 200 lb (categorized as a load 
producing large deflections), and percentage errors (1, 2), it was observed that good 
correlation existed using nonlinear springs only. Percentage error using C and D 
springs was within 8 percent near the load, 3 percent near the midedge, and 14 per
cent near the corner. The difference in error at the corresponding checkpoints, us
ing dial gages, was within 2 percent. Solutions using linear springs (A and B) did not 
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yield good agreement if the deflections on the slab were large and lay on the nonlinear 
part of the pressure versus deflection curve for the soil. 

Comparison of Experimental and Analytical Principal Stresses 

The largest principal stresses for loads of 100 and 200 lb on the slab were calcu
lated from the strains of the rectangular rosettes (!, ~). The measured principal 
stresses corresponded to the top of the slab, whereas those obtained by using DSLAB 
corresponded to the bottom. This difference was kept in mind, as a comparison was 
made of the measured and DSLAB largest principal stresses with the absolute values 
and percentage errors calculated as a function of the maximum measured largest prin
cipal stress. 

where 

Percentage error X 100 

measured largest principal stress at point i, 
DSLAB largest principal stress at point i, and 
maximum measured largest principal stress for the load under con
sideration. 

(2) 

For a 100-lb load on the slab, the comparison of measured largest principal stresses 
with the DSLAB solutions, using the linear and nonlinear springs (1, 2), showed that 
the maximum percentage error was within 7 percent and that there-was small differ
ence in percentage errors for solutions using linear and nonlinear springs. Similar 
observations were made for the preliminary series 320 (1, 2). A similar comparison 
of largest principal stresses for 200 lb showed that agreement was within 7 percent be
tween experimental measurements and DSLAB solutions using nonlinear springs; linear 
spring did not yield good agreement (!, ~). 
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test setup loading beam 

Figure 13. Corner-load slab test (series 340). 

CORNER-LOAD SLAB TEST (SERIES 340) 

Load was transferred to the slab near the opposite corners through a loading beam 
(Fig. 13). To ensure equal loads at both ends, the beam was joined to the loading rod 
by a pin connection. As it was desired to measure deflections along the diagonal it
self, %-in. diameter holes were made in the beam for the co1·es of the LVDT's to pass 
through. Identical holes were made on both sides of the center of the beam, so that 
equal loads were transmitted at the 2 ends. The testing procedure was exactly the 
same as for the center-load slab test. The soil properties as determined after the slab 
test are discussed in detail elsewhere (!, ~), and the average values have also been given. 

Test Results 

Deflections and strains were calculated for different loads (1, 2). For all the 
LVDT's, except 6 and 7, the deflections increased with load nonlinearly (Fig. 14). 
LDVT 6, placed at the unloaded corner, and LVDT 7, measuring the smallest deflec
tions, showed almost linear variation. The deflections were upward at the unloaded 
corner, and downward at all the other points. The results, which showed different 
paths during unloading and permanent sets, were similar to center-load slab test re
sults. The deflection data for the 4 dial gages on the slab that served as checkpoints 
for 4 LVDT's showed that the nonlinear behavior during loading and unloading was 
similar to that of LVDT's. 

The deflection data for 2 points on the soil near the slab periphery showed that the 
deflections at both points were nonlinear and downward, with large permanent sets on 
unloading (1, 2). This indicates that the adjacent soil was affected as the slab was 
loaded. The data for largest principal stresses (1, 2) and stresses along the edge 
(Fig. 15) showed that nonlinear behavior with permanent sets in unloading was similar 
to that for deflections. 

Comparison of Experimental and Analytical Solutions 

Analytical solutions were obtained by using DSLAB 30 (11), for linear soil springs, 
and DSLAB 2 6 (7), for nonlinear springs, for total loads of 100 and 200 lb ( 50 and 100 lb 
at each point respectively). The following soil springs were used: linear springs A 
and nonlinear springs C and D were the same as for the center-load test. Linear 
springs B were calculated from 9-in. diameter rigid plate test data for deflections of 
0.02, 0.03, and 0.04 in. Secant moduli thus obtained were 144, 128, and 112 lb/in.3 

respectively. 
Comparison of measured and analytical solutions for deflections, principal stresses, 

and stresses along the edge was made, and percentage errors were calculated as a 
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function of the maximwn measured value for the load under consideration. The mea
sured and analytical deflections were plotted along the diagonal and the edge. Because 
the loads were placed symmetrically on the diagonal, the measured values on both sides 
of the center were taken as the same while plotting the deflections. 
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Figure 17. Experimental and analytical deflections on edge under corner loads of 100 lb (50 lb at 
each point). 
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Figure 18. Experimental and analytical deflections on diagonal under corner loads of 200 lb ( 100 lb at 
each point). 
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For a total load of 100 lb, i.e., 50 lb at each point (load producing large deflections), 
good correlation existed (Figs. 16 and 17) using nonlinear springs only (1, 2). The per
centage error using nonlinear springs (C and D) was within 6 percent on-the entire slab. 
The difference in error at checkpoints using dial gages was within 1 percent. Solutions 
using linear springs (A and B) did not yield good agreement, as the deflections on the 
slab were large and lay on the nonlinear part of pressure versus deflection character
istics of the soil. 

The comparison for largest principal stresses and for stresses along the edge 
showed that the maximum discrepancy using nonlinear springs (C and D) was within 14 
percent and using linear springs (B) was 27 percent (1, 2). 

For a total load of 200 lb, i.e., 100 Ib at each point (load producing large deflec
tions), good correlation existed (Fig. 18) usllng nonlinear springs only (1, 2). The 
percentage error using C and D springs was within 11 percent near the loaded area, 6 
percent near the unloaded corner, and 3 percent on the rest of the slab. The percent
age error for the corresponding checkpoints using dial gages was 5 percent for points 
all over the slab. Solutions using linear springs (A and B) did not yield good agree
ment, as the deflections lay on the nonlinear part of the pressure versus deflection 
characteristics of soil. 

The comparison of largest principal stresses and stresses along the edge (1, 2) 
showed maximum discrepancy between measured and analytical solutions of 9 percent 
using nonlinear springs (C and D) and 43 percent using linear springs (B). 

CAUSES OF DISC REP ANCY 

In the slab tests discussed in this paper, the slab was resting on soil, whereas 
plates tested at another time (!, ~) were resting on rigid supports. From the study of 
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plates with different stiffness, load, and support conditions, the rigid supports may 
be represented adequately int.lie input data in this method of solution. Therefore, the 
major cause of discrepancy in the slab tests may be in the representation of soil. 

From the comparison for deflections, largest principal stresses, and stresses 
along the edge under the 2 loading conditions, it has been observed that soil can be 
represented satisfactorily by the Winkler foundation provided that (a) linear or non
linear springs are input for loads producing small deflections, and (b) only nonlinear 
springs are used for loads producing large deflections. 

It has also been observed that the maximum discrepancy is along the periphery of 
the slabs. The following factors may be some of the causes of the discrepancy. 

1. According to the Winkler foundation, the soil springs act only under the slab, 
and the adjoining soil is not affected at all. This is in contradiction to the observed 
deflections of the soil surface during the tests. Deflections were observed at 2 points 
on the soil each for center-load and corner-load slab tests. From these observations, 
it seems that the effect of the soil outside the perimeter of the slab may also be in
cluded while representing the soil. 

2. In the DSLAB input, the properties of the slab and soil are lumped in joints and 
bars in proportion to the area occupied by each station. This necessitates full values 
at the interior stations, half values at the edge, and quarter values at the corners. 
This applies to the slab as well as to the soil, and may be true only if the slab (9 by 9 
in.) is resting on 9 by 9 in. soil. If the soil is not represented beyond the dimensions 
of the slab, the soil springs acting along the periphery may need to be modified. Pos
sible ways to carry out such modifications should be thoroughly investigated. 

3. The interaction between the slab and the soil has not been taken into account. 
The effect of the frictional forces developed because of such interaction should be 
thoroughly investigated. Because the present DSLAB solutions neglect these frictional 
forces, the bottom of the slab was lubricated with a thin film of grease before the soil 
placement, but whether the frictional forces during the testing were completely reduced 
is not known. 

4. The soil is represented by linear and nonlinear independent springs in the DSLAB 
solutions. The interaction between these springs, in both vertical and horizontal di
rections, is neglected. Such interaction between the soil springs may be incorporated 
by introducing coupled springs. A thorough investigation regarding coupled-spring 
foundation for both linear and nonlinear solutions and the method of representing this 
parameter needs to be made to understand the phenomenon. 

5. Only one nonlinear pressure versus deflection curve, or uniform linear k, that 
was input for the entire soil surface below the slab may be necessary, as pointed out 
by Lewis and Harr (10). An experimental investigation with pressure measurements 
to determine such curves or k variation needs to be made. 

6. Great care was taken during the entire test procedure, but the following possible 
experimental errors could have occurred at various stages of testing: 

(a) The soil placed by extrusion may not have been perfectly homogeneous in 
moisture content and density. When adjacent blocks, rows, and layers, were placed, 
perfect jointing may not have been achieved at all the places in the box. 

(b) The method adopted for good contact between slab and soil may not have been 
perfect enough to ensure such contact at all places. 

(c) A time lag in loading and recording the data may have produced a small 
error. 

(d) With LVDT's of 11/a-inch range used for deflections of ±0.2 in. or less, it 
was not possible to obtain a good resolution. LVDT's of smaller range with greater 
resolution should have been used. 

(e) Slight inaccuracies in fixing gages and rosettes may have led to small error. 
(f) The discrepancies in determining slab properties may have caused a small 

error, in the same way as for plates (!, ~). 
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CONCLUSIONS 

The experimental evidence in this paper shows that discrete-element solution tech
niques provide extremely good results in predicting slab stresses and deflections and 
can be useful tools in the analysis of bridge slabs and pavements. The following spe
cific conclusions can be drawn regarding the results. 

For a slab-on-foundation problem, the soil support can be satisfactorily represented 
as a Winkler foundation by linear and nonlinear springs as determined by plate load 
tests or from stress-strain data for the soil. A plate load test may not always be 
feasible in practice; therefore, laboratory testing of the saturated clay sample under 
triaxial compression test is sometimes recommended. When such soil representation 
was used for a linearly elastic slab resting on clay soil and tested under 2 different 
loading configurations, good correlation existed for loads producing small deflections 
between experimental and analytical results for deflections and stresses using linear 
springs for the soil. However, for loads producing larger deflections on the slab, non
linear springs were required. 
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Appendix 

SALIENT FEATURES OF PREVIOUS REFERENCES USED MOST OFTEN 

Slab on Linear Winkler Foundations Model 

DSLAB 5 and DSLAB 30 (14 and 11 respectively) are the computer programs devel
oped for the solution of a slab resting on linearly elastic foundation springs based on 
the discrete-element model and utilizing a direct matrix manipulation technique for the 
solution. Because DSLAB 30 is a modified version of DSLAB 5 and has more capa
bilities, DSLAB 30 was used most of the time during the present study. 

In the discrete-element solutions for slab (known as DSLAB solutions), the slab is 
replaced by an analogous mechanical model representing all stiffness and support prop
erties of the actual slab. The joints of the model are connected by rigid bars, which 
are in turn interconnected by torsion bars representing the twisting stiffness. The ef
fects of bending stiffness and the Poisson's ratio are concentrated at the flexible joint. 
The soil support, represented by linear Winkler foundation model, is concentrated at 
the joint. 

The deflection at each joint is unknown. The basic equilibrium equations are derived 
from the free body of the slab joint with all appropriate internal and external forces and 
reactions. These equations include summing the vertical forces at each joint and sum
ming the moments about each individual bar. The resulting stiffness matrix is sym
metrical about its major diagonal, and it is also banded; that is, the terms lie in lines 
parallel to the major diagonal. This banded matrix has the central band 5 terms wide, 
the bands un either side of the central band 3 terms wide, and the 2 extreme bands 
only 1 term wide. The stiffness matrix is partitioned into submatrices. If the slab to 
be solved has been divided into m increments in the x-direction and n increments in the 
y-direction, the stiffness matrix will have n + 3 rows and n + 3 columns of submatrices. 
The submatrices will have m + 3 rows and m + 3 columns of terms. Solution of slab 
problems involves manipulating the submatrices. A back-and-forth recursive tech
nique analogous to Matlock's method of solving beam columns (11) is applied to the 
submatrices to solve for the deflections. Slopes, moments, shears, and reactions 



are computed by using the difference equation relations. It has been observed that 
rectangular slab problems will be solved more efficiently if m is larger than n. 

Slab on Nonlinear Winkler Foundation Model 
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DSLAB 26 (8) is a computer program developed for the solution of the slab resting 
on nonlinear Winkler foundation model. The entire nonlinear support is used, utiliz
ing the piece-wise linear estimate. The solution of the slab gets started with an initial 
load at each joint, which is accomplished by inputting an initial linear spring (may be 
tangent modulus). With these initial loads at each joint, the deflections are obtained 
by using the direct matrix manipulation technique. A correction is applied to the ini
tial loads at the supports by finding the loads corresponding to the deflections obtained 
from the support nonlinear characteristics. This correction may be applied either in 
the load or in the spring (secant modulus). The solution for deflections is again ob
tained with the modified loads. This process is continued until the solution is obtained 
within a specified tolerance. Slopes, moments, shears, and reactions are computed 
by using the difference equation relations. The nonlinear springs act in compression 
only but can be made to act in tension also for clays to take care of the small amount 
of tension. 




