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Pile foundations usually find resistance to lateral loads from (a) passive 
soil resistance on the face of the cap, (b) shear on the base of the cap, and 
(c) passive soil resistance against the pile shafts. The latter source is 
usually the only reliable one. Analysis of the problem yields deflections, 
rotations, moments, shears, and soil reactions as required for structural 
design. Beam-on-elastic-foundation theory is adequate for analysis of the 
problem. Most piles are relatively flexible and may be analyzed as though 
infinitely long. Only short rigid piles are likely to require consideration 
of the lower boundary conditions in analysis. Nondimensional solutions are 
available for both constant and linearly increasing modulus-depth relation
ships; solutions are also available for a stepped variation of modulus, k. 
Sufficient experimental data are now available to allow selection of the 
appropriate variation of k with depth. Typical values for k are available 
and have been related to readily observable soil characteristics. Simple 
lateral load tests also allow experimental determinations of the magnitude 
of k if greater accuracy is required. 

•PILES are often required to resist lateral loads and moments in addition to their pri
mary use as axially loaded members. The goals of designers are to determine deflec
tions and stresses in the selected soil-pile system in order that they may be controlled 
within tolerable limits. Techniques for analyzing this problem in soil-pile interaction 
will be given in this paper. 

A schematic representation of the loads acting on a pile foundation is shown in 
Figure 1. The pile cap may be subjected to moment, M, and shear, Q, loads in addi
tion to the usual gravity load, W. Axial loads are resisted by the axial capacity of the 
piles and will not be discussed further here. The applied moment and shear are re
sisted to varying degrees by (a) passive soil resistance on the face of the cap, (b) shear 
along the base of the cap, and (c) moment and shear resistance of the piles at the junc
tion to the cap. Clearly the moment and shear resistance of the piles are functions of 
the strength and stiffness of both the soil and the pile. 

Passive soil resistance can be very effective in resisting lateral loads, but con
sideration must be given to the fact that it may not be permanent. Repairs, alterations, 
or other projects may be cause for removal of the soil; therefore, passive resistance 
is usually discounted or ignored. Shear along the base of the cap also can be very ef
fective in resisting lateral loads. However, a slight settlement of the soil beneath the 
cap can essentially eliminate this resistance, and it is usually ignored for design pur
poses. The moment and shear resistances of the piles are usually the only factors 
considered sufficiently permanent for use in design. This discussion is aimed pri
marily at the resistance offered by the piles. 

ANALYSIS 

The deflected shapes of both a short and a long pile subjected to moment and shear 
loads are shown in Figure 2. A rotation a can be used to define the deflected shape of 
a rigid member (Fig. 2a), whereas the flexural deflections become important for a 
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Figure 1. Sources of lateral resistance. 

flexible member (Fig. 2b). Furthermore, the moment and shear at the lower end of a 
rigid member are quite important to a proper analysis, but they usually can be ignored 
for long flexible members (!). 
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Figure 2. Rigid versus flexible pile or pier. 
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A practical procedure for the 
analysis of a soil-surrounded 
flexural member is needed so 
that a proper design can be 
made. The quantities needed 
are the deflections, moments, 
shears, and soil pressures. De
flection (and rotation) is im
portant because of practical 
limitations on deformations of 
structures, and perhaps for de
termining the natural frequency 
for dynamic analyses. Moments 
and shears are needed for the 
usual structural design pur-
poses, whereas soil pressures 
are required for checking 
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Figure 3. Subgrade modulus. 
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against the allowable lateral soil pressures along the embedded portion of the piles. 
At present, the analytical techniques involving the theory of a beam on an elastic 

foundation are the most useful. The theory considers a continuous flexural member 
with stiffness El (Fig. 3a) supported by infinitely closely spaced independent springs 
with stiffness k. However, the load-deformation characteristics of soils are not linear 
as shown in Figure 3b. It is necessary, therefore, to develop information on the secant 
modulus compatible with the deflection of the flexural member before proper use can 

D = Embedded length of pile or pier , 

k = Subgrade modulus, fo rce /unit length/unit deflection 
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Figure 4. Relative stiffness factors. 

be made of beam-on-elastic
foundation theory. 

A further complicating factor 
is that the soil stiffness is variable 
along the length of the pile. There
fore, beam-on-elastic-foundation 
theory must be modified to account 
for variations in the spring stiff
ness k. For example, preloaded 
clay actually has a variation of 
stiffness with respect to depth as 
shown in Figure 4a. A constant 
stiffness is usually asswned for 
analysis, but the errors may be 
50 to 100 percent in both deflec
tions and moment (2) because the 
analysis is unusualfy sensitive to 
soil stiffness variations in the 
zone adjacent to the ground sur-
face. Granular soils and normally 
loaded cohesive soils, on the other 
hand, exhibit stiffness increasing 
almost directly with depth as 
shown in Figure 4b (3). 

Beam-on-elastic-foundation 
theory involves the well-known 
equation 

El~+ kxY = 0 

where El is the flexural stiffness 
of the pile, x is the depth in the 
soil, y is the deflection, and kx 
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is the spring stiffness or subgrade modulus. The subscript x indicates that k may be 
variable with depth x. As defined here, k has units of force per unit of length per unit 
of deflection (lb/in.2

); the width of the flexural member has already been considered. 
Solutions to the differential equation are readily available for the cases where k 

equals a constant and k = nhx; nh is the eoefficient of horizontal subgrade reaction (1)· 
The latter is a linearly increasing modulus w;i.th respect to depth as shown in Figure 
4b. Solutions can readily be obtained for other desired variations of k by hand methods 
or with the aid of electronic computers (5). The selection of appropriate values fork 
will be presented later. -

NOND™ENSIONAL SOLUTIONS 

Solutions for the aforementioned differential equation are readily available in non
dimensional form. For constant values of k, the relative stiffness factor is defined as 
R where 

R =.ftm 
and has units of length. If the embedded length D is divided by R, the result is a dimen
sionless nwnber indicative of the flexibility of the flexural member relative to the soil. 
Solutions for D/R values in excess of 4 are essentially equal to that for D/R equal to 
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Figure 5. Deflection and moment versus depth. 
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infinity; almost all piles are in this category. This fortunate occurrence simplifies 
analysis because only one set of solutions is required and it is applicable to almost all 
problems. Solutions for deflection and moment for constant values of k, and also for 
a stepped variation ink, are available (2). The case where the soil to a depth of 0.4R 
has a modulus equal to 0.5k (Fig. 4a) is a better approximation for preloaded cohesive 
soils than the case where k is constant; such solutions are shown in Figure 5. 

For the case where k = nhx the relative stiffness factor T is defined as 

5 

T =JE!Tnh 

and has units of length. If the embedded length Dis divided by T, the result is a dimen
sionless number indicative of the flexibility of the system (Fig. 4b). In Figure 6 the 
nondimensional deflection coefficient has been plotted versus the nondimensional depth 
coefficient x/T where xis the depth below the ground surface; this plot has been made 
for a shear load Q for various values of D/T. Note that the deformations for D/T = 
2 are essentially due to rotation (relatively rigid member), whereas deformations for 
D/ T = 4 are essentially the same as for D/T = 5 and D/T = 10 and are dependent on the 
flexural detlections. In most practical cases D/T exceeds 4 and only one set of solu
tions is needed; such solutions are readily available (5, 6). 

Fixity at the top of the flexural member strongly influences both deflection and 
moment. This is shown in Figure 7 (7), where the nondimensional moment coefficient 
has been plotted versus nondimensionil depth x/T. A fixity factor F (Fig. 7) has been 

used to describe the degree of re
straint at the top of the flexural member; 
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Figure 6. Deflection versus depth. 
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thus, the influence of both moment and 
shear loads has been combined in one 
diagram. An F-value of zero corres 
sponds to a free-head case, and the 
maximum moment occurs at a depth 
of 1.35 T. An F-value of -0.93 corre
sponds to full fixity, and the maximum 
moment occurs at the top. As a prac
tical matter the degree of fixity that 
can usually be developed is, in the 
writer's experience, approximately 
-0.4 to -0.5; note that in this case the 
positive and negative moments are 
approximately equal, perhaps an aid 
to efficient use of flexural resistance. 
Nondimensional deflections versus 
depth are shown in Figure 8 in a simi
lar manner . 

For relatively flexible flexural 
members embedded in a relatively 
rigid concrete cap, an estimate of 
fixity at the pilehead can be obtained 
by considering the problem as a beam 
on an elastic foundation wherein an 
analysis is made of the pile embedded 
in concrete. In this case, the con
crete controls the modulus of subgrade 
reaction. Note that axial loads aid 
fixity and that conditions at the pile 
top are likely to exert considerable 
influence on behavior. This occurs 
with short embedments where the 
beam cannot be considered infinitely 



embedded. In other structural schemes, 
the structural connection at the top of the 
piles can be considered to sit on springs 
with axial, lateral, and rotational s tiff
nesses that are a function of both the pile 
and the structural characteristics of the 
connection. 

The analysis also allows a calculation 
of the soil reactions ky. These reactions 
can be checked against the allowable 
lateral pressures determined from theory 
and soil s trength parameters @). 

SOIL MODULUS 

Typical values for k are available for 
a wide variety of soils. For a given soil, 
k increases as density increases, as would 
be expected. The values for k given in 
Table 1 are based on both the literature 
and the writer's experience. On the basis 
of simple soil tests, such as the standard 
penetration test or the unconfined com
pression strength, reasonable values can 
be selected for k. 

MOMENT COEFFICIENT-C 

\1. 4 

M = C · Q · T 

k:: "ti. 

There are 2 phenomena that have a 
marked effect on k, namely, group action 
and repeated loading. With respect to 
group action, the spacing in the direction 
of the load is of primary importance. At 
a spacing center to center of 8d or more Figure 7. Moment versus depth. 
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Soil Type 

Granular soils 

Normally loaded 
organic silt 

Peat 
Cohesive soils 

TABLE 1 

ESTIMATED VALUES FOR k 

Value 

nh ranges from 1.5 to 200 lb/in.', ls J:eneral,ly in the 
range from 10 to 100 lb/ in.', and is aJlpro>dmately 
vruvurliuual Lu relallve density 

nh ranges from 0.4 to 3.0 lb/ in.' 
nh is approximately 0.2 lb / ln. 3 

k is approximately 67 Cu, where Cu ls the undrained 
shear strength of the soil 

Note: The effects of group action and repeated loading are not included in these estimates. 

(dis the pile diameter), there is essentially no influence of one pile on another provid
ing the spacing normal to the direction of loading is at least 2.5d (Fig. 9). When the 
spacing parallel to loading is less _than Bd, the effective value of k (keff) is less than 
that for an isolated pile. At a spacing of 3d, keff is approximately 0.25k. For other 
spacings, k eff can be determined by interpolation between 3d and 8d. This informa
tion is based on a model study on piles in sand (7). 

Repeated loading causes some deterioration Of the soil resistance, effectively re
ducing the modulus k. The net effect is that the deflection observed under first appli
cation of a load is essentially doubled if the load is cycled 50 times or more (1, 7, 9). 
Moments are also increased and occur over an increased depth of embedment. -Repeated 
loading has the effect of reducing k to approximately 30 percent of the applicable to 
initial loading. 

If both group effects and repeated load effects must be considered, k~ff can be as 
low as 10 percent of that applicable to initial loading of an isolated pile l7). 

It is the writer's experience that for most problems an analytical investigation based 
on reasonable values for k, determined with the aid of routine soil tests and judgment 
based on data given in Table 1, will lead to the decision that an adequate design can be 
developed without further information. For the remaining problems, it is relatively 
easy to make in situ tests to get more accurate des~gn information if the potential bene
fits outweigh significantly the additional cost of an acceptable design based on available 
data. 

A simple lateral load test on a pile will provide accurate design information. For 
simplicity the loads should be applied and the deformations measured at the ground 
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Figure 9. Effect of group action. 



surface; however, this is not essen
tial. Further, the test pile need not 
be a prototype. It is only necessary 
that the pile be of sufficient depth to 
be considered infinitely long for the
oretical evaluation. It is necessary 
to make an assumption regarding the 
nature of the variation of k with re
spect to depth; for example, con
stant, stepped, or triangular. Then 
the appropriate nondimensional coef
ficients and expressions are used to 
back-calculate k or nh. Corrections 
may then be applied, as described 
previously, to account for group 
action and cyclic loading. 

PARTIALLY EMBEDDED PILES 

Often, with partially embedded 
piles, the top of the pile is fixed to 
some degree and the structure is then 
statically indeterminate. It is most 
convenient to the structural engineer 
if the pile (Fig. lOa) can be replaced 
for the purpose of analysis by an 
equivalent free-standing pile (Fig. 
lOb) that is fixed at some depth, Lr, 
below the ground surface. A theo-
retically correct solution for deter-
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Figure 10. Partially embedded pile. 
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mining the depth to fixity, Lf, for long piles, i.e., D/T or D/R > 4, is available (10). 
The solution satisfies the conditions that the deflection and rotation at the top of the 
equivalent pile as well as the critical buckling load are the same as for the real pile. 

The depth to fixity is dependent on the stiffness of the pile and the magnitude and 
variation of the soil resistance but is reasonably constant when expressed in terms of 
the dimensionless parameters given previously. Lf can be determined with little ap
proximation from the following: 

Lu 
If k = constant and If > 2, then Lr = 1.4 R 

Lu 
If k = nh · X and T > 1, then Lr = 1. 8 T 

The equivalent cantilever beam-column defined can be used in conventional frame 
analyses for determining moments and loads at the top of the pile and for determining 
the buckling load for the pile. However, the moment computed for the fixed end of the 
equivalent pile will be considerably larger than the actual moment in the real pile. 
Therefore, to analyze the embedded portion of the pile it is necessary to resort to the 
procedures previously discussed, using the moments and loads at the groundline. 
These can be determined from basic principles of statics once the conditions at the top 
of the pile have been determined from the frame analysis (10). 

SUMMARY 

Pile foundations usually find resistance to lateral loads from (a} passive soil re
sistance on the face of the cap, (b) shear on the base of the cap, and (c) passive soil 
resistance against the pile shafts. The latter source is usually the only reliable one. 
An analysis of the problem should yield deflections, rotations, moments, shears, and 
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soil reactions as required for purposes of structural design. Beam-on-elastic
foundation theory is adequate for analysis of the problem. A brief study indicates that 
most piles are relatively flexible and may be analyzed as though infinitely long. Only 
short rigid piles are likely to require consideration of the lower boundary conditions 
in analysis. 

Nondimemiiunal sululiuns are available for both constant and linearly increasing 
modulus-depth relationships; solutions are also available for a stepped variation of k. 
Sufficient experimental data are now available to allow selection of the appropriate 
variation of k with depth. Typical values for k are available and have been related to 
readily observable soil characteristics. The applicable nondimensional solutions 
coupled with simple lateral load tests also allow experimental determinations of the 
magnitude of k if required. 

Group action can cause a reduction in effective modulus to 25 percent of that appli
cable to an isolated pile. Further, cyclic loading can cause deflections to double, ap
proximately, compared to that for the first load cycle. This causes a further reduction 
in the effective modulus. If both effects are present, the effective modulus may be only 
10 percent of that for first loading of an isolated pile. 

Fixity at the top of the pile is difficult to attain with the structural details commonly 
used. A fixity of 50 percent is usually attainable and has the advantage of approximately 
equal positive and negative moments, thus maldng efficient structural use of uniform 
flexural members. If deflections must be minimized, then increasing fixity is a very 
efficient way of achieving stiffness. 

A technique is available for analyzing partially embedded piles utilizing the same 
nondimensional parameters presented for fully embedded piles. A depth to fixity is 
introduced based on both soil and pile stiffnesses, thus eliminating the objections to 
similar procedures involving arbitrary depths to fixity. 

Analyses based on conservative, assumed values for k will usually indicate that an 
acceptable design can be obtained economically. If, however, the analysis indicates 
that better design data may yield significant savings, it is relatively simple to generate 
a field test program that will provide the data. 
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