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A formulation of a model of multilane traffic using Markov renewal 
theory is presented. The model considers the movements of individual 
vehicles within a given traffic environment that is described by a bi
variate probability distribution of platoon lengths and speeds. Outputs 
of the model will include average vehicle speed, vehicle delay , and lane
changing intensities and patterns. The basic framework presented will 
accept any sets of vehicle behavioral rules and is valid for any number 
of lanes. 

•ALTHOUGH A GREAT DEAL OF ATTENTION has been given to mathematical theories 
of traffic flow, a relatively minor amount of this work has been devoted to the case of 
multilane unidirectional flow. Most of the models that have been developed deal only 
with 2 lanes, they make many assumptions , and the results are often in forms that are 
soluble only after extensive simplification. One of the few models in which the number 
of lanes appears directly as a parameter is that of Gazis et al. (~, who use a density 
oscillations approach, but this model is very deterministic and remains unverified. 

This paper describes a new approach to the problem of modeling multilane flow. 
This approach uses the concepts of Markov renewal theory, which have found limited 
application in the field of traffic flow. The fir st use of this theory appear s to have been 
made by Weiss and Maradudin (fil in their extensive study of various traffic delay prob
lems. The only other work has been a brief study by J ewell (1) and a recent develop
ment by Cinlar (~, who extends the original ideas of Weiss and Maradudin in looking 
at the pedestrian delay problem. 

NOTATION 

The following notation will l:>e employed here. M = (Mjk) represents an array whose 
(j, k) entry is Mjk· M(t) is a matr ix with functions as elements, for which integrals, 
derivatives, and the like a1·e tak.en ter m by term. For example, 

Simil.arly, the Laplace transform of M(t) is the matrix whose (j, k) entry is the Laplace 
transform of the (j, k) enh'Y of M(t). 

The convolution of M and N(t), written M*N(t), is defined as 
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and the n-fold convolution is defined as 

M(n) (t) M(n-l) (t)*M 

M(o) (t) = I 

where I is the unit matrix. 

MARKOV RENEWAL THEORY 

The idea of a semi-Markov process and a Markov renewal process is fairly new, be
ing first introduced in 1954 by several workers. The work of Cinlar (1) provides an in
depth study of the theory, and all of the terminology and standard mathematical results 
given here are drawn from this source. 

DEFINITIONS 

By its very name, a Markov renewal process would appear to have some relation
ship to renewal theory and Markov chains. In fact, a Markov renewal process can be 
looked on as some combination of the characteristics of these 2 simpler theories. It 
exhibits the ch.aracteristic of a Markov chain in that there is a stochastic process tak
ing values in a countable state space, with the probability of next visiting any state be
ing dependent only on the state in which the process last resided. It also has the char
acteristic of a renewal process in that it describes the occurrence of a series of events 
that are separated by some random amount of time. 

More formally, a semi-Markov process is a stochastic process X(t) (t > 0) taking 
values in a countable state space, say {1, 2, 3, ... }, such that the successive states 
visited form a Markov chain, and the process remains in any given state a random 
amount of time that is dependent only on that state and the state to be visited next. 

If in this process we let T 0 , T 1 , T 2 , ••• be the times at which state transitions occur 
and if Xn defines the state that the process enters at time Tn, then the stochastic pro
cess (Xn, Tn) is called a Markov renewal process. The sequence Xn of successive 
states visited is a Markov chain. 

Further definitions are as follows: 

1. A nondecreasing, right continuous point function F on the real line with F(=),;; 1 
is called a mass function. 

2. A matrix A(t) of mass functions Ajk(t) defined for each j, k EC is called a semi
Markov matrix over C if 

Ajk(0-) = 0 

L Ajk(+=) ,;; 1 
k 

where C is a subset of the set of non-negative integers. 
3. Let 

\~. 
0 t 
L f Ajr(dy)Ark(n-1) (t - y) 

r 0-

t < 0 

t ~ 0 

t<0 

t ~ 0 

for n = 1, 2, 3, . . . . Restating this in matrix form, we have fort > 0 
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A(o) (t) = I 

t f A(dy)A (n-1) (t - y) 
0-

forn = 1, 2, ... , and fort< 0 

A(n) (t) = 0 

fo r n = 0, 1, 2, .... 
4. {Xn, Tn} is called the Markov renewal process induced by the semi-Markov ma

trix A(t) if 

for any je-C, te-[0, =], n;:,; 0. 
5. Nk(t) is the number of times the Markov renewal process enters state kin the 

interval[0, t]. 
6. Let Rjk(t) be the conditional expectation of Nk(t) given that X0 = j; then we have 

= 
Rjk(t) = I: ProbjXn = k, Tn ~ tlx0 = j! 

n =0 

= 
= I: Ajk(n) (t) 

n=0 

= 
7. R(t) = I: A(n) (t) is the Markov renewal matrix corresponding to A(t). 

n=0 
8. Let Sk(t) be the time spent in state k by the semi-Markov process in the interval 

[0, t]; i. e., Sk(t) is the cumulative sojourn time in state k. The joint distribution of all 
the Sk(t) is given the terms of the Laplace transform 

Ui (A, t) = Ei lexpt ~ "ksk(t)J:l "j ;:,; o 

where A = diag{X 0 , Xu ... } and Ei [f(t)] is the conditional expectation of f(t) given that 
the process is initially in state i. The required solution is 

where 

t 
Uj(A, t) = L f Rjk(A, du)e -Xk(t-u)[Bk - Bk(t-u)] 

k 0 

Bk(t) = ~i\icj(t); 
J 

Rjk(A, t) = Markov renewal matrix corresponding to semi-Markov matrix Q(t); and 
Q(dt) = e-AtA(dt). 

BASIC ASSUMPTIONS 

Consider a unidirectional multilane highway of p lanes, pe-{1, 2, ... } . The high
way is long, straight, and level with no ramps, intersections, or other obstructions. 
Traffic on this highway has the following characteristics: 
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1. Traffic in each lane can be described as a flow of platoons where each platoon 
has a speed of UE{u11 u2 , ••• , um}, and a length XE [0, co]' 

2. A platoon is defined as a bunch of one or more vehicles in one lane traveling 
closely together at the same speed; 

3. The speed u and length x of platoons in lane r are described by the bivariate 
probability density function fr(u, x); 

4. Each vehicle on the highway has some fixed desi r ed speed Ve E{uu u2 , ••• , Um}, 
and the speed of any vehicle at any time can never exceed its given desir ed speed Vei 

5. A vehicle always travels at its desired speed unless it is restricted by a slower 
platoon ahead of it in the same lane, in which case the vehicle then joins the end of the 
platoon and travels at the speed of the platoon until it changes lanes or the obstruction 
is removed; and 

6. Vehicles are free to change lanes. 

MODEL FORMULATION 

Consider a given vehicle C with s ome desired speed Ve moving down a highway of p 
lanes . At any t ime t, vehicle C is in s ome lane i, iE{l, 2, ... , p}, and is t raveling at 
s ome speed u , u E{u1 , u2 ••• , v0 } . Let the "state" of vehicle C at time t be denoted 
by the vector (i, u). 

Suppose that at time t = 0 vehicle C is in state (X0 , Y 0 ); i. e., at time zero vehicle 
C is traveling at speed YO in lane X0 • A change of state occurs whenever vehicle C 
makes a speed change or a lane change or both. Suppose that after time zero vehicle 
C makes its first state change at time T 1 and that at this time it enters state (X 11 Y 1). 

Similarly, suppose that vehicle C makes its nth change of state at time T n and that at 
this time it enters state (Xn, Yn) where n > 0, TnE(0,=), XnE{l, 2, ... , P}, YnE{u 1 , 

U2 , .. ,, Ve}, 
Then the state vector (Xn, Yn) is a random variable taking values on the 2-

dimensional state space defined by a closed interval of the real non-negative line and 
a subset of the set of real non-negative integers. 

We also specify that the Markov property holds. 

ProbjXn = i, Yn = j, Tn,,; tlXo, X11 ••• , Xn-li Yo, Yu .. . , Yn-li T 11 ••• , Tn-i! 

= ProbJXn = i, Yn = j, Tn ,,; tlXn-1, Yn-1, Tn-1! 

Then the process {(Xn, Yn), Tn} is a Markov renewal process that completely describes 
the behavior of vehicle C on the highway. With the specification of a suitable semi
Markov matrix A(t) as a transition matrix, we have a model that enables us to study 
many aspects of traffic behavior on a multilane highway. 

Throughout the remainder of this paper, unless specified otherwise, the following 
notation will be used to denote states. The statement that vehicle C is in state j implies 
that C is in state (j 1 , j2 ); i.e., vehicle C is traveling in lane j 1 at s peed j2 • 

A(t) = Aij(t) is the transition matrix of the Markov renewal process {(Xn, Yn), Tn} if 

ProbJXn+l = j 17 Yn+l = j2 , Tn+l ,,; tlXn = i 1 , Yn = i2 , Tnl 

t :.e: 0, n :.e: 0 

A(t) i s a semi-Marlcov matrix because Aij(t} are mass functions; Aij(0-} = 0; and 
~ Aij (co) ,,; 1. By establishing a given s et of traffic behavioral rules, the interactions 
J 

between vehicles and platoons will be specified and the transition matrix Aij(t) then 
determined. 

SOME MODEL OUTPUTS 

Some typical outputs of the model described here are intended to be illustrative only 
and are not exhaustive. The definitions from the previous section are used without 
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proof of derivation. They are all results from Markov renewal theory, and the deriva
tions can be found in Cinlar (!). 

Number of Renewals 

The expected number of visits to state k given that vehicle G is initially in state j is 
Ej [Nk(t)] for the interval [O , t]. This value is obtained from the (j, k) th term of the 
Markov renewal matrix R(t). This result gives a record of the lanes and speed classes 
that the vehicle visits as it moves down the highway. Only those transitions involving 
a change of lane are counted to obtain the pattern and intensity of lane-changing as a 
direct output of the model. 

Time Spent in Each State 

The cumulative sojourn time in state k in the interval [O, t] is 8k(t). Hence, (a) 
total time spent by vehicle C traveling at speed 32 in lane j 1 is Sj(t); (b) total time 
spent by vehicle C traveling at speed jz is ~ Sj(t); and (c) total time spent by vehicle 

J 
C traveling in lane j 1 is t Sj(t). The average speed of vehicle C over the interval [0 , t] 

follows directly from statement b and is 

½ { [k2 { Sk(t)ll 
I I 

Sk can be computed from the expressions in definition 8. 

other Outputs 

other outputs of the model include the number of lane changes of each type, the first 
passage time to any state, and the probability that vehicle C will be in any state k at 
any time t. 

CONCLUSION 

A model of multilane traffic flow based on Markov renewal theory has been formu
lated. The model is very flexible in that it is valid for any number of lanes and it can 
accept any set of vehicular behavioral inputs capable of mathematical interpretation. 
Only the basic formulation is presented here. A full mathematical development has 
been made (§), and some further refinements are in the final stages of completion. 
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