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Foreword 
The 6 papers in this RECORD add some new approaches to traffic flow 
theories and to selected aspects of traffic control. They should be of in
terest to flow theorists, researchers, and practitioners involved in the de
sign and application of intersection and system control programs. 

Lehoczky introduces a new model of a vehicle-actuated traffic signal. 
First, he analyzes a very simple intersection under restrictive input con
ditions. He then moves into generalizations of the model that allow it to 
include more complicated intersections, such as a 4-way intersection with 
a separate left-turn phase, and to include dependent input processes. 

McShane, Yagoda, Pignataro, and Crowley present a "smooth-flow" 
control philosophy, constraints and difficulties in structuring the control 
problem, and illustrations of attendant problem areas. The paper includes 
development in detail of an arterial controller and presents a simple net
work case. 

Nemeth and Vecellio report on their continuing investigation of the rela
tionship of platoon-dispersion characteristics on signalized arterials to 
signal spacing and to platoon size. Signal spacing was varied by changing 
one signal in a series of signals to flashing operation, and dispersion char
acteristics were recorded by time-lapse photography. 

Bullen and Worrall describe a model of multilane traffic flow set in the 
format of a semi-Markov process. They discuss in some detail the formu
lation of the model and present procedures used in its internal validation. 

Colony analyzed the problem of alternate route (freeway versus arterial) 
selection as a 2-person game against nature. He presents a solution to the 
problem under 4 different criteria for games against nature. 

In the final paper, Munjal presents a traffic model formulated on those 
primary governing mechanisms thought to contribute to freeway traffic be
havior in the vicinity of off-ramps. 
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Stochastic Models in Traffic Flow Theory: 
Intersection Control 
JOHN P. LEHOCZKY, Carnegie-Mellon University, Pittsburgh 

A new model of a vehicle-actuated traffic signal is introduced. This model 
is a natural generalization of the fixed-cycle traffic signal and can be ana
lyzed under certain dependent input conditions. The first model applies to 
the intersection of 2 one-way, one-lane streets. The time-dependent and 
asymptotic behavior of the traffic signal and the traffic queues is deter
mined by using results from the theory of storage. Exact distributions of 
green times and their moments are determined. Conditions for asymp
totic stability are given, and when these conditions are satisfied the 
steady-state queue sizes are determined. Expected total delay per cycle 
is used as a criterion of optimality, and the optimal signal settings are 
given in certain special cases. The model is generalized to include more 
complicated intersections, such as the intersection of k ~ 2 one-way, one
lane streets, a four-way intersection with no left-turning vehicles, and a 
four-way intersection with a separate cycle phase for left-turning vehi
cles. Two types of dependent input processes are considered-Markov 
chains and martingales. Many of the preceding results carryover to these 
types of input processes. 

•MUCH ATTENTION has been devoted recently to models of traffic signal behavior. 
Unfortunately most of these models deal with a fixed-cycle traffic signal, and rela
tively few apply to vehicle-actuated traffic signals. The models of vehicle-actuated 
traffic signals that have thus far been introduced are generally lacking in several im
portant respects. First, the analysis usually depends heavily on the assumption of 
Poisson and Bernoulli input. Input of this nature may be reasonable for an isolated 
intersection; however, it is not reasonable in an urban setting where input tends to 
arrive in waves depending on the status of nearby traffic signals. Second, the models 
generally deal with very simple types of intersections. Ideally a model should apply 
to four-way intersections, perhaps with left turns allowed. 

This paper introduces a new model of a vehicle-actuated traffic signal that over
comes the 2 difficulties mentioned. First, a very simple intersection will be analyzed 
under restrictive input conditions, then the model is later generalized to include more 
complicated intersections with dependent input. 

THE MODEL 

Consider the intersection of 2 one-way, one-lane streets controlled by a cycle that 
begins when the light turns green for the north flow. It remains green for at least g

1 
seconds, and each car entering the intersection in the north direction extends the green 
time by e 1 seconds. The green time can be extended to a maximum length of g2 seconds 
after which all cars subsequently crossing the intersection do not extend the green 
time any further. At the conclusion of the green period, the light turris red for both 
flows for a random length of time. This lost time simulates the yellow phase of the 
light and the extra start-up time of the first car in the east flow. The light then turns 
green for the east and stays green for at least r 1 seconds. Each car crossing the 
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intersection in the east direction extends the green time by e2 seconds to a maximum 
value of r 2 • At the conclusion of the green period, the light turns red for both direc
tions for a random lost time. 1'hiR time i:;imul11tes the yellow phase and the extra start 
up time of the first car in the north queue. The cycle is then complete and is repeated. 

FIXED-CROSSING TIMES 

Assumptions 

1. gi, g2 , r 1 , and r 2 are positive integers satisfying 

2. e 1 and e2 are positive integers such that e 1 divides g2 - g1 and e2 divides r 
2 

- r 1 • 

3. Each car takes a fixed equal length of time to cross the intersection. This time, 
T, is the same for both flows. Without loss of generality all time quantities can be 
measured with respect to this time unit; hence, time may be rescaled so that T = 1. 

4. If the light is green for either direction, the queue for that direction is empty 
at time k of the nth cycle, and i cars arrive during (k, k + 1), then the queue size at 
time k + 1 will be i. If a car arrives during (k, k + 1), k + 1 < g

2
, then the light will 

be extended to at least time k + 2. 
5. [Lin, n ~ 1} and (L2n, n ~ 1} are mutually independent sequences of iid random 

variables. The random variables are non-negative and integer valued. L1n represents 
the lost time to the north flow just prior to the stal't of the nth cycle . L 2n represents 
the lost time to the east flow during then th cycle. E(L1n) = t 1, E(Lzn) = t 2 , Var(L1n) = 
o~, and Var(L2n) = o!, o~, o! < o::i. 

6. (Yin} and ( Zin ) are mutually independent sequences of iid random variables. 
Yin represents the number of arrivals in the north direction during (i, i + 1) of then th 
cycle, and Zin represents the number of arrivals in the east direction for the same 
time period. The input sequences are independent of the lost times. E(Yin) = p 11 

E(Zin) =p2 , Var(Yin) =a~, andVar(Zin) =o-!, a~, a!<co. 
7. g

2 
= r 

2 
= co. 

Time-Dependent Behavior 

Let 
Qin north queue length at the start of the nth north green time; 
Q2n east queue length at the start of the nth east green time; 

tn nth north green time; and 
rn nth east green time. 

First, one can show that the cycle mechanism described earlier is equivalent to one 
that is mathematically easier to handle. The new mechanism assumes that cars ex
tend the light as they join the queue, not when they cross the intersection. Letting 

j-1 
Yn(j) be the random walk Yn(j) = g1 + eJQ1n + :E Yin) - j, one can define a stopping 

i=O 
time Yn = inf(jlY0 (j) = Ol. The north green time is given by tn = min(y11, g2). 

The stopping time Yn can be thought of as the first emptiness time of a storage pro
cess with initial height g1 + e Q1n, release of one unit per second, ancl input of Yin 
uni ts pei· second. The exact 1ais tribu tion of Yn can be found by using a 1·esult from 
Lloyd's work(~); thus, by truncation 

g1 + e1Qln f(i - g1 - e1Qln• i IQ1n), 
i 

(1) 
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where 

f(i, j) = P(Yon + ... + Yj-1,n = i). 

The exact distribution of the north green time will have a simple or complicated 
form depending on the complexity of then-fold convolution of the input distributions; 
however, the moments of this distribution have a particularly simple form. From an 
application of Wald's equation to the random walk {YnG), j "' 1}, one may find all mo
ments of the stopping time Yn. Thus under assumption 7, 

+ co 

(gi + eiQ1n)
2 

(1 - Pie/ 

+ co 

p e < 1 
i i 

p e "' 1 
i i 

(2) 

(3) 

Similar results may be derived for rn, These equations show that piei < 1 and 
p

2 
e

2 
< 1 are necessa.i·y conditions for l:ii and rn to have finite moments of all orders; 

1:iowever, s tronger conditions are required for asymptotic stability when g
2 

= r
2 

= co. 

Asymptotic Behavior 

It is important to find conditions under which the queue lengths remain asymptot
ically stable. This problem must be broken into 3 distinct cases, each one giving dif
ferent results. 

g2 = r 2 = CO-By inspection it can be seen that (Qin, n"' 1} and {Q2n, n"' 1} each 
form Markov chains. The transition probability matrices are very complicated with 
all positive entries, thus one cannot solve the steady-state equations '1TP = '1T even for 
the simplest types of input. One can, however, compute the conditional moments and 
prove positive recurrence in this fashion. 

(4) 

This result is used to prove theorem 1: If b < 1, then [Qin, n"' 1} is a positive re
current Markov chain, i = 1, 2. Thus there exist almost surely finite random vari
ables Q

1 
and ~ such that ~n lY Q1, and Qi has the steady-sta te distribution, i = 1, 2. 

The condition b < 1 is equivalent to p 1ei + p2 e2 < 1, thus p 1ei + p2e2 < 1 is a neces
sary and sufficient condition for asymptotic stability of the intersection. All moments 
of the steady-state queue length may be found even though the exact distribution cannot 

g+r+t+t 
be. The expected steady-state cycle length is { 1 1 2 for Pi e 1 + p2e2 < 1. 

- Pie 1 - P2e2 
g

2 
= co, r 2 < co or g

2 
< co, r 

2 
= co-When g

2 
= co and r

2 
< co, the north queue will re

main stable if Pie 1 < 1, because the east green time is at most r2 units long, and this 
time can be regarded as an extra lost time that does not affect asymptotic stability. 

Again by the consideration of conditional moments one may prove theorem 2: If r2 > 
P2(gi + .f.,l + l) 

1 - P1 e1 - Pa 
ically stable. 

and p
1 

e
1 

+ p
2 

< 1, then the north and east queue lengths are asymptot-

The case g
2 

< co and r 2 = co can be treated in an identical manner. The conditions 
p ~ (r l + .(, l + ,t,2) 

for asymptotic stability are g2 > 1 and P1 + p2e2 < 1. 
- P1 - P2e2 
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g2 < co, r 2 < co-This case required the definition of a bivariate Markov chain. By 
consideration of conditional moments, one may determine conditions for positive re-
currence. g r 

Theorem 3 is as follows: If p < 2 
.{. ./, and p < 2

./, l , then 
1 gz + ra + 1 + ~ 2 g2 + r2 + 1 + 2 

the north and east queue lengths are asymptotically stable. 
Comparison of Theorems-It is of interest to compare the conditions for asymptotic 

stability given in these 3 theorems. 

Theorem 1: g2 = co, r2 = co 

Theorem 2: g2 = co, r 2 < co 

or g2 < co, r 2 co 

Theorem 3: g2 < co, r2 < co 

In the first case, e 1 and e2 behave like scale parameters; however, when either g2 
or r 2 <co, then e 1 or e2 respectively has no effect on the asymptotic stability of the in
tersection. This illustrates that the special case g2 = r2 = co cannot be treated as a 
limiting case of g2 < co and r 2 < co. 

Total Delay per Cycle 

The criterion of expected total delay per cycle is used as a criterion of optimality. 
This criterion has the drawback of ignoring the effects of the lost times; however, most 
reasonable criteria will be related to the total delay per cycle. 

Explicit formulas for the mean value and variance of the total delay per cycle can be 
found, and from these it is easily shown that setting g

1 
= g

0
, r = r 

0
, and e1 = e

2 
= 1 

when g2 = co and r 2 = co simultaneously minimizes expected tol:al delay to the north 
and east flows. When p1e 1 

+ p2e2 is nearly 1, then the expected total delay behaves like 
1 

2; however, the variance behaves like 1 
3 • This shows 

(1 - p1e1 - p2e) (1 - P1e1 - P2e2) 
that, for values of p1e1 + p2e2 near saturation, the mean delay is a misleading criterion 
because of the large variance; however, setting g1 = g0, r 1 = r 0, and e1 = e2 = 1 mini
mizes the variance when g2 = r 2 = co. 

RANDOM-CROSSING TIMES 

The following model of vehicle actuation is assumed. A cycle begins when the light 
turns green for the north flow. The light will stay green until the north queue empties 
at which time it changes to red. The light is red for both flows for a random lost time 
and then changes to green for the east. The light stays green until the east queue first 
empties, at which time it turns red for both directions. After a random lost time the 
cycle is completed. 

Assumptions 

Assumptions 1, 2, 4, and 7 are removed. Assumption 3 is modified as follows: 
[Cin, i -= 1, n -= 1} and [Din, i ~ 1, n -= 1} are mutually independent sequences of 
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iid positive integer valued random variables. Cm(D1n) represents the crossing time 
of the i th northbound (eastbound) vehicle during the nth cycle. Let P(Cfn :1' 1) = 
P(Din :1' 1) = 1; E(Cin) = µ 1; E(Din) = µ

2
; Var(Cin) = cr~; and Var(Din) = ot 

Time-Dependent Behavior 

Let 

tn = north green time during nth cycle; 
Qin = north queue length at the start of then th cycle; and 

Nn = number of northbound cars crossing during then th cycle. 

By considering tn to be the first emptiness time of a dam and by using a result from 
Lloyd's work (~), it can be shown that 

Qln 
P(tn = t, Nn = k \Q1n) = le f(k - Q1n, t \Q1n)h(t, k), t :1' k :1' Qln (5) 

where 

f(i, j) = P(Yon + ... + Yj-ln = i), and 
h(i, j) = P(C1n + ... + Cjn = i). 

The moments of tn and Nn given Qin can be determined by using Wald's equation 
applied to bivariate martingales. 

Qln 
< 1 

l - plµ l plµl 

+= Pf1 
;?, 1 

E(tn\Qln) 

Qw 1 

PP1 < 1 
l - plµl 

+= PJ.l,1 ;?, 1 

(6) 

(7) 

Higher moments of tn and Nn given Q1n may be calculated in this same manner. The 
results are surprisingly simple independent of how complex the exact distributions may 
be. 

Asymptotic Behavior 

The asymptotic behavior of the queues can be treated in a manner identical to that 
used earlier. (Qin, n :1' 1} and (Q2n, n :1' 1} are Markov chains, and E(Q1n+l \Qin)= 
c + dQ1n with c :1' o, d :1' 0. 

This form for the conditional moments is important in the proof of theorem 4: If 
d < 1, then {Qin, n :1' 1} and (Q2n, n :1' 1} are positive recurrent Markov chains. 
Hence, there exist almost surely finite random variables Q1 and Q2 such that Q1n YI Qj_, 
and'¾ has the steady-state distribution, i = 1, 2. 

The condition d < 1 is equivalent to p µ
1 

+ pl),µ
2 

< 1. When this condition holds, the 
steady-state moments of the queue lengt/1 cru1 be calculated exactly. 

Total Delay per Cycle 

The total expected delay per cycle for both the north and the east flows can be deter
mined exactly by techniques that are a natural extension of those used for the fixed
crossing time. When p

1
µ

1 
+ P.a/J

2 
is nearly equal to 1, the expected total delays for both 

the north and east behave like ( 1 )2 ; however, the variance behaves like 
l - P1/J1 - Pa/J2 
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1 
3

• Thus for values of p
1
µ

1 
+ 1-\µ

2 
near saturation, the mean delay be-

(1 - plµ l- P:J,L;?) 
comes a misleading criterion of optimality because of the large variance. 

COMPLICATED INTERSECTIONS 

Many of the results stated carry over to more complicated types of intersections. 

Intersection of k One-Way, One-Lane Streets 

The fixed-crossing time model given before extends easily to this situation. The 
signal mechanism works in the same manner except there are now 3 sets of k param
eters: {g

1
, ••• , gk} the minimum green times, (r r> ••• , rk} the maximum green 

times, and (ei, ... , ek} the extension times. One can easily determine the time
dependent behavior of the queues by using methods identical to those used earlier. The 
asymptotic behavior is also easily handled. 

k 
Theorem 5-If I: piei < 1 and r = r , ... , rk = co, then the intersection is 

i=l i z 

asymptotically stable. 
Suppose that m of the ri 's are finite and the rest are infinite, m ~ 0. The condi

tions for asymptotic stability are somewhat more complex. Let us relabel the param
eters so that r 1 = . . . = rk-m = co. 

Theorem 6-If 

and 

p. < 1 
l 

r• > 
J 

Pj ( t ri + t ti + klt=m gi) 
\i=k-m+l i=l ~ 

-~---,-k---m------k------, j = k - m + 1, ... , k 

1 - L Pi ei - L Pi 
i=l i=k-m+l 

then the intersection is asymptotically stable. 
When the conditions for asymptotic stability are satisfied, the moments of the 

steady-state queue lengths can be calculated. 
This model can be changed to apply to random-crossing times also. The exact dis

tribution of green times and cars crossing the intersection can be determined. The 
asymptotic behavior is treated the same way as for k = 2. 

k 
Theorem 7-If I: Pili < 1, then the intersection is asymptotically stable. When 

i=l 
k 
I: Pili < 1, then the moments of the steady queue lengths can be derived explicitly. 
i=l 

Four-Way Intersection With No Left-Turning Cars 

An intersection of this type cannot be controlled in a reasonable way so that all 4 
flows exercise control over the traffic signal. Instead it is assumed that only 2 of the 
flows (either east or west and either north or south) control the cycle lengths. One 
must choose the flow that controls the light in such a way that the queues remain as
ymptotically stable. In the fixed-crossing time, the choice is made so that the flow 
with the highest average input controls the light. In the random-crossing time, the 



choice is made so that the flow with the highest value of pµ. (the average input times 
the average crossing time) controls. Thus the traffic signal will behave as if there 
were just 2 flows, and the intersection will remain stable if the controlling flows are 
chosen in the manner described before. 

Four-Way Intersections With Left-Turning Cars 

7 

This situation may be treated in a way analogous to that in the preceding paragraph. 
The traffic signal now has 4 phases instead of the usual 2: north-south, north-south 
left turn, east-west, and east-west left turn. From each of these 4 pairs, one is 
chosen to control the light by the procedure just described. The analysis described for 
an intersection of k one-way, one-lane streets can now be applied to prove asymptotic 
stability and to find the steady-state queue length moments. 

Dependent Input 

The green times for the fixed-crossing time were found to be equivalent to the first 
emptiness time of a dam. This problem has been solved under more general conditions 
including Markov chains (1, 2) and martingales. In addition, the total delay per cycle 
can be determined when the input is in the form of a Markov chain. Thus many of the 
results for iid input will be carried over for some dependent types of input. 
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Control Considerations and Smooth Flow 
Vehicular Traffic Nets 
WILLIAM R. McSHANE, H. NATHAN YAGODA, 
LOUIS J. PIGNATARO, and KENNETH W. CROWLEY, 

Division of Transportation Planning, J;>olytechnic Institute of Brooklyn 

• 
ID 

The report presents some analysis, constraints, and problem areas in the 
formal structure of control (and of some particular controllers) on the 
signalization-assignment level of a multilevel macroscopic controller. The 
overall structure and philosophy of the multilevel controller itself is not 
presented in the present report, nor are the computer aspects considered 
explicitly, the digital computer being considered only as a control device for 
present purposes. A "smooth-flow" control philosophy is presented, and 
some consequent controllers for arterials and for networks are demon
strated. Some formal constraints and difficulties in structuring the control 
problem are treated; these include cycle length definition, predictor re
quirements, and the problem of, and bounds on, the closure integers. At
tendant problems in estimation, computation, and stability are illustrated. 
An arterial controller is developed in detail; network cases are discussed. 

•IN RECENT YEARS there has been a number of study projects and research presen
tations on digital computer control of arterials and networks. For the most part, these 
have been reports of specific computer-detector-signal hardware configurations utiliz 
ing a selection of predesigned stored signal plans (1, 2, 3, 4). Some are treatments of 
specific algorithms by which such signal plans are computed (5, 6, 7, 8). Detailed 
comparative studies of policies have been reported only in San-Jose ancfGlasgow (9, 10); 
such studies are also to be undertaken in projects in Washington and Dallas (11, 12).
No comprehensive s tudy of cont r ol philosophy and methodology for networks on the order 
of the Gulf F1·eewar r eport (13) has appeared, although a paper by ,Ferrate (14) and a 
report by TRW (15) contribute significa ntly to filling this void. 

Although thereare significant questions of speed, storage, on-line control computa
tion versus stored libraries, configurations and hierarchical systems, and so forth to 
be considered in any installation of digital control, the machine itself in the control loop 
is not considered explicitly in the present paper because it is in fact a control device 
and not a controller or control law per se. 

It is worth noting, incidentally, that the prime advantages of digital computer control 
over hard-wire or analog control, other than possible cost effectiveness and central 
management, are (a) flexibility in revis ing policy, a necessity considering the existing 
state of the art, and (b) flexibility in futu1·e expansion of the system. Furthermore, it 
should be noted that computer control does not necessarily, and need not, imply closed
loop or adaptive control; several highly effective installations are essentially open-loop 
n-dial controllers. 

CONTROL PHILOSOPHY 

Control may be exercised according to several structures: multilevel, single level 
microscopic, and single level macroscopic. Depending on the formulation, the last 
alternate may be adopted to be contained within the first structure. A prime example 
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of the multilevel structure is the West London experiment (3) in which "strategic" de
cisions of a suitable policy set were made on the order of every 10 minutes, "tactical" 
review and adjustments were made every cycle, and "local" refinements based on local 
measurements were made every second or so. 

The present paper is to be restricted to control in response to known or measured 
parameters and related problems. 

Microscopic control formulations offer a satisfying formalism, particularly in terms 
of conventional discrete control theory. It is difficult, however, to analyze the dynam
ics and stability of such a formulation, or to make general statements about the coordi
nation of intersections and the evaluation of criteria other than the one specifically 
employed. 

Macroscopic control intervals are utilized in this presentation because they allow 
for formulation in terms of and comparison of standard criteria; use of the common 
concepts of phase, cycle, and offset; and analysis of some stability and estimation 
considerations. 

OBJECTIVES 

The objectives of the present paper are (a) to present smooth-flow control philosophy 
and some consequent controllers for arterials and networks; (b) to present for consid
eration the formal constraints and difficulties in structuring the control problem, in
cluding the necessity for certain revised definitions; and (c) to illustrate the attendant 
problems of estimation, computation, and stability. The control process is considered 
on discrete macroscopic time intervals; that is, the signalization control is set and 
revised on a cycle-by-cycle basis rather than on a second-by-second basis. The prob
lem of convergence to an optimum state, equally applicable to off-line design simula
tors, is also presented. The structure and philosophy of the multilevel controller, as 
is being developed for the Dallas project, are not treated in the present problem . 

THE BASIC SMOOTH-FLOW CONCEPT 

The design of arterial progressions has historically meant the design of maximum 
bandwidth progressions, primarily because of computational feasibility. With the wide
spread availability of digital computers, not only did this formulation become automated 
and sophisticated (6, 7) but also alternate formulations were introduced as feasible (5, 
8). Some utilized simulators as an integral part of the technique (17, 18). -
- The fact that maximum bandwidth controllers are not necessarily minimum delay 
policies on even one-way arterials was demonstrated by Bavarez and Newell (19) via 
a fluid-flow model. The prime cause of this is queuing along the arterial. -

Yagoda introduced in an earlier paper (20) the use of queue-clearance or smooth-flow 
control on a one-way arterial, with emphasis on its use in closed-loop control. This 
same policy is of course applicable if the input flows and the internal turning patterns 
are well known, in which case it yields appropriate open-loop controllers. 

Let the link offset ti be defined as the time between the initiation of green on its 2 
associated signals, downstream relative to upstream. The goal of the smooth-flow 
control policy is to choose a feasible set of offsets such that platoons entering any link 
are forced neither to decelerate nor to utilize the allocated downstream green poorly 
(i.e., create "slop"). This goal is functionally related to the acceleration noise crite
rion and to the number, but not the duration, of stops . 

The desired link offset tdi on the i th ar terial link, a one-way street segment between 
2 adjacent intersections (Fig. 1), is concisely exp ressed in seconds as 

where 

Li = link length, ft; 
Vi = desired link speed, fps; 
Qi = queue in link i at start of downstream green, vehicles; and 
Ri = service rate on link i, vps. 

(1) 
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Given that the queues Qi are known or 
may be estimated, and that the prime 
turning activity is at the head of the queue, 
the design of an appropriate one-way ar
terial progression is simple. Designs for 
two-way arterials and for more general 
networks, which are complicated by net
work closure requirements, are presented 
later. 

It is noteworthy that this control law 
will result in flexible, simultaneous, or 
"reverse" progressions as required by the 
queuing pattern on the arterial (Fig. 2). Figure 1. Smooth-flow offset. 

L 350• _J.__3so' -l---3so'-l-3so'--l 
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Assumed: Equal Per-Lane Queues, size 0; Service Rate R=l veh/3 sec; 
60 sec cycle length; 40 fps design speed 
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Figure 2. One-way arterial smooth-flow responses. 



CLOSURE 

Consider the grid shown in Figure 3A. 
Given the cycle length and signal splits, 
the offset t 4 is precisely determined if the 
offsets t 1.1 t 21 t 3 are specified. This is the 
crux of the network control complexity, 
for one must not only optimize some ob
jective function subject to such constraints 
but also assure that the ti have their min
imal magnitudes in the solution, because 
ti and ti + miC have the same physical 
meaning but are not mathematically equiv-
alent in a tractable form. 

3 

4 

(A) 

11 

N 
6 5 

2 

i 
(8) 4 

Figure 3. Closure relations on simple faces. 

The closure restrictions exist physically and may be expressed mathematically 
for any network whose digraph (directed graph) has closed paths within it. In the de
velopment to follow, only 2 general cases are considered: (a) networks with digraphs 
isomorphic to an n by m digraph with quadrilateral faces (Fig. 4), and (b) the two-way 
arterial. Although the latter is a subcase of the former, its structure benefits from a 
separate formulation. Both utilize a cycle length C common to all intersections and 
standard green-amber-red phase sequences, with an optional all-red phase. 

Let tn j be the time of green initiation in direction D at intersection j. In Figure 
3B, observe that with tNB 1 = 0 it follows that tNs 2 = tl. Similady, tEw 2 = tNs 2 + 
( ' 'l ' ' green+ amber + all- red NS 2, which may be wricten 

I 

tEw, 2 = tNs, 2 + gNS, 2C + (a + Rd)Ns, 2C (2) 

a set of such equations may be generated for the rest of the loop, the last of which is 

tNS, 1 = tEW, 1 + gEW, 1C + (a+ Rd)EW, 1C 

at the original intersection. These may be reduced to 

where 

P1 = gNS, 2 + gEW, 3 + gNS, 4 + gEW, 1• and 

P2 =(a+ Rd)Ns,2 +(a+ Rd)Ew,3 +(a+ Rd)Ns,4 +(a+ Rd)EW,1· 

They are referred to as the split terms. Because it was established as a reference 
that tNs, 1 = O, the quantity in Eq. 4 can only be a multiple of the cycle length: 

(3) 

(4) 

(5) 

where n is an unknown integer. This is the basic development of a closure relation. 
It should be noted that the offset terms are only all positive because the links were 

., 

I I 

(A) GEOMETRIC CORRESPONDENCE (Bl LATTICE REPRESENTATION 

Figure 4. Physical and graphical n by m lattices. 
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directed with the direction of rotation in establishing the equation set. In Figure 3B, 
for instance, the offset from intersections 5 to 6 is (-t6 ); the offset sum in this case is 
t~ - t 0 + t 7 - tB. As a matter of convention, it is recommended that counterclockwise 
rotations be used on the faces and the offset terms be signed according to concurrence 
(+) or opposition (-) to this rotation. 

For a north-south two-way arterial, the east-west links may be considered to have 
zero length, and the signals may be considered to merge into a single pair. Equation 
5 then reduces to 

(6) 

CONTROL STRUCTURE AND CYCLE CONVENTION 

On the macroscopic control level selected for the presentation, there are 3 basic 
control variable sets: splits, cycle length, and offsets. It is possible to refine this 
level by use of submultiple cycles and special phasing, or to structure these on another 
level in a multilevel system, but this is not treated in the present work. 

Of the 3 variable sets to be specified, one may specify a sequential selection of the 
3 in some order, a simultaneous selection, or a mixed plan. Because the split alloca
tion is inherently a response to only local intersection considerations whereas a single 
system cycle C and certainly the offsets have network and network coordination im
pact, a mixed plan is recommended. Two plans are considered: (a) simultaneous se
lection of cycle length and offsets, followed by split determination, and (b) sequential 
selection of cycle length, splits, and offsets. The split determination may be on the 
basis of relative flows, minimization of short-term maximum delay or lane queue, or 
some other criterion (20, 21). 

At first inspection of some study cases, an apparent anomaly arises in the specifi
cation of varying cycle lengths and changing offsets and in the assumption of a common 
cycle system. Consider the simple case shown in Figure 5 of 2 adjacent signals with a 
60 second common cycle, 50: 50 splits, and an initial offset of zero, increased in each 
of 3 succeeding cycles by 5 seconds. This is achieved in the figure, but an observer at 
signal 2 would record cycle times of 65, 65, 65, and 60 seconds thereafter, whereas 
an invariant 60 seconds is observed at signal 1, an apparent violation of the common
cycle characteristic. Such difficulties could be further compounded by control outputs 
specifying both offset and cycle length, with an implicit multiple specification on the 
cycle end-point. 

The apparent conflict is resolved by realizing that there must be 2 definitions of 
cycle length: (a) the user definition-period between green initiations at the signal of 
interest, and (b) the control definition-computed period of time to the next initiation of 
control, a period corresponding to the user cycle on an arbitrary but fixed reference 
signal within the system. Control is exercised synchronously throughout the system at 
these times, and the green phase at each signal is positioned within the cycle (and 
broken into 2 parts if necessary) under this definition rather than itself heralding a new 
cycle. While this definition is essential to the logical and formal structure of the mac 
roscopic controller, it must be appreciated that the user sees and reacts only to the 

t-65 + 65 65 60 

I I 
11 I 

Li 11 I I I 

I I I I I 

--1'---'1'--- •~-l---•\!-_ __ l_------11_11111111--- +• TIME 

~ 60 + 60 -+-Go ----i--60_..j 
Figure 5. Anomaly in cycle length. 
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usual succession of phases, so that bounds on the phases and other variables must be 
translated from one definition (user) to the other for the purpose of enforcement. 

One immediate consequence of a synchronous macroscopic control structure is that 
the relevant system variables (i.e., those defining the state of the system for the pur
pose of control) must be estimated by two-step predictor techniques. This is shown in 
Figure 6. The control instituted at the beginning of the Nth cycle must be based on the 
green-initiation queues and the flows within that cycle. The processing and computa
tion for this control instant must be done during the (N- l)th cycle, hence two-step pre
diction of Nth cycle state. 

DELAY-RELATED OBJECTIVE FUNCTION 

The existence of the closure constraints virtually precludes attainment of a complete 
set of desired offsets {tdi} on the network of interest. Instead, a set of acutal offsets 
{ti} must be effected that is optimal according to some selected criterion and that al
lows for feasible vehicle design speeds vi and cycle length C . The actual offset ti on 
the i th link may be expressed in terms of the desired offset tdi and an offset discrep
ancy ri. 

(7) 

Common criteria for optimization are linear with constraints, absolute value, and 
quadratic. A linear formulation in this case would lead to a standard linear program
ming formulation, which is time consuming to execute and which has limited opportunity 
for insight. A criterion in absolute values of the offset discrepancies would generally 
be intractable . On the other hand, the quadratic criterion not only is tractable but also 
may be directly related to short-term aggregate delay for the common situations re
quiring network control. This is due to the observation that delay of a platoon at a sig
nal is a parabolic function of the appropriate link offset, with minimum at some offset 
tt' (22), which is taken to correspond to tdi here. 

The objective function or minimization criterion utilized here is therefore taken to 
be 

A = L ai(ti - tdi)2 
links 

(8) 

where the ai are positive weights reflecting the relative importance of links, including 
their vehicular content, and the efficacy of precise smooth flow on the respective links. 
(If the green-initiation queue Qi exceeds the dischargeable queue for the next cycle, the 
arriving queue need not be timed precisely because it will stop in any case.) 

THE ARTERIAL FORMULATION 

Consider an N-block two-way arterial with the 2N interior links labeled as shown in 
Figure 7. Although there are N(N + 1)/2 distinct closure equations, only N of these are 
independent. Both to ensure independence and to obtain convenient bounds on the ni as 
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Figure 7. Conventions and equivalent graph for a two-way 
arterial. 

discussed later, the N equations corresponding to the individual blocks and of the form 
of Eq. 6 are selected. 

The formulation is facilitated by the following definitions: 

1. Link i speed parameter: Wi = 1/vi; 
2. Block i speed parameter: X1 = w1 + wi+Ni and 
3. Block i queue service parameter: C1 = Qt/Ri + Qi+N/Ri+N• Vi, Qi, and Ri have 

been previously defined. 

The first and prime arterial case to be considered treats the classical problem of 
choice of an optimal cycle length C and upstream and downstream design speeds VA and 
VB respectively, subject to certain bounds on each. The constant nominal arterial de
sign speeds yield 

and the Xi are all equal, so that the subscript may be deleted. 
The formal statement of this case is as follows: Minimize the objective function 

subject to the closure relations 

and the inequalities 

2N 
A = L a- £·

2 

. 1 1 1 
1= 

VAl s: VA s: VA2 

VBl s: VB s: VB2 

that constitute a feasible region R. The last 2 constraints yield X 1 s: X s: X 2• 

It is significant that the objective function A is formulated in terms of offset
discrepancies, which are relevant to the system user, rather than larger loop closure 
discrepancy terms as have appeared in other formulations_ 
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Assuming that the set {ni} is known, and for any set {VA, VB, C} in the region R, 
one may minimize the function A to obtain 

where 

2aiai+N 
b· =----

1 a i + ai+N ' 

- C2 N . ( . LiX - Ci )z 
A - - L b1 n1 - ---=--

2 i=l C 
(9) 

a-
(i+N = 1 

{niC - LiX + Ci}, and 
ai + ai+N 

ai+N 
t"i = -- €i+N 

3i 
so that the discrepancies within any block of the arterial are always of the same sign: 
Both lag, or both lead, the desired offsets. 

Although it is relevant to minimize Eq. 9 with respect to speed inverses, a degen
eracy results . Rather, it was decided to minimize with respect to the joint parameter 
X and obtain a family of (VA, VB) from which a suitable pair may be chosen in a second 
step. 

The objective function A is a unimodel function of X and C for a known set {ni} with 
a unique minimum, and the constrained optimum (X*, C*) may be found rather easily, 
as shown in Figure 8. The only degenerate case occurs when the ni are such that Ilj l i = 
ljni for all i, j, in which case there is a line C = XL i/n1 of constrained optima, whic h 
may pass through R. Even this degeneracy, however, depends only on the geometrics 
of the network and not on its state {Qi} or its weights {ai}. 

In spite of this fortuitous outcome, the arterial problem is quite complex because 
one must ascertain that the optimum obtained, A*, is the minimal value for all possible 
sets {n i}, Unfortunately, the minimal surface formed by t he intersection of th e differ
ent unimodel A(X, C) for given sets {ni} is not itself unimodal. A simple example of 
this problem is shown in Figure 9. 

BOUNDS ON THE ni AND SEARCHES 

Given this complication, it is of immediate interest to enumerate or at least to es
tablish an upper bound on the feasible sets of {ni}. Consider any random draw of N 
integers, with r epetition permissible . These integers for m a set {n1 }, and the corre 
sponding function A(X, C) has values in the feas ible region R' of the lX, C) plane that is 
a mapping of the feasible region R in (VA, VB, C) space. This does not necessarily 
mean, however, that this set {ni} has potential for yielding a physically relevant 
solution. 

C .EB..=o clX 
M..=o ~c 

h}FIXED 

P1 • UNCONSTRAINED 
OPTIMUM 

P
2

, CONSTRAINED 
OPTIMUM 

Figure 8. Constrained solution on an arterial, Case 1. 

A { ni }SET I SET 3 

MINIMAL 
SURFACE Am 

'----------------x 
Figure 9. Example of nonunimodal surface 

generated by unimodal surfaces. 
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0 C 2C 3C 

Figure 10. Bounding the integer ni. 

In Figure 10, the offsets tcti and td,i+N are shown 
for a specified VA and VB, as is their sum. For a 
specified cycle length C the integer ni should be se
lected to minimize the discrepancy between the sum 
point and the cycle multiple point. That is, 

(10) 

This argument may be extended by considering the 
bounds on the speeds and then on the cycle length with 
the result that 

~XU-~ 1 ~X~-~ 1 
- n ;;;; ni s; - --- + ..,.. 

CR "' C1 "' 
(11) 

where R = 2 if LiXli - 1=i ;;;; O, R = 1 if LiXU - l;i < O, and the subscripts 1 and 2 indicate 
lower and upper bounds respectively. 

Let S be the collection of all (ni} whose elements satisfy Eq. 11. The set of feasible 
(ni) is a subset of S because certain values of, say, n2 may preclude certain values of 
other (ni} permissible by Eq. 11. The number of elements in S, which is an upper 
bound on t11e number of feasible sets [ni }, is simply tbe product of the N integer ranges 
obtained from Eq. 11. This information allows for a rational treatment of alternate 
realization techniques for the control law. 

Consider the minimal surface Am (X, C) over the region R' formed by the intersec
tion of the A(X, C) corresponding to the elements of S. The problem of finding the 
minimum on this surface, which is in fact the optimal cycle length-offset solution 
sought, may be attacked by at least 3 techniques: (a) complete enumeration of the con
strained optima for each element of Sand selection of the minimum; (b) solution for a 
lattice of values in the region R' of the (X, C) plane and selection of a minimum; and 
(c) generation of N2 random starting points in the region R', unimodal searches for 
minima from these points, and selection of a minimum. Technique 1 is generally in
feasible because of the number of elements in S. 

The choice between techniques 2 and 3 depends in good part on the structure of 
Am(x, C), of which little is known, and on the precision with which the absolute minima 
Am* (X*, C*) must be ascertained. Tables 1 and 2 give typicallatticevalues Am(X, C) 
in a feasible region R'. Table 4 gives a comparison of the average computation times 
for techniques 2 and 3 based on the assumption that Am(X, C) has N1 local minima in R' 
with equal regions Ri. 

A 4- ( ... , ... , t, , ) or 8-directional search for a decrease in Am (X, C) is conducted 
at each point with search steps equal to the lattice increments so that direct comparison 
is possible. Actually, the examples given in Tables 1 and 2 indicate that the equal Ri 
assumption is conservative in favor of technique 2 because the R1 corresponding to the 
absolute minimum tends to predominate (Fig. 11). 

TABLE I 

VALUES OF OBJECTIVE FUNCTION, ai ~ I 

X 
C 

0.04 0.05 0.06 O.D7 0 .08 0.09 

30 5.43E2 7.64E2 l.lOF3 3.81E2 4.13F2 4.48E2 
35 9.23E2 5.81E2 3.42E2 C[lliD 5.03F2 5.47E2 
40 1.25E3 l.05E3 6.41E2 3.23E2 3.31E2 6.49E2 
45 l.55E3 l.63E3 l.13E3 6.42E2 3.32E2 4.36E2 
50 l.60E3 2.08E3 l.74E3 l.12E3 l.83E3 3.69E2 
55 1.60E3 2.50E3 2 .46E3 l.79E3 1.08E3 5 .52E2 
60 1.60E3 2.B5E3 3.18E3 2 .62E3 1.74E3 9.85E2 
65 1.60E3 2.91E3 3.66E3 3.49E3 2.57E3 1.87E3 



TABLE 2 

VALUES OF OBJ ECTNE FUNCTION, 3i, WEIGHTED AS IN 
EQUATION 15 , I(Q1 ) = 1 

X 
C 

0.04 0.05 0.06 0 .07 0.08 0 .09 

30 3.64E2 l.25E2 ~ 2.49E2 2.86E2 3.10E2 
35 6.60E2 3.29E2 l.30E2 l.28E2 3.30E2 3.66E2 
40 9.07E2 6.81E2 3.10E2 1.32E2 1.81E2 4.24E2 
45 1.13E3 1.11E3 6 .37E2 2.95E2 l.49E2 2.49E2 
50 1.17E3 l.46E3 l .10E3 9.95E2 2 .75E2 1.80E2 
55 1.17E3 l.76E3 l.64E3 1.04E3 5.59E2 2.70E2 
60 1.17E 3 l.99E3 2.15E3 l.6 3E3 9.79E2 5. 17E2 
65 1.17E3 2.04E3 2.51E3 2.29E3 1.54E3 9.22E2 

The computation associated with techniques 2 and 3 is greatly simplified because 
there is only one feasible set (ni} associated with each lattice point (X, C ), the ele
ments of which are given by 

17 

(12) 

which is derivable from Eq. 11. This is simple to program in FORTRAN or APL/ 360, 
the latter of which was used to generate Tables 1 and 2. 

SELECTION OF NOMINAL ARTERIAL SPEEDS 

The selection of an optimal feasible pair (X*, C*) does not specify the actual offsets, 
although it does fix the offset discrepancies (Eq. 9). With the block speed parameter X* 

TABLE 3 C 
DATA FOR TABLES 1 AND 2 

Block Li(fl) 

1 530 
2 800 
3 740 
4 530 
5 530 

Notes: 1. Minima circled . 
2. EJ-103

• 

3. O; = O;+N. 

C; Block Li(fl) Ct 

14 6 700 20 
10 7 700 6 
6 8 700 12 
4 9 600 6 
0 10 530 6 

* µ d 
---------------- --- x 

Figure 11. Typical set of R( . 

TABLE 4 

COMPARISON OF TWO SEARCH TECHNIQUES 

Prob Spec on Failure 

Est Number to Find Absolute 
Case Technique 

N1 
of Search Minimum 

Moves 
0 .01 0.05 0.10 

1 Random start 10 4 316 209 159 
2 Random start 4 8 221 143 117 
3 Random start 2 4 112 80 64 
4 Random start 2 8 127 91 73 
5 Lattice of 

values 153 

Note: 17 by 9 lattice utilized in the (X, CJ plane, All table entries normalized to single-point com
putation time. 
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determined, and with the relative precision in the 2 stream directions determined by 
the {ai }, the actual assignment of values to VA and VB may be achieved by a second 
criterion with constraints. A common criterion for this purpose is one involving the 
speed-density relation in each direction. 

OTHER ARTERIAL CASES 

The general development presented here may be easily adapted to treat other cases: 
(a) Case 2-minimization of the objective function by selection of design speeds VA and 
VB but with a specified cycle length C; (b) Case 3-minimization of a weighted quadratic 
objective function in the discrepancies of speed parameters from a known desired set 
fwi} 

2N 
A1 = I: ai{Wi - wi}

2 

i=l 
(13) 

with a specified cycle length assumed; and (c) Case 4-minimization of an objective 
function similar to Eq. 13 but directly in terms of speeds rather than speed parameters. 

Case 2 is essentially a subcase of the prime case treated in detail earlier; the 
random-search technique, however, is not generally merited over the lattice technique 
because of reduced dimensionality. 

The fact that a design parameter wi or vi is assumed to be known or estimated for 
each link in Cases 3 and 4 allows the arterial design to be decomposed into individual 
block tlesigns because the commonality of the unknowns VA and VB is lacking and the 
structure of the block closures do not provide interblock linking. Cases 3 and 4 are 
treated without speed constraints because of the local adaptability allowed by this de
composition. The formulation in Case 3 not only allows the variable design speed ar
terial to be treated but also is conveniently linear. Case 4 is also a treatment of vari
able design speeds, but the optimization equations are nonlinear (21). The merit of 
one over the other is dependent on an evaluation of speed or the speed parameter as the 
more relevant variable to optimize; the latter is directly indicative of offset and thus 
the adjustment or maneuver period a driver faces as he approaches the signal. 

STABILITY AND POLICY ENFORCEMENT 

Little has appeared in the literature on the analysis of controllers for local and 
global (i.e., system) stability. In particular, the problems of oscillation of local queue 
sizes, of employment of a degrading objective function or estimator, or of tracking an 
optimum and of switching among policies are virtually untreated in the literature. 

Some analysis has been done by one of the authors (21) of 2 link stability problems: 
(a) the interaction of discrepancy, internal queues, and objective function value in 
Cases 3 and 4, and (b) the effects of errors in speed-density estimators. Conditions 
for potential local instabilities are derived; these potentials are realized in near
saturation flows. 

Speed or speed parameter discrepancies from the desired v,i or wi within any block 
tend to drive the block queue-service parameter l:i to a value such that the objective 
function value is decreased (21). Under sustaining flows, this leads by iteration to an 

- optimal value of the objective function by 
by error-closure or negative feedback. 
It also leads, by this link analysis, to 

Figure 12. Stability and speed-density estimates. 

a stable set { l:i} of internal queues. 
The second link problem treated in

dicates that not all intercepts of true 
and estimated speed-density link relations 
are statically stable equilibria and that, 
even at the statically stable intercepts, 
the difference in slopes of the 2 curves 
determine dynamic equilibrium. For 
example, points P 1 and P 3 of estimator 
A (Fig. 12) are statically stable by this 
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analysis while P 2 is a potential saddlepoint. Although P 2 of estimator B is statically 
stable, the large slope difference makes dynamic stability unlikely because of the large 
v with resultant large offset goal changes for small queue changes. 

On the system or global level, there appears to be no satisfactory presentation any
where in the literature. Certain control precautions, however, may well be noted. 
First, considering the fact that a particular offset need not be smooth-flow if the green
initiation queue Qi exceeds what may be discharged (i.e., Qdi) in the next cycle, one 
may establish 

Qi< Qrn 

Qi~ Qrn 
(14) 

where the nonzero quantity precludes programming difficulties in control algorithms. 
This, however, is not recommended because local variations of Qi around Qdi maycaus e 
significant value-switching in some ai, with similar impact in the control outputs pos
sible. Rather, a tapered form such as 

(15) 

is recommended. Second, it must be recognized that even with tapered weights and 
smoothed input estimates, it is possible for the control output to switch discontinuously. 
This is illustrated by the data given in Table 1; if a Case 2 controller is assumed with 
a specified change from C = 60 to C = 65 seconds, the block speed parameter switches 
from X = 0.09 to 0.04 (fpsf 1. As a result, the enforced offsets would radically change 
in a single cycle and the phasing as it appears to the user would be destroyed. 

In addition to being unsatisfactory from consideration of the user, such situations 
have the necessary elements for a system-wide instability; that is, a discontinuous con
trol is enforced on a system that has granularity and noise in its output and that further
more is in a state near a switching boundary. Moreover, such switching may uncover 
the transport lags on long links, which are somewhat absorbed by smoothed macro
scopic control. 

It is therefore necessary not only to smooth the control input, which is done for noise 
filtering and prediction, but also to enforce only small variations at the control output. 
This may be done by smoothing the output of the eontroller or by subjecting the output 
variations to a saturation or by constricting the single-step feasible region R' to per
centage changes of the most recent control values. This last approach, however, may 
fail to "follow" (or track) the true optimum well over long periods and would require 
updating by another technique. 

ESTIMATION AND DETECTION 

One problem of prime importance is the accurate two-step prediction of th~ state of 
the arterial or network, particularly the green-initiation queues Qi, Two techniques 
are available: (a) measurement of the local Qi of interest over the first through (Nth - 2) 
cycle and the estimation of Qi (N) on the basis of a stochastic process model for that lo
cal queue, and (b) measurement of all Qi within a region of influence, also including 
flow and turning action as necessary, all through the (Nth - 2) cycle, and estimation of 
Qi (N) on the basis of transport of these quantitites through the 2 cycles via a simulator 
or analytic algorithm. Although the second approach offers significant complexities in 
formulation, measurement, and execution, preliminary analysis indicates that the first 
approach is not fruitful. This is reenforced by a recent study (15) indicating that rele
vant measures of effectiveness are highly sensitive to queue measurement. 

THE n BY m NETWORK 

The network formulation is significantly more complex than its interesting subcase, 
the two-way arterial; this is due to the interlocking nature of the closure relations. 
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Even the highly structured n by m lattice of one-way links is extremely complex, sothat 
this section is intended to detail that complexity and to present a potentially fruitful ap
proach rather than a completed algorithm. 

Ann by m lattice network with no zero-length links has NL internal links (those 
links connecting 2 intersections in the defined network), Na one-way arterials, and Ne 
simple faces (in this case, the area enclosed by the closure of 4 links), where 

NL = 2nm - (n + m) 

Na= n + m (16) 

Ne = (n - l)(m - 1) 

The number of closure equations is also Ne, and it is recommended that these be written 
on the simple faces with a consistent rotation convention, as shown in Figure 4. 

Two formulations have been considered by the authors: (a) the selection of an opti
mal set of constant arterial speed parameters (wy \ y = A, B, ... }, one for each in
cluded arterial, with inequality constraints specified, and (b) the selection of an opti
mal set of arterial link discrepancies, given estimates ('W i} of the desired speed pa
rameters. The first utilizes the cycle length Casa control variable; the second as
sumes that the cycle is predetermined. 

The first formulation is rather untenable, although certain specialized cases yield 
interesting results. In particular, a number of small lattice networks generally have 
unconstrained solutions that zero the objective function while maintaining several de
grees of freedom. This is true whenever the number of arterial speeds Na+ 1 (i.e., 
the cycle length, Na + 1 = Nd) exceeds the number of constraining equalities Ne. More
over, the 3 by 6 and 4 by 4 lattices have unique solutions that zero the objective function 
because Nd = Ne. Although the solutions may not be in the feasible region, they provide 
a basis for analysis of structural effects. 

The analysis for nonzero objective function A is complicated in either formulation, 
however, by 2 principal factors: (a) the need to utilize the partial derivatives of A with 
respect to the independent control variables, resulting in a matrix whose terms involve 
the Li, bi, and ni, and (b) the ensuing difficulty in establishing conditions for degener acy 
and consistency . These problems become more pronounced with increasing lattice size, 
and the prospect of a generalized analysis correspondingly diminish. At the same time, 
however, the increase in the dimensionality of the solution space with lattice size dic
tates that the generalized properties be utilized to increase the efficiency of each solu
tion. 

Aside from these considerations, the merit of maintaining the constant arterial-speed 
assumption in a large network is questionable: Traffic levels tend to be disparate along 
individual arterials, and regions of similar local activity tend to become defined. Based 
on a consideration of these factors, as well as the specific difficulties noted earlier, 3 
alternates are proposed: (a) decompose the network into a set of disconnected subnet-

(Bl DEVELOPMENT OF 
A MAJOR LATTICE 

Figure 13. Alternates for treating large lattices. 
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works and trees on the basis of certain criteria and judgments to be specified, (b) es
tablish a major lattice within the network and several secondary or minor lattices 
(bounded by segments of the major lattice) and solve the 2 divisions sequentially, and 
(c) employ a formulation based on minimizing local speed or offset discrepancies. 

Alternates 1 and 2 are shown in Figure 13. Alternate 3 is treated by the second 
formulation cited earlier. It has been shown (21) that there is always a nonsingular 
solution for the speed parameter set (Wi }, expressible in terms of the closure integers 
(ni}. Although this formulation is similar in several respects to Case 3 for the two
way arterial, no decomposition is possible. The principal difficulty is thus once again 
the selection of a certain set [ni }. 

CONTROL PERSPECTIVE 

Problems and techniques related to macroscopic synchronous control of traffic on 
arterials and on networks have been presented and treated in varying detail, and cer
tain controllers based on the queue-clearance or smooth-flow policy have been devel
oped. One related point arises: the use of macroscopic control as a self-contained 
policy as opposed to as part of a multilevel system. 

It should be noted that the macroscopic controllers developed utilize as control in
puts the (estimated) link flows, queues, speeds, and, depending on the estimation model, 
turning rates; they are not explicitly responsive to origin-destination patterns in the 
network or to the equivalent flow paths or to the impeding onset of well-known usage 
level changes, such as rushhour. 

In addition to these factors, which imply a need for a higher policy-oriented level of 
control, there is another consideration. As shown in Figure 14, the control state is 
dependent on measurement of the system or process output, without any error compar
ison to system input. Generation of objective function values is meant to emulate the 
measures of effectiveness (MOE). 

It is not implausible, however, that even a fixed input vector f might yield 2 different 
final outputs v even under control, and result in different control outputs p. This can 
occur because of randomness within the system, causing a li(ti) separation at time t 1 in 
the previously identical v(t) and resulting in 2 different trends in control output p be
cause of the switching nature of the control components. The system outputs v 1- and v 2 

may each be locally stable: This analysis treats absolute minima only for the function 
A(X, C) or such with the system output v fixed at any value. No theory currently exists 
to treat this final-state problem. One signal plan algorithm uses randomization to cir
cumvent this difficulty ( 17). 

Considering this discussion, one may argue that an installation utilizing on-line 
computation of its algorithm and employing the output state v of the physical system 
would need a background simulator that would run trial cases to validate that the on-line 
state v was optimal. This is another area, one with direct implication for on-line com
putation versus stored library, which has no existing theoretic treatment. 

0/0 
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Figure 14. Control process. 
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Based on these considerations, it does not seem that the macroscopic controller 
would suffice without a higher level of control (which may involve human operation within 
the control loop) to preplan the response to well-known load patterns and to supervise 
the selection and validation of optimal system aml control states. A lower level of con
trol may be used for local special phasing, intersection blockage, or excess green re
assignment; this phase is being developed for the Dallas corridor project. 

FURTHER DEVELOPMENT 

Further detail and exposition on several of the topics treated in this paper are avail
able (20, 21). Related work is presently under way both as doctoral dissertation studies 
and ascontract work on the Dallas Corridor Surveillance and Control Project for Texas 
Transportation Institute. 

REFERENCES 

1. Wilshire, R. L. The Benefits of Computer Traffic Control. Traffic Engineering, 
April 1969. 

2. Hewton, J. T. Metropolitan Toronto Traffic Surveillance and Control System. 
Civil Engineering, Feb. 1969. 

3. Cobbe, B. M. Traffic Control for West London. Electronics and Power, April 
1967. 

4. Karagheuzoff, T. T. A Perspective on Electronics in Traffic Control. Presented 
at IEEE: NEREM, Boston, Nov. 6, 1969. 

5. Yardeni, L. A. Algorithms for Traffic-Signal Control. IBM Systems Jour., Vol. 
4, 1965, pp. 148-161. 

6. Morgan, J. T ., and Little, J. D. Synchronizing Traffic Signals for Maximal Band
width. Operations Research, Vol. 12, 1964, pp. 896- 912. 

7. Johnson, J. Optimum Control of an Unsaturated Artery. IBM. 
8. Chang, A. Synchronization of Traffic Signals in Grid Networks. IBM Jour. of 

Research and Development, July 1967. 
9. San Jose Traffic Control Project, Final Report, 1967. 

10. Hillier, J. A., and Holroyd, J. The Glasgow Experiment in Area Traffic Control. 
T raffic Engineering, Ocl. 1969. 

11. Gordon, R. L. Urban Traffic Control. Sperry Rand Engineering Review, Vol. 22, 
No. 1, 1969. 

12. Mccasland, w. R., and Carvell, J. D. Optimizing Flow in an Urban Freeway 
Corridor. Texas Transportation Institute, Annual Report Fiscal Year 1968-69. 

13. Gap Acceptance and Traffic Interaction in the Freeway Merging Process-Phase II. 
Texas Transportation Institute, Final Report, 1969. 

14. Ferrate, G. A. Requirements of an Advanced Hierarchy System, Using Sub
Masters, For Computer Area Traffic Control. Presented at the IFAC Conf., 
Haifa, Israel, 1967. 

15. System Analysis Methodology in Urban Traffic Control Systems. TRW Systems 
Group, Rept. 11644-H014-R0 - 00, June 1969. 

16. Busacl<er, R., and Saaty, T. L. Finite Graphs and Networks. McGraw-Hill, New 
York, 1965. 

17. Irwin, N. A. The Toronto Computer-Controlled Traffic Signal System. In Traffic 
Control, Theory and Instrumentation, Plenum Press, New York, 1965:-

18. Robertson, D. I. Transyt: A Traffic Network Study Tool. Road Research Labora
tory, Crowthorne, Berkshire, England, RRL Rept. LR 253, 1969. 

19. Bavarez, E., and Newell, G. F. Traffic Signal Synchronization on a One-Way 
Street. Transportation Science, Vol. 1, No. 2, 1967, pp . 55-73. 

20. Yagoda, H. N. The Control of Arterial street Traffic. Proc. IFAC Conf., Haifa, 
Israel, 1967. 

21. McShane, W. R. The Control of Vehicular Traffic on Urban Arterials and Net
works . Polytechnic Institute of Brooklyn, PhD di ssertation, June 1968. 

22. Hillier, J. A., and Rothery, R. The Synchr onization of Traffic Signals for Mini
mum Delay. Transportation Science, Vol. 1, No. 2, 1967, pp. 81-94. 



Investigation of the Dynamics of 
Platoon Dispersion 
ZOLTAN A. NEMETH and ROBERT L. VECELLIO, 

Transportation Research Center, Ohio State University 

An investigation is being conducted to relate dispersion characteristics of 
platoons on signalized arterials to signal spacing and platoon size. A 16-
mm time-lapse camera was used to collect data on platoon dispersion 
characteristics. By switching one traffic signal to flashing amber, the 
spacing between the platoon formation point and the first regular traffic 
signal was increased by 597 ft. The change caused the platoons to spread 
more although the behavior of the lead vehicle did not change. The differ
ence was statistically significant for smaller sized platoons only. Vehi
cles were found to be more closely packed in larger platoons than in 
smaller platoons. The dimensionless diffusion constant, defined as the 
ratio of the standard deviation of the speed distribution and its mean 
speed, was used to predict arrival frequencies at one point downstream 
from the traffic signal. The difference between the theoretical arrival 
frequency distribution and the observed frequency distribution was not 
statistically significant. The mean headways of off-peak-hour and peak
hour platoons for identical platoon sizes were compared. The difference 
was not statistically significant. The preliminary results of this study 
justify further investigation on a more comprehensive scale. A helicopter
mounted metric aerial camera is currently being used to collect data on 
one-way signalized arterials. A semiautomatic monocomparator is being 
used for data analysis. The data are being incorporated into a mathe
matical model for describing the behavior of a platoon of vehicles as it 
passes through a series of signalized intersections. 

•THE DISTRIBUTION of traffic on an open section of a multilane highway is nearly 
random as long as overtaking opportunities are not restricted. If a traffic signal is in
troduced at one point on this highway, then queues of vehicles will be formed periodi
cally during the red phases of the signal. The distribution of traffic, observed a short 
distance downstream from this signal, is not random any more. Vehicles arrive at 
this point in platoons. If a second traffic signal is placed on the roadway at this point, 
then it is possible to coordinate the 2 signals so that a platoon released by the first sig
nal will arrive at the second signal on green. Based on the dispersing characteristics 
of platoons, the offset as well as the cycle split of the second signal could be designed 
to minimize interference with the flow of traffic. 

A considerable amount of experimenting is involved in the coordination of traffic 
signals because not enough is known about the behavior of platoons under various con
ditions. Al though dispersion of platoons at isolated intersections has been studied ex
tensively (1, 2), much less is known of the extent to which different factors influence 
the behavior of platoons on urban arterials (3). 

For example, the signal spacing on arterials is often small enough to permit the 
drivers to observe the display of traffic lights at one or more intersections ahead. The 
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behavior of drivers under these circum -
stances probably deviates from that ob
served on open roadways. 

The objective of this study is to in
vestigate platoon movements on arterials 
and to attempt to relate dispersing char
acteristics of platoons to signal spacing 
and to traffic volumes. Research was 
started in April 1968 under the sponsor-
ship of the Ohio Department of Highways 
in cooperation with the Federal Highway 
Administration. This paper is based on 
the work performed to date (4). 

The research efforts can-be divided 
into 3 principal phases. Phases 1 and 2 
represent the completed portions of the 
project, whereas Phase 3 represents 
current research efforts. In Phase 1, 
platoon data along a 4-block signalized 
arterial were collected with a 16-mm 
camera operating at 12 frames per sec
ond. Emphasis in the data analysis por
tion is concentrated on the analysis of 
the arrival times for the platoon vehi
cles at selected points along the signal
ized arterial. Arrival characteristics 
are related to signal spacing and platoon 
size. In Phase 2, the 16-mm camera 
was operated at 1 frame per second. The 
test site for this phase consisted of a 2-
block segment of the site studied in Phase 
1. The data are analyzed in Phase 2 for 
purposes of relating the effects of traf-
fic volume and time of day (peak and off-

@) -

®-

CD -

Figure 1. Study site. 

peak hours) to platoon dispersion characteristics. In Phase 3, aerial photography is 
used for collecting platoon data along extensive sections of one-way urban arterials. 
The aim of the data analysis is to develop a macroscopic model for describing the be
havior of a platoon as it progresses along a signalized urban arterial. 

PHASE 1 

Data Collection 

In Phase 1, data were collected by means of a 16-mm Bolex camera. The speed of 
operation is 12 frames per second. A section of West Broad Street in the downtown 
area of the city of Columbus, Ohio, was selected as a test site (Fig. 1). This section 
of West Broad Street is a two-way, six-lane arterial with an average lane width of 10 ft. 
No parking is permitted and left-turning volumes are low. Every intersection in the 
study area is signal-controlled. Care was taken to exclude platoons with trucks from 
consideration. 

The LeVeque-Lincoln Tower, a 44-floor office building, provided an excellent ob
servation point for this study site. The platoons were formed by the traffic signal at 
Civic Center Drive and were filmed from the moment the line of vehicles started at this 
point until the time the platoon had crossed the intersection at Starling Street. The data 
collection took place between 3:00 and 6:00 p.m. to obtain both off-peak-hour and peak
hour traffic. On all days the weather conditions were favorable with dry pavement and 
good visibility. A total of six 100-ft, 16-mm color films were taken; three of these 
were exposed with the traffic signals at Washington Boulevard put on flashing amber. 
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The films were analyzed with the aid of a Kodak analyst projector that has provision 
for frame-by-frame operation and is equipped with a frame counter. For analysis pur
poses the study site was divided into 5 sections. The arrival time of the first vehicle 
at location 1 was used as a time reference point for each platoon, marking zero time. 
The cumulative frame number of the passage of each platoon member at each of the 5 
locations was recorded and converted into arrival times. 

Data Analysis 

For analysis purposes the platoon data were divided into the following 4 conditions 
according to platoon size and signal operation at Washington Boulevard: 

Condition Signal OEeration Platoon Size 

Ah Regular Long 
Al Regular Short 
Bh Flashing Long 
Bl Flashing Short 

Long platoons contained an average of 20 vehicles, and short platoons contained an 
average of 10 vehicles. A sample of 30 platoons was investigated. The sample sizes 
for the different conditions were thus quite small. Some conclusions, however, can be 
drawn regarding platoon dispersion characteristics. 

For each condition the mean arrival time of the nth vehicle at each of the 5 loca
tions was calculated. From these data average vehicle trajectories were constructed, 
as shown for condition Ah in Figure 2. For clarity only the path of every second pla
toon vehicle is shown. Figure 2 shows that the platoon becomes more and more dis
persed as it proceeds from location 1 to location 5. The spreading of the platoon seems 
to occur mostly at the front and at the rear, while vehicles in the middle move along 
the road with more or less constant time headways. 

DISlance from stopline. ft. 
3 5 7 9 11 13 15 17 19 21 

sec. 

Figure 2. Mean arrival times of nth vehicle at locations 1 through 5 for condition Ah . 
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Figure 3. Cumulative distribution of arrival times at locations 2, 3, and 4 for 
condition Ah. 

Figure 3 shows the cumulative distribution of arrival times at locations 2, 3, and 4. 
From this diagram the percentile of platoon vehicles remaining within different band
widths can be estimated. A 20-second bandwidth, for example, would include 100 per
cent of the platoon vehicles at location 2, 95 percent at location 3, and only 85 percent 
at location 4. 

In order to study the influence of different signal spacing on the behavior of platoons, 
the traffic signal at location 3 was turned on flashing amber operation during the sec
ond phase of field data collection. The spacing between the platoon starting point and 
the first regular traffic signal along the test road was in this way increased from 828 
to 1,425 ft. 

Figure 4 shows the mean arrival times of vehicles for conditions Ah and Bh and aver
age vehicle trajectories constructed between stations 2 and 4. With the exception of 
lead vehicles, for which trajectories for conditions Ah and Bh are almost identical, 
vehicles of the Bh platoons arrive later at each station than vehicles of the Ah platoons. 
This delay is increased from vehicle 3 to vehicles farther back in the platoon . Even 
at low volumes, the average B 1 platoon seems to be somewhat slower than the aver-
age A1 platoon. 

The difference in arrival frequencies at station 3 under the 2 different conditions 
was tested for statistical significance. The chi-square test was used to determine 
whether the 2 distributions of arrival frequencies came from the same unspecified 
population. A significant difference was observed at the 5 percent level of significance 
for low-volume conditions. The test, however, was not significant for high-volume 
conditions . 
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Figure 4. Mean arrival times of nth vehicle at locations 2, 3, and 4 for conditions Ah and Bh, 

The platoon data obtained from the study were also divided into groups according to 
the number of vehicles in each platoon. The average vehicle trajectories of 1 high
volume group comprising platoons with an average of 20 vehicles was compared with 
those of a low-volume group comprising platoons with an average of 10 vehicles. It 
was found that the first vehicle in a platoon is not affected by the size of the platoon, 
but vehicles farther back in the low-volume platoons are more and more delayed com
pared with corresponding high-volume vehicle paths. 

Smaller platoons are thus less compact. One explanation for this observation is that 
vehicles tend to distribute less evenly over the available traffic lanes at low traffic vol
umes. It must be mentioned here that all vehicles stopped by the red phase at Civic 
Center Drive were considered to be members of a platoon, regardless of the lane of 
travel. 

A kinematic model of platoon dispersion, proposed by Pacey (5) and tested by the 
General Motors Research Laboratories (6), assumes that each car in a platoon moves 
with constant speed. The distribution of the speeds is considered normal, with a mean 
speed m and standard deviation cr. The rate at which a platoon spreads as it passes 
down the highway is determined by the dimensionless diffusion constant 

(J 
a = m 

A large a indicates rapid spreading of the platoon, because it is a measurement of the 
relative difference in speed between members of the platoon. Arrival rate and speed 
distributions were observed on an open roadway at 2 stations 1,385 ft apart. Results 
of the experiment indicated that the kinematic model can be used to predict the behavior 
of the front of freely moving platoons in moderate flow. The behavior of the rear of 
the platoon varied from platoon to platoon. 
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As the kinematic model proved 
to be of value for platoons leaving 
a single intersection, it seemed 
to be of interest to evaluate its 
applicability toplatoons proceed
ing along a signalized arterial. 
For this purpose, the arrival fre
quencies of the 150 vehicles of 10 
platoons atlocations 2 and 4 were 
plotted (Fig. 5). 

The average speed of each ve
hicle between locations 2 and 3 
was calculated, and the mean and 
standard deviation of the speed 
distribution of the whole sample 
were evaluated. The resulting 
speed distribution had the follow
ing characteristics: 

X = 
:I;xi 

= 55.5 ft/sec n 

~ :I;(x - x)2 

s = n - 1 = 8.26 ft/sec 

30 Arrival frequency 

Location 2 Looatlon 4 

20 

10 

!5 10 15 20 25 25 30 35 40 45 Time 
•ec. 

Figure 5. Arrival frequencies at locations 2 and 4. (The dashed 
histogram at right gives the arrival frequency at location 4 ex
trapolated from the arrival times at location 2 by using the kine-

matic model of traffic flow.) 

The following value of °' was obtained: 

°' = ~5~~ = 0.149 R> 0.15 

The theoretical arrival frequency at location 4 was then obtained by adding a travel 
time to the observed arrival time at location 2 for each vehicle. This travel time was 
derived from samples of the speed distribution by using a table of random normal de
viates. The theoretical arrival frequency at location 4 thus obtained is shown to the 
right in Figure 5 together with the observed arrival frequency at the same location. 

In order to determine the statistical goodness of fit, the chi-square statistic was 
used. The computed value of the statistic for the 5 percent risk level is 22.36. Be
cause the computed statistic is less than the critical value, the hypothesis that the ob
served and theoretical arrival time frequencies belong to the same distribution is there
fore accepted. 

Although the scope of the preceding study is admittedly limited, it appears that the 
kinematic model may be applicable to a wider range of situations than just traffic leav
ing an isolated intersection. 

PHASE 2 

Data Collection 

In Phase 2 of the study, the time-lapse camera is operated at 1 frame per second. 
A 5-ft grid system was superimposed over a projected image of the site, and the posi
tion of the vehicles was estimated to the nearest foot. Two of the 16-mm films were 
analyzed to investigate (a) the effect of platoon size on platoon dispersion and (b) the 
effect of time of day (peak or off-peak hours) on platoon dispersion. For this phase of 
the study, the study area consisted of 1,000 ft on West Broad Street extending from 
Civic Center Drive to a point past Washington Boulevard (Fig. 1). Platoon character
istics of westbound traffic were analyzed. Data reduction time was reduced by record
ing from every fifth frame. It was felt that time intervals of 5 seconds would permit 
the accuracy required for identification of platoon dispersion characteristics. 
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Figure 6. Effect of volume (platoon size) on vehicle headways. 
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The effect of volume on platoon dispersion was determined by calculating mean time 
headways for platoons of va rious sizes at a number of downstream locations from Civic 
Center Drive. Five groups of vehicles were selected according to size and combined 
to yield a set of mean headways per group at intervals of 200 ft. The grouping was as 
follows : 

Number of Vehicles 

9 and 10 
12 
16 and 17 
20 

>20 

Number of Platoons 

8 
5 
6 
4 
6 

The r esul ts of the data analys is are shown in Figure 6. It can be noted that, ex
cept for the sHghtly anomalous behavior of the 20-vehicle platoons, m ean headways 
show a tendency to decr ease with increasing traffic volumes . This effect can be re
lated to the observation that vehicles are m ore evenly distributed over the available 
lanes of travel during periods of high volumes than during periods of low volumes. 

The statistical significance of the results was determined by an analysis of variance 
as follows: 

Source of 
Variation 

Volume 
Error 

Degrees of 
Freedom 

4 
425 

Sum of 
Squares 

19.28 
632.14 

Mean 
Square 

4.28 
1.49 

F 

3.24 

For the headway differences to be significant at the 90 percent level, the critical 
value of F is 3. 76. Therefore, the hypothesis that mean headways are affected by pla
toon size is rejected. 

The effect of time of day on platoon dispersion was determined by computing mean 
time headways for peak-hour and off-peak-hour traffic. Platoons of the following sizes 
were selected for analysis: 
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Figure 7. Effect of time of day on vehicle headways. 

Number of Number of 
Vehicles in Off-Peak Number of 

Platoon Platoons Peak Platoons 

6 1 1 
7 3 1 

11 2 1 
12 2 3 
13 1 1 
17 1 2 

There were 103 vehicles with 93 headways in the off-peak platoons and 107 vehicles 
with 98 headways in the peak platoons. Note that platoons of the same size were se
lected from either film to eliminate any bias due to platoon size. In cases where more 
than 1 platoon of a given size in the same film are indicated, data were averaged and 
considered as a single platoon. Mean time headways for each of the 2 groups of vehi
cles were then computed. The results are shown in Figure 7. It is evident that peak
period platoons appear somewhat "tighter," having shorter headways than those from 
the off-peak period. 

In order to investigate the statistical validity of the results, confidence intervals for 
the difference between the 2 mean headways at 2 different locations, 400 ft and 1,000ft, 
were calculated. The results for the 90 percent level of confidence indicate rejection 
of the hypothesis that the sample means are not the same; that is, the differences are 
not statistically significant. 

Thus both for the volume effect and for the time-of-day effect the influence on mean 
headways is not statistically significant. The suggestion is that a better measure of 
platoon dispersion than mean headway may be of value. More specifically, the distri
bution of headways at locations downstream from the signal is deemed worthy of future 
investigation. 

PHASE 3 

Data Collection 

The use of a ground-based camera system for purposes of data collection has limited 
the scope of the present project. Study sites had to be chosen adjacent to tall buildings 
and consequently the distance over which the behavior of a platoon could be observed 
was limited. In order to fulfill the project objective of investigating platoon movements 



on urban arterials in a comprehensive ::::;;, 
manner, it was felt necessary that the 
restrictions attendent with the use of the 
16-mm camera had to be removed. •' 

To achieve a greater degree of free-
dom for data collection purposes, aerial "\ 
photography is being employed in the re- ' 
maining phases of the project. An aerial 
camera mounted on a helicopter pos
sesses the important advantages of per
mitting flexibility in choosing study sites 
and permitting extensive coverage of a 
signalized arterial. 

The camera being used for data col
lection is the KA-62A aerial camera. 
This metric camera has a focal length of 
3 in. with a 4. 5- by 4. 5-in. film format. 
Figure 8 shows the camera mounted in 
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the helicopter· Figure B. KA-62A aerial camera mounted in Bell 
It is intended that one-way signalized helicopter. 

urban arterials will serve as study sites 
for the aerial phase of this project. Sev-
eral flights have been made over major 
arterials in Columbus, Ohio. Initial study sites are the one-way urban arterials of 
Summit Avenue and North Fourth Street from First Avenue to Hudson Street. Both 
streets are 5-lane arterials having 10 signalized intersections with distances between 
signals ranging from approximately 350 to 2,175 ft. 

A preliminary test flight over the selected study sites was flown at altitudes of 1,000, 
1,500, and 2,000 ft above ground level for the purposes of investigating different flight 
altitudes as to film coverage and ease of vehicle identification, determining the extent 
of problems associated with overhanging trees adjacent to the curb lanes, determining 
the extent of problems associated with shade during peak traffic conditions, and deter
mining the ability of the helicopter to follow a slow-moving platoon of vehicles on an 
urban street. 

As a result of viewing the film taken during the test flight, it was decided that photo
graphs taken from a 1,000 altitude above ground level would provide adequate coverage 
of the study site for determining platoon dispersion characteristics. A typical photo
graph of a study section taken from the 1,000-ft altitude is shown in Figure 9. 

Overhanging trees are present only sporadically throughout the study sections and 
consequently pose no major problem. It would be rare indeed for a vehicle to be com
pletely obscured by tree cover. The problem of losing vehicles in the shade is non
existent for the altitude at which the photographs were taken. Film analysis revealed 
that the vehicles could easily be identified throughout the study sections regardless of 
the presence of shadows. 

The helicopter used for the aerial surveys is a Bell Ranger helicopter owned by the 
Ohio Department of Highways. Although the helicopter is not considered a hovering 
aircraft, only minor difficulties were experienced in following a slow-moving platoon 
of vehicles. The ability of the camera to be swung in a horizontal plane tends to offset 
the fact that the helicopter's velocity may not match the speed of the platoon. 

In order to relate dispersion characteristics to signal timing, it is necessary to in
dicate on the film the particular signal indication at one of the signalized intersections. 
Because a progression system is in operation at the time of data collection flights, 
knowledge of the offset pattern and the time interval between photographs will then per
mit determination of the signal phase at each of the remaining signalized intersections. 

The phase changes at one of the photographed intersections was indicated by an elec
tronically operated signal indicator that was constructed. This device consists of 12 
two-inch square aluminum rods mounted on a 4 ft by 3 ft 10 in. wooden base. Rotation 
of the shafts by means of a synchronous motor permits a total of 4 different and distinct 
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Figure 9. Typical photograph of a study site taken with KA-62A aerial camera. 

designs to be displayed. In operation, the device is connected directly to the traffic 
control box at the intersection at which the phasing is desired. For the initial data col
lection flights, photographs have been taken at 3-second time intervals. Different de
signs are displayed at the following times: during the red phase of the signal, at 1 sec
ond after the beginning of green, at 2 seconds after the beginning of green, and from 
3 seconds after the beginning of green until the end of the amber phase. The developed 
film has revealed the device to be quite successful. 

Considerable experience in the reduction of data from aerial photographs has been 
accumulated by the staff of the Transportation Research Center. Reduction equipment 
consists of a Mann monocomparator, Type 829D, connected by means of a data trans
fer device to an IBM keypunch. Computer programs are available for translating the 
photo coordinates to velocity and headway measurements. 

Data Analysis 

A mathematical model for describing the behavior of a platoon of vehicles as it 
passes through a series of signalized intersections is being developed. Independent 
variables of traffic volume, spacing between signals, and lane of travel have been 
identified. 

The approach taken is to develop a macroscopic model of a probabilistic nature. 
Empirical data will be analyzed to identify platoon dispersion characteristics and thus 
serve as input to the model. In the data analysis phase, principal measures of platoon 
dispersion that will be used consist of time headway distributions and velocity distri
butions at selected points downstream from a given traffic signal. Determination of 
headway distributions will permit the auxiliary measures of mean, variance, and co
efficient of variation, often termed the diffusion constant. Other measures of disper
sion of interest include platoon length (both in time and space) and the number of 
stopped vehicles per signalized intersection. 

The basis of the model is the following. An arrival distribution of traffic is con
sidered an input to a series of signalized intersections. The initial arrival distribu
tion is considered a function of volume. During the red phase, a queue of vehicles 
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builds up at the first intersection. The queue is then released during the green phase. 
Dispersion of the queue takes place as a function of block length (defined as the dis
tance between signals), traffic volume, and lane of travel. Because of the dispersion 
of the traffic, a distribution of vehicle arrivals occurs at the adjacent signal, and this 
distribution is different, but related, to the former arrival distribution. The process 
of dispersion and definition of new arrival distributions then occurs in a repetitive 
fashion as the platoon progresses along the arterial. 

The technique used for relating the different components of the model will be a spe
cial simulation language termed GPSS. This computer language is ideally suited for 
describing the properties of a macroscopic system. 

A battery of computer programs has been developed to aid in the statistical analysis 
of the data. The aim of the statistical design is to determine the statistical significance 
of the measures of platoon dispersion for the different conditions of the independent 
variables. Nonparametric tests being used consist of the Kolmogorov-Smirnov two
sample test, Mann-Whitney U-test, and the chi-square test. In addition, an attempt 
is being made to identify the time headway and velocity distributions at selected points 
between signals. 

CONCLUSIONS 

Platoon dispersion characteristics were investigated on a number of signalized ar
terials in Columbus, Ohio. A 16-mm time-lapse camera was used to collect data on 
platoon dispersion characteristics. 

A before-and-after analysis was conducted to determine the effect of increasing the 
physical spacing between traffic signals on a given urban arterial. Changing a 3-phase 
traffic signal to flashing operation caused traffic platoons to exhibit greater dispersion 
although the behavior of the lead vehicle did not change. The difference in dispersion 
characteristics was statistically significant for low-volume platoons only. Vehicles 
were found to be more closely packed in the larger platoons than in the smaller platoons. 

The kinematic model of platoon dispersion as formulated by Pacey was found to be 
a valid method for predicting vehicle arrivals at a point downstream from the traffic 
signal. 

The effect of mean time headway on platoon size and time of day was established. 
The results were not statistically significant, indicating the need for a more sensitive 
measure of platoon dispersion. 

Current research efforts are concentrated on developing a mathematical model for 
describing the dispersion of a platoon as it progresses along a signalized arterial. 
Data for the model are being collected by means of aerial photography. 
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Formulating a Model of 
Multilane Traffic Flow 
A. G. R. BULLEN, University of Illinois; and 
R. D. WORRALL, Peat, Marwick, Mitchell and Company 

A formulation of a model of multilane traffic using Markov renewal 
theory is presented. The model considers the movements of individual 
vehicles within a given traffic environment that is described by a bi
variate probability distribution of platoon lengths and speeds. Outputs 
of the model will include average vehicle speed, vehicle delay , and lane
changing intensities and patterns. The basic framework presented will 
accept any sets of vehicle behavioral rules and is valid for any number 
of lanes. 

•ALTHOUGH A GREAT DEAL OF ATTENTION has been given to mathematical theories 
of traffic flow, a relatively minor amount of this work has been devoted to the case of 
multilane unidirectional flow. Most of the models that have been developed deal only 
with 2 lanes, they make many assumptions , and the results are often in forms that are 
soluble only after extensive simplification. One of the few models in which the number 
of lanes appears directly as a parameter is that of Gazis et al. (~, who use a density 
oscillations approach, but this model is very deterministic and remains unverified. 

This paper describes a new approach to the problem of modeling multilane flow. 
This approach uses the concepts of Markov renewal theory, which have found limited 
application in the field of traffic flow. The fir st use of this theory appear s to have been 
made by Weiss and Maradudin (fil in their extensive study of various traffic delay prob
lems. The only other work has been a brief study by J ewell (1) and a recent develop
ment by Cinlar (~, who extends the original ideas of Weiss and Maradudin in looking 
at the pedestrian delay problem. 

NOTATION 

The following notation will l:>e employed here. M = (Mjk) represents an array whose 
(j, k) entry is Mjk· M(t) is a matr ix with functions as elements, for which integrals, 
derivatives, and the like a1·e tak.en ter m by term. For example, 

Simil.arly, the Laplace transform of M(t) is the matrix whose (j, k) entry is the Laplace 
transform of the (j, k) enh'Y of M(t). 

The convolution of M and N(t), written M*N(t), is defined as 

Paper sponsored by the Committee on Theory of Traffic Flow. 

34 



35 

and the n-fold convolution is defined as 

M(n) (t) M(n-l) (t)*M 

M(o) (t) = I 

where I is the unit matrix. 

MARKOV RENEWAL THEORY 

The idea of a semi-Markov process and a Markov renewal process is fairly new, be
ing first introduced in 1954 by several workers. The work of Cinlar (1) provides an in
depth study of the theory, and all of the terminology and standard mathematical results 
given here are drawn from this source. 

DEFINITIONS 

By its very name, a Markov renewal process would appear to have some relation
ship to renewal theory and Markov chains. In fact, a Markov renewal process can be 
looked on as some combination of the characteristics of these 2 simpler theories. It 
exhibits the ch.aracteristic of a Markov chain in that there is a stochastic process tak
ing values in a countable state space, with the probability of next visiting any state be
ing dependent only on the state in which the process last resided. It also has the char
acteristic of a renewal process in that it describes the occurrence of a series of events 
that are separated by some random amount of time. 

More formally, a semi-Markov process is a stochastic process X(t) (t > 0) taking 
values in a countable state space, say {1, 2, 3, ... }, such that the successive states 
visited form a Markov chain, and the process remains in any given state a random 
amount of time that is dependent only on that state and the state to be visited next. 

If in this process we let T 0 , T 1 , T 2 , ••• be the times at which state transitions occur 
and if Xn defines the state that the process enters at time Tn, then the stochastic pro
cess (Xn, Tn) is called a Markov renewal process. The sequence Xn of successive 
states visited is a Markov chain. 

Further definitions are as follows: 

1. A nondecreasing, right continuous point function F on the real line with F(=),;; 1 
is called a mass function. 

2. A matrix A(t) of mass functions Ajk(t) defined for each j, k EC is called a semi
Markov matrix over C if 

Ajk(0-) = 0 

L Ajk(+=) ,;; 1 
k 

where C is a subset of the set of non-negative integers. 
3. Let 

\~. 
0 t 
L f Ajr(dy)Ark(n-1) (t - y) 

r 0-

t < 0 

t ~ 0 

t<0 

t ~ 0 

for n = 1, 2, 3, . . . . Restating this in matrix form, we have fort > 0 
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A(o) (t) = I 

t f A(dy)A (n-1) (t - y) 
0-

forn = 1, 2, ... , and fort< 0 

A(n) (t) = 0 

fo r n = 0, 1, 2, .... 
4. {Xn, Tn} is called the Markov renewal process induced by the semi-Markov ma

trix A(t) if 

for any je-C, te-[0, =], n;:,; 0. 
5. Nk(t) is the number of times the Markov renewal process enters state kin the 

interval[0, t]. 
6. Let Rjk(t) be the conditional expectation of Nk(t) given that X0 = j; then we have 

= 
Rjk(t) = I: ProbjXn = k, Tn ~ tlx0 = j! 

n =0 

= 
= I: Ajk(n) (t) 

n=0 

= 
7. R(t) = I: A(n) (t) is the Markov renewal matrix corresponding to A(t). 

n=0 
8. Let Sk(t) be the time spent in state k by the semi-Markov process in the interval 

[0, t]; i. e., Sk(t) is the cumulative sojourn time in state k. The joint distribution of all 
the Sk(t) is given the terms of the Laplace transform 

Ui (A, t) = Ei lexpt ~ "ksk(t)J:l "j ;:,; o 

where A = diag{X 0 , Xu ... } and Ei [f(t)] is the conditional expectation of f(t) given that 
the process is initially in state i. The required solution is 

where 

t 
Uj(A, t) = L f Rjk(A, du)e -Xk(t-u)[Bk - Bk(t-u)] 

k 0 

Bk(t) = ~i\icj(t); 
J 

Rjk(A, t) = Markov renewal matrix corresponding to semi-Markov matrix Q(t); and 
Q(dt) = e-AtA(dt). 

BASIC ASSUMPTIONS 

Consider a unidirectional multilane highway of p lanes, pe-{1, 2, ... } . The high
way is long, straight, and level with no ramps, intersections, or other obstructions. 
Traffic on this highway has the following characteristics: 
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1. Traffic in each lane can be described as a flow of platoons where each platoon 
has a speed of UE{u11 u2 , ••• , um}, and a length XE [0, co]' 

2. A platoon is defined as a bunch of one or more vehicles in one lane traveling 
closely together at the same speed; 

3. The speed u and length x of platoons in lane r are described by the bivariate 
probability density function fr(u, x); 

4. Each vehicle on the highway has some fixed desi r ed speed Ve E{uu u2 , ••• , Um}, 
and the speed of any vehicle at any time can never exceed its given desir ed speed Vei 

5. A vehicle always travels at its desired speed unless it is restricted by a slower 
platoon ahead of it in the same lane, in which case the vehicle then joins the end of the 
platoon and travels at the speed of the platoon until it changes lanes or the obstruction 
is removed; and 

6. Vehicles are free to change lanes. 

MODEL FORMULATION 

Consider a given vehicle C with s ome desired speed Ve moving down a highway of p 
lanes . At any t ime t, vehicle C is in s ome lane i, iE{l, 2, ... , p}, and is t raveling at 
s ome speed u , u E{u1 , u2 ••• , v0 } . Let the "state" of vehicle C at time t be denoted 
by the vector (i, u). 

Suppose that at time t = 0 vehicle C is in state (X0 , Y 0 ); i. e., at time zero vehicle 
C is traveling at speed YO in lane X0 • A change of state occurs whenever vehicle C 
makes a speed change or a lane change or both. Suppose that after time zero vehicle 
C makes its first state change at time T 1 and that at this time it enters state (X 11 Y 1). 

Similarly, suppose that vehicle C makes its nth change of state at time T n and that at 
this time it enters state (Xn, Yn) where n > 0, TnE(0,=), XnE{l, 2, ... , P}, YnE{u 1 , 

U2 , .. ,, Ve}, 
Then the state vector (Xn, Yn) is a random variable taking values on the 2-

dimensional state space defined by a closed interval of the real non-negative line and 
a subset of the set of real non-negative integers. 

We also specify that the Markov property holds. 

ProbjXn = i, Yn = j, Tn,,; tlXo, X11 ••• , Xn-li Yo, Yu .. . , Yn-li T 11 ••• , Tn-i! 

= ProbJXn = i, Yn = j, Tn ,,; tlXn-1, Yn-1, Tn-1! 

Then the process {(Xn, Yn), Tn} is a Markov renewal process that completely describes 
the behavior of vehicle C on the highway. With the specification of a suitable semi
Markov matrix A(t) as a transition matrix, we have a model that enables us to study 
many aspects of traffic behavior on a multilane highway. 

Throughout the remainder of this paper, unless specified otherwise, the following 
notation will be used to denote states. The statement that vehicle C is in state j implies 
that C is in state (j 1 , j2 ); i.e., vehicle C is traveling in lane j 1 at s peed j2 • 

A(t) = Aij(t) is the transition matrix of the Markov renewal process {(Xn, Yn), Tn} if 

ProbJXn+l = j 17 Yn+l = j2 , Tn+l ,,; tlXn = i 1 , Yn = i2 , Tnl 

t :.e: 0, n :.e: 0 

A(t) i s a semi-Marlcov matrix because Aij(t} are mass functions; Aij(0-} = 0; and 
~ Aij (co) ,,; 1. By establishing a given s et of traffic behavioral rules, the interactions 
J 

between vehicles and platoons will be specified and the transition matrix Aij(t) then 
determined. 

SOME MODEL OUTPUTS 

Some typical outputs of the model described here are intended to be illustrative only 
and are not exhaustive. The definitions from the previous section are used without 
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proof of derivation. They are all results from Markov renewal theory, and the deriva
tions can be found in Cinlar (!). 

Number of Renewals 

The expected number of visits to state k given that vehicle G is initially in state j is 
Ej [Nk(t)] for the interval [O , t]. This value is obtained from the (j, k) th term of the 
Markov renewal matrix R(t). This result gives a record of the lanes and speed classes 
that the vehicle visits as it moves down the highway. Only those transitions involving 
a change of lane are counted to obtain the pattern and intensity of lane-changing as a 
direct output of the model. 

Time Spent in Each State 

The cumulative sojourn time in state k in the interval [O, t] is 8k(t). Hence, (a) 
total time spent by vehicle C traveling at speed 32 in lane j 1 is Sj(t); (b) total time 
spent by vehicle C traveling at speed jz is ~ Sj(t); and (c) total time spent by vehicle 

J 
C traveling in lane j 1 is t Sj(t). The average speed of vehicle C over the interval [0 , t] 

follows directly from statement b and is 

½ { [k2 { Sk(t)ll 
I I 

Sk can be computed from the expressions in definition 8. 

other Outputs 

other outputs of the model include the number of lane changes of each type, the first 
passage time to any state, and the probability that vehicle C will be in any state k at 
any time t. 

CONCLUSION 

A model of multilane traffic flow based on Markov renewal theory has been formu
lated. The model is very flexible in that it is valid for any number of lanes and it can 
accept any set of vehicular behavioral inputs capable of mathematical interpretation. 
Only the basic formulation is presented here. A full mathematical development has 
been made (§), and some further refinements are in the final stages of completion. 
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An Application of Game Theory to 
Route Selection 
DAVID C. COLONY, University of Toledo 

The problem of alternate route selection is analyzed as a 2-person game 
against nature. By using data on galvanic skin response, a payoff function is 
formulated in terms of driver tension. Driver tension increases with traf
fic volume on a freeway but is practically independent of traffic volume on 
an arterial street. A solution to the problem is given under 4 different 
criteria for games against nature. If a freeway route and an alternate route 
on an arterial street are equal in length, the Hurwicz a index indicates that 
a driver should not select the freeway unless he is at least 62 percent sure 
of finding good traffic conditions. Application of the minimax-regret prin
ciple yields a diversion curve that indicates that all drivers should select 
the freeway for a distance ratio less than 0.48, 38 percent should select the 
freeway for a distance ratio of 1.00, and no drivers should take the freeway 
if the distance ratio exceeds 2.94. 

If the driver can estimate a probability distribution for the states of 
freeway traffic, his optimum strategy can be found by linear programming. 
A criterion is suggested ~or evaluating the effectiveness of a driver
information system in terms of the regret associated with this optimum 
strategy and the minimax regret pertaining to the case of complete 
uncertainty. 

•GAME THEORY PERTAINS to problems of decision-making under risk or uncertainty. 
Such risk or uncertainty results from a partial lack of control over the results of a 
given decision because of conflict of interests among a group of other individuals who 
also have some partial control over the outcome of their collective actions. 

The problem of decision-making when the outcomes of one's decisions can be pre
dicted with certainty is a problem of maximizing or minimizing the value of some ob
jective criterion that characterizes the goals sought by the decision-maker. Under the 
condition of certainty, one is free to manipulate all the parameters of the problem. 

Risk is introduced when one must take into account the (possibly) conflicting interests 
of other groups or individuals. In the risk situation one is aware of what these conflict
ing interests or objectives may be and must therefore attempt to protect one against the 
actions of opponents or to maximize one's return in the face of opposition. 

Uncertainty is distinguished from risk by the lack of knowledge of the intentions or 
objectives of one's opponents. Decision-making under uncertainty is often character
ized as a 2-person game in which the decision-maker is pitted against a fictitious player 
called "nature," a player with no known objectives and no discernible strategy. 

Game theory is not a descriptive theory in the sense that it attempts to predict the 
way people behave under given circumstances. It is a conditionally normative theory 
because it describes the way people should behave if they wish to obtain some stated 
outcome. 

It is a static theory in that the objectives and value systems of the players are con
sidered invariant in time. Dynamic aspects of behavior can be introduced in a game 
theoretic model by permitting successive plays or iterations with the appropriate 
changes in the payoff functions of the players introduced at the end of each play. 
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APPLICATION OF GAME THEORY TO TRAFFIC OPERATIONS 

The principal areas in which game theory has been applied have been the social 
sciences, military planning, and business. It would seem natural, however, to char
acterize a traffic stream as a collection of individuals, each of whom possesses objec
tives and value systems somewhat different from those of others. It seems also that 
the driving task can be regarded as a process of decision-making under risk or uncer
tainty. That is, the driver can be thought of as a player in an n-person game who is 
called on to make frequent decisions that lead to more or less uncertain outcomes if 
his interests are opposed by other players. 

Intersections, freeway ramps, and passing lanes are locations where drivers face a 
variety of conflict situations in which each driver has only a partial control over the 
outcome of a particular set of circumstances. It is felt that applications of existing 
mathematical theory to conflict situations such as unsignalized intersections will yield 
valuable insights into questions of intersection capacity and accident potential. This 
paper treats one driver decision problem only: the selection of a route from a pair of 
alternates in an urban area. The results of formulating the route selection problem in 
terms of game theory are interesting in themselves, but an important objective of the 
following presentation is to furnish an illustration of an analytical tool that has not been 
exploited by highway engineers. 

Fundamental principles of the mathematical theory of games are presented in a num
be1· of textbooks such as those by Owen (8) and McKinsey (12). No general mathematical 
treatment will be attempted here, but it will be necessary to introduce a few basic con
cepts. The notion of utility underlies the entire theory. Each outcome of a game can 
be ranked by a player in his order of preference from the most to the least desirable. 
Moreover, there can be constructed a linear utility function that maps each outcome 
into the real numbers such that a more desirable event is assigned a higher numberthan 
a less desirable one, and the difference between utility numbers measures how much 
more a player prefers one outcome to the other . 

It is possible, then, to define a payoff function that assigns an n-vector to each out
come of a game. Each element of the vector is the utility number attributed to the given 
outcome by one of then-players. 

Finally, the concept of a strategy is needed to develop the so-called normal form of 
a game. A strategy is a complete set of rules for deciding what action to take against 
all possible moves of an opponent. It is possible to conceive of a strategy, but gener
ally not practical to describe it in detail. 

If it were possible to produce a complete description of a strategy, the players could 
hand their strategies to a referee who, after working out any chance moves, could use 
the strategies selected by each player to find the final outcome and compute the payoff 
to each player. Under this condition, the game becomes in the view of an individual 
player a process of deciding which strategy out of the set available to him will result in 
the maximum expected payoff to him. It is necessary to consider the mathematical ex
pectation of the payoff function because the outcomes of the chance moves can be de
scribed only as a probability distribution. 

Now let TT (a 1, a21 ••• , an)= 1r 1(a1, ... , crn), 1r 2(a11 ••• , <Jn), ... , Trn(a11 ••• , crn) 
represent the mathematical expectation of the payoff function, given that player i se
lects strategy <Ji out of the set of strategies he could choose. It is ther efo re possible 
to tabulate all values of 1r(a11 ••• , an) as an n-dimensional array of n-vectors. Such 
an array is called the normal form of the game. 

For a 2-person game, the normal form is a matrix, the elements of which are 
2-dimensional vectors, or pairs of real numbers. In a so-called "zero-sum" game, 
one person wins exactly what the other loses. It is customary in this case to write the 
payoff matrix from the standpoint of one player only. The elements of the matrix are 
therefore numbers rather than vectors. The route-selection game to be discussed will 
be formulated as a 2-person game in which the driver plays against a fictitious opponent 
called nature. The driver's payoff matrix will be used exclusively since nature's payoff 
is the negative of the driver's in every case. 



A ROUTE-SELECTION GAME 

Michaels (1) has shown that drivers evaluate their 
experiences on different routes and that they will se
lect an alternate route in order to minimize driver 
stress. His data indicate further that the objective of 
minimizing stress is a more significant factor than 
either direct cost or time considerations in selecting 
an alternate route. 

Michaels' results form the basis of an attempt to 
formulate in game theoretic terms a model of traffic 
distribution between 2 alternate routes in an urban 
area. One such alternate will be an arterial street and 
the other an expressway with arterial linkages at each 
end of the trip. 

The driver's objective is to minimize total stress 
or tension in a 2-person game against nature. The 
possible states of nature are represented by the levels 
of service prevailing on the freeway, each of which 
generates a different level of drive1· tension. Using the 

B' 

A' 

Arterial 
Lin1<aqe 

s ·::-.. 

~ 
1:: 

Arterial~ 
LinKage 

Figure 1. Alternate routes. 
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galvanic skin response (GSR) a s a measure of t ension (2, 
3), Michaels has shown that driver tension on an urban freeway is a function of traffic 
volume, while arterial street traffic volumes do not greatly affect tension responses. 
This property will be used, together with Michaels' data on GSR, in constructing a 
payoff function for a route-selection game. 

Consider an urban expressway with arterial linkages, together with an alternate 
route entirely on the arterial street system, as shown in Figure 1. Let the distance 
AB by the expressway route be d. For simplicity in presentation, it will be assumed 
that the distance of this route along the arterial linkages is 0.10d and along the express
way proper 0.90d. The distance ratio for the alternate routes will be equal to d if the 
arterial route distance is taken as unity. 

Let Va be the average speed on the arterial route and expressway linkages, and let 
Vei be the average speed on the expressway that prevails under level of service i. 

Consider that the driver is faced with a selection of a route home from work during 
the afternoon peak period. 

The duration of the arterial trip on route AB is 

1 
ta= -

Va 

The corresponding trip duration on the expressway route AB is 

where 

t 1 = time on linkages = 0. lOd/ Va, and 
t~i = time on expressway = 0.90d/ Vei· 

For a given distance ratio d, the time ratio T can be shown to be 

(1) 

(2) 

(3) 

Let driver stress per unit time on arterial route AB and on linkages AA' and BB' be 
Sa, Consider Sa a constant (independent of traffic volumes). Similarly, let driver 
stress on expressway A'B' be Sei, a function of the level of service as characterized 
by traffic volume. 
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Total driver stress on any trip is treated by Michaels as a linear function of time. 
Let A be the total driver tension on the arterial route, and let the corresponding value 
on the expressway route be Ei. Then 

Ei = d/lO [9(sei/Sa) + 1] 
A (VeilV~} 

(4) 

The Highway Capacity Manual (4) defines 6 levels of service on freeways, designated 
A through F. For the afternoon peak period it is considered that levels A and B can be 
assigned probability zero. This leaves a total of 4 possible states of nature correspond
ing to levels of service C through F. The payoff function is therefore a 2 by 4 matrix 
as follows: 

Level of service 
State of nature, i = 
Driver strategy on expressway, 0! 1 

Driver strategy on arterial, 0!2 

C D E F 
1 2 3 4 
E/A E/A Es/A E.JA 
1 1 1 1 

The values Ei are such that E 1 < E2 < E 3 < E 4 • Therefore, if E 4 < A, the driver will 
be assured of less total tension on the expressway, no matter what level of service may 
prevail. In this case, the strategy of taking the expressway, O!v is said to be a strictly 
dominant strategy. This situation will exist provided that 

d < 10(Ve4/Va) 
9(Se4/Sal + (Ve4/Va) 

(5) 

On the other hand, if E 1 > A, the strategy 0!2 strictly dominates and the driver should 
always take the arterial route. In this case 

d > 10(Ve1/Va) 
9(S0 i/Sa) + (Vel!Val 

(6) 

For values of distance ratio d lying between those given by Eqs. 5 and 6, there will 
exist optimal mixed strategies. That is, the driver can minimize his total tension by 
taking the expressway sometimes and selecting the arterial route at other times. In 
mathematical terms, the driver should select ci1 with probability p and choose 0!2 with 
probability (1 - p). Determination of a value for p constitutes a solution to the problem 
in terms of game theory. 

If it is assumed that the driver has some knowledge of the probability of each state 
of nature, the set of these probabilities can be regarded as nature's strategy. Deter
mination of the driver's optimum strategy in this case can be reduced to a problem in 
linear programming. But if the driver is entirely without knowledge of nature's prob
able behavior, he is faced with a decision to be made under a condition of uncertainty. 

There are a number of possible ways to proceed under uncertainty. One way is to 
assume that nature is "out to get you" and to select a strategy that will make the worst 
damage nature could do as small as possible. This is the maximim-utility criterion, 
which in the present case leads to the conclusion that the driver should never select 
the expressway. 

Only a little less conservative is the Laplace principle of insufficient reason that 
assumes that, if nothing is known about the probabilities of the various states of nature, 
they should be considered equally likely. This latter assumption makes possible a 
linear programming solution that again indicates that the driver should always select 
the arterial route. 

There are 2 other criteria that yield more interesting results. One is the Hurwicz 
ci or pessimism-optimism index (10). The ot. index is intended to provide a basis for a 
decision that is not so ultraconservative as the maximin-utility method. To apply the 
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Hurwicz method, one selects a number a (o s: a s: 1) which expresses one's degree of 
pessimism or optimism in the following way: 

Find for each act (row in the payoff matrix) the smallest and the largest values of 
the payoff. Then associate with each act an index. 

(7) 

where mi is the smallest number in row i and Mi is the largest. Then select as one's 
decision the act with the largest a index. Note that, for a = 1, this procedure reduces 
to the maximin-utility criterion illustrated earlier. If a = o, the decision-maker is 
completely optimistic. He will seek the largest payoff possible. 

The other approach to games against nature is the so-called minimax-regret crite
rion . The regret is defined as the difference between the maximum payoff possible 
under a given strategy selected by one's opponent and the payoff associated with some 
strategy of one's own. 

The regret is computed by determining the number that must be added to an entry in 
a payoff matrix to make it equal the maximum entry in its column. A player's objective 
is to minimize his regret, or the difference between his maximum possible reward and 
the payoff he actually receives. The proper mixed strategy to attain this objective re
sults from transforming the problem from one in game theory to linear programming. 

NUMERICAL STATEMENT OF THE PAYOFF MATRIX 

The Hurwicz and minimax-regret solutions to the route-selection game will be illus
trated, and numerical data developed by Michaels and others will be used to compute 
the payoff matrix. An average speed on an arterial street during a peak traffic period 
will be taken as Va = 20 mph ~). Other traffic parameters have been taken from the 
Highway Capacity Manual (4) as given in Table 1. 

Michaels r eport s an aver age magnitude per minute for GSR on arterial streets as 
18.7 (2). His data are deviations f rom a ba sal or "rest" value of GSR for a series of 
test drivers and are referred to a GSR resulting from an arbitrary shock stimulus. The 
scale units, therefore, have no physical meaning in themselves (2, 3). Figure 1 in 
Michaels' paper (2) shows the varia tion of GSR magnitude per minute with traffic vol
umes on urban freeways. Readings for Se1 and Se2 can be read directly from this 
figure, while Se3 can be extrapolated. Michaels shows that GSR on a freeway increases 
linearly with traffic volume up to a volume of about 2,800 vehicles per hour in one direc
tion (2). For larger traffic volume, GSR seems to increase exponentially (2). 

It Tu not practicable to associate a traffic volume with level of service F-:- In order 
to complete the payoff matrix it is necessary to hypothesize that high driver tension is 
induced by delays and by possible physical discomfort or fatigue caused by stop-and-go 
operation and by long vehicle queues. The value of Se4 as given in Table 2 has no em
pirical support but is regarded as a reasonable estimate of driver tension under un
stable flow conditions, in view of the results reported by Michaels. The values of 
(Sei/ Sa) have been rounded to simplify calculations. 

TABLE 1 

FREEWAY TRAFFIC DATA 
TABLE 2 

DRIVER TENSION 

Level State Service Volume Vei = 

of of (vehicles/hr in 
Minimum 

Ve1/ Va Level of State of 
Nature Speed Nature Sei se/Sa Service (i =) one direction) (mph) Service (i =) 

C 1 2,700 50 5/2 C 1 12 2/3 
D 2 3,200 40 2 D 2 17 9/10 
E 3 3,600 30 3/ 2 E 3 22a 7/6 
F 4 _a 15b 3/4 F 4 30b 5/ 3 

alndefinite. bHypothesized. aExtrapolated from Michaels. bHypothesized. 
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It is possible to determine time and distance ratios that form the upper and lower 
bounds of the range of d for which mixed strategies are optimal. These limiting values 
are as follows: 

0.476 s: d s: 2.94 

0.62 ,,;; T ,,;; 1.35 

For a distance ratio equal to one, the payoff matrix is as follows: 

0.50 
1 

0.80 
1 

SOLUTIONS FOR CASE OF COMPLETE UNCERTAINTY 

(8) 

(9) 

Consider the Hurwicz °' criterion. First find a value of the Hurwicz a that makes the 
driver I s 2 possible strategies indifferent. 

O!(Ei/A) + (1 - O!)EJA =a+ (1 - a) (10) 

(11) 

The arterial route is the more attractive alternative if the driver's degree of opti
mism is such that his°' index is less than the value given by Eq. 11. The Hurwicz °' 
index can be interpreted as the probability of good freeway traffic conditions. For a 
distance ratio of 0.50, Figure 2 shows that a driver would be well advised to take the 
freeway even if he considers that he has only a 6 percent probability of finding good 
freeway conditions. If the freeway route and the arterial alternate are equal in length, 
the driver needs a 62 percent probability of finding good traffic conditions in order to 
make the freeway route attractive. The required probability exceeds 90 percent when 

LOO 

L-----
V 

,V 
I 
I 
I 

0 I 2 3 

d == DISTANCE RA TIO 

Figure 2. Minimum Hurwicz a to make freeway attractive. 
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the distance ratio increases to 2.00. It is also clear that the limiting distance ratios 
computed earlier are in agreement with the results of the Hurwicz Cl! analysis. The 
freeway is attractive for a distance ratio less than 0.48 regardless of probable traffic 
conditions. Similarly, the arterial alternate is optimal for a distance ratio larger than 
2.94, even if good freeway driving is a virtual certainty. 

The minimax-regret criterion can be used to develop a traffic diversion curve. The 
regret matrix can be written as follows for a distance ratio of one: 

0 
0.50 

0 
0.20 ~-10] (12) 

Equation 12 shows that nature should select either its strategy 1 or 4 if it wishes to 
inflict the most damage on the driver. Nature's strategies 2 and 3 are said to be "dom
inated" by strategy 1 and can be deleted from the matrix without changing the solution 
of the game. All regret matrices in the present problem can be reduced to the form 

[
o 

R-
a21 

(13) 

The problem is now to find a mixed strategy that will minimize the maximum possi
ble regret. Let p be the probability of selecting row 1 and q be the probability of se
lecting row 2. Then 

p ~ o, q ~ o, p + q = 1 

If m is the maximum regret, then 

Writing r = p/m, s = q/m, k = 1/m yields a linear programming problem. 
Maximize k = r + s, subject to 

r ~ 0, s ~ 0, a 12 r :i:. 1, a 21 s :i:. 1 

It turns out that 

(14) 

(15) 

(16) 

(17) 

Plotting p against the distance ratio d yields the diversion curve shown in Figure 3, 
because p can be interpreted as the percentage of drivers who should select the free
way route for a given distance ratio. 

PARTIAL KNOWLEDGE OF STATE OF FREEWAY TRAFFIC 

Drivers who must return home from work every day over one of a group of alternate 
routes can be expected to acquire some knowledge of traffic conditions over these routes 
as a result of repeated use. It is therefore of interest to consider the case of decision
making under risk wherein it is assumed that the driver can estimate a probability dis
tribution over the various possible states of freeway level of service. Once the state 
probabilities are estimated, this case can be solved by transforming it to a linear pro
gramming problem. 

Under the assumption that levels of service E and Fare the most probable states of 
freeway traffic during peak periods, a complete strategy for route selection can be 
formulated from a knowledge of the probability of encountering level of service F. In 
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Figure 3. Diversion curve based on minimax regret . 

any event, a knowledge of the vector of traffic state probabilities for the freeway would 
permit a driver to make an optimal route selection. 

If a driver is advised that at time O the state of freeway traffic is i (i = 1, ... , 4), 
the entries in the vector of state probabilities at time O would be 

'1Tk = 1 (k = i) 

'll'k = 0 (k f. i) (18) 

Suppose that the state of freeway traffic is determined at discrete intervals At by a sur
veillance system and that this information is displayed on signs or broadcast over com
mercial radio at such intervals or both. If a driver could enter the freeway at time 0 
(and could expect the state of traffic to remain substantially constant for the duration of 
his trip), his route selection strategy would be a simple problem. 

But the driver will probably not be able to enter the freeway until t units of time after 
receiving a status report. At time t, the vector of freeway traffic state probabilities 
will be given by 

'l!'(t) = 'll'(o)eAt (19) 

where A is the matrix of transition rates of a continuous time Markov process. 
If the interval At between successive announcements of the state of freeway traffic is 

relatively long, the driver will be forced to assume that 'l!'(t) is equal to the limiting 
value of fl' either that he has learned to estimate by repeated use of the system or that 
he must estimate under conditions of uncertainty. 

On the other hand, if At is made relatively short, the driver can estimate 'l!'(t) by 
applying his knowledge of 'l!'(o). That is, frequent announcements of the state of freeway 
traffic will tend to make the time interval t comparatively short between a driver's route 
selection and the actual beginning of his fr eeway trip. 1r(t) is clearly a continuous 
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function of time. Consequently, if one element of rr(o) is unity and the others are zero, 
it is reasonable to expect that there will be a significant interval of time during which 
one element of ,r(t) will be numerically dominant over all the others. It is during this 
time interval that a driver can benefit from information on the state of freeway traffic. 
As the time following a freeway report increases, the state probabilities will approach 
their limiting values and the driver's information will become stale. 

A driver with accurate knowledge of the state of freeway traffic can reduce his re
gret to zero in the route-selection game because he can always select the optimum 
strategy if all but one column in the payoff matrix are known to have probability zero. 
On the other hand, as the reliability of his traffic information deteriorates with the 
passage of time, his minimax regret will approach the values computed for the case of 
uncertainty. 

If a dollar value could be assigned to a driver's regret, it would be possible to de
sign an information system by selecting ~t so that the cost of providing data on the state 
of freeway traffic was equal to the value of the total regret of potential freeway users. 
The efficiency of an information system could also be defined as 

E = 100 ( 1 - ; ) (20) 

where R is the maximum regret associated with the optimum strategy resulting from 
the state probability vector ,r(t) and R* is the minimax regret associated with route se
lection under uncertainty. 
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A Simple Off-Ramp Traffic Model 
P. K. MUNJAL, System Development Corporation, Santa Monica, California 

This paper gives the analysis of traffic dynamics by formulating a simple 
traffic model, wherein the presence of an off-ramp is studied on both the 
upstream and the downstream sides of the exit point. These studies pro
vide a first look at the freeway traffic dynamics in the vicinity of an off
ramp. The analytical formulation is based solely on the primary governing 
mechanisms that .are thought to contribute significantly to the traffic be
havior in the vicinity of an off-ramp. The present analysis has incorporated 
a simple weaving effect on the upstream side and a simple right-lane back 
merge on the downstream side of a unidirectional 2-lane freeway. The 
analysis technique presented in this paper can be easily modified for appli
cation to other multilane freeways. 

eTHE PRESENCE OF AN OFF-RAMP on a unidirectional freeway generally induces 
some complex lane-changing effects in the traffic on the upstream side of the exit point. 
Those drivers in the left lanes who want to leave the freeway at a certain off-ramp 
start merging into the right lane. This type of lane-changing of vehicles from left to 
right lane and vice versa is also known as the weaving effect and is a typical phenomenon 
of traffic dynamics on the upstream side of the off-ramp. Immediately after the exit 
on the downstream side of the off-ramp there is a region of very low traffic density in 
the right lane. This is caused by vehicles having left this lane to use the exit ramp. 
This low density in the right lane is then stabilized as some cars from the left lanes 
move toward the right lane, finally resulting in traffic equilibrium in all lanes. 

The analysis of an off-ramp traffic model described in this paper is complementary 
to the previous analysis of on-ramp models (1, 2, 3) and is based on the expected-value 
continuum principles. This paper is written to investigate off-ramp traffic dynamics, 
and the analytical formulation is based solely on the primary governing mechanisms 
thought to contribute significantly to traffic behavior in the vicinity of an off-ramp. It 
is hoped that theoretical considerations of the present discussion may assist in making 
pertinent experimental observations to determine the most desirable traffic features 
for eonsideration in a more elaborate theory describing off-ramp traffic dynamics. 

FORMULATION OF AN OFF-RAMP TRAFFIC MODEL 

In this study of the traffic dynamics in the upstream and downstream sides of the 
off-ramp, the analysis is based on an idealized 2-lane freeway with no other points of 
exit or entrance except the off-ramp under consideration. It is assumed that the traffic 
is under equilibrium conditions at some great distances on the upstream and down-

stream sides of the off-ramp under consideration, such that kHi(t) = equilibrium den

sity in lane i that exists at some great distance x in the upstream side of the off-ramp 

at time t, and k~ (t) = equilibrium density in lane i that exists at some great dis

tance x in the downstream side of the off-ramp at time t. Lanes 1 and 2 are the right 
and left lanes respectively. 

It is further assumed that 01 percentage of the cars under equilibrium in lane 1 and 
fJ percentage of cars under equilibrium in lane 2 will be leaving the freeway through 
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Figure 1. Schematic diagram of off-ramp traffic dynamics on the upstream and downstream sides. 
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the exit ramp under consideration. Because the flow at some great distance on the 
upstream side of the off-ramp is assumed to be constant, we have the following rela
tionship between the equilibrium densities that prevail at great distances on the up
stream and downstream sides of the off-ramp: 

U U D D U U 
k10 + k20 = k10 + k20 + O! k10 + /9k20 (1) 

Figure 1 shows the schematic configuration of traffic movements on the upstream 
and downstream sides of the off-ramp. It may be noted from this figure that we take 
the off-ramp as the origin point for the distance coordinate. On the upstream side the 
distance increases in the opposite direction of the traffic flow and on the downstream 
side it increases in the direction of traffic flow. 

In setting up the appropriate boundary conditions, we assumed that all the vehicles 
from the left lane that are leaving the freeway have moved into the right lane at the 
exit point of the off-ramp, so that 

(2) 

and Koff(t) = vehicle density leaving the freeway. 
In order to counterbalance some effect of the movement of vehicles from left to right 

lane, we assumed that some vehicles move gradually from right to left lane. This 
movement of vehicles is taken in accordance with the movements of vehicles from left 
to right lane, and its value is assumed to reach k'(t) at the exit point of the off-ramp. 

On the downstream side of the off-ramp, the vehicles from the left lane move back 
to the r ight lane to occupy the empty space created by the vehicles that left the freeway . 
The density of vehicles k"(t) that move from left to right lane on the downstream side 
of the off-ramp would be close to k' (t) if 

(3) 

However , if 0!/ /9 is larger than 1, a relatively larger proportion of drivers would be 
traveling in the right lane at the upstream equilibrium point of the off-ramp. Conse
quently the vehicle density k "(t) that moves from the left to the right lane on the 
downstream side of the off-ramp is larger than the vehicle density k' (t) that has 
moved from the right to the left lane on the upstream side of the off-ramp. The sub
sequent analysis in this paper is based on the equation of continuity of flow and postu
lates that the transfer of cars between lanes is proportional to the density difference 
between 2 adjacent lanes. This type of lane-changing behavior has been termed the 
uniform lane-changing hypothesis (1). The basic set of expected-value equations of 
continuity for the 2-lane freeway has been derived in the Appendix and can be written as 
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(4) 

where 

Dt, Dx = partial derivative operators (:t, :x) with regard to t and x respectively; 

Ki = density perturbation in lane i; 
c = wave speed; and 
a= positive-valued constant of dimension time- 1

. 

This set of equations are applicable to uniform freeways, where the vi - ~ (speed
density) relationship for equilibrium conditions is the same for each lane and equilib
rium density is the same across lanes. These equations are also applicable to non
uniform freeways where only the density perturbations are treated to fluctuate by a 
uniform lane-changing hypothesis together with the same wave speeds in both lanes. 
The density perturbation in lane i is related to the equilibrium density by 

where 

ki (x, t) = traffic density in lane i, and 
km = equilibrium density in lane i. 

It can be seen that integration of Eq. 5 over a given road section gives 

Ni (t) = ni (t) - nm 

where 

ni(t) = total number of vehicles in lane i; 
nm = total number of vehicles in lane i at equilibrium; and 

N/t) = perturbation number of vehicles in lane i about equilibrium. 

THE GENERAL PERTURBATION MATRIX MODULE 

(5) 

(6) 

Before the effect of the traffic movements on the upstream and downstream sides 
of the off-ramp is examined, it is necessary to develop-with the help of Eq. 4-a gen
eral traffic density perturbation matrix module. With the help of such a module, the 
various specific traffic movements can be studied in the vicinity of the off-ramp de
fining the various associated boundary conditions. The density perturbation matrix 

K(x, t) = [~] 

and the matrix of coefficients of density perturbations 

A= [ 1 -lJ 
-1 1 

are introduced, and Eq. 4 can be written in the following compact form: 

(Dt + c~x.)K + aAK = 0 

If Mis a modal matrix of A and M- 1 is the inverse of M, we have the property 

M- 1 AM = s 

(7) 

(8) 

(9) 

(10) 
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where X is diagonal spectral matrix of A and has the form 

S = ["1 0] 
0 "-2 

(11) 

where 1,. 1, 1,.2 are the eigenvalues of A. A simple calculation shows (!) that the modal 

matrix M of A is 

M = [: 1] 
12" 

and its inverse M- 1 is 

-, [ ½ _!] M = 1 

12 .12° 

The product of M- 1 AM then gives the following spectral matrix S: 

M- 1 AM - S - [0 0] - - 0 2 

The eigenvalues of A are therefore )c1 = 0 and 1,.2 = 2. 

(12) 

(13) 

(14) 

In order to get a general perturbation matrix module, we need to solve Eq. 9. The 
solution of Eq. 9 is facilitated by introducing the following linear transformation: 

K =My 

where y is some new column matrix. 
If Eq. 15 is substituted into Eq. 9, the result is 

(Dt + cDx)My + aAMy = 0 

We now premultiply Eq. 16 by M- 1 to obtain 

(Dt + cDx)Y + aSy = 0 

(15) 

(16) 

(17) 

Because S is the diagonal matrix of A, the elements of the column y are uncoupled, 
and we have 

(Dt + cDx)Y1 = 0 I 
(Dt + cDx)y2 + 2ay2 = 0 

The solutions of Eq. 18 take the form 

y/x, t) = y10(t - ~) 

( -(2ax)/c ( x) 
Y2 x, t) = e Y20 t - c 

(18) 

(19) 



52 

where 

y 1/t) = y1(0, t), and 

Y2o(t) = ya(0, t) 

By introducing the matrices 

and 

we get the relation 

[
y10(t)l 

Yo(t) = Y2o(t)J 

-1 
Yo(t) = M Ko(t) 

The general perturbation matrix module can then be written as 

where 
-1 ( X) K(x, t) = MB(x)M Ko t - c 

B(x) = [1 0 ] 
0 e-(2ax)/c 

and Ko(t) is the initial value perturbation matrix. 

TRAFFIC DYNAMICS ON THE UPSTREAM SIDE 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

Figure 1 shows a schematic representation of traffic movements on the upstream 
and downstream sides of the off-ramp. It can be seen from this figure that the distance 
coordinate has its origin at the exit point of the off-ramp and increases against the direc
tion of flow on the upstream side. It is assumed that the flow is under equilibrium con
ditions with normal traffic dynamics at some great distance on the upstream side of the 
off-ramp. As mentioned ear lier, an expected a. percentage of cars under equilibrium 
in the •ight lane and an expected ~ percentage of cars under equilibrium in the left lane 
would be leaving the freeway through the off-ramp. We shall now formulate the move
ments of fj percentage of the cars under equilibrium in the left lane to merge into the 
right lane so that they leave the freeway at the exit point of the off-ramp. This can be 
accomplished by incorporating the previously mentioned boundary condition in the gen
eral perturbation matrix module given in Eq. 24. The initial conditions for the density 
perturbations will then be given as 

(26) 

Corresponding to the initial conditions, the matrix density perturbation module takes 
the following values: 

K1(x, t ) = 
r l _!] [1 O ] [ .!. .!] r-o:k~( t + !)l 
~ }. o •-(2ax)/c ;, ). -~¾'l(t +;)j (27) 
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The argument in the initial value perturbation matrix is (t + .! ), because the distance 
coordinate increases in the opposite direction of the flow. c 

Simplifying Eq. 27 gives 

(28) 

In order to counterbalance this surge of traffic flow in the right lane, we shall now 
incorporate an opposite effect whereby some drivers from the right lane who do not 
intend to use the off-ramp will move into the left lane. This type of analysis brings 
about the weaving effect, which is a well-known fact in the upstream side of the off
ramp. It has been assumed that an estimated k' (t) vehicle density takes part in such 
movements and the initial conditions for the density perturbation bringing about this 
effect are given by 

K (t) = f-k' (t)l 
O Lk'(t)J 

(29) 

A simple analysis gives the following value to the matrix perturbation module of the 
type given in Eq. 28: 

1 -e 

[ 

1 -(2ax/c) J 
KII(x, t) = ./2" 

1 _.! e -(2ax/c) 
12" 

(30) 

Superposition of Eqs. 28 and 30 gives the following weaving perturbation density 
expression, which describes the traffic movements on the upstream side of the bff
ramp: 

KU(x, t) = 
[

l Je-(2ax/ c)J 

1 -(2ax/ c) 1--e 
12" 

(31) 

Equation 31 with the incorporation of the relation given in Eq. 5 gives the following 
expression for each lane that describes the traffic movements on the upstream side of 
the off-ramp: 
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(32) 

where xu denotes the distance measured on the upstream side as shown in Figure 1. 

TRAFFIC DYNAMICS ON THE DOWNSTREAM SIDE 

The traffic dynamics on the downstream side of the off-ramp are relatively simple 
as compared to the upstream side. There is no weaving effect on U1e downstream side 
of U1e off-ramp: Here some of the drivers in fu.e left lane simply move back to U1e right 
lane and occupy the empty space created by the vehicles that left U1e freeway via the 
right lane. At some great distance on the downstream side of the off-ramp the vehicles 
reach equilibrium conditions, and here again fue normal traffic dynamics are established 
in each lane. The equilibrium densities in the two lanes are k~ and l<D at that location 
of the freeway. As mentioned earlier, the expected vehicle density t11i1: moves from 
left to right lane is assumed to be k"(t). Such boundary conditions can be easily in
corporated by making use of the general perturbation matrix module given in Eq. 24. 
The initial conditions for the density perturbation will then be given as 

Ko(t) = [K1o(t)] = [ k" (t)] 
fuo(t) -k"(t) 

(33) 

Corresponding to the initial conditions, the matrix perturbation given in Eq. 24 takes 
the following value: 

K(x, t) "' (34) 

Equation 34 with the incorporation of the relation given in Eq. 5 gives the following ex
pressions for each lane that describe the traffic movements on the downstream side of 
the off-ramp: 

(35) 

where xD denotes the distance measured on the downstream side of the off-ramp as 
shown in Figure 1. Also, as mentioned earlier, if the number of drivers in each lane 
who are leaving the freeway through the exit ramp are proportionate to the equilibrium 



55 

densities that exist at some great distance on the upstream side, then the expected ve
hicle density that moves from left to right lane in the downstream side of the off-ramp 
would be very close to k' (t). Corresponding to this situation, Eq. 35 will take the 
following form: 

(36) 

The corresponding expression for density dist;ribution on Uie upstream side can also 
be written in terms of U1e equilibrium densities k~, kPo that prevail at some great dis
tance on the downstream side of the off-ramp. Tfi1s is achieved by making use of the 
relationship between the equilibrium densities on the upstream and downstream sides 
of the off-ramp with the expected number of vehicles leaving the freeway as follows: 

ku = °'ku + kn! 10 10 10 

ku = ,:lku + kD 20 20 20 

(37) 

Substitution of Eq. 37 in Eq. 32 gives 

u D u 01 u{. xu\ ti u{. xu) 
k2 = k20 + tik20 - 2kio\t + 71 - 2k20\t + 7 

(38) 

[ 
01 U /. xu) B U /. xu\ /. xu),l -(2axu/ c) 

+ 2k10\t +c - 2k20\t +c/ +k'~ +7~e 

Equations 38 and 36 (or 35) decribe the traffic movements on the upstream and down
stream sides of the off-ramp. It may be noted that these 2 equations observe the re
gional boundary conditions and are identical at the exit point of the off-ramp, when both 
xu and xn tend to zero. 

CONCLUSIONS 

The traffic dynamics on a uniform 2-lane freeway due to the presence of an off
ramp have been given for both the upstream and downstream sides of an off-ramp. The 
present analysis is developed on the basis of a simple expected-value continuum model 
and assumes that the rate of exchange of vehicles between the 2 lanes is proportional 
to the difference in their densities and that the present form of the equation of con
tinuity applies. Also, the analysis assumes that the expected density of vehicles leav
ing the freeway is small compared with the density on the freeway. The results of the 
present analysis show that the freeway vehicle dynamics involve more lane-changing 
maneuvers near the vicinity of an off-ramp and are exponentially adjusted to normal 
lane-changing maneuvers on both upstream and downstream sides of the off-ramp. The 
method of analysis presented in this paper can be easily modified to take into account 
other multilane freeways. The mathematical analysis is simple and flexible so that a 
more elaborate traffic feature can easily be incorporated. However, before we attempt 
to incorporate other complexities, experimental data are necessary to validate the pres
ent model and to bring out other significant traffic features that may be desirable for 
developing a more realistic and elaborate off-ramp traffic model. 
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Appendix 
DERIVATION OF BASIC SET OF EXPECTED-VALUE EQUATIONS 

OF CONTINUITY 

The basic set of expected-value equations of continuity for traffic flow can be de
rived on the concept of speed distribution function. The speed distribution function 
f(x, v, t), for t""-given concentration, has been defined such that f(x, v, t)dxdv = the ex
pected number of vehicles at time t whose actual speeds are between v and v + dv in the 
road interval between x and x + dx. Thus, 

J=f(x, v, t)dv = k(x, t) 
0 

(39) 

where k(x, t) is the concentration at point x and time t. The average speed v(x, t) and 
flow q(x, t) are then 

and 

= f vf(x, v, t)dv 

v(x, t) = -
0

-
00
----

f f(x, v, t)dv 
0 

co 
q(x, t) = f vf(x, v, t)dv 

0 

J
X:i co 

f f(x, v, t)dvdx = N1 it) 
X1 0 ' 

(40) 

(41) 

(42) 

where N1, 2 is the total number of vehicles at time t between positions X1 and X2 on the 
road. 

Figure 2 shows a small area element, dxdv, that represents a velocity interval dv 
and a road piece of length dx. With the help of this figure, we wish to evaluate the time 
rate of change of the speed distribution function f(x, v, t) by using the vehicle conserva
tion principle . The combination of this time rate of change of the speed distribution 
function and the relationships given in Eqs. 39, 40, and 41 would give us the expected
value equation of continuity for traffic flow. 

The horizontal arrows shown in Figure 2 represent the movement of traffic flow, 
and the difference in the number of cars at the inflow boundary x and outflow boundary 
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Figure 2. Segment of a road and a speed band to illustrate the derivation of an 
expected-value equation of continuity for traffic flow. 
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x + dx points occurs because of the change in the speed distribution function f(x, v, t). 
Hence, expected influx of vehicles at x in the time interval dt = +vdtdvf(x, v, t); expected 
efflux of vehicles at x + dx in time interval dt = -vdtdvf(x + dx, v, t); and net accumula
tion of net change in time dt of the expected number of vehicles in dx, dv-element = 

af(x~tv, t) dxdvdt. With the vehicle conservation principle, input - output= accumulation, 

( of(x v t) 
vdtdvf(x, v, t) - vdtdvf x + dx, v, t) = ~ t I dxdvdt 

Simplifying, we have 

_ f(x + dx, v, t) - f(x, v, t) _ ;if(x, v, t) 
V dx - 3t 

that, on taking the limit as t.x ... 0, becomes 

of(x, v, t) af(x, v, t) _ 0 t + V -a ax (43) 

Integration of Eq. 43 over all speeds yields 

or 

00 CX) 

..Q... J fdv + ...£.. f vfdv = 0 
at o 3x o 
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Using Eqs. 39 and 41 gives 

ok(x, t) + ag (x, t) = 0 
at ax 

or 

(44) 

where Dt and Dx are the partial derivatives wi th regard to t and x respectively. Equa
tion 44 is the expected-value equation of continuity for traffic flow. 

Now let Q(x, t) denote the net flow per mile entering or leaving the highway. It takes 
the positive value when the flow is entering and negative when the flow is leaving. The 
corresponding equation of continuity can be Wl'itten as 

(45) 

When the highway consists of 2 unidirectional lanes, then it is possible for an inter
change of vehicles to occur between the 2 lanes, and we may write 2 equations of con
tinuity, one for each lane, of the form 

where 

Q
1 

= net flow per unit distance of vehicles entering or leaving lane 1, and 
~ = net flow per unit distance of vehicles entering or leaving lane 2, 

such that 

co 
qi(x, t) = 

0
/ vfi(x, v, t)dv 

(46) 

(47) 

(48) 

(49) 

where i denotes the lane number. If there are no on-ramps and off-ramps, so that no 
vehicles are leaving or entering the road, we must have 

(50) 

In order to estimate the equilibrium density kiQ in the i th lane in terms of the equilib
rium (or average steady-state) speeds ViQ, we shall assume that each lane satisfies the 
following generalized speed density relation so that we have 

_ _ 0 ( k 10 )n 
V·Q = V· 1 - -

1 1 kj 

where 

~ = desired average speed for lane i; 
kj = jam traffic concentration; and 
n = some real number whose magnitude is greater than zero. 

(51) 
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Equation 51 may be solved for kiO to obtain 

kio =k{-(:rr] (52) 

If frn(v) and fi (v) are the actual and desired speed distribution functions for the i th 
lane at equilibrium conditions, we have 

f 00 frn(v)vdv 
0 0 

Vrn = co 'Vi 

0
/ frn(v) dv J

00

f?(v)dv 
0 1 

(53) 

(54) 

where all the speed distributions are realized at steady state. It will be assumed now 
that the instantaneous speed distribution function f/x, v, t) for the i th lane is given by 

f/x, v, t) = fiO(v) + Fi(x, v, t) 

where 

Fi (x, v, t) = perturbation of the speed distribution function in lane i. 

Integrating Eq. 55 over all speeds gives 

(55) 

(56) 

We now postulate that Qi(x, t), the net flow per unit distance of vehicles entering or 
leaving lane 1, is 

Qi(x, t) = a{ [k2(x, t) - ki(x, t)] - (k20 - kw)} 

= a[K2(x, t) - K1(x, t)] (57) 

where a is ~ positive constant with dimension time- 1. Equation 57 gives Q1(x, t) = 0 
when ka(x, t) = k20 and ki(x1 t) = k10 and gives a positive flow when [k2(x, t) - k1(x, t)] 
exceeds (k:io -k10). This relation for Qi expressls simply a behavior in which drivers 
tend to leave a more crowded lane and enter a less crowded one. This type of lane
changing behavior is defined as the uniform lane-changing hypothesis. With Eq. 57 and 
the car conservation relationship given in Eq. 50, we get the continuity equation for a 
2-lane unidirectional highway as 

Dxq1 + Dtk1 = a [ (k2 - k1) - (k20 - k10)] 

= a(Ka -Ki) 

Dxq2 + Dtk2 = a[ (k1 - k2) - (k10 - k20)J 

= a(K1 - K2) 

(58) 

(59) 
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In order to study the traffic dynamics, it is necessary to assume that the flow in 
each lane is a function of the density in that lane and of the position x along the highway; 
namely 

(60) 

If the road is space homogeneous, the flow will not depend on the position, and Eq. 60 
reduces to 

Equation 61 is regarded as the "equation of state" of the traffic fluid. 
entiation with respect to x of Eq. 61 gives 

(dG·) Dxqi = elk: Dxki i = 1, 2 

Introducing the notation 

we get 

c 1 and c2 are the velocities of wave propagation. 

(61) 

Partial differ-

(62) 

(63) 

(64) 

If we now substitute the relationship of Eqs. 56 and 64 into Eqs. 58 and 59, we get 
the equations 

(65) 

(66) 

If the density perturbations are small, we can take the values of wave speeds at equilib
rium conditions and assume them to hold for the traffic densities under consideration, 
such that 

(
dq1) 

C - -
i - dk1 k=k10 

(67) 

For a uniform freeway, where the vi - ki relationship for equilibrium conditions is 
the same for each lane and equilibrium density is the same across lanes, we get the 
following equilibrium equations: 

(68) 

[ (
vi )11n7 

k10 = kj 1 - v~ J = kao (69) 



_o ~1/n k.lO (n +1)/n)n 
ql = V1 k JO - ---- " C2 

k1 

The wave velocities c1 and c2 given by Eq. 67 would have the values 

c1 =v~(1- ~~0
)n-l (1- (n + 1)~~0

) = c2 

In this uniform case, Eqs. 65 and 66 take the form (because C1 = c2) 

61 

(70) 

(71) 

(72) 

(73) 

It may be mentioned here that this set of equations also corresponds to nonuniform 
freeways, where only the density perturbations are treated to fluctuate by a uniform 
lane-changing hypothesis along with the same wave speeds in both lanes. 




