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A frozen sand-ice layer, when subjected to a temperature rise, will exert 
pressure against confining boundaries. The magnitude of this pressure can 
be measured and recorded in the form of a pressure-time curve. The 
sand-ice system closely resembles a viscoelastic material, and its time
dependent behavior under applied pressure can be compared to the be
havior of the viscoelastic model. Subjecting the theoretical model to 
loading conditions equal to actual pressures exerted by a sand-ice layer 
and measured experimentally made it possible to study both the viscous 
(plastic) flow and elastic strain in a frozen soil layer. Furthermore, ap
plying viscoelastic model analogy to the investigated frozen sand-ice layer, 
which was radially restrained and subjected to a uniform temperature in
crease, made it possible to derive equations for initial modulus of elasticity 
of a frozen sand layer, effect of temperature increase on the modulus of 
elasticity, time-dependent coefficient of viscosity of a frozen sand-ice 
layer, and time-dependent functions of elastic strain and plastic (creep) 
strain. 

eTHE MAGNITUDE of the lateral thrust exerted by a frozen sand layer on rigid con
fining boundaries and caused by uniform temperature increase was discussed elsewhere 
by the author (1). Two different sands were used in the foregoing experimental investi
gation. Sand No. 1 was a crushed uniform sand from Ottawa, Illinois (uniformity coeffi
cient 1.5), whereas sand No. 2 was a natural well-graded sand from Paris, Ontario 
(uniformity coefficient 3.8). The grain-size distributions are shown in Figure 1. The 
soil specimens tested (4 in. high and 9-5/8 in. in diameter) were composed of sand and 
a variety of ice contents. The horizontal strain i1,1 the frozen sand was measured by 
means of BLH Type A-9 bonded resistance strain gages embedded in the sand. The test 
method used consisted of zeroing the strain bridge with the frozen soil at a constant 
initial temperature and then raising the soil temperature at a desired rate while simul
taneously applying and measuring the resisting radial pressure required to prevent the 
soil-ice system from expanding. 

The pressure a- exerted by the frozen sand layer was found to be a function of 5 vari
ables: the initial temperature of the frozen layer T 

0
, the rate of the layer's temperature 

increase e, the time of temperature increase t, the initial porosity of the sand n, and the 
degree of ice saturation S,. 

Based on the experimentally obtained results, 3 general equations were derived for 
pressure-time curves, for values of maximum pressure developed by a sand-ice layer, 
and for period of time required by the sand-ice layer to reach its maximum pressure. 
This research study was accomplished by not introducing the viscoelastic behavior of a 
sand-ice system but by knowing only the physical soil properties n, Su T

0
, and 0 . 

However, applying viscoelastic model analogy to the frozen sand layer and subjecting 
the theoretical model to loading conditions equal to the actual pressures exerted by the 
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sand-ice system made it possible to study 
changes occurring in the elastic and plastic 
strain during the time when the frozen soil 
layer is subjected to a uniform temperature 
increase and, therefore, to varying lateral 
stress. Thus, the object of the investigation 
presented in this paper is to study the time
dependent behavior of a frozen sand layer sub
jected to a temperature increase but prevented 
from expanding by all-round rigid retaining 
boundaries. 

VISCOELASTIC MODEL ANALOGY 

Typical pressure-time curves shown in 
Figures 2 and 3 clearly indicate the time
dependent behavior of the lateral pressure de
veloped by sand-ice specimens when they are 
subjected to temperature increase and pre
vented from expansion by retaining boundaries. 

The sand-ice resembles a viscoelastic 
material, and its behavior under applied pres
sure can be compared to the behavior of the 
viscoelastic model (i.e., the Maxwell model}, 
which combines elastic and viscous (plastic} 
response and shows the appropriate physical 
picture of the time-dependent material. 
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Figure 1. Grain-size distribution. 
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Let us assume that the Maxwell model is placed horizontally between 2 rigid walls 
located a distance L apart (Fig. 4) and that the model is subjected to a uniform temper
ature increase. Because the rigid walls cannot be moved apart (L is constant), the 
linear expansion caused by temperature increase will not take place; but, instead, 
pressure on the confining boundaries will develop. The counteractive pressure pro
vided by retaining walls will, in turn, apply a compressive force on the spring and the 
dashpot. Under these circumstances, the resultant horizontal linear strain must be 
zero because 
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Figure 2. Pressure-time curves for temperature rise of 6 F per hour and 50 
percent ice saturation from the indicated initial temperatures. 
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Figure 3. Pressure-time curves for temperature rise of 6 F per hour and 33.3 
percent ice saturation from the indicated initial temperatures. 

(1) 

where 

ET strain caused by temperature increase; 
E•L strain in elastic component, spring; and 
EpL strain in viscous element, dashpot. 

The analogy between the behavior of the theoretical viscoelastic model and the inves
tigated sand-ice specimens is obvious, if we assume that the elastic behavior of the 
frozen soil is represented by the action of the spring and the plastic flow (creep) in the 
ice matrix by the motion of the dashpot. 

Each sand-ice specimen tested (!) was circular in shape (diameter = 9-5/8 in.) and 
during the testing was subjected to a radial stress u uniformly distributed around its 
circumference. Because both the sample itself and the external loading were symmet
rical around the sample's center, the sample remained perfectly circular in form for 
the duration of the experiment. If we assume that the sand-ice specimen is a homoge
neous and isotropic mated.al (idealization of a sand-ice system with irregular ice 
crystal orientation), then both the radial and circumferential strains must be uniform 
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Figure 4. Viscoelastic model. 

and equal throughout the soil sample. It fol
lows that each element, such as Nor P shown 
in Figure 5, will be subjected to biaxial 
stresses equal in magnitude and that 

U X ~ uy "' U 

where 

ux, uy = principal stresses, and 
u = radial stress. 

(2) 

According to the law of elasticity, the 
value of elastic stress can be expressed as 

u 

E 
(3) 
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where E is the modulus of elasticity. The plastic deformation may be determined from 
Newton's law of viscosity (~) as follows : 

or 

itu 
E :: - dt 

pL O T) 
(4) 

where TJ is the coefficient of viscosity (proportionality). The strain caused by a uniform 
temperature increase is 

Ey -=: a 0 t (5) 

where 

a average coefficient of thermal expansion of the material, 
e :: rate of sample's temperature increase, and 
t = time. 

Referring to the stress conditions of element N shown in Figure 5 and combining Eqs. 1, 
3, 4, and 5, we have 

aBt (6) 

where 

µ, 1 = Poisson's ratio in the elastic range; 
µ, 2 = Poisson's ratio in the plastic range; and 
(t) = a subscript, indicating a time-dependent function. 
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Figure 5. Compressive stresses in sand-ice specimen. 

Because at the present time 
values of µ, 1 and µ, 2 are not avail
able for frozen sand, Eq. 6 can be 
written in a different form, for the 
problem at hand, without including 
directly Poisson's ratios µ, 1 and 

aB t = o-Ctl + ( <T'.') d t (7) 
E;., Jo '11c t> 

where 

= modulus of elasticity, 
expressed as a ratio of 
equal biaxial stresses 
to the uniaxial strain; 
and 
coefficient of viscosity, 
expressed as a ratio of 
equal biaxial stresses 
to the uniaxial velocity 
gradient of the plastic 
flow. 
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In Eq. 7, only values of Ertl and 17ctl are .unknown because the values of a-<•l were 
obtained experimentally and recorded in the form of pressure-time curves. For each 
pressure-time curve, the relationship between pressure and time can be approximated 
by Eq. 8 (see the broken lines shown in Figs. 2 and 3). 

(8) 

where 

A coefficient, psi/min; 
t time, min; and 
tm time required to reach maximum pressure, min. 

From Eq. 8 it follows that 

CT max = 0. 3679 A tm (9) 

Because the values of maximum pressure CT max and the required time tm to reac.h 
this pressure were measured for each experiment, it was possible to calculate by using 
Eq. 10 the corresponding values of the coefficient A. 

A = CT max/0. 3679 tm (10) 

Combining Eqs. 7 and 8 and differentiating with respect tot gives the following differ
ential equation: 

a8 

or 

(11) 

The modulus of elasticity of a sand-ice specimen, before being subjected to a tem
perature increase, can be obtained from Eq. 11 by introducing the following boundary 
conditions. At t = 0, CT = 0, and E<tJ = E~; therefore, 

E~ = A/a 8 (12) 

where E' is the initial modulus of elasticity of a frozen sand. 
Substituting a e E~ for A in Eq. 11 gives 

(13) 

Temperature Effect on E~ 

Equation 12 shows that E~ is directly proportional to the coefficient A and inversely 
proportional to a and e. Because A itself is a function of T

0
, s., e, and n, it can be ex

pected that the modulus of elasticity E~ of a sand-ice system will also be influenced by 
the previously mentioned parameters, with the possible exception of e. Values of A 
obtained from 15 experiments (sand No. 1, n = 46.6 percent, Si = 50 percent, e = 3, 6, 
and 9 F/hour) and a = 15 x 10-6 per deg F were used to calculate coefficients of elas
ticity E~ (Table 1 ). 

Figure 6 shows the relationship between E~ and the initial soil temperature T
0 

for 
3 rates of temperature increase e. It can be observed that the modulus of elasticity 



decreases as the frozen sand's initial 
temperature increases. On the other 
hand, it appears that the rate of temper
ature increase 0 has very little, if any, 
influence on E~. The dispersion in values 
of E~ obtained for 3 rates of e, at the 
same initial soil temperature T

0
, could be 

caused by instrumental errors and also 
by the difference in the crystalline struc -
ture of the ice matrix formed in the 
otherwise identical sand-ice specimens. 

The relationship between E; and T
0 

shown in Figure 6 can be represented by 
the following equation: 

E~ = 11. 3 x 105 - 1,030 To2 in psi (14) 

TABLE 1 

TEMPERATURE EFFECT ON MODULUS 
OF ELASTICITY 

Rate of 
Temperature ... 

Increase Temperature 
(deg F/ min) (deg F) 

Initial 

0,05 0 
10 
20 
25 
30 

0,10 0 
10 
20 
25 
30 

0.15 0 
10 
20 
25 
30 

Coefficient 
(psi/min) 

0,815 
0.718 
0,543 
0.380 
0.136 

1,631 
1.450 
1.413 
0.815 
0.279 

2,718 
2. 536 
1. 699 
1,411 
0.544 
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Coefficient 
of Elasticity 

E0 (x 10-• psi) 

10,866 
9. 574 
7.240 
5.066 
1.812 

10. 874 
9,666 
9.420 
5.434 
1.860 

12.080 
11.270 

7.550 
6.270 
2.418 

or less accurately, by the straight-line 
equation 

Note: Sand No. 1, Si= 50 percent, n = 46.6 percent, and a= 15 x 10- 6 

E~ = ( 11. 3 - 0 . 2 T
0

) x 105 in psi (15) 

Recent literature dealing with the properties of pure ice (~, 1, §) supports the ob
servations that were made on sand-ice specimens and that indicate that the elastic 
modulus of ice decreases as ice temperature increases. 

Modulus of Elasticity E<t> and Coefficient of Viscosity 17(t> 
An analysis of the viscoelastic behavior of the sand-ice system was carried out by 

using the specimen of sand No. 1, having n = 46.6 percent, S; = 50 percent , T
0 

= 0 F, 
and being subjected to a temperature rise c,f e = 0.1 F/min. The selected sample has 
been called specimen Z, and its pressure-time curves (both experimental and theo -
retical) are shown in Figure 2. The theoretical (idealized) pressure-time curve com
puted from Eq. 8 by using the experimentally obtained values of A = 1.631 and tm = 
60 min gives 

1. 631 t exp (- t / 60) 

16 
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Figure 6. Initial modulus of elasticity versus initial frozen sand temperature. 

(16) 
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Before being subjected to a constant rate of temperature increase of e = 0.1 F/min, 
the selected soil specimen Z was at the initial temperature of T

0 
= 0 F and, ther efore, 

had an initial modulus of elasticity E ~ = 11.3 x 105 psi (F ig. 6). During the progr ess 
of the experiment, the frozen specimen, while uniformly increasing in temperature, 
was subjected at the same time to a constantly changing stress u(t). Because both the 
stres s a,nd the soil t emperature increase /\, T are tim e dependent, 1t can therefore be 
expected that the modulus of elasticity E ~tl of the specimen Z will decrease with time 
from its maximum value E ;ll = E~ at t = 0 min, in the same way a s the broken curve 
shown in Figure 6. Equation 14, which indicates the effect of the temper a ture incr ease 
on the initial elastic modulus of the sand-ice system, can be used as a fair approxima
tion of the relationship E ;t) versus time when the independent variable T

0 
is replaced 

by 6 T = et. This is because Eq. 14 was derived for the sand-ice system subjected to 
similar stresses and temperature changes as the specimen being discussed. There
fore, the elastic modulus of the specimen Z at any time after it is subjected to a tem
perature increase, can be expressed as 

where 

E' = 
0 

/\, T 
a 
t 

b 

E' - bt 2 
0 

11.3 X 105 psi; 
(e t) = increase of soil temperature, deg F; 
1,030; 
time, min; and 
(a e 2 ) = 10.3 

in psi (16) 

Equation 16 can be open to criticism because it involves some degree of approxima
tion; therefore , 2 additional, less a ccurate equations fo r E(tl are included in the analy
s is . This will help to evaluate t he effect that the changes in function Eitl will induce 
on 7J '<tl and also on the magnitude of the pla s tic s train € ps • • 

If for purposes of comparison one assumes that the elastic modulus decreases uni
formly with time, then 

E~ - st in psi (17) 

where 

E~ 11.3 x 105 psi; 
/\,T (e t) = increase in soil temperature, deg F; 
s 1 = 20,000; and 
s (e s 1) = 2,000. 

Or, if one assumes that modulus of elasticity is a constant, then 

in psi (18) 

The cur ves showing the 3 equations for E Ct) are s hown in Figi.u·e 7. The circular 
points shown in F igure 7 indicate the effect of temperature increase on the soil's initial 
modulus of elasticity, when e = 6 F / hour. The same points are shown in Figure 6 and 
were obtained from Eq. 12. Substituting in turn Eqs. 16, 17, and 18 for E \ l into differ
entia l Eq .• 13 gives the following corresponding func tions for coefficient of viscosity ?J ct) 
in lb - min/ in. 2 : 

7) (t) = 

(E~ - b t 2 ) t 

(E; - bt 2 ) exp (t / t.,) 

E~ 

(E~ -

(E~ - t) exp (t / t.,) 

E' 
0 

st) t 

st - ---
E' - st 

0 

{19) 

{20) 

+ t / tm - 1 
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E' 
bo 

s 
tm 

11.3 X lQS psi, 
10.3, 
2,000, and 
60 min. 

(21) 

The curves showing the values 
of 77(t) for specimen Z obtained from 
iqs. 19, 20, and 21 are shown in 
Figure 8. 

It can be observed that the 
curves showing the 3 different func -
tions of 77 ct)are practically identical, 
exc ept durmg the first 60 min when 
the curve representing Eq. 20 indi
cates larger values for the coeffi
cient of viscosity than the remaining 
two. On the other hand, there is no 
significant difference at any time 
between the corresponding values 
of 77<t) from either Eq. 19 or Eq. 21, 
even though each equation was de
rived from a different function of 
Ec't)" The reason for this is that 
the increase in the differenc e be 
tween the 2 functions of E<~l' rep
resented by Eq. 16 and Eq. 18 
(Fig. 7), changes rather slowly 
during the first hour after the ex
periment has begun. After this 
time, the influence of E(t) on 7/(t) 
appears to be negligible. 
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This leads to the conclusion that, for all practical purposes, the coefficient of 
viscos ity 17<t) of the specimen Z, during the time when the confined frozen sand sample 
is subjected to a constant rate of temperature increase from 0 to 30 F, can be expressed 
satisfactorily by Eq. 21, which is the simplest of the 3 equations introduced. 

Elastic Strain E•L and Plastic Deformation (Creep) E L 

If the functions defining the modulus of elasticity and the coefficient of viscosity for 
the investigated specimen Z are lmown, the horizontal elastic strain and plastic-viscous 
deformation can be determined at any time when the specimen is subjected to a temper
ature increase and hence to varying lateral stress. According to the viscoelastic model 
analogy, the sum of the elastic and plastic strain, at all times in the frozen specimen, 
is equal to the strain caused by the uniform rate of warming. 

The elastic strain resulting from elastic deformations of the sand-ice system can be 
calculated for the problem at hand from the following equation: 

(T( t) 
Ee L = -, (22) 

E(t) 

If we substitute for E<t> the best available function E<t) = E~ - bt 2 11.3 x 105 
- 10.3 t2, 

then 

E~ - b t 2 
;: 

t e xp ( - t / 60) 

6,92 8 X 105 - 6 . 315 t 2 
i n in. / i n . 

or, if we assume , for purposes of comparison, that E<t> is a constant E<~> 
105, then 

_ At exp (- t / t m) _ t exp (- t / 60 ) 
E - -
eL E~ 6. 928 x 105 

in in. / in. 

(23) 

(24) 

The plastic-viscous irreversible deformation in specimen Z, resulting from the ice 
flow and possibly from displacement of sand particles, can be obtained from Eq. 25, 

it CT< •> it t exp ( - t / 60) d t 
"pL = - ,- d t = A O 

0 'fl(l) 7'/( l ) 

(25) 

or, from the more simple equation, 

EpL = a0 t - E0 L = 1.5 X 10-6 t- Ee L in in./in. (26) 

Figure 9 shows the relationship between plastic and elastic strain during the period 
of 300 min when the temperature in the investigated specimen Z increased from O to 
30 F. It can be seen that, during the first 41 min after the radially confined sand-ice 
layer is exposed to a temperature change, the plastic component of the horizontal strain 
increases rapidly but still is smaller than the elastic component. At approximately t = 
41.5 min, both strain components are equal, and, after that time, the plastic component 
representing the accumulative creep (from t = 0 min) of the sand-ice specimen is pre
dominant. The results shown in Figure 9 were obtained by substituting in Eq. 26 a = 
15 x 10-6 per deg F for the average coefficient of thermal expansion of specimen Z. 

Because E•L is directly proportional to the applied stress a- , the function of E• Lre
sembles in shape the pressure-time curve of specimen Z. Regardless of which of the 
2 equations introduced for "•L were used, the maximum elastic strain occurred at time 
t = t = 60 min when the specimen was subjected to the largest radial stress (a- max = 
36 psi). 

It can be noticed that all time-dependent functions, namely the elastic modulus, coef
ficient of viscosity, plastic strain, and elastic strain, were not extended beyond the time 
t = 300 min or T = 30 F. At this time, the theoretical pressure-time curve of specimen 
Z still indicates the existence of some radial pressure, whereas the measured pressure 
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dropped to zero. The reason for this behavior was that, when the progressively in
creasing average sample temperature (measured at midheight of the sample) reached 
30 F, the top part of the 4-in. thick soil layer was experiencing some thawing of the ice 
matrix. During the ice-melting process, there was no lateral thrust exerted by the 
soil-water-ice layer; therefore, the elastic and plastic strains experienced by the sand
ice system ceased to exist. 

Figure 9 also shows the comparison between 2 E•L-time curves obtained from Eqs. 23 
and 24 respectively. It can be observed that the difference in the magnitude of E• L given 
by the 2 curves increases progressively with time and reaches its maximum at t = 300 
min. However, at that time, not only the difference discussed but also the values of E• L 
itself obtained from either equation are negligible when compared with the magnitude 
of the creep sustained by the frozen soil specimen. If a comparison is made at t = 300 
min, then from Eqs . 23 and 26 the following values for the el astic and plastic strain are 
obtained : e eL = 16 µ in./in. and e PL = 434 µ. in./in. On the other hand, the corresponding 
values obtained from Eqs. 24 and 26 a r e 1a

0
L = 3 µ.in./in. and €PL = 447 µ.in./in. 

The resulting difference between the 2 functions of E•L has only a small influence on 
the large magnitude of .: L and, therefore , for all practical purposes the modulus of 
elasticity E ;,) for speci rilen Z can b e assumed to be the constant value E (t) = E~ without 
the corresponding values of 11;,) and also EPL being seriously distorted. 

CONCLUSIONS 

Based on the preceding discussion, the following conclusions can be drawn: 

1. The elastic strain-time curve of a frozen sand layer resembles in shape its 
pressure-time curve. Maximum elastic strain and maximum pressure occur at the 
same time. After reaching this time, the elastic strain decreases rapidly and becomes 
almost negligible when compared with the plastic strain. 

2. Plastic (creep) strain in a restrained frozen sand layer commences immediately 
after the frozen sand is subjected to a temperature increase. This creep strain in
creases continuously with time, reaching its maximum value just before the ice matrix 
thaws. 
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3. For all practical purposes without serious error, the functions of 17 <t> and EP L can 
be derived by assuming that the modulus of elasticity of a frozen sand layer subjected 
to lateral stress and to a uniform temperature increase is constant and equal to the 
initial modulus of elasticity of the frozen sand layer E~. 
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