PREDICTION OF SHRINKAGE STRESSES IN
PAVEMENTS CONTAINING SOIL-CEMENT BASES

P. C. Pretorius, Bruinette, Kruger, Stoffberg and Hugo, Pretoria, South Africa; and
C. L. Monismith, Institute of Transportation and Traffic Engineering,
University of California, Berkeley

The occurrence of shrinkage cracks in pavements containing soil-cement
bases is quite common. Whether suchcracking is detrimental to the struc-
tural behavior of the pavement section depends on a number of factors, in-
cluding environment and materials used in the pavement. The fact that
problems have been experienced in some pavements subsequent to this
cracking justifies an attempt to formulate an analytical procedure that
would permit the prediction of shrinkage stresses and cracks in pavements
containing soil-cement bases. This paper permits 1 such an approach using
the creep characteristics of all of the materials in the pavement structure
together with the shrinkage and strength characteristics of the soil cement
in an incremental axisymmetric finite-element solution. Stresses are pre-
dicted at selected time intervals by increasing the shrinkage strains in the
s0il cement in small time increments and allowing relaxation due to creep
to occur before superposition of the next shrinkage increment. Two cases
are analyzed: one considers a uniform shrinkage in the soil cement; the
other considers a differential shrinkage assuming that desiccation begins
at the surface of the soil-cement base and migrates toward the interior.
Also included is a brief discussion of the influence of asphalt concrete
temperature and thermal effects on the magnitude of the shrinkage stresses.

*THOUSANDS of feet of cement-treated base can be constructed daily with modern con-
struction equipment. Shrinkage is an inherent property of such a material and begins
occurring soon after the material has hardened.

No shrinkage stresses will be developed for a cement-treated base constructed on a
frictionless surface and subjected to uniform shrinkage strains throughout its depth.

If shrinkage in the layer is restrained in any way, however (i.e., by continuity with
other layers, by interlayer friction, or by differential shrinkage), stresses will be de-
veloped. In general, 1 factor or a combination of these factors will be present in the
field, and the development of shrinkage stresses is, therefore, inevitable.

As these stresses develop, they may be relieved by relaxation because many ma-
terials that exhibit shrinkage also exhibit creep. Because the magnitude of shrinkage
stresses is proportional to the length of a continuous base, stress relief by creep may
initially be insufficient to keep the stresses below the tensile strength of the material,
in which case cracking of the cement-bound material will occur. This cracking may be
accompanied by an elastic recovery with a corresponding reduction in shrinkage stress.
Shrinkage continues, however, and the process keeps repeating itself until the result-
ing stresses do not exceed the tensile strength of the material.

This is a difficult problem to analyze mathematically, but a method of analysis ap-
pears desirable if a better understanding of the factors that influence shrinkage crack-
ing in cement-treated materials is to be achieved. Many authorities disagree as to
whether such cracking is really a problem. Recent South African experience (l), for
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example, justifies such an investigation because the formation of wide shrinkage cracks
allowed water infiltration that weakened the subgrade and led to severe fatigue crack-
ing in the pavement structure.

It is possible today to analyze this problem, at least to a first approximation, by
using the finite-element method. It is possible not only to consider different material
characteristics in each element but also to effectively treat nonlinear problems with a
step-by-step linear incremental procedure or with interaction (2). The development
of shrinkage stresses can be analyzed similarly by incrementing the shrinkage strains
in small time intervals and by allowing creep relaxation to occur after each shrinkage
increment until the maximum shrinkage has been achieved or until cracking has oc-
curred. The process of elastic recovery after cracking complicates the analytical
treatment of the problem considerably, and simplifications have to be introduced.

Shrinkage cracks are usually observed the first few days after construction. These
cracks are very fine, but this early crack spacing may be very close to that finally ob-
tained. Accordingly, an approach would be to assume a crack spacing and analyze the
pavement to predict whether further cracking will occur. By repeating this procedure,
a final crack spacing (and crack width) can be estimated. Stress relief at cracking is
ignored by this approach, and, although it will be shown that precise values of stress
are not determinable at the moment because of a number of uncertainties in the analy-
sis, it will be possible to show the relative importance of the factors that control the
development of shrinkage stresses in a pavement.

From the discussion in the foregoing, it follows that a proper analysis requires the
shrinkage, creep, and strength characteristics of the cement-treated material as well
as similar properties for the other layers present in the pavement.

For the present investipalion, a 3-layer pavement was selected consisting of a 3-in,

asphalt concrete layer overlaying an 8-in. soil-cement base {according to the Portiand
Cement Association definition of soil cement) resting on a clayey subgrade. Proper-
ties of the cement-treated material were determined experimentally, whereas appro-
priate properties for the other materials were obtained from other test programs in
which similar materials had been used.

Figure 1 shows a complete subsystem for the analysis of a pavement and one that
considers shrinkage and creep as well as thermal effects and loading. In this paper,
only the lower portion of the subsystem shown in Figure 1 will be described. The com-
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Figure 1. Design subsystem considering shrinkage and creep.
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plete subsystem, including loading effects, is important for design consideration and
has been treated in detail elsewhere (22).

MATERIAL PROPERTIES

Soil-Cement Base

Materials—The aggregate used in this investigation consisted of a partially crushed
gravel obtained in fractions of 2 sizes (designated A and B, Fig. 2) and silty clay (C,
Fig. 2) combined in the proportion 4A:1B:1C (Fig. 2) to produce a material designated
A-2-4, according to the AASHO classification. The silty clay (3) exhibited the follow-
ing characteristics: liquid limit, 29.2 percent; plastic limit, 19.4 percent; plastic in-
dex, 9.8 percent; organic content, 2.5 percent; clay mineral composition, illite and
montmorillonite; and AASHO classification, A-4. A cement content, based on the Port-
land Cement Association wet-dry test, of 5.5 percent by weight was determined for the
selected gradation.

Vibratory compaction at a water content of 7.5 percent by weight was used to pre-
pare the laboratory specimens. Prior to compaction, the aggregate was oven-dried
at 235 F for about 18 hours. Because such treatment would influence the properties
of the silty clay, this material was air-dried until its water content was reduced to a
level less than 2 percent,

Uniform mixtui'es were obtained by separating the aggregate into a series of sizes
and then by recombining them to meet the grading shown in Figure 2. The graded ag-
gregate and cement were thoroughly mixed in a rotating pan, after which water was
added to the mixture through a nozzle under pressure. Addition of the water required
2 to 3 min. during which time mixing was continued. Immediately following mixing,
the specimens were compacted as noted previously. A variation in density of less than
+2 percent about the mean (138 1b/cu ft) was obtained.

Shrinkage Properties—The magnitude and rate of shrinkage of soil cement are in-
fluenced by a variety of factors with clay content having dominant influence. Although
portland cement concrete shrinks slowly and continuously and may reach a magnitude
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of only 1,200 x 10~° in./in. over a period of 30 years (4), soil cement can shrink as
much as 2,000 x 10~° in./in. in only 13 days (5). -

For the soil cement under consideration, the following procedure was followed for
recording shrinkage strains. Beam specimens, 3 in. square by 18 in. long, were com-
pacted with Ya-in. diameter by 3-in. long stainless steel bolts cast 17z in. into and per-
pendicular to the 3-in. square ends of the beam. The protruding points of these bolts
were previously carefully rounded and served as reference points for the subsequent
shrinkage measurements. Shrinkage was recorded by a vertically mounted 0.0001-in.
dial gage, as is shown in Figure 3, relative to an aluminum reference beam that was
insulated at handling points and stored under the same conditions as the specimens.
Specimens were cured for varying periods at 100 percent relative humidity before being
transferred to lower relative humidity environments. During this initial curing, little
dimensional change occurred. Reductions in length on the 90, 65, and 30 percent rel-
ative humidity environments are shown in Figures 4 and 5. The data shown in Figures
4 and b indicate that the rate as well as the magnitude of shrinkage increases as the
ambient relative humidity decreases. Also noted is the fact that prolonged moist-
curing increases the shrinkage potential. This may be due to an increase in the prod-
ucts of hydration (and, in this respect, the behavior of the mix is similar to that of
concrete),

As shown in Figures 4 and 5, most of the shrinkage occurs within the first 30 days.
This high initial rate of shrinkage is probably due to the suction forces resulting from
the loss of capillary water. The rate of shrinkage decreases as equilibrium is ap-
proached. In the later stages, shrinkage is more than likely caused by a loss of
surface-absorbed and interlayer water (6). Figure 6 shows that a linear interpolation
of shrinkage strains is possible over the range of relative humidities indicated.

For the analytical investigation, polynomials were fitted to the shrinkage data points
that allowed easy interpolation for any desired time and relative humidity within the
range considered.

Creep—Where the pavement layer is subjected to shrinkage under restrained condi-
tions, creep in the layer will reduce both the rate of development and the magnitude of
the resulting stresses.
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It is generally assumed that creep in tension and in compression has the same char-
acteristics (5 7) The usual procedure, therefore, is to determine creep in compres-
sion and apply the results to problems dealing with tension. Work by Illson (8) on con-
crete has indicated, however, that the rate of creep in direct tension can be much higher
initially than the rate of creep in compression. If this is true for soil cement, then the
stresses predicted on the basis of compression creep tests would initially be too large.
Accordingly, it was decided that creep in tension would be more representative, and
equipment shown in Figure 7 was developed to conduct tensile creep experiments.
[Ideally, the creep experiment should be conducted in accordance with the strain gradi-
ent expected in the pavement. Because the strain gradient has a significant influence
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on both the strength characteristics and fatigue response of soil cement (@), it can be
expected to influence creep behavior. Thus, direct tension creep tests would be appli-
cable, strictly speaking, to uniform shrinkage problems only.]

It should be noted that there are a number of problems associated with tension creep
testing of soil cement. For example, the stress level must be comparatively small to
ensure that the material will not fail with time (7, 9). Because the tensile strengths of
cement-treated materials are comparatively low, the stresses to be applied in creep
are correspondingly smaller, with the results that small creep strains are obtained.
This in turn necessitates that careful measurements be made. The procedure by which
this was accomplished is shown in Figure 7. Resulting creep data are shown in Fig-
ure 8. It will be noted in Figure 8 that the creep response of the material is similar
to its shrinkage behavior (Figs. 4 and 5). The rate and magnitude of creep increase
as ambient humidity is reduced, and the major portion of the creep strain occurs with-
in the first 30 days.

In the finite-element analysis used here, stiffness rather than creep characteristics
are required. Ideally, the stiffness characteristics should be determined by means of
a relaxation test. In this type of test, the strain ¢, is kept constant while the change
in stress o(t) with time is recorded. The relaxation modulus E (t) is then defined as

E(t)=€—((?

Such tests are extremely difficult to perform, and the usual procedure is to conduct
creep tests and derive a relaxation modulus from these results. At least 2 procedures
are available to make this determination. The first procedure involves the direct in-
version of the creep compliance:

(t)
D(t) = ‘c—o

where 0, = applied constant stress and ¢ (t) = strain varying with time, to yield a re-
laxation modulus
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e(t)

This modulus is sometimes referred to as the reduced stiffness. Direct inversion may
not necessarily produce a correct time-dependent modulus. Accordingly, a second
procedure is to assume that the material is linearly viscoelastic in response and, thus,
that the following superposition relation is applicable:

E(t) =

t t
fE(t)D(t-‘r)d‘r:fE(t—‘r)D(t)d‘)':l

] 0

This equation makes it possible to solve for 1 function (e.g., the modulus) if the other
(i.e., the compliance) is defined on the time scale. Hopkins and Hamming (10) devel-
oped a technique to solve this equation by numerical means, whereas Monismith, Alex-
ander, and Secor (11) successfully applied it to test data on asphalt concrete.

Both procedures were used to estimate the relaxation moduli from the creep data
shown in Figure 8. The resulting relationships are shown in Figure 9. For use in sub-
sequent calculations, polynomial expressions were used to represent the curves shown
in Figure 9.

Because only 2 relative humidities were considered, it was necessary to develop a
procedure for determining response at other humidity conditions. Based on the sim-
ilarity between creep and shrinkage responses, it was assumed that linear interpola-
tion over the relative humidity range considered was again justified. A check on re-
duced stiffness values determined from creep data for concrete (g) lent support to this
decision.
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Strength—There are many factors that influence the strength of cement-treated ma-
terials, and a general failure criterion awaits the results of additional studies. A series
of strength tests were conducted on the material used in this investigation, and the re-
sults, together with their significance, are presented in this section.

One measure of strength that is frequently used is the unconfined compressive
strength. The influence of curing time on ultimate compressive strength of 4-in. di-
ameter by 8-in. high specimens, cured under 100 percent relative humidity conditions,
is shown in Figure 10.

Extensive research is being conducted on the fracture of concrete. Because many
of these principles are also applicable to soil cement, they are referred to in this paper
where applicable.

Shah and Winter (13) traced the nonlinear behavior of concrete to the mortar-
aggregate interface that constitutes the dominant weak link in a mix. Shah and Chandra
(ﬁ) related the internal microcracking and crack propagation to the external param-
eters of volume change and Poisson's ratio. Variation of these parameters with stress
level expressed as a percentage of the unconfined compressive strength (Fig. 10) is
shown in Figure 11 for the soil cement.

The initiation stress o1, the stress at which Poisson's ratio begins to increase, is
an indication of a beginning in significant bond cracking; i.e., cracking of the mortar-
aggregate interface. At the critical stress on~p, these bond cracks are bridged by
mortar cracks, and the specimen begins dilating. Below 03, linearity in the stress-
strain relationship exists.

Direct tensile strength and modulus of rupture tests were also performed. The di-
rect tensile strength tests were conducted on specimens 4 in. in diameter by 8 in. high
with load-transfer end caps bonded to each specimen with epoxy resin. Modulus of
rupture tests were performed by using third-point loading on beams 15 in. in length
with a 3-in. square cross section. The results are shown in Figure 12,

These results indicate that the strain gradient has a significant influence on the ten-
sile strength of the material. Although the strain gradient is zero for a direct tensile
test, it is constant in a flexural experiment. The strength in a splitting tensile test,
with yet another strain distribution, is somewhere betweer these 2 values (15).

Materials in the pavement section are seldom subjected to only uniaxial stresses.
The presence of any or both of the other principal stresses may modify the strength
characteristics substantially. Figure 13 shows the influence of confining pressure on
the compressive strength and stress-strain relationship of the soil cement. Confine-
ment increases the strength significantly and also makes the material more ductile.
Figure 13 also shows that curing increases the brittleness during unconfined compres-
sive strength testing.

Of the many failure criteria for combined stresses that are available, the distortion
energy theory of Van Mises would appear to hold most promise for concrete-like ma-
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terials. According to this theory, the failure surface, in terms of octahedral stresses,
is expressed by

'ro=a,+bcro

where
T, = octahedral shearing stress = 7 (01 - 02)° + (02 - 03)* + (03 - 01)%,
0o = octahedral normal stresses = /s (01 + 0z + 03), and
a and b = constants.

This approach has produced fair results in biaxial compression-tension tests for
concrete (16, 17). Recently, Kupfer, Hilsdorf, and Rusch(18) conducted biaxial strength
tests under all combinations of load for concrete. From the results presented, it was
possible to plot data shown in Figure 14 in terms of octahedral stresses. It is clear
that 1 linear expression is not sufficient to define the total failure envelope. It is pos-
sible, however, to define a failure criterion in the compression-tension zone, for ex-
ample, by conducting only 2 tests—an unconfined compression strength test and an un-
confined tensile strength test. For the soil cement, this approach yielded the following
equation:

To/0e = 0.08571 + 1,157 (0,/0¢)

which is not much different from that developed by Kupfer, Hilsdorf, and Rusch (18)

for concrete (Fig. 14) or the equations presented by McHenry and Karni (17) and Bresher
and Pister (16). It should be noted that the confined compression test results for the
soil cement showed a very distinct nonlinear deviationfrom the straight-line expression
presented in the foregoing.

It is evident, therefore, that no simple failure criterion exists, even for the simple
cases of uniaxial and biaxial stresses. For the problem of sustained shrinkage stresses
in a pavement, the problem is complicated further by the presence of 2 additional fac-
tors; i.e., drying out of the specimen and sustained loading.
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A material that is shrinking is also drying, and it would be expected that drying

would influence the properties of the material.
humidity on the direct tensile strength of soil cement is shown.

In Figure 15 the influence of relative

Where a 100 percent
relative humidity environment caused a steady increase in strength, lower relative
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humidities had the effect of contributing initially to an increase in strength and then to

a marked reduction. The same effect was noticed on the secant modulus of elasticity.
Figure 16 shows the effect of the initial curing period on the modulus of rupture after

a prolonged period of drying. In Figure 16, the following is noted:

1. The strength increases with the time of initial curing;

2. Flexural strengths of specimens subjected to drying are independent of the rela-
tive humidity that caused the dried-out condition; and

3. Little difference in strength exists for specimens cured for periods longer than
20 days as compared to those cured continuously.

In general, if a material is subjected to a sustained load, failure will occur after
some time if the sustained load is large relative to the short-term strength. Studies
of concrete by Meyers, Slate, and Winter (9) indicate that mortar cracks should not
result upon application of the sustained load if time failure is to be prevented; i.e., the
stress should be below the critical stress ogor. For soil cement, this corresponds to
a mean stress level as low as 75 percent (Fig, 11).

States of stress in the problem under consideration here are predominantly biaxial
tension versus tension subjected to a significant strain gradient. Under such condi-
tions, the uniaxial direct tensile strength or modulus of rupture (depending on the strain
gradient) are acceptable failure criteria, and little advantage is gained, at the moment,
by additional testing effort. Because of the sustained nature of the loading, failure
would occur at a certain percentage of these values.

Asphalt Concrete

In the analysis presented here, the only property required for the asphalt concrete
is its creep response. Rather than developing such data, we used stiffness character-
isties for an asphalt concrete developed by Pagen (Q). These characteristics, repre-
sented by a creep modulus, are shown for an extended time scale at 25 C (298 K). The
corresponding temperature-dependent shift factor at is shown in Figure 17. It will be
noted in Figure 18 that the modulus remains fairly constant (approximately equal to
10,000 psi) for temperatures above 40 F and relaxation times longer than about 1 day.
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Clayey Subgrade

Based on research conducted by Paduana (20), it was decided to use a constant modu-
lus of 1,500 psi for the clayey subgrade because his data indicated that materials of
this type reached an equilibrium value in creep fairly rapidly.

ANALYTICAL INVESTIGATION

An outline of the finite-element approach to the problem is given in the Appendix.
By this approach the element nodal points are locked, and the required nodal forces
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are determined for a finite increase in shrinkage strains. These nodal forces are then
reversed, applied to the system, and solved for stresses and displacements. The fi-
nal stresses are obtained by a superposition of the stresses due to full restraint and the
stresses due to nodal point displacements. This procedure is followed for each strain
increment, and the stresses are added to those calculated in the previous increments.
Relaxation due to creep is taken care of at each time increment by using the relaxation
modulus corresponding to the difference in time between the final time and the time of
increment.

This problem ideally should be treated with a 3-dimensional finite-element approach.
Such programs currently require too much computer time to be of practical use. The
other alternatives are axisymmetric, plane stress, or plane strain idealizations of the
problem. Initially, before cracking occurs, a plane stress approach seems appropri-
ate; but, after the pavement has cracked into smaller, more or less rectangular blocks,
an axisymmetric idealization would appear to be the best approach. Accordingly, a
constant strain axisymmetric finite-element program was used for this analysis.

In the analysis, the following assumptions were made:

1. Linear viscoelasticity is applicable to failure.

2. Continuity exists between all layers.

3. The experimental data presented here are applicable. It should be noted that
laboratory creep and shrinkage results to be used in the analysis were obtained from
specimens that had been cured 3 weeks prior to testing. In the field, shrinkage and
creep begin almost immediately after construction, and it is not known what effect the
presence of an asphalt concrete layer would have on shrinkage in the soil cement.

4. A crack penetrates the asphalt concrete to its full depth immediately and also
to some depth into the subgrade. If continuity between layers did exist and a cement-
treated base did crack, the layers in contact with the cement-bound material would also
have to crack with it at the interface because 2 points adjacent to the crack with 0 dis-
tance between them are suddenly given a finite displacement. Even if continuity were
destroyed over a certain distance, high stresses would still be developed for shrinkage
after only 1 day, as shown in Figure 19. Figure 20 shows the axisymmetric finite-
element mesh assumed for subsequent analysis with a crack spacing at 20 ft. The ele-
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Figure 19. Influence of lack of continuity between layers on tensile stresses in asphalt-
bound and soil-cement layers due to 1-day shrinkage at 65 percent relative humidity.
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Figure 20. Finite-element representation of pavement structure for shrinkage stress determinations.

ment configuration was arrived at after some experimentation to ensure acceptable a
curacy for a reasonable solution time on the computer of about 30 sec per shrinkage
increment.

5. Temperatures in the asphalt concrete were varied from 87 to 50 F through its
depth. Data on temperature distributions in a 2.5-in. thick asphalt layer for a pave-
ment near Morro Bay, California, developed by Kasianchuk (ﬂ) served as a basis for
this distribution.

If a pavement is subjected to a uniform shrinkage with depth, the magnitude of de-
veloped stresses depends solely on the restraint offered by the other layers. This can
be regarded as a lower bound solution to the shrinkage problem.

For the pavement shown in Figure 20 subjected to uniform shrinkage, the maximum
tensile stress variation with time is shown in Figure 21. These stresses are extremely
small and can hardly be responsible for the final crack spacings. Factors such as thick-
ness of asphalt concrete and its temperature have an influence on the magnitude of
stresses. However, these factors are of minor importance if thermal stresses are
superimposed on the uniform shrinkage stresses as seen in Figure 22. Here it is as-
sumed that the stress-free temperature is 50 F,

It is doubtful, however, whether uniform shrinkage will ever occur in a pavement.
Desiccation will probably start at the surface and migrate slowly toward the interior.
One approach to this problem is to assume that the base is subjected to a parabolic dis-
tribution of relative humidity. Figure 23 shows the resulting stresses that could be de-
veloped. From the magnitude of the stresses (as compared with those shown in Figure
21), it is apparent that differential shrinkage represents a much more critical stress
situation.

If the relative humidity difference between top and bottom surfaces of the cement-
treated base remains fixed with time, stresses will increase at an increasing rate be-
cause the corresponding shrinkage strain difference continues to increase at an increas-
ing rate. These stress variations are shown in Figure 24.
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In an actual pavement, the initial difference between the relative humidities at the
top and bottom of the layer will diminish with time, until eventually the pavement will
again arrive at a uniform relative humidity condition with stresses corresponding ac-
cordingly. In a finite-element analysis, this means that a redistribution of stresses
is required after each strain increment to account for the diminishing differential
shrinkage. Because of the uncertainties regarding the actual relative humidity dis-
tribution and rate of desiccation, as well as the extra effort and computer time re-
quired for such an analysis, this type of solution was not attempted. Instead, a rate
of desiccation was assumed, and the analysis was performed without doing the stress
redistribution. The resulting solution then represents an upper bound for the problem.
If the lower bound solution is also known (uniform shrinkage case), an approximate so-
lution can be obtained by simply fitting a line between the 2 extreme solutions. This
approach is shown in Figures 25, 26, and 27.

Figure 25 shows the assumed humidity distributions with depth as well as with time,
whereas Figures 26 and 27 indicate the results due to 2 different 5 percent humidity
differentials. From the latter 2 curves, the following observations are made:

1. The band between the 2 bounds is much narrower for the 70 to 65 percent differ-
ential than for the 90 to 85 percent differential although the strains involved are exactly
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Figure 25. Assumed time and depth variations in relative humidity
for use in analyses shown in Figures 26 and 27.
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the same (because of linear interpolation). This is probably due to the fact that less
stress relief occurs at the higher humidities (Fig. 8), which is reflected in the higher
upper bound.

2. The maximum differential shrinkage stresses are reached before the shrinkage
strains reach a maximum, i.e., the shrinkage curves alone are not an indication of
stress development.
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Figure 27. Variation of shrinkage stresses with time, 70 to 65 percent relative
humidity differential.
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SUMMARY

The results presented in this paper indicate that it is possible to approximate the
crack spacing in a pavement containing a soil-cement base, provided that the actual
distribution of shrinkage strains in the pavement is known. Because nodal point dis-
placements are part of the computer output, it is also possible to predict crack widths.
It is doubtful, however, that this is of significance.

Repeated loading of vehicles crossing a crack will slowly destroy any remaining fric-
tion and aggregate interlock after cracking. It is this loss of load transfer across the
shrinkage crack that gives rise to fatigue cracking in the cement-bound material, and
it is possible to predict the development of such distress by a 3-dimensional finite-
element approach (22).

It is hoped that the approach described here or a similar approach would be applied
to other types of soil-cement mixes to permit comparisons to be made. It also seems
desirable that the problem of load transfer across the crack be thoroughly studied to
assist in developing improved utilization of cement-stabilized soils in pavement con-
struction.
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APPENDIX

AXISYMMETRIC FINITE-ELEMENT ANALYSIS OF
SHRINKAGE STRESSES IN PAVEMENTS

The finite-element approach to the determination of shrinkage stresses in a pave-
ment, for 1 increment of time, is briefly summarized in the following.
The potential energy of an elastic solid is given by
¢ = [VaesoydV - [wiF1dV - [w;P;dA (1)
P J i J i1
volume volume area
where

w = displacement of point i in an elastic solid,
F = body force, and
P = surface traction.

Written in matrix form, Eq. 1 becomes
1 T T T
¢ =[72Lel" [olav - [Iw])" [F1dv - [[w] [PldA (2)
volume volume area

For a finite-element system composed of M arbitrary elements, Eq. 2 is written as
a sum of integrals (23):

M
1 T T T
¢ = [7 el [olav - [[w]” [F1dV - [[w] [PldA (3)
m=1 volume volume area
The potential energy is expressed in terms of unknown nodal point displacements by

assuming a displacement field within each element, satisfying compatibility between
elements of the system
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[wl =[d] [u] (49

where [u] = unknown nodal point displacements. Element strains are expressed as
(el =T[al [ul (5)

For an elastic material the stresses are expressed in terms of corresponding strains
and environmental effects by the elastic stress-strain relationship

fol =[C][el - [r] (6)

Equations 4, 5, and 6 are substituted into Eq. 3 to result in the following expression
for the potential energy:

M
o= gl/zf[u]T 1T [CcIlal lulav - [ (udT ([d]T[F] + [aJTm) dA

m=1 volume volume

- T tar T tp1aa %)

area

The potential energy is minimized by the requirement

&g _ .
EEI—OfOI'l—l, ey N

where N is the number of unknown nodal point displacements.

After matrix differentiation, the equilibrium of the finite-element system is given
by

M
) JaTielfal el av = 2 [ (1" R + 21T (11 av + 2 [ L1 T [P aA
m=1 volume volume area

or
(K1 [ul = [Q] (8)

where [K] is the stiffness matrix given by

M
(K] = Z [k ]
m=1

The individual-element stiffnesses are given by

[km] = [ 2T [C1[al dA

volume
The load vector [Q] is defined as
M
(@=)  {reaTte + 1" e av + J1a1” (23 dAf )
m=1 volume area

Equation 8 can now be solved for the unknown nodal point displacements [ul,
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Shrinkage and thermal effects are included in Eq. 6 for the axisymmetric solid as

Opry CnuCi2Ciz 0 Epp Cu1C12Cis 0 Tott + Spr

Oz, Ca Ca2Caz 0 €g7 |Ca1 Cz2 C23 O | Tar,, + Sgy

LY " |Cs1Cs2Cas 0 €gg " |Cs1 C32 Ca3 0 Tagg + Spg (10)
| [ 0 0 0 Caq| |epz 0 0 0O 0

where

T = temperature,
o = coefficient of thermal expansion, and
S = shrinkage strain.

These thermal and shrinkage stresses for the restraint conditions are transformed
to nodal point forces by Eq. 9.

The step-by-step time incremental procedure is handled as follows. For a 1-
dimensional viscoelastic material subjected to a strain rate, the stress after an
elapsed time t is given by

o(t) = / E(t-ndq

n-1 tiv1
olt) = E / E(t-1) d;s_‘r) dr

i=0 Y
If the time increments are made small enough, the trapezoidal rule can be used.

—

=

olty) =

72 [B(ty - ti1) - Bty - t5)] [e(tis) - €(ti)]

dng

¥
¢

5
(=3

=) (Bt~ )] [(tien) - <(8)]

i

i}
(=]

For an axisymmetric solid, this equation becomes

Opr l-vv v ey (ti+1)
Ogz nlog E(t ) v l-vy Bezy (ti41)
%66 T+v 5 (1 2v) v v 1oy Aegg (tiv1)
Orz = 0 0 152" Acepy, (ti+1)

where 8¢(ti,1) = €(tj41) - €(t;)





