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The 2 major approaches to finding equilibrium between supply and demand 
in a network are the indirect, which uses a sequential demand model, anct 
the direct, which uses an explicit demand model. This paper describes the 
general share model that can be used in explicit form in a direct approach 
to computing equilibrium or in the form of a sequence of equations in an in
direct approach. A number of practical implications follow from these 
theoretical results. A new model system should be developed without the 
serious limitations and internal inconsistencies of the urban transportation 
model system, which uses the indirect, sequential approach. Such a new 
system can be very general and designed to compute equilibrium with the 
GSM in a direct approach. Options can be provided with a rich variety of 
specific demand models, as special cases of the general share model, but 
within the same general structure. Efficient procedures for computing 
equilibrium may be developed by exploiting the elasticity properties of the 
general share model. As an immediate and practical step, present com
puter programs should be modified to compute a valid eq_uilibrium, to in
clude level of service explicitly and consistently at each step, especially 
trip generation, and to incorporate the special product models. 

• THE OBJECTIVE of this paper is to present some recent results in the theory of 
transportation systems analysis. These results deal with properties of demand models. 
Although the results are largely theoretical, they have immediate practical application. 
The present paper stresses these practical implications and only summarizes the key 
aspects of the theoretical results; the theoretical material is presented more extensively 
elsewhere (!). 

Several factors motivated the research that is summarized here: 

1. The development of the theory of transportation systems analysis; 
2. The need to have travel-demand models appropriate to the transportation issues 

with which we are now concerned, especially in urban transportation planning; 
3. The significant weaknesses of the conventional approach to travel-demand fore

casting used in urban transportation studies; and 
4. The emergence of alternative approaches-direct demand models of an aggregate 

nature and behavioral models of a disaggregate nature. 

THEORY 

The theory of transportation systems analysis has emerged from several sources 
(]_, 1, ..1, _ID. In outline, the problem of predicting the flows in a transportation system 
is a simple application of economic theory: The flows that will result from a particular 
transportation system T and the pattern of socioeconomic activities A can be determined 
by finding the resulting equilibrium in the transportation market. If V = volume of flow, 

Sponsored by Committee on Transportation Systems Design. 

21 



22 

L = level of service experienced by that volume, and F = (V,L) = flow pattern, then 
we find equilibrium by establishing a supply function S and a demand function D and by 
solving for the equilibrium flows F O consistent with both relations (1): 

[
L = S(V,T} ]-[Fo = (Vo,Lo}l (1} 
V = D(L,A) 

This is shown in Figure 1 with travel time t as the level of service L. 
Although simple in outline, the application of the theory becomes complex in practice 

for several reasons: 

1. The consumer considers many service attributes of the transport system when 
making a choice (e.g., line-haul travel time, transfer time, walk distance, out-of
pocket cost, and privacy), and thus L must be a vector with many components; 

2. Determining the demand functions (as well as other elements) to use is difficult; 
and 

3. The equilibrium occurs in a network, where flows from many origins to many 
different destinations interact and compete for the capacity of the network, and the 
form of these interactions is affected by the topology of the network. 

Thus, fairly elaborate computational schemes are required to actually determine the 
equilibrium flows Fo for a particular (T ,A). 

In the case of a multimodal network, the symbol V represents an array of volumes 

(2) 

for every k, l, m, and p, where Vk 1• P is the volume flowing from origin zone k to des
tination zone 1 via mode m and path p of that mode and where the braces indicate 
a set of elements Vk 1 • P. Ideally, once we have established our demand and supply 
functions, we would then like to be able to turn directly to an equilibrium-calculating 
procedure to solve the 2 sets of relations to find the equilibrium flow pattern. The re
sult of this computation would be the 2 arrays comprising that flow pattern: 

(3) 

where 

Vo = {Vklmp} for every k, 1, m, and p; and 
Lo = {Lk1mp} for every k, 1, m, and p. 

In words, we should get out of our equilibrium procedure the volumes, and the levels 
of service experienced by those volumes, from k to 1 by mode m and path p. 

Figure 1. Basic theory. 

TJIIE 

Unfortunately, at this state of the science 
of transportation modeling, although several 
systems of transportation models exist, there 
is not even one operational model that solves 
for these equilibrium flows exactly and di
rectly. Each of the available systems of 
models represents a different operational 
approach to computing equilibrium in trans
port networks; the differences in these ap
proaches are reflected both in the computa
tional algorithms and in the structure of the 
demand models that are used. None of these 
produces an exact equilibrium. 

Alternative Approaches 

We deal here with only one of Wardrop's 
"principles"; we will not discuss the other, 
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concerned with global optimization of the flow pattern, as this is inapplicable to urban 
transportation flow prediction. 

One particular computational scheme is that used in urban transportation planning 
studies. In this indirect approach, the equilibrium flows are estimated in a sequence 
of steps, commonly called trip generation, trip distribution, modal split, and traffic 
assignment ~' 10). 

Correspondingly, the demand function D is represented as a sequence of functions: 
trip generation (and attraction) equations, trip distribution procedures (including the 
friction factor transformation of L), modal-split equations, and minimum-path rules 
of the traffic assignment procedures. We will refer to this approach as the urban 
transportation model system (UTMS). 

More recently, alternative approaches have been developed. One approach uses 
explicit demand models to estimate the equilibrium flows in a direct approach, i.e., 
in a single step instead of in a sequence of steps as in the UTMS approach. Thus, 
such explicit demand models combine the functions of generation, distribution, and 
modal split (and, potentially, route choice) into a single process. The first such 
models were developed for forecasting intercity passenger travel for the Northeast 
Corridor Project of the U. S. Department of Transportation. They began with the Kraft
SARC model and were followed by the work of McLynn and others ~. l!, 12, ll, .!1). 
Later work extended these models to urban travel (1§_, .lfil. These types of explicit 
demand models were first used for transportation network analysis in the simulation 
studies for the Northeast Corridor Project. In the DODOTRANS system of computer 
models, a number of these models are available for use in computing equilibrium flows 
in networks (17). 

Other major directions of work include the disaggregate approach of the so-called 
behavioral models (!!!., ~, the development of aggregate models from entropy con
siderations (aQ), and the Harvard model system for national transportation planning ~. 

Careful appraisal of all of these approaches indicates that, viewed simply as a. com
putational problem, the task of computing the equilibrium of supply and demand in a 
network remains a difficult one. The UTMS approach has significant limitations, as 
we shall see shortly; the Northeast Corridor and Harvard models make special as
sumptions that essentially make their approaches not generally applicable. The 
DODOTRANS system is the most theoretically acceptable of the currently operational 
and practical approaches; however, the convergence and uniqueness properties of its 
computational procedures are not wholly satisfactory either. Several promising ap
proaches are under development (22, 23, 24). 

Thus, although the theory of what should be done is clear, at present there are a 
number of alternative approaches that are or can be taken to predict flows in networks 
as the equilibrium of supply and demand. Each approach involves specific assumptions, 
both explicit and implicit, in the choice of demand models and of the computational 
procedures for determining equilibrium. Many alternative assumptions and computa
tional procedures are possible. Very serious biases may occur in the computed flow 
patterns, as compared with the "true" equilibrium, if the assumptions and computa
tional approaches are not carefully considered. Therefore, it is essential that the 
transportation analyst have a sound understanding of the role of demand models in the 
equilibrium calculation so that he can appraise possible biases. 

APPRAISAL OF THE URBAN TRANSPORTATION MODEL SYSTEM 

The UTMS is the most widely used transportation systems analysis approach. It 
has been applied in more than 200 cities in the United States and in many other cities 
around the world. The development and the institutionalization of this approach during 
the past 15 years are major accomplishments; it is the first large-scale application of 
modern systems analysis techniques to problems of the civil sector. 

In the UTMS, the travel-demand models-and the equilibrium computations-are 
structured into a sequence of 4 major steps: trip generation, trip distribution, modal 
split, and traffic assignment. Essentially, this amounts to estimating Vkimp in a series 
of successive approximations: first Vk, then Vk1 , then Vk1., and finally Vk1ap• 
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It is useful to examine the UTMS critically from the perspective of equilibrium 
theory and the challenge of today's urban transportation problems (1). It seems ob
vious that the following conditions should be met by any set of demand models and 
equilibrium- calculating procedures. 

1. Level of service L should enter into every step, including trip generation (unl€ss 
an analysis of the data indicates in a specific situation that trip generation is, in fact, 
independent of level of service for all market segments over the full range of 
levels of service to be studied). 

2. The level of service attributes used should be as complete as necessary to 
adequately predict traveler behavior. For example, time reliability, number of trans
fers, and privacy should be included if empirical evidence indicates these are important. 

3. The same attributes of service level should influence each step (unless the data 
indicate otherwise). For example, transit fares, automobile parking charges, walking 
distances, and service frequencies should influence not only modal split but also as
signment, generation, and distribution. 

4. The process should calculate a valid equilibrium of supply and demand; the same 
values of each of the level-of-service variables should influence each step. For ex
ample, the travel times that are inputs for modal split, distribution, and even genera
tion should be the same as those that are outputs of the assignment. If necessary, 
iteration from assignment back to generation, distribution, and so on should be done 
to get this equilibrium. 

5. The levels of service of every mode should influence demand. Congestion, 
limited capacity (e.g. , parking lots), and fares of each mode should (in general) affect 
not only its own demand but also the demand for other modes at all steps (generation, 
distribution, modal split, and assignment). That is, there should be provision for 
explicit cross elasticities. 

6. The several demand functions for each step should be internally consistent (in 
the sense defined in the next section) . 

7. The estimation procedures should be statistically valid and reproducible. 

Careful examination of the UTMS indicates that it violates each of these conditions 
(!) . As a consequence, serious questions can be raised about the biases and limita
tions of the flow predictions resulting from use of the UTMS. Although the UTMS does 
have important advantages, these do not outweigh its very serious liabilities. 

What is desirable is an improved approach that overcomes these limitations by 
meeting the conditions listed. The results described here do this and, at the same 
time , preserve the advantages of the indirect approach to equilibrium used in the UTMS. 

BASIC DEFINITIONS 

Notation 

The following notation is used in this paper: 

Vk1mp = volume of trips going from zone k to zone l by mode m and path p; 
V kim = volume of trips going from zone k to zone l by mode m; 
Vk 1 = volume of trips going from zone k to zone l; 
Vk = volume of trips originating in zone k; 
Vr = volume of trips (interzonal) in the region; 
A = vector of variables describing the socioeconomic activity system; 
~ = vector of parameters applying to ~; 

Xkimp = vector of S level-of-servi.ce variables (i = 1, 2, ... , S) describing the trans
portation system characteristics as experienced by trips going from zone k 
t o zone 1 by mode m and path p; 

X = {~1op} = set of all level- of-service characteristics for all paths p of all 
modes m between all or igins k and all destinations l; 

w = vector of parameters applying to X; 
Rk1mp = f~,.YL) = combined effect of all level-of-service characteristics of all modes 

as they influence t rips going from zone k to zone 1 by mode m and path p; 
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Rklmq,p combined effect of all level-of-service characteristics of mode q as they 
influence trips going from zone k to zone 1 by mode m and path p; 

Z = f~,~ = combined effect of all activity-system characteristics; 
Y = f(Z,R) = combined effect of all activity-system and level-of-service charac

teristics; and 
I/! = demand function. 

Vk1mp, Vk1m, Vk1, and Vr are in general not the same as the various partial sums ob
tained by aggregating over all values of one or more subscripts. For example, we 
will write vk!m. and vk!.. when we do mean 

Vk!m. = [vklap 
p 

(4) 

Vk1 .. [v1c1 ... 
m 

and so on. In general, 

Vk!m. 'f Vklm 

Vkl.. 'f Vkl 

except where otherwise indicated. 
The definition of Rk,• q,p represents a cross-elasticity type of effect where the service 

attributes of mode q affect the demand for path p of mode m. 
Those definitions are illustrated as follows (we assume each mode m has only 1 

path, and therefore we drop the subscript p): 

In this simple product form of demand model, we have 

A = (Pk,E1) = population at origin k, employment at destination l; 
X = (tk1m,Ck111) =time, cost; 
~ (a1,a2,a3); 
w (a4,as); 

Zk1 = a1 P:2 E?; 
~1m = t:t. c:?.; 
y kl• zkl . Rklm; and 
vklm = l/!k1 • (Y) = zkl . Rklm. 

Types of Models 

The general demand model system is 

V = 1/)(V,Y) 

(6) 

(7) 

This is implicit in that V appears on the right side as well as on the left of the equation. 
Thus, even if we know all elements of Y, including the level of service X, we would 
still generally have difficulty computing the value(s) of V to satisfy the equation (for 
example, the iteration of the modified gravity model to balance productions and attrac
tions in the UTMS). 

The implicit system may be several equations: 

V1 = lb1(V Y) 

V2 1Jk(V,Y) 
(8) 
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or it may be a single equation: 

One special case of the general implicit system is the explicit system of demand 
models: 

vklmp = 1/J(Y) 

(9) 

(10) 

in which V appears only on the left side of the equation. The McLynn, Kraft-SARC, 
and similar models are explicit models. 

Another special case of the general implicit system is the sequential implicit: 

Vr = 0'1(Y) 
vk = cr2(Vr;Y) 

Vkl = 0'3(Vk;Y) 
Vk l• :: 0'4(Vkl ;Y) 

Vklmp = 0'5(Vk1m;Y) 

In principle , the sequential form can be transformed into an explicit form: 

vkl• p = f(Y) 

where f = f(cr1, 0'2, 0'3, 0'4, 0'5}. 

l (11) 

(12) 

The explicit form can be used in the direct approach to computing equilibrium. The 
sequential form requires an indirect approach in a series of steps; when transformed 
into an explicit form as in Eq. 12, the direct approach can be used. 

The forecasting method used in urban transportation studies , the UTMS, is based 
on a sequential implicit system of demand models used in an indirect approach to equi
librium: cr1 and cr2 correspond to the trip generation equations , cr3 to trip distribution, 
cr4 to modal split, and cr5 to traffic assignment. 

Consistency and Beta Conditions 

The question that naturally arises is, Under what conditions will both direct and 
indirect approaches give the same results? Although the question cannot be answered 
in general, one necessary (but not sufficient) condition can be identified: The sequential 
implicit system must be internally consistent, defined as follows. 

We would like the set of volumes V produced by a sequential implicit system (Eq. 11) 
to meet this obvious condition: 

Vr = [vk 
k 

v k : [vkl 
l (13) 

Vkl [vklm 
m 

Vkl• [vklmp 
p 

for all Y. 
If a sequential implicit system V = 1/J(V,Y) produces volumes V that meet the condi

tions in Eq. 13 for all Y, we say it is internally consistent. 
By Eq. 11, this leads immediately to the following necessary and sufficient beta 

conditions for a sequential implicit system to be internally consistent: 
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CT1(Y) [ cr2(Vr,Y) 
k 

CT2(Vr ,Y) = [cr3 (Vk ,Y) 
1 (14) 

cr/Vk,Y) = [ CT4(Vk1 ,Y) 
m 

CT4(Vk1 ,Y) = [ CT5(Vklm ,Y) 
p 

These conditions seem reasonable by themselves. They are also necessary condi
tions if the explicit and sequential implicit forms of a model are to give the same equi
librium flow-pattern predictions. 

GENERAL SHARE MODEL 

The general share model ( GSM) is defined as 

(15) 

where Y = f(R,Z) = f(A , ~ ' X, w) as in the notation defined earlier , and o:, /3 , y, Ii , w 
are functions that meet the following range conditions for all values of Y: 

0 ,;; o:(Y) 

0 ,;; f3 k ,;; 1 , [/3k(Y) = 1 
k 

0 ,;; i'k1 (Y) ,;; 1, [ i'k1 (Y) = 1 for every k 

1 (16) 

0 ,;; li klm (Y) ,;; 1 , [1ik1m (Y) = 1 for every k , 1 
m 

0 ,;; Wk1 mp(Y) ,;; 1, [ wkl mp(Y) = 1 for every k, 1, m 
p 

The name "share model" is used because each of the terms o:, {3 , y, Ii, and w "splits" 
the flow volume into successive "shares ." (These relations can be derived by summing 
Eq. 15 over the various subscripts p, m, 1, and then k and using Eq. 16.) Hence, 

1. The total level of travel in the region is given by o:(Y): 

Vr = o:(Y) (17) 

2. Of this total travel , the fraction that originates in zone k is given by f3k(Y) : 

(18) 

3. The fraction that originates in zone k and has zone 1 as its destination is given 
by Yk1(Y): 

(19) 

4. The fraction that goes from zone k to zone 1 and uses mode m (the modal split) 
is given by lik1,(Y): 

(20) 
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5. Finally, the fraction that goes from zone k to zone 1 and uses path p of mode m 
is given by Wk1mp(Y): 

(21) 

These relations can be derived from the basic definition of the GSM. 
Thus, although the GSM is itself explicit, we can also write the GSM {Eq. 15) in an 

alternative sequential implicit form: 

Vr = O!(Y) 
Vk = /MY) · Vr{Y) 

Vkl = Yk1(Y) ' Vk(Y) (22) 
Vklm = lik1m(Y) ' vkl (Y) 

Vklmp = wklmp(Y) . vklm (Y) 

with conditions (Eq. 16) as before. 
This is analogous to the sequential implicit demand model used in the UTMS indirect 

approach to equilibrium, as follows: 

Vk /jk • O! 

! Vkl Yk1 · vk 
Vklm /jklm 'vkl (23) 

Vk!mp Wk!mp ' Vklm 

for trip generation, trip distribution, modal split, and traffic assignment respectively. 
In a later section, we show how this analogy enables us to overcome the biases and 
limitations of the UTMS as currently implemented. 

PROPERTIES OF THE GENERAL SHARE MODEL 

The following important properties of the GSM can be demonstrated. Details are 
given in another paper (1). 

Theorem 1: The GSM can be expressed in both explicit and sequential implicit forms : 
the sequential implicit form is internally consistent. 

Theorem 2: Any explicit demand model system can be expressed as a GSM. 
Theorem 3: Any internally consistent, sequential implicit demand system can be 

expressed as a GSM. 
Theorem 4: For every explicit demand system, there is a corresponding internally 

consistent sequential implicit system, and conversely. 
The proof of theorem 1 follows from Eqs. 15, 22, and 16 and the beta conditions 

{Eq. 14). 
The proof of theorem 2, although simple, is interesting because it offers a con

structive method for getting the GSM for an explicit system: 

by 

1. Begin with the explicit model, 

vklmp = f(Y) 

2. Derive the various partial sums, 

vklm., vkl .. ' vk ... ' V .... 

3. Derive the "split fractions," 

[ Vk1mp and so on 
p 

(24) 

(25) 

(26) 



v klap(Y) 
Vk1m.(Y) 

- vklm.(Y) 
- Vki..(Y) 

vk1 .. (Y) 
Ykl = 

vk ... (Y) 

/3,. = vk ... (Y) 
V .... (Y) 

01 = V .... (Y) 

4. Construct the GSM as the product of these split fractions, 

29 

(27) 

(28) 

In particular, all of the existing explicit demand models, such as the Kraft-SARC, 
McLynn, and Baumol-Quandt, are special cases of the GSM. 

The proof of theorem 3 is also constructive and follows from the definition of a se
quential implicit model (Eq. 11): 

(29) 

Because the sequential model is specified as internally consistent, we know that the 
beta conditions (Eq. 14) will apply, and, therefore, Eq. 29 will meet the range condi
tions on the GSM (Eq. 16). 

The proof of theorem 4 follows from the preceding theorems. Given any explicit 
system, by theorem 2 we can get a corresponding GSM. By theorem 1, this GSM has 
a corresponding sequential implicit form that is internally consistent, completing the 
first part of the proof. To show the converse, given any internally consistent sequential 
implicit system, by theorem 3 we find a corresponding GSM, and then by theorem 1 we 
have a corresponding explicit form. 

These results, especially theorem 4, have very important practical implications, 
as described in the next section. 

Additional properties of the GSM are described elsewhere (!). To summarize: The 
elasticities of the GSM and its components take a particularly useful form, which sug
gests directions for development of efficient equilibrium algorithms. The form of the 
GSM can be given a probabilistic interpretation, based on the range conditions (Eq. 16); 
this can lead to an explicit bridge between disaggregate stochastic models and aggregate 
models. The travel behavior of different market segments can be explicitly represented 
in different special cases of the GSM. 

IMPLICATIONS 

Because of space limitations, only a few of the major implications of the theoretical 
results can be presented here. 
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Families of Demand Models 

The theorems given in the preceding section indicate the very general nature of the 
GSM. It is particularly interesting to explore various families of specific demand 
models that arise as special cases of the GSM and to see the relation of existing models 
to these. 

In this discussion, for simplicity, we will ignore the complications introduced by 
assignment of flows to paths (i.e., network assignment) by assuming only 1 path p of 
each mode m and dropping the subscript p. This assumption can easily be relaxed. 

Recall that O!, {J , Y, and o are all functions of Y = f( Z, R) , where Z = f{A,i) and R = 
f~ ,.!'.). These are very general and provide for a great deal of flexibility in designing 
specific demand models. 

For example, consider first the level of service (we drop the subscripts k, 1, and m 
for the moment) L = X = (x1 , x2, ... , x1, ... , x,) where perhaps we have the following 
specific level-of-service variables: x1 = travel time, in-vehicle portion; x2 = travel 
time, out-of-vehicle portion; X3 = out-of-pocket cost; X4 = frequency of service; and 
so on. 

Alternative forms of Rare as follows: 

1. R = Wo + W1X1 + W2X2 + W3XJ; 
2. R = Woeu ' where u = W1X1 + W2X2 + W3Xa ; 
3. R = f(x1); 
4. R = WoX; 1 x;2 x? x:4; 

w.ox:1x:l 5. R. = __ __;;.;;._;.c_ ; and 
[ 

Wj w2 Wqt,Xq1Xq2 
q 

6 - ( w•l w•2) 1T h R "mql "•q2 . R. - w.0 x.1 x.2 R,q, w ere .. ..,,Q = X41 Xq2 . 
q;cm 

Form 1 shows a value-of-time formulation, where w2/w1 expresses the relative 
values placed on in-vehicle and out-of-vehicle times, and wjw3 expresses the value
of-time equivalency in cents per minute. Form 2 shows an exponential transform of a 
linear cost as used in the Twin Cities modal-split model~- In form 3, f corresponds 
to a friction-factor transformation of travel time as used in typical gravity model ap
plications. Form 4 is a general product form, and form 5 is that used in the McLynn 
model. Form 6 is the form used in the Kraft-SARC model, where w., is a direct elas
ticity, and w.41 is a cross elasticity, reflecting the effect of mode q's level of service 
on travel by mode m. 

The generality of the GSM should be clear from these examples and from theorem 4. 
As shown in Figure 2, the GSM includes as special cases all of the explicit demand 
models developed to date-for example , the Baumol-Quandt, McLynn, and Kraft-SARC 
are all special cases of the general direct demand modei ( GDDM), which is in turn a 
special case of the GSM. Further, another sequence of models can be formulated: the 
special product models (SPM), of which a modified form of the UTMS is a special case. 

UTMS Models: Special Product Models 

We begin with a very general form, the special product model 1 (SPM-1), defined as 

(30) 

In sequential form, SPM-1 is as follows : trip generation, total, 

V, = [~z,(~Z,R~/.")'"']'" (31) 
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Figure 2. Families of models. 

trip generation, zonal, 

(32) 

trip distribution, 

(33) 

and modal split, 

vkl• = vkl (34) 

If there is more than 1 path in each mode, traffic assignment can be added, 

V - ( ~ ) klmp - R ktt, . 

and corresponding changes made in Eq. 30. 
From Eq. 34, the resistance Rkt• should be a positive conductance measure; e.g., 

Rki• = t ;;'. . Thus, the signs of 610 , 6u, and 612 should be positive also. 
To see the relation to the UTMS, we can examine a special case of SPM-1, obtained 

by setting the parameters as follows: 

610 = 611 = 612 - 61 

620 = 621 = 62 

630 = 63 

(35) 

(36) 

(37) 
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This leads to special product model 2 (SPM-2): 

SPM-2 can also be written as follows: 

Now we introduce one further set of special conditions: 

61 = 62 = 63 ea 1 

which leads to special product model 3 (SPM-3): 

(38) 

(40) 

(41) 

To see the relationship with the standard UTMS, we consider the sequential form of 
SPM-2 as follows: trip generation, total, 

(42) 

trip generation, zonal, 

(43) 

trip distribution, 

(44) 

and modal split, 

(45) 

In its first form, the classical gravity model of early transportation modeling was 
simply 

(46) 

where Zk was the population at k(Bk); Z1 was the population or employment at l(B1); and 
Rk1 was distance or travel time to the power e, where B was approximately -2: 

(47) 



SPM-3 (Eq. 41) is simply a generalized gravity model. In later forms, the gravity 
model was normalized in this way: 

V kl 

In this form, the term 

-c·. '4,) 
~Z1 • Rkl 

, B,( B,t~1 •) 

[ BJtkl 
1 

P _ B1 
kl-~ 

tkl 

is referred to as the "potential" of zone k. The term 

Zk 
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(48) 

(49) 

(50) 

is called the "accessibility," reflecting a weighted average of the attractiveness of the 
various destinations as measured by B1, weighted by the difficulty of access to those 
destinations measured by t;/3. 

Now, to be more general, we can define a generalized potential as 

(51) 

and a generalized accessibility as 

(52) 

where we allow a number of variables to enter the Z and R terms; and in particular, 
we have cross-elasticity terms Rk laq,p in R (as in form 6 given in an earlier section). 

Thus, the distribution stage of SPM-2 (Eq. 44) is a generalized gravity model, with 
population Bic replaced by the more general measure of the intensity of the activity sys
tem Z = f(Ak, a) and time t~1 replaced by a more general measure of the resistance of 
the transportation system Rkl. 

Now let us examine the generation stage. We substitute Pk1 and Pk. and get 

Vr = (~ zk • Pf.
2)63 

(53) 

vk = Vr ( zk . P~ 62) 
[zk • P". 

k 

Thus, to get total trips in the region, we calculate a trip-generating potential, 

Gk = zk • pf2 

(54) 

(55) 

This potential reflects both the level of the activity system at k and Zk and the influence 
of Pk . , the accessibility of k (an average over all destinations). The exponent 62 scales 
the effect of accessibility on trip generation (and can be zero when appropriate). The 
total trips generated in the region Vr depends on G., the sum of these trip-generating 
potentials Gk for all zones; the exponent 63 establishes the extent to which Vr is sensi
tive to G. The trips generated in any zone k are proportional to its share of this sum 
of potentials: 
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In a sense, then, the generation stage of SPM-2 is also a generalization of the 
classical gravity model. However, instead of assuming that Vk is a constant, inde
pendent of level of service, as in the UTMS, we are establishing Vk as a function of 
level of service consistent with the gravity-model-like approach to distribution. 

Thus, as this sequential form shows, SPM-2 (Eq. 38) is a more general version 
of the UTMS, but with the following properties: 

1. Any desired level-of-service variables, with any desired direct and cross 
elasticities, can be incorporated in the resistance Rki • used to characterize a par
ticular mode. 

2. The same resistance term enters every step of the process-generation and 
distribution as well as modal split-in a consistent way, either as Rki• or as part of 
the sum Rk1 .. 

(56) 

3. To compute a valid equilibrium, we can use the explicit form as in Eq. 38 to ac
complish the calculations in one step, using a direct approach. If there should be some 
reason why we want to compute equilibrium in an indirect manner, we can use the se
quential form (Eqs. 42, 43, 44, and 45), which is internally consistent. 

4. The various parameters 6 establish the influence of level of service on various 
aspects of travel behavior and may have different values to reflect the behavior of dif
ferent segments of the urban travel market(!). (SPM-1 is even more general and 
provides even more flexibility for the analyst in developing alternative special cases 
for different conditions.) 

5. The model can be estimated by using standard statistical techniques (1§). There
fore, we have met all of the conditions outlined earlier in this paper. 

CONCLUSIONS AND RECOMMENDATIONS 

Although the results presented here are relatively theoretical and abstract, they 
have practical implications. These implications are summarized in the following sec
tions in the form of recommendations. 

Summary of the Theoretical Results 

Before specific recommendations are described, it will be useful to summarize the 
major features of the theoretical results that have been presented and their implications: 

1. A desirable property of a sequential implicit system is that it be internally con
sistent (Eq. 13) for which the beta conditions (Eq. 14) are necessary and sufficient. 

2. The GSM (Eq. 15) has both explicit and sequential implicit forms; the sequential 
implicit form is internally consistent. Equilibrium can be computed in the direct ap
proach with the explicit form or in the indirect approach with the sequential implicit 
form. 

3. Any explicit demand model can be expressed as a GSM. For example, the North
east Corridor and the urban models (Kraft-Domencich-Vallette and Plourde) are all 
special cases of the GSM. 

4. Any internally consistent, sequential implicit demand system can be expressed 
as a GSM. 

5. For every explicit demand model, there is a corresponding internally consistent 
sequential implicit form, and conversely. 

6. As a consequence, 

a. We are completely free to choose whether to compute equilibrium via the direct 
or indirect approaches (if direct, we use the explicit form, or, if indirect, the se
quential implicit form); 

b. The UTMS is a sequential implicit system, can be modified to be internally con
sistent, and in modified form can be expressed as a GSM (therefore, the shortcomings 
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of the indirect approach to computing equilibrium can be overcome by using the explicit 
form of the modified UTMS in a direct approach to computing equilibrium); and 

c. Any explicit demand model can be expressed in its corresponding sequential 
implicit form and used in an indirect approach to equilibrium (thus, the analyst can 
have the capability, if desired, to control each step of a travel prediction with an ex
plicit model in the same way each step of the UTMS can be controlled). 

7. The GSM suggests a variety of possible demand models. In particular, a series 
of special product models (SPM-1, SPM-2, and SPM-3) provide a family of model 
forms (Eqs. 30 to 45), which are similar to the UTMS, the classical gravity model, 
and explicit models such as the Kraft-SARC and the McLynn, but provide a rich variety 
of options. These options can be used to represent the travel behavior patterns of dif
ferent market segments. (Another attractive feature of the GSM arises from the prop
erties of its elasticities. These suggest the development of efficient approximation 
techniques to explore the effects on flow volumes of small changes in the transportation 
system.) 

Attitudinal Change 

The UTMS was a major accomplishment for its time. The profession and the gov
ernmental transportation agencies (federal, state, and local) must recognize that the 
UTMS is no longer satisfactory; it is neither relevant to the practical issues that must 
be addressed in the urban transportation studies of today (!, W nor acceptable when 
viewed from a theoretical perspective. The UTMS should be neither completely dis
carded nor allowed to remain unchanged as the basic working tool of urban transpor
tation analysis. 

A new generation of transportation analysis tools is required. Development of new 
systems should build on the several directions of current research, as well as the 
practical experience gained from the UTMS. The recommendation is that we begin by 
asking not whether but how. 

A Direction 

We cannot here lay out the preliminary design of a new generation of urban trans
portation models. However, the theoretical results presented in earlier sections sug
gest one possible approach. Recommendations are as follows: 

1. A model system should treat the transportation system of a region as a single 
multimodal system, taking each trip from door to door through any possible mix of 
transport facilities. 

2. A model system should allow explicit treatment of any numberof market segments 
and should allow each market segment to have different behavior patterns. These dif
ferences may be expressed not only in the values of the parameters of the demand func
tions (e.g., the values of direct and cross elasticities) but also in the structural forms 
of the functions (e.g., as represented by the different cases of SPM-1 and SPM-2). 

3. A system should have capability for including explicitly any desired set of level
of-service variables. 

4. A system should have a valid procedure for computing equilibrium of supply and 
demand within the network, considering the interaction of all market segments. 

5. To implement recommendation 4 will probably require a direct approach using 
explicit demand models. It should be implemented in a single integrated system of 
computer programs. (Although DODOTRANS is one candidate for this, more efficient 
and satisfactory procedures can certainly be developed. Ultimately, a technique may 
be developed for computing a valid equilibrium with the indirect approach. Until that 
time, the direct approach should be used.) 

6. The GSM theorems (especially theorem 4) suggest that a single model system 
could be developed to compute equilibrium in the direct approach by using the explicit 
form of the GSM: 

a. Any of a large variety of specific functional forms for functions such as 01 and f3 
can be provided; the user can select those he wishes to use (and the corresponding sets 



36 

of parameter values) when he makes his run to analyze a particular transportation plan. 
The same equilibrium computational procedures would be used for every form. (Ideally, 
the computational procedures should allow simultaneous use of several different forms 
corresponding to different market segments.) 

b. As operational experience with specific functional forms is gained, additional 
special-purpose algorithms can be developed and added to the system for more efficient 
computation of equilibrium for specific forms of demand models. 

c. The availability of alternative forms in a single model system would allow the 
analyst to do sensitivity studies of alternative models as well as of alternative param
eter values. 

7. In the same model system, options should be provided to compute equilibrium 
with an indirect approach by using the sequential implicit form of the GSM: 

a. As a minimum, the modified UTMS forms (SPM-1, SPM-2, and SPM-3) should 
be provided in the indirect approach (obviously, levels of service would thus enter into 
every step of the indirect approach) . 

b. As an alternative, the direct approach can be used, and the parameters o of a 
general form such as SPM-1 can be used by the analyst to control intermediate totals 
(e.g., vkl and Vk). 

8. The same model system should also have the pivot-point capabilities suggested 
by the elasticity properties of the GSM (1, 28, W, 

9. A major program of research should be mounted to develop specific demand 
models for a variety of different market segments and under different conditions of 
urban area life style and transportation system. Theoretical research should explore 
the properties of various families of specific models. Empirical research should at
tempt to get results that can be generalized across many urban areas through careful 
research design. The GSM may be considered as one hypothesis (of many) to be tested 
and can serve as a framework for development of specific models. 

10. Research should be undertaken to develop efficient procedures for computing 
equilibrium in networks. Priority should be given to direct approaches. 

Immediate Actions 

The recommendations presented in the preceding section will likely take a few years 
to accomplish, even if a decision by those in control of the resources were taken today. 
The theoretical results also suggest specific practical steps that can be taken almost 
immediately: 

1. Exploration should be undertaken of immediate modifications that can be made 
to existing model systems (the FHWA-UTMS packages, DODOTRANS, and others) to 
implement capabilities of analyzing a single multimodal network, handling a range of 
level-of-service variables, iterating all steps in the indirect approach to achieve con
vergence to equilibrium, having level of service influence each step-including genera
tion and disiribution as well as n1odal split and aasi~ument-in a consistent ma..""'.u'1.er, 
and representing the behavior of different market segments. 

2. Modifications of existing systems should be developed to implement SPM-3, 
SPM-2 , and SPM-1 to obtain acceptable forms of UTMS-like capabilities. 

3. Immediate efforts should be initiated to develop pilot or experimental model 
systems that compute equilibrium in a direct approach with the GSM. 

CLOSING 

This presentation has ranged from some fairly abstract to some relatively practical 
issues. We invite discussion and debate on both the theoretical results and the policy 
recommendations arising from those results. 
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