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FOREWORD 
By Stag 

Highway Research Board 

This report wi l l be of interest to highway engineers and researchers involved in 
rigid pavement design. I t examines existing theories of structural behavior of rigid 
pavements and analyzes data f rom the AASHO Road Test as they apply to the 
observed behavior of the pavements. The analysis indicates that existing mechanistic 
theories are generally adequate for use in the design of rigid highway pavements, and 
that the very large number of load applications to which pavements are now being 
subjected has a significant influence on rigid pavement performance. The report also 
contains suggestions for further research and field observations for verification and 
modification of parameter values used in design. 

The present state of the art in the area of rigid pavement design is to a large 
degree based on experience gained by trial and error and empirical relationships 
developed during field experiments such as the AASHO Road Test. As long as the 
designer is dealing with foundation soils, environmental factors, material properties, 
construction techniques, and traffic loading conditions that are similar to those for 
which the relationships have been determined, the performance can be reasonably 
well predicted. However, as design parameters change a need exists for a more 
rational approach to pavement design. 

The objective of this study was to examine existing theories for structural 
behavior of rigid pavements in view of the large amount of controlled field perform
ance data collected during the Road Test. A most significant contribution of the 
study toward the ultimate solution to the problem is the development of a relationship 
between tensile stress in the pavement slab caused by moving loads and portland 
cement concrete pavement performance. This lends support to most existing theoret
ical methods of rigid pavement design. I t will be of particular value to highway 
engineers faced with the problem of designing rigid pavements for rapidly increasing 
traffic, heavier wheel loads, and new or modified materials and construction 
techniques. 

The evidence of the relationship between traffic loadings and concrete slab 
strength and thickness is so strong—based on pavement slabs of 2.5- to I I - i n . thick
ness and single-axle loadings of 6,000 to 30,000 lb—that the findings should have 
some direct practical application without the need for confirmation by further 
research or translation into specifications or standards. The equation expressing the 
relationship provides an opportunity for quantitative evaluation of the effect of 
variations in strength and slab thickness on pavement performance and thus strongly 
supports the need for quality control during construction. The expression also offers 
an adequate rational basis for evaluation of an equivalent number of axle load appli
cations for rigid pavements subjected to mixed traffic. I n addition to the previously 
described potential for practical application, the research findings contribute sub
stantially to the progress being made in the area of more rational approaches to struc
tural design of pavements. Using existing mechanistic theories, designers responsible 
for specialized problems not easily solved by normal procedures should be able, by 
utilizing the results of this study, to predict with more certainty the potential life of 
a rigid pavement. 
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ANALYSIS OF STRUCTURAL BEHAVIOR OF 

AASHO ROAD TEST RIGID PAVEMENTS 

SUMMARY Chapter One is devoted to a critical review of existing theories of structural behavior 
of rigid pavements. These theories differ principally in the model selected to repre
sent the subgrade supporting the pavement slab. The two principal models currently 
used are (a) the elastic-isotropic solid, characterized by a modulus of deformation, 
E„ and a Poisson's ratio, v,; and (b) the Winkler subgrade, characterized by a 
coefficient of subgrade reaction, k. 

It is shown that, with a suitable selection of coefficient k, theories based on the 
Winkler model for the subgrade can furnish adequate answers also for slabs resting 
on a subgrade behaving as an elastic solid. However, there is no single value of 
k that can give perfect agreement of all statical influences in a particular case, unless 
the subgrade thickness is limited to a maximum of 2.5 stiffness radii of the slab. 
Simple analytical expressions for evaluation of k in terms of known characteristics 
of the slab and the subgrade are presented. 

Chapter Two is devoted to a study of structural behavior of rigid pavements 
of the AASHO Road Test. It is shown that the over-all response of the AASHO 
subgrade to loads is comparable to response of an ideal isotropic-elastic solid. 
However, with proper selection of the coefficients of subgrade reaction, k, the 
Winkler subgrade model (used in the well-known Westergaard theory of rigid 
pavements) can also lead to good predictions of pavement stresses and deflections. 
The coefficient k for the AASHO pavement/subgrade systems is a variable quantity, 
which is inversely proportional to the pavement slab thickness. 

It is also demonstrated that the combined tensile stress in pavement slabs 
represents the best indicator of pavement performance. A simple expression relating 
the ultimate number of axle-load applications to the flexural strength of the pave
ment material, the thickness of the pavement slab, and the magnitude of the axle 
load is derived, indicating that the pavement life should be proportional to the 
fourth power of strength and to the fifth power of slab thickness and inversely 
proportional to the fourth power of the axle load. This expression offers for the 
first time a rational basis for evaluation of equivalent number of axle-load applica
tions for rigid pavements subjected to mixed traffic. 



C H A P T E R O N E 

INTRODUCTION AND THEORETICAL CONSIDERATIONS 

The aim of this study is to provide a rational, mechanistic 
interpretation of measurements and observations made on 
rigid pavements during the AASHO Road Test. The work 
has been initiated by the American Association of State 
Highway Officials through the National Cooperative High
way Research Program in the desire of preparing a sound 
theoretical basis for translation of AASHO Road Test 
results into other ambient conditions. 

Although the study treats all the major aspects of struc
tural behavior of rigid pavements, it is centered around two 
principal indicators of rigid pavement performance— 
namely, stresses in the pavement slabs and pavement 
deflections under load. Attention is also given to the pat-
ferns of slab cracking and failure under the vehicular traffic. 

This first chapter is devoted to a critical review of exist
ing theories of structural behavior of rigid pavements, with 
particular emphasis to the meaning and evaluation of co
efficient of subgrade reaction, k Chapter Two describes 
assembled data on measured strains and deflections of 
pavement slabs, as well as on deformation characteristics 
of pavement materials and subgrade soils. Finally, Chap
ters Three and Four contain analyses of assembled informa
tion, appraisals of the meaning and value of findings of the 
present study, and recommendations for future research on 
mechanics of rigid pavements. 

EXISTING THEORIES OF STRUCTURAL BEHAVIOR OF 
RIGID PAVEMENTS 

The first attempt at a rational approach to rigid pavement 
design was recorded in the literature about 1920, when the 
so-called "corner formula" for stresses in a concrete slab 
was proposed ( / , 2 ) . This formula was based on the as
sumption that the slab corner acts as a cantilever beam of 
variable width, receiving no support from the subgrade 
between the corner and the point of maximum moment in 
the slab. Although the observations in the first road test 
with rigid pavements (5) seemed to be in agreement with 
the predictions of this formula, its use remained, for 
obvious reasons, very limited. 

The first complete theory of structural behavior of rigid 
pavements was that developed by Westergaard in the 1920's 
(4, 5) by extension of the classical Hertz solution for 
stresses in a floating slab (6) . This well-known theory 
considers the pavement to act as a homogeneous, isotropic, 
elastic, thin slab resting on an ideal subgrade that exerts, at 
any point, a vertical reactive pressure, p, proportional to 
the deflection, w, of the slab at the same point (Winkler 
subgrade). The constant of proportionality 

p/w = k (1) 

which is a quantity of dimension FL"' , is called "coefficient 
of subgrade reaction." According to the physical interpre

tation of Eq. 1, the subgrade should react as a bed of 
springs having a spring constant equal to k, or as a heavy 
liquid of density k. 

Extensive investigations of structural behavior of con
crete pavement slabs performed in the 1930's at the Arling
ton (Va.) Experimental Farm (7) and at Iowa State Engi
neering Experiment Station (8, 9) showed, basically, good 
agreement between observed stresses and those computed 
by the Westergaard theory, as long as the slab remained 
continuously supported by the subgrade. Corrections were 
proposed only for the Westergaard corner formula (9, 70) 
to take care of the effects of slab curling on subgrade sup
port However, although a proper choice of the coefficient 
of subgrade reaction was found to be essential for good 
agreement, there remained much ambiguity in the methods 
for experimental determination of that coefficient. 

During the same period, a considerable amount of ex
perimental evidence was assembled, indicating that the be
havior of many subgrades may be closer to that of elastic, 
isotropic (Hookean) solids, defined by two deformation 
characteristics such as a modulus of deformation, E„ and 
a Poisson's ratio, v,. Based on this concept of subgrade, and 
assuming that the pavement slab also acts as an elastic solid 
layer of infinite extent and finite thickness, Burmister pro
posed in 1943 ( / / ) his layered solid theory of structural 
behavior of rigid pavements. He suggested that the design 
should be based on a criterion of limited deformation under 
load. However, the design procedures for rigid pavements 
based on his theory were never developed to the extent 
needed for regular use in engineering practice. In this 
respect the lack of analogous solutions for pavement slabs 
of finite extent (edge and corner case) was of particular 
disadvantage 

Other approaches based on the assumption that the sub-
grade behaves as an elastic-isotropic solid have been de
veloped by Odemark (12), Pickett and Ray (75), Peltier 
(14), Jeuffroy (75), and others. These approaches use as 
their basis a solution by Holl (76) and Hogg (77) of the 
problem of a thin elastic slab of infinite extent resting on an 
elastic-isotropic solid. Most of these approaches retain, 
however, as the principal design criterion, the condition 
that the tensile stress in the pavement slab should remain 
within certain limits governed by the tensile strength of the 
slab material in bending. 

All the preceding theories and approaches are concerned 
with structural behavior of rigid pavement systems in the 
range of working stresses, where deflections, by assumption, 
are proportional to applied loads. Following the develop
ment of the yield-line theory of slabs (78), an ultimate-
strength theory of rigid pavement design was proposed by 
Losberg (79). The basic philosophy of this theory is simi
lar to that of the theory of plastic design of steel struc-



tures: the slab is considered to be at the verge of yield or 
fracture. In this condition it is possible to evaluate the 
unknown statical influences, such as bending moments and 
shearing forces, along an assumed continuous yield (crack) 
pattern from considerations of ultimate strength of the 
pavement slab material. The ultimate load on the slab is 
then determined from considerations of static equilibrium 
of an isolated portion of the slab, bound by a continuous 
yield line (crack). For such an evaluation it is necessary 
to introduce also some distribution of the reactive pressure 
of the subgrade against the slab. In the Losberg theory this 
IS done by assuming that at the instant of slab failure the 
subgrade reacts as a Winkler subgrade while the slab bound 
by the yield line still behaves as a thin, elastic slab. 

All the existing theories can be grouped according to 
models used to simulate the pavement and subgrade be
haviors, as given in Table 1. Three different models are 
used for the pavement slab—elastic-isotropic solid, thin 
elastic slab, and thin elastic-plastic slab. Two different 
models are used for the subgrade—elastic-isotropic solid, 
and Winkler subgrade. 

A relatively brief analysis is needed to show that the 
differences in stress and deflection patterns between the 
three pavement slab models mentioned are nominal, as 
long as one is dealing with stresses imposed by vertical 
pavement loads, and as long as the usual corrections for 
thick-slab effects in the immediate vicinity of the loaded 
area are introduced. This is shown in Figure 1, which was 
prepared by using some stress analyses based on the 
Burmister two-layered solid theory (20). The upper part 
of this figure shows the variation of vertical stress, a-., with 
depth as a function of the ratio of the deformation moduli 
of the two layers, E^/E^, for a rough interface (solid lines) 
and a smooth interface (dashed lines) between two layers. 
The lower part of the figure shows the variation of the 
radial stress, a-r, under the center of the loaded area, again 
as a function of the moduli ratio, £ 1 / ^ 2 Inasmuch as the 
typical moduli ratios for rigid pavements are rarely smaller 
than 100, the data in the figure indicate beyond doubt that 
the Navier hypothesis of plane sections and stresses pro
portional to distance from the neutral axis (fundamental 
for the thin-slab analysis) is close to being satisfied, at 
least for typical concrete pavements. 

Consequently, in any attempt to make an appraisal of 
different theories of structural behavior of rigid pavements 
major attention should be devoted to the evaluation of 
models proposed for the pavement subgrade. Particularly 
intriguing is the Winkler model of a subgrade characterized 
by a coefficient of subgrade reaction, k, as defined by Eq. 1. 
As indicated earlier, most of the currently used theoretical 
design methods for rigid pavements use the Winkler model, 
and a number of investigators report good agreement be
tween the observed response of rigid pavements and the 
predictions made on the basis of that model. At the same 
time there exists ample evidence that the elastic-isotropic 
solid model can, in general, predict more closely the 
response of real soils to load. 

A possible explanation of this apparent controversy 
should be sought before making any attempts at a ra
tional interpretation of the AASHO Road Test data. With 

TABLE 1 

EXISTING THEORIES OF STRUCTURAL BEHAVIOR 
OF RIGID PAVEMENTS 

^ ^ • ^ ^ ^ SUBGRADE 

S L A B ^ ^ ^ I ^ ' -
M O D E L ^ ^ ^ ^ ^ 

E L A S T I C -
ISOTROPIC 
SOLID 

W I N K L E R 
SUBGRADE 

Elastic-isotropic solid Burmister (1943) 

Thin, elastic slab Hogg (1938) 
Holl (1938) 
Pickett and Ray 
(1951) 

Westergaard 
(1925, 1927) 

Thin, elastic-plastic 
slab 

Losberg 
(1960) 

this purpose in mind, the following section discusses the 
meaning of the coefficient of subgrade reaction, k, in the 
analysis of slabs resting on soil. 

THE MEANING OF COEFFICIENT k 

When Winkler first introduced his assumption that p = kw 
for analysis of a beam resting on soil (27), he did not say 
anything about the coefficient, k. Twenty years later Zim
merman (22), in his treatise on the analysis of railway ties 
and rails, defined A as a constant depending on the type of 
subgrade. During the subsequent development of theory of 

0 0 0 5 0 0 I Q 0 5 Q I 0 0 5 0 l O O 
V E R T I C A L S T R E S S — O J / p = I , 

= rough interface 
•= smooth interface 

121 2 0 9 3 5 3 
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i/i • 14 = o 5 0 

- • 4 - 3 - 2 - 1 O I 2 3 ^ 
(Tension) R A D I A L S T R E S S o-^/p (Compress ion) 

Under Center of L o a d e d A r e a 

Figure 1. Variation of vertical and radial stresses in a two-layered 
solid. 



beams and slabs resting on soil this concept prevailed, al
though many early investigators recognized that k was a 
quantity depending also on the size and shape of the loaded 
area (25, 24). 

In his first paper on theoretical analysis of concrete pave
ments {4) Westergaard recognized the lack of a consistent 
method of predetermination of k. As a consolation he pre
sented the often repeated statement that larger variations in 
coefficient of subgrade reaction have only a minor effect on 
computed stresses. He finally suggested that this coefficient 
may best be determined by comparing the deflections of 
full-sized slabs with deflections given by his formulas. 
Nevertheless, in subsequent development of his design 
method most investigators preferred to determine k from 
plate load tests. Because the Arlington tests (7) indicated 
little reduction in k beyond plate diameters of 30 in., a 
number of agencies have adopted the circular rigid plate 
of that size as the standard plate for determination of k. 
In this way k remained in pavement design as a quantity 
depending on the properties of the subgrade only. 

In the meantime, developments in the field of soil 
mechanics have increasingly pointed out the inadequacy 
of the Winkler model for simulation of soil response to 
load in general (25). Biot (25) found a solution of the 
problem of bending of an infinite beam resting on an 
elastic-isotropic solid and demonstrated that k should de
pend on the size, shape, and structural stiffness of the beam, 
as well as on the deformation properties of the soil By 
1950 a number of investigators recommended abandoning 
completely the coefficient k and all the theories based on it 
(27, 28). 

In 1955 Terzaghi published a paper (29) in which he 
reviewed the entire history and development of theories 
based on the coefficient A: and pleaded for the right place of 
these theories in the engineering practice. He contended 
that although the Winkler model was artificial and had little 
to do with the actual response of soils to load, the theories 
based on it still can give reasonable estimates of bending 
moments or stresses in beams and slabs, provided the right 
value of k can be selected. He suggested, however, that no 
agreement of deflections should be expected from similar 
analyses. He recommended that the *-value for slabs on 
soil be determined by extrapolating the results of load tests 
on a 12-in.-diameter plate to the range of influence of the 
load acting on the slab, which he defined as equal to 2.5 
stiflness radii of the slab. 

In 1961, after extending Biot's theory of bending of 
beams resting on an elastic-isotropic solid, Vesic (50) 
showed that it was possible to select a value of k so as to 
obtain a good approximation of both bending moments and 
deflections of a beam resting on a solid, provided the beam 
is sufficiently long. For a beam of width B and structural 
stiffness E,, I, resting on a solid whose deformation charac
teristics are £ , and v„ this value of k is given by 

kB :/C = 0 .65y^- (2) 

in which the quantity kB = K (in tons/ft'-) is called modu
lus of subgrade reaction. Further investigations (5/ , 52) 
confirmed experimentally that it was possible to predeter

mine the Jt-values of beams resting on soil by using Eq. 2 
and soil deformation characteristics and v, obtained 
from triaxial and plate load tests. 

As a result of all studies performed, the real meaning of 
the modulus of subgrade reaction for beams resting on soil 
emerges as follows, in analysis of flexible beams resting on 
soil It IS justified to assume that the contact pressures per 
unit length of the beam are proportional to the deflections 
at the corresponding point. The constant of proportionality, 
K, expressed in stress units, increases directly with the plane-
strain modulus of deformation of the subgrade, E,/1 — v / , 
as well as with the twelfth root of the relative flexibility of 
the beam with respect to the subgrade. 

Of course, for the purpose of this investigation it is of the 
greatest interest to find out whether any similar statements 
can be made for a flexible slab resting on soil, and, if so, 
what value should be assigned to the coefficient of subgrade 
reaction, k. 

COEFFICIENT OF SUBGRADE REACTION, k, FOR SLABS 

In an attempt to answer these questions, consider a slab of 
infinite extent and thickness h, resting on a semi-infinite 
elastic-isotropic solid characterized by a modulus of de
formation, E„ and a Poisson's ratio, (Fig. 2). Under 
the action of a vertical point load, Q, the slab deflection at 
any point at distance r from the load will be {16, 17) 

(Xr/k)d\ P / / 
1 - I - X ' D 

in which is a characteristic length defined by 

2D (1 ') 

D IS the flexural stiffness of the slab, defined by 

Eh-" 
12 { \ - v ^ ) 

(3) 

(4) 

(5) 

IS the Bessel function of zero order and X = a/,,, where 
o IS a parameter. Values of characteristic length for typi
cal ranges of slab thicknesses h and subgrade moduli E, are 
given in Table 2 

Using the same notation the contact pressure distribution 
IS found to be 

Q ('^J,{\r/l,)\d\_Q 

The variation of the dimensionless deflection factor, / „ , and 
the pressure factor, !„, with relative distance, r/l^, from the 
load IS shown in Figure 3a The ratio of pressure and 
deflection at the origin (under the load Q) is 

' m a v _ ^ _ t (7) 

However, as the contact pressures decrease faster with dis
tance than the deflections, the coefficient k decreases with 
distance, as shown in Figure 3b. By using the Hertz-
Westergaard theory for the same case, with a constant 
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i e : S , I / S S m o o t h j 

I n t e r f a c e z\ 
Figure 2. Slab of infinite extent resting on an elastic, isotropic 
solid 

TABLE 2 

TYPICAL VALUES OF 
CHARACn-ERISTIC LENGTH, /„° 

M O D U L U S O F 
D E F O R M A T I O N 
O F T H E S O I L , e , 
( L B / I N . - ) 

C H A R A C T E R I S T I C L E N G T H 
F O R S L A B T H I C K N E S S , ll, O F 

( I N ) 
M O D U L U S O F 
D E F O R M A T I O N 
O F T H E S O I L , e , 
( L B / I N . - ) 6 I N 9 I N . 12 I N . 

1,000 30.5 45.8 61.2 
10,000 14 2 21.2 28.4 

100,000 6.6 8.1 10 8 

° A l l values computed wi th the fo l lowing deformation characteristic o f 
concrete £« 1=6,250,000 I b / i n v.—OW 

coefficient of subgrade reaction equal to *o. one obtains 
relatively poor agreement of pressures and deflections This 
is evident in Figure 3a, where the corresponding variation 
of both pressure and deflection factors, and / „ , with 
distance is shown by a dashed line. 

To improve agreement of pressures according to the two 
compared theories one can select some other value of k. By 
taking a value = 2.37 k^, which will make the maximum 
pressures under the load equal, a very good agreement of 
pressures can be obtained; however, the agreement of de
flections will be even poorer than with k = k^. On the other 
hand, one can select a value of k^ = 0.42 k^ so as to have 
the same maximum deflections under load, again with much 
poorer agreement of pressures. I t may be concluded that, 
strictly speaking, there is no single value of k that can yield 

agreement of all statical influences, such as pressures, shear
ing forces, bending moments, and deflections, across the 
slab. In particular, the *-value obtained by comparing 
maximum deflections will be about 2.4 times lower than the 
^-value giving a good agreement of bending moments or 
stresses in the slab and six times lower than the A;-value 
giving a good agreement of contact pressures between the 
slab and the supporting subgrade. 

Timoshenko and Woinowsky-Krieger {33), in similar 
analyses, found that the bending moments in the vicinity 
of the load will be the same in both analyses if one selects 
k = kg. This yields, from Eqs. 7 and 4, the following ex
pression for the coefficient of subgrade reaction, k, of slabs 
resting on an isotropic-elastic solid: 

3 

f C 

/ J* 
/ ^^^^ 

— ^ ^ " ^ o 5 1 5 1 ' 2 O 2 5 

0 0 5 
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1 1 
> 2 O 2 5 

Figure 3. Variation of factors, I , and coefficient, k, with relative distance, i/U 



k^k„ 

This expression can be somewhat simplified by putting 
v = 0 15 and v„ — 0 50 in the term under the third root sign. 
In this way Eq. 8 is transformed into 

E (1 
(9) 

which IS, in some way, analogous to Eq 2 for beams. It 
indicates that the coefficient k for slabs is not a characteris
tic of the subgrade only it depends on the relative flexi
bility of the slab with respect to the subgrade. Most sig
nificantly, it indicates that, in a given location, such as the 
AASHO Road Test site, the coefficient, k, should be in
versely proportional to the thickness, h, of the pavement 
slabs. 

It may be added that, according to the preceding dis
cussion, the ^-value given by Eq. 9 should give good agree
ment of bending moments or stresses in the slab only. By 
using the same value the maximum deflections will be 
underestimated by about 35 percent To obtain a good 
agreement of deflections, a value of k 2.4 times lower 
should be used; namely. 

)t = /t,„ = 0 42 V (!->'/) h 
(10) 

Similar conclusions can be reached by comparative study 
of solutions of the problem of a semi-infinite pavement slab 
loaded at its edge The solution of this problem by the 
subgrade reaction approach has been given by Westergaard 
(34), the solution by the elastic-solid approach has been 
found by Pickett, Badaruddin, and Ganguli (55). Com
parisons of results can be made by using charts developed 
by Pickett and Ray (75) and Pickett and Badaruddin (56) 
It would be of interest to make similar comparisons for the 
corner case, although the contemporary trend in design of 
concrete pavements with doweled transverse joints makes 
this case less important from the practical point of view 
than it was in the past. 

EFFECT OF LIMITED DEPTH OF 
COMPRESSIBLE SUBGRADE 

AH preceding considerations have been based on the as
sumption that the compressible subgrade under the pave
ment slab extends to an infinite depth However, in most 
real soil situations the compressible subgrade extends only 
to a finite depth, H, below which follows either a stratum 
of much lower compressibility or a stratum of rock, which 
for all practical purposes is incompressible. Thus, it is of 
particular interest to explore the effect of limited depth of 
compressible subgrade 

With this purpose in mind, consider a slab of infinite 
extent and thickness h, resting on a subgrade consisting of 
an elastic-isotropic solid layer of finite thickness, H, over
lying rock (Fig. 4) . The rock layer is assumed to be in
finitely stiff ( £ j = 0 0 ) , whereas the solid above is charac
terized by a modulus of deformation, and a Poisson's 
ratio, Vg. Under the action of a vertical point load, Q, the 

slab deflection at any point at a distance r from the load 
will be (57) 

Oil 
D 2 ̂  lo' Jo 

Jo (pr/H) dfi 
fi'+(H/lo)^<S>(fi) D 

(11) 
in which /o >s, as before, the stiffness radius, defined by 
Eq. 4, D is the flexural stiffness of the slab, defined by 
Eq. 5; Jg is a Bessel function of zero order; ^ is a dimen-
sionless parameter, and ^ ( f i ) is a function defined by 

sinh cosh 0+1^/(3-4 i > , ) ] 
sinh=/3-|-[/8/(3-4v,)P (12) 

With the same notations, the radial bending moment, 
M,, IS found to be 

Q~2nrJo 
WJ, (fir/H) - (fi'r/H)J„ (pr/H)]dfi 

fi^+(H/lg)^'J>(fi) 
(13) 

The numerical values of the integrals in Eqs. 11 and 13 
have been evaluated numerically for i / , = 0 30 by Hogg 
(57). The bending moments for a few characteristic 
depths of the compressible subgrade are shown in Figure 5 
by solid lines; the dashed line shows the analogous moments 
as evaluated from the Hertz-Westergaard solution It is 
evident that the limited depth of the compressible subgrade 
has very little effect on bending moment and stresses in the 
slab as long as the depth of the subgrade stratum, H, ex
ceeds about two stiffness radii of the slab. Even when the 
subgrade layer thickness is only one stiffness radius thick, 
the difference in bending moments and stresses is, for 
practical purposes, small. 

It IS not difficult to see that the effect of finite depth of 
the subgrade can be introduced into analysis through an 
increase in value of coefficient k, as determined by Eqs 8 
or 9. For / / / / ( , = 2 the apparent increase would be only 
20 percent above the value given by Eq. 9; for H/lg= 1 
the increase is still only about two-fold. 

The values of deflections, as given by Eq. 11 in function 
of relative depth of compressible subgrade (expressed in 
stiffness radii), are plotted in Figure 6 as solid lines. Also 
shown (dashed line) is the deflection curve obtained by the 
Hertz-Westergaard solution under the assumption that the 
radius of relative stiffness is equal to l^ as given by Eq. 4. 

A closer study of Figure 6, in conjunction with Figure 5, 
reveals some interesting facts I f the analysis of a slab 
resting on an elastic-isotropic solid of finite depth is made 
with the value of coefficient of subgrade reaction, k^, sug
gested by Eq. 9, the agreement of deflections is improved 
as the thickness of the subgrade layer decreases. Thus, 
although the deflections obtained by using the mentioned 
^o-value are underestimated by 35 percent when the sub-
grade has infinite thickness, they are underestimated by 
20 percent if the subgrade is five stiffness radii thick, and 
only by 7 percent if the subgrade is three stiffness radii 
thick. When the subgrade becomes about 2Vi radn thick, 
almost perfect agreement of both bending moments and 
deflections can be expected. As the thickness of the sub-
grade layer decreases further, this almost perfect agree
ment of both bending moments and deflections continues 
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Figure 4 Infinite slab resting on an elastic solid of finite 
depth. 

to exist, with a unique value of coefficient and subgrade 
reaction, k, which is generally higher than Ag-

A relatively brief analysis shows that this unique value 
of coefficient of subgrade reaction for an elastic-isotropic 
subgrade of finite thickness, H, can be given by 

V = 2.5 Uo/H) ko = ^i^^lf^H ^^"^^ 

valid for H/k < 2.5 or H/h < 1.38 ^ EIE, 

I t may be concluded that Winkler's hypothesis ( i ) is for 
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Figure 5. Bending moments in an infinite slab resting on an 
elastic solid of finite depth. 
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Figure 6. Deflection factors, U, for an infinite slab resting on an elastic solid of finite depth. 
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all practical purposes satisfied also for slabs resting on an 
elastic-isotropic solid subgrade of finite thickness, H, as 
long as this thickness does not exceed about 2 5 stiffness 
radii, /„, defined by Eq. 4. The coefficient of subgrade re
action, k, of such slabs can be estimated by using Eq 14. 

When the thickness of compressible subgrade exceeds 
about 2 5 stiffness radii, Winkler's hypothesis can still be 
used for analysis. However, the value of coefficient of sub-
grade reaction, k = ^o, that yields good agreement of pave
ment stresses will not provide good agreement of deflections 
as well. The deflection patterns will agree only if a lower 
value of k = k^ is selected. 

EVALUATION OF k FROM PLATE LOAD TESTS 

It IS of some interest to see how large circular rigid plate 
should indicate the same coefficient of subgrade reaction as 
that given by Eqs. 8 or 9 for a flexible slab. Computing 
p/w = k from the well-known formula for deflection of a 
rigid circular plate of diameter B, 

, r p f l ( l - .;-') 

the following plate diameter is found: 

4 £ , (15) 

(16) 

Knowing that typical £-values for concrete slabs may be 
around 5 X 10" psi and that values for subgrades will 
most often be in the range of 5,000 to 50,000 psi, i t may be 
concluded that the "representative" plate diameter that 
yields the proper value of coefficient k for concrete slabs 
would typically fall in the range between 6 and 12 slab 
thicknesses. A comparison with magnitudes of "range of 
influence" of slabs proposed by Terzaghi (29) reveals that 
the diameter given by Eq. 16 is about one-half of that 
recommended by Terzaghi. 

It should be noted that Eq 15 is, strictly speaking, valid 
only for a subgrade of infinite depth and that the "settle
ment factor," ir /4, becomes lower if the subgrade has a 
finite depth, H. For all practical purposes, however, the 
difference is small as long as H exceeds about 5B For 
smaller depths, H, there are charts and tables that give the 
appropriate value of the settlement factor (58). 

C H A P T E R T W O 

DATA ON AASHO ROAD TEST RIGID PAVEMENTS 

BASIC DATA ON PAVEMENT SECTIONS 

As described in final reports on the AASHO Road Test 
(59), the main factorial experiment with rigid pavements 
consisted of accelerated load-testing of some 156 structural 
sections, of which 130 were of different design. Principal 
variables m these designs were the slab thicknesses and 
reinforcement, as well as subbase thicknesses. Basic data 
on all the structural sections are given in Table 3. Full 
details can be found in Table 12, HRB Spec. Rep. 61A 
(59) 

The available data indicate that slab thicknesses varied 
between 2V2 and 12'/i in , and the subbase thicknesses 
between 0 and 9 in. All sections had lane widths of 12 f t . 
Sections that consisted of nonreinforced slabs had sawed, 
doweled transverse contraction joints spaced at 15 ft , thus 
forming 12 X 15-ft slab panels. Reinforced sections had 
sawed, doweled transverse contraction joints spaced at 
40 ft , thus forming 12 X 40-ft slab panels. The reinforce
ment of these sections consisted of single welded wire 
fabric, placed VA to 2 in. deep in the pavement slabs. The 
weight of the fabric was consistent with pavement thick
ness, representing, in each direction, approximately 0.1 per

cent of the cross-sectional area of the pavement. The size 
of dowels in transverse joints was increasing according to 
the slab thickness from % in. in diameter and 12 in. in 
length to Wa in. in diameter and 18 in. in length. Longi
tudinal joints were reinforced with tie-bars, increasing in 
size with slab thickness from No. 3, 20 in long, to No. 5, 
30 in long Details about joints, reinforcement, dowels, 
and tie-bars can be found in Table 7, HRB Spec Rep. 61A 
(59). 

STRUCTURAL BEHAVIOR 

Principal quantitative information on structural behavior of 
the AASHO Road Test rigid pavements can be obtained 
from the measurements of pavement strains and deflections 
under load. Such measurements were made in the main 
traffic loops (2 through 6) as a part of routine load testing 
by moving trucks. 

Strains were measured by electrical strain gauges placed 
in the middle of slab panels (for 15-ft-long nonreinforced 
sections) or at 10 f t from the joints in each panel (for 40-
ft-long reinforced sections). Al l these gauges were placed 
parallel to the slab edges at a distance of 1 m. from the 



TABLE 3 
RIGID PAVEMENT SECTIONS OF THE AASHO TEST ROAD" 

L O O P 

A X L E LOAD"* ( K I P S ) 

L A N E 1 L A N E 2 

S L A G 
T H I C K N E S S 
( I N ) 

S U B B A S E 
T H I C K N E S S 

( I N . ) 

1 None None 2'/i,5, 9Viandl2'/i Oand6 
2 2-S 6-S V/i, 3V4 and 5 0,3 and 6 
3 12-S 24-T 3'^,5, 6'/2 and 8 3,6 and 9 
4 18-S 32-T 5, 6Vi, 8 and 9'/2 3,6 and 9 
5 22 4-S 40-T 6'/2,8, 91/6 and 11 3,6 and 9 
6 30-S 48-T 8, 9 ' / 2 , l l and 12!̂  3,6 and 9 

• A l l sections i n both plain and reinforced concrete 
>> S=single, T = t a n d e m 

edges Deflections under moving loads were measured by 
electrical deflectometers (LVDT) placed in pairs at slab 
edges 6 in. from transverse joints. Rebound deflections 
under static loads were measured by means of a Benkelman 
beam. Details about these measurements can be found in 
HRB Spec Rep 61E {39), in particular Art. 3.3.1, Tables 
56 and 57, and Figures 138 through 147, as well as in a 
paper presented at the St Louis Conference by Hudson and 
Scrivner {40). 

In addition to mentioned strain and deflection measure
ments under moving truck loads, a special experimental 
study of strains across pavement slabs under the action of 
an oscillating load simulating a single wheel loading was 
performed in Loop 1, which otherwise was not subjected 
to any truck loads For the purpose of this study 6 X 6-ft 
square corner areas of slab sections were equipped with 
electrical strain gauges. These gauges were placed either 
singly (along the slab edges and along the transverse joint 
edges), or grouped in rosettes of three gauges (for measur
ing points inside the pavement slab panels). The exact lay
out of these strain gauges is detailed in Figure 170, HRB 
Spec. Rep. 61E {39). 

The loads were transmitted to the pavement through two 
11 X 14-in. wooden pads spaced 6 f t , center to center, in 
14 different positions. The loads were varied sinusoidally 
with time at a frequency of 6 cycles per second, from a 
minimum of 500 lb to a maximum that varied from 12,000 
lb for the 5-in.-thick slab to 30,000 lb for the 12.5-in.-thick 
slab. Al l essential details about these special tests are given 
in Art 3 5.4, HRB Spec. Rep. 61E {39), as well as by 
Hudson and Scrivner {40). 

Special deflection measurements were performed by the 
Ohio River Division Laboratories, Corps of Engineers, 
U.S. Army {41). In this investigation the entire deflection 
basins around loaded areas on AASHO rigid pavement 
sections were measured, thus offering most valuable quan
titative information about the response of pavement slabs 
to loads. 

Important information on structural behavior of AASHO 
Road Test rigid pavements was also collected by consider
ing the modes of failure of different pavement slabs. Such 
information is not purely qualitative, because the crack 

pattern may be indicative of the location of points in the 
pavement slab panels where the stresses are the highest. 
The principal information on crack patterns observed can 
be found in Art. 3.2.3, HRB Spec. Rep. 61E {39), as well 
as in a paper presented at the St. Louis Conference by 
Scrivner {42). 

MECHANICAL PROPERTIES OF PAVEMENT MATERIALS 
AND SUBGRADE 

For analysis of structural behavior of the AASHO Road 
Test pavement system it is essential to have a thorough 
knowledge of the mechanical properties of the materials of 
the system, including the subgrade. Of particular signifi
cance are those properties which characterize the response 
of the pavement material to loads Because no testing was 
included in the research program of the present investiga
tion, the evaluation of the material properties is based on 
existing published data from other investigations connected 
with the AASHO Road Test. 

Concrete Slabs 

The concrete for pavement slabs was made of Type I port-
land cement, water, air-entraining agent, fine aggregate, and 
a coarse aggregate whose maximum size was either IVz or 
1 Vi in., depending on slab thickness. Details about proper
ties of individual components of this material and construc
tion procedures used can be found in HRB Spec. Rep. 61B 
{39), Chapter 6. The principal mechanical properties of 
this material, as determined by standard AASHO tests on 
6 X 12-in. cylinders, or 6 X 6 X 30-in. beams, are given in 
Table 4. 

Subbase 

The subbase material for the rigid pavement systems was 
made of a sand-gravel mixture, stabilized with a friable 
fine-grained soil and compacted according to AASHO 
specifications. Details about properties of components of 
this material and the construction procedures used can be 
found in HRB Spec. Rep. 61B {39), Chapter 3. Principal 
characteristics of this material are summarized in Table 5. 
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TABLE 4 

MECHANICAL PROPERTIES OF AASHO ROAD TEST CONCRETE SLABS 

SLABS 

C O M P . STRENGTH ( L B / I N . ° ) 
F L E X . STRENGTH 
( L B / I N . " ) 

T H I C K N E S S , M A X . AGGR 
C O M P . STRENGTH ( L B / I N . ° ) 

F L E X . STRENGTH 
( L B / I N . " ) 

T Y P E / I ( I N ) SIZE ( I N . ) 21 DAYS 1 YEAR 21 DAYS 1 YEAR 

Thicker 
Thinner 

> 5 0 
2 5 and 3 5 

25 
1 5 

4,130 5,580 
4,250 5,990 

660 790 
710 880 

Subgrade 

The subgrade was constructed by compacting a locally 
available yellow-brown silty clay (A-6 material i n the BPR 
classification). Principal index properties o f this soil are 
summarized in Table 6. More details can be found i n 
HRB Spec. Rep. 61B ( 5 9 ) , Chapter 2. 

lOOi 
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Figure 7. Field CBR values of the AASHO subgrade soil 
(after Finn, Ref. 44). 

TABLE 5 

PHYSICAL CHARACTERISTICS 
OF SUBBASE M A T E R I A L 

Textural classification-
Grain-size distnbution: 

Sand-gravel mulch 
Sieve No. Percent 
or Grain Size Finer Than 

1 in. 100 
3/4 in. 96 

in. 90 
No. 4 71 
No. 10 52 
No. 40 25 
No. 200 6 5 

Atterberg limits: Non-plastic 
Specific gravity 2.70 
Compacted density: 134.5 Ib/cu f t 
Corresponding moisture content: 3.8 percent 
Mean CBR value- 34.7 

Of particular interest to this investigation are the de
formation characteristics of this subgrade—its modulus of 
deformation, E, and its Poisson's ratio. A review of experi
mental data available on these two characteristics f o r the 
A A S H O Road Test, made several years ago in connection 
with a study of structural behavior of A A S H O flexible 
pavements (43), disclosed a wide variation o f modulus of 
deformation measured by different organizations engaged 
in testing of the A A S H O subgrade. I n addition to variation 
of £-values attributed to the difference in testing methods 
used by different organizations, there was also significant 
variation of results wi thin one investigation, reflecting the 
sensitivity o f deformation characteristics to variations i n 
moisture content, soil density, stress level, and number o f 
stress repetitions. A summary of measured values of E is 
presented in Table 7. 

Perhaps the most instructive information on variation of 
deformation characteristics o f the A A S H O subgrade in field 
conditions can be found in distribution curves o f field CBR 
values of that soil presented in discussion at the St. Louis 
Conference by Finn (44), and reproduced herein as Fig
ure 7. These distribution curves indicate that the actual 

TABLE 6 

PHYSICAL CHARACTERISTICS 
OF SUBGRADE M A T E R I A L 

Textural classification: 

Grain-size distribution: 

Yellow-brown silty clay 
(A-6) 
Sieve No. Percent 
or Grain Size Finer Than 
No. 4 
No. 10 
No. 40 
No. 60 
No 200 
0.02 mm 
0.05 mm 
0.002 mm 

Atterberg limits: Liquid l imit=29.4 percent 
PlasUc limit = 16 5 percent 

Specific gravity: 2.71 
Compacted density: 115.4 Ib/cu f t 
Corresponding moisture content: 15.5 percent 
Maximum density: 116.4 Ib/cu f t 
Optimum moisture content: 15.1 percent 
Mean CBR value: A t time of paving= 1.7 

Under traffic=3.0 

99.0 
96.8 
91.0 
87.7 
80.6 
62.8 
42 3 
15.3 



TABLE 7 

MODULUS OF DEFORMATION OF AASHO ROAD TEST SUBGRADE 

M O D U L U S O F 
D E F O R M A T I O N , 

11 

I N V E S T I G A T I N G BASIS FOR E. 
AGENCY D E T E R M I N A T I O N ( L B / I N =) REF. 

Kansas Highway Dept Triaxial compression test 1,300' (45) 
Univ. of California Triaxial compression test 5,500 (46) 
Asphalt Institute Van der Poels stiffness factor 3,000 (52) 
Ohio State Univ Triaxial compression tests 4,000 (47) 
Georgia Inst. Tech Triaxial compression tests 1,040" (48) 
Indirect determination From plate load tests 2,040 (43) 

From CBR tests 2,800-5,600 (43) 
From measured pavement deflections 7,000 (43) 

Initial tangent modulus 

deformation moduli of the A A S H O Road Test subgrade 
varied within the limits of 50 percent to 200 percent of the 
average values measured. They also indicate that some 
increase of deformation moduli o f the subgrade may have 

occurred as the Road Test progressed. The indicated varia
tions of deformation characteristics of the subgrade have 
been taken into account in the subsequent analysis (Chapter 
Three) . 

C H A P T E R T H R E E 

ANALYSIS OF TEST RESULTS AND FINDINGS 

Previous analyses of strain measurements made on the 
A A S H O Road Test rigid pavements (40) have brought to 
light several important features of structural behavior of 
these pavements. I t was found, for example, that fo r a 
given pavement at a given time the strains varied linearly 
with load and that the subbase thickness and the degree of 
slab reinforcing did not have systematic effects on observed 
strains. Comparisons between strains measured in Loop 1 
tests, using stationary oscillating loads transmitted through 
wooden pads, and strains measured in other loops under 
moving truck loads showed essentially the same strains 
under comparable loads. A direct correlation was estab
lished between strains measured along the pavement edges 
under moving loads and pavement performance. Such a 
correlation confirms the basic philosophy of existing r igid 
pavement design methods, which are mostly based on con
siderations of maximum tensile stress in the pavement slabs. 
However, no attempt was made to compare the measured 
strains, which can be converted into stresses, wi th theoreti
cal predictions. 

To make comparisons of this k ind, i t is essential to pos
sess a method of evaluation of deformation characteristics 
of the subgrade, most often represented by coefficients of 

subgrade reaction, as well as to possess a method of quick 
analysis of any pavement slab with arbitrary end conditions 
and under arbitrary loading. The developments in Chap
ter One make it possible, fo r the first time, to predict re
liably the coefficients of subgrade reaction of the slab/ 
subgrade systems used in the A A S H O Road Test on the 
basis of mechanical properties of the slabs and the A A S H O 
subgrade, reported in Chapter Two. A t the same time, 
recent developments in finite element methods of analysis 
of slabs and in computer science have made i t possible to 
prepare a computer program fo r analysis of any pavement 
slab situation. The details of this program, which is based 
on a finite element model first proposed by Newmark {49) 
and extensively developed by Hudson and Matlock (50, 
51) are given in Appendix A . 

DETERMINATION OF AVERAGE VALUE OF k 
FOR THE SUBGRADE 

The values of the coefficient of subgrade reaction, k, fo r the 
A A S H O subgrade have been determined in previous studies 
of A A S H O Road Test results primarily by two established 
methods. One of these is the method developed by the 
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Bureau of Public Roads following the Arl ington tests ( 7 ) , 
which defines k as the ratio of unit pressure and rebound 
deflection of a 30-in -diameter rigid plate Field tests under 
rigid pavement sections of the A A S H O Road Test in the 
spring of 1960 using this method yielded average ^-values 
of 86 l b / i n 3 for tests on subgrade alone and 108 Ib/ in .^ for 
tests on subbase. The second method, developed and used 
by the Ohio River Division Laboratory of the Corps of 
Engineers (41) is based on measurements of entire deflec
tion basins of loaded pavement slabs. According to this 
method the coefficient k is defined as the ratio of applied 
load and the volume of deflection basin of the loaded slab. 
Measurements by the Ohio River Division Laboratories 
staff, made in 1961, on 16 rigid pavement sections of Loops 
2 and 3, yielded A-values varying f r o m 25.9 to 92.2 l b / i n ^ 

I t IS significant to note that the ^-values determined by 
the latter method show definitely a trend suggested by Eq 9; 
namely, that the coefficient k depends on slab thickness, as 
well as on the deformation characteristics of the subgrade. 
Although there is appreciable scattering of individual test 
values, the average value of k measured f r o m 17 through 
29 May, 1961, on 5-in. slabs is 46 5 I b / i n \ the average k 
for 3 5-in slabs for the same period is 70 0 Ib/in.-^ These 
two values are almost exactly in inverse proportion to slab 
thickness, as suggested by Eq 9 

For proper determination of k by using Eq. 9 it is essen
tial to know the modulus of deformation of the subgrade. 

As mentioned in Chapter Two, this modulus may vary 
rather sharply with the moisture content and density of the 
subgrade soil. As mentioned earlier, the best indication of 
the range of variation of this parameter in actual field con
ditions of the A A S H O Road Test can be assessed f r o m 
studies of variation of field CBR values of the subgrade, the 
results of which are shown in Figure 7. The CBR values in 
the field varied f r o m about 1 5 to more than 7, which, in 
terms of £,-values may be interpreted to mean variations 
f rom about 2,100 i b / i n to more than 10,800 Ib/ in .^ As
suming, for May-June 1961, an average value of CBR = 3.6 

TABLE 8 

VALUES OF COEFFICIENT OF SUBGRADE 
REACTION, ko, FOR PAVEMENT SLABS 
OF THE AASHO ROAD TEST 

SLAB THICKNESS, 
h 
(IN ) 

COEFFICIENT 
OF SUBGRADE 
REACTION," k., 
( L B / I N " ) 

25 
35 
50 
65 
80 
95 

11 0 
125 

180 8 
129 0 
90 4 
69 5 
56 5 
47 5 
41 1 
36 2 

- k„ after Eq 8, with £.=4,500 Ib/in =, » .=0 33, E- and x-values from 
Table 4 

or = 5,400 Ib/in.^' wi th i ' , = 0.33 and with concrete 
characteristics f r o m Table 3, one obtains for the 3 5-in -
thick slab a coefficient of 165.4 l b / i n . ' and for the 5 0-
in -thick slab *o = H 5 6 Ib / in ' According to theory dis
cussed in Chapter One, to obtain good agreement of pave
ment slab deflections one should select a A:-vaIue equal to 
0.42 A„ This gives for the 3 5-in slab a ^-value of 69 5 l b / 
in ' and for the 5 0-in slab a ^-value of 48 5 Considering 
the uncertainties in selection of representative CBR value 
for the period of testing, as well as uncertainties of the 
conversion of CBR into £,-values, the agreement of these 
values with actually observed ones (70 0 and 46 5) should 
be considered remarkable 

To find a proper value of k for analysis of strain mea
surements m Loop 1, as well as in traffic Loops 2 through 
6, a representative average value of CBR = 3 has been 
selected This furnishes an E^-value of 4,500 lb/in.= and 
the A„-values for different slabs given in Table 8. These 
values have been used in the analyses of strain data pre
sented in the following sections. 

STRAIN MEASUREMENTS IN LOOP 1 

As mentioned earlier, complete measurements of strains 
under oscillating loads (simulating a typical single-wheel, 
dual-tire assembly) have been made on several slab panels 
of Loop 1. From measurements made in strain rosettes, 
principal strains were computed and subsequently converted 
into principal stresses using the deformation characteristics 
of concrete as determined by laboratory tests (Table 4 ) . 
The stresses so determined were used to plot contours of 
principal stresses, reproduced in Figures 187 through 190 
ofHRBSpec Rep 61E{39) 

A complete structural analysis of the 12 loading cases 
represented in these figures was made using the computer 
program developed in the investigation reported here (see 
Appendix A ) , as well as the coefficient of subgrade reaction 
values presented in Table 8. The computed stresses along 
two characteristic sections for each loaded s'ab case are 
shown in Figures 8 through 19 (solid lines). The (a) part 
of these figures shows extreme fiber stresses, a-y, along the 
free edge of the slab (acting in the longitudinal direction, 
y, of the slab). The (b) part of these figures shows extreme 
fiber stresses, o-̂ ., along a transverse axis connecting the 
centers of loaded areas (acting in transverse direction, x, 
of the slab). Also shown in these figures (black dots) are 
corresponding stresses evaluated (wi th deformation charac
teristics of concrete f r o m Table 4) f r o m surface strains 
measured in conditions where slab ends were warped 
upward 

A study of these figures reveals very good to excellent 
agreement of computed and measured stresses, at least 
when the loads are applied at some distance f r o m the 
doweled transverse joints. For load positions closer to these 
joints there was a tendency of measured stresses to be 
higher than those computed This is shown in Figure 20, 
which presents a comparison between computed and ob
served maximum edge stresses, a-y, in function of distance 
of the simulated single wheel load f r o m the doweled joint. 
A study of this figure, along with other available data, re
veals that the differences between computed and observed 
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stresses can be explained by imperfect action of the dow
eled joints I t IS significant, for example, that the stresses 
in load position 2 (loads 2 f t f r o m the jo int ) are almost as 
high as those in load positions 3 and 4 (loads 4 and 6 f t 
f r o m the joint, respectively), although the computations 
show that the joint effect should have resulted in substantial 
reduction of these stresses. The imperfect action of the 
joint is, for obvious reasons, more pronounced in the 
thicker (12.5-in.) slab than in the thin (5-in.) slab. 

STRAIN MEASUREMENTS IN MAIN LOOPS 

Strain measurements in main loops were made on single 
strain gauges placed in the middle of 12 X 15-ft slab panels 
at a distance 1 in. f r o m the pavement edge. According to 
HRB Spec Rep 61E (39), these measurements were made 
with the center of outer wheels positioned between 17 and 
22 in f rom the pavement edge The average strains so mea
sured, converted into stresses by using the E-value fo r con
crete given in Table 4, are given in Table 9. Also given in 
this table are theoretical stresses at the pavement edge in 
the middle of the slab panels computed by using A-values 
f r o m Table 8 and considering the outer wheel load at 18 in . 
f r o m the pavement edge. The measured and computed 
stresses are also compared in Figure 21 . 

I t IS evident that the measured stresses are generally 
higher than the computed ones However, considering the 
fact that the stresses were measured at 1 in. f r o m the pave
ment edge, which according to some limited computations 
should give about 10 percent higher stresses, it may be 
stated that there exists a reasonable agreement of computed 
and observed stresses for tandem-axle loads, with the ex
ception of 3.5-in. slab measurements. 

I t IS noted that, generally, there is more discrepancy 
between measured and observed stresses for thinner slabs. 
Probable explanation for this lies in greater susceptibility 
of these slabs toward partial loss of subgrade support due 
to slab warping. 

I t IS also noted that the stresses in thinner slabs are much 
more sensitive to variations in transverse position of the 
wheels. This is shown in Figure 22, which shows edge 
stress in the middle of a slab panel as a function of distance 
of the outer wheel f r o m the pavement edge. I t appears that 
the ratio of measured and computed stresses increases in 
some proportion to the slope of the curves in Figure 22. 
However, at this stage and with the data now available it 
IS hard to judge whether this observation is of any signifi
cance. To explain some of the high stress values observed, 
the loads would need to be moved up to 8 in . toward the 
pavement edge. The load placement data indicate that in 
normal test conditions such deviation was quite common, 
the whole range of load distances being more than ±2 f t 
f r o m the programmed placement position. Yet the reports 
available (39) are f i rm in stating that all truck passes at 
improper distances f r o m the pavement edge were excluded 
f r o m consideration. Relying on this, i t appears more plausi
ble to accept the first explanation, in spite of the fact that 
this explanation cannot account fo r exceptionally good 
agreement of tandex-axle stress measurements. 

TABLE 9 

COMPARISON OF MEASURED A N D COMPUTED 
MAIN-LOOP STRESSES 

A X L E 
LOAD," 
Q ( K I P S ) 

SLAB 
T H I C K N E S S , 
h ( I N . ) 

EDGE STRESS, 
<r, ( L B / I N . - ) 

M E A S U R E D C O M P U T E D 

RATIO, 

M E A S 

C O M P . 

6S 25 259 128 2.02 
12S 3 5 337 214 1 57 

50 214 154 1 39 
65 153 118 1 30 

18S 50 321 231 1.39 
65 229 177 1.30 

22 4S 65 285 220 1 30 
80 219 178 1 23 

30S 80 293 238 1.23 
95 235 182 1 29 

24T 5 0 158 139 1 13 
65 126 114 1.10 

32T 50 210 186 1 13 
65 168 152 1 10 
8 0 141 134 1 05 

40T 65 210 190 1 10 
80 176 168 1 05 
95 152 126 1 20 

48T 80 211 201 1 05 
95 182 151 1 20 

110 161 138 1 16 

» S=single. r=iandeni 

DEFLECTION MEASUREMENTS IN MAIN LOOPS 

As mentioned earlier, deflections were measured under 
moving loads by electrical deflectometers ( L V D T ) placed 
in pairs at slab edges 6 m. f r o m transverse joints. Rebound 
deflections under static loads were measured by means of a 
Benkelman beam, using the general arrangement shown in 
Figure 145 of HRB Spec. Rep. 61E ( 5 9 ) . A few typical 
results of these measurements are presented in Table 10, 
together with deflections computed by using Hertz-
Westergaard theory and ^-values given in Table 8. 

A comparison of measured and computed deflections 
reveals first that all computed deflections are at least twice 
as large as the measured deflections. The differences are 
greater for corner deflections, and thicker slabs, suggesting 
definitely imperfect action of the joints, apparent already 
f r o m strain measurements in Loop I . 

This finding is not in general agreement with theoretical 
predictions presented in Chapter Two and appears also to 
contradict the strain measurements in the main loops. A 
possible explanation fo r this apparent discrepancy may be 
sought in the differences in pressure distribution close to the 
edges of slabs resting on an elastic solid, as compared to 
slabs resting on a Winkler subgrade. However, considering 
the position of "fixed points" against which the deflections 
measurements were taken and the actual size of deflection 
basins of loaded pavement slabs, the possibility o f experi
mental error of the order of magnitude in question (0.03 
in.) should not be entirely excluded. 
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TABLE 10 

COMPARISON OF MEASURED A N D COMPUTED DEFLECTIONS 

SLAB SUBBASE D E F L E C T I O N ( I N ) 

LOOP 
N O 

A X L E 
L O A D , 

6 ( K I P S ) 

T H I C K 

NESS, h 

( I N ) 

T H I C K 

NESS 
M E A S U R E D C O M P U T E D 

LOOP 
N O 

A X L E 
L O A D , 

6 ( K I P S ) 

T H I C K 

NESS, h 

( I N ) ( I N ) CORNER EDGE CORNER EDGE 

4 18-S 65 3 0 026 0 020 ~ 
3 
3 

0 027 
0 024 

0 026 
0.020 > 0 080 0.048 

6 0.025 0016 . 

32-T 65 3 
9 

0 024 
0 032 

0.018 
0018 

3 
3 

0 024 
0 026 

0016 
0 024 0.062 0.054 

6 0 031 0 030 
9 0 025 0.020 . 

5 22 4-S 80 3 0.035 0 031 
6 
3 

0 032 
0 028 

0 034 
0.022 0 051 0 050 

3 0 047 0 038 

40-T 8 0 3 
6 
6 

0 036 
0.031 
0 029 

0 028 " 
0 026 
0 026 

9 
3 

0 028 
0 034 

0 024 
0 024 0 106 0 073 

3 0 033 0 030 
6 0 030 0 040 
9 0 034 0 032 

PAVEMENT PERFORMANCE AND MODES OF FAILURE 

The principal design criterion of most known theories of 
structural design of rigid pavements is based on considera
tions of tensile stress, a-, in the pavement slab. The slab 
thickness, h, is selected so as to keep this stress wi th in 
certain limits, set by the ultimate tensile strength, f^, of the 
slab material in bending. Such an approach, fol lowing the 
basic philosophy used generally in structural design, is not 
entirely satisfactory as long as i t does not take into account 
the pavement serviceability. I t is well known that a pave
ment may exhibit failure in the classical sense of structural 
mechanics and still perform its function 

One of the major developments resulting f r o m the 
A A S H O Road Test has been the introduction of an index 
of performance known as "present serviceability index," 
p. Unfortunately, in most analyses of A A S H O Road Test 
data, this index has been related to wheel loads and pave
ment thicknesses on a purely empirical basis, though wi th 
elaborate statistical analyses. The only exception to this is 
found in an attempt by Hudson and Scrivner (40) to relate 
the rigid pavement performance directly to the edge stress, 
a-y, measured in the main loops. They investigated the rela
tionship between edge stress, ay, and the number of load 
repetitions, N2 5, needed to reduce the serviceability index 
to 2.5 and found that ay may not provide a good absolute 
measure of pavement performance. However, they derived, 
at the same time, two different relationships that were sta
tistically satisfactory for single and tandem loads, respec

tively. They concluded that the edge stress was probably 
not the critical stress fo r slabs subjected to tandem loads 
and expressed the hope that a general correlation of the 
kind could be developed by using appropriate analysis. 

Wi th this purpose in mind, a complete stress and deflec
tion analysis was performed for all r igid pavement slabs of 
the A A S H O Road Test for which the serviceability data 
were available. The basic data about the analyses per
formed are given in Tables 11 and 12. Principal results are 
also given in these tables; in particular, maximum value of 
stress components a^. and ay, as well as of the principal 
stress differences (o-, — orj) for different positions of the 
axle loads along the slab panels. The variations of maxi
mum values of o-̂ ,, ay, and (0-1 — 0-3) wi th the position of 
the loads on the slab panels are also shown graphically in 
Figures 23 through 28. 

Study of the results presented in the mentioned tables 
and figures leads to several interesting observations. Firstly, 
i t IS seen that critical stresses for thin slabs are generally 
o-^-stresses along the wheel paths, whereas the critical 
stresses for thicker slabs are generally cr„-stresses occurring 
under the wheels positioned around the middle of the 
slab panels. This observation explains very nicely the 
crack patterns observed in the A A S H O Test Road (Figs. 
29 and 30) . I n the case of 3.5-in. slab loaded by 24-kip 
tandem load (Fig. 29) first cracks appear near the joints, 
where, according to analysis (Fig. 26) the highest com
bined stresses occur. The crack further develops along the 
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TABLE 11 

M A X I M U M COMPUTED STRESSES IN M A I N LOOP UNDER SINGLE LOADS 

SLAB M A X I M U M (Tx M A X I M U M o-y M A X I M U M ( (Tl-iTi) 
THICKNESS, A X L E DISTANCE 

M A X I M U M o-y M A X I M U M ( (Tl-iTi) 

It LOAD, O F W H E E L S M A G N I T U D E M A G N I T U D E M A G N I T U D E 

( I N ) Q ( K I P S ) ( F T ) ( L B / I N - ) POSITION ( L B / I N - ) POSITION ( L B / I N =) POSITION 

25 6 0 448 (8 5,0) 498 (2 5,0) 292 (25,1) 
1 577 (8 5,1) 547 (25,1) 186 (3 5.1) 
2 550 (8 5,2) 559 (2 5,2) 192 (2 5,2) 
3 545 (8 5,3) 556 (2 5,3) 192 (2.5,3) 
4 544 (8 5,4) 554 (2 5,4) 189 (2 5,4) 
5 544 (8 5,5) 554 (2 5,5) 189 (2 5,5) 
7 544 (8 5,7) 554 (2 5,7) 189 (2 5,7) 

3 5 22.4 0 1100 (8 5,1) -1180 (25,1) 1655 (2 5,1) 
1 1425 (8 5,1) 1030 (2 5,1) 606 (8 5,1) 
2 1240 (8 5,2) 1280 (2 5,2) 504 (3,2) 
3 1215 (8 5,3) 1315 (2 5,3) 524 (3,3) 
4 1200 (8 5,4) 1300 (2 5,4) 512 (3,4) 
5 1195 (8 5,5) 1290 (2 5,5) 500 (3,5) 
7 1195 (8 5,7) 1280 (2.5,7) 492 (3,7) 

5 30 0 844 (8 5,1) - 8 4 4 (2 .5 , -1 ) 1240 (8.5,1) 
1 1030 (8 5,1) 710 (2 5,1) 583 (8 5 , - 1 ) 
2 897 (8 5,2) 960 (2.5,2) 418 (3 5,2) 
3 883 (8 5,3) 1065 (2 5,3) 498 (3,3) 
4 880 (8 5,4) 1100 (2 5,4) 522 (3,4) 
5 876 (8 5,5) 1095 (2 5,5) 525 (3,5) 
7 873 (8 5,7) 1080 (2 5,7) 513 (3,7) 

6 5 30 0 522 (8 5,1) - 5 1 2 ( 2 5 , - 1 ) 767 (85,1) 
1 629 (8 5,1) 426 (25,1) 371 ( 8 5 , - 1 ) 
2 546 (8 5,2) 594 (2 5,2) 263 (3 5,2) 
3 539 (8 5,3) 683 (2 5,3) 336 (3,3) 
4 538 (8 5,4) 725 (2 5,4) 374 (3,4) 
5 539 (8 5,5) 742 (2 5,5) 389 (3,5) 
7 538 (8 5,7) 742 (2 5,7) 390 (3,7) 

8 0 30 0 357 (85,1) -343 ( 2 5 , - 1 ) 524 (8 5,1) 
1 424 (8 5,1) 285 (2 5,1) 259 ( 8 5 , - 1 ) 
2 368 (8 5,2) 407 (2 5,2) 183 (3 5,2) 
3 363 (8.5,3) 484 (2 5,3) 249 (3,3) 
4 364 (8 5,4) 531 (2 5,4) 292 (3,4) 
5 365 (8 5,5) 556 (2 5,5) 317 (1,5) 
7 365 (8 5,7) 566 (2 5,7) 326 (1,7) 

9.5 30 0 254 (8 5,1) -245 ( 2 5 , - 1 ) 374 (8 5,1) 
1 301 (8 5,1) 202 (25,1) 186 (8 5 , - 1 ) 
2 260 (8 5,2) 290 (2 5,2) 131 (3 5,2) 
3 258 (8 5,3) 348 (2 5,3) 180 (3,3) 
4 259 (8 5,4) 384 (2 5,4) 219 (3,4) 
5 259 (8 5,5) 407 (2 5,5) 234 (1.5) 
7 259 (8.5,7) 412 (2 5,7) 243 (1,7) 

outer wheel path, where, according to analysis, the higher 
Stresses, o-j., are found in the transverse direction. Contrary 
to this, in the case of an 8-in slab loaded by 30-kip single-
axle load (Fig. 30) , the first cracks appear near the middle 
of the slab panels These cracks are in the transverse 
direction, exactly where the analysis (Fig. 25) shows the 
highest stresses. Some cracking appears later in the 
vicinity of the joints to reflect the presence of high princi
pal stress differences, o-j — 0-3. 

Secondly, i f the critical stresses fo r each loading case and 
slab are plotted versus the number of load repetitions, 
^ 2 5, needed to reduce the serviceability index to 2.5, a 

unique relationship results for all slabs, regardless of type 
of loading (F ig . 31) . 

This most significant finding confirms the soundness of a 
rational, mechanistic approach to design of rigid pavements. 
I t demonstrates beyond doubt that failure in pavement per
formance is not a phenomenon of chance, as some statisti
cal approaches tend to suggest, but a phenomenon that has 
a definite mechanical cause. 

I t can be shown that the data in Figure 31 can be fitted 
by 

N „ = 225,000 (/ , /o-)* (17) 
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SLAB 
THICK! 
h 
( I N . ) 

DISTANCE M A X I M U M (r« M A X I M U M <r. M A X I M U M (<ri-<r3) 
A X L E np pniQT 
L O A D , 

yjr r 1 
W H E E L , 

M A G N I  M A G N I  M A G N I 

Q y T U D E T U D E T U D E 

( K I P S ) ( F T ) ( L B / I N . ' ) p o s m o N ( L B / I N . " ) P O S I T I O N ( L B / I N . " ) POSITION 

32 - 2 895 ( 3 , - 2 ) (3,2) 816 ( 3 , - 2 ) (3.-I-2) 399 ( 3 , - 1 ) ( 9 , - 1 ) 
- 1 964 ( 3 , - 1 ) ( 9 , - 1 ) 786 (3,3) (9,3) 513 (3,1) (9,1) 

0° 881 (3,4) (9,4) 752 (3,5) (9,5) 1280 (3,1) (9,1) 
1 1050 (3,1) (9,1) 812 (3,5) (9,5) 516 ( 3 . - 1 ) ( 9 , - 1 ) 
2 905 (3,2) (9.2) 838 (3,2) (9,2) 352 (3,4) (9,4) 
3 879 (3,3) (9,3) 847 (3,3) (9,3) 348 (3,5) (9,5) 
4 869 (3,4) (9,4) 831 (3,4) (9,4) 351 (3,5) (9.5) 

32 - 2 482 (3,2) (9.2) 409 (3,2) (9,2) 239 ( 3 , - 1 ) ( 9 , - 1 ) 
- 1 514 ( 3 , - 1 ) ( 9 , - 1 ) 410 (3,3) (9,3) 293 (3,1) (9,1) 

0 ' 506 (3,1) (9.1) 389 (3,4) (9,4) 695 (3,1) (9,1) 
1 575 (3,1) (9,1) 480 (3,5) (9,5) 327 ( 3 , - 1 ) ( 9 , - 1 ) 
2 498 (3,2) (9,2) 513 (3,6) (9,6) 217 (6,2) 
3 487 (3,3) (9,3) 543 (3,7) (9,7) 232 (6,3) 
4 482 (3,4) (9.4) 546 (3,4) (9,4) 231 (6,4) 

48 - 2 441 (3,2) (9,2) 357 (3,2) (9,2) 229 ( 3 , - 1 ) ( 9 , - 1 ) 
- 1 471 ( 3 , - 1 ) ( 9 . - 1 ) 367 (3,3) (9,3) 272 (3,1) (9,1) 

0" 473 (3,1) (9,1) 355 (3,4) (9,4) 631 (3,1) (9,1) 
1 527 (3,1) (9,1) 473 (3,5) (9,5) 318 ( 3 , - 1 ) ( 9 , - 1 ) 
2 458 (3,2) (9,2) 532 (3,6) (9,6) 216 (1,6) (11,6) 
3 450 (3,3) (9.3) 562 (3,7) (9,7) 258 (6,3) 
4 448 (3,4) (9,4) 578 (3,4) (9,4) 274 (6,4) 

48 - 2 299 (3,2) (9,2) 231 (3,2) (9,2) 161 ( 3 , - 1 ) ( 9 , - 1 ) 
- 1 319 ( 3 , - 1 ) ( 9 , - 1 ) 245 (3,3) (9,3) 186 (3.1) (9,1) 

0" 325 (3,1) (9,1) 244 (3,4) (9,4) 437 ( 3 , - 1 ) ( 9 , - 1 ) 
1 356 (3,1) (9,1) 350 (3,5) (9,5) 227 ( 3 , - 1 ) ( 9 , - 1 ) 
2 310 (3,2) (9,2) 414 (3,6) (9,6) 201 (1,6) (11,6) 
3 306 (3,3) (9,3) 450 (3,7) (9,7) 234 (1.7) (11,7) 
4 307 (3,4) (9,4) 461 (3,8) (9,8) 247 (1,8) (11,8) 

48 - 2 212 (3,2) (9,2) 162 ( 3 , + 2 ) (9,-f-2) 115 ( 3 , - 1 ) ( 9 , - 1 ) 
- 1 227 ( 3 , - 1 ) ( 9 , - 1 ) 173 (3,2) (9,2) 128 ( 3 , - 4 ) ( 9 , - 4 ) 

0" 231 (3,1) (9,1) 174 (3,4) (9,4) 313 ( 3 , - 1 ) ( 9 , - 1 ) 
1 253 (3,1) (9,1) 253 (3,5) (9,5) 163 ( 3 , - 1 ) ( 9 , - 1 ) 
2 220 (3,2) (9,2) 303 (3,6) (9,6) 151 (1,6) (11,6) 
3 218 (3,3) (9,3) 307 (3,7) (9,7) 178 (1,7) (11,7) 
4 218 (3,4) (9,4) 340 (3,8) (9,8) 187 (1,8) (11,8) 

48 - 2 161 (3,4) (9,4) 117 (3,2) (9,2) 91 ( 3 , - 1 ) ( 9 , - 1 ) 
- 1 172 ( 3 , - 1 ) ( 9 , - 1 ) 130 (3,3) (9,3) 114 ( 3 , - 4 ) ( 9 , - 4 ) 

0 ' 177 (3,1) (9.1) 136 (3.4) (9,4) 243 ( 3 , - 1 ) ( 9 , - 1 ) 
1 191 (3,1) (9.1) 209 (3,5) (9,5) 130 ( 3 , - 1 ) ( 9 , - 1 ) 
2 167 (3,2) (9,2) 258 (3.6) (9,6) 144 (1.6) (11,6) 
3 168 (3,7) (9,7) 287 (3.7) (9,7) 172 (1,7) (11,7) 
4 167 (3,8) (9,8) 296 (3,8) (9,8) 181 (1.8) (11,8) 

3.5 

6.5 

9.5 

11 

• Joint 

in which /<, represents, as before, tensile strength of the 
pavement slab material in bending. (For A A S H O slabs, 
/ , = 790 l b / i n . 2 , see Table 4.) 

I t is important to remember that a- represents the maxi
mum combined tensile stress in the pavement slab caused 
by traffic load, Q, moving in the anticipated average wheel 
path position. ( I n existing design procedures <r is computed 
as the absolute maximum stress caused by loads placed i n 
some extreme positions such as slab edge or slab comer.) 
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APPLICATIONS, CONCLUSIONS, AND RECOMMENDATIONS 

IMPLICATIONS FOR DESIGN 

Chapter One is devoted to a critical review of existing 
theories of structural behavior of rigid pavements. These 
theories differ principally in the mpdel selected to represent 
the subgrade supporting the pavement slab. Two principal 
models are being used—the elastic-isotropic solid, charac
terized by a modulus of deformation, Eg, and a Poisson's 
ratio, f,, and the Wmkler subgrade, characterized by a 
coefficient of subgrade reaction, k 

It IS shown that, with a suitable selection of coefficient k, 
theories based on the Winkler model for the subgrade can 
furnish adequate answers also for slabs resting on a sub-
grade behaving as an elastic solid. However, there is no 
single value of k that can give perfect agreement of all 
statical influences in a particular case, unless the subgrade 
thickness is limited to a maximum of 2 5 stiffness radii of 
the slab. The following analytical expressions are presented 
for evaluation of k for a slab of thickness h and with de
formation characteristics E, v, resting on a subgrade of 
depth H, with deformation characteristics E„ v 

(a) Subgrade of infinite depth (//-*oo) 

t„ = 0 . 9 1 / j / £ . d - - ^ ' ) E, 
E ( l - p / ) {\-v,nh 

In simplified form. 

(b) Subgrade of finite depth < 1.38 I") 

(8) 

(9) 

(14) 

The existence of a unique relationship, such as Eq. 17, 
for all rigid pavements of the AASHO Road Test has addi
tional general implications regarding rigid pavement design. 
Considering the fact that the pavement stress, a-, is found to 
be proportional to wheel load, Q, and inversely propor
tional approximately to the 1.25 power of the slab thick
ness, h (39E, p. 192) the following general relationship 
between principal variables in the AASHO Road Test can 
be established: 

(18) 

in which C is a constant. 

This equation suggests that slab thickness should be in
creased as the fifth root of the anticipated number of load 
applications. This means, for example, that under other
wise equal circumstances the pavement life may be in
creased 1 8 times by adopting 9-in. instead of 8-in. slab 
thickness, and 3 times by adopting 10-in. instead of 8-in. 

slab thickness. At the same time the pavement life can be 
reduced to one-half by adopting 7-in. instead of 8-in. slab 
thickness. 

It also follows from Eq. 18 that the AASHO pavement 
life varied as the fourth power of the concrete strength. 
This points out the importance of quality of materials in 
pavement construction: a 10 percent increase in strength 
may mean 50 percent increase in pavement life, and a 
20 percent increase in strength may mean doubling the 
pavement life. At the same time, a 10 percent reduction 
in concrete strength may mean reducing the pavement life 
to 65 percent of the normal expectation, and a 20 percent 
reduction in strength may mean reducing the life to 40 per
cent of the normal expectation. 

Eq 18 may give a rational basis for evaluation of effects 
of overload and mixed traffic on pavement life. A con
sistent 10 percent overload may reduce the pavement life 
almost 1.5 times; a consistent 20 percent overload may 
reduce the pavement life to one-half the normally expected 
time. One application of double load is equivalent to 16 
applications of normal load; at the same time, 16 applica
tions of the half-load in a mixed traffic should be equivalent 
to one application of normal load. Also, 6,500 applications 
of a 2-kip axle load should be equivalent to one application 
of an 18-kip axle load. 

The analyses leading to Eq. 17 furnish also a rational 
basis for evaluation of equivalency of single and tandem 
loads under much more general conditions than was possi
ble in the past With such an expression it becomes pos
sible to predict in a rational way what would be the effect 
of using, on a certain pavement, tandem axle loads with 
different axle spacing or with a different distance between 
extreme wheels. Moreover, it becomes possible to predict 
with somewhat greater certainty the potential life of a rigid 
pavement subjected to traffic by a new vehicle, which may 
be of entirely different characteristics than any other vehicle 
used in the past on similar pavements. Thus, the theoretical 
findings presented in this study have a potentially great 
practical importance. 

CONCLUSIONS 

The principal conclusions reached in this research project 
can be summarized as follows: 

1. Failure in rigid pavement performance is not a phe
nomenon of chance, as some statistical approaches tend to 
suggest, but a phenomenon that has a definite mechanical 
cause. The results of this study confirm that the tensile 
stress in the pavement slab caused by the moving loads 
represents the best indicator of pavement performance. 
This finding lends support to the basic design philosophy of 
most existing theoretical methods of rigid pavement design. 

2. The over-all response of the AASHO subgrade to 
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loads transmitted through the pavement slabs can be ade
quately simulated by the response of an ideal homogeneous, 
isotropic, elastic (Hookean) solid, represented by two de
formation characteristics—modulus of deformation, 
and Poisson's ratio, v,. A reasonable simulation of sub-
grade response can also be achieved by using the Winkler 
model, represented by a coefficient of subgrade reaction, k 
(used in the well-known Westergaard theory). However, 
there is no single value of k that can yield perfect agree
ment of all statical influences such as bending moments, 
shearing forces, contact pressures, and deflections. 

3. A simple relationship (Eq 8) has been derived to 
correlate the coefficient of subgrade reaction, k, that gives 
good agreement of bending moments across the slab with 
deformation characteristics of the subgrade and the slab 
material. This relationship suggests that the coefficient of 
subgrade reaction, k, for a particular location, such as that 
of the AASHO Road Test, should not be a constant depend
ing on the soil type only, but a variable quantity that is 
inversely proportional to the slab thickness, h. This im
portant finding is confirmed by many measurements and 
observations made in the AASHO Road Test. 

4. The over-all suitability of the Wmkler subgrade model 
for analysis of rigid pavement slabs is better i f the com
pressible subgrade extends to a limited depth under the 
pavement slab. As long as the depth of compressible sub-
grade remains smaller than about 2.S stiffness radii of the 
slab. I t is possible to find a single value of k (given by 

Eq 14) that will yield good agreement of all statical in
fluences, including both stresses and deflections of the slab. 

5. Eq. 18, relating the ultimate number of axle-load 
applications, N^^, to the flexural strength of pavement 
material, /„, thickness of pavement slab, h, and the magni
tude of axle load, Q, suggests that the pavement life should 
increase in proportion to the fourth power of strength of 
slab material, and to the fifth power of slab thickness. At 
the same time the pavement life should decrease in inverse 
proportion to the fourth power of the axle load. Eq. 18 
oflFers a new rational basis for evaluation of an equivalent 
number of axle-load applications for rigid pavements sub
jected to mixed traffic. 

SUGGESTED RESEARCH 

In the light of findings of this investigation it would be 
highly desirable to develop rapid procedures for evaluation 
of stresses in pavement slabs resting on an elastic-isotropic 
solid and subjected to arbitrary surface I6ads. In view of 
the widespread use of the Westergaard theory, additional 
experimental verifications of dependence of the coefficient 
of subgrade reaction, k, on slab dimensions and thickness 
of the compressible subgrade are also needed, preferably 
from large-scale model or full-scale tests under carefully 
controlled conditions. Most of all, additional observations 
of relationships between principal parameters affecting rigid 
pavement performance in actual field conditions would be 
of great interest. 
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APPENDIX A 

FINITE ELEMENT METHOD OF ANALYSIS OF SLABS RESTING ON SOIL 

The classical differential equation of bending of a thin plate 
resting on an elastic subgrade is usually written in the 
form (33): 

+ 2 -1-9A:2 33;= ^ Zy ( A - 1 ) 

m which w IS the deflection of the plate at any point (x,y); 
D IS the flexural stifl'ness of the plate, given earlier (Eq 5 ) ; 
q(x,y) is the external lateral unit load on the plate (positive 
downwards), and p(x,y) is the reactive pressure of the 
subgrade. Assuming that the reactive pressure, p, is pro
portional to the deflection, w, at the same point (Winkler's 
hypothesis), Eq A-1 is transformed into 

+ 2 ; 
9-<v 

Solutions of this equation can be obtained with reasonable 
effort by conventional methods as long as the slab and the 
subgrade are assumed to be continuous and homogeneous. 
However, pavement slabs often contain discontinuities such 
as joints and cracks and may possess only partial subgrade 
support It has been shown by Hudson and Matlock (50 , 
5 / ) that the analysis of such slabs can conveniently be 
made by using a finite element approach, first suggested by 
Newmark (49). 

All the slab analyses made in the present investigations 
have been based on such an approach and follow closely 
the method developed by Hudson and Matlock. The basic 
finite element model used is shown in Figure A - 1 . A typi
cal nodal point is shown in Figure A-2. The axial deform-
ability and the Poisson's effect of slab elements are repre
sented by elastic blocks. The torsional stiffness of the ele
ments IS represented by torsion bars. It should be noted 

that the slab so conceived is of orthotropic behavior in any 
single element; however, there may be arbitrary differences 
in individual stiffnesses of different elements. The reaction 
of the subgrade is represented by elastic springs under nodal 
points The free-body diagram of a nodal point showing 
all the unknown internal forces of the system is shown in 
Figure A-3 Figure A-4 shows a plan view of the slab 
model with the numbering system used. 

The equation of vertical equilibrium of a nodal point 
requires that 

Qi, + V„f + V,/ - V,f - V,/ - Si,, w,,, = 0 ( A - 3 ) 

The shearing forces, V, in this equation can be e 'aluated in 
terms of bending and twisting moments, which in turn can 
be expressed by their finite-difference equivalents in terms 
of deflections of adjacent points. After all transformations 
Eq. A-3 appears as a linear equation containing unknown 
deflections of 1 3 nodal points clustered in a rhomboidal 
array around the considered nodal point i,j: 

at,j H-.j-s + b,j J., + Ctj y., + dtj 
%, W,.,.,- + f i j Wi^.j + gij - I - hij w^^^ i 

+ Wx^2., + qu Wi.,,,-^, - I - r,,, w^j^i + Sij 

+ h,i W i j , , = ( A . 4 ) 

in which coefficients a through u are given by the following 
terms: 

( A - 5 ) 

^ hjr ( " " ^ " ^ - ' . i + "^yD'i.l-i + C\, - I - C\i) 

(A-6) 
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Torsion Bar t 

Rigid Bors 

Elastic Block 

Figure A-1. Finite element model of a plate or slab {after Hudson and Matlock, 50). 

Bar d 

Bar 0 Bar b 

Bar c 

Figure A-2. Typical ]oint (i, j) taken from finite-element slab model (after Hudson and Mat
lock, 50) 

+ C\i + CV, . , + C\i + CVi . , ) - ^ 
"v 

1 

(A-7) 

(A-8) 

(A-9) 

(A-10) 

- i - C%, + C^.,,, - I - C + 0 -1- C\i + Cv, 

(A-11) 

i+i,y (A-12) 



Bar b 

Bar a 

Figure A-3. Free body of slab mesh point {after Hudson and Matlock, 50). 
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Figure A-4. Plan view of slab model showing all parts with generalized numbering system (after Hudson and 
Matlock, 50). 
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(A-13) 

(A-14) 

+ C^^^.j,,) (A-15) 

equations such as Eq. A-4. This can be done with reason
able ease by using an alternating-direction-recursive tech
nique described by Hudson and Matlock (50). The pro
gram for the present analysis, written in FORTRAN 2 
language, is based on consideration of two 12 X 15-ft pave
ment slab panels connected by a doweled joint (Fig. A-5) . 
With 595 nodal points spaced 1 f t in both x and y direc
tions, the program requires storage of about 120,000 words. 
All the computations were performed on the IBM 360 
system of the Triangle Universities Computation Center in 
Durham, N.C. 

(A-16) 

« i j = Qi.l - ( T \ , - T%,j) - (Tv^,, - Ty^j,,) 

(A-18) 

The symbols in these equations are defined as follows: 

C\j = torsional stiffness of the slab element /,/ about the 
X axis (Ib-in.); 

C\j = torsional stiffness of the slab element i,j about the 
y axis (Ib-in.); 

D\f = flexural stiffness of the slab element i.j about the 
X axis (Ib-in.); 

D\, = flexural stiffness of the slab element i , ; about the 
y axis (Ib-in.); 

Qij = external load applied at point 
Si I = subgrade reaction acting on the slab element i.j 

(Ib/in.) ; 
P'ij = axial load acting on the slab element in the x 

direction ( lb) , 
P^ij = axial load acting on the slab element in the y 

direction ( lb); 
hx = distance between adjacent nodal points in the x 

direction (in.) ; 
hy = distance between adjacent nodal points in the y 

direction (in.); 
Vxj, = Poisson's ratio indicating strains in the x direc

tion due to stress m the y direction; and 
= Poisson's ratio indicating strains in the y direc

tion due to stress in the x direction. 

The unknown deflections, iv̂ y, at nodal points can be 
determined by solving the appropriate system of linear 
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Figuie A-5. Plan of slab panel used for computations. 
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