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FOREWORD 
This RECORD will be of interest to soils engineers and designers concerned with the 
theories of pavement design and performance, pipes and culverts, reinforced earth, 
and bearing capacities. 

Allen and Thompson in their study of resilient response of granular materials show 
that the existing state of stress significantly influences the resilient modulus determina­
tion and that factors such as load duration, stress sequence, and repetitions have neg­
ligible effect. Poisson's ratio is greatly overestimated in the normal constant confin­
ing pressure test but can be more accurately expressed as a function of the principal 
stress ratio. McLean and Monismith found through repeated load test studies that, 
within the range studied, subgrade stiffness appeared to have little influence on the ac­
cumulation of pavement deformations in the asphalt-bound layer, and the effect of the 
stiffness of the asphalt concrete itself was significant. Kennedy made a study of 
the variation, both within the project and the state, of tensile strength, modulus of 
elasticity, and Poisson's ratio for black-base materials in an effort to provide limits 
of variability for projected tensile and elastic pavement design systems. It was con­
cluded that a useful single variation value could not be established for the state because 
characteristic values were project dependent. 

Spannagel, Davis, and Bacher present the analysis of large-scale field studies of 
flexible pipe culverts that led them to recommend that the ring compression method 
with a safety factor of 4 and a 70 percent increase in density be adopted for future 
designs. 

Chang, Forsyth, and Beaton make a recommendation based on field performance 
records that reinforced earth embankments be designed using Rankine's state-of-stress 
theory and a newly introduced strain ehergy principle. 

T.innoh 'lnrl f"!-roonotoin rloc('l-riho "l mAf-hnrl fnr rlAh:::ll"rninincr tho f'll"'itif"'"ll ho"l-rinIT f'l'lY\"lf"t--- ·--- .. - --- -- ----... ----- --... --- .... - ....... --------- --- --------------0 ---- -------- ...... ------0 -r--
ity of a footing on saturated, undrained clays. Failure is shown to occur to the sur­
face when it is determined by depth-dependent anisotropic strength properties than 
when it is determined by previously accepted theories. Krizek and Alonso present a 
new solution to the analysis of the deformational behavior of beams on nonhomogeneous 
bases. Strict limitation on differential settelements may impose additional require­
ments to refine the ordinary analysis and be able to present a probabilistic answer 
with greater confidence. 
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RESILIENT RESPONSE OF GRANULAR MATERIALS 
SUBJECTED TO TIME-DEPENDENT LATERAL STRESSES 
John J. Allen, Department of Civil Engineering, 

United States Air Force Academy; and 
Marshall R. Thompson, Department of Civil Engineering, 

University of Illinois at Urbana-Champaign 

Present methods of determining the resilient parameters (modulus of defor­
mation and Poisson's ratio) of granular materials for use inthe analysis of 
pavement structures subjected to moving wheel loads are based on the results 
of laboratory repeated-load triaxial tests in which the minor principal stress 
(chamber pressure) is held constant. However, as a wheel load moves over 
an element-of an actual pavement structure, the element is subjected to both 
time-dependent lateral and vertical stresses. The purpose of this study was 
to determine the effects of this nonconstant state of stress on the observed 
resilient properties of granular materials. Based on the current literature, 
certain factors thought to affect the resilient properties of granular materials 
were identified. Among these factors, which were later investigated during 
the laboratory phase, were density level, type of material, load duration, and 
number of load repetitions. Nonlinear, finite-element analyses of typical 
pavement sections were used to establish typical horizontal and vertical 
stress pulses. The characteristic stress pulses were used to test specimens 
during the laboratory investigation. It was shown that factors such as load 
duration, stress sequence, and number of repetitions have negligible effects 
on the resilient parameters. Nonlinear regression analyses of the labora­
tory data indicated that the resilient modulus is significantly influenced by the 
state of stress in the material and may be expressed as a function of the first 
invariant of the stress tensor. Poisson's ratio maybe expressed as afunc­
tion of the principal stress ratio. The effects of density and material type 
are small compared withthe stress-dependent effects. The resilient mod­
ulus determined by the constant-confining-pressure test was found to vary 
insignificantly from that determined by the variable-confining-pressure test. 
However, the constant-confining-pressure test data greatly overestimate 
Poisson's ratio because of the anisotropic nature of the material and the 
greater volume change that is observed in that type of test. 

•ACCURATE prediction of the fatigue life of flexible pavements depends on proper as­
sessment of stress and strain in the pavement under moving loads. Accuracy in pave­
ment structural analysis has been facilitated by finite-element analytical techniques and 
layered, elastic computer solutions. But, paving materials must be characterized for 
use with these computer techniques. Therefore, efforts have been made to determine 
essential stress-strain relations for pavement components. 

OBJECT 

The object of this research was to assess the effects of nonconstant lateral pressures 
on the resilient response of granular materials. Predictive equations for material 

Publication of this paper sponsored by Committee on Strength and Deformation Characteristics of Pavement 
Sections. 
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stiffness and Poisson's ratios were developed and are considered accurate for use in 
various analytical techniques, insofar as they are applied to the proper boundary value 
problem. That is, these are pseudoelastic material parameters that define the response 
of an unbound granular base-course material to stresses applied at typical vehicle 
speeds. These results are not intended to serve as a model for predicting accumulated 
plastic deformations (rutting). But, they have direct application to the problem of pre­
dicting transient, "resilient" pavement deflections, and, therefore, serve as a step 
toward the successful prediction of flexible pavement fatigue life. 

Despite the knowledge of the heavy influence of confining stresses on the resilient 
parameters, there have been no published results of tests where lateral stresses were 
varied simultaneously with axial stress on a time scale that would simulate transient 
wheel loadings. Because this condition represents the stress that occurs in an actual 
pavement structure subjected to moving wheel loads, the purpose of this research was 
to simulate field conditions in the laboratory by repeated-load, variable-confining­
pressure, triaxial tests. 

STRESS PULSES IN FLEXIBLE PAVEMENT SYSTEMS 

Three pavement structural sections were analyzed by a nonlinear finite-element 
technique: 

1. A runway section consisting of 3 in. (7.6 cm) of asphalt concrete, 6 in. (15.2 cm) 
of granular base, 15 in. (38.1 cm) of granular subbase over a subgrade with a CBR 
equal to 4; 

2. A highway section consisting of 3 in. (7.6 cm) of asphalt concrete, 6 in. (15.2 cm) 
of granular base, 10 in. (25.4 cm) of granular subbase over a subgrade with a CBR 
equal to 4; and 

3. An "inverted" section similar to the highway section except that the granular sub­
base was replaced by a 10-in.- (25.4-cm-) thick lime-stabilized subgrade layer. 

A uniform surface pressure of 100 psi (690 kPa) distributed over a circular area with 
:i 10-in {2~ 4-rm) r:irlin~ =~ :innlii>rl tn th,:, r1mUr.:tv ~Pf'tinn Fnr th,:, nth,:,r ?. ~,:,,.t;nn~ 
the surfa~e press~re wa; 80 ps/(i52 kPa)-~d-th~--;adi~~-;;_-s 6 i~. -(i5~2-~~)~ -All ____ _ 
material properties were chosen as representative values that were determined from a 
literature survey. 

For all 3 sections, the shapes of the stress distributions were related to their depth 
within the section. The major principal stress pulse and the vertical stress pulse, 
although generally sinusoidal, were peaked more sharply in the upper part of the base 
course and had shallower slopes in the lower base and subbase. Major principal 
stresses are always greater than vertical stresses, except directly under the center of 
the load where they are equal. Therefore, the major principal stress pulse was some­
what longer than the vertical stress pulse. This difference increased with depth. 
Barksdale reported the same trends (2). 

Radial and minor principal stress pulses were similar in shape for the runway and 
highway sections. These pulse shapes also were related to depth within the system. 
In the upper portions of the base, these pulses were more or less flat-topped. In the 
extreme upper portion of the base the stresses were not exactly under the center of the 
load, but at a slight radial offset. Both types became more sinusoidal as depth in­
creased. 

Analysis of the inverted section revealed significant changes in stress distributions. 
Although the vertical and major principal stress pulses were the same shape as those 
for the highway section, their magnitudes were as much as 100 percent greater through­
out the granular layer. More significant, though, was the drastic increase in the radial 
and minor principal stresses throughout the granular layer of the inverted section. The 
reduction in confining pressure beneath the center of the load was eliminated completely 
and a sinusoidal pulse shape resulted. The magnitude of the minor principal stress 
pulse directly under the load increased by 500 to 800 percent. As discussed by Allen, 
the increased stress levels in the granular layers of the inverted section exert signifi­
cant influence over the load response of the pavement structure (!). The use of a buried 
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stabilized layer is 1 method of exploiting the stress-dependent nature of granular paving 
materials to the designer's advantage. 

The half-sinusoid was selected as the basic pulse shape for this study because it is 
the most general shape of all stress distributions and because most standard laboratory 
function generators, in combination with hydraulic testing equipment, can apply it. 
Simulation of stress at various depths within the granular layer was accomplished by 
varying the pulse duration and magnitude. 

LABORATORY TESTING PROGRAM 

Materials 

The following materials were tested during this study: 

1. A well-graded crushed limestone, 
2. A well-graded siliceous gravel, and 
3. A blend of the gravel and limestone. 

The blend was obtained by adding equal percentages of the crushed stone and gravel on 
the No. 4 sieve to the gravel material passing the No. 4. The maximum size of the 
aggregate was 1% in. (3.81 cm) with 5 percent passing the No. 200 sieve. The plasticity 
index was 5 for the crushed stone and 9 for the gravel. All specimens were prepared to 
the same gradation. 

Specimen Preparation 

All specimens were prepared on the chamber base plate by drop-hammer compaction 
in a 6- by 12-in. (15.2- by 30.5-cm) split mold that attached to the base plate by tie rods 
and wing nuts. The hammer had a 2.0-in. (5.1-cm) diameter striking face, weighed 10 
pounds (4.5 kg), and had a fall of 18 in. (45.7 cm). Specified densities were attained by 
varying the number of layers per specimen and the number of blows per layer. 

Each specimen was encased in 2 latex membranes to prevent leakage during the test. 
This procedure was effective because when moisture contents were determined after 
testing, they varied only minimally from the original moisture contents. 

Nine specimens were tested during the primary test series (3 materials and 3 density 
levels). Table 1 gives the properties of the specimens. The high density and accom­
panying moisture content given in Table 1 corresponded to maximum density and opti­
mum moisture resulting from an AASHO T 180 compaction. The low density and opti­
mum moisture content corresponded to the maximum density and optimum moisture 
from the AASHO T 99 test. The intermediate levels were moisture-density values be­
tween the peaks of the 2 compaction curves. 

Because the object of this study was to compare the response of the specimens to the 
2 types of stress pulses (variable and constant confining pressures), and because these 
were nondestructive tests, only 1 specimen of each material at any density level was 
tested. The preliminary test series indicated that any 1 specimen could be tested at all 
stress levels without significantly affecting the results. This procedure eliminated the 
possibility that unplanned specimen-to-sp-ecimen variations in density and moisture con­
tent would occur. 

Testing Equipment and Instrumentation 

The laboratory investigation portion of this study was conducted at the U. S. Army 
Corps of Engineers Construction Engineering Research Laboratory at Champaign, 
Illinois. The unique aspect of this study, that is, the requirement that the triaxial 
chamber confining pressure be varied simultaneously with the axial load, was satisfied 
by a closed-loop testing system. Axial stress was applied to the specimen through a 
hydraulic-actuated piston. The chamber pressure was varied by a hydraulic-actuated 
piston that reacted directly on the chamber fluid; water, in this case. Program input 
was provided by 2 function generators, 1 connected to the axial load controller and the 
other connected to the confining pressure controller. It was necessary to use 2 function 
generators to allow for a slight delay in the confining pressure pulse. This delay was 
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caused by compressibility of the chamber fluid and friction loss in the line connecting 
the chamber and the chamber pressure supply. This procedure made it possible to 
apply lateral and axial stress pulses to the specimen simultaneously. 

The axial load was monitored by a load cell mounted on the test frame above the tri­
axial chamber. Chamber pressure was monitored by a pressure transducer installed 
at the base of the triaxial chamber. Axial deformation was measured over the central 
half of the specimen by 2 optical trackers. 

Radial deformation was measured by sensors [4-in.- (10.2-cm-) diameter, disk­
shaped coils of wire] that were mounted at midheight of the specimen and held in place 
by a 2-in.- (5.1-cm-) wide rubber strip cut from a triaxial membrane. 

A dial gauge mounted on top of the triaxial chamber and a linear variable differential 
transformer on the actuator of the test frame were used to monitor nonrecoverable de­
formations and provided a backup system for obtaining resilient strain data. All stress 
and deformation data were recorded on an 8-track oscillograph printer. 

Preliminary Tests 

To aid in designing the primary test series, the following 3 preliminary tests, de­
scribed in detail by Allen (1), were carried out on the crushed stone and gravel 
specimens: -

1. A stress history test in which the specimens were subjected to 10,000 stress rep­
etitions at 2 stress levels; 

2. A stress sequence test in which the specimens were subjected to 100 stress rep­
etitions at each of several increasing and decreasing stress levels ; and 

3. A stress pulse duration test in which the pulse duration was varied from 0.04 to 
1.00 second. 

These tests on both material types yielded results similar to those reported by 
Hicks (8). Specifically, the resilient response of these materials after 25 to 100 stress 
repetitions represented the response determined after several thousand stress repeti­
tions; 1 specimen could be used to measure the resilient response over a wide range of 
stress levels, and these stresses could be applied in any order; and, the resilient re­
sponse of these materials was affected only minimally by variations from 0.04 to 1.00 
second in stress pulse duration. 

Based on the preliminary test results, the stress levels given in Table 2 were se­
lected for the primary test series. They were applied to each specimen in the order 
given and had a pulse duration of 0.15 sec and a frequency of 20 repetitions per min. 

PRIMARY TEST SERIES 

Methods of Computing Resilient Modulus , Er , and 
Resilient Poisson 's Ratio , lit 

The resilient modulus, as computed from results of constant-confining-pressure tri­
axial tests (CCP tests), is the ratio of the repeated deviator stress, cr1-cr3 , to recover-
able axial strain E" • The resilient Poisson's ratio is the ratio of recoverable lateral 
strain E" t to recoverable axial strain, E" •• This method of computation is the same 
as would apply to an isotropic , linear, elastic matel'ial w1der uniaxial stress conditions. 
The nature of the CCP test, in which the specimen consolidates under a constant cham­
ber pressure before the dynamic increment of stress is applied in the axial direction, 
has led to general acceptance of this method of determining resilient parameters. How­
ever, the nature of the variable-confining-pressure triaxial test (VCP test), in which 
lateral stress is applied dynamically and simultaneously with axial stress, is such that 
to compute the resilient modulus as described above would ignore the effect of Poisson's 
ratio on axial strains and overestimate the modulus. Therefore, it was necessary to 
use the 3-dimensional stress-strain relations for isotropic, linear, elastic material: 
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Table 1. Test specimens. 

Moisture Saturation 
Specimen Material Density (lb/ft3

) (percent) (percent) 

HD-1 Crushed stone 138.0, high 5.7 78 
MD-1 Crushed stone 134.0, intermediate 6.3 73 
LD-1 Crushed stone 130.0, low 7.0 70 
HD-2 Gravel 139 .4, high 6.3 82 
MD-2 Gravel 134.0, intermediate 6.5 74 
LD-2 Gravel 131.0, low 6.7 69 
HD-3 Blend 139 .5, high 6.3 88 
MD-3 Blend 134.5, intermediate 6.8 78 
LD-3 Blend 131.0, low 7.2 74 

Note: 1 lb/ft3 = 16 kg/m3 • 

Table 2. Test schedule. 

Stress Level (psi) Stress Level (psi) 
Confining Confining 

o, o, o,/o, Pressure o, o, o,/ o, Pressure 

2 8 4 Variable 8 56 7 Variable 
2 12 6 Variable 8 12 1.5 Constant 
2 16 8 Variable 8 24 3 Constant 
2 8 4 Constant 8 40 5 Constant 
2 12 6 Constant 8 56 7 Constant 
2 16 8 Constant 11 22 2 Constant 
5 10 2 Constant 11 44 4 Constant 
5 15 3 Constant 11 66 6 Constant 
5 25 5 Constant 11 22 2 Variable 
5 35 7 Constant ' 11 44 4 Variable 
6 45 9 Constant 11 66 6 Variable 
5 10 2 Variable 15 25 1.6 Variable 
5 15 3 Variable 15 45 3 Variable 
5 25 5 Variable 15 60 4 Variable 
5 35 7 Variable 15 75 5 Variable 
5 45 9 Variable 15 25 1.6 Constant 
8 12 1.5 Variable 15 45 3 Constant 
8 24 3 Variable 15 60 4 Constant 
8 40 5 Variable 15 70 4.7 Constant 

Note: All stress levels were applied for 100 repetitions. One pulse duration of 0. 15 second was used. 
1 psi = 6.89 kPa. 

Table 3. Regression equations for E, models from primary test data. 

Model, E, = f (9) Model, E, = f (a,) 
Type 
of Correlation Standard Correlation Standard 

Specimen Test Equation Coefficient Error Equation Coefficient Error 

HD-1 VCP 6,6359°·" 0.930' 3,144 18,0100~·2
• 0.669' 6,338 

MD-1 VCP 1, 7939°·'0 0.992' 1,463 8, 556a~' 57 0.794' 7,014 
LD-1 VCP 2, 113e0

·" 0.982' 2,058 8,41oo!'·" 0.819' 6,227 
HD-2 VCP 7, 7669°·" 0.767' 3,996 18, 480of-" 0.515° 5,338 
MD-2 VCP 6, 9959°·33 0.906' 2,202 15, 738af·" 0.664' 3,897 
LD-2 VCP 1,6139°'89 0.973' 2,033 7,9240~· 51 0.781' 5,473 
HD-3 VCP 6, 8919°·"' 0.980' 2,035 18,951o!'·" 0.832' 5,638 
MD-3 VCP 7 7259°·" 0.981' 1,042 15, 8060~·" 0.841' 2,890 
LD-3 VCP 4' 5629°· 43 0.856' 3,367 14, 516of·" 0.498° 5,648 
HD-1 CCP 2'.3769°·" 0.997" 1,149 12,4540~·55 0.845' 7,896 
MD-1 CCP 4 9289°·" 0.973' 1,950 14,254o!'"39 0.872' 4,115 
LD-1 CCP 3: 0839°·" 0.962' 3,132 11, 068a~·" 0.909' 4,813 
HD-2 CCP 4, 5969°·" 0. 741' 8,063 11, 1280~·54 0.803' 7,157 
MD-2 CCP 8,0169°·31 0.803' 3,551 14, 729of'" 0.838' 3,247 
LD-2 CCP 2, 8499°·" 0.882' 4,289 8, 517or55 0.916' 3,641 
HD-3 CCP 5,9899°·" 0.932' 4,254 16,433af·" 0.922' 4,542 
MD-3 CCP 6 4598°·37 0 .829' 3,977 13, 3790~·37 0.873' 3,471 
LD-3 CCP 2:9660°·60 0.882' 4,962 9,07Qc:7f•59 0.914' 4,260 

8Significant at a= 0.001. bSignificant at a• 0.01. c:Significant at a= 0,05. 
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Table 4. Regression equations for v, models from primary test data. 

Type of Correlation 
Specimen Test V, = f (c,1/c,,) Coefficient 

HD-1 VCP 0.62 - 0.19 (c,,/ c,,) + 0.04 (c,1/c,,)' - 0.002 (c,, /o,'t' 0.907. 
MD-1 VCP 0.47 - 0.07 (c,,/c,3) + 0.02 (c,1/c,,)2 - 0.001 (o,/o;f 0.838" 
LD-1 VCP 0.60 - 0.14 (c,,/c,,) + 0.02 (01/c,,)2 - 0.0007 (o./c,,'f' 0.881" 
HD-2 VCP -0.12 + 0.45 (c,./c,,) - 0.09 (o,/c,,)' + 0.005 (o,/o,)' 0.645b 
MD-2 VCP 0.46 + 0.01 (c,1/0,) - 0.01 (01/0,)' + 0.002 (oa/o,1' 0.889" 
LD-2 VCP 0.70 - 0.22 (ai/o,) + 0.04 (a1/o,)2 - 0.002 (oa/o,)' 0.925" 
HD-3 VCP 0.49 + 0.01 (a1 / a,) - 0.01 (o,/a,)' + 0.001 (o, la,i' 0.766" 
MD-3 VCP 0.50 - 0.02 (a,/o,) - 0.003 (a./a,)' + 0.0006 (o,/a,l' 0.561' 
LD-3 VCP 0.52 - 0.07 (a,/a,) + 0.006 (a1/c,,)2 + 0.0002 (o./a,'j' 0.840" 
HD-1 CCP -0.17 + 0.30 (01/a,) - 0.04 (01/c,,)2 + 0.002 (ai/o,'I' 0.895" 
MD-1 CCP 0.29 + 0.12 (a,/o,) - 0.01 (a,/ad + 0.0006 (a,la,)' 0.746" 
LD-1 CCP -0.01 + 0.28 (c,./c,3) - 0.04 (a.la,)' + 0.002 (o,/c,,)' 0.723" 
HD-2 CCP -0.14 + 0.46 (01/ 0,) - 0.06 (a,/0,)

2 + 0.003 (o'j,j/ 0.429' 
MD-2 CCP 0.95 - 0.22 (a,/c,3) + o.o,i (,n/0,)2 - 0.002 (o, o, 0.654b 
LD-2 CCP -0.04 + 0.32 (o,/o,)'- 0.05 (o,/c,,)2 + 0.003 (o./o,'i' 0.953" 
HD-3 CCP -0.16 + 0.37 (o,/a,) - 0.05 (01/a,)2 + 0.003 (a./a,'f' 0.868° 
MD-3 CCP -0.02 + 0.27 (01/c,,) - 0.03 (c,1 / a,)2 + 0.001 (c,1/c,,)3 0.828" 
LD-3 CCP -0.09 + 0.36 (oi/c,,) - 0. 05 (c,,/ 0,)2 + 0.003 (c,, / c,, )3 0.729" 

'Significant at a= 0 .. 001. bSignificant at a= 0.01. csignificant at a= 0.02. dSignificant at a= 0. 1. 

Figure 1. VCP test results-E, = f(O) 
model, specimen MD-1 . 

Figure 2. VCP test results-v, = f (o1 /o3 ) 

model, specimen LD-2. 
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1 
£ = -E (a - 2v a) a a r r 

r 

1 
£, = -E [a - v (a + a)] .,_, a r a r 

r 

where 

a = axial stress, 
aa = radial stress, 
£ r = recoverable axial strain, 
£;==recoverable lateral (radial) strain, 
E == resilient modulus, and 
i/::: resilient Poisson's ratio. 

r 

Statistical Analysis of Data 

The VCP and CCP test data were analyzed by using linear regression techniques. 

7 

(1) 

Er and v were cori-elated with stress parameters a3; ai/a3; a1 - o-3 ; and e, the sum of the 
principaf stresses. Comparison of the correlation coefficients and standard errors of 
the various models made possible selections of the models that most accurately fit the 
laboratory data. The data were analyzed by nonlinear regression techniques and the 
following models resulted: 

E ::: K 9" 
r 

E = K' n ' 
r 0'3 

vr = b0 + b1(aJa3) + b2'aJa3)
2 

+ bs{aJa3)
3 

where 

K, n, K ', n ', and b ::: constants from regression analysis; 
9 ::: cr1 + 2a

3
; 

a3 = minor principal stress; and 
a1 = major principal stress. 

(2) 

The model for Er based on 0 yielded the highest correlation coefficients and lowest 
standard errors of all the models. But, the considerable scatter in the data associated 
with the a3 model resulted because it did not account for the effects of the axial stress 
on E . It is included because it has been proposed by other investigators. Tables 3 and 
4 give the results of the statistical analyses. 

Effects of Stress 

Primary test results demonstrated that the resilient material parameters were af­
fected much more significantly by changes in stress than by changes in any other factors. 
For example, the resilient modulus changed by as much as 400 percent over the range 
of stress encountered in a typical pavement system. The VCP and CCP test data show 
variations in the resilient modulus computed for different values of a1 at any 1 value of 
0"3, 

The. model relating Er to the first invariant of the stress tensor, e, reduced the 
scatter in the data by accounting for the effects of all 3 principal stresses. Figure 1 
shows this relation for intermediate density crushed stone, specimen MD-1. The higher 
correlation coefficients and lower standard errors associated with the e model as com­
pared to the cr

3 
model also were obtained for the other specimens. The increase in Er 

as e increasea is evident; Figure 1 indicates a 400 percent increase in E as e increased 
from 10 to 80 psi (69 to 552 kPa). Although data from only 1 specimen are presented in 
Figure 1, the same trends were evident from the results obtained for all specimens. 

The stress-dependent nature of the resilient Poisson's ratio is shown in Figure 2. 
The best fit to the laboratory data was obtained for all specimens by expressing v r as a 
function of a/a3 {Eq. 2). Figure 2 shows this relationship for the VCP test data from 
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low density gravel, specimen LD-2. Of interest is the relatively flat slope of the curve 
through the range 2 to 7. This indicates that, because this _range of stress ratios is 
typical of that found in pavement systems, pavement analyses that are based on a repre­
sentative constant value of Poisson's ratio for granular layers might be appropriate. 
The validity of this observation is strengthened by the fact that the VCP test results for 
all specimens yielded for the same range of a/ a

3 
Poisson's ratio values very close to 

those shown in Figure 2. 
Figure 3 shows v r values from the CCP test on the same specimen as shown in Fig­

ure 2. This figure, typical of the CCP results for all specimens, differs in 2 respects 
from the typical VCP results shown in Figure 2. First, the curve is concave downward 
throughout the range of interest, whereas the curve in Figure 2 is concave upward. 
Second the values of "• are much higher( > 0.50) throughout the same range of a1/a3 
for the CCP results than for the VCP. This contrast may indicate that the CCP test 
conditions caused the specimen to undergo more volume change than did the VCP test. 

Effects of Density 

The effects of variations in dry density, y
4

, on Er are shown in Figure 4. In general, 
density effects were more pronounced at lower values of e than at higher values. As 
Figure 4 indicates, there was a general trend of increasing E, values as y

4 
increased. 

The convergent regression lines in Figure 4 reveal that, at large values of 9, lower 
density specimens may exhibit stiffer load response than higher density specimens. 

The VCP test data showed very slight differences in v values for various density 
levels. High density specimens bad lower values of v, than did the lower density spec­
imens, although there were exceptions. For the gravel and blend specimens, the low 
density specimens showed lower v. values except at the upper extreme of o/a3 values. 
No trends were evident from the CCP data, except that vr, obtained from the CCP test, 
was always greater than that obtained from the VCP test data. Again, this would seem 
to indicate that greater volume changes are caused by the CCP test conditions. 

Effects of Type of Material 

Figure 5 shows the effects of type of material on the resilient moctUlus. The mter­
secting regression lines indicate that the differences in the moduli for different ma­
terials were functions of stress. For all specimens the crushed stone generally yielded 
greater values for the resilient modulus than did the gravel throughout the entire range 
of evalues. 

The VCP test results indicate almost identical values of v. for all 3 materials at the 
lowest density level. There is not much difference between the regression lines for the 
other density level specimens, but gravel displayed consistently higher values of 
Poisson's ratio than did crushed stone or blend material. Again, the relatively flat 
nature of the regression curves from 2 to 7 was noted. 

The CCP test data show considerably more variation in v. values for different ma­
terial types, but no firm conclusions can be reached. Crushed stone displayed the 
lowest values of v for the high and low density specimens, but gravel yielded the highest 
values for the high density specimens, the intermediate values of v. for the low density 
specimens, and the lowest Poisson's ratio for the intermediate density specimens. 
Here, too, the CCP test results yielded consistently higher values of Poisson's ratio 
than did the VCP results. 

Plastic Deformations 

Although no direct attempts were made to measure the plastic (nonrecoverable) de­
formations associated with the individual stress pulses, data are available that show 
total plastic deformations accumulated by each specimen throughout the test series.(!.). 
These data indicate that nonrecoverable deformations associated with the CCP test ex­
ceeded those associated with the VCP test for every specimen. 



Figure 3. CCP test results-v, = f(a1/a3) 
model, specimen LD-2. 

Figure 4. VCP test results-E, = f (0) 
model, specimens HD-2, MD-2, and LD-2. 

Figure 5. VCP test results-E, = f (0) 
model, specimens LD-1, LD-2, and LD-3. 
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Figure 6. VCP and CCP test 
results-E, = f(O) model, specimen MD-1. 

Figure 7. VCP and CCP test 
results-E, = f(O) model, specimen HD-2. 

Figure 8. Comparison of VCP and 
CCP test results-E, = f(O) model, 
specimens HD-3 and MD-3. 
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Anisotropic Behavior 

Elastic isotropic materials cannot have a Poisson's ratio value in excess of 0.5. 
However, as was reported earlier, the CCP test results yielded values of l)r con1:1istently 
in excess of O. 5. Certainly, a percentage of the large lateral deformations involved are 
due to the nonuniform stress and strain states within the specimens; but, it can also be 
assumed that these results indicate anisotropic behavior by granular materials. The 
same conclusion has been reached by Moore, Britton, and Scrivner (9}; Barksdale and 
Hicks (4); and Dehlen (5) . -

At principal stress ratios cri/ o3 , in the range from 2 to 7, which is typical of those 
thought to exist in granular layers of flexible pavement systems, this anisotropic be­
havior was not observed in the VCP test series, as evidenced by the consistently lower 
Poisson's ratio values. However, at stress ratios approaching hydrostatic conditions, 
the measured lateral deformations were so large as to be incompatible with isotropic 
material properties. This indicates that the stiffness of the material was less in the 
lateral direction than in the axial direction. Dehlen (5) reported similar cross-isotropic 
behavior of sands. Despite the evidence of some degree of anisotropic properties of the 
materials tested, the VCP test data indicate that, in the proper range of stress states, 
such behavior only minimally influences the results. 

Comparison of VCP and CCP Test Results 

Test results for the crushed stone and gravel materials indicate that the CCP test 
yielded slightly higher values of Er throughout the range of e values for the intermediate 
and low density specimens than did the VCP test. This was also true for the low density 
blend specimen for values of e greater than 15 psi (103 kPa). The difference in E. 
values in each case was maximum for values of e near 10 psi (69 kPa), the lower ex­
treme for e. At this point, the CCP test on the intermediate density crushed stone 
specimen showed E to be approximately 50 percent greater than the VCP test data in­
dicated. This diffe~ence diminished as e increased because the regression lines con­
verged at higher e values. However, the differences in E for the other specimens were 
considerably smaller, 30 percent at maximum. Figures 6 and 7 show the variation in 
Er for the CCP and VCP test data derived from specimens MD-1 and HD-2. 

Similar results were obtained from the high density crushed stone and gravel speci­
mens . For gravel, the CCP and VCP test regression lines intersected at a e value near 
17 psi (117 kPa); so for most of the range of interest the CCP test results yielded higher 
values of Er. But for the crushed stone specimen, the point of intersection was at a e 
value of 35 psi (241 kPa). 

For 2 specimens, the high and intermediate density blend specimens, the VCP and 
CCP test data resulted in almost identical regression lines for Er' as shown in Fig­
ure 8. 

It would appear that, in general, the CCP test data overestimated the resilient mod­
ulus as compared to the VCP test data. However, 2 observations should be made. 
First, this phenomenon was not observed for all specimens. Second, in the cases where 
it did occur, the magnitude of the difference in Er was not constant because of the inter­
secting or convergent nature of the regression lines; therefore, the magnitude of the 
difference depends on the value of e for which the values of Er are calculated. The dif­
ferences in the results of the 2 types of test may or may not be significant for pavement 
response to load because the modulus throughout the granular layers was dete1·mined 
from existing stress. The significance of these differences in predictive equations for 
Er is discussed by Allen ( 1). 

The CCP test data for all specimens yielded significantly higher values for the re­
silient Poisson's ratio than did the VCP data, which indicates correspondingly greater 
volume change. It can be shown that the volumetric strain of a specimen, t:,,. v/v, is equal 
to the first invariant of t11e strain tensor, ( 

1 
+ 2 E" 

3
, for the triaxial test specimen. De­

tailed test data (not included in this paper) showed that at almost all stress levels applied 
during the CCP test, the t:,,. v / v calculated from the sum of the principal strains would 
indicate that the specimen increased in volume . However, applying the same procedure 
to the VCP test results would show little, if any, volume increase. Therefore, the 
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conditions of the CCP test are such that inordinate degrees of volume change are im­
poRP.d on the specimen, thereby yielding results that erroneously overestimate Poisson's 
ratio. 

CONCLUSIONS 

Conclusions derived from the results of this investigation are as follows: 

1. The resilient response of well-graded granular materials was independent of 
stress pulse duration. Therefore, any pulse duration in the range of those applied to 
pavement element s by wheel loads moving al speeds of about 15 to 70 mph (24 to 113 
km/ h) may be used in laboratory investigations. 

2. The resilient response of a specimen determined after 25 to 100 stress repe­
titions was representative of the response after several thousand stress repetitions. 

3. One specimen may be used to measure the resilient response over the entire 
range of stress levels. fu addition, the stress sequence tests revealed that these stress 
levels could be applied to the specimen in any order without error. 

4. The testing variable that affected the resilient response of the granular speci­
mens most significantly was the applied state of stress. The stress-dependent nature 
of the resilient parameters is typified by the form of the predictive equations for Er 
and v (Eqs. 1 and 2). 

5~ Variations in the dry density of the specimen affected the resilient parameters. 
fu general, the resilient modulus increased as density increased. Poisson's ratio 
showed no consist ent variation with changes in density. The values or vr were very 
similar for all specimens at corresponding values of a/ a3 for the VCP test . 

6. The effects of type of. material on the resilient parameters ware s light when 
compared to the effects of changes in stress. fu general, crushed stone yielded slightly 
higher values of E than did gravel. The modulus of the blend material was normally 
between those of the other mate r ials. Poisson's ratio varied only minimally from one 
material to another. The values of vr calculated for the gravel normally exceed those 
for the crushed stone. 

7 . Indi~ations of anisotropic behavior were observed for both the CCP and VCP 
tests. Although it was not possible to measure the stiffness in both the lateral and axial 
directions, it appeared that each specimen wa s less stiff lat erally . 

8. As compared to the VCP test, the CCP tes t greatly overestimated Poisson's 
ratio. Most likely, some of the large lateral deformations obs erved were due to non­
uniform stress and strain within the specimen. But, because the VCP test yielded 
values of vr in the range of 0.35 and 0.40, conditions of the CCP test could impose 
greater amounts of volume change on the s pecimens , as indicated by the computed 
values of vr consistently in excess of 0.50. 

9. Values of t he resilient modulus computed from CCP test data exceeded E values 
computed from the VCP tests for most stress levels. The magnitude of the diffe~ence 
was itself a function of stress and, thus, nonconstant. 

10. Although the CCP test yielded unacceptably high values of Poisson's ratio, the 
use of a cons tant value from vr for granular paving materials in the range of 0 .35 to 0.40 
adequately represented this parameter for pavement analysis. This conclusion is based 
on the relatively flat slope of the regression line for vr over a range of o/ o3 from 2 to 7. 

Before conclusions can be drawn regarding the s ignificance of the variations in 
res ilient parameters obta ined by diffe rent test procedures (CCP or VCP) , it is first 
necessary to examine these differences in the context of their effects on the response of 
a pavement structure to wheel loadings. 
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ESTIMATION OF PERMANENT DEFORMATION 

IN ASPHALT CONCRETE LAYERS DUE TO 
REPEATED TRAFFIC LOADING 

D. B. McLean, E. W. Brooker and Associates, Edmonton, Alberta, Canada; and 
C. L. Monismith .. Institute of Transportation and Traffic Engineering, 

University of California, Berkeley 

Methodology to permit estimation of permanent deformation (rutting) in 
pavement structures from repeated load triaxial compression and creep 
tests is discussed. Techniques to estimate the distortion characteristics 
of asphalt concrete and the use of these data together with linear viscoelastic 
theory to predict rutting in asphalt-bound layers of pavement structures 
are concentrated on. Although there is little field data to demonstrate the 
development of rutting with load repetitions under controlled conditions, 
Hofstra and Klomp have presented such data from test track studies. The 
use of the repeated load test data together with elastic theory gives the 
same form of relation of rut depth versus load applications measured by 
Hofstra and Klomp suggesting that the procedure has potential to examine 
this facet of design. When used to study the influence of various parameters 
on pavement response, this approach led to the following: Subgrade stiff­
ness appears to have little influence on the accumulation of rutting in the 
asphalt-bound layer, at least for the stiffness range examined; asphalt con­
crete stiffness exerts significant influence on rutting in the asphalt-bound 
layer; and rut depth in the asphalt layer is independent of layer thickness 
for rhe range examined. 'The procedure in which rhe creep resr was usea 
to estimate rutting provided estimates that were very small. Moreover, 
the shape of the rut depth versus the application relation determined by 
using this methodology did not resemble the form reported by Hofstra and 
Klomp. These observations require that a careful evaluation be made to 
ascertain the reasons for these apparent discrepancies. 

e!T is possible to analyze the pavement structure within a reasonable framework to 
ascertain effects of load and environmental factors on pavement response. After com­
paring the results of such analyses with the limiting response characteristics of the 
pavement materials or a predetermined condition (e.g., limiting rut depth or surface 
friction coefficient), pavement performance can be judged. Then, appropriate action 
can be taken to minimize specific distress modes. 

This paper is concerned with the distortion mode of distress and the permanent de­
formation (rutting) that results from repeated traffic loading. Renewed interest has 
developed in this phase of the design process as evidenced by the recent work of 
Heukelom and Klomp (1); Barksdale (2); Romain (3); Elliot (4); Elliot, Moavenzadeh, 
and Findakly (5); and Hofstra and Klomp (6). Figure 1 shows a subsystem of the pave­
ment design system that permits consideration of the distortion mode. This paper con­
centrates primarily on structural analysis estimating distortion characteristics, and 
distortion prediction. 

LABO RA TORY TEST PROGRAM 

The measurement of the permanent deformation characteristics of asphalt-bound 
materials (and other structural pavement materials) requires that the materials be 

Publication of this paper sponsored by Committee on Strength and Deformation Characteristics of Pavement 
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Figure 1. Distortion subsystem. 
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tested under representative service conditions, which include realistic stress states, 
times of loading, and temperatures. 

McLean (7) prepared a detailed analysis of loading and temperature conditions. Test 
conditions that resulted from this analysis are summarized briefly in the Appendix. 
Loading times had the same dependency as those suggested by Barksdale (2). 

To simulate different loading conditions, the repeated load triaxial-compression 
equipment developed by Dehlen (8) was used. Use of this equipment permited indepen­
dent application of axial and radial stresses in repeated loading. The Appendix contains 
a brief description of the equipment and procedures used to test asphalt concrete speci­
mens in repeated loading. 

Creep testing also was performed on asphalt concrete to be used in the predictive 
procedure, VESYS II, developed by the Federal Highway Administration (FHWA) to esti­
mate the accumulation of permanent deformation (9). This test procedure also is 
described in the Appendix. - · 

Test Results 

Results of repeated load tests over a range in temperatures are shown in Figures 2, 
3, and 4. Each figure shows a different type of test and associated terminology. The 
following are stress states and their locations for thick, asphalt-bound layers: 

1. Extension-near the surface, 
2. Compression-center of layer, and 
3. Tension-near the lower boundary. 

Interestingly, the slopes of the strain versus number of stress application curves were 
essentially the same regardless of the type of test used to induce the permanent de­
formation. 

The strain data shown in Figures 2, 3, and 4 were corrected for volume strains ac­
cording to the following relation: 

'E:~urr ~ ::ieasurea - Y~ [ ~ Y/YJ (1) 

where ~ V / V = volume strain. 
Axial creep compliance from extension tests over a range of temperatures is shown 

in Figure 5, Rather than use strain as in Figures 2, 3, and 4, a creep compliance was 
determined from the following: 

(2) 

where 

'¥E (t) = axial creep compliance, 
EA (t) = axial strain, 

(J A = applied axial stress, and 
aR = radial stress. 

Compression tests also were conducted; results were of the same form as shown in 
Figure 5. 

Analyses 

The technique used to estimate rutting fitted to data similar to the data shown in 
Figures 2, 3, and 4 the following third order polynomial by using a least squares pro­
cedure: 

log EP = Co+ C1 log N - C2 (log N)2 + C3 (log N)3 (3) 



Figure 3. Compression test 
results, 85 F. 

Figure 4. Tension test results, 
100 F. 
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where 

(P = plastic strain (corrected for volume change) and 
N = number of stress applications. 

The influences of stress state, time of loading, and temperature are reflected in the 
coefficients Co, C1, C2, and C3, 

In developing the least squares relationships it was found that the polynomials were 
very sensitive to the first and last data points. To reduce the sensitivity, the first 
data point (N = 1) was eliminated because seating errors tended to influence the initial 
readings. Because the majority of tests were stopped at less than 10,000 repetitions, 
the data were linearly extrapolated to N = 105 to control the fit at large numbers of 
repetitions; this must be considered a suitable technique until additional data become 
available. 

For this mix, analyses of the data do not indicate any apparent trends with tempera­
ture, stress level, stress direction, or elastic strain for the coefficients C1, C2, and C3. 
Unfortunately, however, no analyses were performed to define the independence of the 
coefficients or their interdependence. The results of the analyses are as follows: 

Coefficient 

C1 
C2 
C3 

Mean 

0.85 
0.013 

-0.14 

Standard Deviation 

0.14 
0.006 
0.06 

The coefficient Co (in this case, the logarithm of permanent deformation resulting 
from initial load application) appeared to depend on a number of factors including stress, 
strain, and temperature. To combine the influence of stress and strain on Co at a 
particular temperature the following relationship was developed: 

(4) 

where 

d = 10c0, permanent strain at first load repetition; 
CJd aA - aR, stress difference in triaxial compression; 
(. = elastic strain; and 

K, n = experimentally determined coefficients. 

Figure 6 shows data and regression lines that conform to Eq. 4 for axial and radial 
deformations including both extension and compression results. This form permits 
making an estimate of permanent deformation in pavement structure that results from 
an applied load at the surface, 

Data from the repeated load tests can be examined in other ways. To illustrate the 
variations in total, elastic, and permanent strain, data for the specimen whose per­
manent strain characteristics are shown in Figure 4 are plotted in Figure 7. The 
permanent strain per load application relationship shown in this figure was obtained 
by differentiating the curve of the form of Eq. 3, which had been fitted to the data of Fig­
ure 4. In Figure 7, after about 100 stress repetitions, the permanent strain per cycle 
was small. 

ANALYSIS OF PAVEMENT STRUCTURES 

To estimate permanent deformation from repetitive traffic loading, Heukelom and 
Klomp (1), Barksdale (2), and Romain (3) suggested the elastic layer theory to compute 
stresses and strains. They also suggested using these values to estimate permanent 
deformations from appropriate constitutive relationships. Viscoelastic layer theory, 
together with creep data incorporated in an analysis such as that developed by Elliott 
et al. (4) and included in the FHWA program VESYS II, can be used also to estimate 
permanent deformation. 



Figure 6. Repeated load triaxial compression test results. 
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Elastic Analysis 

In this procedure the elastic layer program CHEV 5L and the relationships rep­
resented by Eqs. 3 and 4 were used. For simplicity, the computations were done for a 
2-layer system (asphalt concrete directly on subgrade) and for a load applied to a 
single circular area. The procedure suggested by Barksdale (2), where the layer under 
consideration is subdivided into a series of layers, was followed. Computations were 
performed at 1-in. (2.5-cm) intervals throughout the depth of the upper layer and at the 
boundaries-all on the axis of the loaded area. Also, the upper layer was assumed to 
have a constant stiffness modulus. 

To permit the use of Eqs. 3 and 4 it was first necessary to compute ad and E:o of Eq. 4. 
These were determined, as shown in Figure 8, with the aid of the computer program by 
assuming 

and 

E:o = E:v 

where 

av vertical stress, 
aH horizontal stress (radial and tangential stresses are equal for the condition 

analyzed), and 
E: v vertical strain. 

These values were then used for a number of load repetitions to compute permanent 
strains, which, in turn, permitted permanent deformation in the layer to be obtained 
from the relation 

where 

n 
I: (E:~.::l Z1) 
i=1 

I? = rut depth or permanent deformation in the upper (asphalt-bound) layer and 
E:t = permanent strain in subdivided layer (Fig. 8). 

(5) 

(6) 

(7) 

A series of pavement systems were studied by this procedure to ascertain the influence 
of various factors on the accumulation of permanent deformation. 

To ensure that the procedure under investigation was reasonable, rut depth versus 
number of load repetitions obtained under controlled conditions by Hofstra and Klomp 
(§_) was included for comparison. Their data were obtained by subjecting an 8-in. 
(20-cm) layer of asphalt concrete resting directly on a subgrade to a 1, 500-lb (6 700-N) 
wheel load with a contact pressure of 70 psi (485 kPa) in a laboratory test track. About 
200,000 load repetitions were applied at a temperature of 86 F (30 C). 

Computations were made by using the procedure described above with the same asphalt 
concrete stiffness as that reported by Hofstra and Klomp, 155,000 psi (1 070 MPa), and 
the same subgrade modulus, 28, 000 psi (193 MPa). The mix tested by Hofstra and 
Klomp contained a 40-50 penetration asphalt cement and was considered an overasphalted 
mix because it had less than 2 percent air voids. The mix whose data were reported in 
the previous section contained an 85-100 penetration asphalt cement and had a void con­
tent in tlle r ange of 4 to 6 percent. At tb.e 86 F (30 C) temperature and time of loading 
reported by Hofstra and Klomp, this mix exhibited a stiffness of 2. 5 x 10 5 psi (17 200 
MPaL In a comparison of the results the fo rm of the load-deformation relationship 
is more important than the absolute magnitude of the deformations. 

Table 1 contains the parameters used in the computations for 5 cases. Results of 
these computations are shown in Figure 9 for comparison with the Hofstra and Klomp 



Table 1. Data used for sensitivity studies 
of permanent deformation estimation. 

Figure 9. Rut depths, computed data 
versus Hofstra and Klomp data. 

Figure 10. Stress and strain distributions. 
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Coefficients of 
Equation 4 Coefficients of Equation 3 

Condition 

1. Mean 
2. K. .. , + 10 percent 
3. K..,. + 10 percent 
4. Max. of range 
5. Min. of range 

K 

0.37 
0.41 
0.37 
0.37 
0.37 

n 

0.66 
0.66 
0.72 
0.66 
0.66 

C1 

0.85 
0.85 
0.85 
1.23 
0.62 

C, 

-0.14 
-0.14 
-0.14 
-0.33 
-0.035 

C, 

0.013 
0.013 
0.013 
0.032 
0.0027 
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data. Although the mixtures were different, the shapes of the curves were similar, 
indicnting the potential of this procedure. 

Figure 10 shows the distribution of elastic stresses and strains and permanent 
strains with depth for the mean condition given in Table 1 (at N = 5,000 stress applica­
tions for permanent strain). In Figure 10 the distribution of permanent strain is 
similar in shape to the distributions of stress difference and elastic vertical strain. 
Hofstra and Klomp observed that the distribution of permanent strain was fairly uniformly 
distributed in the layers of each section of the laboratory test track pavements. A 
number of factors might contribute to this difference. For example, time of loading 
was assumed constant with depth (constant stiffness modulus). The analyses of Barks­
dale (2) and McLean (7) indicated an increase in loadi11g time with depth, which, in 
turn, reduced the stiffness. As will be seen, this could influence the distr ibution of 
permanent strain. 

To examine the influence of material characteristics, temperature, and pavement 
thicknes s , a s eries of solutions was developed by using this procedure. Two subgrade 
stilinesses-5,000 psi (34 500 kPa) and 10,000 psi (69 000 kPa) -were used. The stiff­
ness versus temperature relationship shown in Figure 11 was used for the asphalt 
concrete layer. [The time of loading of 0.011 sec corresponds to that associated 
with the vertical stress at intermediate depth in a 12-in. (30. 5-cm) layer for a vehicle 
speed of 60 mph (27 m/ s) (7).J The other factors are given in Table 2. Mean values 
for the coefficients C 1, C2, and C3 as given in Table 1 were used. Computations were 
made for a 4, 500- lb (20 000-N) wheel load with a contact pressure of 80 psi (550 kPa). 

The influence of the stiffness of the asphalt concrete on rut depth is shown in Fig­
ure 12. Reducing the stiffness by a factor of 2 increased the permanent deformation 
more than proportionally, indicating that the influence of stiffness modulus of the as­
phalt concrete was substantial and that the procedure recommended for stiffness esti­
mation using the characteristics of the asphalt in the mix (.!l., 12), considered accurate 
within a factor of 2, requires careful evaluation for use in this part of the design process. 

Figure 13 shows, at least for this set of circumstances [h1 = 12 in. (30.5 cm)], that 
the subgrade stiffness had practically no effect on the accumulation of permanent de-
1" ... ~"H"n ln f-hc <>cinh<>lt f'nnf'l"<>t<> 1<1111>1" "Rnt R11hO'r<1nA RtiffnARR Will influence the total 

p~rma~ent deformation at the pave~ent surfa'.ce (a= factor not considered in this analysis); 
and, for a given thickness, h1, total deformation will increase as the stiffness is reduced. 

The influence of layer thickness on permanent deformation within the asphalt-bound 
layer is shown in Figure 14 to be minimal. This same result was reported by Hofstra 
and Klomp in their laboratory test track study. This comparison as well as those 
illustrated earlier indicates that the elastic theory for stress and strain distribution 
and a constitutive relationship determined from laboratory repeated load tests have the 
potential to assist in estimating permanent deformation accumulation in thick, asphalt­
bound layers. 

Viscoelastic Analysis 

In this section the VESYS II procedure was used to examine the accumulation of 
permanent deformation in the same structure discussed in the previous section. 

This procedure used a creep compliance determined from laboratory tests. Two 
conditions were used for compliance determination-compression and extension. Table 
3 gives a summary of measured compliance values together with those determined 
from equations that were fit to the data. The 2 test techniques resulted in different 
compliance values, which, in turn, influenced rut depth prediction. 

Results of the first part of the program are given in Table 4 and form the basis for 
subsequent calculations. Deflections computed from the data are shown in Figure 15 
as a function of time for a 4, 500-lb (20 000-N), single-wheel load with a contact pres­
sure of 80 psi (550 kPa). In this system, the thickness of the asphalt layer (h1) was 
taken as 12 in. (30 .5 cm), and the subgrade modulus was assumed to be 5,000 psi 
(34 500 kPa). 

In the portion of the program estimating the accumulation of permanent deforma­
tion, the time of loading (load assumed to vary with time as a Haversine function), t, 



Table 2. Factors used in deformation analysis. 

Figure 12. Influence of stiffness modulus on 
permanent deformation. 

Temperature 
(F) 

72 
85 

100 
114 
126 

E1 
psi X 106 

1.0 
0.51 
0.225 
0.1 
0.05 

0.21 
0.28 
0.36 
0.43 
0.50 

Note: ' C = 5/9 ('F · 32). 1 psi = 6.9 kPa. 

Coefficients of 
Equation 4• 

K 

0.22 
0.32 
0.44 
0.56 
0.63 

n 

0.62 
0.66 
0.70 
0.73 
0.76 

ai.o is 11 function of mixcurc stiffness or temperature or both. 
hoependent on temp1ti.ra wre (see Fig. 6) . 
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Table 3. Axial creep compliance values, measured and fitted. 

Compression, 85 F Compression1 100 F Extension, 
Time 
(sec) Measured .. Fitted' Measured" Fitted' Measured" 

0.1 4.1 7.1 13.5 16.6 4.1 
0.5 11.0 22.9 
1.0 15.5 15.1 32.0 29.1 13.0 
5.0 29.2 49.8 
10 34.5 34.0 55.0 55.3 39.0 
50 45.3 66.0 
100 48.8 49.2 69.5 69.3 85.0 
500 59.1 77.5 
1,000 65.0 63.5 82.0 81.1 140.0 
5,000 78.3 93.5 
10,000 86.0 86.5 101.0 101.0 222.0 
50,000 109.0 123.0 
100,000 112.0 126.0 

Note: ~C = ~/9 (°F. 32). Multiply compliance values by 0.145 to convert to 1/MPa. 

aThese values are in 10-6 in./in./psi. 

Table 4. Axial creep compliance data, coefficients for Dirichlet 
series. 

G, x 10-' 

6, Compression Compression 
(!/sec) (85 F) (100 F) 

50 1.9 :14.8 
5.0 -21.0 -33.8 
0.05 -16.5 -15.8 
0.005 -12.4 -10.6 
0.0005 -14.3 -10.1 
0.00005 -41.8 -40.7 
0 112.0 126.0 

Note: Dirichlet series equation is J(t) = :E Gi exp 6t 
i• 1 

"C • 'I, l'F. 32). 

Extension 
(85 F) 

-4.1 
-19.3 
-35.1 
-61.5 
-14.6 

-225.0 
360.0 

Figure 16. Computed permanent deformation versus 
number of load applications by using VESYS II; t = 0.25 
sec, T = 2.5 sec. 
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Figure 15. Computed deflection versus time. 
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and the total length of time before the next load is applied, T, are variables. Two 
conditions were used: 

1. t = 0.25 sec, T = 2.5 sec (Fig. 16) and 
2. t = 0. 50 sec, T = 1.0 sec (Fig. 17). 

25 

In Figures 16 and 17, the permanent deformations that were estimated were substantially 
less than those computed earlier for essentially the same conditions. Moreover, the 
accumulation of permanent deformation with number of load applications by this pro­
cedure did not exhibit the same shape as that observed in the studies of Hofstra and 
Klomp. The reasons for these differences are not clear. 

SUMMARY 

Two procedures to predict permanent deformation in asphalt-bound layers by using 
laboratory-determined materials response were presented. One used repeated load 
triaxial compression tests and elastic theory; the other used a static creep test and 
viscoelastic theory. 

Hofstra and Klomp presented data on rutting versus load repetitions under controlled 
conditions from studies on a laboratory test track. The repeated load test data and 
elastic theory provided the same form of relationship of rut depth versus load applica­
tions that was measured by Hofstra and Klomp. This suggests that the procedure can 
be used to examine this facet of the design problem. This approach, when used to study 
the influence of a number of parameters on pavement response, resulted in the follow­
ing observations: 

1. Subgrade stiffness appeared to have little influence on the accumulation of per­
manent deformation in the asphalt-bound layer-at least for the range in stiffnesses 
examined here; 

2. Asphalt concrete stiffness exerted a significant influence on rutting in the asphalt­
bound layer; and 

3. Like the measurements of Hofstra and Klomp, the calculation procedure indicated 
that rut depth in the asphalt layer was independent of layer thickness for the range ex­
amined. 

The creep test procedure estimated very little rutting. Moreover, the shape of the 
rut depth versus the application relationship determined by this methodology did not 
resemble the form reported by Hofstra and Klomp. These observations indicate that 
a careful evaluation must be made of this procedure to ascertain the reasons for these 
discrepancies. 

In the judgment of the authors, neither of the methods is suitable for present de­
sign inplementation. 
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APPENDIX 
TRIAXIAL COMPRESSION TEST PROGRAM 

Loading conctitions 

In this investigation the pavement was represented as a multilayer elastic system 
in which the material properties were varied to reflect their nonlinear response char­
acteristics. The magnitudes of applied str-esses that resulted from loads applied to dual 
tires lie within the shaded areas shown in Figure 18. Examination of varying stress 
at varying distances from a point provided an indication of the shape of the stress-time 
curve to be used. Recommended shapes are given in Table 5. Also included in this 
table are suggestions for the stress conditions to be utilized. Time of loading, t, data 
that are shown in Figure 19 and referenced in Table 5 indicate that the horizontal 
stress was usually longer than the vertical. This might exert a substantial influence 
on the deformation characteristics of asphalt concrete. 

Equipment 

The triaxial compression test system used in this phase of the investigation was de­
veloped by Dehlen (.!!_). In this system the axial and radial stresses can be indepen­
dently applied. This independence, as shown in Figure 21, was obtained by loading the 
specimen axially from the bottom with a loading area equal to that of the specimen; a 
Bellofram was used to seal the axial loading piston. Axial compression or tension was 
applied by a double-acting4-in.- (10.2-cm-)diameterBellofram piston. Radialpressure 
was obtained by filling the chamber with silicone oil and by applying air pressure to it 
through a Bellofram piston interface. 

A pneumatic timer control unit was developed for the system consisting of 4 pneu­
matic timer elements. Figure 22 shows how it functioned. Two elements were activated 
at the start of the cycle and provided signals of duration t1 and b Signal t1 was the 
"on-time" signal to either the axial or radial loading system. Signal b introduced a 
delay before the third element was activated. This element provided an "on" signal of 



Figure 18. Probable ranges of stress combinations in layer 
combinations in layer 1 (asphalt layer) of a 2-layer system. 
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Table 5. Summary of stress-time 
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Figure 20. Horizontal-vertical stress ratio at the 
base of layer 1 versus modular ratio of thl! 2 layP.rs. 
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Figure 22. Timer signal outputs. 
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duration h to the second loading element. The fourth timer element controlled the 
uff-luad uf the system. Times Li Lu l4 were adjustable from zero to 30 sec. 

Output signals from the timer involved only a small line flow of air, insufficient to 
operate large air valves. Therefore, a booster system was required as shown in Fig­
ure 23. By using this approach and maintaining short flow distances from air reservoirs 
to the loading pistons, rise times (time from zero to full load) could be reduced to 
0.007 sec. When longer load rise times were required, needle valves were introduced 
to control the air flow rates. Because of limitations imposed by valve response times, 
the minimum load duration that could be obtained was 0.035 sec. 

This equipment also was used for creep tests. For these tests the timer portion of 
the repetitive loading system was replaced by a digital clock reading to 0.01 min. The 
main air valves were operated by using electric solenoid valves. A main switch acti­
vated the solenoid valves and timer simultaneously. System components are shown in 
Figure 24. Use of high air pilot pressures resulted in rapid valve response times with 
the result that load rise times were less than 0.01 sec in all tests. Loading times of 
less than 1 min were measured by using the timer portion of the Sanborn recorder 
system. Times greater than 1 min were established from the digital clock. 

Deformations in the specimens were measured by using linear variable differential 
transformers firmly attached to the specimens. 

Procedures 

Repeated Loading-The 3 loading conditions studied in the laboratory were chosen 
because the pneumatic loading equipment could not completely simulate actual condi­
tions. These were 

1. Horizontal compression midway between the loaded areas (by extension tests); 
2. Horizontal stress near the point of zero (by unconfined compression tests); and 
3. Axial tension and radial compression with the same loading time at the base of 

the layer (by tension tests). 

Because of the time-dependent recovery properties of asphalt concrete, the amount 
of permanent deformation was expected to depend on the time interval between load 
applications. In preliminary tests deformation recovery approached zero at a cycle 
time of 6 sec. This value was selected for use in the study. 

Creep Loading-Prior conditioning influenced the response of asphalt concrete in 
creep loading. In this study the procedure that finally was adopted included the appli­
cation of a larger stress than that to be used in test for a period of 10 min followed by 
2 repetitions of the desired stress applied for a period of t5 min. Recovery times of 
1 to 1. 5 hours were allowed between each load application. Deformations from the 
second or third application were used to compute compliance relationships. The 2 
loading conditions were unconfined axial compression and axial extension. 



TENSILE AND ELASTIC CHARACTERISTICS OF 
BLACK-BASE MATERIALS 
Thomas W. Kennedy, Center for Highway Research, 

University of Texas at Austin 

This paper summarizes the findings of a study conducted to evaluate the 
tensile strength, modulus of elasticity, and Poisson's ratio of black-base 
materials and to determine the variations in these properties for use in 
elastic and stochastic pavement design systems. Field cores of black­
base materials from 10 recently completed highway pavement projects in 
Texas were tested by using the indirect tensile test. Mean values for the 
tensile and elastic properties were established, and the variation about 
these mean values was estimated. The average tensile strength, modulus 
of elasticity, and Poisson's ratio for all 10 projects were 105 psi (723.95 
kN/ m2

) , 58.2 x 103 psi (401.28 x 103 kN/m2
), and 0.27 respectively; how­

ever, the mean values for the individual projects varied considerably. 
Tensile strengths ranged from 84 to 157 psi (579.16 to 1082.48 kN/m 2

), 

moduli ranged from 38.6 x 103 to 91. 5 x 103 psi (266.14 x 10 3 to 630.87 x 
103 kN/ m2

) and Poisson's ratios ranged from 0.16 to 0.34. Significant varia­
tion also occurred in each project, and the magnitude of this project varia­
tion differed. The average coefficients of variation for the 10 projects 
were 23 percent for strength, 33 percent for modulus, and 25 percent for 
Poisson's ratio. The ranges of project coefficients for strength, modulus, 
and Poisson's ratio were 14 to 27 percent, 24 to 59 percent, and 38 to 67 
percent respectively. Because of the significant project differences, it was 
concluded that a single variation value could not be established for the state 
and that characteristic values were project dependent. 

•MOST current pavement design procedures are empirical and deterministic; they use 
exact values of input and present the results as exact values. At a 1970 workshop on 
the structural design of asphalt pavements (1), 1 of the areas of research considered 
the most pressing was the application of probabilistic or stochastic concepts to pave­
ment design. The workshop stated the problem as follows: 

So that designers can better evaluate the reliability of a particular design, it is necessary to de­
velop a procedure that will predict variations in the pavement system response due to statistical 
variations in the input variables, such as load, environment, pavement geometry, and material 
properties including the effects of construction and testing variables. As part of this research it 
will be necessary to include a significance study to determine the relative effect on the system 
response of variations in the different input variables. 

Other researchers (2) also have pointed out the need to apply probabilistic or sto­
chastic concepts to the design parameters of design models. Current research at the 
Center for Highway Research has developed a design procedure for flexible pavements 
(~, 1, ~. §_). Trial use of this design system by the Texas Highway Department revealed 
a definite need to consider the random nature of many of the input variables to esti­
mate design reliability, that is, the probability that the pavement system will perform 
its intended function over its design life and under the conditions encountered (~). 

Publication of this paper sponsored by Committee on Strength and Deformation Characteristics of Pavement 
Sections. 
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In response to this need, a theory and procedures have been developed based on 
classic reliability theory that will allow prohahilistir. rlP.si~n r.onr.epts to be applied to 
flexible pavement design (2). The method makes it possible to design for a desired 
level of reliability through-the consideration of the variabilities and uncertainties as­
sociated with pavement design. The probabilistic theory has been applied to the Texas 
flexible pavement system, which was originally a deterministic model. 

The state of the art has advanced to the point where, in addition to considering the 
stochastic nature of input variables, the theory of elasticity should be applied to design 
(7). The first step in this direction is determining the elastic and tensile properties 
of pavement materials in the roadway. If at the same time an estimate is made of the 
variations in these properties from point to point in the pavement and for different loca­
tions in the state, then a flexible pavement design system based on elastic theory and 
incorporating stochastic considerations can be developed and implemented. The pur­
pose of this paper is to summarize the findings of a study to estimate the magnitude of 
the tensile and elastic properties and the variation of these properties for black-base 
materials from actual pavements in Texas. 

EXPERIMENTAL PROGRAM 

The principal objectives of this investigation were 

1. To characterize black-base materials by tensile and elastic properties, speci­
fically by tensile strength, Poisson's ratio, and modulus of elasticity and 

2. To estimate the variation in these properties that can be expected for an in-place 
pavement, but not necessarily to establish the cause of the variation. 

To accomplish these objectives, field cores of black-base materials from 10 recently 
completed highway pavement projects in Texas were tested by using the indirect tensile 
test. Mean values for the tensile and elastic properties were established, and the varia­
tion about these mean values was estimated. The density of the black-base material 
also was estimated, and the variations about the means were computed. 

The total variation for the elastic and tensile characteristics is composed of many 
parts. 'Ynere 1s mherent mater1a1 var1at1on, anct some testing error, which is the varia­
tion that would occur when replicate specimens are prepared and tested under closely 
controlled laboratory conditions. In field construction additional variation probably 
would be introduced because the construction process is relatively uncontrolled. Addi­
tional variation also may be introduced during construction because of inherent mate­
rial variation as well as variation caused by the environment, changes in the constitu­
ents of the mix, changes in contractor or construction technique, and other factors. 
Both horizontal and vertical pavement variations will occur. For example, there could 
be differences between the various lifts of black-base and asphalt concrete; these dif­
ferences would be of interest because the lower portion of a pavement layer is subjected 
to the highest load-induced tensile stresses. 

To estimate the variation introduced by construction, we obtained core samples 
from a small area in each pavement. The scatter in test results from this "clustered" 
sample would then provide an estimate of the variation caused by construction, the in­
herent variation of the material, and testing. The total variation was estimated from the 
variation in test results for cores taken along each roadway and for cores from dif­
ferent projects. To estimate the properties and variation differences that occur ver­
tically or between layers, each core was sawed to produce specimens from each layer 
in the core. 

Projects Tested and Core Sampling 

A summary of the projects tested is given in Table 1. Figure 1 shows the geograph­
ical distribution of the Texas Highway Department districts from which the pavement 
cores were obtained. As given in Table 1, various black-base materials and different 
aggregates and asphalt were tested. 

Originally, it was planned that a small number of cores would be taken from selected 
paving projects throughout Texas. However, the Texas Highway Department routinely 



Table 1. Description of black-base projects. 

Asphalt 
District 
and Distance Weight 
Project Cores Specimens (miles) Type Percent Aggregate 

2-A 38 76 15.0 AC-20 5.5 Crushed limestone, field sand 
8-A 11 16 3.3 AC-20 5.5 to 6.2 Crushed limestone, sand, gravel 
13-A 11 14 8.0 AC-20 4.2 Pit-run gravel 
13-B 19 28 4.3 AC-20 4.0 to 4.9 Pit-run gravel 
13-C 13 16 3.0 AC-20 4.0 to 4.4 Pit-run gravel 
15-A 27 49 10.9 AC-10 5.1 Pit-run gravel 
17-B 50 100 19.1 AC-10 4 Brazos River gravel 

AC-20 4 Brazos River gravel 
18-B 6 12 0.9 AC-20 5.5 to 6.5 Pea gravel, field sand 
19-A 22 54 19 .3 AC-20 4.8 to 5.6 Gravel, crushed slag, sand 
19 - B 18 36 15.2 AC-20 4.3 to 6.4 Gravel, crushed slag, sand 

Note: 1 mile= 1.6 km. 

Figure 1. Texas highway districts from which black-base cores were obtained. 
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takes a large number of cores from newly completed pavements to determine pavement 
thickness. Because more information could be obtained by testing these ~orP.R than by 
testing a smaller number of cores taken solely for this study, arrangements were made 
with the Texas Highway Department to obtain cores from recently constructed pave­
ments that had not been subjected to traffic. 

As shown in Figure 2, the Texas Highway Department normally cores black-base 
pavement layers at regular intervals. But, when a section of pavement is encountered 
in which the thickness is less than design thickness, cores are taken at smaller regular 
intervals until the thickness reaches design thickness. Then, cores are taken at the 
larger intervals. These samples obtained in a systematic fashion can be considered 
random because the sampling does not coincide with any variation distribution that may 
exist in the pavement. 

One method of estimating the additional variation that results from construction 
would be to test cores clustered in the pavement. Considering the total length of a 
project, a group of cores obtained at very small intervals approximates a cluster and 
is the most economical approach for obtaining cores for most oroiects. Along-the­
road variation (variation during construction t hat results from-changes in pit source, 
weather, and the like) may be estimated from the cores obtained at large intervals. 

Specimen Preparation 

Both 4-in. (101.6-mm) and 6-in. (152.4-mm) black-base cores were tested. The 
cores were sawed at the interface between lifts; thus, each specimen represented 1 lift. 
Each specimen was approximately 2 in. (50.8 mm) thick. The paving projects were 
multilane roadways in which the 2 main directional lanes (for example, northbound and 
southbound) were treated as separate roadways. In addition, the various lifts were 
considered as separate roadways because they were constructed at different times 
during construction. 

Before testing, we measured and weighed the specimen to estimate density. 

Method of Test 

The tensile and elastic properties of the paving materials were estimated by using 
the indirect tensile test procedure originally recommended by Hudson and Kennedy (8) 
and later modified slightly by Hadley, Hudson, and Kennedy (!!_). The test involved -
loading a cylindrical specimen with compressive loads that acted along the vertical 
diametral plane as shown in Figure 3. To distribute the load and maintain a constant 
loading a rea, the compressive load was applied through a 1/rin. - (12. 7-mm-) wide steel 
loading strip, which was curved at the strip-specimen interface and had a radius of 
curvature equal to the radius of the specimen. The loading configuration shown in 
Figure 3 gave a relatively uniform tensile stress perpendicular to the direction of the 
applied load that ultimately caused the specimen to fail by splitting or rupturing along 
the vertical diameter. By measuring the applied load at failure and by continuously 
monitoring the loads and the horizontal and vertical deformations of the specimen, the 
tensile strength, Poisson's ratio, and modulus of elasticity of the specimen could be 
estimated. 

The basic test equipment used in this study was the same as that previously used at 
the University of Texas (t 10) and included a loading system and a means of monitoring 
the applied loads, the horizontal deformation of the specimen, and the vertical defor­
mation of the specimen (Fig. 4) . In this study, a closed loop electrohydraulic system 
was used to accurately control the deformation rate of 2 in. (50.8 mm) per min. All 
tests were conducted at a room temperature of approximately 75 F (23.9 C). 

The loading device that was used in this study was a modified, commercially avail­
able die set with uppe r and lower platens constrained to remain parallel during the test . 
Mounted on the uppe1· and lower platens were Y2-in. - (12. 7-mm-) wide curved steel load­
ing strips. The load was monitored with a load cell to obtain electrical readouts that 
could be recorded continuously. A device consisting of 2 cantilevered arms with strain 
gauges attached measured horizontal deformations. A direct-current, linear variable 
differential transformer measured vertical deformations and controlled the vertical 



Figure 2. Typical core sampling plan. 
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deformation rate during the test by providing an electrical signal related to the move­
ment between the upper and lower platens. The loads and defo1·matiu11s were monitored 
by 2 X-Y plotters; 1 recorded load and horizontal deformation and 1 recorded load and 
vertical deformation. Points picked from the X-Y plots were used as input for computer 
program MODLAS 9, which was developed at the Center for Highway Research to cal­
culate the tensile and elastic properties of materials tested by the indirect tensile test. 
Included in the printout were estimates of Poisson's ratio, modulus of elasticity, tensile 
strength, and density for each specimen tested. 

ANALYSIS AND EVALUATION 

Summaries of the test results for the 10 black-base projects are given in Tables 2, 
3, and 4; only 1 of the projects had clustered samples. The parameters estimated by 
using the indirect tensile test were tensile strength, modulus of elasticity, and Poisson's 
ratio. Density was estimated by measuring the dimensions and weight of the specimens. 

One of the objectives of this study was to obtain an estimate of the variation in ma­
terial properties existing in a highway pavement; the coefficient of variation, V (the 
sample standard deviation divided by the sample mean), was used because it related the 
variation to the mean. For the coefficient of variation to be a valid and meaningful 
test statistic, it must be assumed that the material property being analyzed is normally 
distributed about some mean value. Studies have shown that the variability of highway 
materials and properties follows a normal distribution (b !J ..!.!). 

Tensile Strength 

The mean tensile strengths (Tables 2 and 3) for the various projects ranged from 
53 to 157 psi (365.42 to 1082.48 kN/ m2

) and averaged 102 psi (703.27 kN/m2
). The 

lower extreme value was from project 13, which produced very rough cores that were 
difficult to test and which may have produced low strength values. If project 13 is 
eliminated the tensile strengths range from 84 to 157 psi (579.16 to 1082.48 kN/m2

) 

with an average of 105 psi (723.95 kN/ m2
). 

In addition to the fa.~t that the various tla.(;k-bc:t.Bt u.lateriahs Wt:rc:: l;Uu1pu~e<l ui dii­
ferent aggregates and asphalts and had different strengths, as indicated by the coef­
ficient of variation of the means (27 percent with project 13 and 23 percent without 
project 13), the various projects also had different coefficients of variation. Thus, 
the coefficients for the individual projects are more meaningful than the overall coef­
ficient of variation. These coefficients ranged from 14 to 40 percent and averaged 26 
percent. After eliminating project 13, which exhibited larger variations, the range 
was 14 to 27 percent with an average of 21 percent. 

Many specimens were obtained from the same core by sawing specimens from the 
individual lifts. Because these lifts were placed at different times, these specimens 
can be considered to be independent of each other. On the other hand, the properties 
of the material in the lifts at any given location determine the behavioral characteris­
tics of the pavement at that location. Thus, a comparison was made to determine 
whether there were strength differences between layers. This comparison indicated 
that there was no significant difference in the tensile strength of the specimens from 
the various layers at a confidence level of 95 percent. 

Table 4 gives the results of the analysis of the clustered samples for the 1 project 
that had a significant number of cores for analysis. It can be seen from Table 4 that 
although the mean tensile strengths essentially were unchanged, the variation for the 
clustered samples generally was reduced. However, because of the limited number of 
comparisons, no definite conclusion can be made. 

Modulus of Elasticity 

Mean modulus values (Tables 2 and 3) varied from 3 5.0 x 103 to 91. 5 x 103 J?Si (241.32 x 
103 to 630.87 x 103 kN/m2

) and averaged 58.8 x 103 psi (405.42 x 103 kN/m ). The coef­
ficient of variation of the mean modulus values was 36 percent indicatingprojectdiffer­
ences. Eliminating project 13 did not significantly change these values, which varied from 
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Table 2. Test results for black-base projects. 

Tensile Strength Modulus of Elasticity Poisson I s Ratio Density 
District 
and Distance Mean V Mean V V Mean V 
Project Specimens (miles) (psi) {percent) (103 psi) (percent) Mean {percent) (pc!) {percent) 

2-A 76 15.0 84 20 38.G 32 0.34 39 127.0 2.4 
8-A 16 3.3 112 14 91. 5 29 0.28 40 138.4 2.6 
13-A 14 8.0 87 40 44.8 46 0.16 58 - . -. 
13-B 28 4.3 104 36 87 .3 62 0.16 73 -. -. 
13-C 16 3.0 53 40 35.0 40 0.26 57 - -. 
15-A 49 10.9 157 17 86.1 59 0.23 47 140.4 2.2 
17-B 100 19.1 105 27 55.2 44 0.24 41 136.0 2.3 
18-B 12 0.9 107 25 42.2 24 0.20 64 135.1 2.3 
19-A 54 19.3 95 20 55.2 33 0.32 38 141.6 1.7 
19-B 36 15.2 88 21 64 .7 34 0.16 67 136.1 3.6 

Note: 1 mile= 1.6 km. 1 psi = 6.9 kN/m2 • 1 pct= 16 kg/m3 

8 Not attainable. 

Table 3. Summary of Table 2 test results. 

Tensile Strength Modulus of Elasticity Poisson I s Ratio Density 

Mean V Mean V V Mean V 
Item {psi) (percent) (103 psi) (percent) Mean {percent) {pc!) {percent) 

Weighted average 
With project 13 102 26 58.8 40 0.25 52 
Without project 13 105 21 58.2 36 0.27 48 2.4 

Range 
With project 13 104 26 56.5 38 0.18 35 
Without project 13 73 13 52.9 35 0.18 29 1.9 

V of Means, percent 
With project 13 27 36 28 
Without project 13 23 33 25 

Note: 1 psi= 6.9 kN/m2. 1 pct= 16 kg/m3• 

Table 4. Clustered and along-the-road test results for district 15, project 15-A. 

Tensile Strength Mo~ulus of Elasticity Poisson1s Ratio Density 

Mean V Mean V V Mean V 
Sample Specimens Distance (psi) {percent) (103 psi) {percent) Mean {percent) {pcf) {percent) 

Along the road 49 10.9 miles 157 17 86.1 59 0.23 47 140.4 2.2 
Cluster 1 7 250 feet 146 11 73.2 42 0.21 44 141. 7 1.2 
Cluster 2 6 250 feet 151 18 71.6 36 0.31 41 140.2 2.9 
Cluster 3 7 250 feet 159 9 75.8 20 0.33 24 142.0 0.8 

Note: 1 psi= 6.9 kN/m2, 1 pcf = 16 kg/m 3• 1 mile= 1.6 km. 1 ft= 0.3 m. 
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38.6 x 103 to 91.5 x 103 psi (266.14 x 103 to 630.87 x 103 kN/m2
) and averaged 58.2 x 103 

psi (401.28 x 103 kN/m2
). Coefficients of variation within projects ranged from 24 to 

62 percent and averaged 40 percent. After eliminating project 13, the coefficients 
ranged from 24 to 59 percent and the average was reduced to 36 percent. A comparison 
of the moduli of the layers comprising a given core indicated no significant differences 
existed between layers at a confidence level of 9 5 percent. 

An analysis of the clustered samples (Table 4) indicates that the variation of modulus 
values for the clustered samples was reduced. But as with tensile strength it is felt 
that no definite conclusion could be made. 

Poisson's Ratio 

Mean Poisson's ratio values (Tables 2 and 3) ranged from 0.16 to 0.34 and averaged 
0.25 with project 13 and 0.27 without project 13. The coefficient of variation of these 
means was 2 5 percent, which was approximately the same magnitude as the coefficient 
for strength. The variation in Poisson's ratio for each project was large, ranging 
from 39 to 73 percent with an average of 52 percent. With the elimination of project 13, 
the range was 39 to 67 percent and the average was reduced to 48 percent. This large 
range of coefficients probably resulted because the Poisson's ratio is very sensitive to 
small errors in the deformation measurements. Once again the comparison of values 
from the layers comprising a core indicated no significant differences between layers; 
the analysis of clustered samples (Table 4) indicated that the variation was reduced 
although the mean values for the clusters varied. 

Density 

A comparison of the mean densities for each project (Tables 2 and 3) has no meaning 
because different aggregates were used. The coefficients of variation of the densities 
for each project were generally small; they ranged from 1. 7 to 3.6 and averaged 2.4 
percent. The magnitudes of these variations were consistent with values reported 
from previous studies (12), which indicated low coefficients of variation for density. 

uenera1 v1scuss1on 

The following values and ranges are based on the results of this study: 

1. Average tensile stren~h was 105 psi (723.95 kN/m2
) in a range from 84 to 157 

psi (579.16 to 1082.48 kN/m ); 
2. Average modulus of elasticity was 58.2 x 103 psi (401.28 x 103 kN/m2

) in a range 
from 38.6 x 103 to 91.5 x 103 psi (266.14 x 103 to 630.87 x 103 kN/m2

); and 
3. Average Poisson's ratio was 0.27 in a range from 0.16 to 0.34. 

For design purposes, estimates of variation also must be obtained for each property. 
The coefficient of variation for various projects ranged from 14 to 27 percent for tensile 
strength, 24 to 59 percent for modulus of elasticity, and 38 to 67 percent for Poisson's 
ratio. This large range of values coupled with the different mean values indicates that 
the amount of variation is project dependent and that a given value cannot be assigned 
for the state. 

The coefficients of variation as given in Table 4 for tensile strength, modulus of 
elasticity, and Poisson's ratio for the clustered samples were somewhat smaller than 
for the along-the-road sample, indicating that additional variation was introduced by 
along-the-road changes. But, because of the limited number of projects, no definite 
conclusions could be made. 

These estimates of variation included a number of components such as testing, in­
herent, construction, and along-the-road variation. Ideally, estimates of these com­
ponents should be made to separate the variation for testing and sampling from that 
for material and construction because testing and sampling variation should not enter 
into design considerations. Results from previous studies (13) indicated that at least 
50 percent or more of overall variation could be assigned to sampling and testing. 
Thus, for design purposes it might be desirable to reduce the magnitude of the variance. 



The reduction probably should be greater for modulus and Poisson's ratio than for 
strength because additional error is introduced in deformation measurements. 

CONCLUSIONS 

General 

39 

Because the projects were different, and because different types of asphalt and 
aggregate were used, the coefficients of variation for individual projects were more 
meaningful than an overall coefficient for all projects. Very little variation in density 
(generally less than 3 percent) was encountered. Results of the clustered sample 
analyses indicated that additional variation was introduced along the roadway, but no 
definite conclusions could be made without additional investigation involving a more 
carefully designed core sampling plan to obtain clustered samples. 

Tensile Strength 

Mean tensile strength values varied from 84 to 157 psi (579.16 to 1082.48 kN/m2
) 

and averaged 105 psi (723.95 kN/m2
). The coefficient of variation of the mean values 

was 23 percent. No significant differences in tensile strength were found between the 
various layers or lifts at a confidence level of 95 percent. The within-project coef­
ficients of variation were moderate; they ranged from 14 to 27 percent and averaged 
21 percent. 

Modulus of Elasticity 

Mean modulus values varied from 38.6 x 103 to 91.5 x 103 psi (266.14 x 103 to 630.87 x 
103 kN/ m2

) and averaged 58.2 x 103 psi (401.28 x 103 kN/m2
). The coefficient of varia­

tion of the mean modulus values was 33 percent, which was slightly higher than that for 
tensile strength. 

No significant differences in modulus of elasticity were found between the various 
layers or lifts at a confidence level of 95 percent. Coefficients of variation for each 
project ranged from 24 to 59 percent and averaged 36 percent. 

Poisson's Ratio 

Mean Poisson's ratio values ranged from 0.16 to 0.34 and averaged 0.27. The coef­
ficient of variation of the mean values was 2 5 percent, which was approximately equal 
to those obtained for strength and modulus. Coefficients of variation for each project 
ranged from 38 to 67 percent and averaged 48 percent. 
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EFFECTS OF METHODS A AND B BACKFILL 
ON FLEXIBLE CULVERTS UNDER HIGH FILLS 
David W. Spannagel, Raymond E. Davis, and Alfred E. Bacher, 

California Department of Transportation 

Two large-diameter, structural steel plate pipes embedded in deep em­
bankments were instrumented and tested to assess circumferential soil 
stress distributions, deformations, and internal strains. Construction 
techniques included the "imperfect trench" method (method B backfill) and 
positive projection (method A backfill). Method B uses layers of baled 
straw over a 114-in. (290-cm) pipe under 89 ft (27 m) of overfill. Method 
A consists of ordinary embankment material surrounding twin, 108-in. 
(274-cm) pipes under 160 feet (49 m) of overfill. Method B soil stress-fill 
height functions were nonlinear; strains and strain gradients in the pipe 
walls were larger than those observed for the method A installation. Radial 
displacements were smaller than those observedfor the method A installa­
tion. Method A soil stress-fill height functions were essentially linear. 
Observed deformations and stresses were compared with theoretical 
values obtained from Marston' s theory, the Iowa deflection formula, and the 
ring compression method. The ring compression method provided cor­
relations that were sufficient for design purposes. Internal strains were 
correlated with external, measured pressures by neutral point and finite 
element methods. Baled straw inclusions are not recommended for future 
designs of flexible pipe culverts. Design can be based on ring compres­
sion with a safety factor of 4, but a 70 percent increase in soil densities 
may be anticipated over a period of time after fill completion. 

• TWO techniques are commonly employed in backfilling culverts. The first, method 
A backfill, consists entirely of soil backfill from the foundation to the final grade. A 
second, originally suggested by Anson Marston of Iowa State University, is called the 
"imperfect trench" method or method B backfill; it uses a compressible inclusion in 
the embankment directly above the crown to reduce overburden pressure. This paper 
presents the results of 2 research projects conducted in California to determine the 
effects of these backfill types on large-diameter flexible pipe culverts embedded in 
deep embankments. 

PURPOSE 

The objectives of these projects were threefold. The first was to assess the behavior of a 
structural plate pipe culvert under a high fill by measuring (a) the magnitude of defor­
mations, lateral movements, longitudinal dilations, and settlements occurring at each 
installation; (b) the distribution of soil pressure around the culvert periphery and in the 
embankment; and (c) the strain distribution within the pipe walls. The second was to as­
sess current analytical and design techniques and compare them to observed pipe be­
havior. Among the design theories evaluated were Marston's theory of loads on buried 
conduits, Spangler's Iowa deflection formula, and White and Layer's ring compression 
theory. Two analytical techniques for determining internal stresses and moments 
from external applied loads, the neutral point and finite element methods, were also 
assessed. The third objective was to study the behavioral similarities and differences 
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between the 2 prototypes. Recommendations concerning the design of flexible cul­
verts were developed from this comparison. 

DESCRIPTION OF THE PROTOTYPES 

Method B backfill was employed in a prototype culvert in Chadd Creek canyon in 
Humboldt County, California, during the fall of 1965 and spring of 1966. The culvert 
was a 114-in.- (290-cm-) diameter, number 1 gauge, structural steel plate pipe having 
6- by 2-in. (15.2- by 5.0-cm) corrugations. An initial ellipticity was produced by a 5 
percent vertical diameter elongation. The culvert periphery comprised 6 segments 
of 60-deg arc each with longitudinal seams at the horizontal diameter. The pipe was 
installed in a 7-ft- (2 .1-m-) deep trench, having shaped bedding; it was backfilled with 
well-graded, granular backfill to a height of 1 to 2 ft (0.3 to 0.6 m) above the pipe 
crown. Baled straw was placed in layers 3. to 5 ft (0.9 to 1.5 m) thick, above the 
structure backfill. The maximum fill height, measured from the culvert crown, was 
89 ft (27 .1 m). Figure 1 shows the Chadd Creek installation where 3 stations were 
instrumented extensively to determine the effects of the following parameters (1 ft = 
0.3 m): 

Max. Fill Structure Baled 
Height Over Backfill Straw 

Station Crown (ft) DeEth (ft) DeEth {ft) 

A (0-96) 81 1 5 
B (0+44) 89 2 5 
C (1+00) 76 2 3 

Method A backfill was used in the second prototype culvert, which was constructed 
at Apple Canyon in Los Angeles County, California, during the spring of 1966. This 
culvert comprised twin, 108-in.- (274-cm-)nominal-diameter, structural steel plate 
pipes, which were elongated 5 percent in the vertical dimension. Both pipes were 
constructed from six 6- bv 2-in. (15.2- by 5.0-cm) corrugated plates formed into 60-
deg arcs. However, various plate thicknesses, ranging from 0.109 in. [2. 77 mm (num­
ber 12 gauge)] to% in. (9.5 mm), were used along the culvert axis. The twin pipes 
were placed 4 ft (1.2 m) apart on shaped bedding inan 8-ft- (2.4-m-) deep by 24-ft- (7 .3-m-) 
wide trench with sloping sides. Structure backfill surrounding the pipes was well­
graded, granular material placed to a height of 1 ft (0.3 m) above the culvert crowns. 
One of the pipes was instrumented at 2 stations. Station D, at the centerline of the 
embankment, was covered by 160 ft (488 m) of overfill; station E, under the sideslope, 
was covered by 68 ft (20. 7 m). Figure 2 shows the Apple Canyon installation. 

INSTRUMENTATION 

The instrumentation layout was essentially the same at each test station and is shown 
in Figures 3 and 4. Relative shape changes and wall movements were assessed by 
measuring the lengths of 14 chords as defined by steel spheres affixed to each pipe's 
internal periphery at the octant points. Assuming that the vertical diameter remained 
vertical, chord lengths were used to calculate the position of each sphere in a Cartesian 
coordinate system with origin at the pipe inversion. No attempt was made to determine 
the degree of rigid body rotation at either location. A second set of spheres, placed at 
the quadrant points [2 corrugations or 12 in. (30.5 cm) away from the primary set] 
was used to assess local, longitudinal elongations. 

Soil pressures acting normal to the pipe periphery were measured by modified 
Carlson soil stressmeters made up of standard, oil-filled stressmeter metal discs 
fitted with linear variable differential transformers as strain transducers. Each meter 
was calibrated before installation by placing it between steel blocks and applying a 
uniaxial compression. Stressmeters were carefully embedded at pipe octant points in 
the structure backfill, 6 in. (15 cm) from the pipe and tangent to it. Three stressmeters 
were placed in the embankment material above the pipe as shown in Figure 3. 



Figure 1. Culvert installation and cross section for method B 
backfill at Chadd Creek. 
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Electric resistance strain gauges were placed in quadruplets at each of the 3 upper 
and 3 lower octant points. Four additional quadruplets straddled the longitudinal seams 
at points 12 in. (30.5 cm) above and below the horizontal diameter to avoid the double 
plate thickness at the splice. Each quadruplet had gauges with 2 orthogonal elements 
at the inner and outer corrugation crowns and valleys. Gauge elements were oriented 
longitudinally and circumferentially. The following equations were employed for cal­
culating stresses from observed strains: 

O\ E(t:L + !Hr) 

0\ E(t:r + vt:L) 

where 

aL longitudinal stress, 
ar = transverse stress, 
€L = longitudinal strain, 
Er = transverse strain, 
E Young's modulus, and 
V = Poisson's ratio. 

Soil settlements were assessed by sealed, fluid-level settlement platforms installed 
within the embankment as shown in Figure 4. Each platform comprised an elongated, 
water-filled U-tube with a standpipe sealed in a closed pipe of larger diameter and 
buried in the embankment. The standpipe was filled with water, and an armored plastic 
tube connected it to a transparent tube mounted on a post on the embankment's side 
slope. Settlement of the platform lowered the free water surface in the visible tube 
where levels could be referenced to distance benchmarks. An airline and drain tube 
were provided to maintain atmospheric pressure at the buried standpipe and to remove 
overflow water. Culvert lengthening because of embankment dilation, changes in pipe 
camber, and lateral pipe movements were evaluated by periodic tape and level surveys 
through the culverts. Survey monuments were placed at intervals along the culverts 

Compressive strains in the baled straw layers over the Chadd Creek culvert were 
measured by inverted riser settlement platforms that were made up of plates placed 
at the upper and lower layer surfaces and of attached reference rods that extended into 
the culvert below. Deformation of the straw layer was determined by measuring the 
distance between the pipe crown and the end of each rod. 

RESULTS OF OBSERVATION 

Soils Data 

Physical properties of embankment soils at the 2 culvert installations were deter­
mined. Triaxial tests, the results of which are shown in Figures 5 and 6, were made by 
using specimens compacted in the laboratory to field-measured densities. The prop­
erties for Chadd Creek, which was sampled at 10-ft (3-m) intervals of fill depth, and 
A~ple Canyon, which was sampled once at the surface, were as follows {l pcf = 16 kg/ 
m ; 1 psf = 4.9 kg/m2

; and 1 deg = 0.02 rad): 

Item 

Description 

Density 
Average 
90 percent compaction 
Range 

Avg. moisture content 
Avg. cohesion 
Avg. internal friction angle 

Chadd Creek 

Silty, sandy clay with 
sandstone and shale 
fragments 

137 pcf 

126 to 142 pcf 
12 percent 
1,690 psf 
26 deg 

Apple Canyon 

Clayey, sandy gravel 
derived from soft 
shale 

109 pcf 

1,430 psf 
28 deg 



Figure 5. :rriaxial test data for embankment soil at 
Chadd Creek. 
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A modulus of elasticity for baled straw was assessed byuniaxial compression tests on 
18- by 24- by 48-in. (46- by 61- by 122-cm) bales confined in an open-ended, rigid 
wooden box. A stress-strain curve is shown in Figure 7. Total compaction amounted 
to 12 in. (30 cm) under a 250-kip (1 112-kN) load. 

Displacements 

Typical, measured changes in pipe dimensions are shown in Figures 8 and 9. Hori­
zontal diameters decreased and vertical diameters increased at both installations until 
fill material reached the crown level. Thereafter the trend reversed; at 8 ft (2. 5 m) 
of overfill at Chadd Creek and 15 to 20 ft (5 to 6 m) at Apple Canyon, the measured 
diameters assumed their original lengths. The trend again reversed at 20 to 40 ft (6 
to 12 m) of overfill at all 3 stations at Chadd Creek, but no such reversal was observed 
at Apple Canyon. 

The final displaced shape of the Chadd Creek culvert indicated that the vertical di­
ameter had shortened at 2 stations and had returned to its initial length at the third. 
Horizontal displacements ranged from an increase of 0.4 in. (1.0 cm) to a decrease of 
0. 5 in. (1.3 cm). These changes were relatively small; the largest occurred at station 
C under the thinnest overfill and straw layers. Final displacements at Apple Canyon 
were much larger than those at Chadd Creek. Under 160 ft (49 m) of overfill the ver­
tical diameter at station D decreased 2 in. (5 cm) and the horizontal diameter in­
creased 1. 5 in. (4 cm). Station E diameter changes were smaller. 

Transverse embankment dilation resulted in elongation of prototype barrels at both 
sites . Local elongations, measured at each station, were as large as 0.10 in. / ft (0.833 
cm/ m) at Chadd Creek. Tape surveys made between stations A and C indicated an 
average elongation of 0.025 in./ft (0.208 cm/ m) over a 140-ft (43-m) distance. 

Local elongation at Apple Canyon amounted to 0.01 in./ft (0.083 cm/ m) at station D 
and 0.02 in. / ft (0.167 cm/ m) at station E. The average elongation determined by sur­
veys was 0.004 in. / ft (0.033 cm/ m). These apparent contradictions may be explained 
by the fact that the overall elongations were measured across the center of embank­
ment dilation where no stretching would be expected. 

Soil Pressure Data 

Typical soil pressure-fill heights for Chadd Creek and Apple Canyon are shown in 
Figures 10 and 11. Chadd Creek pressure functions were nonlinear during the fill con­
struction period. For 19 months after fill completion, most stressmeters exhibited 
temporary stabilization or slight decreases. The majority of meters showed higher 
pressures after 28 months. Soil pressures at station C under the side slope evidenced 
distinct longitudinal overburden distribution as they continued to increase at nearly the 
same rate during the 3-month interval between reaching maximum overfill at that station 
and fill completion at the roadway centerline. 

Pressure-fill height functions at Apple Canyon were nearly linear (Fig. 11) during 
fill construction. Pressure increases that occurred at station E side slope during the 
placement of additional fill at station D are evidenced clearly in the center portion of 
the plot. Pressures rose rapidly for 6 months after fill completion and then at a 
slower rate to an average level 70 percent higher 36 months after fill completion. 

Figures 10 and 11 also depict typical variations in soil effective density as a fraction 
of fill height. Effective density is the equivalent fill density required to produce a 
given measured pressure under hydrostatic conditions. The relationship between pres­
sure and effective density is 

ED 
~p 
~H xC 

where 

ED effective density, 
6P change in pressure in psi for a given change in fill height, 



Figure 8. Typical measured changes in culvert diameter for method B backfill at 
Chadd Creek. 
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Figure 9. Measured changes in culvert diameter for Method A backfill at Apple Canyon. 
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Figure 11. Soil pressure and effective density as functions of fill height and time 
at Apple Canyon. 
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~H = fill height in feet, and 
C = a constant required for units conversion (144 sq in./sq ft in this case). 

Typically, the effective densities at Chadd Creek were highly nonlinear and reached 
relative maxinia when the embankment was 10 to 60 ft (3 to 18 m) above the meters and 
relative minima at fill heights of 70 to 85 ft (21 to 26 m). These extremes occurred in 
the lower portion of each fange for most meters. Apple Canyon exhibited linear ef­
fective density functions that decreased slightly during fill construction and showed in­
creases commensurate with pressure changes thereafter. 

Composite, circumferential effective density distributions for Chadd Creek are 
shown in Figure 12. These profiles were constructed by averaging the readings from 
all test stations to produce a distribution symmetrical about the vertical diameter. 
During the averaging process, each meter position was characterized by a number of 
readings that were close to each other in magnitude and 1 reading that differed greatly 
from the rest. These odd readings, which might be attributed to meter idiosyncrasies 
and local soil heterogeneity, were eliminated before developing the composite profiles. 

The profiles depict the influence of the compressible inclusion in distributing the 
vertical load across the top of the pipe. Large bulbs of effective density were noted at 
both upper octant points and the inversion. The density increases that occurred 28 
months after fill completion also are shown; the largest increases were observed at 
the invert. 

The effective density profiles for Apple Canyon are shown in Figure 13. Because 
only 1 station was located under the maximum fill height, averaging to obtain symmetry 
was not possible. These profiles indicate a tendency toward a circumferential distri­
bution. A small degree of asymmetry may be attributed to the closeness of the second 
pipe and to relatively large lateral movements. Effective density increases after fill 
completion averaged 60 to 70 percent. 

At Chadd Creek, large effective densities that were twice the actual density as de­
termined by compaction tests were observed in the exterior prisms as a result of 
transfer of load from the settling interior prism over the straw by shearing forces. 
Apple Canyon exhibited exterior prism densities that were lower than those over the 
pipe crown. 

Observed Strains 

Stretching of both prototype culverts because of embankment dilation as evidenced 
by the surveys and local longitudinal deformations was also evidenced in strain patterns 
of those elements of the resistance strain gauges that were oriented longitudinally along 
the pipe axis. Most of the inner and outer crown elements exhibited compressive 
strains although the corrugation valley elements manifested tensile strains (as might 
be expected when pipe is stretched like an accordion). Exceptions to this behavior were 
noted at each installation at stations B and D near the center of the embankment where 
a small amount of dilation would be expected. These exceptions probably resulted as 
differential settlement reduced the culvert camber and produced a longitudinal bending 
moment in the pipe with its upper half in compression. 

Circumferential strain data plotted for cross sections of the pipe wall at both cul­
verts indicated that plane sections remained plane for all gauge quadruplets at each 
test station. Variations in individual gauge strains as fill height increased were 
smooth, nonlinear functions; the nonlinearity probably was the result of strain redis­
tribution. 

Strain data were used in conjunction with material properties to determine the lon­
gitudinal and circumferential stresses. Specified yield and ultimate strengths were 
28,000 and 42,000 psi (193 000 and 290 000' kPa) respectively for both pipes. Tests of 
coupons taken from the corrugated and curved pipe plates produced average yield 
values and ultimate strengths for the Chadd Creek pipe of 45,900 and 56,400 psi (316 500 
and 388 900 kPa) respectively. Corresponding test values for the Apple Canyon pipe 
averaged 57,300 and 69,300 psi (395 100 and 477 800 kPa). 

Figures 14 and 15 show typical stress profiles for the Chadd Creek and Apple Canyon 
pipes respectively. Circumferential strains commensurate with measured yield 



Figure 14. Extreme fiber stress 
profile for 80 ft of overfill at 
Chadd Creek. 
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strength were first observed at Chadd Creek at the crown of each test station with be­
tween 63 and 71 ft (19 and 22 m) of overfill. Subsequently, stresses at station A indi­
cated yield along the right side of the pipe from the crown to the inversion. Circum­
ferential yield stresses at the remaining stations were confined to the crbwn and upper 
left octant points. Longitudinal yield stresses were observed at the crown and just 
below the left quadrant point after fill completion at station A only. 

Yield strains were measured in the Apple Canyon pipe at station D only. Initial 
circumferential yield occurred at the inversion under 160 ft (49 m) of overfill and sub­
sequently spread to the lower left octant point, right quadrant point area, and the crown. 
Longitudinal yield strains were recorded at the crown area at various times following 
embankment completion. 

Station E at Apple Canyon was located in a section of number 1 gauge pipe as were 
all 3 stations at Chadd Creek. Therefore, stresses, moments, and thrusts observed 
in the 2 culverts were compared for a fill height of 62 ft (19 m) above each culvert 
crown, an elevation at which data were collected at all test stations. The maximum 
tensile stress was found to be about 35 percent higher in the Chadd Creek pipe than in 
the Apple Canyon pipe, but the maximum compressive stress was only about 4 percent 
larger. The stress gradient, the difference between stress values at adjacent octant 
points, averaged 43 percent larger at Chadd Creek. 

Circumferential stresses were used in conjunction with pipe section properties to 
calculate bending moments and thrusts in culvert walls. The influence of curvature on 
the bending moments was assessed and found to be negligible. At Chadd Creek the 
largest observed moments and thrusts occurred at the crown at each test station. 
Maximum values at Apple Canyon were observed at the inversion. 

The method used for comparing stresses of the 2 prototypes was also used for com­
paring bending moments and thrusts. The observed differences between maximum 
positive and negative moments were negligible, but the moment gradient was about 57 
percent higher at Chadd Creek. Figure 16 shows a comparison of moment profiles for 
both culverts. The maximum thrust and thrust gradient were significantly larger at 
Apple Canyon. 

THEORETICAL ANALYSES 

Marston's Theory 

The theory of loads on buried conduits, developed by Anson Marston, is 1 method 
used to determine the vertical load on a culvert crown. The theory and nomenclature 
are well documented (!, ~. The analysis considers the relationship of settlement of 
the mass of fill directly over the culvert to that of adjacent fill masses and the result­
ing transfer of load by shear forces from 1 mass to the other. 

The data obtained from the sealed, fluid-level settlement platforms; level surveys ; 
and riser settlement platforms were used to determine the crown load at each tested 
station by Marston's theory. The settlement ratio, an abstract quantity representing 
the relative settlement of the soil masses above and to the sides of the conduit, nor­
mally is assumed in design but, in this case, was calculated from the settlement data 
at both culverts. The plane of equal settlement, the horizontal plane above which the 
settlements of the interior and exterior prisms are equal, was also calculated and 
compared to the observed embankment settlements. 

The Chadd Creek culvert with its baled straw inclusion was classified as an imper­
fect trench conduit according to Marston' s theory. The imperfect trench condition 
was analyzed as a negative projecting conduit. However, because the pipe actually was 
placed on original ground, and a trench with sloping sides then was artificially con­
structed around the barrel, the installation also resembled a positive projecting con­
duit. For comparison, crown loads were calculated for both classifications. 

The observed plane of equal settlement lay between 30 and 32 ft (9 and 10 m) above 
the crown at Chadd Creek. The negative projecting conduit equations predicted the 
location of this plane more accurately than did the positive projecting conduit equations. 
Agreement between the theoretical and observed pressures was poor. Positive pro­
jecting conduit crown pressures averaged 17 percent too high at the time of fill com-
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pletion and ranged from 5 percent low to 50 percent high after 1 year. Negative pro­
jecting conduit pressures were high by 8 to 37 percent at the time of fill completion 
and were high by 13 to 36 percent 1 year later. Figure 17 shows the comparison be­
tween theoretical and observed crown pressures for Chadd Creek. 

Placement of the twin pipe culverts at Apple Canyon in a wide, shallow trench also 
produced conditions resembling both positive and negative projecting conduits. Ac­
cordingly, crown loads were calculated for both conditions. During fill placement, ex­
cellent correlations were obtained between the theoretical and observed crown pres­
sures for both test stations. The average difference between the negative projecting 
conduit pressures and the measured values was only about 3.3 percent during fill con­
struction, but, as shown in Figure 18, the theory failed to predict the pressure in­
creases after completion. 

Spangler' s Iowa Deflection Formula 

Spangler developed an expression for the anticipated pipe deformations known as 
the Iowa deflection formula (; ~). The formula is based on Marston's crown pres­
sures and an assumed peripheral pressure distribution and pipe shape. This formula 
was applied to both culvert prototypes even though the measured pressure distributions 
and initial pipe shapes did not correspond to the theory's assumptions. 

Design based on the formula requires a knowledge of the installation geometry and 
the use of assumed constants based on soil compaction (modulus of soil reaction, E ') 
and ratio of final to instantaneous deflections (deflection lag factor, DL). Observed 
moduli of soil reaction have been reported to range from 230 to 8,000 psi (1 590 to 
55 160 kPa). AASHO specifications suggest a value of 1,400 psi (9 650 kPa) for E ', 
and 1.25 for DL, when backfill is placed at 95 percent compaction. 

At Chadd Creek use of the AASHO design values resulted in calculated deflections 
that ranged from 10 to 16 times larger than the measured vertical displacements. The 
appropriate value for E' at Chadd Creek would be from 16,000 to 20,500 psi (110 300 to 
141 300 kPa). 

Application of the Iowa deflection formula at Apple Canyon using specified E' and DL 
n'.::llnc.c .,-..cc11ltarl h"' thorYrot;ro'.:Jl rlofnY"Yn'.:lt;nnc A: tn 11 tin-.oc:! lir:>-rrro"r tli"'.ln thn,:u::1 nhco,...no.n ·----- ----.. --- --- ------------ ---------------- - -- -- ------- ---o-- ------ ------ -----. ----
Calculated values for E' were about 16,400 psi (113 100 kPa). The extremely large E' 
values at both culverts can probably be attributed to the confinement afforded by the 
trenches in which the culverts were placed. This confinement limits the horizontal 
displacement and thus reduces vertical movements. 

Ring Compression Theory 

White and Layer's ring compression theory (3) is a method for determining re­
quired pipe wall thickness. The theory assumesthat the total load on a culvert, the 
hydrostatic weight of soil above the pipe, is resisted by the wall thrusts. A safety 
factor of 4 is normally applied to the loads. The crown pressures as calculated for 
hydrostatic loading are compared with the observed crown pressures at each proto­
type as shown in Figures 17 and 18. 

Ring compression thrust at Chadd Creek was about 6 percent larger than actual wall 
thrusts when a safety factor of 1 was used; this indicates that design based on the 
normal safety factor would be adequate in this case. For Apple Canyon, calculated 
thrusts were only 52 percent of the measured thrusts when the safety factor was 1. A 
safety factor of 4 yielded thrusts slightly above twice the observed value. 

Neutral Point Analysis 

Correlations between external applied loads and internal stresses and displace­
ments were established using the neutral point method of analysis. This method is an 
extension of the general method of indeterminate structures, the theoretical basis of 
which is described by Grintner (4). For analysis, a culvert subjected to an arbitrary 
external pressure distribution is-made statically determinate by assuming the pipe to 
be cut at its invert. Loads are applied to a number of small segments of equal 



Figure 18. Comparison of crown 
pressures calculated by various 
theories and those actually observed 
for method A backfill. 

Figure 19. Comparison of observed 
bending moments and those 
calculated by the neutral point 
method for method B backfill. 

Figure 20. Comparison of observed 
stresses and those calculated by the 
neutral point method for method B 
backfill. 
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length called voussoirs. One end of the cut ring is assumed to be clamped to a rigid 
support and the other end is connected by a hypothetical rigid bracket to the centroid 
of elastic weights or neutral point. Restoration of compatibility after loads are ap­
plied is achieved by the application of redundant forces at the neutral point. Moments, 
thrusts, shears, and displacements are calculated from these forces and the applied 
loading. 

Determining accurate pressure distribution and true pipe shape was a critical phase 
of the analysis. For low fill heights, the tolerance of the pressure meters was a con­
siderable percentage of the readings, and transducer errors were possible causes for 
poor correlations between analytical and experimental results. Another problem was 
the lack of static balance of forces acting on the culvert. The soil shear stresses 
must be known to produce equilibrium, but, because shear stress transducers were 
not available, these data were not obtained. Attempts to force static balance by using 
either a soil friction component or an assumed shear stress distribution reduced the 
load unbalance but did not improve the correlations with observed quantities. 

The analysis was extremely sensitive to small variations in pipe shape. The pro­
cedure that best described the shape used 2 vertical semiellipses established from the 
positions of the octant point steel spheres. 

Good correlations were obtained between the theoretical bending moments and 
stresses and those actually observed at Chadd Creek when a horizontally balanced 
average pressure distribution and the final displaced shape were used as input. Fig­
ure 19 shows the correlation of bending moment. Extreme fiber stress correlations 
are shown in Figure 20. An analysis using the initial pipe shape also was made, the 
results of which indicated that stresses and displacements could be predicted with 
reasonable accuracy if the pipe shape and soil pressures could be predetermined ac­
curately. It was noted, however, that the sensitivity of the method to small errors in 
either parameter requires that both be predicted precisely. 

At Apple Canyon the exact pipe shape was known, but because of the unavailability of 
soil shear stress data the pipe static equilibrium could not be established. Hence, the 
neutral point method did not predict pipe behavior accurately. 

Finite Element Analysis 

The finite element method was used to analyze the Apple Canyon installation, and 
the output was compared to the measured soil pressures, pipe displacements, moments, 
thrusts, and embankment settlements. For large embankments, analysis must be 
based on accurate soil properties and geometric models. At this installation extensive 
soil property data were not available and no foundation investigation was performed. 
Soil samples taken from the completed embankment provided the only available data. 

Finite element analyses were based on a linear, elastic soil model and a nonlinear, 
hyperbolic model developed by Kulhawy, Duncan, and Seed (5). Both models resulted 
in computed peripheral soil pressure distributions that agreed with the observed pres­
sures within 20 percent, but correlations between measured and theoretical displace­
ments, settlements, and pipe stresses were very poor. 

CONCLUSIONS 

The single pipe installation at Chadd Creek produced nearly symmetric density, 
stress, and moment profiles for method B backfill. The dual pipe configuration of 
Apple Canyon was at least partially responsible for the asymmetry observed for 
method A backfill. We believe, however, that the effects of these construction dif­
ferences are not of sufficient significance to invalidate any comparisons between the 
2 projects. 

The nearly uniform pressure profile, linear pressure-fill height functions, and small 
stress and moment gradients observed at Apple Canyon suggest that method A backfill 
provides more favorable conditions for flexible culverts than does method B backfill. 
Control of deflections, a critical consideration in present culvert design, was adequate 
with either method, although vertical deflections under method B were smaller. Based 
on the results of these 2 research projects, the use of method B backfill for flexible 
culverts is not recommended. 



55 

Observations at Apple Canyon suggest a uniform peripheral distribution of pressure 
as a basis for design. However, the large fiber strains demonstrate that significant 
bending moments may result from small departures from either a circular pipe con­
figuration or a uniform pressure distribution. Such departures are highly probable 
and should be considered in design. 

In general, the design methods discussed in this paper did not predict the observed 
culvert behavior accurately. Good correlations were obtained between observed crown 
pressures and theoretical pressures determined by Marston' s theory during construe -
tion. This method, however, failed to determine the large increases in pressure that 
occurred after construction was completed, and it provided no facility for predicting 
the remainder of the peripheral pressure distribution. Moreover, the method requires 
prediction of soil properties that cannot be accurate. The ring compression theory, 
including the safety factor, proved conservative in all cases. It is recommended that 
soil densities used in the ring compression theory be increased by 70 percent to account 
for long-term effective density increases and to provide a long-term factor of safety 
of 4. 
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PERFORMANCE OF A REINFORCED EARTH FILL 
Jerry C. Chang, Raymond A. Forsyth, and John L. Beaton, 

California Department of Transportation 

Design methods and field performance studies are presented for the re­
inforced earth embankment on Cal-39 in Los Angeles County. Rankine's 
state of stress theory was employed to derive the equations for designing 
the reinforcement. Strain energy principle was introduced to develop the 
equations for designing the steel skin plate. Comprehensive instrumen­
tation was installed to study the field behavior. The field-observed data 
indicate close agreement between the design assumptions and field behavior. 
Recommendations concerning stability analyses and corrosion were also 
included. 

•REINFORCED earth is soil mass composed of fill strengthened by metal or plastic re­
inforcements and enclosed at the front face by skin elements. Since at least Roman 
times, builders have been aware of the stabilizing effect of including reinforcing ele­
ments in earthwork. In his commentaries, ,Julius Caesar (.!_) stated 

All Gallic walls are commonly of this fashion: straight beams are laid together upon the ground 
at equal intervals of two feet, their inner ends braced together, while along the outer front the 
interspaces are packed with large blocks of stone, and the whole is covered with earth. Upon 
these is laid a second similar row of beams, so that while the same interval is maintained, the 
beams of the two rows are not contiguous .... In this way the whole wall is built up course by 
course until the full height is maintained. 

pact or battering. The use of earthwork reinforcement based on 1·ational design was 
reported in 1969 by Henri Vidal (2). In October 1972, the first application of reinforced 
earth to highway construction in ffie United States was carried out by the California De­
partment of Transportation to reopen a section of Cal-39 in the san Gabriel Mountains, 
Los Angeles County, that had been closed by a surficial debris slide during a heavy 
spring storm in 1969. A description of the slide and the rationale for selecting re­
inforced earth for its correction were reported by Chang, Forsyth, and Smith (3) in 1972. 
They also presented the results of soil investigation and stability analysis and equations 
developed for analyzing the stresses in the reinforcing strips. By using these equations, 
the size, length, and spacings of the suggested reinforcement were evaluated. 

In this paper, equations for analyzing the stresses in the skin plates, comparisons 
between the field instrumentation data, and analytical results for both reinforcing strips 
and skin plates are presented. Results of field pulling tests on the reinforcement are 
included also. 

EMBANKMENT GEOMETRY 

The reinforced earth fill was constructed on top of a random fill embankment founded 
over the slide debris. At the bottom of the slide debris a toe buttress was built to act 
as a stabilizing fill embankment. The overall height of the system was approximately 
360 ft. The reinforced earth fill had a maximum height of 55 ft and length of 528 ft. 

Publication of this paper sponsored by Committee on Embankments and Earth Slopes. 
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Figure 1. Plan and profile. 
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A system of surface and subsurface drain pipes was installed to remove surface water 
and seepage. The embankment is shown in plan and profile in Figure 1. 

DESIGN OF REINFORCEMENT 

The 2 basic equations for analyzing the reinforcement design were based on Rankine's 
state of stress theory and the principles shown in Figures 2 and 3. The equations were 
developed as follows assuming a Rankine's active earth pressure, p, acts on the inner 
face of the skin plate (~: 

where 

Ka = coefficient of active earth pressure, 
.,, = unit weight of soil, and 
H = height of fill. 

A force, T, will be developed in the reinforcing strip, and it tends to either pull the 
strip out or fail it in tension. The pull force, T, and the stress, f., developed in the 
strip will be 

where 

d = horizontal spacing of strips, 
AH = vertical spacing of strips, 

Figure 2. Schematic of reinforced earth fill . 

Figure 3. Schematic of reinforced earth block . 

I REINFORCING STRIPS 

H 

T = KayHdAH 

f _ K&YHdAH 
• - bt 

b = width of steel strip, and 
t = thickness of steel strip. 

(1) 

(2) 

Let the skin-friction angle be ~u· A fric­
tion force, F, will be developed on each 
face of the strip so that 

F = yHbLtan¢u (3) 

The factor of safety against slippage, S.F., 
will be 

S.F. 2F 2yHbLtan¢u 
= - = 

T KaYHdAH 

2bLtan¢u (4) .; 

KadAH 

Equation 2 was used to compute theo­
retical steel stresses for comparison to 
those measured by field instrumentation. 

DESIGN OF SKIN PLATES 

The standard shape of the skin plate 
consisted of a s emielliptical element 10 to 
13 in. high with a thickness of about 1

/ 8 in. 
To simplify the stress analysis, the 

following assumptions were ma.de for a 
s emicircular section of skin plate : (a) the 
soil pressure distribution and deformation 
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Figure 4. Loading diagram on skin plate. configuration as shown by Figure 4 and 
(b) that a vertical load, P, representing a 
resultant force transferred from a uniform 
vertical pressure acting along an effective 
length of reinforcing strip will cause a 
vertical deformation, 6v, This vertical 
deformation was assumed to have the same 
magnitude as the settlement of the soil mass 
caused by a uniform vertical soil pressure 
acting on the top and bottom row of rein­
forcement. 

By using strain energy principles de­
scribed by Seely and Smith (5), the equa­
tions for computing the vertical load, P, 

and the end moment, Ma, were developed as follows (i_): For hinged-end conditions as 
shown in Figure 4 

p = 4EI6v _ 4K.,YHR _ yHR (317 _ 32 ) 
R3

11 311 2 4rr 
( 5) 

and for fixed-end conditions 

p = Ii.EI /4 _ ~\ + yHR (4 - 4K. _ !.) 
rrR3 ~ 8 - rr

2l 3rr 8 

_ 8yHR r4 - 4K. _ (1 + rr - rrK.) + !.J 
8 - 11

2 
[ 3rr 8 9 

(6) 

and 

M _ 86.EI 211yHR2 r4 - 4Ka _ (1 + 11 - 11K. ) !.J 
a - R2i8 - n-2) + (8 - 112) [ 311 8 + 9 (7) 

The magnitude of P depends on the restraint conditions at the ends and the value of ver­
tical settlement, 6v, When the unknown load, P, and the unknown bending moment, M. 
(Fig . 4), are determined, the stresses developed in the skin plate can be calculated. 
Equations 5, 6, and 7 can be solved by measuring the vertical deformations, liv, in 
field performance studies or laboratory scale model tests. For design purposes, a 
value of 6v can be determined by estimating the embankment settlement. 

CONSTRUCTION MA TE RIAL 

Triaxial tests (consolidated drained condition) on the backfill material resulted in a 
friction angle, ¢, of 40 deg at 95 percent relative compaction. From this, Rankine's 
coefficient of active earth pressure, K., was calculated to be 0.22. The coefficient of 
earth pressure at rest, Ko, was computed to be 0.36 based on Jaky's expression (6), 
K0 = 1 - sin¢. Laboratory skin friction tests between the galvanized steel strip and the 
soil resulted in a skin-friction angle of 31 deg. 

The dimensions of the steel reinforcing strips were as follows: 

1. Thickness: 0.118 in., 
2. Width: 2.362 in., and 
3. Length: 22. 79 to 46.0 ft. 

Laboratory tests resulted in a yield strength of 37,000 psi; an ultimate strength of 
40,000 psi; a Young's modulus of 28.5 x 106 psi; and a Poisson's ratio of 0.28. 

INSTRUMENTATION 

To monitor the behavior of the completed structure, comprehensive instrumentation 
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was installed in the field. Included were 

1. Slope indicators to measure internal deformation of the embankment and slide 
debris; 

2. Settlement platforms to measure vertical settlements; 
3. Extensometers to measure soil strains; 
4. Soil pressure cells to measure soil stresses; 
5. Strain gauges to measure stresses developed in the reinforcing strips and skin 

plates; and 
6. Gauge points to measure deformations of the skin plates and the wall face. Lo­

cations of the instruments are shown in Figures 1 and 5. All instruments were read 
periodically during construction and for approximately 1 year after completion of the 
embankment. 

STRESSES IN THE REINFORCING STRIPS 

The daily history of the axial stresses in the steel strips is shown in Figure 6. They 
were calculated based on average strain recorded on top and bottom of the strip and a 
modulus of elasticity of 28. 5 x 106 psi. For comparison, steel stresses assuming ac­
tive earth pressure and at rest cases were computed by using Eq. 2 superimposed on 
Figure 6. The lowest axial stresses were measured near the wall face. After com­
pleting the fill, the stresses near the wall face decreased with time and eventually be­
came compressive at level A. This phenomenon probably was due to the restraint pro­
vided by the berm. At 15 and 2 5 ft from the wall face, the stresses in the strips in­
creased with time and finally reached the calculated stress, cra, based on coefficient of 
active pressure, Ka. At level B, the steel stresses at 15 ft from the wall face de­
creased with time to values much lower than a.; the stresses at 2 5 ft from the wall face 
increased with time and approached the calculated stress, ao, based on coefficient of 
earth pressure at rest, Ko, At level C, the magnitude of all steel stresses decreased 
with time and approached cr •• 

SOIL STRESSES 

Figure 7 shows the soil stresses measured at section III, station 551+75. The ratio, 
K, between the horizontal stress and vertical stress is also plotted on this figure. The 
yH lines represent the theoretical vertical soil stresses computed by using a unit weight, 
Y, of 143 pcf and the corresponding depth of fill, H, over each instrumentation level. 
The K values varied irregularly during and immediately after construction presumably 
because of the effect of compaction. As the height of fill increased over the instrumen­
tation level, the influence of compaction diminished. After completion of the fill, the 
K values still varied between 0. 5 and 0.8 at this section as compared to the calculated 
K. of 0.22 and Ko of 0.36. At the other sections (not shown) the K values varied from 
0.11 to 0.41. 

STRESSES IN THE SKIN ELEMENTS 

Figure 8 shows the daily history of stresses in the skin element. The locations and 
the identification numbers of the strain gauges are shown on top of the figure. Gauges 
1, 5, and 9 measured axial strain on the outside of the face; gauges 3, 7, and 11 mea­
sured axial strains on the inside. Gauges 2, 6, and 10 measured circumferential strain 
on the outside of the face; gauges 4, 8, and 12 measured circumferential strain on the 
inside. The actual deformation of the skin elements closely approximated the deforma­
tion assumed in developing Eqs. 3, 4, and 5. Accordingly, tensile circumferential stresses 
developed on the outside of the face, and compressive circumferential stresses de­
veloped on the inside. Deformations of the skin elements were measured at 5 gauge 
points on the faces of the skin plates with a specially designed vernier-micrometer cal­
iper capable of accurately measuring to 0.001 in. The measured relationship between the 
vertical deformation of the skin plate and fill height is shown in Figure 9. Based on the 
vertical deformations observed in the field, the stresses in the skin plates were calcu­
lated for both hinged- and fixed-end conditions. A comparison of the measured and com-



Figure 5. Instrumentation sections. 
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Figure 6. Daily history of stresses in steel strip. 
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Figure 7. Daily history of soil stress. 
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Figure 8. Daily history of stress in skin element. STRAIN GAGE KUW!ER5 
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puted circumferential stresses also is shown in Figure 9. The calculated stresses based 
on hinged-end assumption (Eq. 5) agreed r easonably well with the measured data although 
the calculated stresses based on the fixed-end condition (Eqs . 6 and 7) were almost 3 
times larger than those measured. 

FIELD PULLING TESTS 

To test the validity of Eqs. 3 and 4, dummy reinforcing strips were installed in the 
fill at 5 levels for field pulling tests. Three strips, 5, 10, and 15 ft in length, were 
embedded at each of 3 levels under overburden heights of 7.5, 12.4, and 18.2 ft. Three 
23-ft strips were embedded at a depth of 18 ft; three 46-ft strips were embedded at a 
depth of 38 ft. One of the 23-ft strips and 1 of the 46-ft strips were instrumented with 
strain gauges on both top and bottom at 5-ft intervals. 

A typical load deformation curve obtained from field pulling tests is shown in Figure 
10 for a 5-ft strip. Three pulling loads were defined for analysis and indicated on the 
curves. These were 

1. Yield loads representing the proportional limit of the load-deformation relation­
ship, 

2. Peak load representing the maximum pulling load, and 
3. Residual load representing the pulling load when deformation increases appre­

ciably without a change in the pulling load. 

Figure 11 shows the relationships between the residual pulling load, overburden 
load, overburden height, and strip length. The skin-friction angles, ¢u, of 31 deg ob­
tained from the residual pulling load plots agreed well with the laboratory test results 
at equal overburden pressure. For a constant overburden height, the residual loads 
were proportional to the overburden loads, which are the products of the overburden 
height, H; the unit weight, y; the width of steel strip, b; and the length of the steel 
strip, L. Because 'Y, b, and Hare constant under a given overburden height, the re­
sidual loads are proportional to the strip length. Because the peak load represents the 
maximum mobilized friction grip, it was used to calculate the factor of safety for the 
failure condition. The design tensile loads were calculated by using Eq. 1. The rela­
uonsmps oetween overourcten height, H, strip length, L, and slipping factor of safety 
are shown in Figure 12. For a fill height of 10 ft, the minimum strip length may re­
quire only 9 ft for a factor of safety of 4. Figure 13 shows the relationship between 
peak pull load and the calculated skin-friction force (3). Peak pull loads exceeded the 
skin-friction force as the s trip length exceeded 10 ft.- We may conclude that strip length 
s hould be atleast 10 ft. 

AXIAL FORCES IN DUMMY STRIPS BECAUSE OF STATIC LOADING 

Figure 14 shows the relationship between overburden loads and the maximum axial 
force observed in the 46-ft and the 23-ft strips at 10 to 15 ft from the wall face. The 
axial forces developed during construction were all lower than the calculated tensile 
force, Ta, from Eq. 1 based on the Rankine's active earth pressure coefficient, Ka. 
However, after the fill was completed the axial force continued to increase and the 
maximum axial force reached Ta in the 23-ft strip. In the 46-ft strip, the maximum 
axial force finally reached T0 , the calculated tensile force from Eq. 1, based on the 
at rest earth pressure coefficient, Ko, The continuous increase in tensile force after 
completion of the fill probably was due to the continuing settlement. At completion of 
construction and 8 months later, the settlements on levels Band C, station 551+75, 
varied from 1.5 to 2.5 ft. However, on level A, the settlement varied from 2.5 to 3.5 
ft. Also, the face of the wall has moved a maximum of 0. 7 ft horizontally downslope 
since completion of the fill. Both horizontal movement and settlement are attributed 
primarily to densification of the uncompacted slide debris. 

SUMMARY AND CONCLUSIONS 

The measured vertical soil stresses generally agreed with the calculated vertical 
earth pressures. The stress ratios, K, between the horizontal and vertical soil stresses 



Figure 10. Typical load deformation curve. 
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Figure 13. Relationship between pull load and skin-friction force. 
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were highest during the early stages of construction and later decreased with large 
variations from point to point after completion of the fill. 
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The measured stresses in the steel strips near the wall face were generally smaller 
than, but approached, the calculated theoretical stresses, cra, based on Rankine's active 
stress condition. The highest steel stresses developed in the inner middle portion of 
the reinforced earth section. steel stresses may increase to the values corresponding 
to theoretical at rest earth pressure. Equation 1, presented in this paper for the design 
of reinforcing strips, has been verified. The use of the active earth pressure coeffi­
cient, Ka, for calculating the steel stress is applicable for the end portion of the re­
inforcements. For the middle portion of the reinforcement, Ko should be used. 

Field pulling test results indicated that the load-deformation curves resembled the 
stress-strain curves obtained from laboratory triaxi.al compression tests on dense sand 
when the strips were pulled loose. The yielding, peak, and residual load points were 
all defined clearly. The frictional forces developed on the steel strips were propor­
tional to the overburden load for each overburden height. The field-measured skin­
friction angle agreed well with the laboratory test results under equal overburden height. 
The relationships between the overburden height, strip length, and the factor of safety 
against slippage as shown in Figure 12 can be used for determining the minimum length 
of reinforcement for different overburden height, providing the requirement for stability 
is met. However, strip length should be at least 10 ft. 

The structural behavior of the skin plates followed the hinged-end assumption in de­
form~d shape and stress values. The vertical deformation of the skin plate, which is 
a measurement of settlement within each skin element, was proportional to the over­
burden height. Design Eq. 5, developed in this paper for design of the steel skin plate, 
accurately predicted the stresses developed in the skin plate. Use of the vertical de­
formation, liv, of the skin plate for one of the major functions in design has proven to 
be a satisfactory approach. Figure 9(b) can be used to estimate the vertical deforma­
tion, liv, for design of skin plate at different heights of reinforced earth fill. The as­
sumption of a semicircular shape simplified the calculation of the stresses in the skin 
plate and accurately predicted the measured stresses. 

The settlement and horizontal movement of the reinforced earth embankment was 
primarily attributable to the densification of the deep foundation slide debris. These 
movements were probably the main cause of continuing change in stresses of the steel 
and soil after completion of the fill. 
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BEARING CAPACITY OF ANISOTROPIC AND 
NONHOMOGENEOUS CLAYS UNDER LONG FOOTINGS 
M. Livneh and J. Greenstein, Technion-Israel Institute of Technology, Haifa, Israel 

~ 

There is experimental evidence that saturated clays in undrained conditions 
have depth-dependent anisotropic strength properties. Hence there is a 
need for an appropriate strength law to determine the failure field for the 
medium in question. The critical bearing capacity of a footing in this me­
dium was determined by a modified version of Hill's failure mechanism. 
According to this, in a nonhomogeneous medium where strength increases 
depth, failure takes place closer to the surface than it does according to 
Prandtl's mechanism. Anisotropy and nonhomogeneity must be taken into 
consideration in general. 

•ANISOTROPIC or nonhomogeneous materials are the subject of numerous studies (l, 
2, 3, 4, 5, 6, 7, 8). In engineering applications there is frequently a shear line along which 
theamsofropic strength is correlated (9, 10, 11, 12, 13). Livneh, Greenstein, and 
Shklarsky (14, 15, 16, 17) claim, however,tiuitthis approach is meaningless in an aniso­
tropic medium :incITsllius inapplicable for practical purposes. The strength of satu­
rated clay in undrained conditions is known to be anisotropic (2, 18) and to increase with 
depth (19). Therefore, to determine critical bearing capacity-under long footings we 
have toformulate the strength law (yield function) and from it derive the field of failure 
(slip-line field) for the given medium. The notations used in the formulations in this 
paper are as follows: 

c = cohesion, 
Ca = surface value of cohesion, 
C = material constant in Hill's model, 

D1, D.14 , D:! = material constants, 
D(I/J, x, y) = strength factor, 

G = depth gradient of D, 
f = yield function, 

i, j = characteristic directions, 
J2 = second invariant of stress deviator, 
k = material constant, 

N.: = critical bearing- capacity factor, 
p = mean stress in plane, 
q = critical bearing capacity, 

u, v = axial velocity components, 
x, y = coordinate system in plane, 

Ay, n .. = anisotropic functions, 
; = angle between x and major principal strain-rate directions, 

'11 , C13 = principal components of stress tensor, 
a,, "n T ,y = components of stress tensor in (x, y) plane, and 

w = angle between x and major principal stress directions. 
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YIELD FUNCTION 

The principal mechanical property of a cohesive 2-dimensional medium such as the 
clay described previously is a yield function independent of the mean stress whose gen­
eral form is 

(1) 

where D = strength factor, which is D (1/J, x, y). D also equals the radius of the Mohr 
circle at failure; in an anisotropic medium it is not identical with cohesion (14, 15, 16, 20). 
That is to say, - - - -

11 (cr1 - cra\2 
(a . - O'y)2 2 

J2 = ;2S1JS1J = --
2
- J = 

4 
+ Txy (2) 

For a homogeneous medium, the yield function reduces to a model such as that proposed 
by Hill (21) or Davis and Christian (2). 

In thisstudy, we present for practical purposes the following pattern for D: 

D = D(iµ)y=O + Gy 

where 

w = angle (positive counterclockwise) between x and 0'1 directions (Fig. 1), and 
G = oD/2y, the depth gradient of D (Fig. 2). 

The first term in Eq. 3 represents the surface variation (y = 0), as follows: 

( ) ( 
D2 - Di) . 2k2 ( ) . 2k D 1/J y=O = D1 - D1 - Dff/4 + 2 k Slil l/> + D2 - D1 Slil !/> 

where 

D1,D"14 ,and D2 = w = 0, 77/4, and 77/2 respectively [Fig. 3 (~)], and 
k = material constant. 

This paper deals with cases of constant G (l~· 

FIELD OF FAILURE IN ANISOTROPIC INHOMOGENEOUS CLAY 

(3) 

(4) 

To determine the stress field in an anisotropic clay medium, the components of the 
stress tensor at failure should be formulated as follows: 

a,,y = p ± D cos2iµ 

Txy = D sin2iµ 
( 5) 

When Eq. 5 is substituted, the equilibrium equations read: 

op+ 2D(-sin2iµ + n 0 cos2!/J) ol/J + 2D(nosin2!/J + cos2iµ) o!/> + Gsin2iµ = 0 (6) 
ox ax ay 

op+ 2D(n0 sin2I/J + cos2iµ) ell/)+ 2D(sin2iµ - nocos2iµ) ell/> - Gcos2iµ = 0 (7) 
ay ax elY 

where 

an 
n0 =ellµ= 1,/.i _j_ ln[D(iµ)y=o + Gy] 

2D ol/J 
(8) 



Figure 1. Description of the coordinate 
system. 

Figure 2. Variation of the strength factor, 
D, with depth. 

Figure 3. Anisotropic strength properties of clay. 
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This is not exclusive for a strength factor that obeys Eq. 4, but it is valid for any 
plausible continuous pattern, such as Hill's or Davis' models. Equations 7 and 8 are 
hyperbolic and yield 

1 0 2D(-sin21/J + nocos21/J) 2D(nosin21/J + cos 2iµ) 

0 1 2 D(nosin 2 iµ + cos 21/J) 2D(sin21/J - n0 cos2ip) 
= 0 (9) 

dx dy 0 0 

0 0 dx dy 

which in turn has 2 roots 

dy sin2 1/l - noCOS 21/J ± ,,/1 + n! , - = =~l 
dx COS21/J + nosin21/J ' 

(10) 

which represent the slopes of the characteristic lines in the stress field. These lines, 
in the anisotropic-inhomogeneous cohesive media, meet at right angles. 

The compatibility equations of the stress field that are satisfied along characteristic 
lines are as follows: 

where 

dp + 5.:ydl/J + G(sin21/J - cos 21/J y~)dx = 0 

dp - 5:.ydl/J + G(sin21/J - cos2iµ y~)dx = 0 

along i line 

along j line 

(11) 

(12) 

(13) 

Equations 11 and 12 are the equilibrium equations and reduce to those of Hill and 
navi~ fnr thP.ir :r::irtirnhlr mnnP.l~ in ::i hnmn~PnPrn1~ mPni11m ::inn tn thn~P nf HPn,..k:y in 

an isotropic-homogeneous one, where D represents cohesion. 
The stress field is identical with the velocity characteristics of the following model, 

which represents the particular case of displacement under plastic deformation: 

(14) 

au av ---
cot 2 ; = ox oY-= 1 + notan21/J 

all av tan21/J - no -+-
(15) 

oy ax 

where 

u and v = axial velocity components, and 
; = the angle (positive counterclockwise) between the x and major principal 

strain-rate directions. 

Equation 14 indicates that the plastic deformation involves no change of volume; Eq. 
15 indicates that in an anisotropic medium, the directions of the principal stresses and 
strain rates are not coincidental. Such is the case, for example, ,vi.th Hill's model (21), 
for which Eq. 15 reduces to -

tan2 ; = (1 - C) tan2 1/J (16) 

In an isotropic medium (no = O), 1/J = ;, and the directions coincide. 
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BEARING CAPACITY OF FOOTING IN 
ANISOTROPIC, NONHOMOGENEOUS CLAY MEDIUM 

Figure 4 shows that the case in question is symmetric, and that along the edge in 
fields 1 and 2, 1/J = 0 and rr/2 respectively; for both of which, oD/ol/J = 0 (D obeys Eq. 4). 
Hence, in these zones, no = O, and the compatibility Eqs. 11 and 12 reduce to 

dp - Gcos2iµ y~ l dx = 0 , along i, j line (17) 

If we substitute Y~,J, we have 

dp±Gdx=O along i, j line (18) 

Equation 10 shows that along the edge in fields 1 and 2 y~ = -y'J (dxt = -dx). Accord­
ingly, in the symmetric case with a constant mean stress, the compatibility equations 
are satisfied by straight lines. In other words, in an anisotropic, nonhomogeneous 
medium when D increases only vertically, each failure field consists of 2 families of 
straight lines that meet at right angles. 

In the homogeneous and weightless case (anisotropic or isotropic), the critical bear­
ing capacity according to Hill is identical with its Prandtl counterpart. However, for 
the case under discussion in this paper, when D increases with depth, the critical bear­
ing capacity according to Hill is lower. This could be expected because the material 
undergoes shear closer to the surface. By symmetry, point E in Figure 4 must be the 
midspan of the footing; this agrees with Hill's mechanism. The assumption for the fan­
shaped field 3 is that it is rigid and that the shear line j (BC in Fig. 4) is circular. This 
assumption signifies that the characteristic line i passes through the singularity S (along 
BC, the j line, y~ = y/ x). In these circumstances it can be shown that the following set 
of equations is satisfied along the j line: 

dy~ 
dx dib 
-=XI I 
dl/l YJ - Y1 

dy~ 
dy - X I dl/) 
dw - YJ YJ - y~ 

dp - ( ') dx 
diµ= Ay - G sin2iµ - cos2iµ YJ dip 

(19) 

Equation 14 was shown by Ince (22) to have a unique solution for given initial con­
ditions, in this case, for point A-p,;- = D1, YA = O, XA = B/2, and WA= 0. This solution 
represents an approximate upper bound for the critical bearing capacity as follows: 

(20) 

where DE and PE refer to point E, at which 1/J = rr/2. 
Figure 5 shows Ne plotted against Di/D.? [with (G/ D.?)(B/10) and D.,jD.? as parameters] 

where the dimension of B is identical to that of D.? / G. For the total error because of 
noninclusion of the anisotropy and nonhomogeneity, it is seen that when D1/ D.? = 1.2 5, 
D.,. / D.? = 1.0, and (G/D.?)(B/ 10) = 0.1, the exact value is about 50 percent higher than 
its isotropic counterpart, N. = 1T + 2. The comparison r efers to an undisturbed surface 
sample tested under routine laboratory conditions (ip = 'IT/2). In certain circumstances, 
1 component of the error cancels the other out, in which case [(G/ D)(B/ 10) = 0.05, 
D1/ D.? = 0.6, and D •. ,./ D.? = 0. 75] the isotropic value may be used. 

In an isotropic medium where c = Co + Gy, the compatibility Eqs. 11 and 12 reduce to 
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Figure 4. Rupture mechanism for bearing capacity determination. 
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dp + 2 edit, - Gdx = 0 

dp + 2 cdw + Gdx = 0 

along i line 

along j line 
(21) 

According to Livneh and Greenstein (2 3), integration of the above yields the upper 
bound ~ 

q = (7T + 2) Co.4B 

where co.4a = cohesion at depth y = 0.4B. 

CONCLUSIONS 

(22) 

In an anisotropic medium where the strength factor D increases with depth (as in the 
symmetric problem in Fig. 4), there are 2 fields of failure consisting of straight lines 
that meet at right angles. 

Critical bearing capacity is determined by Hill's failure mechanism, as modified, 
in which the material is sheared closer to the surface than in Prandtl's model. Critical 
bearing capacity N0 is determined from a set of equations with a unique solution for 
given initial conditions, namely PA = D1 , YA = 0, and XA = B/2 (Fig. 4). 

Anisotropy and nonhomogeneity may sometimes have a considerable effect on No 
compared to the isotropic value, 7T + 2, although in certain cases their contributions 
may cancel each other out. In an isotropic medium (no = O) with depth-dependent 
strength, critical bearing capacity is obtained by multiplying the cohesion at depth 
0 .4B by the isotropic No. 
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BEHAVIOR OF BEAMS ON RANDOMLY 
NONHOMOGENEOUS BASES 
Raymond J. Krizek, Technological Institute, Northwestern University; and 
Eduardo E. Alonso, Soil Mechanics Laboratory, McGill University 

The behavior of infinite beams resting on randomly nonhomogeneous bases 
is analyzed within the framework of random function theory. The coeffi­
cient of soil reaction is described as a random function of the spatial co­
ordinate, and a linearization procedure is used to derive the necessary 
functional relationship in terms of an impulsive load. Once the spectral 
structure of the solution is constructed, a convenient form for the variance 
of the settlement is found. This method is applied for 3 basic types of 
load, including a concentrated load, a concentrated moment, and a uni­
formly distributed load over a finite length of beam. In all cases a partic­
ular family of autocorrelation functions for the coefficient of soil reaction 
is used to evaluate the influence of the different parameters. Solutions are 
presented in the form of graphs that give the variance of the settlement at 
different locations along the beam. Finally, these results are applied to a 
particular case involving randomness in both total and differential settle­
ment of an infinite beam that is uniformly loaded over a finite length. 

•THE WINKLER theory, which states that the reaction forces against the foundation 
are proportional at every point to the deflection of the structure at that point, commonly 
is used to characterize the foundation medium when the deformational behavior of 1- or 
2-dimensional structures resting on soil is dealt with. This theory's main attraction 
is its mathematical simplicity. The deflection of a beam resting on such a base is 
governed by a fourth-order linear differential equation with constant coefficients; this 
equation is readily solvable for a variety of loads, geometrical configurations, and 
boundary conditions. As shown in Figure 1, this theory yields suitable results when 
an appropriate choice for the constant of proportionality between force and deflection 
is made. This figure also illustrates the main problem to be addressed in this paper­
whether the degree of variability of the beam behavior can be predicted from a proba­
bilistic definition of the soil parameter and whether probability statements rather than 
a deterministic estimate can be made concerning the predicted behavior of the beam. 
Figure 1 shows that, even though the predicted curves closely resemble the measured 
curves in the mean, significant deviations can be found at some locations. 

In most engineering applications, a close prediction of mean values is sufficient; 
attempts to make more accurate predictions do not seem justified. However, the strict 
limitations imposed on the differential settlement in delicate structures such as particle 
accelerators or high-speed transportation systems require more refined solutions. The 
complex nonhomogeneous character of natural and man-made soils indicates the ad­
vantages of a probabilistic approach to the problem. The random problem based on 
Winkler's hypothesis will be formulated and additional restrictions will be explained; 
then, the method of solution for the infinite beam will be developed for 3 basic loads 
and the variance of the beam settlement will be presented in terms of dimensionless 
parameters. These parameters provide all the information that is required to handle 
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Figure 1. Deflections and stresses 
in a rail. 

Figure 2. Random problem. 
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Figure 4. Settlement frequency response 
function. 

Figure 5. Settlement spectrum versus frequency 
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a broad class of problems because, if the probability distribution of the soil coefficient 
is normal, the probabilistic answer to the problem becomes completely characterized 
by the variance of the settlement. 

FORMULATION OF THE PROBLEM 

Within the framework of classical strength of materials applied to prismatic beams, 
the equilibrium of a differential element of a prismatic beam resting on a Winkler base 
[defined by its variable coefficient of soil reaction, k(x)] and arbitrarily loaded by q(x) 
leads to the following ordinary differential equation for the deflection of the beam y(x): 

where 

d1 
q(x) = EI~+ k(x)y(x) 

dx 

E = modulus of elasticity of the beam material, and 
I = moment of inertia of the cross section of the beam. 

(1) 

Figure 2 shows the problem and shows the reference axis. Note that, although the co­
efficient k is represented as having a continuous dependence on x, such continuity is 
not assumed in this simplified medium; in fact, the common representation of a beam 
resting on a number of independent springs better illustrates the situation analyzed in 
this study. Thus, the "transmission" of deformation through the soil is guaranteed only 
by continuity of the beam. 

If k(x) in Eq. 1 is considered to be a random function, K(x), of the spatial parameter, 
x, which defines the longitudinal coordinate of points along the beam, then Eq. 1 be­
comes a random ordinary differential equation with random coefficients as follows: 

q(x) = EI d
1
Y\x) + K(x)Y(x) 

dx 
(2) 

where capital letters denote random functions. Without losing generality, K(x) and Y(x) 
can be resolved into their mean values, K(x) and Y(x), and centered random functions, 
K*(x) and Y*(x), as follows: 

K(x) = K(x) + K*(x) 

Y(x) = Y(x) + y*(x) 

Upon introduction of these expressions into Eq. 2, we get 

,1-( ) 1 *(x) 
q(x) = EI d y 

1
x +EI~+ K(x)Y(x) + K(x)Y*(x) 

dx dx 
+ K*(x)Y(x) + K*(x)Y*(x) 

(3) 

(4) 

(5) 

which is nonlinear in its random terms. This nonlinearity poses mathematical difficul­
ties in obtaining a solution. If stiff or homogeneous soil conditions allow K*(x) and 
y*(x) to be small when com.pared to the mean values, R(x) and Y(x), Eq. 5 can be 
simplified to 

q(x) = EI~+ EI d
1

Y*}x) + K(x)Y(x) + K(x)Y*(x) + K*(x)Y(x) 
dx dx 

(6) 

Consider now the action of the expectation operator on Eq. 6; taking into account the 
interchangeability of the mathematical expectation operator and a linear differential op­
erator, we can write 
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q(x) = EI d'
1
Y~~) + EI d

4
{E[ Y: (x)]J + K( x)Y(x) + K(x)E[Y*(x)J 

dx dx 

+ Y(x)E[K*(x)] (7) 

By definition the expected values of Y*(x) and K*(x) are zero, and Eq. 7 reduces to 

q(x) = EI d'
1

y~~) + K(x)Y(x) 
dx 

(8) 

which is the usual deterministic equation for the mean deflection of a beam; however, 
Eq. 8 is valid from a probabilistic point of view provided the values of the mean cen­
tered coefficient of subgrade reaction are small when compared to the mean value. If 
Eq. 8 is combined with Eq. 6, then the random differential equation governing the de­
flection of the beam is simplified to 

•I >I ( ) 
-K*(x)Y(x) = EI <l y ,

1 
x + K(x)Y*(x) 

dx 
(9) 

In this equation randomness is introduced through a fictitious random load term that ac­
counts for the actual load in an indirect way, namely, through the deformation Y(x) that 
it produces in the mean problem of Eq. 8. Note that, even if the process describing the 
coefficient of subgrade reaction is considered homogeneous in the stochastic sense (the 
case considered herein), the random load term of Eq. 9 is a nonhomogeneous process 
because of the modulation provided by the function Y(x). 

METHOD OF SOLUTION 

To obtain the solution for the case of an infinite beam, one may rewrite Eq. 9 as 
follows: 

where 

, , _ ci 4 Y( x) ,,-, , __ , , 
LJ.r\X/ : .l!.1 --4- + .1\\ XI l'.\X/ 

dx 

qr(x) = - Y(x)K(x) 

Y(x) and K(x) = m ean cente r ed values, and 
qr(x) = r a ndom (fictitious) load. 

\lU/ 

(11) 

The objective in this problem is to determine the variance of the beam settlement, 
specifically, that settlement that is consistent with the definition of the subgrade co­
efficient. Because we are dealing with mean centered functions, the variance is di­
rectly the mean square value. When the solution for an impulsive type of load is known, 
the solution to Eq. 10 is constructed by superposition; if the solution for a unit concen­
trated load located at point a in Figure 3 can be obtained, then the deflection at any 
point x can be written as follows: 

= 
Y(x) .: J hy(X, a)qr(a)da (12) 

-co 

where h,(x, a) = settlement at point x due to a unit load at point a. This superposition 
method is justified by the linearity of the governing field equation. For an infinite beam 
the influence factor, hv(x, a), is only a function of the difference x - a if a convenient 
location for the reference system is chosen. Ba sed on Eq. 12 the autocorrelation func­
tion of the settlement, Y, can be written formally as follows: 
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Rv(x1, X-2) = E[Y(xi)Y(X-2)] 

a E [_; 

00 

_ j 00 

h,(x, - a)h,(x, - b)q,(a)q,(b)dadb] ( 13) 

After a number of well-known transformations (2) occur, the Wiener-Khintchine relation 
can be established as follows: -

(14) 

where 

Sv(f1, f2) and Sqr = double frequency power SJ?ectra density functions (generalized 
spectral density functions) of the s ettlement and the fictitious load, 
qr, respectively, 

Hv(f) = frequency response function of the system governed by Eq. 10, and 
H*(f) = the complex conjugate, H(f). 

The relationship given by Eq. 14 is a general expression for the spectral structure 
of the "output" of a linear system when a nonhomogeneous process is the "input". When 
the expression for the power spectra is found, the nonhomogeneous autocorrelation 
function for Y and the particular case of its mean square value is obtained by a double 
inverse Fourier transform of the power spectra density function. However, the special 
structure of the random load, qr, as a product of a known deterministic function, Y(x), 
and a zero-mean homogeneous random function, K*(x), introduces convenient simplifi­
cations. In fact, if we define an instantaneous power spectra function of the fictitious 
load (frequency-space spectr a function) as follows: 

co 

f R (T x)e-;2nfrdT qr , (15) 

-co 

where x and T = 1/:i(x1 + X-2) and 1,{(X-2 - x1) respectively, which define 2 points with co­
ordinates x1 and X2, and r q ( T, x) = autocorrelation function of qr(x), then the following 
relationship, as shown by Alonso (1), holds for the frequency-space spectra function 
of the settlement, Sv(f, x): -

where 

co 

Sv(f, x) = J Rv( Tl x)e-;2n'TdT, 

-co 

Rv(T,x) = E[Y(x - T/2)Y(x + T/2)], and 

co 

Hv(f) = f hv(y)e; 2
n17dy. 

-co 

(16) 

(17) 

(18) 

(19) 

Hv (f) is the frequency response function of the system. The simple expression given 
by Eq. 16 enables the frequency-space spectra function of the settlement to be computed 
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analytically; then, inverse Fourier operations can be used to write 

= 
Rr(T,x) = E[Y(x - T/2)Y(x + T/2)] = f Sr(f,x)e;2"1rdf (20) 

-= 
The mean square value (variance, in this case) for the settlement is therefore 

= 
Rr(O, x) = E[Y2(x)] = Var[Y(x)J = f Sr(f, x)df (21) 

-= 
This relationship will be used subsequently to derive the variance of the settlement. 
Note that the frequency response function, Hr(f), is invariant with the actual load dis­
tribution over the beam. When it is known, it can be applied to any configuration of 
external load. This function will be computed herein by using its definition as a start­
ing point. 

Settlement Frequency Response Function 

The influence function, hr(y), which appears in Eq. 19, can be found from Hetenyi's 
elementary beam analysis (~). 

>.. hy(y) =hr(x - a) =2Ke-xlx-• 1(cos>..Jx - al+ sin>..lx - al) 

where 1/>.. = characteristic length of the beam. It is defined by 

1/>.. = (4EI/K)y. 

Because of the symmetry of hy(y), Eq. 19 can be simplified to 

= = 
Hv(f) = 2 f hv(y)cos27Tf')ldT = 2 f :K e-xr (cosXT + sinXT)cos21TfTdT 

0 0 

which, after integration and substitution of the dimensionless frequency, F = f/X, 
becomes 

H~ = 1 + 11F 1 - 1rF 
ad 1 + (1 + 2rrF)2 + 1 + (1 - 21rF)2 

(22) 

(23) 

(24) 

where H~ad = dimensionless frequency response function. The plot of this function in 
Figure 4 shows the dominant influence of this weighting function in the dimensionless 
frequency interval -0.3 to 0.3. Although there is no practical significance to a negative 
frequency, the mathematical formulation of the 2-sided spectra, Si,(f, x) and Sv(f, x), · 
uses negative .frequencies in a conceptual \V<l.y. 

Analysis of Load Conditions 

The next step in this analysis requires the consideration of specific loading condi­
tions including concentrated vertical load, concentrated moment, and uniform continu­
ous vertical load over finite length. According to Eq. 16 the loading conditions are 
reflected only in Sq/f, x), the frequency space density function of the fictitious load, qr. 
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By using the definition given by Eqs. 15 and 18, we will calculate this function for spe­
cific fundamental types of loading. The actual load enters this expression through the 
deformation, Y( •), that it causes in a beam resting on a base with mean characteristics, 
K; only the case for constant mean value of K has been considered herein. Although 
analyses for more complex mean values do not introduce any conceptual changes, they 
will lead to difficulties in obtaining the required integrations. 

The soil influence in Eq. 15 enters through the autocorrelation function, RK( T). Ar­
bitrary autocorrelation functions from observed data can be either approximated by 
simple mathematical expressions suitable for analytical development in Eq. 15 or in­
troduced in their actual form with the use of some numerical integration procedure, 
such as the fast Fourier transform (2). The first procedure is best suited to provide 
a systematic picture of the influence exerted by the various parameters affecting the 
beam behavior, and it will be used in this study. However, numerical procedures will 
be required to handle the detailed analysis of a particular case that might involve soil 
autocorrelation functions that differ significantly from the family used herein. 

According to Ignatov and Vershinin (!_)( Sobolev proposed the following simple de­
caying exponential type of function for R K T): 

(2 5) 

B can be identified with the variance of the subgrade coefficient; a governs the correla­
tion dependence of the coefficient of soil reaction with distance. The same form of 
autocorrelation function was found by Alonso (1) in a study of the random function char­
acterization of 20 deep static sounding records of homogeneous sandy soils (5). The 
parameters that characterize a particular type of soil are K(x) and B, the mean value 
and variance respectively of the coefficient of subgrade reaction and the coefficient a, 
a measure of the degree of correlation between the values of K(x) along the beam. High 
values of a imply that successive values of K(x) along the beam are relatively indepen­
dent of each other, whereas low values of a indicate significant correlations over long 
distances. 

The specific values for K(x), B, and a for use in a particular study can be properly 
chosen only if adequate records of K(x) with distance are available within the immediate 
vicinity; the metl1ods and techniques used in analyses of this type have been discussed 
by Alonso (1). But, if data are limited, a reliable estimate for K(x) and B can be ob­
tained in most cases, and approximate bounds for a, which requires continuous or 
quasi-continuous records, can be deduced from general trends based on studies of ex­
isting records. For example, in a study of 17 vertical records of soil properties 
ranging from Atterberg limits to bearing pressure in static sounding tests in a variety 
of soil types, Alonso (1) found that the numerical value of parameter a oscillated be­
tween 0.16 and 1.90 m=I. Further studies of this type are necessary before narrower 
limits can be determined for different soils and properties. 

Infinite Beam With Concentrated Load 

The deflection of a beam resting on a soil with a constant subgrade coefficient be­
cause of a load, P, can be written from Eq. 22 as 

(26) 

By introducing the dimensionless variables 

X = XI\ Z = TX and A= a/>.. (27) 

the expression for Sq
1 

becomes 
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00 f (coslX+Z/21 +sinlX+Z/2J)(coslX- Z/21 +sinJX- Z/2J) 

-00 

(28) 

Integration of Eq. 28 yields, according to Alonso (!_), 

(29) 

where S.. = dimensionless function depending on F, X, and A. Defining a dimension-
less exp:te'!:ision for the frequency-space spectra density function of the settlement, Y, 
as 

Sv = K4Sv 
ad I>211.B 

we can write the dimensionless counterpart of Eq. 16 as 

(30) 

(31) 

As noted by Bendat and Pi.ersol (2), Eq. 21, which relates the mean square values of 
the settlement to the frequency-space density function, suggests that the function Sv can 
be interpreted as the distribution of the variance in the frequency-space plane. Hence, 
additional information should be obtained for the range of frequencies that exert the 
maximum influence on the mean square value considered. Figure 5 shows a dimen­
sionless plot of Sv as a function of frequency for some particular values of the param­
eters involved; as before, the presence of negative frequency values is merely a math­
ematical convenience. The frequencies near zero influence the mean square value most 
::;ig;"".aifi~~~tly, ~ud. ~"i~A.-c io i-~pi.:I ~cca.y- iiJ. tI1c a:rc:a i.iiiUt::.1 U1t: 1.;urvt:~ wiU1 iucrt:a.::;t:::; iu 
the longitudinal coordinate, X. A similar trend is observed for parameter A = a/11., 
which defines the autocorrelation function of the soil reaction coefficient. 

The final goal of calculating the mean square value or variance, >Itt of the settle­
ment along the beam is accomplished by use of Eq. 21 in terms of dimensionless pa­
rameters. If we define 

(32) 

then the corresponding dimensionless version of Eq. 21 is easily established to be 

00 

,i,td = f SvaddF (33) 

-oo 

This is the expression that has been used to compute the variances. The complexity of 
the expression for Sv,.d necessitated the use of a computer to perform the integrations. 
The numerical integration involved a parabolic composite scheme with variable spacing 
along F according to the rate of change of the Sv function. It did not present any dif­
ficulty because of the rapid decay in the frequency-space spectra functions for increas­
ing values of F. As expected, the more rapid the oscillation of soil properties, the 
smaller the influence that can be attributed to them. Figure 6 shows the result of this 
computation in terms of dimensionless parameters, and it illustrates the variation of 
the variance with distance from the load and the soil parameter a. As one could antic­
ipate, the maximum variability in the results occurs immediately under the load. Also, 



Figure 6. Settlement variance versus 
distance to load for concentrated load. 
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Figure 7. Settlement spectrum versus 
frequency for concentrated moment. 
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the uncertainty introduced by soil heterogeneity at a distance of 2 characteristic lengths 
from the location of the load is negligible compared to the uncertainty at the location of 
the load. The formulation of the problem in dimensionless terms indicates the general 
dependence of the mean square values on the parameters defining the beam character­
istics. In fact, the variance of the settlement given by Eq. 32 can be written as 

,i,2 _ Ji!>,. 2B ,r,2 _ P2B ,r,2 

y - j(1 Yad - 2(Eif'K 7/2 Yad 
(34) 

Thus, larger loads and larger variances in the soil reaction coefficient, B, will lead to 
a larger expected variability in the settlement. Note also the strong influence of the 
mean soil parameter, K, in reducing the uncertainty. 

Infinite Beam With Concentrated Moment 

The deflection of an infinite beam because of a concentrated moment, Mo, at the 
origin can be written as follows (~ : 

Y(x) = ~ e-Ax sinh x .: 0 
K 

Y(x) = ~ 
2 

eAx sin1.x x s: 0 
K 

(35) 

(36) 

When the operations involved in Eqs. 15 and 16 were carried to completion, a dimen­
sionless form of the frequency-space spectra of the settlement due to a concentrated 
moment was found to be as follows (1): 

(37) 

in terms of which the relationship given by Eq. 33 still holds. Figure 7 is a plot of this 
function for a few particular values of the parameters X (dimensionless length along the 
bean,.) and A = a/1. (definition of the autocorrelation function of the soil). Frequencies 
near zero are the most significant. Values of F larger than 0.3 do not contribute ap­
preciably to the variance, and we observe. a general decay in the area under the curves 
for increasing values of A and X. If we define 

'¥2 - R.'1,i,~ 
vad - ~ 4B 

(38) 

then Eq. 33 can be used to compute the variance of the settlement along the beam by the 
same numerical technique mentioned previously. Figure 8 shows the resulting values 
for the dimensionless variance as a function of the parameter a / 1. and the distance from 
the point of application of the load. The maximum uncertainty occurs at a distance of 
about 1 characteristic length from the origin, and, at a distance of 3 characteristic 
lengths, the randomness of the settlement is negligible. Additional information on the 
variables affecting the variance can be obtained by writing ,r,~ as 

(39) 

Note the larger influence of the rigidity of the beam in reducing the variance, as com­
pared to that for a single vertical load. Again, the applied moment and the variance of 
the soil properties contribute to the uncertainty in the settlement, whereas the mean 
coefficient of soil reaction does the opposite. 
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Infinite Beam With Uniformly Distributed Load 

The deflection of a beam under a uniform load distributed along a distance 2t can be 
written as follows (3): 

y = ~ [e'-XCOSAX - e-"122 -x>cos>..(2t - x)J if X ,;; 0 
2K 

y = ~ [2 - e-"xcos>..x - e-"122 -x>cos>..(2.i - x)J if O ,;; x ,;; 2t 
2K 

y = -'.!._ [e-AXCOSAX - e-A(x- 22>cos>..(x - 2t)J if X "2t 
2K 

(40) 

(41) 

(42) 

when the origin is located at the left extremity of the loaded zone. As before, a closed 
form solution can be found for Sqr when the integration indicated in Eq. 15 is performed. 
A more convenient dimensionless form for Si, can be shown as follows (!): 

>..R2 
Si,.d = Bq2 Sir (43) 

This expression can be used to compute the frequen~y-space density function of the 
random settlement, Sv(f, x). Figure 9 shows the behavior of this function for 2t = 10/>.. 
and for several particular values of the parameters A and X. Again, only the frequen­
cies near zero have a significant influence on the mean square values; note also the in­
fluence of A in spreading the range of influence of F. If we define the dimensionless 
version of the variance of the settlement as 

2 R4 2 
'¥yad = --2 '¥y 

Bq 
(44) 

Eq. 33, which was established for a single concentrated load, can be used here with-
out modification to compute the variance of the settlement by means of the same nu­
merical procedure mentioned previously. Figure 10 shows the final results of these 
computations for different values of the parameter L = >..t. Observe the slow decay of 
the variance in the region beyond the loaded interval for small values of the loaded 
length (compared to the characteristic length of the beam, 1/>..). However, when Lin­
creases, the significant randomness of the settlement is limited to the loaded length, 
as shown in Figure 10d. The almost constant value assumed for '¥~ within the interval 
is shown in Figure 10d. A somewhat different behavior is observed in this regard when 
L decreases as illustrated in Figures 10a and 10b. In general, the point of maximum 
uncertainty is located at the middle of the loaded zone. Figure 11 shows the dependence 
of the variance values and the length l for the central point of the loaded zone. After a 
r egion of rapid increase of'¥~ for values of L where 2L i s less than 3.5, a fairly con­
stant value of '¥~ exists. As in the preceding cases, the expression for the va.1·iance may 
be rewritten in terms of the dimensionless factor wtd to examine the effect of the vari­
ables involved on the variance of the settlement: 

(45) 

Again, the magnitude of the applied load and the soil variance have a positive influence 
in increasing the uncertainty of settlement, whereas the mean soil reaction coefficient 
has the opposite effect. 

The general case in which the load extends over an infinite beam can be viewed as a 
superposition of the types of loads considered. It was noted previously that the load 
distribution enters the analysis through the deformation, Y(x), produced in the beam 
resting on a foundation with a deterministic mean soil coefficient. Because the linearity 



Figure 10. Settlement variance versus distance for uniform load. 
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of the problem enables such a deformation to be considered as the superposition of de­
formations caused by basic types of load, one is tempted to add the variance contribu­
tions for each type of load. However, Eq. 15 for Sq has a nonlinea1· character in Y( •) 
as illustrated by Eq. 18. Because this will give ris~ to mixed terms not directly con­
sidered herein, an analysis similar to this must be performed on the mixed terms. In 
general, only double products of the settlement functions considered here will appear 
in Eq. 15. 

EXAMPLE 

To illustrate the applicability and proper implementation of the preceding results in 
practical cases, consider the hypothetical example of a reinforced concrete prismatic 
beam resting on a sandy soil whose reaction is assumed to be of the Winkler type. From 
previous experience and a random function analysis of actual soil data (1), the coeffi­
cient of soil reaction can be approximated by a homogeneous random process with an 
assumed constant mean of 8 kg/cm3 and a coefficient of variation of 0.2. The autocor­
relation function can be described by an exponentially decaying function in which the 
parameter a is chosen to be 1 m- 1

• The cross section of the beam is an inverted sym­
metric T (the larger side is in contact with the soil) with an effective elastic modulus 
of 200 000 kg/cm2

, dimensions of 50 by 20 cm and 20 by 20 cm for the lower part and 
upper part respectively, and a uniformly distributed load of 50 ton/m over a length of 
20 m. The longitudinal dimension of the beam is sufficiently long to justify the assump­
tion of an infinite length for purposes of settlement calculations. 

Equation 23 where K = bKo can be used to find 1/A. = 2m; tlle1·efore, 2L = 2t /X. = 10 
and a/>, = 2. The maximum dimensionless variance, R~VBc{, for a large por tion of 
the beam can be fou.nd from Figure 10c to be 0.34. Using these values, we obtain 
'¥~ = Var(Y) = 0.0206 cm2

; the s tamlard deviation for the settlement is av = 0.144 cm. 
A deterministic analysis based on Eq. 41 shows that the mean settlement, Y, for the 
center of the loaded zone is 1.2 5 cm; hence, a coefficient of variation of O. l 44/1.2 5 = 
0.115 is found for the settlement of the beam. 

If no further assumptions are made concerning the probabilistic structure of K(x), 
one is forced to use nonparametric statistics to obtain confidence intervals for the set­
tlement. In many cases, however, a normality assumption is justified; it suffices to 
check this assumption only in the process describing the soil behavior because the dif­
ferential equation governing the phenomenon is linear and the preservation of the nor­
mality condition is thereby guaranteed. Even if the soil coefficient process departs 
slightly from normality, this assumption will still give more accurate results than the 
use of nonparametric statistics, because the complete generality of its assumptions 
usually leads to very conservative statements. Suppose, for example, that one is in­
terested in a 90 percent confidence interval for the settlement of the center point of the 
loaded zone. If a normal model is used, the unit normal variate, u, becomes 1.65 and 
limits of 1.01 cm and 1.49 cm can be established for the settlement. When a normal 
model is justified, the determination of the degree of randomness involved in the total 
settlement is a straightforward exercise. 

An estimate of the maximum differential settlement at a given significance level poses 
a more difficult problem. Because differential settlement is associated with a distance 
between 2 points of interest, the probabilistic dependence of these 2 points must be in­
vestigated. Although the nonhomogeneous autocorrelation function provides a first ap­
proximation for such information for a nonhomogeneous process, the 2-dimensional 
function is not known in this case and a rigorous analysis cannot be undertaken. In 
this context we may employ the heuristic argument that, if 2 points are uncorrelated 
for soil characteristics, it is unlikely that the settlement at those 2 points will be cor­
related; this reasoning defines, by a simple examination of the autocorrelation function, 
a distance between points where independence of the random variables defining the set­
tlement can be assumed. In this case (a/A. = 2) the distance can be fixed as 5 m ac­
cording to Eq. 2 5, provided correlations smaller than 10 percent of the variance are 
taken as a virtual lack of correlation. Within the framework of a normal model, con­
sider now the random variables defining the settlement at 2 different points x1 and ~ 
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Y1 = N(Y1, O'yl) 

Y2 = N(Y2, Oy2) 

At a significance level of a, we are interested in the differential settlement, 6, so that 
P[( Y1 - Y2) > oJ = a. The random variable, V = Y1 - Y2, is characterized by its mean 

v = Y1 - Y2 

and its variance 

The correlation coefficient, Pv1 v2, will become approximately zero if X1 and X2 are a 
distance, d, apart; in this case' we have 

The variable V can be defined in terms of known quantities. Consider the 2 represen­
tative points x1 = 5 m and X;i = 10 m; for the first point we can use Eq. 41 to obtain 
Y1 = 1.29 cm. Because the variance is almost identical at both locations, the differ­
ential settlement will behave as a normal random variable with a mean of 0.04 cm and 
a standard deviation of 0.202 cm. The probability of exceeding a differential settlement, 
6, can be rewritten by using the unit normal variate, U, as follows: 

p[(Y1 - Y2) > oJ = 1 - P(V s 6) = 1 -P(u s 6 ~u V) = 1 - Fu(6 ;v V) = a 

At a 10 percent significance level, we get Fu(6 ;v V) = 0.9, whereupon 

6 = :i..3Uu-v + V = U.ZU2 -t- G.G4 = V.3V~ (;ul 

Note that only 13 percent of this settlement comes from the deterministic solution, al­
though more unfavorable conditions can be found along the beam by studying the deter­
ministic settlement curve. The above computations represent a differential settlement 
of 0.0006 cm/cm, which is significant only in very sensitive structures. Note, how­
ever, that this value can be increased if lower significance levels are desired. To find 
a more critical differential settlement along the beam, one can use a trial procedure 
and a comparison of the deterministic deformation law with the curve of variances to 
determine the worst situation. 

DISCUSSION OF LIMITATIONS 

The foregoing method of analysis uses a linearization procedure that is justified 
only when the dispersion of the coefficient of soil reaction is relatively small when 
compared to the mean value. If a completely different situation is encountered as 
would be the case when different soils are present, a larger dispersion in the settle­
ment of the beam would be expected. A deterministic approach, however, can be at­
tempted in this case if the extension of these heterogeneities can be evaluated. Engi­
neering judgment will dictate the worst situation according to loading conditions. 

The boundary conditions associated with beams of finite length do not allow the sim­
plified analysis presented herein to be applied; in fact, the influence factor, hv(x, a), is 
no longer a function of x - a, and therefore the full nonhomogeneous case must be con­
sidered. In general, this leads to complex double integrals that require considerable 
computation. A superposition principle normally used for the finite beam in the de­
terministic case is not valid because of the cross correlations among the quantities 
involved. An analysis of such cross correlations would complicate the problem even 
more. 
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Finally, the autocorrelation function for the coefficient of soil reaction in this analy­
sis has been assumed to be an exponentially decaying relationshipo Although the quali­
tative conclusions based on this dimensionless analysis apparently are unchanged if 
another function is selected, different results will be obtained for the dimensionless 
variance of settlemento 

CONCLUSIONS 

Probability and random process theory provides a convenient and natural approach 
to the analysis of settlement based on levels of confidence. 

Although there can be significant scatter in the total settlement computation, the 
proposed type of analysis allows a probabilistic evaluation of the scatter once the as­
sumptions incorporated into the analysis are justified. 

The random nature of the soil seems to affect the differential settlement less than 
the total settlement; however, because differential settlement may be important in del­
icate structures, confidence levels may have to be increased. 

The so-called nondimensional variance takes on its maximum values near the loaded 
zone and, in general, decays rapidly with distance from the loaded area; this is less 
evident for uniform loads when small loaded lengths are encountered. 

A dimensionless formulation of the problem allows the general dependence of the 
variance on the other parameters of the system to be established. The mean coefficient 
of soil reaction always exerts a strong influence on reducing uncertainty, which is max­
imum for a concentrated moment. The linear dependence between the variance of the 
settlement and the variance of the soil coefficient is apparent in all cases, whereas the 
mean square value of the settlement varies with the square of the applied load. Finally, 
the bending rigidity of the beam has a moderate influence on reducing the uncertainty of 
the settlement for the cases where the beam is loaded by a concentrated moment and a 
concentrated load. 
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