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FOREWORD 
Although the trend is toward computer aided solutions, there are many times when 
graphical or chart solutions can aid engineers in checking the reasonableness of a com -
puter answer or in a simplistic check of a proposed embankment design. Huang pro­
vides two charts, and Fang, Snitbhan, and Chen have supplied another that will aid 
materially in these quick check solutions. 

Hagerty, Deen, Palmer, and Tockstein propose an engineering rock evaluation 
schema for various professionals to use in planning transportation facilities. The 
schema emphasizes the ease of data accumulation, storage, and retrieval. 

Preloading by vacuum to accelerate the consolidation of fills constructed on soft 
clay soils is described by Holtz and Wager. Cost estimates and a full-scale test fill 
are described. It is estimated that, where applicable, this method might reduce the 
cost of preloading by as much as two-thirds. 

Alonso and Krizek present a simulation procedure to analyze the influence of a 
randomly varying coefficient of permeability on the one-dimensional consolidation 
settlement of clay layers. Corotis, El-Moursi, and Krizek present a method for using 
derived distributions to develop a probabilistic model for predicting the total settle­
ment in a compressible clay layer in terms of uncertain soil compressibility and loads. 
Both papers help in the opportunity for making realistic predictions when heterogeneous 
natural clay layers are dealt with. 

Selig and Calabrese describe the instrumentation and data obtained from a large 
experimental buried structure. The report presents useful information regarding the 
magnitudes and distribution of stresses and deformations, the influence of construction 
procedures, and the apparent moduli of the backfill. 

A rapid method of compaction control testing is proposed by Hatano and Smith, who 
present comparative data and time savings. Howeedy and Bazaraa describe 22 test 
fills that were compacted by using 7 models of vibratory compactors. For these 
specific conditions, they present the relationship attained for final relative density as 
it relates to lift thickness, coverage, force, frequency, and towing speed. 

Sneddon describes a method of obtaining secant moduli, soil support values, and 
subgrade modulus from an analysis of triaxial data for the soils involved. 

This RECORD will be of interest to soil and pavement design engineers. 

V 



STABILITY CHARTS FOR EARTH EMBANKMENTS 
Y. H. Huang, Department of Civil Engineering, 

University of Kentucky 

Two new charts are presented for the stability analysis of earth embank­
ments. The chart for short-term stability is based on the¢ = 0 analysis 
and can be applied to a nonhomogeneous slope composed of various soil 
layers, and that for long-term stability is based on the c, ¢ analysis and is 
applicable only to a homogeneous slope. The major advantage of these 
charts compared with those currently available is their simplicity. They 
can be used by practicing engineers to determine the factor of safety of a 
proposed embankment or to check the reasonableness of a computer solu­
tion. With discretion, the charts can be applied to a variety of cases en­
countered in engineering practice. Examples demonstrate the application 
of these charts to the stability analysis of earth embankments. The factors 
of safety obtained from the new charts are compared with those from the 
ICES-LEASE computer program, based on the simplified Bishop method, 
and are found to be in good agreement. 

•SINCE Taylor {.!) first published his stability charts in 1937, various charts have been 
successively presented by Bishop and Morgenstern (2), Morgenstern (3), Spencer (4), 
and Hunter and Schuster (5) for the stability analysis-of earth slopes. -These charts 
can be divided into two categories: those based on the total stress analysis for short­
term stability, in which the pore pressure along the failure surface is not considered, 
and those based on effective stress analysis for long-term stability, in which the pore 
pressure must be prescribed. Each chart has its advantages and disadvantages; some 
are too simplified to bear resemblance to actual field conditions, and some are too 
complex and require extensive interpolations and calculations. The applications of 
these charts were reviewed by Hunter and Schuster (6). 

Although computer programs are now available for the stability analysis of slopes, 
these programs generally do not serve the same purpose as stability charts. For 
major projects in which the shear strength parameters of the various soils are carefully 
determined and the geometry of the slope is complex, a computer program will provide 
the most economical and probably the most useful solution, even though stability charts. 
can still be used as a guide for preliminary designs or as a rough check for the com­
puter solution. For minor projects in which the shear strength parameters are esti­
mated from the results of standard penetration tests or index properties, the application 
of sophisticated computer programs may not be worthwhile, and stability charts should 
be used instead. 

Two new charts are presented: one for short-term stability analysis of embank­
ments and one for long-term stability analysis. The short-term analysis is used to 
ensure the stability during or immediately after construction, and the long-term 
analysis to ensure the stability long after construction. The design of earth embank­
ments is generally governed by short-term stability. However, long-term stability 
should also be considered if the embankments are subjected to steady-state seepage 
or rapid drawdown. In this paper, the chart for short-term stability is designed to 
take care of nonhomogeneous soils composed of various layers because the short-term 

Publication of this paper sponsored by Committee on Embankments and Earth Slopes. 
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shear strength, or cohesion, usually varies appreciably from soil to soil. To simplify 
applications, the chart for long-term stability considers a homogeneous soil only. This 
consideration does not impose severe limitations because the long-term shear strength, 
i.e., effective cohesion and effective friction angle, does not change significantly in a 
given region, and average values can usually be used. Examples demonstrate the ap­
plication of the charts to the stability analysis of earth embankments . The solut ions 
obtained from the charts are compared with those from the ICES-LEASE computer 
program (J_), based on the simplified Bishop method, and are found to be in good 
agreement. 

TOTAL STRESS ANALYSIS 

The total stress analysis is used to evaluate the short-term stability of embankments 
or the stability at the end of construction. 

Shear Strength 

When the soil is completely saturated and the embankment is constructed rapidly rela­
tive to the time of consolidation, the shear strength of soils can be represented by a 
horizontal envelope with an angle of internal friction ¢ equal to O so that the ¢ = 0 
analysis can be applied. Because the shear strength is independent of the confining 
pressure, an unconfined compression test can be used to determine the cohesion c that 
is one-half of the unconfined compressive strength. Because of sample disturbance, 
the unconfined compression test generally underestimates the shear strength. A more 
representative shear strength may be obtained from an unconsolidated, undrained 
triaxial test using a confining pressure approximately equal to the anticipated over­
burden pressure. One-half of the deviator stress, which causes the specimen to fail, 
is the cohesion of the soil. 

Ii the soil is oniy partialiy ~aiurat~<l, t:itiu::.r the \;Uii~ti-u.ctivii pei"ivd ia lvug co~parcd 
with the time of consolidation or the soil is granular; ¢ will no longer be 0, and the 
shear strength will depend on the magnitude of confining pressure. Even in this case, 
the ¢ = 0 analysis can still be applied if the soil is divided into different layers and 
different values of c, based on the anticipated overburden pressure, are used for each 
layer. 

Stability Chart 

Figure 1 shows the stability chart for the ¢ = 0 analysis . The chart is based on a 
homogeneous simple slope and a circular failure surface, as shown in the upper left 
corner of Figure 1. The embankment has a height H, and a side slope S: 1. A ledge is 
located at a depth DH below the toe, where D is the depth ratio. It can be seen from the 
figure that, the deeper the circle is, the smaller the stability factor will be; therefore, 
the critical circle is always tangent to the ledge. The center of the circle is at a 
horizontal distance XH and a vertical distance YH from the edge of the embankment. 
By equating the driving moment about the center of the circle due to weight to the re­
sisting moment due to the cohesion of the soil along the failure arc, the developed 
cohesion cd is obtained. The stability factor N, is defined as 

N = yH 
• (1) 

where 'Y = unit mass of soil. A computer program was developed for the required cal­
culations. The chart is different from Taylor's (!) in that the stability factors for 
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various circles are shown, and thus the application of the chart to nonhomogeneous soils 
is possible. 

For a section of homogeneous soil with the critical circle passing below the toe, it 
can be easily proved (1) that the center of the critical circle lies on a vertical line in­
tersecting the slope aC midheight, or X = 0.5S. This type of failure surface is called a 
midpoint circle, the results of which are shown by the solid curves in Figure 1. If the 
depth ratio D is small, the failure surface may intersect the slope at or above the toe. 
This type of failure surface is called a toe or slope circle, the results of which are 
shown by the dashed curves. For D = 0 and S < 2.5, the value of X for the center of the 
critical circle may be different from 0. 5S, as shown in the figure. 

Nonhomogeneous Slopes 

For illustration of the application of the chart to nonhomogeneous slopes, consider the 
embankment shown in Figure 2. The embankment is 20 i t (6.1 m) high and has a side 
slope of 3: 1 and a cohesion of 1,500 lb/ ft2 (71.9 kPa) . The foundation consists of one 
40-ft-thick (12.2-m) soil layer having a cohesion of 800 lb/ ft2 (38.3 kPa), and one 20-
ft-thick (6.1-m) soil layer having a cohesion of 100 l b/ ft 2 (4.8 kPa), which is underlaid 
by a ledge. The assumption of a cohesion as low as 100 lb/ ft 2 (4.8 kPa) is not realistic 
but is used merely to indicate the contrast in shear strength among different layers. 
Although the unit weight s for different soils are generally not t he same, an average unit 
mass of 130 lb/ ft 3 (2080 kg/ m3

) is assumed. Because the weakest layer lies directly 
above the ledge, the critical circle will be tangent to the ledge, or D = 60/ 20 = 3. 

If the slope is homogeneous with S = 3 and D = 3, from Figure 1 the most critical 
circle is a midpoint circle with a center located at YH = 2 x 20 = 40 ft (12.2 m) above 
the top of embankment, and a minimum stability factor of 5. 7 is obtained. The developed 
cohesion cd, or the cohesion that is actually mobilized, can be determined by 

c4 = r!!_ = l 30 X 
20 456 lb/ ft2 (21.8 kPa) 

N, 5.7 
(2) 

Because the slope is not homogeneous, the center of the most critical circle may be 
different from that of a homogeneous slope. However, unless D and Sare small, the 
difference between the two centers is generally small; therefore, the critical center 
for homogeneous slopes can be used for nonhomogeneous slopes as well. 

In Figure 2, the circle with the center at 40 ft (12.2 m) above the top of embankment 
is the critical circle based on a homogeneous slope. The average effective cohesion 
c 0 , or the maximum cohesion that can be mobilized along the failure arc, can be de­
termined by measuring the length of arc through each soil and by taking the weighted 
average. 

24 X 1,500 + 2 X 57 X 800 + 142 X 100 
24 + 2 X 57 + 142 

By definition, 

factor of safety 1.11 

505 lb/ ft2 (24.2 kPa) (3) 

(4) 

If a circle of larger radius with Y = 6 or YH = 6 x 20 = 120 ft (36.6 m) is used, from 
Figure 1, N. = 6.05, or 



Figure 1. Stability chart for 
</> = 0 analysis. 

Figure 2. Failure circles in 
nonhomogeneous slope. 

Figure 3. Nonhomogeneous 
slope with multiple soil 
layers. 
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130 X 20 
6.05 430 lb/ ft 2 (20.6 kPa) (5) 

When the length of arc through each soil layer is measured, 

= 28 X 1,500 + 2 X 70 X 800 + 180 X 100 
c. 28 + 2 X 70 + 180 

therefore, 

factor of safety 494 
430 1.15 

494 lb/ft2 (23. 7 kPa) (6) 

(7) 

It can be seen that the use of the critical center based on a homogeneous slope still 
yields a smaller factor of safety. When the critical failure surface is tangent to the 
bottom of a weak stratum and the center is moved upward, the decrease in effective 
cohesion due to a larger radius is not as significant as the decrease in developed 
cohesion; thus a greater factor of safety is obtained. This is especially true when D 
is small. If the critical center based on homogeneous slope is moved downward, the 
effective cohesion increases while the developed cohesion decreases, and a greater 
factor of safety results. 

For the slope shown in Figure 2, the ICES-LEASE computer program gives a mini­
mum factor of safety of 1.05 with the center of the most critical circle at X = 1. 5 and 
y = 2. 

Comparison With Computer Solutions 

To check the accuracy of the method for analyzing nonhomogeneous slopes, I deter­
mined the factors of safety for the slope shown in Figure 3 by the chart and compared 
them with those obtained from the ICES-LEASE com~uter program. The total Wlit 
mass of soils is assumed to be 120 lb/ ft 3 (1920 kg/ m ). The chart solution was obtained 
by assuming that the center of the critical circle was the same as that of a homogeneous 
slope. Fifteen cases involving various combinations of depth ratios, slopes, and soil 
layers were investigated, and the results are given in Table 1. Both solutions check 
closely and there is no discrepancy greater than 5 percent; thus the accuracy of the 
chart solutions is verified. 

To determine the minimum factor of safety from the chart, one can investigate one 
or more circles, depending on the locations of various soil layers. For example, cases 
5, 6 and 7 in Table 1 have the same geometry, except that the cohesions for the last 
three layers are interchanged. In case 5, the most critical circle is tangent to the ledge 
at the bottom of layer 5; therefore, only one circle needs to be studied. In case 6, the 
most critical circle is tangent to the bottom of either layer 4 or 5; therefore, two circles 
are needed. The two circles tangent to the bottom of layers 3 and 5 should be investi­
gated for case 7. 

EFFECTIVE STRESS ANALYSIS 

The effective stress analysis can be used to predict the long-term stability of embank­
ments. After a long time, the pore pressure becomes stabilized, and the effective 
stress can be estimated and used for the analysis. 
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Shear Strength 

In effective stress analysis, the shear strength of soils is expressed by Coulomb's law 

s c + (a - u) tan ¢ (8) 

in which s = shear strength, c = effective cohesion, qj = effective friction angle, a = total 
normal stress, and u = pore pressure. Because the effective strength parameters c 
and ¢ must be available before an analysis can be made, the effective stress analysis 
is also called the c, ¢ analysis. 

The effective strength parameters can be determined from slow types of triaxial 
tests or, more conveniently, from triaxial tests with pore pressure measurements. 
Approximate correlations between strength parameters and the classification or index 
properties of soils can be found in the literature (fil. 

Stability Chart 

Figure 4 shows the stability chart for the c, ¢ analysis. Two extreme cases are presented: 
one for zero pore pressure as indicated by the solid curves and one for a pore pressure 
ratio of 0.5 as indicated by the dashed curves. The pore pressure ratio is defined as 
the ratio between the pore pressure and the total overburden pressure. A pore pres­
sure ratio of 0.5 indicates that the pore pressure at any point on the failure surface at 
a distance h below the surface of the slo~e is equal to 0.5 Yh, where 'Y is the total unit 
mass of soil. If a soil mass is 125 lb/ft (2000 kg/m3

), 0.5 Y is equal to the unit mass 
of water Yw; therefore, the pore pressure can be written as 'Y,.h. This is similar to the 
case of rapid drawdown when the phreatic surface coincides with the surface of the slope. 
This case is of practical importance for the design of earth dams and embankments 
subjected to flooding. 

For intermediate cases, such as those involving steady-state seepage, the pore pres­
sure ratio will be between O and 0.5, and its value can be roughly estimated from the 
location of the phreatic line, described later. Bishop and Morgenstern (2) have indi­
cated that a straight-line relationship exists between the factor of safety -and the pore 
pressure ratio; therefore, the factor of safety for pore pressure ratios other than 0 
and 0. 5 can be obtained by direct interpolation. 

The factor of safety shown in Figure 4 is based on the analysis of a homogeneous 
slope by the simplified Bishop method (9). Part of the data were obtained from the charts 
and tables by Bishop and Morgenstern (2), and the remaining from the ICES-LEASE 
computer program. The slope and the failure surfaces are shown in the upper left 
corner of Figure 4. In contrast to the ¢ = 0 analysis, which involves deep circles, the 
critical circle determined by the effective stress analysis is quite shallow. The chart 
is different from Bishop and Morgenstern's in that the ledge is assumed to be at a depth 
greater than 0. 5 H from the toe; therefore, its presence has no effect on the factor of 
safety. If the ledge is located at or close to the toe, a slope circle will result, and the 
factor of safety may be slightly greater. Therefore, the use of the chart is on the safe 
side. 

The major advantage of the chart shown in Figure 4 is its simplicit1. For example, 
the factor of safety for a 3:1 slope with H = 20 ft (6.1 m), y = 120 lb/ ft (1920 kg/m3

), 

c = 150 lb/ ft2 (7.2 kPa), 100 c/ (yH) -=- 6. 25, ¢ = 30 deg, and a pore pressure ratio of 0.5 
can be read directly from Figure 4 as 1. 55. If the embankment is directly placed on a 
ledge, the factor of safety obtained from the Bishop and Morgenstern chart is 1.64, 
which is only slightly greater than the 1. 55 obtained from the chart. 

The chart also clearly shows the effect of friction angle, coehesion, and embankment 
height on the factor of safety. Note that when ¢ = 0, the factor of safety is directly 
proportional to effective cohesion but inversely proportional to height; however, when 
¢ /. 0, the effect of cohesion and height is greatly reduced. The curves for zero pore 



Table 1. Chart versus computer solutions for various depth ratios, slopes, and soil layers. 

Thickness (ft) Cohesion (lb/ft') 
Case Depth 
Number Ratio Slope H, H, H, H, H, C, C, C, C, C, 

1 0.250 1.5 10.0 10.0 5.0 0 0 1,500 750 75 0 0 
2 0.250 3.0 20.0 0 5.0 0 0 1,000 0 100 0 0 
3 0.875 1.5 2.5 17.5 5.0 7.5 5.0 1,800 1,200 300 150 600 
4 0.875 1.5 2.5 17.5 5.0 7.5 5.0 1,800 1,200 150 600 300 
5 1.000 2.0 2.5 17 .5 2.5 7.5 10.0 1,800 1,200 600 300 150 
6 1.000 2.0 2.5 17.5 2.5 7.5 10.0 1,800 1,200 300 150 600 
7 1.000 2.0 2.5 17.5 2.5 7.5 10.0 1,800 1,200 150 600 300 
8 1.000 2.5 15.0 0 7.5 7.5 0 1,000 0 400 100 0 
9 1.000 2.5 2.5 17.5 2.5 7.5 10.0 1,200 800 100 400 200 

10 1.000 4.0 5.0 10.0 2.5 12.5 0 1,000 500 100 300 0 
11 1.500 3.0 2,5 17.5 5.0 5.0 20.0 1,200 800 200 100 400 
12 1.500 3.0 2.5 17 .5 5.0 5.0 20.0 1,200 800 400 200 100 
13 1.500 4.0 2.5 17.5 5.0 5.0 20.0 1,800 1,200 150 600 :loo 
14 1.500 4.0 2,5 17 .5 5.0 5.0 20.0 1,800 1,200 300 150 600 
15 5.000 1.0 10.0 0 50.0 0 0 1,500 0 150 0 0 

Note: Different layers of soils are shown in Figure 3. 1 ft= 0.3 m, 1 lb/ft2 = 47.9 Pa , 

Figure 4. Stability 
chart fore, 'i6 
analysis. 

Figure 5. Proposed 
fill on south bank 
of Cumberland 
River. 
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0.91 0.89 
1.34 1.29 
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pressure can also be used for total stress analysis when !f, I zero. 

PRACTICAL APPLICATIONS 

The two charts shown in Figures 1 and 4 can be used by practicing engineers for the 
design and analysis of earth embankments, and I have applied the charts in my con­
sulting practice and found them _useful. They can be used to determine the factor of 
safety of a proposed slope or to check the reasonableness of a computer solution. 
Described below are two of the many actual cases in which these charts have been 
applied. These two cases are more complex than the simple slopes shown in Figure 3 
and therefore may demonstrate the wide applicability of the charts. 

South Bank of Cumberland River 

Figure 5 shows a proposed fill on the south bank of the Cumberland River along Ky-225 
in Knox County. The new fill will be placed on an existing embankment that consists of 
two zones. Shelby tube samples (Table 2) were taken from various depths, as indicated 
by the cross marks in Figure 5. The unit mass, moisture content, and unconfined 
compressive strength of the soils were determined, and the unconfined compressive 
strength of the fill material is assumed to be 3,000 lb/ft2 (143. 7 kPa). The effective 
strength parameters of the fill material (Table 3) and the materials in zones 1 and 2 
(Figure 5) were determined by triaxial tests with pore pressure measurements. The 
fill is subjected to rapid drawdown with the initial water table 2 ft (0.6 m) below the top 
of the fill. The problem is to determine the factor of safety for both short-term and 
long-term stability. 

In Figure 5, the surface of the slope is irregular, and the ledge is not horizontal. 
However, they can be approximated by a uniform slope of 3: 1 and a horizontal ledge, 
as indicated by the dashed lines. In the total stress analysis, the cross section is 
divided into various zones, each with a different value of cohesion as shown in Figure 6. 
From Figure 1, the horizontal and vertical distances from the critical center to the 
edge of embankment for H = 54 ft (16.5 m), S = 3, and D = 0 are XH = 0.5 x 3 x 54 = 81 ft 
(24. 7 m) and YH = 2 x 54 = 108 ft (32.9 m) respectively. The stability factor is 10.1. 
If the average unit mass y is assumed to be 12 5 lb/ It3 (2000 kg/m3

), 

125 X 54 
10.1 668 lb/ ft2 (32.0 kPa) 

The effective cohesion based on the failure circle in Figure 6 is 

21 X 1,500 + 16 X 740 + 32 X 790 + 29 X 420 + 54 X 150 + 44 X 740 
21 + 16 + 32 + 29 + 54 + 44 

620 lb/ ft 2 (29. 7 kPa) 

Therefore, 

620 factor of safety = 
668 

= 0.93 

The factor of safety obtained by the ICES-LEASE computer program using the 

(9) 

(10) 

(11) 



Table 2. Data from Shelby tube samples of fill from 
south bank of Cumberland River. 

Total Unconfined 
Unit Moisture Compressive 

Location of Mass Content Strc~th 
Samples {lb/ft') (percent) (lb/ It ) 

1 116.9 24.6 1,480 
2 129.0 20.3 1,520 
3 123.0 23.0 1,660 
4 120.4 28.4 840 
5 126.6 27.6 300 

Note: 1 lb/ft3 = 16.01 kg/m'. 1 lb/ft' = 47.9 Pa. 

Figure 6. Total stress analysis of south 
bank of Cumberland River. 

Figure 7. Effective stress analysis of 
south bank of Cumberland River. 

Figure 8. Cross section of Springfield 
Dam. 

Cohesion 
Used 
{lb/ft') 

740 
790 
790 
420 
150 
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Table 3. Effective strength 
parameters of fill from south bank 
of Cumberland River. 

c ~ 'Y 
Zone (lb/ft') {deg) {lb/ft') 

Fill 200 30 128 
1 167 30 120 
2 387 27 125 

Average 251 29 124 

Note: 1 lb/ft' = 47,9 Pa , 1 lb/ft' = 16.01 kg/m' . 
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sloping ledge and the actual unit masses of soils is 0.86. Both values check closely 
and indicate that the embankment may fail during or immediately after construction. 

In the effective stress analysis for long-term stability, a homogeneous slope must 
be assumed. Because the effective strength paramete1·s and unit weights of the three 
soils are not too different, average values of c = 251 lb/ft2 (12.0 kPa), 'W = 29 deg, and 
Y = 124 Ib/ ft3 (198 kg/m3

) may be used. The total height of the embankment measured 
from the ledge at the middle of the slope, as shown in Figure 7, is 55 ft (16.8 m). 
Although the water table before drawdown is 2 ft (0.6 m) below the top of the fill, it is 
assumed to be at the top of the fill; therefore, a pore pressure ratio of O. 5 can be ap­
plied. With S = 3, ¢ = 29 deg, and 100 c/YH = 3.68, from Figure 4, a factor of safety 
of 1.30 is obtained. The minimum factor of safety obtained from the ICES-LEASE 
computer program is 1.29. The close agreement between the chart and the computer 
solutions is only coincidental. The computer solution shows that the most critical 
circle lies entirely in zone 1 and does not cut through all three materials as assumed 
in the chart solution, because the material with an effective cohesion of 387 lb/ft2 

(18. 5 kPa) is too strong for the critical circle to pass through. Unless the materials 
in the embankment are quite uniform, the use of average strength parameters involves 
a high degree of risk and should proceed with caution. 

Figure 7 shows the results of effective stress analysis by the ICES-LEASE com­
puter program. The minimum factor of safety is 1.29, and the critical circle lies 
mostly in the existing slope. If the failure surface cuts through the new fill, a larger 
factor of safety, such as the 1.56 shown, is obtained. The factor of safety decreases 
as the circle moves to the right until it reaches a minimum value of 1.29. The factor 
of safety for the two circles shown in Figure 7 can be checked by the stability chart. 

For the right circle, the height of slope may be taken as the vertical distance be­
tween points b and d where the failure circle and the slope intersect, or H = 40 ft 
(12.2 m). Note that any error in estimating the value of H will have a small effect on 
the factor of safety. For all practical purposes, the failure circle lies only in zone 1 
with c = 167 lb/ ft2 (8.0 kPa) and y = 120 lb/ft3 (1920 kg/m3

) , or 100 c/(YH) = 3.48. For 
S = 3, qi= 30 deg, 100 c/(YH) = 3.48, and pore pressure ratio of 0.5, from Figure 4 the 
tactor of safety 1s i.Su, which checks with 1:he computer soiution oi :i.Z:1. 

For the left circle, the height of slope may be taken as the vertical distance between 
points a and c, or H = 32 ft (9.8 m). Because the failure circle cuts through all three 
soils, average values of c, W, and Y are used. The factor of safety determined from the 
chart is 1.55, which checks with the 1.56 determined from the ICES-LEASE computer 
program. 

Springfield Dam 

The Springfield Dam, which provides water supply to Springfield, Kentucky, is located 
in Washington County. The original dam was constructed long ago and was raised about 
4 ft (1.2 m) in 1947 by placing a new, rolled earth fill on the top and along the down­
stream slope of the original earth dam. Recently failures took place at the downstream 
slope when the surface slid slightly below the bottom of the new fill. The cross section 
of the dam, at which failure occurred, is shown in Figure 8. Since failure occurred 
long after construction, an effective stress analysis with steady-state seepage was made by 
using the ICES-LEASE computer p1·ogram. The phreatic line, or the line of seepage, 
was determined theoretically (10) and is shown in Figure 8. When c = 200 lb/ ft2 (9.6 
kPa), ¢ = 25 deg, and Y = 125 16,7i:t3 (2000 kg/ m3

), a minimum factor of safety o! 0.97 
was obtained. These values of c and ii, which are typical for the type of soils used in 
the dam and which result in a factor of safety slightly smaller than 1, can be reasonably 
taken as the shear strength of soil at the time of failure and, therefore, used for the 
redesign of the dam. 

The factor of safety obtained by the computer can be checked by the stability chart. 
An approximate method for determining the pore pressure ratio under steady-state 
seepage is to estimate the percentage of area below the phreatic line with respect to 
the total area of the sliding mass. If the phreatic line is on the top and along the surface 



of the slope, as in the case of rapid drawdown, the area below the phreatic line is 100 
percent; therefore, the dashed curves shown in Figure 4 should be used. If there is 

11 

no seepage and no pore pressure, the area below the phreatic line is O percent; there­
fore, the solid curves shown in Figure 4 should be used. For the case shown in Figure 
8, the area below the phreatic line is about 75 percent. Therefore, 75 percent of the 
value obtained from the dashed curves and 2 5 percent of that from the solid curves 
should be used to determine the factor of safety. 

Although the downstream slope at the bottom of the embankment is different from 
that at the top, an equivalent slope with a height of 37 ft (11.3 m) can be assumed. If 
H = 37 ft (11.3 m), c = 200 lb/ ft2 (9.6 kPa), and y = 125 lb/ft3 (2000 kg/ m3

), then 100 
c/(YH) = 4.32. From Figure 4, the factor of safety for S = 1.5 and¢ = 25 deg is O. 7 
from the dashed curves, and 1.3 from the solid curves with a composite value of 0. 75 x 
0. 7 + 0.25 x 1.3 = 0.85. Similarly, the factor of safety for S = 2.0 is O. 75 x 0.9 + 0.25 x 
1.6 = 1.07. The factor of safety for S = 1.75 is 0.5 (0.85 + 1.07) = 0.96, which checks 
with the 0.97 obtained from the computer. 

SUMMARY AND CONCLUSIONS 

Two simple charts are presented for the stability analysis of earth embankments. The 
chart for the ¢ = 0 analysis can be used to evaluate the short-term stability of embank­
ments, and that for the c, ¢ analysis can be used to evaluate long-term stability. Al­
though both charts are based on a homogeneous slope, a method was developed so that 
the chart for the ¢ = 0 analysis can be applied to nonhomogeneous slopes as well. 

In short-term stability analysis, the slope is divided into layers or zones, the 
cohesion of which may be determined from unconfined compression or unconsolidated, 
undrained triaxial tests. For a homogeneous slope, the location of the most critical 
circle and its stability factor can be determined from the chart, and in most cases this 
circle can also be used to compute the factor of safety for a nonhomogeneous slope. If 
the geometry of the slope is such that the critical circle for a homogeneous slope is no 
longer the same as that for a nonhomogeneous slope, the chart can be used to determine 
the factors of safety for other circles, and a minimum factor of safety can be obtained. 

In long-term stability analysis, the effective strength parameters c and ¢ of the 
various soil layers must be determined, and the average values, which represent the 
combined effect of all layers, must be assumed. The chart, which can be applied to 
determine the factor of safety for a homogeneous slope subjected to rapid drawdown 
or steady-state seepage, is based on the assumption that no ledge exists close to the sur­
face. Ifa ledge is located ator close to the toe, the factor of safety may be slightly 
greater, and the use of the chart is on the safe side. 

Examples demonstrate the application of these charts to the stability analysis of 
earth embankments. The charts can be used to determine the factor of safety of a 
proposed slope or to check the reasonableness of a computer solution. The solutions 
obtained from the charts are compared with those from the ICES-LEASE computer 
program and are found to be in good agreement. Although this paper is concerned 
primarily with earth embankments, the charts developed can be used for the analysis 
of cut slopes as well. 

It should be emphasized that the greatest uncertainty in stability problems arises in 
the selection of shear strength. The error associated with the use of stability charts 
is usually small compared with that arising from the selection of strength parameters. 
Therefore, careful judgment in the selection of strength parameters is needed in the 
stability analysis of earth slopes. 

ACKNOWLEDGMENTS 

Data for the south bank of the Cumberland River were provided by the Bureau of High­
ways, Kentucky Department of Transportation, and those for the Springfield Dam by 
Howard K. Bell Consulting Engineers, Lexington, Kentucky. The stability analyses 



12 

were made by Stokley and Associates, to whom I served as a consultant, and their as­
sistance in making the publication of this paper possible is gratefully acknowledged. 
The chart and computer solutions given in Table 1 were obtained by my students at the 
University of Kentucky as a homework exercise for an undergraduate course in founda­
tion engineering. The support given by the University of Kentucky Computing Center 
for the use of an IBM 360 computer and the ICES-LEASE program is appreciated. 

REFERENCES 

1. D. W. Taylor. Stability of Earth Slopes. Journal of Boston Society of Civil Engi­
neers, Vol. 24, 1937, pp. 197-246. 

2. A. W. Bishop and N. Morgenstern. Stability Coefficients for Earth Slopes. Geo­
technique, Vol. 10, No. 4, 1960, pp. 129-150. 

3. N. Morgenstern. Stability Charts for Earth Slopes During Rapid Drawdown. Geo­
technique, Vol. 13, No. 2, 1963, pp. 121-131. 

4. E. Spencer. A Method of Analysis of the Stability of Embankments Assuming 
Parallel Inter-Slice Forces. Geotechnique, Vol. 17, No. 1, 1967, pp. 11-26. 

5. J. H. Hunter and R. L. Schuster. Stability of Simple Cuttings in Normally Con­
solidated Clays. Geotechnique, Vol. 18, No. 3, 1968, pp. 372-378. 

6. J. H. Hunter and R. L. Schuster. Chart Solutions for Analysis of Earth Slopes. 
Highway Research Record 345, 1971, pp. 77-89. 

7. W. A. Bailey and J. T. Christian. ICES-LEASE-I, A Problem Oriented Language 
for Slope Stability Analysis, User's Manual. M.I.T., Soil Mechanics Publication 
No. 235, April 1969. 

8. Design Manual, Soil Mechanics, Foundations, and Earth Structures. Department 
of Navy, NAVFAC DM-7, March 1971, p. 7-3-17 and p. 7-9-2. 

9. A. W. Bishop. The Use of the Slip Circle in the Stability Analysis of Slopes. Geo­
technique, Vol. 5, No. 1, 1955, pp. 7-17. 

10. D. W. Taylor. Fundamentals of Soil Mechanics. John Wiley and Sons, 1948, pp. 
181-185. 

DISCUSSION 

H. Y. Fang, N. Snitbhan, and W. F. Chen, Fritz Engineering Laboratory, 
Lehigh University 

Huang has shown useful design charts for stability analyses of earth embankments. The 
solutions were obtained from the limit equilibrium approach, an extension of Taylor's 
work. Two cases have been studied: short-term stability based on the¢ = 0 analysis 
for a nonhomogeneous soil and a long-term stability for a homogeneous soil. 

It has been pointed out previously (!!, .!!, 1i, _!1) that the limit equilibrium methods 
inherit many weaknesses. The soil's stress-strain relationship is totally neglected, 
and arbitrary assumptions must be made regarding the shape of the slip surface and a 
direct or an indirect pattern of the normal stress distribution along such a surface. 
Since Huang's results were based on these assumptions, there is no assurance that the 
minimum solutions have been achieved. A simple example shows the comparisons of 
Huang's and our results using the limit equilibrium and limit analysis methods re­
spectively for ¢ = 0 and~ = 45 deg {S = 1.0): 

1. Case 1. Slip surface passing through toe. Huang's limit equilibrium solution, 
N1 = 6.12 (D = O); and our limit analysis solution, N1 = 5.86. 

2. Case 2. Slip surface passing below toe. Huang's limit equilibrium solution, 
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N. = 5.83 (D = 0.3); and our limit analysis solution, N1 = 5.53. 

A complete solution derived from the limit analysis method and from the design 
charts for an anisotropic, nonhomogeneous slope {¢ = constant c increasing linearly with 
depth) can be found (~ 18). Two typical examples, however, are presented to illustrate 
the purpose of the stability analysis of a slope on nonhomogeneous soil. 

Example 1 

Given a homogeneous slope, where f3 = 30 deg, cp = 0 deg, 'Y = 120 lb/ ft3 {1920 kg/cm3
), 

and c = 550 lb/ft2 (26 400 kP:a), find the critical height He. From Figure 9, 

N,o = ~ = 5. 5 (interpolated) 
C 

Therefore, 

Example 2 

5.5 X 550 
120 25.3 ft (7. 7 m) 

{12) 

(13) 

Given a layered slope as shown in Figure 10, where n = -0.5, f3 = 30 deg, ¢ = 0 deg, y = 
120 lb/ft3 (1920 kg/ cm3

), and c = 550 lb/ft3 (26 400 kPa), find the critical height H,,. 
From Figure 10, 

NN,n = 0.72 
10 

(14) 

Therefore, 

Ho = 0. 72 >< 2 5.3 = 18.2 ft (5. 5 m) {15) 
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Figure 9. Stability factor versus slope for 
isotropic-homogeneous soils by limit 
analysis method. 
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AUTHOR'S CLOSURE 

I appreciate the discussion by Fang, Snitbhan, and Chen. The additional charts they 
presented form a pertinent supplement to the original paper. Although they mentioned 
that these charts were obtained from the limit analysis method, a recent communication 
with them indicated that in many cases the limit analysis method they used was actually 
the same as the limit equilibrium method used ·by me; in other cases the results might 
be quite different. For the case of a¢ = 0 soil and a circular failure surface, as they 
cited in their examples 1 and 2, both methods should yield identical results. Therefore, 
the difference in stability factor between the two methods is due to the difference in the 
numerical technique used. However, the stability factors I used of 6.12 and 5.83 check 
more closely with those of 6.05 and 5.85 obtained from Taylor's stability chart @). 

REFERENCE 

19. Taylor, D. W. Fundamentals of Soil Mechanics. John Wiley and Sons, 1948, p. 461. 



ROCK EVALUATION FOR ENGINEERED FACILITIES 
D. J. Hagerty, University of Louisville; and 
R. C. Deen, M. W. Palmer, and C. D. Tockstein, 

Division of Research, Kentucky Department of Transportation 

An engineering classification system was designed for intact rock samples 
based on simple index tests that could be used to categorize Kentucky sur­
face and near-surface rock types and to assist Kentucky Department of 
Transportation personnel in planning for transportation facilities. While 
the literature sur vey was being conducted, several facts became apparent: 
(a) A large number of geologic and technical and gener al and specific rock 
classification systems already eXisted; (b) an equally lar ge number of in­
dex tests had been devised; and (c) there was a lack of communication 
among geologists and civil and mining engineers involved in specialized 
areas of rock-related work and, to some extent, among individuals within 
each field. It was evident from a careful study of existing classification 
systems and index testing procedures that developing yet another special­
ized classification system with associated index tests would not be a sig­
nificant contribution. It was decided, therefore, to concentrate on de­
velopment of an overall rock evaluation schema that, although useful for a 
specific purpose, would avoid the undesirable disparate characteristics of 
narrowness or overgeneralization prevalent in many classification sys­
tems and that would be developed so that accumulated information could be 
systematically stored for easy access and use. It was apparent that full 
development and implementation of a program of this nature would require 
fn'l"'thA,-. chuHt:ic '.'.lnrf t"'l"\nntli'l"''.'.lHnn n-f 'Y\1':lnu ;",1;,.,;r1n"lleo ".lnrl n,,.n'':lri;,.,..._.Hn-nc, 
--- ----- _______ .., -··- ............ t'-- _.,.......... ...... .. .... __. .. J -··-- .. ----... ~ -·- .., ... 0-............. _ ...... ..., ........... 

Such a program, properly developed and used, would substantially contrib­
ute to an advancement, and a delineation of the schema and guidelines for 
its implementation would be a worthy goal. 

•THE need for comprehensive information on the characteristics and behavior of earth 
materials has been recognized for many years, perhaps for as long as significant con­
struction has taken place in and on the surface of the earth. Recently, however, the 
magnitude and complexity of engineered construction have greatly increased and have re­
sulted in a corresponding increase in the need for information on the engineering prop­
erties of soil and rock materials. Direct testing of soil and rock can be used to furnish 
necessary information. However, both field and laboratory testing can be extremely 
expensive, particularly when testing must include applications of stress to large masses 
of earth material. For this reason, significant technical and economic advantages can 
be realized through the development of indirect or shortcut methods for obtaining indi­
cations of the properties and characteristics of geologic materials. 

Some years ago, the value of topographic maps, aerial photographs, pedologic de­
scriptions, and geologic surveys in characterizing soil materials was realized. To 
make this information useful for engineering studies, a serious effort was initiated to 
obtain data on the engineering properties of various soil groups and associations based 
on geologic and pedologic surveys. The correlation of performance data with informa­
tion on areal distribution and location based on the surveys has proved extremely valu­
able in the planning and construction of facilities in and on soil. 

Publication of this paper sponsored by Committee on Exploration and Classification of Earth Materials. 
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Recently, the size and importance of structures and facilities designed by engineers 
and architects have greatly increased. This has produced an increased interest in the 
rock materials underlying surficial soil layers. A clear need has arisen for a program 
to provide an engineering evaluation of rock materials for the purposes of location, de­
sign, construction, and maintenance of engineered facilities. However, a serious gap 
exists in the association of engineering characteristics with rock units identified from 
geologic classifications. Therefore, there is a need for the development of a compre­
hensive evaluation program that permits use of existing data and that helps in the pro­
curement of necessary information on engineering characteristics of rock. 

SCOPE OF STUDY 

The initial work plan included development of a classification system based on index 
tests. An investigation of previous works in classification of rock .on the basis of index 
tests showed that a variety of classification systems using many different index tests 
had been developed. However, this survey showed that no general applicable system 
had been developed and that little communication had been established between field in­
vestigators, facility designers, and those in charge of construction and maintenance of 
facilities. Therefore, the initial work plan was modified to include the development of 
a comprehensive methodology for evaluation of rock. The development of such an evalu­
ation schema was to include the establishment of an information bank to provide access 
to collected data by any interested individual. A survey of the categories of information 
on geologic materials, particularly rock strata, was undertaken. On the basis of this 
investigation of existing data, a method was devised to collect, categorize, and present 
more extensive data on rock materials. The general schema for the evaluation program 
was then developed. Currently, research is continuing to test and verify the validity of 
the evaluation program that has been developed. A final step in this effort will be a full 
implementation of the rock evaluation program for project planning in Kentucky. 

GEOLOGIC INFORMATION 

Any study of rock materials must rely at least in part on a background of geologic 
information. For several hundred years, geologists have investigated rocks of the 
earth surface, attempting to organize and codify rock units so that their origin, genesis, 
and transformation can be properly understood. This work is of tremendous significance 
for engineering studies of rock materials. Earth materials of concern to the engineer 
exist in a geologic environment. These materials possess physical characteristics that 
are a function of their mode of origin and the subsequent geologic processes that have 
acted on them. These events in geologic history lead to a particular lithology, to a par­
ticular set of geologic structures, and to a particular in situ state of stress. In the 
planning, design, construction, and maintenance of engineered facilities, geologic 
structures, distribution of rock types, and variations in existing states of stress in 
rock materials have significant influence. A familiarity with local geologic conditions 
and information is valuable because results of past studies and investigations can be in­
corporated into an information system. This local geologic information can be used to 
ensure that tests selected for classification purposes are compatible with the rocks en­
countered in a study area. Geologic structures and materials that have exhibited un­
favorable characteristics or that are potential sources of trouble can be quickly located. 
Moreover, knowledge of in situ stresses can be extremely useful in design, and a knowl­
edge of existing geology in an area under study can provide assistance in the planning 
and conduct of a testing program for a particular project at a particular site. 

In the development of the rock evaluation program for Kentucky, the geology of the 
state was reviewed, and existing geologic information was organized and codified to 
provide easy access for engineers and technicians not well versed in the topic. We 
recommend that such an organization of geologic information be carried out as a primary 
step in developing any rock evaluation program in other geologic areas. 
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ROCK CLASSIFICATION 

The organization of geologic information as described above illustrates the basic pur­
pose of any rock classification system: the transfer of information on rock properties 
from laboratory or field investigators to design engineers and contractors. The op­
timum means for such transfer of information would be the conduct of tests on rock in 
its native environment to simulate any proposed construction activity. Behavior of the 
rock under simulated construction conditions could be monitored, and predictions con­
cerning behavior during construction and subsequent operation of the prototype facility 
could be made. However, the expense of large-scale testing of in situ rock is such 
that this approach is not economically feasible. For this reason, inexpensive indirect 
tests are desirable. If such tests can be developed and used to indicate indirectly the 
behavior of rock materials under actual construction and operating conditions, great 
economies can be realized not only in exploration and testing but also in design and 
construction. When index testing of samples of material taken from a particular site 
has been used and when performance has been predicted on the basis of test results and 
a knowledge of differences between the laboratory test conditions and actual field con­
ditions associated with the proposed facility, considerable success has been attained in 
the investigation of soil materials, and, to a lesser extent, in studies of rock materials. 

The primary difficulty in using index tests for rock characterization is that large 
samples would be required to test a representative mass of material. Discontinuities 
located at significant spacings and changes in characteristics of material over long dis­
tances would require testing of large specimens, and this cannot be done economically. 
Therefore, evaluation of rock properties on the basis of index tests must always be con­
sidered as a superficial investigation limited by physical and mathematical continuity. 
Large-scale rock discontinuities and structural features cannot be preserved in lab­
oratory specimens. These discontinuities and inhomogeneities greatly affect rock de­
formation and failure in the field. A significant degree of uncertainty will always exist 
in any prediction of field behavior based on index test results. Nevertheless, index 
tests can serve as useful indicators of rock behavior, especially in the location and 
preliminary planning stages. For this reason, we have given considerable attention 
to selecting index properties and to using such properties in the classification of rock 
materials. Index tests must be characterized by simplicity, economy, and ease of 
performance. Additionally, index test results must be reproducible, within reasonable 
limits, by various practitioners in various locations who use standardized equipment 
and procedures. Most importantly, the test property must be an index of a material or 
mechanical property that the design engineer can use effectively. 

Many geologic classification systems for rock have been proposed. In general, these 
systems emphasize properties and characteristics of intact material and neglect dis­
continuities and possible sources of weakness in rock masses that are of critical im­
portance in engineering activities. The most widespread geologic classification of rock 
has been based on genesis, and rock materials have been divided into igneous, sedi­
mentary, and metamorphic categories. Within these categories, various subclasses 
have been developed based on petrographic studies that include characterization of the 
texture and mineralogy of the rock. In addition to genetic and petrographic classifica­
tions, geologists have developed chemical classification systems for rock material that 
are of limited applicability in engineering studies. Basic genetic classifications have 
been useful when they could be correlated with the engineering properties of the rock 
materials; however, genetic classifications are not sufficiently specific and quantitative 
for engineering applications. 

Physiographers and geomorphologists have developed systems for classifications of 
landforms that have proved to be useful as indicators of properties and structures in 
underlying bedrock. Physiographic classification systems of surficial terrain have 
proved useful in the location, planning, design, and construction of transportation fa­
cilities. The general qualitative character of most geological classification systems 
has been modified to yield a quantitative methodology of terrain description in the 
pattern-unit-component-evaluation (PUCE) system developed in Australia. The PUCE 
system appears to be a useful transitional step between purely qualitative geologic 
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classifications and quantitative engineering classification systems for rock. 
A number of engineering classification systems have been developed for rock ma­

terials. Some of these systems are based on inherent rock characteristics, others are 
based on a particular purpose or use for the rock, and some are based on a combination 
of inherent characteristics and intended uses. A review of existing classification sys­
tems indicated that strength, lithology, anisotropy, and durability can be used to char­
acterize the properties of an intact sample. These characteristics are shown in the 
form of a classification system in Table 1. · 

A variety of tests have been proposed as indicators of rock strength. Uniaxial com­
pressive tests have been used in rock classification systems, and hardness tests and 
various penetration tests have been used as indicators of rock strength. Compressive 
strength tests require machined specimens and thus are somewhat costly in terms of 
sample preparation. Hardness tests appear to be subject to variations in testing tech­
niques. The point-load strength index has been selected as a measure of tensile 
strength; empirical results show excellent correlation between this index and the un­
confined compression strength of rock materials. 

The lithology of rock materials does not have a direct bearing on mechanical prop­
erties, but traditional geologic rock names based on the texture, mineral content, 
structure, particle size, and cementing matrix yield significant information on the re­
lation between an intact sample and the rock mass from which the sample was taken. 
Knowledge of rock lithology can provide an intuitive feeling for the character of the 
rock mass and can suggest mass effects that may be common to certain groups of rocks. 

Almost all rock materials show directional differences in their responses to applied 
stresses and environmental conditions. For this reason, anisotropy of an intact speci­
men is of significant interest. We have selected point-load test results to define the 
strength anisotropy index as the ratio between maximum and minimum strength values. 
In general , this ratio is established by performing the point-load test on specimens 
oriented so that the load first is applied parallel to the planes of weakness in the speci­
men and then is applied perpendicularly to those planes. 

Behavior of rock materials under long-term changes in environmental conditions 
can be of significant importance to engineering projects. Durability tests have been 
used to characterize earth materials as soil or rock and to indicate susceptibility of 
rock material to alteration in a weathering environment. A large number of durability 
tests have been suggested by other investigators; swell tests and slake-durability tests 
have been commonly used. The most successful classification scheme for transitional 
materials with characteristics intermediate between those of true soils and true rock 
appears to be that developed by Gamble (14). we have modified this work to yield the 
system shown in Figure 1. This classification system uses values of plasticity index 
and two-cycle slaking durability. All samples with a low plasticity index and durability 
values greater than 95 percent can be considered rock materials. 

Intact sample testing and classification may be sufficient for preliminary planning 
and location studies, but the design of facilities will require more comprehensive and 
direct testing of rock materials and will necessitate examination of in situ conditions. 
To satisfy this need, some sort of in situ classification system is required. Many 
classification systems have been developed by previous investigators, and relatively 
few are generally applicable in s itu classification systems, which for the most part, have 
been evaluation schemes used at particular sites for specific purposes (e.g., for tunnel­
ing or blasting requirements). 

It appears that the greatest success has been attained by combining tests on intact 
samples with an analysis of field conditions that tend to govern the behavior of rock ma­
terials. Upper limits for strength and deformation resistance may be established on 
the basis of laboratory tests on intact samples , and these values may be reduced 
(adjusted) on the basis of field tests that show the influence of discontinuities and 
weathered zones. Rock models have been prepared to allow an assessment of rock 
behavior under conditions associated with construction and operation of a proposed 
facility. The basis of these modeling studies has been, in most cases, a comprehen­
sive survey of discontinuities present at the proposed site of a facility. Since joints 
are the most widespread discontinuities in rock, in situ classification systems often 



Table 1. Proposed intact sample classification system. 

Tensile Strength Anisotropy 

Point-Load 
Clase Index" 
Number Description (MPa) Description 

I Very strong >10 lsotroptc 
2 Strong 3 to 10 Slightly anisotropic 
~ Moderately strong 1 to 3 Moderately anisotropic 
4 Weak 0.3 to 1 Anisotropic 
~ Very weak <0.3 Very anisotropic 

Note: 1 in, • 25.4 mm. 1 psi• 6895 Pa. 

"Force at failure/square of distence between loaded poinu in test mt1hod (.!Q). 
"Ma)(lmum stren~h/minimum slrength. 
'P.ttt.nl.lQO 1t1t[nld on 2·mm scrttn after slaking in• 1ttl I.NJ. 
d1-LS·2·1 lndk.iln • WfY ,u·~ 1'~1lv anko1,oc,Jc:. ltflV durabl• lim85tone 

Durability 

Strength-
Anlaolropy 
1ndcx" Description 

1.0 to 1.2 Very durable 
1.2 to 1.5 Durable 
1.5 to 5.0 Moderately alterable 
5 to 20 Alterable 
>20 Highly alterable 

Figure 1. Durability-plasticity classification for shales and other argillaceous rocks. 
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Table 2. Proposed in situ rock classification system. 

strength and DefOrmability-Rock QJ.allty (Continuity) 

Joint Frequency 

Slake-
Durability 
Indexc 
(percent) 

>50 
25 to 50 
10 to 25 
5 to 10 
<5 

Bedding Thickneee Joint Spacing Grose Heterogeneity 
Joints Joint 

Lithology 

Description Symbol4 

Sandstone ss 
Shale SH 
Limestone LS 

Intact-in Situ Reduct! 
Factor' 

Clue 
Number 

Size Size per lnflltration PermeablUty Degree of Velo1 
Deecription (mm) Description (01m) Description Meter Material• Description (nm/s) Correlation Retie 

Very thin <10 Very close <10 Very low <0.3 Air Very low <1 Excellent >0.8 
Thin 10 to Close 10 to Low 0.3 to Water Low 1 to Good 0 .6 ti 

50 50 1.0 10 o.e 
Medium 50 to Moderately 50 to Medium 1 to 2 Cohesion- Medium 10 to Fair 0.4 t i 

300 close 300 lees soil 100 0.6 
Thick 300 to Wide 300 to High 2 to 4 Inactive High 100 to Poor 0.2 t, 

1,500 1,500 clay 1,000 0.4 
Very thick >1 . 500 Very wide >1,500 Very high >4 Active clay Very high >1,000 Very poor <0.2 

Note : For lithologv description and symbol see Table 1. 1 ft • D.3 m. 1 In. = 254 mm. 

•St.Jbjtel to modificalion wilh further testing. bin situ sonic Vf:IOCity/in1ac1 specimen sonic velocity. 
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include a comprehensive joint survey program. On the basis of a review of existing in 
situ classification systems, we have developed a classification system (Table 2). This 
system is designed to incorporate the effects of discontinuities and mass anisotropy on 
the characteristics and behavior of the rock. The presence of faults and shear zones 
has been taken into account by considering these discontinuities and joints in the same 
way. 

PROPOSED ROCK EVALUATION SYSTEM 

After the classification systems for intact samples and for in situ conditions were de­
veloped, the next step was to create a method for exchange of information in the evalu­
ation system. Results of classification programs would be essentially useless if there 
were no means to make such information readily available in understandable form to 
engineers and other investigators involved in design and construction activities. There­
fore, a system has been developed to provide engineers with a means to obtain informa­
tion for site selection, facility design, and construction and maintenance planning. The 
proposed system consists of two phases: an acquisition segment for the collection and 
collation of data and an application segment in which collected data can be used in clas­
sification programs and can be analyzed with regard to the use of rock materials in 
various circumstances. 

The first segment of the program consists of data acquisition. The central feature 
of this segment is the data bank in which information from field and laboratory testing 
and from case histories will be stored. The attributes of the data bank are shown in 
Figure 2. Information storage is to be accomplished under three categories. Category 
1 contains information pertinent to the location, identification, and natural environment 
fro m which the data (sample or case history information) originated. Category 2 is 
provided for storage of results of visual observations, index tests, and detailed tests 
of rock mechanical properties. Category 3 is for the storage of information from case 
histories and performance reports from contemporary construction and also from com­
pleted facilities. 

Procurement of data for insertion under categories 1 and 2 of the data bank will in­
volve both laboratory and field testing techniques. Samples should be selected on the 
basis of geologic considerations and current availability. Samples should be tested at 
the site immediately after removal from a core barrel or similar device if at all pos­
sible. Since this is not practical in all situations, samples can be returned at their 
natural moisture content and in an undisturbed condition to a laboratory for further test­
ing. The testing sequence in the laboratory should begin with a swell test and a slake­
durability test to provide immediate differentiation between soil and rock materials. 
The remainder of the information for storage in category 2 of the data bank can be ob­
tained through index testing and refined laboratory or large-scale in situ tests. 

Case history information for inclusion in the data storage system generally cannot 
be easily quantified. However, a concise version of empirical information can be placed 
in a coded reference file. The code and identification of site or formation investigated 
can be entered in the data bank so that when a search is made the existence of this in­
formation will be made known to the investigator, who can then conduct further searches 
for the detailed information on previous experience at a given site or in a particular 
formation. 

The data bank will consist of a system of computer files arranged according to cate­
gories 1, 2, and 3. Computer programming will be used to facilitate storage, re­
trieval, and use of acquired information. A sample showing the methodology for stor­
age and retrieval of category 1 information is shown in Figure 3. The same methodology 
has been followed for category 2 and category 3 data. 1 

1 1 llustrations of the transfer of information to positions on a computer data card are available in Xerox form at 
cost of reproduction and handling from the Transportation Research Board. When ordering, refer to XS-58, 
Transportation Research Record 548. 



Figure 2. Data bank attributes. 

Figure 3. Portion of coding instructions for category 1 file subsystem. 
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Use of the information stored in the data bank can be accomplished through the de­
velopment of specific classification and application programs. However, a generalized 
classification can be obtained by using the systems given in Tables 1 and 2. For specific 
purposes, such as the analysis of rock formations for suitability in tunneling operations, 
a more detailed classification system could be developed. Acquired information can be 
used in the classification of rock materials and could be further used through the de­
velopment of a series of use tables. In such a table, a number of uses (e.g., aggregate 
and r ock fill) for rock materials are shown. The four indexes used for classification 
of rock materials can be quantified in terms of acceptable values for the rock material 
for use in any one of the ways given in the table. If a rock is to be used as aggregate 
in a highway construction project, acceptable values of the point-load index, lithology, 
strength anisotropy index, and slake-durability index can be developed. Then, any 
rock available for use in a particular project as aggregate can be tested, and the test 
values obtained for that rock can be compared with the ranges of acceptable values 
given in the table. In this way, the acceptability of various rock units for use in dif­
ferent ways can be quantitatively evaluated. Use tables can be developed for particular 
applications. For example, Franklin developed a diagram in the form of a use table 
that showed the ease of excavation of rock by blasting, ripping, and digging. The dia­
gram was based on ranges of point-load index and fraction frequency. Use tables rep­
resent quantitative criteria developed from behavioral models of rock masses. 

Use tables and the classification system can be combined in the application segment 
of the rock evaluation program. A user can request information from the data bank 
through a selected classification system and use table. The information retrieved from 
the data bank can be processed in the classification system, and a particular site or a 
particular rock unit can be evaluated for specific uses. The user must then evaluate 
the data obtained from the data bank. In general, the user must decide whether or not 
sufficient data have been obtained for the evaluation of a particular site as the location 
of a proposed facility. If sufficient data have been obtained, they will allow the user 
to decide whether or not the particular site under investigation is suitable for the pro­
posed activity. If the site is not suitable, it can be abandoned. If the site is suitable, 
the user can then indicate that design and construction operations are appropriate at 
this site. If the user decides that insufficient data are available on the characteristics 
of the rock units at a particular site or under a particular stress environment, he or 
she may then specify the performance of additional tests to furnish required informa­
tion. On the basis of these additional tests, the user may decide that the site is un­
suitable for the planned activity or may elect to proceed with design and construction. 
During construction phases, performance of the rock units at a particular site should 
be monitored and evaluated. This information can then be returned to the data bank as 
case history information. After construction is completed, performance of the engi­
neered facility and the rock units adjacent to that facility should be monitored. This 
performance monitoring also furnishes data that will be valuable in the location, de­
sign, and construction of other facilities. For this reason, performance monitoring 
data should be returned to the data bank as case history information. Ideally, the pro­
posed rock evaluation program will be a self-sustaining, ever-expanding source of val­
uable information concerning the engineering properties and behavior of rock materials. 

SUMMARY 

Rock engineering includes a number of significant major operations: engineering analy­
sis and interpretation of geologic information, prediction or determination of engineer­
ing properties of rock masses for use in analysis and design, and implementation of 
completed designs through construction activities in or on rock. Individuals drawn 
from various professions and disciplines are involved in these facets of rock engineer­
ing. To facilitate communication among these individuals and to assist in all facets of 
rock engineering, a rock evaluation program has been proposed. 

This evaluation program is especially useful for the planning, design, and construc­
tion of transportation facilities in and on rock. Data on engineering characteristics of 
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rock units are used in a classification program. The classification program includes 
characterization of rock units based on tests on intact samples and on evaluation of in 
situ rock properties. Classifications can be modified for particular types of projects, 
and use tables can be developed for the evaluation of rock units for use in specific pur­
poses. A computerized system for the storage and retrieval of information has been 
developed. Data for inclusion in the information bank are derived from laboratory and 
field testing and from monitoring rock behavior during construction and subsequent op­
erations of completed facilities. Current study efforts are directed toward verifying 
and improving the methodology set forth in this preliminary development of the rock 
evaluation program. It is hoped that development of this program will be significantly 
helpful to individuals engaged in rock engineering and, in particular, to individuals 
concerned with the planning, design, construction, and maintenance of transportation 
facilities in and on rock. 
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PRELOADING BY VACUUM: CURRENT PROSPECTS 
Robert D. Holtz, Purdue University; and 
Oleg Wager, Swedish Geotechnical Institute, Stockholm 

The concept of using atmospheric pressure to apply a precompression load 
for accelerating the consolidation of foundations for embankments con­
structed on soft clay soils was first described by Kjellman in 1952. The 
method, although theoretically sound, was impractical then because the 
plastic sheets that covered the sand filter deteriorated rapidly in field use, 
and consequentlythe vacuum could not be easily maintained. Recently, new 
plastic and fabric materials have been developed tliat promise to make the 
Kjellip.an vacuum preloading method practical. The materials are cheap, 
strong, and resistant to deterioration by SWllight and weather. Practical 
applications and several specific advantages of the vacuum method are 
described, and factors affecting the costs of highway and other preloading 
construction are given. Depending on the relative costs of the fill materials 
and the plastic membranes, the vacuum method can be significantly cheaper 
than conventional preloading using sand or gravel surcharge fills. 

•IN 1952, Walter Kjellman (1), then director of the Swedish Geotechnical Institute, 
described a new method for using atmospheric pressure to apply temporary surcharge 
loadings for precompressing clays under highways and buildings. In the method, a 
plastic or rubber membrane is placed over a sand or gravel fllter layer and sealed to 
the clay below the ground water table . T hen a vacuum pump is connected, and the air 
io pi.imp~cl v"'t cf the p~r~~s £ilt~~ {Fi;~:.'e !). T~!e v!?.c11.1.!.!!! is n1-aintaL111:1t:l ~t the- rlPAi.r,=ui 
pre load pressure, and a pressure difference of 0.6 or 0. 7 atm (60 to 70 kPa), which is 
equivalent to about 16 ft (5 m) of sand fill at typical unit weights, is practical. Kjellman 
(2) intended the method to be used in conjunction with his paper drain wicks for ac­
celerating the consolidation of clay soils, but it could be used with any type of deep 
drainage or simply to apply a surcharge without deep drainage. 

The Kjellman method was tried at four test sites in Sweden in the late 1940s. At 
two of the sites, Kjellman paper drains were installed to a 16-ft (5-m) depth before a 
0.9-ft-thick (0.3-m) sand fill was placed as the filter layer. At three sites, the mem­
brane used was a0.01-in.-thick(0.3-mm) polyvinyl chloride (PVC) plastic sheet, which 
unfortunately became brittle and developed leaks after just about 1 month. Apparently 
the deterioration of the plastic was caused by sunlight. A fourth test was tried using 
strips of rubberized fabric pasted together at the joints, and, although this material 
resisted deterioration better than PVC, it was not entirely satisfactory because of 
problems of sealing the joints and its high cost. No further tests were tried then, and 
as far as is known the method was never applied on actual construction projects in 
Sweden or anywhere else. 

RECENT DEVELOPMENTS 

During the past few years, skyrocketing construction costs have forced highway engi­
neers to consider alternative solutions to many geotechnical problems that previously 
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were rather easily solved by conventional means. For example, in the case of pre­
loading and surcharge fills, the cost of fill materials increases about 10 percent per 
year or more because of increasing transportation costs, increasing cost of placing 
and then removing the surcharge materials, and, in some cases, the depletion or 
absence due to geologic factors of sand and gravel resources located near population 
centers. These developments and the fact that the most economic application of the 
precompression method is at sites where subsurface conditions are particularly poor 
and where the loadings are relatively light but cover large areas make the vacuum 
method increasingly attractive and economic. 

In addition, since Kjellman's early experiments, significant advances have been 
made in the development of plastic materials and man-made fibers. Available today 
are vinyl and other types of plastic sheets that are often reinforced with wovenpolyamide 
(nylon) and other fabrics. These materials make an excellent air-tight membrane that 
is both strong, tough, and resistant to weathering and deterioration by sunlight and 
ideally suited for the vacuum preloading process. These materials are used for air­
supported structures (e.g., warehouses and indoor sports halls), temporary environ­
mental protection, reservoir liners, and the like. They are supplied in lightweight 
rolls that are easily handled in the field. Depending on the material, joints can readily 
be made by field welding by a hot air or a radio-frequency gun, field sewing, or special 
adhesive tapes. Costs, which depend on the thickness, strength, and weather resistance 
of the material, vary from 3.5 to about 25 cents/ ft 2 ($0.38 to $2.70/m2

). 

PRACTICAL APPLICATIONS 

The geology and geotechnical properties at a given site must be suitable for using the 
precompression method, and the design and economics would govern whether or not 
the method would be used with deep drainage. Precompression theory and design, 
which are independent of how the preload is actually applied, have been covered in an 
excellent article by Johnson (3) and need no elaboration here. This section will de­
scribe some of the practical considerations associated with the application of the 
vacuum surcharge method itself using the new membrane materials. 

Kjellman's sketch (Figure 1) showing the principal features is stJll applicable today. 
The filter layer should be a coarse sand or sand-gravel mixture about 12 to 20 in. 
thick (30 to 50 cm), and the membrane would be placed over it in sections, the joints 
welded, and the entire membrane sealed around the edges. If there is no dry crust and 
if the water table is close to the ground surface, then sealing can be made by simply 
piling some soil on the membrane around its periphery (Figure 2). If the dry crust is 
not too thick and the water table is high, a shallow ditch can be dug around the area, 
the membrane placed over the filter and down into the ditch, and then the ditch backfilled 
over the membrane (Figure 3). 

Selection of the vacuum pump must consider the size of the area to be preloaded, 
the thickness of the filter, the desired magnitude of the preload, length of time it is to 
be applied, and presence of water. The size of the pump required is surprisingly 
small. For example, at two recent demonstrations of the method in Sweden, areas 
about 26 ft (8 m) square were effectively surcharged with about 0.8 atm (80 kPa) by a 
small pump driven by a 1/4-hp (0.18-kW) motor. For larger areas, vacuum pumps with 
a 20-in.-thick (50-cm) filter are available that can easily maintain a vacuum of 0.6 to 
0. 7 atm (60 to 70 kPa) continuously for an area of 5,000 yd2 (6000 m2

) [for example, a 
highway section 100 by 660 ft (30 by 200 m)J. To protect the pump, the vacuum line 
should be brought into a tank so that any water that collected could be periodically 
drawn off. To reduce pumping costs a vacuum switch could be connected to the pumps 
so that they would turn on when the vacuum reached, say, 0.6 atm (60 kPa) and would 
turn off at 0.8 atm (80 kPa). 

Application of the preload in steps is generally unnecessary with the vacuum method 
because with typical preloads the chance of a bearing capacity failure of the surcharged 
area, or even a local slide, is greatly reduced. This is because there are no large 
shearing stresses on the base of the embankment that would occur with a granular fill 
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Figure 1. Principle of Kjellman's Swedish vacuum 
method. 

DR INS 

Figure 3. Kjellman method used where there is a 
thin, dry crust and high water table. 

Figure 2. Kjellman method used where there is no 
dry crust and high water table. 
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and that contribute to local instability. The presence of the vacuum at the surface of 
the clay also increases the efficiency of the surcharge because it provides an additional 
gradient over and above that caused by the increase ,in total stress due to the atmo­
spheric pressure acting on the filter layer. With these two advantages of the vacuum 
method, it may be possible to greatly decrease the time required for preloading and 
at the same time avoid the expensive instrumentation, careful inspection, and delays 
that are often necessary with stage construction of large surcharge fills on weak founda­
tions. An additional factor in favor of the vacuum method is that the time required for 
removal of the surcharge is negligible in comparison with the time required to remove 
and dispose of large masses of sand fill. 

Another practical consideration is that the cost of the membrane material is usually 
so cheap that it orobablv is not worth the cost to remove it. In this case. it is smrl"estecl 
that initially the filter layer can be a minimum thickness, say 1 ft (0.3 c~), and, ;iier 
preloading is complete, additional fill can be placed directly on the membrane to bring 
the embankment up to desired grade. The advantage of this is that, for very soft ground, 
the final height of the fill can be constructed after the soft soils are stabilized; of 
course the rest of the embankment need not be pervious material but can just as well be 
compacted earth fill. Depending on moisture considerations, such as frost action and 
swelling, an impervious membrane may be desirable in the fill; otherwise the mem­
brane may be easily punctured with a harrow or other tool that is pulled behind a 
tractor. In addition, the membrane left in the fill can provide some reinforcement to 
the embankment, which is an added factor of safety. 

COSTS 

The many factors that enter into the design of pre loading systems make cost comparisons 
between conventional surcharge fills and new techniques such as the vacuum method 
difficult. Cost of delays, cost and availability of suitable materials for the fill, and 
potential instability of the fill are but a few of the more important factors that must be 
considered in the design (3). Since the vacuum method has yet to be applied in any 
full-scale field situation, ii is difficult to accurately estimate special costs associated 
directly with the method, for example, the cost of placement and sealing the joints and 
pumping costs. These costs must include a realistic consideration of any labor cost 
arising from operating union contracts and other labor regulations. In any event, as 
the cost of the surcharge materials increases relative to the cost of the membrane, 
the more economical the vacuum method becomes. For typical highway preloading 
situations, the difference can be 50 percent or more. 

For the case of preloading large rectangular areas, water as an alternative surcharge 
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method can be competitive but would generally be impractical for ordinary highway 
construction. Cost estimates were made for the project described by Tozzoli and 
York (4), and the vacuum method probably would have been somewhat cheaper than the 
water method. Certain problems experienced with the water method probably would 
not have occurred with the vacuum method, for example, wave erosion of the retention 
dikes and damage of the PVC liner by birds (some materials described earlier are 
strong enough to resist tearing by birds). In addition, the surcharge could have been 
instantly removed, but about 3 months were required to pump the water from the 
preloading ponds. Additional advantages of the vacuum method for this project include 
the elimination of the problem of low stability of the retention dikes and an increased 
consolidation gradient so that the time required for preloading with the vacuum method 
would have been significantly less. 

PROSPECTS 

The use of the Kjellman vacuum method for preloading highway and other fills is cur­
rently feasible, practical, and probably quite economic, especially as the cost of con­
ventional surcharge materials increases. For typical highway preloading projects the 
cost difference could be 50 percent or more, depending on the cost of surcharge ma­
terials. Other advantages of the method include immediate rather than stage construc­
tion; instantaneous removal of the surcharge; avoidance of failures due to the reduction 
of the shearing stresses under the embankment; an increased gradient and consolidation 
rate; some additional reinforcement in the embankment; and, if desired, a free moisture 
barrier in the embankment. 
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CONSOLIDATION OF 
RANDOMLY HETEROGENEOUS CLAY STRATA 
Eduardo E. Alonso, Escuela Tecnica Superior de Ingenieros de Caminos, 

Canales y Puertos, Universidad Politecnica de Barcelona, Spain; and 
Raymond J. Krizek, Technological Institute, Northwestern University 

A simulation procedure is used to analyze the influence of a randomly 
varying coefficient of permeability on the one-dimensional consolidation 
settlement of clay layers. The method of analysis involves (a) simulating 
of soil profile when the basic characteristics of the homogeneous random 
function describing the soil permeability are known, (b) making the govern­
ing field equation discrete by means of an implicit finite difference scheme, 
and (c) statistically analyzing the resulting sample population when the 
simulation has been performed a sufficient number of times. When com­
pared with results determined by the classical deterministic approach, the 
application of this analysis to a specific case shows significant differences 
and allows the use of standard procedures in significance testing, rather 
than the single estimate provided by the deterministic case, to make deci­
sions at a given significance level. 

•THE classical theory of consolidation incorporates two constitutive relations in its 
derivation: Darcy's law, which governs the flow of water through the pores of the soil, 
and Hooke's law, which governs the deformational behavior of the soil skeleton. In the 
one-dimensional situation, each of these relations involves one material parameter, 
the coefficient of permeability kx in the case of flow and the coefficient of volume change 
mx in the case of deformation; both are usually assumed to be constant. However, 
Alonso and Krizek (1) have shown that the parameters defining the soil behavior vary 
randomly in space and are conveniently described by a random function of spatial 
coordinates. In this paper the process of one-dimensional consolidation of randomly 
heterogeneous strata subjected to a constant load is studied. Only the effect of a 
random variation will be considered because the effect of deterministic heterogeneity 
has been studied elsewhere (5). An approach of this kind will enable us to (a) con­
veniently describe the complexity of the heterogeneous variation in soil properties; (b) 
formulate the problem by considering, in an unambiguous way, the random variation 
of the soil; and (c) provide probabilistic answers that indicate a range of possible 
values with an associated confidence level, rather than a single deterministic estimate. 
This will be demonstrated by studying the dissipation of pore-water pressures and the 
increase in the degree of consolidation for a consolidating clay layer. 

CONSOLIDATION EQUATION 

Generally, kx and mx are both functions of position and the effective vertical stress 
within the consolidating layer. However, under the hypothesis of small strains, little 
error is obtained by considering k, and mx as functions of only the spatial coordinates. 
Therefore, the increment of volume change undergone by an element of soil can be 
explained solely in terms of the time-dependent changes in the void ratio e, and the 
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continuity equation for the flow of pore water can be written as 

~ [k.(x) ou. ] ae 
ax y. ax = at 
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(1) 

where u.. denotes the excess of pore-water pressure, and Y, is the unit weight of water. 
Considering the definition of mx, equation 1 becomes 

__!_ au [kx(x) ou] = -m. (x) acr 
y. ax ax at 

(2) 

where 7i represents the effective vertical stress, which can be readily expressed in 
terms of the total applied stress a, and u.. as a = a - u... If time-dependent variations 
of the externally applied load are not considered, equation 2 may be expressed as 

__!_ ~ [ kx (x) ou., ] = mx (x) au. 
y. ax ax at 

which, in terms of the coefficient of consolidation, c.(x) = kx(x)/mx(x)y., becomes 

(3) 

(4) 

If k.(x) and cx(x) are assumed to be random functions K(x) and C(x) of the space coordi­
nate x, the differential equations given above become random differential equations 
for the excess pore pressure. Such equations are analytically untractable mainly be­
cause of the nonlinearity in the random component of the equation, and the only suitable 
approach currently seems to be the use of a simulation procedure in conjunction with 
some numerical technique and a digital computer. Although this approach can be costly 
if an extensive parameter study is undertaken, the answers for the specific cases 
studied here are complete in that the full probability structure of the solution, including 
first and second moments, is a natural output of the procedure. The first step toward 
the solution requires a method whereby random processes can be generated from basic 
characteristics. 

SIMULATION OF RANDOM COEFFICIENTS 

If kx(x) and m.(x) are considered to be random functions, there is usually a positive 
correlation between them, and any simulation procedure must account for this fact if 
rather conservative results are to be avoided. To simulate multivariate processes, 
Shinozuka (6) proposed methods that depend on a knowledge of the cross-spectra func­
tion between the two processes. This situation presents a major difficulty in this prob­
lem because no data are available to find such a cross-spectra function between the 
coefficient of permeability and the coefficient of compressibility. Two continuous or 
quasi-continuous records of soil permeability and compressibility would be required in 
the same location, provided both processes can be shown to be homogeneous in the 
stochastic sense. 

However, when the type of soil does not change much with depth, the changes in 
permeability can be associated with similar changes in the coefficient of volume change 
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(5). In such cases, c. in equation 4 can be considered constant. As a matter of fact, 
the condition of homogeneity of records (in Urn slochaslic sense) is nut really salisfied 
if rather different types of soil are included in the same record, and the homogeneity 
condition must be invoked to enable the randomness of soils to be analyzed in some de­
tail. This also implies that there is no significant change of soil type within the layer 
undergoing consolidation, and little error is introduced by considering Cx as a constant 
instead of as a random function. Therefore, equation 4 reduces to 

0 2ue 1 dK(x) au. 1 OUo --+-------=--
ox2 K(x) dx ox Cx ot 

where Cx is now a constant and independent of position. When the following changes 
are made in the variables, 

X = x/H 

T = Cxt 
Hz 

U=U.=Ue 
Uo ao 

(5) 

(6) 

(7) 

(8) 

where H is half of the thickness of the layer, and uo is the initial constant increment 
of pore pressure (equal to the total applied stress ao), equation 5 becomes 

o"u 1 dK*(X) ou ou 
-+-- -=-
oX2 K*(X) dX oX oT 

(9) 

where K*(X) = K(XH). Equation 9 can be more conveniently expressed as 

"'
2u d o o 

-
0 -+ - [~ K*(X)] ~ =~ 
oX2 dX oX oT 

(10) 

which involves the random coefficient~ K*(X). If the properties of the random process 
defining the permeability in the soil are known, the main concern is now directed to­
ward the simulation of ~ K* (X). 

A homogeneous normally distributed process Z(x) can be represented as (~) 

(2)1/i N Z(x) = a2 N :E cos (wkx - <tlk) 
k=l 

(11) 

where a2 is the standard deviation of the process, N is a large positive integer (to en­
su1·e normality), Wk is a random variable that is distributed with a density function 
Si(w)/a~ [where Sz(w) is the two-sided power spectra of the process as a function of the 
frequency in terms of cycles per unit of spatial length w], and ({Jk is a random variable 
that is uniformly distributed in the interval O to 211. This representation can be used 
for the permeability of the soil if the conditions of homogeneity and normality hold. 
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[Although more efficient techniques for the simulation of multidimensional processes 
have been proposed for the case in which the spectral distribution is not obtainable in 
closed form (7), the present problem, which involves a one-dimensional process with 
a simple power spectra function, can be adequately handled by equation 11 and requires 
relatively little computation.] 

Since we are dealing with statistically homogeneous layers, the first condition is 
generally satisfied; however, there are important reasons why a normal representation 
of the coefficient of permeability is not realistic. For example, a negative permea­
bility makes no sense physically, and its logarithm is undetermined mathematically; 
this gives rise to difficulties in the process of simulation. However, if permeability 
is thought to be governed by the pore-size distribution, a log-normal representation 
seems more appropriate: The most salient features of a log-normal distribution are its 
positive skewness and definition for positive values only. Physical substantiation for 
this concept is provided by the process of particle breakage, which leads to a log-normal 
distribution of particle sizes (3, 4). However, when the coefficient of variation of a 
log-normal distribution becomes small, it resembles a normal distribution. 

Since the logarithm of a log-normal distribution is a normal distribution (referred to 
random variables), it is worthwhile to investigate the possibility of a representing GT! 
K* (X) in the form given in equation 11. Consider a two-dimensional random vector, 
W = (W 1, W2), of two jointly distributed and correlated normal random variables and 
define the transformation 

where 

Y1 = g1(W1, W2) = exp[Wi] 

Y2 = g1(W1, W2) = exp[W2] 

(12) 

(13) 

(14) 

Since the transformation given in equations 13 and 14 is monotonic and one-to-one, 
the joint probability density function of Y 1 and Y 2 can be written as 

where h = (h1, h2) denotes the inverse transformation of g = (g1, g2) and IJ I is the 
Jacobian of the h transformation: 

oh1 ah1 
ay1 ay2 

\J\ 
1 = - -

Y1Y2 
oh2 ah2 
ay1 ay2 

However, since W 1 and W2 are jointly correlated and normally distributed, we can 
write 

(15) 

(16) 
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(17) 

where P12 is the correlation coefficient between W1 and W2 and is defined by 

(18) 

where C12 is the covariance between W1 and W2. Consider now that W1 and W2 are two 
specific random variables, which are defined at points x1 and X2 from a normal sta­
tionary random process W(x). Since W(x) is assumed to be stationary, the mean and 
variance of the process are constant along x, and the probability density function of the 
random vector Y, given by equation 15, can be written as 

(19) 

where P, a2, and µ represent the correlation coefficient, variance, and mean of the 
____ - - - - TT?" __ - --- - -L! -- -1--

prUt..;t:::i:)~ vv J. c:;:opca.,1...1. v cJ..y. 

Assume now that the transformation g is defined in a continuous manner for the en­
tire process W(x), and thus a new process Y(x) is originated by the relationship 

W(x) = 0n Y(x) (20) 

Then, the autocorrelation function of Y(x), defined as the expected value of the product 
Y1Y2 of two random variables of the process Y(x) for any two points 1 and 2, becomes 

Using equation 19 with equation 21, we get 

E[YiY2J = 1: 1: dy1dy2 expL 2 2(~ 2) [(0n y1 - µ)2 
211a\/ 1 - p2 I a - P 

- 2p(0ny1 - µ)(01!y2 - µ)+ (0ny2 - µ)2]} 

(21) 

(22) 

Note that, if W(x) is a homogeneous process, p is only a function of the distance between 
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points 1 and 2. Calling this distance r, using the subscript W for the parameters of 
the process W(x), and introducing in equation 22 the change of coordinates v1 = Pl/! y1 - µ 
and V2 = Pl/! y2 - µ, we are able to write equation 22 as 

( ~ = exp(2µw) /co /o:;i { 1 [ 2 2 } Rv r, -= -= exp 2( 2) V1 - 2PwV1V2 + V2 J 
2mrt-.Jl - P! 2aw 1 - Pw 

exp(v1 + v2)dv1dv2 

which can be further reduced to 

Rv(r) = (;lexp(2µw) J: exp(-o:vl + v2)dv1 

fr: exp [-o:V~ + V2(20:wV1 + l)]dv2/ 

where 

and 

On integration in v2, equation 24 transforms to 

and finally transforms to 

Rv(r) = exp[2µw + a~(l + Pw)J 

In terms of the autocovariance functions Cv(r) and C 11(r) of processes Y and W, 
equation 28 becomes 

Cv(r) + µ~ = exp[2µw +a~+ C1h)J 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

where µv designates the mean of the Y process. Note, however, that, if Y(x) has a 
log-normal distribution and at every point W = Pl/! Y, the mean and variance of W can be 
expressed as 
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µw = 0n µ (_!_)2 
'VY w 

(30) 

and 

er! = 0n (V~ + 1 ) (31) 

where Vv represents the coefficient of variation of Y. If Equations 30 and 31 are intro­
duced into equation 29, we get 

(32) 

Note in all these derivations that the process Y can be identified with the soil permea­
bility K* (X), and W with its natural logarithm. Therefore, if K* (X) is a homogeneous 
log normally distributed process, its logarithm is also homogeneous. Note in Equation 
32 that Cw(T) depends only on the shift -r, and it is normally distributed. This allows 
us to perform the simulation of 0n K*(X) according to equation 11. The following suc­
cessive steps are required: 

1. Analyze the record of soil permeability and find its autocovariance function 
Cv(-r ); 

2. Use equation 32 to derive Cw( 'T ), the autocovariance function of 0n K* (X); 
3. Obtain the power spectra density function of 0n K*(X) by use of a numerical pro­

cedure :md the Fourier transform of c .. (-r): and 
4. Apply equation 11 to the process 0n K*(X), whereby the standard deviation crz is 

given by equation 31 and the frequencies WK are distributed in accordance with the unit 
two-sided power spectra function derived in step 3. 

As shown in equation 6, the spatial coordinate X is actually dimensionless; therefore, 
if we denote the dimensionless frequency w.H by Fk, equation 11 can be written as 

(
2 )1/i N 

0n [K*(X) ] = U Qn K•(X ) , N r cos(FkX - CAc) 
k=l 

where the frequencies Fk are distributed in accorda:Qce with the density function 
SQn K•(F)/ ot, K· (see Appendix), where H is the characteris tic length of the problem 
(half the thickness of the consolidating layer in this case). 

METHOD OF SOLUTION 

(33) 

A finite difference technique has been used to solve the differential equation for each 
realization of the random process, 0n K* (X). Since implicit schemes generally allow 
larger spacings in the time domain than explicit schemes without sacrificing conver­
gence and since a simulation procedure requires a large number of computations, the 
reduction in computer time afforded by the implicit schemes made them more suitable 
for this problem. In particular, the Crank-Nicholson implicit scheme (2) has been 
used here because of its accuracy and simple formulation. -
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Figure la shows the domain of integration of equation 10. The time domain extends 
from Oto co, and the spatial domain has a finite length, namely, the depth of the layer 
undergoing consolidation. A discrete solution at the nodal points of a rectangular mesh 
(defined by its finite space and time increments, h and k) was sought by means of a 
difference approximation for the differential operators appearing in equation 10. If we 
consider a central difference approximation of the derivatives at point P in Figure la, 
a good compromise for the space derivative consists of the following average values 
for the central difference at ·j and j+ 1: 

(34) 

(35) 

(36) 

where L stands for 0n K*(X). For ouhT, the central difference at point P is 

(37) 

Inserting these expressions into equation 10 and denoting the grid parameter k/h2 

by>.., we get 

As i varies from 1 (zero depth) to M (full depth of the layer), equation 38 can be viewed 
as a set of linear equations for each elapsed time j, and these can be expressed as 

[AJJ (u}J+ 1 = (b}J (39) 

with the following convention: 

~. k-1 = Lk+l - 4-1 - 4 j = 2, 3, . .. (40) 

~. k = 8(1/>.. + 1) k = 2, 3, ... , M - 1 (41) 

(42) 
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(u p+i = [ui+1, u~+1 ... u~+1] j = 1, 2, 3, ... (43) 

k = 2, 3, ... , M - 1 

j = 2, 3, .. . (44) 

The remaining coefficients in equations 40, 41, and 42 are O, except for the bound­
ary conditions at k=l and K=M. For the example case of free drainage at both ends, 
we get 

(45) 

and 

l l b1 = O; bM = 0 j = 2, 3, ... (46) 

Note that the system of equations given by equation 39 is nonsymmetric but is banded; 
in fact, equations 40, 41, and 42 show that the bandwidth is 3, which allows the required 
storage and computation to be reduced substantially. The procedure just described 
does not require a constant time increment. Rather, since the method is stable for 
large values of the parameter A, the possibility exists of varying the time increment 
to reduce the number of steps up to a given time. 

- o 1 .. 1• tot• ..... 10 10 ••1 I I ppo o I #0 
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permeability or with a deterministic variation of the coefficient of permeability show a 
decrease in the pore pressure at any point until almost zero excess pore pressure is 
reached. Not only the pore pressure decreases with time, but the rate of decay also 
decreases. Therefore, the error in the solution is expected to vary with both the in­
crement of time used and the total elapsed time. This provides a means for maintaining 
the accuracy of the results approximately constant thoughout the region of integration, 
provided we adapt the time-dependent function describing the inverse of the time incre­
ment to the curve describing the rate of decrease of the excessive pore pressure with 
time. In reality, a discrete approximation is more suitable for actual applications. 
Figure lb shows four successive increments of time computed with this criterion. The 
curve of 1/~T(T) versus T corresponds to the rate of decrease of the degree of con­
solidation; this actually represents the mean rate of decrease of the excess pore pres­
sure in the layer. If a simplified expression is chosen for the degree of consolidation 
with constant soil coefficients, we have 

(47) 

and the rate of decrease of U is proportional to exp(-rr2T/4). Then, the first time in­
crement, 1/ ~T1, is identified with 1 in the curve of Figure lb, and the remaining in­
crements are computed according to the number of different time increments desired. 
Other criteria can be used to find time increments according to the time at which the 
solution is desired. A computer program was written to perform the simulation of the 
proposed problem. 

Figure 2 shows a simplified flow chart of the simulation process, which includes 
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(a) the simulation of the Rill K*(X) process, (b) the strategy used to fix the time incre­
ments, (c) the specification of the initial and boundary conditions, (d) the solution of 
the resulting system of linear equations for each elapsed time, (e) the computation of 
the derived parameters (mainly the degree of consolidation), and (f) the statistical 
analysis of the desired quantities. 

ANALYSIS OF SPECIFIC CASE 

The simulation process associated with the general flow chart shown in Figure 2 can be 
summarized as follows. First, a sample soil profile with a permeability variation is 
artificially generated in the computer by the techniques explained. Second, the initial 
excess pore pressure is allowed to dissipate through this artificially generated medium 
until a given degree of consolidation is reached; the significant variables of this process 
(mainly the excess pore pressure and the degree of consolidation) are recorded for each 
elapsed time. Third, the first two steps are repeated many times to get a statistically 
satisfactory number of realizations of the time-dependent variations in the excess pore 
pressure and the degree of consolidation. Finally, a statistical analysis is performed 
on the set of derived sample populations. 

The initial selection of increments in the time domain can be done on the basis of 
the method previously described. However, if better computer efficiency is desired, 
more satisfactory time increments can always be obtained for the specific problem 
under consideration by using a trial process in which the initial selection of increments 
is used as a starting point. The selection of the spatial increment of the finite differ­
ence mesh is, however, more closely related to the probabilistic aspects of the prob­
lem. In fact, the criterion for the selection of the space increment should be an ac­
curate representation of the random process defining the natural logarithm of the per­
meability coefficient. A suitable criterion is suggested by the special form of equation 
33, since the oscillations of the process in the X direction are governed by the cosine 
modulation of this equation. In particular, if F, •• represents the maximum frequency 
component of the process describing Rill K* (X), a maximum number of F .... /21r cycles per 
unit of length X would be obtained in a representation of the form given in equation 33. 
When the number of points np needed to numerically define a cycle is fixed, an estimate 
of the necessary number of layer divisions Np for a given process with F ••• is easily 
computed from 

(48) 

since 2 is the maximum dimensionless length in this case. 
The preceding development will be demonstrated for a practical situation by analyzing 

the consolidation of a 66-ft-thick (20-m), randomly heterogeneous clay layer that is 
freely drained at both ends and the total stress distribution that is uniform with depth. 
The clay layer is assumed to have a randomly varying (constant mean) permeability 
distribution with depth, but it can be conveniently represented by a homogeneous random 
function whose underlying probability distribution is well described by a log-normal 
model. 

This study involves four different values for the coefficient of variation of the per­
meability process VK•: 0.1, 0.325, 0.7, and 1.1 corresponding to variances of 0.01, 0.1, 
0.4, and 0.8 respectively for the derived Rill K*(X) process. These values cover the 
range of variation likely to be encountered in the permeability of relatively homogeneous 
clayey soils. These cases were approximated in an actual situation by the special form 
of the normalized (unit area) power spectra density function shown in Figure 3. This 
function was chosen arbitrarily with the following considerations in mind. Equation 32, 
which described the autocorrelation function of the Rill K*(X) process, gives an indication 
of the frequency content of this process in terms of the behavior of the K*(X) process. 
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Figure 1. Finite difference approximation. 
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In fact, if IJ,K• is considered to be 1, the rate of decay of the autocorrelation function of 
£nK*(X) is c~.(r)/[1 + CK•)r)J, where c~. is the rate of decay of the autocorrelation 
function of the K*(X) process. 

For autocorrelation functions, CK•(T), of the form exp(-ar), the derived autocorrela­
tion function of £n K*(X) will decay at a slower rate than CK• (r ), and consequently the 
low frequency components of the associated power spectra will be enhanced. Note, 
however, that this tendency is attenuated for autocorrelation function of the form 
exp(-ar )cos2'1T/fr because of the negative lobes of this representation. In any case, it 
does not seem that frequencies larger than the maximum ones associated with K*(X) 
will appear in £n K*(X). However, dominant frequency ranges between O and 0.5 m-1 

were commonly encountered in the analysis of actual field records. Therefore, the 
hypothetical power spectra function shown in Figure 3 does not seem to differ much from 
real situations. These considerations have been treated in detail by Alonso and 
Krizek (1). 

According to equation 48, 40 intervals in the definition of the finite difference mesh 
in the X direction give np = lO'IT points for the definition of a cycle in the worst case; 
this figure was judged to be sufficiently accurate for this analysis. After a number of 
trials using the classical consolidation equation, the following criteria were used to 
determine the time increments: 

1. .6. T = 0.025, if O ,, T < 0.25; 
2. -6.T = 0.05, if 0.25,, T < 0.6; 
3. -6.T = 0.1, if 0.6,, T < 1.0; 
4. .6. T = 0.15, if 1.0,, T < 1.5; and 
5. ~T = 0.25, if T ~ 1.5. 

This distribution also satisfies the criteria given previously for the variable time 
increment. One hundred realizations were performed in each one of the four simula­
tions [corresponding to the four different variances of the £nK*(X) process]. For a 
maximum time factor of 1, it took less than 4 min on a CDC 6400 computer to perform 
a complete simulation for the above-mentioned conditions. 

The relevant results obtained from this simulation are shown in Figures 4 through 9. 
Figure 4 shows three typical realizations (out of 100 performed) of the degree of con­
solidation U versus the time factor T for a coefficient of variation of 1.1 for the soil 
permeability. Histograms of the values assumed for U at a time factor of T = 0.5 are 
shown in Figure 5 for the four cases studied. Note how the histogram spreads over 
the values of U when the coefficient of variation for K*(X) increases. Parallel to this 
increase in the variance of the soil permeability increases is a reduction in the mean 
of the degree of consolidation. This tendency is better shown in Figure 6, in which 
U has been plotted against T for values of T < 1. Curves corresponding to the mean 
values and one standard deviation of dispersion are shown, and the deterministic solu­
tion is given by the classical theory. Several histograms are superimposed in these 
figures to give an idea of the amount of dispersion. 

The field equation given by equation 10 shows clearly that the mean value of the 
excess pore pressure does not satisfy the classical one-dimensional consolidation 
equation. In fact, by taking expectations of both sides of equation 10, by letting M(X) = 
(d/dX) [£n K*(X)J, and by intercbanging derivation and expectation operators, we get 

o2u + E[M(X) au] 
oX2 21X 

(49) 

Since M(X) and u(X) are obviously correlated, the second term on the left-hand side of 
equation 49 is not zero, and consequently it modifies the usual one-dimensional con­
solidation equation. However, the decrease in the mean degree of consolidation with 
an increase in VK• can be explained on the basis of physical grounds only. In fact, when 
the coefficient of variation of the soil permeability increases, there is a larger dis-



Figure 4. Realizations for degree of consolidation 
versus time. 

Figure 5. Degree of consolidation at T = 0 .5 for 
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persion of the soil permeability, and this can reach very low values at some places. 
These low values tend to govern the entire process of consolidation, even though highly 
permeable regions contribute to a significantly different mean value. 

Figure 7 shows the decrease in the mean value of the degree of consolidation for 
increasing dispersion of the permeability coefficient. If only the mean value (U curves) 
is considered, the curves in Figure 7 represent deviations of nearly 20 percent from 
the values predicted by classical consolidation theory; however, much larger deviations 
can be found in the dispersion observed in the histograms. The correct prediction of 
the degree of consolidation at a given time must be based on some confidence level, and 
the procedures of significance testing must be used. Figure 7 also shows the increase 
in the standard deviation of the degree of consolidation, cru, with VK• for several different 
time factors. The limited information provided by this example indicates that the cru 
versus VK• relationships are nearly linear in some cases. No regular pattern was ob­
served with respect to the elapsed time. 

Figure 8 shows two typical realizations (corresponding to a time factor of 0.5 and a 
coefficient of variation of soil permeability of 1.1) of the pore pressure developed in the 
consolidating layer, and these are computed with those realizations predicted by classi­
cal consolidation theory. The values of the excess pore pressure at the middepth of 
the layer were statistically analyzed and plotted against time in Figure 9, and histo­
grams at several time factors are shown to illustrate the variability expected. 

In the case of the degree of consolidation, increases in the standard deviation and 
in the mean values of the pore pressure are observed for increasing dispersion of the 
soil permeability. Note the skewed character of the histograms for both the degree of 
consolidation and the excess pore pressure, especially for high values of elapsed time. 
Any significance testing must take this feature into account, because the skewness of 
the distributions toward small values of the degree of consolidation and pore pressure 
increases the chances of reaching smaller degrees of consolidation when compared with 
the results from symmetrical distributions with the same variance. 

SUMMARY AND CONCLUSIONS 

A simulation technique has been used to analyze the influence of a randomly hetero­
geneous soil permeability on the one-dimensional consolidation of a clay layer subjected 
to a constant load. After the governing field equation was made discrete by an implicit 
Crank-Nicholson finite difference scheme, a digital computer was used to implement a 
step-by-step marching procedure in the time dimension. The simulation technique for 
the process defining the random soil variability depends on the stationary character of 
the soil permeability and its underlying log-normal probability distribution. 

It was assumed that the changes in the coefficient of consolidation of the soil are 
reflected in the permeability changes; this is approximately the case if the type of soil 
does not change appreciably within the consolidating layer. If this is not the case, the 
governing field equation will contain two different correlated random processes as 
random coefficients, and its simulation will require an explicit knowledge of such a 
cross-correlation; this latter knowledge is currently difficult to obtain. The simulation 
procedure involves 

1. Generation of a realization of the properties of the soil according to its prob­
ability structure, 

2. Application of the Crank-Nicholson method to derive a step-by-step procedure 
that involves the solution of a system of simultaneous linear equations at each step, 

3. Use of a numerical integration procedure to obtain the degree of consolidation at 
each elapsed time, 

4. Computation of pore-pressure histograms at selected locations, and 
5. Determination of the degree of consolidation with its corresponding statistical 

parameters (mean and variance). 

Steps 4 and 5 are undertaken after the entire simulation has been completed; that is, 



Figure 7. Variation of statistical parameters for degree of 
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after steps 1, 2, and 3 have been performed the desired number of times. This method 
has been applied to a particular case, and an attempt has been made to represent as 
nearly as possible a real situation based on previous results. Four levels of dispersion 
of the coefficient of soil permeability were successively simulated to evaluate its influ­
ence; however, the same power spectra structure of the process describing soil prop­
erties was used in all the cases. 

Within the limitations given, the following conclusions can be made. 

1. The simulation method is a versatile tool for analyzing the influence of hetero­
geneous soil properties; unlike methods that rely on second-order moments, it is able 
to give more complete probabilistic answers but is limited in that general conclusions 
are costly to obtain. 

2. The dispersion of soil permeability around its mean value results in a reduction 
in the degree of consolidation for a given time, as indicated by the mean values, which 
are progressively smaller than those obtained from the classical one-dimensional equa­
tion when the dispersion of the permeability coefficient increases. Therefore, if the 
true random coefficient of permeability (or its associated coefficient of consolidation) 
is replaced by its mean value, unsafe results are obtained in that a given degree of 
consolidation will take more time than predicted. 

3. The randomness associated with the degree of consolidation introduces the pos­
sibility of obtaining results that are rather different than those predicted by the classical 
theory. Decisions concerning the amount of settlement expected at a given time should 
be based on a desired confidence level, and adequate importance must be given to the 
skewed character (toward smaller degrees of consolidation) of the resulting distributions. 

4. Pore pressures behave qualitatively similar to their derived parameter, the 
degree of consolidation; thus, not only is the dispersion of the pore pressure affected 
by the dispersion of the coefficient of soil permeability, but also the mean is shifted to 
a higher value (which results in a lower value of the degree of consolidation) than that 
predicted by the theory of one-dimensional consolidation. The results may differ sub­
stantially from those obtained by the classical theory, and distributions skewed toward 
increasing values of the pore pressure are observed as time increases. 
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APPENDIX 

DISTRIBUTION OF DIMENSIONLESS FREQUENCIES 

To find the probability distribution function of the dimensionless frequencies F consider 
first the influence of the dimensionless variable X = x/H on the two-sided power spectra 
SA(w) of a homogeneous random process A(x). If RA(r) is the autocorrelation function, 
we have by definition 

(50) 

If r = r*H (where r* is a dimensionless lag parameter) and w = F /H (where F is a 
dimensionless frequency), a change of variables allows the expression for SA (w) to be 
written as 

where 

arm 

RA(r*H) = E[A(x)A(x + r*H)J = E[A(HX)A[H(X + r*)J} 

= E[A*(X)A*(X + r*)J = RA•(r*) 

(51) 

(52) 

A(HX) = A*(X) (53) 

where the operator denotes the expected value of the operand. Therefore, SA(w) 
can be written as 

Consider now the new frequency, F = wH. When SA(w) is known and the probability 
distribution of Fis fr, the theory of derived distributions can be used to write 

(55) 

This result justifies equation 33, where the dimensionless frequencies Fk were dis­
tributed with a density I unction S2" K,(F )a~" K' (the di vision by a~" K' normalizes tl)e fre­
quency spectra function to obtain a unit area under the curve). 



PROBABILISTIC APPROACH TO PREDICTION 
OF CONSOLIDATION SETILEMENT 
Ross B. Corotis and Raymond J. Krizek, Technological Institute, 

Northwestern University; and 
Houssam H. El-Moursi, Soil Testing Services of Iowa, 

Cedar Rapids 

The method of derived distributions is used to develop a probabilistic 
model for predicting the total settlement in a compressible clay layer in 
terms of uncertain soil compressibility and loads. The settlement ratio 
(total settlement divided by thickness of compressible layer) is a function 
of two independent random variables (compressibility factor and load fac­
tor). The compressibility factor is a function of two dependent random 
variables (compression index and initial void ratio) , and the load factor is 
a function of two independent random variables (total stress at the mid­
height layer and the preconsolidation stress). The compressibility factor 
can be described by a normal distribution, and the load factor by a log­
normal distribution. The derived distribution of the settlement ratio is 
also well approximated by a log-normal distribution that approaches a nor­
mal distribution as the number of soil samples taken for the settlement 
prediction increases. Graphs are developed to estimate the settlement 
ratio parameters in terms of the average dry density of the soil. The ef­
fect of the number of samples and the vertical and horizontal correlation 
on the density function of the settlement ratio is also evaluated. 

•MANY design decisions in foundation engineering are made with a great deal of un­
certainty (4, 19). Although the determination of reliable and representative settlement 
parameters for a soil deposit is of fundamental importance in the design of foundations 
and earthworks, the nature of the soil suggests that these parameters should be de­
scribed by probability distributions. Furthermore, a probabilistic approach to settle­
ment problems in geotechnical engineering is useful because it provides a systematic 
insight into the ranges of uncertainty that may be expected for a particular type of s et­
tlement problem . Wu and Kr aft (22), Folayan, Hoeg, and Benjamin (8), Kay and Krizek 
(12, 13), and Padilla and Varunarcke (17) h:we investigated such problems in consider­
ahle detail; however, results are generally qualitative because several important un­
certainties are not taken into account. Accordingly, this work is directed toward com­
bining the subjective judgment of the engineer with information deduced from collected 
data to develop the probability distribution for total settlement. The applied loads and 
the soil compressibility are random variables, and the probability density function for 
each random variable that affects the settlement prediction is derived. Graphs are 
presented to help the engineer quantify the risks and economies involved in a decision 
related to settlement prediction. 

PROBLEM DESCRIPTION 

The virgin settlement S of a statistically homogeneous compressible soil stratum under-

Publication of this paper sponsored by Committee on Mechanics of Earth Masses and Layered Systems. 
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lying a foundation is usually computed by use of the equation 

(1) 

where H is the thickness of the compressible layer, C is the compression index of the 
soil, e is the initial void ratio of the soil, po is the overburden stress at the midheight 
of the compressible layer before loading, ~P is the increase in the vertical stress at 
the midheight of the compressible layer due to the applied load, and p is the precon­
solidation stress at the midheight of the compressible layer; in the case of the normally 
consolidated clay, p equals po. For convenience, equation 1 may be rewritten in the 
form 

where 

C K=-­l+e 

(2) 

(3) 

(4) 

The compressibility factor K can take on values between O and 1, and the value of the 
loading term L depends on the magnitude and configuration of the dead and live loads. 
In contrast to the normal approach to settlement prediction, which involves a deter­
ministic analysis whereby the physical characteristics of the compressible soil are 
assumed to be constants, probability distributions are used in this study for both the 
compressibility factor and load ratio to provide appropriate ranges of settlement pre­
diction. Uncertainty associated with equation 1 will not be considered so that the prob­
lem can be kept tractable. 

SOIL DATA REDUCTION 

The probabilistic approach adopted was applied to data from over 700 consolidation 
tests on undisturbed soils of alluvial, marine, aeolian, and residual origin (2). About 
three-quarters of these data were obtained from Greece and its envir ons (tests were 
performed continuously for about 10 years by Kotzias-Stamatopoulos in Athens), and 
the rest of the samples were obtained from different parts of the United States (tests 
were performed by Soil Tesfulg Services , Northbr ook, Illinois , and Harza Engineering 
Company, Chicago). The same test procedure and size of specimen were us ed in all 
cases. 

The statistical parameters for the soil compressibility parameters and the associ­
ated frequency histograms are given in Table 1 and Figur e 1 respectively. The whole 
population was divided into five different groups (A through E, as given in Table 2) to 
obtain soil groups with similar compressibility properties. These groups were based 
on the dry density 'Yd of each soil sample because dry density is known to be highly cor­
related with compressibility. 

Investigators (~, .!.!_, ~. 16, 22) have reported different distributions to fit almost every 
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Table 1. Statistical parameters of all samples. 

Coefficient Number 
Standard of of 

Soil Property Mean Median Deviation Variation Skewness Kurtosis Samples 

Compression index 0.20 0.16 0.14 0.73 1.98 7.98 720 
Initial void ratio 0.762 0.680 0.316 0.415 1.307 4.69 723 
Compressibility factor 0.104 0.092 0.057 0.548 1.387 6.26 720 
PreconaolldaHon stress, kg/cm2 2.38 2.00 0.146 0.62 1.47 6.05 707 

Note: 1 kg/cm' = 9.8 Pa. 

Figure 1. Frequency histograms for soil compressibility properties of all samples. 
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Number of 
Group Dry Density (g/cm') Samples 

A Y, < 1.00 9 
B 1.00 < y, • 1.25 81 
C 1.25 < y, • 1.50 153 
D 1.50 < y, • 1.75 315 
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soil property. The general concensus obtained from their studies is that the inherent 
variations of most of the soil properties can be well explained by either a normal or 
log-normal distribution. In this work the normal probability density function will be 
used to describe the inherent variability of the compression index C, initial void ratio 
e, and the preconsolidation pressure p. Although the histograms in Figure 1 indicate 
some positive skewness for these properties, this skewness was significantly reduced 
when the soils were subdivided into groups according to dry density. 

COMPRESSIBILITY OF SOIL 

AB a consequence of the natural processes involved in the formation of soil deposits, 
the inherent variability of soil, both in material properties and geometry, is well rec­
ognized as an important source of uncertainty. Additional uncertainty is introduced 
by the design and conduct of laboratory tests (9) and the interpretation of data. For a 
complete probabilistic approach to settlement prediction, one must have reliable es­
timates of the probabilities of the compression index and the initial void ratio; then, 
the methods of derived distributions (18, 21) or simulation can be used to find the prob­
abilistic description of the compressibilityfactor. Since the compression index and 
initial void ratio have been assumed to be normally distributed, the following probability 
density functions can be written: 

( ) 1 1 [ 1 (C -mc~J· fc c =---exp - " ---./7Ei C1c <1 Cc 
(5) 

) 1 1 [ l~e-mo~J f.(e =---exp----./2i C10 2 c, 
(6) 

in which me and m. denote the mean values, and Cc and a. denote the standard deviations 
for the compression index and initial void ratio respectively. If a new variable, g = 
1 + e, is defined, g has the same distribution as e, but it is shifted by 1; therefore, 
m, = m. + 1 and C1, = C1 •• 

Joint Probability Density Function of Compression 
Index and Initial Void Ratio 

To determine a probability statement for the compressibility factor K, one must find 
a:n expression for the joint density function of C and e. The results of a two-way x2 

test (10) are as follows: For the compression index and initial void ratio of the 82 
samples x2 = 30, 11 = 19, and PJx2

) = 24 percent. The results indicate that the joint 
probability density function of C and e may be assumed to follow the bivariate normal 
distribution, which can be written in the form 

fc .( C, e) = 1 exp j_ !. f,(C - m.\2_ 2p(C - mc)(e - m. ) + (e - m.)~I (?) 
' 21rC1cC1. ~ I 2 L <Jc j aca., a. 'J{ 

where p is the correlation coefficient between C and e. It is a characteristic of the 
normal distribution that fc , (C, g) is identically equal to equation 7 with e replaced by g ' . and m. and a. replaced by m, and a,. 
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Probability Density Function of Compressibility Factor 

The method of derived distributions enables the probability distribution of K, fK(k), to 
be written as 

f = gf,,, (kg, g)dg (8) 

-= 

where fc,,(C, g) is the joint probability distribution of C and g. Since the void ratio can­
not be negative, equation 8 simplifies to 

= 
fK(k) = f gfc,/kg, g)dg 

1 

(9) 

The lower limit for equation 9 can be replaced by zero without affecting the result ap­
preciably, because the probability of g being less than 1 (e < O) is negligible for prac­
tical values of m, and a,. By substituting equation 7 into equation 9, by rearranging 
the power of the exponent, and by using the relations between the moments of e and g, 
we can rewrite equation 9 in the form · 

= 
fK(k) = A exp (-I) 1 g exp (-Eg2 

- Gg)dg 

0 

(10) 

where 

1 
A=------ (11) 

21ra,ac ./~ 

(12) 

(13) 

1 = B (m
2 

m~ _ 2Pm,mc) 
a2 + a2 a <1c 

& C & 

1 
B = 2(1 - p2) (14) 
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The analytical solution for equation 10 is 

where D-2 is the parabolic cylinder function, defined as 

D ( ) _ exp (-z2/4) 
l z - r(-i) ( 

(15) 

fori<O (16) 

in which i and z denote the parameters of the function and r is the gamma function. 
The probability density function of the compressibility factor is given by equation 15 
and is shown in Figure 2 for the different soil groups and a correlation coefficient of 
0.8 between the compression index and the initial void ratio. The results of the 
Kolmogorov-Smirnov one-sample test are given in Table 3 and indicate that the com­
pressibility factor satisfies the normal probability density function for the different 
soil groups. 

The corresponding fitted normal distributions of the compressibility factor for all 
soil groups are also shown in Figure 2. In view of the good agreement between the ac­
tual distribution of K calculated from equation 15 and the normal distribution, the latter 
will be used for the soil compressibility in evaluating the probability density function 
of the total settlement ratio R. Finally, the probability function of K can be written as 

(17) 

in which mK and aK denote the mean and standard deviation respectively. 

LOAD FACTOR 

Applied Loads and Overburden Stress 

The applied loads acting on a structure can frequently be treated as random quantities 
( 5, 1 7, 20), and in the last few years the concept of load variability has been introduced 
intostructural engineering problems through building codes and safety investigations. 
Since the total applied load is the sum of many relatively small and independent loads, 
the distribution of the load-induced increase in the vertical stress at the midheight of 
the compressible layer can be assumed to follow a normal probability density function. 
Since there is little evidence on which to base a representation of the uncertainty as­
sociated with the estimation of stresses in the ground, the value of the overburden 
stress po is assumed to be deterministic. Consequently, the sum of the overburden 
stresses and the stresses caused by the added loads will follow a normal distribution, 
and the probability density function of the sum Q can be written as 

( ) 1 1 [: 1 (q -mq)2
] fq q =---exp - - --./'Ei aq 2 aq 

(18) 
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where mQ and aQ are the mean and standard deviation respectively. 

Preconsolidation Pressure 

The preconsolidation stress p may be due to a variety of factors (14): overburden that 
causes subsequent erosion, desiccation due to exposure of the surTace, sustained seep­
age forces, and tectonic forces due to movement in the earth's crust. The combined 
influence of these uncertainties in the determination of the preconsolidation stress is 
assumed to be a normal distribution. Therefore, the uncertainty associated with the 
preconsolidation stress can be expressed as 

( ) 1 1 [ 1 (p - ffip) 
2

] fp p = -- - exp - - ---.,/Er ap 2 ap 

where mp and ap are the mean and standard deviation respectively. 

Joint Probability Density Function of Applied Loads 
and Preconsolidation Str ess 

(19) 

Since Q and Pare statistically independent random variables that follow a normal dis­
tribution, the joint distribution will be a bivariate normal distribution (3) that can be 
written as -

( ) 1 ! 1r/q - mq)2 
( P - mp)

2
] I 

fQP q, P = 2'11'aciaP exp l- 2L\~ + ap ) 

Probability Density Function of Load Ratio 

From equation 4 the load ratio Mis defined as M = Q/ P, and the method of derived 
distributions can be used to write the probability distribution of M, f"'(m), as 

= 
fM(m) = / pfQ,P(mp, p)dp 

-= 

(20) 

(21) 

where fQ p(q, p) is the joint probability density function of Q and P. Since the value of P 
cannot be negative, equation 21 simplifies to 

= 
fM(m) = f pfQ,P(mp, p)dp 

0 

Substituting equation 20 into equation 22 and rearranging the power of the exponent 
leads to 

(22) 
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where 

co 

fH(m) = A f p exp (-Ep~ - Gp)dp 

0 

- (mq mp\ 
G = - a~ + arJ 

(23) 

(24) 

(25) 

(26) 

The analytical solution of equation 23 will yield the probability density function of the 
load ratio M as 

(27) 

where D- 2 is the parabolic cylinder function defined by equation 16. 

Probability Density Function of Load Factor 

Given the distribution function of the load ratio M it is possible to derive the probability 
density for the logarithm of this ratio. From equation 4 

L = 2-il(M) or M = exp (L) 

and the probability density function of L will take the form 

(28) 

Mt) = exp (l) f14 [exp (l)] (29) 

wher e fH exp (.r,) is the probability density function of the load ratio M evaluated at a 
value equal to exp (.t.). Figure 3 shows the probability distribution of the load factor L 

calculated from equations 28 and 29 for mean values of 2, 4, and 6 and for ~~ equal to 

0. 75. It appears from Figure 3 that L approximately follows a log-normal distribution, 
where the value of Lis nonnegative and the density function is skewed to the right. 
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Accordingly, the probability distribution of the load factor will be approximated by the 
following log-normal distribution in the analysis of settlement prediction: 

(30) 

in which menL and aenL denote the mean and standard deviation of £?IL respectively. For 
a mean load ratio of 1, the exponential distribution shown in Figure 3 described the 
load factor satisfactorily. 

UNCERTAINTY OF SETTLEMENT PREDICTION 

Based on the foregoing probabilistic analyses, a normal distribution can be reasonably 
used to describe the uncertainty associated with the compressibility factor K, and a 
log-normal distribution can be used to describe the load term L. These two factors 
will be assumed to be independent in evaluating the effect of their uncertainty on the 
total settlement ratio R, defined by equation 2. The method of derived distributions 
will be used to find a probability distribution for R, fR(r), in the form 

00 

Mr)= 2.303 f i"fK,L(
2

·
323

r, .t) d.C. 
-00 

(31) 

where fK,L (k, .C.) is the joint density function of Kand L. Since Kand Lare assumed to 
be independent, the joint distribution can be written as 

(32) 

where Mk) and fL(-l) are the density functions of Kand L respectively. Furthermore, 
since the value of the compressibility cannot be negative, equation 31 simplifies to 

00 

fR(r) = 2.303 J tfK (
2

•
313

r) fL(.C.)d.t.. 

0 

(33) 

By substituting the corresponding expressions for fK(k) and fL(.t) into equation 33, we 
obtain 

oo [ (2.303r ~
2

] 1 1 1 1 -.(.-- mx 
fR(r) = 2.303 f ----exp - -

0 
.e. ./2Tr aK 2 aK 
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(34) 

which, on rearrangement of the exponents, becomes 

co 

f ( ) _ J 1 [ -1 (2.303r)2 
mK (2. 303r\ 

Ar - a ,e. 2 exp - 2a: - -t - + a: --,e.- J 
0 

(35) 

where 

(36) 

A numerical technique was applied to perform the indicated integration, and the 
probability density function for the settlement ratio R for different soil groups at mean 
load ratios of 1, 2, 4, and 6 is plotted in Figure 4. As the load ratio M increases 
and as the dry density of the soil decreases, the mode of the frequency curve is shifted 
to the right and the mean and s tandard deviat ion increase. A heuristic argument, bas ed 
on the fact that (a) the log- normal distribution can be viewed as a model for the product 
01 maepenaent random variaoies, and (o, ine s imiiarii.y uei.weeu i.i1e rcou.lL::, t:r.:.0 u.1 c ~} 
and the shape of the log-normal distributionfavorthe adoption ofalog-normal model for 
the settlement ratio R. Accordingly, the probability density function of R can be ex­
pressed as 

(37) 

in which m RnR and aRnR denote the mean and standard deviation of G?IR respectively. 

Analysis Charts 

Use of the above probabilistic analysis allows the development of charts to determine 
the pa rameters of the log-normal distribution of the settlement ratio for a particular ap­
plication. These charts (Figure 6) for load ratios 1, 2, 4, and 6 relate the average 
dry density of a soil to the average and standard deviation of the settlement ratio R. 

Effect of Samples 

The reduction of inherent uncertainty associated with the determination of R may be ap­
proached by calculating both vertical and horizontal correlation structures for the com­
press ibility factor and the pr econsolidation str ess (17). The vertical correlation is 
determined by tr eating each boring (with readings atvarious elevations) as a sample 
function of a random process over depth. The autocorrelation as a function of vertical 



Table 3. Results of 
Kolmogorov-Smirnov 
goodness-of-fit test for 
compressibility factor. 

Hypothesized Normal 
Distribution 

Number of 
Group Samples D, 

A 9 -. 
B 81 0.06 
C 147 0.09 
D 314 0.07 
E 165 0.08 

• insufficient data. 

Figure 4. Probability density 
function of settlement ratio for 
different soil groups. 

Figure 5. Model parameters of 
settlement ratio. 
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separation is then the vertical correlation, and the horizontal correlation can be ob­
tained in a similar manner by treating the readings within a certain layer from all 
borings as a sample function of a random process over the horizontal position. In the 
settlement prediction problem, the variability of the average properties beneath a cer­
tain foundation, not the point-to-point variability within the soil mass, is needed. The 
variabj.li ty of the average is a function of the spatial cor r elation structur e aud the num­
ber and location of s amples (1) and may be r elated to an equivalent number of indepen­
dent samples (6). Figure 6 snows the pr obability density function of the average value 
of the sett lement r atio IDA as well as the density distribution itself, for 1, 4,. 9, and 16 
independent soil samples from soil group D. It can be seen from Figure 6 that, as the 
number of samples increases, the uncertainty associated with the value of R decreases. 
If n is reasonably large, the distribut ion of the average will be approximately normal 
with mean mR and-standard deviation aR/./n, wher e n is .the number of independent 
samples. 

ILLUSTRATIVE EXAMPLE 

The application of the foregoing procedure can be best illustrated in an example problem. 
Consider the case where an 18-ft-thick (6-m) compressible layer is loaded one­
dimensionally so that tile estimated stress at the midheight of the layer due to both the 
overburden and the applied load is 3,500 lb/ft2 (170 kPa) . Six consolidation tests from 
samples taken at r andom in the layer indicate average values of 0.2 for C, 1.54 g/cm3 

for ')'4, 0.75 fore, and 2,500 lb/ft2 (120 kPa) for p. Determination of the expected set­
tlement due to primary consolidation is desired. According to the deterministic ap­
proach, we obtain 

= 18 (r +00~ 75) log (1.4) 

= 3.6 in. (9.2 cm) 

Figure 6. Effect of number of independent samples on 
probability density function of settlement ratio. 
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Utilizing the probabilistic approach, we find from Figure 5 that the mean and standard 
deviation of the settlement r atio are 0.021 and 0 .005 for m'Yd = 1.54 g/ cm 3

• The aver age 
and standard deviation of the total settlement are 4.5 and 1.1 in. (11.5 and 2.7 cm) re­
spectively. The corresponding standard deviation of the natural logarithm of R is 0.241, 
which is high enough that the log-normal distribution, rather than the simple normal 
distribution, should be used for the settlement. If the cumulative function of R is eval­
uated at 0.90, the result will be the settlement for which there is a 90 percent confidence 
that it will not be exceeded. Since the total settlement is directly proportional to R, the 
statistics of the total settlement may be used in the log-normal expression to obtain 

F [
lht (S/ 4. 4)] _ O 9 u 0.241 - . (39) 

or 

S = 6.0 in. (15 cm) 

where 4.4 is the median of the total settlement and Fu is the standardized normal cumu­
lative function. 

SUMMARY AND CONCLUSIONS 

The soil compressibility factor can be quite closely approximated by a normal distribu­
tion. Although the most accurate method for determining the mean and standard de­
viation of the compressibility is to perform a series of consolidation tests on repre­
sentative undistur bed samples taken at random locations and depths , Elnaggar and 
Krizek (1) and Azzouz (2) have shown that tJ1e compress ibility factor is highly corre­
lated to The initial void ratio, and they have provided empirical equations for the de­
termination of the mean. The standard deviation can then be obtained by selecting a 
value for the coefficient of variation based on a large number of previously obtained 
test results from soil in the vicinity of the project site. This selection must be tem­
pered by engineering judgment, and the geological aspects of the site must be appro­
priately considered. The log-normal distribution appeared to be satisfactory for de­
scribing the load factor for mean load ratios of 2, 4, and 6. In the case of a mean load 
ratio of 1, the distribution can be quite closely approximated by an exponential distribu­
tion. When the distribution of the load factor was evaluated, aQ / ap was set equal to 
0. 75, reflecting somewhat less uncertainty in the sum of the stresses due to the added 
loads and overburden than in the preconsolidation stress. Finally, the derived distri­
bution for the settlement was in good agreement with the log-normal distribution, the 
parameters of which were related to the average dry density of the soil at different load 
ratios. 

Based on the probabilistic analyses above, the following conclusions can be made: 

1. A prediction model can be developed to yield probabilistic information about the 
settlement of a clay layer in terms of probabilistic descriptions of soil compressibility 
and loads. 

2. The uncertainty involved in the determination of the soil compressibility can be 
adequately described by a normal distribution. 

3. The log-normal distribution appears to ~atisfactori!y describe the load factor for 
mean load ratios greater than 1. 

4. The total settlement can be expressed in a probabilistic design by a log-normal 
distribution. 

5. As the number of borings increases and the vertical and horizontal correlations 
are taken into account, the uncertainty involved in the determination of the settlement 
decreases. 
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6. If the number of samples is reasonably large, the distribution of the average of 
the settlement will be approximately normal, and the standard deviation will be in­
versely proportional to the equivalent number of independent soil samples. 
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PERFORMANCE OF A LARGE CORRUGATED STEEL CULVERT 
Ernest T. Selig, Department of Civil Engineering, 

State University of New York at Buffalo; and 
Salvatore J. Calabrese, Law Engineering Testing Company, McLean, Virginia 

Because few published field data exist to help in the development and evalu­
ation of design criteria for large buried structures, a construction project 
involving such a structure was instrumented in Thunder Bay, Ontario. The 
structure was a shallow-buried, elliptical, corrugated-steel pipe with a 16-ft 
(4.9-m) height and a 27-ft (8.2-m) span. A concrete relief slab was placed 
on the fill several feet (meters) over the crown to distribute the vehicle 
loads. Pressures around the structure and under the slab were measured 
by using embedded stress gauges. Horizontal and vertical extensometers 
measured strains in the backfill. Radial extensometers inside the structure 
provided the structural deformation pattern. Data were obtained during 
construction and during live load tests with heavy vehicles. The results 
provided information on the magnitudes and distribution of stresses and de­
formations, the influence of construction procedures, and the apparent 
moduli of the backfill. Even though the cover over the structure provided 
by the backfill and slab was only about 20 percent of the span, the deflec­
tions and stresses in the pipe from the heavy vehicle loads were much 
smaller than those produced by the dead weight of material placed over the 
crown. Many cycles of live loading were required before the culvert sys­
tem began to respond elastically to the loading. The final soil pressure 
distribution around the structure and the observed deflections were greatly 
influenced by the construction procedures. 

•THE performance of large buried culverts is difficult to predict because of the com­
plex interaction phenomena involved. The load on the culvert and the deformations are 
influenced not only by the properties of the structure and the soil but also by the details 
of the construction process. In addition, few field measurements have been obtained 
in the past to provide a quantitative evaluation of performance. Therefore, design of 
most of the large culverts [10- to 50 -ft (3- to 15-m) diameter] has involved many as­
sumptions and approximations of unknown validity. This paper describes the results 
of a field instrumentation study of one such culvert constructed in 1973 in Thunder Bay, 
Ontario. The purpose of the structure was to provide a road crossing over a stream 
to replace an old timber bridge. 

The culvert was elliptical with a 27-ft (8.2-m) span, a 16-ft (4.9-m) height, and a 
shallow soil cover (Figures 1 and 2). It was fabricated from 5-gauge, 2 x 6-ft (0.6 x 
1.8-m), rolled corrugated-steel plates. Because the design height of soil cover over 
the crown was initially only 10 percent of the span, the designers specified that a 1-ft­
thick (0.3-m), reinforced-concrete slab be placed on top of the soil cover to distribute 
the concentrated vehicle loads. The structural backfill extending to about 13 ft (4 m) 
out from each side of the culvert consisted of a compacted granular glacial till. 

Publication of this paper sponsored by Soil Mechanics Section. 

62 



61 

21. A. A. Sveshnikov. Problems in Probability Theory, Mathematical Statistics and 
Theory of Random Functions. W. B. Saunders Co., Philadelphia, 1968. 

22. T. H. Wu and L. M. Kraft. The Probability of Foundation Safety. Journal of 
the Soil Mechanics and Foundations Division, American Society of Civil Engineers, 
Vol. 93, No. SM5, Proc. Paper 5459, 1967, pp. 213-217. 



Figure 1. Structure under construction when backfill 
up to spring line. 

Figure 3. Top and end views of instrument layout. 
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Figure 2. End view of completed structure with test 
load truck, readout station, and relief slab. 
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INSTRUMENTATION 

The instrumentation layout is shown in Figure 3. Horizontal extensometers measured 
movements of the sides of the culvert relative to points approximately 13 ft (4 m) away 
from the structure, at the edge of the granular fill zone. The pressure distribution 
on the structure from the backfill was measured with embedded stress gauges. The 
pressure distribution under the slab was also measured with these stress gauges. 
Horizontal extensometers 6 ft (1.8 m) long were placed in the fill above the crown to 
help observe how this material deformed. Deflection of the slab relative to that of the 
crown of the culvert was measured with an embedded vertical extensometer. Radial 
extensometers inside the culvert gave the magnitude and pattern of deformation of the 
culvert under vehicle live loads. The instrumentation and installation procedures are 
described in another paper(!) . 

STRUCTURAL BACKFILL 

The backfill material is classified as a coarse-to-fine gravel and coarse-to-fine sand 
with a trace of cobbles and silt sizes. The designation of the Unified Soil Classification 
System is GW-SW, and that of the American Association of State Highway and Transpor­
tation Officials is A-1-a. The material was compacted in roughly 1-ft-thick (0 .3-m) 
layers and was covered at least four times by using a small vibratory roller. The mois­
ture content, estimated to be from 5 to 10 percent, was accepted as it came from the 
borrow pit. Laborato1'y compaction tests (ASTM D698- 70 ) indicated a maximum dry 
density of 152 pcf (2430 kg/m3

) and an optimum moisture content of 8 percent after cor­
rection for the +%- in. (19 -mm) material. The aver age material specific gravity was 
2.81. 

To indicate the compressibility of the backfill, one-dimensional compression tests 
were conducted on that portion of the material passing the %-in. (19-mm) sieve. Be­
cause field density and moisture content data were not available, these samples were 
compacted to 98 percent of the ASTM maximum dry density for the -%-in . (19 - mm) 
materiru, at tne optimum moisture content, or 131 lb/ft~ (2100 kg/m") and 9.5 percent 
respectively. The compression tests were conducted in a 12-in.-diameter (30-cm), 
8-in.-high (20-cm) cylindrical mold with cycles of pressure between O and 11 psi (76 
kPa) applied by a 12-in.-diameter (30-cm) circular plate. The one-dimensional com­
pression modulus was 1,200 psi (8300 kPa) for the first load cycle and ranged between 
about 2,700 and 4,600 psi (18 600 to 31 700 kPa) for the second to nineteenth load cycles. 

CONSTRUCTION SEQUENCE 

At the location of the structure, the original grade was above the prescribed culvert 
crown elevation. Therefore the excavation shown in Figure 3 was made first, and then 
the bottom was shaped to fit the culvert invert. Then assembly of the corrugated plates 
began, and fill was added to support them. After the entire structure was bolted to­
gether, the backfilling was resumed up to the spring line. At this stage (Figure 1), 
the first instruments were installed. Final bolt tightening with a torque wrench con­
tinued toward the crown as the fill elevation increased. By the time the fill reached 
70 in. (1.8 m) above the spring line, the bolt tightening was complete, and about 3 ft 
(0.9 m) of gravel fill was spread, but not compacted, inside the structure to form the 
streambed. Pairs of heavy timber struts were then wedged upright at 6-ft (1.8-m) in­
tervals along the length of the structure supporting the top plates and butting on the 
gravel base. The frame for the radial extensometers (Figure 3) was placed inside the 
culvert and bolted to the invert at the same time. Backfilling over the structure was 
then completed, and the concrete slab was constructed. The struts were removed 
after about 1 week of concrete curing. The live load testing of the structure was then 
conducted, and final grading of the road base over the slab was completed. 
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MOVEMENTS DURING CONSTRUCTION 

The construction events corresponding to the measurements are given in Table 1. 
Figure 4a shows the change in the two spring-line soil extensometers during construc­
tion. The two sides show the same trends. Large inward movement of each side of 
the culvert [0.35 to 0.5 in. (8.9 to 12.7 mm)] occurred during the 3 ft (0.9 m) of back­
filling above the spring-line elevation when the extensometers were placed. Additional 
fill caused another 0.1-in. (2.5-mm) inward movement on the Hl side but only caused 
0.015 in. (0.38 mm) on the H2 side. These differences in magnitude probably resulted 
from the staging of construction because the filling on the H 1 side was usually ahead of 
the H2 side, and bolt-tightening occurred simultaneously. 

Inward movement was small on both sides during the last 2 to 3 ft (0.6 to 0.9 m) of 
filling up to about 1 to 2 ft (0.3 to 0.6 m) below the crown. Additional fill then caused 
a movement reversal, and both sides moved outward about 0.15 in. (3.8 mm) by the 
time the slab was added and the struts removed. During the load test process and 
final grading, variations within the range of ±0.01 in. (±0.25 mm) were observed. The 
net outward movement in this phase was a result of both the accumulation of residual 
strain from the load cycles and the addition of fill on top of the slab. 

Figure 4b shows the trends for the pressures on the structure and under the slab 
during construction and subsequent static load testing. The horizontal stress, mea­
sured by gauge Sl, at the spring line increased continuously as fill was added and 
sharply increased again when the slab was poured. A similar trend was observed 
higher on the pipe by stress gauge S2. The pressure reduction at point A for S2 may 
be a result of inward structure movement caused by the staging of backfilling. Gauges 
Sl and S2 showed the highest pressures of all the gauges. Gauges S4 and S5 showed an 
increase of 1 to 2 psi (6.9 to 14 kPa) as the trench above them was backfilled. Some 
of the pressure increase during the load-testing phase was caused by the addition of 
fill over the slab. The remainder was possibly caused by stress redistribution. 

On two occasions for most gauges (Figure 4b, D, events 13 and 21) a noticeable 
pressure drop of up to 1 psi (6.9 kPa) was observed. This drop is believed to be a 
result of an overnight temperature decrease. Cooling of the steel structure would 
cause a slight shrinkage, and a pressure relief around the structure would result. 
Therefore, some of the other minor oscillations in the pressure graphs probably are 
influenced by temperature change. 

All of the gauges showed a pressure increase under the first loading by the 32,800-
lb (14 900-kg) truck (event 17) with only a small part of this pressure change generally 
eliminated after unloading. The additional load cycles during the remaining live load 
testing produced only a small additional net change in pressure. 

The vertical extensometer Vl compressed 0.15 in. (3.8 mm), the upper horizontal 
extensometer H4 shortened by about 0.05 in. (1.3 mm), and the lower horizontal ex­
tensometer H3 extended about 0.03 in. (0.8 mm) from the time that these gauges were 
placed until the slab was poured and the struts removed. The subsequent movements 
of these extensometers during load testing were small by comparison (Figure 5a). The 
two horizontal extensometers exhibited approximately the same trends. The compres­
sion change in both when the slab was loaded by the truck indicates either (a) that the 
composite soil-steel-concrete structure deforms in a bending mode with the neutral 
axis next to the pipe or (b) that the system is deforming in compression like an arch. 

The pairs of struts, installed at 6-ft (1.8-m) intervals along the length of the struc­
ture, supported the points shown in Figure 6. These struts were positioned prior to 
any backfilling over the top of the structure. The struts were removed after the slab 
was poured and partially cured. The nonuniform pressure distribution shown in Fig­
ure 6 was believed to be created under the slab and around the culvert as a result of 
the stress relief at the strut points when the struts were removed. This distribution 
did not change when additional fill was placed over the slab. The cross section on 
which the gauges were located was halfway between two strut cross sections. The 
average pressures under the slab of 2.9 to 6.8 psi (20 to 47 kPa) for the two situations 
shown in Figure 6 were about twice the average overburden stress. This indicates a 
longitudinal redistribution of stress accompanying strut removal, in which the stress 
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Table 1. Description of construction events corresponding to instrument readings. 

Event 

0 to 6 
7 
8 to 10 
11 to 13 
14 to 15 
17 
18 to 21 
22 to 24 

Description 

Backfill elevation lncre_ascd rrom spring line to 40 in. above s1rrl.ng line (56 in. below crown) 
Backfill increased to 70 In. at>ove spring line (26 i.n. below crown) a.nd then struts added 
Backfill increased to slab level, about 2 ft above crown 
Trench dug for installation of gauges above structure and then backfilled 
Slab poured and partially cured, then struts removed 
After first loading with 32, 800-lb truck conducted 
Additional live load tests conducted 
Several more live load tests conducted and addition of 1 to 2 ft of gravel lill placed over slab 

Note: 1 in. = 2.5 cm. 1 lb= 0.45 kg, 

Figure 4. Measured pressures and deformations during construction. 
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Figure 5. Movements after slab constructed and struts 
removed. 

Figure 6. Final pressure distribution around structure and 
under slab. 
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Figure 7. Inward movement of structure during load 
tests and final filling. 
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relief at the strut sections caused a stress increase at the intermediate points including 
the gauge locations. 

The structural extensometers were installed after the slab was constructed and the 
struts removed (event 15). Therefore no information was obtained on the magnitude of 
structure deflection caused by the construction phases. The measurements for the 
structural extensometers are shown in Figure 5b. The two horizontal structural ex­
tensometers showed little movement during the first loading with the 32,800-lb (14 900-
kg) truck (change from event 15 to 17). All of the other extensometers moved about the 
same amount and generally indicated inward movement under load and a small amount 
of rebound on unloading. A much larger residual inward movement of about 0.05 in. 
(1.3 mm) occurred for all extensometers after many additional load cycles in event 18 
were completed. The effect of the next series of live load tests (events 19 to 21) ap­
peared to be small. Addition of fill on top of the slab (events 22 to 24) caused outward 
movement at El and EB and inward movement at the other structural extensometers. 

Extensometers E 1 and EB were in good agreement, and this indicates symmetry of 
conditions on the two sides of the structure. The maximum movement was registered 
by the vertical extensometer E4, as expected, and the nearest extensometer to it, E5, 
showed the same trend with slightly smaller deflections. The remaining, vertically 
inclined extensometers were grouped together in magnitude of movement. 

The residual structural deformation after the load tests and final grading was about 
0.16 in. (4.1 mm) vertically downward and 0.04 in. (1.0 mm) horizontally inward on 
both sides ( Figure 7). 

From the construction measurements for the vertical soil extensometer Vl and the 
vertical structural extensometer E4, it is apparent that the relative deflection between 
the slab and the structure is negligible compared with the deflection of the crown of 
the structure (Figures 5a and 5b). 

The readings of the horizontal soil extensometer H measured outside the structure 
at the spring line are roughly consistent in trend with those for the horizontal struc­
tural extensometer E (Figures 4 and 6a). Outward movement of the structure would 
cause H compression and E extension, for example. However, the magnitudes of the 
TT --- ...1 '171 ......... ...1.:_,..,. ... .... _ .... ...1.:-&.& .... -..-.-+. 1\/f ... ,..l,., '"""""""11"...., nh .... .-.rrnt"'I '"''"" ;""'<4.;,.,....,4-,,.,1 -fl"\,.. l-T .f-ht>1"1 -fn'I" "Ji' 
.1..1 QJ.,LU ~ .&. ,c;Q,\A,.Ll,.l6Q ~.&."" Y.&..&..&."'.&. "'.l.ll..o .1.9.&.W.V.a.& ...,,1,,1,1,-.1,.1,...,.., ...,.a,_ ... b""'""" _,....., ....,...__.,_._..,_......, .,....,_ ...... -•-• ... ..., ... -

on both sides of the structure. One possible explanation is that the zone of deformation 
in the soil extends well beyond 13 ft (4 m) from the structure. In addition, the cohe­
sive soil beyond the backfill zone is most likely more compressible than the granular 
backfill. 

The relationship between the pressure under the slab and the crown deflection from 
the construction process is shown in Figure 8. The average modulus is approximately' 
26 lb/in. 3 (7070 kPa/m). 

Most commonly used design procedures for culverts require some measure of the 
horizontal passive resistance of the soil to outward movement of the structure. The 
dimensions of the associated modulus are pressure per unit deflection. An estimate 
of this modulus was obtained by plotting the spring-line pressure as a function of the 
corresponding soil extensometer movement (Figure 9). During the live load test phase, 
the modulus increased from 17 to 170 lb/in. 3 (4620 to 46 200 kPa/m). However, be­
cause the structural extensometers showed larger lateral movement than the soil ex­
tensometers, the actual moduli are probably lower than those shown in Figure 9. 
During the initial stages of backfilling, the modulus was about 4 lb/in. 3 (1090 kPa/m). 
This can be thought of as the active coefficient of backfill reaction. 

LIVE LOAD TESTS 

Most of the live load tests were conducted by using a gravel-filled dump truck with a 
gross weight of 32,800 lb (14 900 kg) (Figure 2). The load positions relative to the 
structure and the instrumented cross section are shown in Figure 10. The first load 
test consisted of positioning the truck successively in positions D, C, and E and then 
moving it off the slab to the starting position A. Residual deformations and net pres­
sure increases were observed after the load was removed (Figure 11). The residual 



Figure 8. Pressure under slab S8 
related to crown deflection E4. 

Figure 9. Relationship of spring-line 
pressure to deformation during 
construction. 
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Figure 11. Residual pressures and deflections after first live load test. 
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Figure 12. Results from second live load test. 
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radial deformations were all inward, amounting to 0.003 in. (0.008 mm) at the spring 
line and 0.014 in. (0.36 mm) at the crown. This pattern suggests slippage at the longi­
tudinal bolted joints in the structure. At the same time residual pressure increases of 
about O to 2.2 psi (O to 15 kPa) occurred on the structure. 

In the second live load test, the truck made a series of passes on and off the slab. 
The observed elastic and residual pressures and deformations at several locations 
(Figure 10) are shown in Figure 12. The average ratio of pressure increase under 
the center of the slab to the crown deflection under the vehicle loading was approxi­
mately 47 lb/in. 3 (12 800 kPa/m). Spring-line movements were less than 0.001 in. 
(0.025 mm). 

In the third live load test, the truck made a pass over the s lab from position A to 
Gata constant speed of about 5 mph (8 km/h) . The r esults are shown in Figures 13, 
14, and 15. The residual readings are minor compared with the peak values; there­
fore, the response is essentially elastic. A reverse pass from G to A gave almost the 
same results; however, the curves in Figure 13 are not symmetrical about the center 
position D. The peak dynamic stress around the structure was about 0.15 psi (1.0 kPa) 
at the crown. The peak stress under the center of the slab was about 0.5 psi (3.4 kPa). 
The maximum crown deflection was 0.009 in. (0.23 mm), and deflections at all other 
locations were smaller. None of the soil extensometers changed by more than 0.0005 
in. (0.013 mm). The r atio of pressure increase under the center of the slab to crown 
deflection was 34 lb/in . 3 (9230 kPa/m). 

In the fourth live load test, the vehicle was positioned for a moment in each location 
in Figure 10. This test gave numerical results similar to those for the previous test 
with the continuously moving truck for positions A through G. For the reverse pass 
(positions H through J) in this case, the truck wheels on the right side passed over the 
gauge section rather than a straddle pass. The trends were similar, but the magnitudes 
of the peak readings were smaller by an average of 34 percent. The pressure distribu­
tion and deflection pattern produced by the truck in position D (center of slab) is shown 
in Figure 16. The maximum deflection under the 32,800-lb (14 900-kg) load was about 
0.012 in. (0.3 mm) at the crown. The maximum pressure on the structure was 0.3 psi 
(2.1 kPa), and the maximum under the center of the slab was 0.8 psi (5.5 kPa). 

The structure was also tested under a live load of 162,000 lb (73 500 kg) produced 
by the combined weight of three gravel trucks positioned side by side on the slab. The 
crown deflect ion under this load was 0.052 in. (1.3 mm), and the ratio of pressure in­
crease under the slab to crown deflection was 33 lb/ in. 3 (8960 kPa/m). 

INTERPRETATION OF DIAMETER CHANGES 

In interpreting the field data related to the structural extensometers consideration 
should be given to: (a) the effects of a temperature change on the shape of the struc­
ture and the lengths of the connecting cables and metal support frame of the extensom­
eters, (b) a change in the shape of the structure due to bolt slippage, and (c) a change 
in shape due to the hoop stress in the structure. 

A decrease in temperature would cause the cables of the structural extensometers 
to shorten, which would move the sensing elements of the extensometer apart. The 
same decrease in temperature would also cause the perimeter of the structure to 
shorten, which would decrease the lengths of its axes. This will cause the sensing 
elements of the extensometers to move together so that essentially no net change in 
extensometer reading would be observed. However, the steel would not be likely to 
change in temperature as readily as would the structural extensometers because it is 
in contact with the backfill on one side. Thus air temperature decrease inside of the 
culvert would show an apparent increase in culvert diameter. 

The observed overnight deformation changes with the structural extensometers are 
shown in Figure 17 both with and without the 0.30-in. (7.6-mm) adjustment for the es­
timated temperature effect on the extensometers. The adjusted readings indicate a 
shrinkage of the structure. These readings are consistent with those for the observed 
pressure reductions (Figure 4). 



Figure 13. Soil stress changes during third live load test. 
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Figure 14. Extensometer changes during third live load test. 
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Figure 16. Pressures and deflections for 32,800-lb (14 900-kg) truck 
in position D. 

Figure 17. Radial deformations of structural extensometers caused by 
overnight temperature drop. 
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The bolt hole diameter in the plates is 1 in. (2.5 mm), and the bolt diameter is 
0.75 in. (19 mm). This leaves an average clearance of 0.125 in. (3.2 mm)/joint. 
There are a total of 14 longitudinal joints in the pipe. Hence, an average perimeter 
shortening of 1. 7 5 in. ( 44 mm) could be expected from slippage if friction were over­
come. This would result in a change of 0.35 to 0.19 in. (8.9 to 4.8 mm) in the major 
and minor diameters respectively. These are much larger movements than those 
needed to explain the apparent net inward movement at the spring line in Figure 11. 
Based on an average soil pressure of 8 psi (55 kPa) around the pipe, calculations show 
that the assumption of slippage at one joint, at least, is reasonable. 

If the ring compression theory is used, the thrust T in pounds per foot {kilograms 
per meter) of length of culvert is 

where 

T - pD 
- 2 

p = average pressure on pipe from soil in lb/ft2 (Pa), and 
D = average pipe diameter in ft (m). 

The stress-strain relationships in the pipe wall give 

l(fp) = E 

where 

" . " 
E = ::iu X w- X 144 in 11>/tr t.Pa), 
P = length of perimeter in ft (m), and 
A = area of sect.ion in ft2 /ft (m2 /m). 

Combining equations 1 and 2 gives 

L\P - __.EQ_ 
P - 2AE 

(1) 

(2) 

(3) 

For the five-gauge, 2 x 6-ft (0 .6 x 1.8-m) corrugation, A= 0.022 ft2/ft (0 .00 68 m2/m). 
The average final backfill pressure on the culvert was about p = 8 x 144 lb/ft2 (55 kPa). 
The average diameter is D = 22.5 ft (6.9 m). Thus L\P/P = 0.000135. The correspond­
ing average diameter change would thus be L\D = 0.003 ft (0.0009 m) or about 0.04 in. 
(1 mm). This diameter change is also large enough to account for the apparent resid­
ual inward movement at the spring line that resulted in permanent pressure increases 
around the pipe (Figure 7) after a series of live load tests. 

OBSERVATIONS 

1. Although a comparison of results with live load tests without the slab was not 
possible, the results with the slab indicate that the slab was effective in distributing 
the vehicle load and in stiffening the soil-steel structure. A vehicle load of 162,000 lb 
(73 500 kg) caused a crown deflection of only about 0.050 in. (1.3 mm). 

2. The total inward movement of the spring line of the structure during the stages 
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of backfilling above the spring line was about 0.3 to 0.6 in. (7.6 to 15 mm). This was 
much larger than the 0.16 to 0.19-in. (4.1 to 4.8-mm) outward movement accompanying 
the remainder of construction and load testing. The outward movement of the structure 
increased the pressure against the fill. The zone of passive resistance apparently ex­
tended beyond the 13-ft ( 4-m) granular fill into the more compressible natural clay 
stratum at the site. 

3. The granular backfill provided stiff lateral support to the structure. The out­
ward movement during the final stages of filling over the crown showed a modulus of 
17 lb/in. 3 (4620 kPa/m). However, during the load testin~ and final grading after the 
struts were removed, the modulus increased to 170 lb/ in . ( 46 200 kPa/m). 

4. The stiffness of the fill over the top of the structure was great enough compared 
with the stiffness of the structure so that the deflection of the slab over the crown was 
essentially the same as the crown deflection. The subgrade modulus for the center of 
the slab was thus equal to the pressure under the slab divided by the crown deflection. 
After a few load cycles, when the soil-st ructur e system be~an to behave elastically, 
the modulus under the center of the slab was 25 to 70 l b/in. (6790 to 19 000 kPa/m) . 
This modulus will increase with distance from the center. 

5. The pressures around the structure in the live load tests were an order of mag­
nitude smaller than the dead load values from the slab and fill after construction. The 
maximum pressure at the center under the slab from the 32,800-lb (14 900-kg) vehicle 
was estimated to be about O. 7 psi ( 4.8 kPa). The corresponding maximum pressure on 
the crown was about 0.3 psi (2.1 kPa). Higher values of pressure were observed under 
the ends of the slab when the vehicle load was at the quarter point of the slab. 

6. The changes in structure diameter in the live load tests were also an order of 
magnitude less than those from the dead load. When the 32,800-lb (14 900-kg) truck 
was in the center of the slab, the vertical deflection of the crown was about 0.01 in. 
(0.25 mm) compared with a total accumulative residual deflection of about 0.2 in. (5.1 
mm) during the testing and addition of fill on top of the slab. 

7. The first live load test caused a significant residual increase of O .3 to 1.8 psi 
(2.1 to 12.4 kPa) in pressure under the slab and an increase of 0.4 to 2.1 psi (2.8 to 
14.5 kPa) around the structure. A residual radial inward deformation of the structure 
also occurred, increasing from 0.004 in. (0.1 mm) at the spring line to 0.016 in. (0.41 
mm) at the crown. Apparently this resulted from inelastic soil behavior and possibly 
from joint movement in the structure. 

8. Bolt slippage at the joints of the structure could easily permit a reduction in 
perimeter of the structure. The timing of construction backfilling with the bolt tight­
ening process could have a big influence on the magnitude and distribution of final pres­
sures. The deformations resulting from thermal strains could also be as large as the 
live load deformations. 

9. Considering the errors inherent in soil pressure measurements, the best esti­
mate of the pressure distributions around the structure and under the slab at the com­
pletion of the tests is as shown in Figure 6. Under the slab, the average pressure 
was 6.8 psi (47 kPa), but it increased from about 8 psi (55 kPa) in the center, to 4 psi 
(28 kPa) at the quarter points, and to 10 psi (69 kPa) near the ends. The average pres­
sure over the center of the structure was about 4.2 psi (29 kPa), and the maximum at 
the crown was 5.6 psi (39 kPa). These correspond to an overburden density of about 
116 to 155 lb/ ft3 (1860 to 2480 kg/m3

) with a depth of 5.2 ft (1.6 m). This is in the 
range of the existing average density. The final crown pressure was about 5.6 psi 
(39 kPa). The pressure decreased to about 2.8 psi (19 kPa) at the strutting support 
point and increased again to 15.4 psi (106 kPa) at the spring line. The final horizontal 
pressure at the spring line was about equal to the vertical geostatic stress at that level. 

10. The slab-fill-steel pipe composite section at the top of the structure was con­
sidered to act as a beam or an arch. The data obtained do not really clarify this; how­
ever, a combination of the two models is probably more correct. 

11. Field stress measurements in soil are difficult to make accurately, and an un­
certainty of ±50 percent exists. Careful laboratory calibration of the gauges in soil is 
needed, and in-place field calibration checks are desired. For this study, a limited 
laboratory evaluation was performed. Although this is much more than is usually done, 
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an additional gauge evaluation program is desirable that includes the effect of having 
the gauges close to the concrete slab. 

12. The staging of strut installation and removal appears to be one of the most im­
portant factors in determining the pressure distribution around the structure and under 
the slab. The slab, when freshly poured, applied a uniform surcharge to the fill. De­
flection under this surcharge and the fill on top of the structure was limited at the strut 
points and probably maximum at the crown. The struts were removed after the slab 
concrete had hardened. Resulting deflection at the strut points relieved the pressure 
there and transferred it to the center and haunch zone. The total load carried by the 
structure also increased and thereby increased the lateral pressure at the spring line. 

13. All of the field measurements provided in this study contributed useful informa­
tion to understanding the soil-structure interaction. It is desirable to obtain similar 
data on several other projects before generalizing the results. The primary reason 
is that the results are affected to an unknown degree by the construction details. In 
such tests, close coordination of the measurements and construction is urged. The 
influence of the struts should be carefully examined. Temperatures of the structure 
should also be measured. 
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RAPID COMPACTION CONTROL TESTING USING WET METHOD 
Mas Hatano and Travis Smith, California Department of Transportation 

The California rapid wet weight method using the sand cone and nuclear 
gauge for determining the percentage of relative compaction is discussed. 
Oven drying operations, true density relationships, and optimum moisture 
determinations were eliminated. This permits test results to be available 
in a matter of hours instead of by the following day. The validity of the 
method was confirmed by mathematical calculations and by field correla­
tion tests. Comparisons were made between the wet and the conventional 
dry method to obtain the percentage of relative compaction. This compar­
ison was made by using the California nuclear procedure in which average 
test results are used. Using the wet method expedites construction testing 
in many cases by eliminating the need to determine test maximum density 
and optimum moisture. This is possible because test results are avail­
able as soon as a specimen is compacted and answers do not depend on 
overnight ovendry moistures. The application of the wet method to tests 
such as those of the American Society for Testing and Materials and the 
American Association of State Highway and Transportation Officials, in 
which fixed volume test molds are used, is demonstrated. 

•IN August 1929, the then California Division of Highways was the first organization in 
the United States to adopt a test procedure for evaluating compaction of soils and ag­
gregates (1). Basically, the method consisted of determining dry in-place density and 
of relating-it to a dry laboratory test maximum density compacted according to a uni­
form procedure. 

The original concept known as relative compaction is still being used by California 
and other states as a construction control test. Modifications to the test procedure have 
been made to improve the test and keep pace with the increased production brought 
about by modern construction methods and equipment. Such things as the use of nu­
clear gauges, the use of wet weight instead of dry density, and the averaging of test 
results have improved the test in terms of test accuracy, precision, and time required. 
The wet weight procedure eliminates all measurement of moisture in the field and 
laboratory. 

This paper deals primarily with the California wet weight method for rapid con­
struction control of compaction. The use of mathematical relationships between the 
wet and dry methods field correlation tests are discussed. The method was originally 
used with sand volume testing but was later applied to nuclear testing by using the area 
concept that averages test results. 

In some cases where the material is generally the same, the wet method can still be 
used, but a moisture correction may be necessary. The application of the wet method 
to the ASTM and AASHTO test procedures is also presented. 

Publication of this paper sponsored by Committee on Compaction. 
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BACKGROUND 

Sand Volume Test 

The in-place density is determined with a sand cone. The laboratory test (Calif. 216) 
maximum density is calculated on compacted specimens 2% in. (72 mm) wide and from 
10 to 12 in. (25 to 30 cm) high. 

The laboratory test maximum density determination is based on testing all material 
passing the %-in. (19-mm) sieve . A rock cori-ection is applied when t he retained 
%-in. (19-mm) fraction exceeds 10 percent. The degree of correction depends on the 
amount and specific gravity of the retained %-in. (19-mm) material. 

Wet Method 

In 1956, California adopted an optional wet method for determining relative compaction 
for those soils with less than 10 percent of the material retained on the %-in. (19-mm) 
sieve. This procedure eliminated the need for oven-drying the in-place and laboratory 
test maximum density samples. Field test results normally became available in sev­
eral hours instead of by the following day. The procedure eliminated drying equipment, 
did not require any alteration of existing equipment, simplified the test, made it more 
accurate by eliminating the variable of moisture, and did not require any special train­
ing of test operators. The test results from the wet method are essentially the same 
as those obtained by the dry method within limits of test variability. 

in 1971, the dry method was dropped, and the wet procedure was modified to include 
those materials that contained more than 10 percent retained on the %-in. (19 -mm) 
sieve. The elimination of part or all of the moisture measurements from the compac­
tion test has been reported by other organizations (~, ~ • .!) . 

FUNDAMENTAL CONCEPTS 

The original work on the wet method consisted of developing the mathematical relation­
ships to show that the wet and dry methods gave the same test results. True volume 
measurements were used instead of the traditional unit weights to denote density. Then 
the same concept was applied by using weight instead of volume. A misconception de­
veloped in this case because true densities were not involved in all cases. The details 
of the method are explained in the following discussions. 

A sample of soil is excavated from the earthwork and weighed. The volume of the 
excavation is determined by filling the hole with calibrated sand. Care is exercised to 
maintain the moisture content of the excavated material at the condition that prevailed 
at the time of test. Next, a series of equal weight representative impact test specimens 
are weighed out of the excavated sample (Figure 1). Being of equal weight and water 
content, each impact test specimen (A, B, and C) will have the same proportional rela­
tionship of soil volume and water as the excavated sample. 

where 

W 1 = weight of impact test specimen in lb (g), 
W 2 = weight of total excavated sample in lb (g), 
V1 = volume of impact test specimen in in. 3 (cm3

\ and 
V2 = volume of total excavated sample in in. 3 (cm ). 

(1) 
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From this relationship, the volume that A, B, and C occupied in the earthwork can 
be calculated. Assume that 

W1 = 6 lb (2700 g), 
W2 = 20 lb (8975 g), and 
V2 = 266 in. 3 (4358 cm 3

). 

From equation 1, 

V1 = 2~ X 266 = 79 .8 in. 3 (1311 cm 3
) 

Impact test specimens A, B, and C are then compacted at different moisture con­
tents to determine the optimum condition. In actual practice, the specimens may be 
compacted at field moisture, by adding water or by drying the specimen out. Changing 
the water content affects the void water content but does not affect the volume of soil 
solids in the impact test specimens. 

After the specimens are compacted in the impact test apparatus, the specimen with 
the smallest test volume is related to the volume that the specimen occupied in the 
earthwork. The r esultant value is multiplied by 100 for an end result in terms of the 
percentage of relative compaction (RCL Figure 1 shows specimen B as the impact 
test specimen with the minimum volume. 

where 

RC= V3 X 100 
V1 

(2) 

V1 = volume that impact test specimen occupied in the earthwork, in in. 3 (cm 3
), and 

V 3 = smallest volume determined after compacting specimens in the impact test, in 
in. 3 (cm3

). 

Assume that V3 = smallest impact specimen B1 = 73 in. 3 (1196 cm3>. Therefore, 

73 
RC = "79.8 X 100 = 91 

The above discussion on the determination of RC eliminated soil drying procedures and 
direct density relationships. 

The current procedure uses the more common weight relationships. The mathemat­
ical relationship here is 

where 

Dw = W1 
V 

Dw = wet weight of compacted specimen, 
W1 = batched wet weight of test specimen before adjustment for water, and 

V = volume of compacted specimen. 

(3) 
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Therefore, 

RC= D1 
Dw 

where Di = in-place wet density D. from equation 4. 

(4) 

Table 1 gives comparisons of the percentage of relative compaction calculations 
based on wet and dry methods us ing the California procedure. Table 1 is based on the 
following assumptions (1 lb/ft3 = 0.016 g/cm3

): 

In-place wet density = 100 lb/ft 3 

Moisture content= 10.0 lb/ft~= 11.1 percent, and 
In-place dry density = 100 - 10.0 = 90 lb/ft ~ 

Lines 8 and 9 show the same RC for the dry and wet methods. In normal practice, the 
compaction curves are plotted for the data on line 6 or 7, and the maximum value is 
used to calculate RC for the test. 

SINGLE SPECIMEN TESTS 

For construction control purposes, there are occasions when only one impact test 
specimen is needed. If the first test result indicates a percentage of relative compac­
tion below the specified minimum, there is no reason to compact additional specimens. 
If the second specimen showed a higher test result, it would only lower the percentage 
of relative compaction that already failed to meet specification. Thus, the complete 
compaction curve is not always necessary. 

The single specimen test is easily adaptable to the wet method because no moisture 
m.casurcmcntc :1~e m:1de 'bl!t is net readily adaptable to the d!'y m~thod bf?r~,_!~P. 0f thP. 
time required to obtain ovendry moistures. 

NUCLEAR TEST 

In November 1966, California adopted the nuclear procedure (Calif. 231-F) for deter­
mining relative compaction. The adoption of the nuclear method for determining in­
place density caused considerable discussion about the precision of the nuclear gauge 
and comparis on with the s and volume test. Studies by Utah (6) , Califor nia (7), and 
others indicate the nuclear test to be equal to or have les s variability than Hie s and 
volume test. In terms of accur acy, studies by Califor nia (8), Minnesota (9), and others 
have s hown the nuclear test to be more accurate than the sai1d volume tesC 

Some pertinent features of test method Calif. 231-F are as follows: 

1. The wet method is used exclusively, 
2. All testing is performed in the direct transmission mode, 
3. Nuclear gauges are calibrated from standard blocks ( 6), 
4. The area concept is used, -
5. A composite sample is used for test maximum determination, and 
6. A common test maximum is used where conditions permit. 

AREA CONCEPT 

The area concept evolved from a s tatistical study performed on embankment material 
(10, 11). Figures 2 and 3 from the s tudy (10) s how r andom sand volume tests taken 
from jobs that had uniform and varied materials. The sand volume tests were 



Figure 1. Wet method based 
on volume comparison. 

Table 1. Percentages of 
relative compaction based on 
wet and dry methods using 
the California procedure. 

A 

AIR 

WATER 

SOIL 

EXCAVATED SAWPLE 
COMPACTED IMPACT 

TE ST SPECIMEN 

Line 
Number 

2 
3 
4 
5 
6 
7 
8 
9 

Item 

Equal weight of batched representative wet test 
specimen from excavated sample, lb 

Dry weight', lb 
Adjustment for water to determine optimum, lb 
Total wet weight before compaction', lb 
Compacted volume determined from test, ft' 
Dry density of compacted specimen', lb/ft' 
Wet value of compacted specimen' 
Relative compaction (dry basis)', percent 
Relative compaction (wet basis)', percent 

Impact Specimen 

A 

5.0 
4.5 
0 
5.0 
0.050 
90.0' 
100.0 
100 
100 

B 

5.0 
4.5 
-0.22 
4.78 
0.051 
88.2 
98.0 
102 
102 

C 

5.0 
4.5 
+0.22 
5.22 
0.052 
86.5' 
96.2 
104 
104 

Note: Moisture adjustments were made but not included in calculations. 1 lb • 453.6 g. 1 ft 3 = 0.03 m3
• 1 lb/ft3 = 

O.Ql 6 g/cm3 • 

1 Line 1 - field moisture. 
bline 1 + line 3. 
"Line 2/line 5. 
dNot true densities , 

"Line 1/line 5. 
'190 lb/ft3 )/line 6 x 100. 
'(100 lb/ft31/line 7 x 100, 

Figure 2. Statistical study results based on 
random selection of uniform materials. 

Figure 3. Statistical study results based on random selection 
of nonuniform materials. 

19 

85 90 9 5 

ll =92.86 
(!': 2.44 
n =200 

PERCENT RELATIVE COMPACTION 

SPEC. 
LIMIT 

ii= 93.64 
tT= 5.52 
n=l76 

15. 

PERCENT RELATIVE COMPACTION 
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performed after construction personnel had tested and accepted the compacted area as 
meeting specifications. 

Data indicated that highways are constructed with a number of tests that do not meet 
specifications and that there is considerable variation in compaction (6, 12, 13, 14). The 
conclusion from these studies clearly showed that one test is not a satisfactorycriterion 
for checking specification compliance. A more realistic approach is to average a small 
number of tests that would more nearly tend to reflect the average obtained if a large 
number of tests were performed in a given area. The average value would also tend to 
give a better picture of what is actually being constructed. 

Initially, an area of work is carefully delineated. This area may be either very 
small, such as backfill around pipes, or more than 0.5 mile (0.8 km) of roadway. Some 
factors to consider when an area is selected are uniformity of materials, conditions of 
production, and compaction. Portions of the area that may be observed or that are 
suspected to be different are excluded from the total area and are treated as separate 
small areas. 

A minimum of five test sites are randomly selected for areas greater than 1,000 yd2 

(836 m 2
\ and a minimum of three test sites are randomly selected for areas less than 

1,000 yd (836 :m.2). 

MAXIMUM DENSITY TEST 

Equal representative portions of material from each test site are combined to form one 
composite sample. A laboratory wet test maximum value is determined on the com­
posite sample and is related to the average wet in-place density to get a percentage of 
relative compaction. In many cases when the material is generally the same from one 
area to the next, a common wet composite test maximum value may be used. A mois­
ture correction may be necessary. 

In some cases, a single test specimen is satisfactory where it signifies a failing 
test. The compaction of additional specimens to determine a test maximum value 
'.1101.1!d not bl:' n':'l'.:'l:'SSHry i,in,:-P. thP. te~t harl already failed to meet the minimum specifi­
cation. 

PRINCIPLES OF WET METHOD 

The principles of the wet method for compaction control are the same for the nuclear 
test and the sand volume test. However, since the California procedure uses multiple 
in-place tests, a composite test maximum value, and a common density, further dis­
cussion on the wet method is presented. 

Figure 4 shows comparative field test data from one area evaluated on the basis of 
both wet and dry methods. The use of composite test maximum values compared with 
individual test maximum values is also compared. 

Line 1 shows the percentage of relative compaction calculated by dividing the indi­
vidual dry in-place density by the individual dry test maximum density. This average 
is 90.9 for the six test sites. 

Line 7 shows the percentage of relative compaction calculated for each test site by 
dividing the individual wet in-place density by the composite test maximum density. 
This average is 91.3 percent, which compares closely to the 90.9 percent relative 
compaction for the dry method. 

Figure 5 shows data from 75 test areas where the comparative percentages of rela­
tive compaction based on the wet and dry methods were determined as described pre­
viously. The scatter diagram indicates that there is no significant difference between 
the wet and dry methods when a composite test maximum and average in-place density 
are used instead of individual tests. 



Figure 4. Test plan data of comparison of percentage of relative compaction based on wet and 
dry methods. 
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Figure 5. Nuclear gauge tests for wet versus dry method. 
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COMMON DENSITY 

In many cases where the material from one area to the next is generally the same, a 
common density may be used, and a laboratory compaction test need not be run. Some 
of the criteria used for a common density are that the material must be from the same 
general source, must generally have the same visual characteristics, and must have 
the same moisture content. 

A common density is established by averaging wet composite test maximum values 
from two conse utive areas . The difference in aver afe moisture contents between the 
two consecutive areas must also be within 31.25 lb/ft (0.05 g/cm3

) of the common value. 
Checks are perform ed at least every 7 days, and if the moisture content and test maxi­
mum values are within 31.25 lb/ft3 (0.05 g/cm3> of the common values, the two values 
are averaged to establish a new common test maximum value and moisture. If the pre­
vious criteria are not met, a compaction test is performed for each area being tested. 
Since a judgment factor is involved, an operator must be trained and experienced to 
effectively use the common de11sity. 

When a common density is used, the moisture content between areas must be the 
same, or adjustments must be made so that the wet procedure will be valid. In these 
cases, an average moisture content is determined for each area by nuclear tests at the 
same time the density tests are being performed. Nuclear moisture tests need only 
indicate the average relative difference between areas. Therefore, no special cali­
bration relating to a standard such as ovendry moisture is necessary. No moisture 
determinations are necessary for the laboratory test maximum specimens. 

Following is an example of the moisture correction method (1 lb/ft3 = 0.016 g/cm 3
): 

Common composite test maximum value= 137.5 lb/ ft3, 
Aver age moisture = 6.9 lb/ft 3, 

These data are used to complete the moisture content method for the test area: 

AvP.r::i trP. in-nfar.e wet rlensitv (five tests) = 135 lb/ft3. 
-- A~~;age i~-place moistur~ (five tes ts ) = 8.8 lbift3; 

Moisture conection = 6.9 - 8.8 = - 1.9 lb/ft3, 
Adjusted i n-pla ce wet dens ity = 135 - 1.9 = 133.1 lb/ ft3, and 

RC= (133.1/ 137.5) X 100 = 97. 

This method became standard on April 2, 1973, and is now being used for all contracts 
using the nuclear method. 

APPLICATION TO AASHTO AND ASTM METHODS 

The same type of analysis made previously can be applied to the AASHTO and ASTM 
methods. The difference between the California method and the other methods is that 
the California method uses a fixed weight of material and measures the volume of com­
pacted soil but the latter methods use a variable weight of material and a fixed volume. 

Equation 5 shows the mathematical relationship between the wet and dry methods 
when the fixed volume molds are used: 

where 

RC= Dw x 100 
TH 

Dw = in-place wet density by tests such as the sand cone or nuclear test, and 

(5) 

TM = laboratory compacted test specimen with highest wet weight as determined by 
the AASHTO or ASTM procedure. 
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TH is calculated as shown in figure 6. 
Based on Figure 6, the following relationships are developed: 

FXS 
TH= 0.033B (6) 

where 0.033 ft3 (943.9 cm 3
) = constant volume based on a mold of the same size. 

Assume that (1 lb = 453.6 g) 

F = 4.75 lb, 
S = 5.29 lb, and 
B = 5.63 lb. 

Therefore, 

4.75 X 5.29 135 / 3 (2 16 / 3) 
TM = 0.033 x 5.63 = lb ft . g cm 

Let (1 lb/ft3 = 0.016 g/cm3
) 

Dw = 130 lb/ft3 and 
TH = 135 lb/ft3 = the highest wet density of a laboratory compacted test specimen. 

Therefore, 

130 RC = 135 X 100 = 96 

Table 2 gives comparisons of the percentage relative compaction calculations based on 
wet and dry methods using the 0.033-ft3 (934. 5-cm3> mold. Table 2 is based on the 
following assumptions (1 lb/ft3 = 0.016 g/cm3

): 

In-place mois ture content = 10.0 percent, 
In-place wet density = 134.2 lb/ft3, and 
In-place dry density = 122.2 lb/ ft3. 

CONCLUSIONS 

1. Mathematical calculations indicate that the wet and dry procedures for deter­
mining percent relative compaction give the same results. 

2. Test data indicated that the wet method applied to multiple nuclear testing and 
use of a composite sample for determining laboratory test maximum density are es­
sentially the same as the average of single tests when the dry method is used. 

3. Application of the wet method to a common density by making moisture adjust­
ments based on nuclear gauge measurements was developed. 

4. In many cases, the wet method permits determination of specification compliance 
without the development of a compaction curve. Therefore, results can be obtained in 
several hours instead of by the following day. 
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Figure 6. Calculation of TM· 

B C 

rt-::r-::r-:1"-;>"-rs~~*""-.ritttt:1 ~ Residue 

E Soilv I nplace 
Moisture 

Air 

Adjusted 
Water 

Note: 

·o L K J 

Compacted 
Specimen 
Core Wt, 
After 
Trimming 

ABEF = S = initial batched specimen weight in lb/ft3 (g/cm 3
) that has the moisture content that 

prevailed at the time of the in place test; 
ACDF = B = initial batched specimen in lb (g) adjusted for added or subtracted water; 
GIJL 2 F = final compacted core weight in lb(g) after trimming; and 
GHKL • TM = laboratory test specimen wet weight, an unknown value. 

Table 2. Percentages of relative compaction based on wet and dry methods using the 
0.033-ft3 (934.5-cmJ) mold. 

Impact t>1>ec1men 
Line 
Number Item A B 

l. Equal weight of batched representative wet test 
specimen from excavated sample, lb 5.07 5.07 

2 Dry weight, lb 4.61 4.61 
3 Adjustment for water to determine optimum, lb -0. 11 0 
4 Total wet weight before compaction·, lb 4.96 5.07 
5 Final compacted core weight after trimming, lb 4.46 4.63 
6 Wet weight', lb 136.8 138.9 
7 Dry density', lb/ ft' 124.2 126.3' 
8 Relative compaction (wet basisr, percent 98 97 
9 Relative compaction (dry basis)', percent 98 97 

Note: Moisture adjustments were made but not included in calculations. 1 lb= 453.6 g. 1 lb/ft3 = 0.016 g/cm 3 • 

'Line 1 + line 3. 
"(Line 5 x line 1) 30/line 4. 
o:(Une 5) 30/percentage of moisture. 

d Not true densities. 
'ln·place wet density/line 6. 
'In-place dry density/line 7. 

C 

5.07 
4.61 
+0. 11 
5.18 
4.63 
136.0 
123.6' 
99 
99 
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5. The wet method could be applied to such tests as the ASTM or AASHTO procedures 
where a fixed volume mold is used to determine the laboratory test maximum density. 
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FACTORS INFLUENCING VIBRATORY COMPACTION 
OF COHESIONLESS SOILS 
M. F. Howeedy, Faculty of Engineering, Ain Shams University, Cairo, Egypt; and 
A. R. Bazaraa, Faculty of Engineering, Cairo University, Egypt 

Field data are given for 22 test fills made of medium-to-fine uniform 
sand and compacted by 7 models of vibratory compactors. The final rela­
tive density is correlated with lift thickness, number of coverages, total 
static plus dynamic force applied by the compactor, towing speed, and 
operating frequency. There is considerable scatter in these correlations 
because of difficulties in determination of in situ relative density, hetero­
geneity in the degree of compactness of sand, variation of the depth at 
which the relative density is determined, and lack of sufficient data when 
a single variable is studied and other variables are fixed. However, the 
data indicate that the final relative density increases as operating fre­
quency, total applied force, or the number of coverages increases. The 
variation in lift thickness up to 1 ft (0.3 m) has no significant effect on this 
density, but an increase in towing speed reduces it. A study of the trends 
of the relationships between final relative density and the various variables 
and a dimensionless and statistical analysis establish a correlation be­
tween the final relative density and a factor expressing the joint effect of 
the important properties of the soil, compactor, and compaction proce­
dure. Such correlations, when available and justified, help in the choice 
of the compactor or compaction procedure for a given job. 

•VIBRATORY compaction of cohesionless soils, used as early as the 1930s (!), is 
influenced by resonant frequency of compactor-soil system, number of load cycles, 
variation of shear strength during vibration, and magnitude of dynamic stresses gen­
erated by the vibrator. 

Improvements in construction and construction efficiency are partially based on ex­
perience and well-documented studies. Full-scale field experiments are badly needed. 
This paper presents field data for 7 models of vibratory compactors used to compact 
22 test fills made of medium-to-fine sand at the Pumped Storage Project at Ludington, 
Michigan (6). 

The objectives of the analysis of the field test results are 

1. To evaluate specific variables, such as lift thickness, number of coverages, total 
force applied by the compactor, operating frequency, and towing speed, that influence 
the final relative density of the compacted sand. 

2. To explore feasible relationships between the final relative density and one factor 
that can express variations in compaction procedure, compactor characteristics, and 
properties of soil. 

CONSTRUCTION OF TEST FILLS 

Test fills were constructed of the site sand that is a light brown, uniform, medium-to­
fine sand having a uniformity coefficient of about 2. It is classified as SP according 
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to the Unified Soil Classification System. The overage value of the fraction passing 
the No. 200 sieve ranges, for the various test fills, is between 1.4 and 5. 5 percent, and 
the representative value is 2.4 percent. Range of grain size distribution curves of 
this sand is shown in Figure 1. The average placement water content for the sand in 
the various test fills varied between 1.1 and 6.1 percent and averaged close to 4.2 
percent. 

Each test fill had plan dimensions of 30 by 160 ft (9 by 49 m). There were four to 
eight lifts, and the compacted lift thickness varied from 0.45 to lDO ft (0.14 to 0.3 m). 
Test pits were made at about 6 or 9 ft (1.8 or 2. 7 m) from the centerline of the test fill. 

The in situ density after compaction was determined at depths of 1.25, 2.25, and 
3.25 ft (0.4, 0. 7, and 0.99 m) by using the water balloon and sand cone methods. fu 
each test fill, from 8 to 49 tests (an average of 30 tests) were performed. The total 
number of tests performed in the test fills was 663. 

The final relative density D, (ASTM D 2049) for each test fill, after compaction, is 
given in Table 1. 

TECHNICAL DA TA FOR VIBRATORY COMPACTORS 

Vibratory compactors in these tests were all towed by a tractor at speeds between 1. 5 
and 4.5 mph (2.4 and 7.2 km/h) (Table 1). They can be classified according to their 
static weights as follows (1 T = 0.9 t): 

Compactor Type 

Light 
Medium 
Heavy 
Very heavy 

Static Weight (ton) 

<2 
2 to 4 
4 to 7 
>7 

AU the vibratory compactors used in this investigation are, according to this classifi­
cation, either heavy or very heavy. 

The vibrations of the roller or drum are produced by an eccentric weight mounted 
on a rotating shaft within the drum. The frequency of the rotating shaft can be altered 
by a throttle setting. The operating frequency of the compactors varied between 1,100 
and 2,250 vibrations/min. 

Vibrations of the drum produce a centrifugal dynamic force Fdyn that depends on the 
weight and eccentricity of the eccentric weight in the drum and also on the square of 
the maximum operating frequency of the vibration. The sum of the static weight of the 
compactor and its dynamic force is the total applied force. In general, the total applied 
force by tractor-towed compactors is two to three times the static weight of the 
vibrator (1). 

A summary of the available technical data for the compactors used in the test fills 
is given in Table 2. 

FIELD TEST RESULTS 

There are two ways to present the field test results. The first is to determine the in­
fluence of one variable only on the final relative density while all other factors are kept 
constant. The second is to study the influence of one variable on the final relative 
density regardless of the variation in the other variables. The first approach is scien­
tifically accepted. The second approach indicates the general trend and probably the 
overriding influence of the variable under consideration. In Figures 3 and 6, a refers 
to the first approach and b refers to the second approach. It is natural that, in general, 
the scatter in Figures 3b and 6b is much g.reater than that in Figures 3a and 6a. 



Figure 1. Grain size curves for site sand. 
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Table 1. Vibratory compaction field test data from test fills at Ludington, Michigan . 

Lilt In Situ Density 
Number Towing Test 

Compactor Thicknessb of Speed Final D, 
Model· Number (ft) Coverages (mph) Type Number (percent) 

CF-43 4 1.00 3 1.5 scc,wd 22 80 
CF-43 4 1.00 6 1.5 sc,w 23 79 
('F-41 R 1.nn ti 1.!i sr..w 2~ 91 
CF-43 4 1.00 10 1.5 SC,W 20 88 
VP-22D 4 1.00 3 1.5 sc,w 20 87 
VP-22D 4 J.00 0 1.5 sc,w 20 79 
VP-22D 4 ].00 10 1.5 SC,W 8 98 
CH-43 5 J .00 6 1.5 SC,W 20 92 
CF-43 5 1.00 6 1.5 sc,w 22 86 
RVT-200 4 1 .00 6 1.5 sc,w 22 96 
CH-43 4 '1 .00 6 1.5 SC, W 22. 90 
CF-43 4 1. 00 6 3.0 w 30 80 
CF-43 4 1.00 6 4.5 w 30 81 
VP-22D 4 1.00 0 3.0 w 27 97 
SV-70 4 J.00 6 1.5 w 27 90 
CF-43 8 1 .00 G 1.5 w 40 101 
RVT-100 8 0.55 6 1.5 w 47 88 
CF-43 8 0 .45 G 1.5 w 47 90 
RVT-100Z 8 0.70 0 1.5 w 48 92 
CF-43 8 0.77 6 3.0 w 49 87 
RVT-100Z 8 0.72 6 3.0 w 48 98 
RVT-100 8 0.68 0 3.0 w 48 85 

Note: 1 ft a 0.3 m. 1 mph a 1.6 km/h. 

"Table 2 gives data on compactors csand cone method, 
b After compaction. dWater balloon method. 

Table 2. Technical data for vibratory compactors used in test fill. 

Drum Drum Foot Vibrating Operating Static Dynamic 
Width Diameter Length Power F 1·equency Weight Force• 

Type Model (in.) (in.) (in.) (hp) (cycles/min) (lb) (!bf) 

Smooth VP-22D 78 60 66 1,100 to 1,300 22,750 41,400 
drum RVT-100 76 56 55 1,350 to 2,250 13,500 33,000 

RVT-200 76 56 73 1,350 to 2,250 17,800 40,000 
CH-43 75 47 30 1,400 to 1,600 10,000 23,000 

Sheep's- CF-43 75 47 7.9 30 1,400 to 1,600 12,000 23,000 
foot SV-70 75 49 7.2 74 1,500 to 1,800 14,500 30,850 

RVT-lOOZ 76 56 7.9 55 1,350 to 2,250 13,500 33,000 

Note: 1 in . = 2.5 cm. 1 hp= 0.746 kPa. 1 lb a 0.45 kg, 1 lbf a 4.4 N. 

•At maximum operating frequency. 

Total 
Force 
(!bf) 

64,150 
46,500 
57,800 
33,000 

35,000 
45,350 
46,500 
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Influence of Lift Thickness on Final Relative Density 

The relationship between lift thickness and relative density for all test fills is shown 
in Figure 2. The range of lift thickness studied was 0.45 to 1.00 ft (0.14 to 0.3 m). The 
data indicate that, within the limits of lift thickness, the value of Dr did not vary as the 
lift thickness varied. This may be explained by the overvibration phenomenon (2) that 
occurs near the vibrated surface of each layer and that may tend, for small lift thick­
nesses, to compensate the increase in the degree of compactness of the sand for the 
reduction of the lift thickness. 

Since the variation in lift thickness from 0.45 to 1.00 ft (0.14 to 0.3 m) did not in­
fluence the final relative density, it was more economical to use a 1-ft (0.3-m) lift 
thickness. Extension of this conclusion beyond a 1-ft (0.3-m) thickness is not 
appropriate. 

Influence of Number of Coverages on Final Relative Density 

The relationship of the number of coverages and Dr for all test fills is shown in Figure 3. 
The data show that the final relative density increases as the number of coverages in­
creases. The rate of increase beyond six coverages was smaller than that from three 
to six coverages. 

The increase in relative density that occurs as the number of coverages increases 
is expected and agrees with previously published data (5). The increase in number of 
coverages represents an increase in the compactive effort. However, when the sand 
gets dense enough, an increase in the compactive effort may not be effective enough to 
produce densification of the soil. 

Influence of Total Force Applied by Compactor on Final 
Relative Density 

The relationship between total applied force and Dr for all test fills is shown in Fig­
ure 4. An increase in this force causes an increase in the dynamic stress applied to 
the soil. This is an important factor in causing densification of the soil (2). 

The data show an increase in Dr for a total force of 35,000 to 46,500 lbf (156 to 
207 kN). An additional increase in the total force up to 64,150 lbf (285 kN) did not cause 
any further change in Dr, 

Previous data show good correlations between degree of compaction and static 
weight per unit width of the roller (1). 

Influence of Operating Frequency of Compactor on Final 
Relative Density 

The frequency of the compactors used in this investigation varied from 1,200 to 1,800 
cycles/min. 

The relationship between operating frequency and D., shown in Figure 5, is for test 
fills in which only the frequency varied. Each lift in these fills received six coverages 
from compactors towed at 1.5 mph (2.4 km/ h). The figure indicates that the final rela­
tive density increases as the frequency of the compactor increases. 

Previous studies indicated that the increase in operating frequency up to 1,200 cycles/ 
min caused an increase in Dr for medium-to-fine sand (2). For well-graded sand, dry 
density increased as frequency increased up to 2,400 cycles/min and then decreased 
as frequency further increased (5). This agrees generally with the relationship be­
tween frequency and dynamic force on the soil surface (!, ~). 
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Figure 2. Final relative density versus lift thickness. 
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Figure 4. Final relative density versus applied force for various 
compactors and different towing speeds. 
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Influence of Towing Speed on Final Relative Density 

The compactors were towed at speeds between 1.5 and 4.5 mph (2.4 and 7.2 km/h). 
Figure 6a shows the relationship of towing speed and D, for test fills placed in 1-ft-thick 
(0.3-m) compacted lifts. Each lift received six coverages of vibratory compactors 
operating at a frequency of 1,500 eye les/ min. The relative density decreases as the 
towing speed increases. A similar relationship, shown in Figure 6b, was obtained for 
all test fills. The lack of sufficient field data at a towing speed of 4.5 mph (7.2 km/h) 
is apparent; however, the relative density decreased when the towing speed increased 
beyond 3 mph (4.8 km/h). Thus, although the increase in towing speed is economically 
desirable, it causes a decrease in the final relative density. (Towing speed reflects 
the rest periods between the cycles if the frequency is the same.) 

The increase that occurs in the final relative density as towing speed decreases 
agrees with previously published data (3). 

The considerable scatter in the correlations shown in Figures 2 to 6 may be due to 
difficulties in determination of in situ relative density, heterogeneity in the degree of 
compactness of the sand, variation of the depth at which the relative density is deter­
mined, and lack of sufficient data when a single variable is studied while other vari­
ables are fixed. 

CORRELATION OF SOIL PROPERTIES WITH COMPACTION 
PROCEDURE AND CHARACTERISTICS OF VIBRATORY 
COMPACTORS 

It is difficult to establish general guidelines for selecting vibratory rollers or com­
paction procedures for cohesionless soils. Many variables are involved that may have 
appreciable effect on the result of compaction. Some of these variables are associated 
with properties of the compacted soil such as the content of fines, initial dry density, 
placement water content and size, roughness, and gradation of particles. A second 
gruup ui variault:ll:i pt:ldaiu i.u i.ht:l i.t:lchuical uai.a ui i.ht:l viurai.ur. Fur t:l.11.amvlt:l, tht:l 
static weight of the compactor, the mass and eccentricity of the eccentric weight in 
the drum, the maximum operating frequency of the shaft and, hence, the maximum 
centrifugal radial force, the drum width, and diameter may all affect compaction. A 
third group of variables is related to details of the compaction procedure such as the 
frequency of the rotation of the shaft, the number of coverages, the towing speed, the 
lift thickness, and the number of lifts. 

The data from the test fills at Ludington, Michigan, present an opportunity to ex­
plore the feasibility of establishing some type of relationship among some of the factors 
involved in the compaction of cohesionless soils. From the first group of variables, 
the dry density of the soil was considered to be one of the variables that may reflect 
some of the other variables pertaining to the soil properties. From the second group 
of variables, the force per unit width of the drum was speculated to be an important 
variable (4). The main variables pertaining to the compaction procedure, namely 
frequency:- number of coverages, towing speed, and lift thickness, were all considered 
in the analysis. 

A good criterion that can be used for comparing the performance of the vibratory 
compactors in cohesionless soils is the final relative density of the compacted soil. 
Data shown in Figures 2 to 6, previously published data (!, ~ i 4 .§_}, and intuition 
suggest that this relative density should increase as total force CFtota1) per unit width 
of drum, number of coverages, and frequency increase and as towing speed, lift thick­
ness, and initial (or final) dry density of the soil decrease. A dimensionless relation­
ship between D, and these variables can be given in the form: 

D, K aa (1) 



Figure 7. Final relative density versus dimensionless factor O!. 
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(2) 

The data available from the test fills at Ludington were used to calculate the values 
of a. in equation 2. The variation in D, in relation to a. is shown in Figure 7 on log-log 
scale. Figure 7 shows that the proposed equation 1 is a good representation of the 
data. A statistical study of the data shown in Figure 7 gives K = 50 and a= 0.07. Thus 
the data obtained from the test fills constructed of poorly graded medium-to-fine sand 
at Ludington, Michigan, lead to the following relationship between o: and D,: 

(3) 

CONCLUSIONS 

1. Relative density can be used as a measure of the effectiveness of various vari­
ables involved in the vibratory compaction of cohesionless soils. 

2. For the poorly graded medium-to-fine sandusedin the test fills at Ludington, 
Michigan, the following are valid: (a) The variation of the compacted lift thickness be­
tween 0.45 and 1.00 ft (0.14 to 0.3 m) did not significantly influence D., (b) D, in­
creased as the number of coverages (up to six), the operating frequency, and the total 
force applied by the compactor increased, and (c) D, decreased as the towing speed 
increased. 

3. A statistical relationship exists between D, and the dimensionless factor o:. This 
reflects some of the important properties of the soil, vibratory compactor, and com -
paction procedure. This relationship is given by the equation, D, = 50 o:0 •

07
• 
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STRESS-STRAIN CHARACTERIZATION 
OF TWO COMPACTED SOILS 
Roy V. Sneddon, Department of Civil Engineering, University of Nebraska 

This study defines a triaxial test method for controlling or measuring the 
variables that govern stress-strain behavior of partially saturated, com­
pacted soil in compression. Triaxial data for Peorian loess and Hastings 
silt loam from Nebraska are combined into a useful, compact form by using 
exponential functions. Stress-strain curves representing a wide range of 
initial densities and moisture contents are reasonably well characterized by 
a hyperbolic stress-strain function. The two coefficients of this function 
are shown to be exponential functions of void ratio and degree of saturation. 
Techniques are given for determining elastic (secant) moduli as functions 
of the level of stress difference, degree saturation, and void ratio. These 
moduli can be used in flexible pavement design procedures requiring a sub­
grade stiffness for any reasonable assumed in situ subgrade condition of 
dry density and moisture content for the soils tested. 

eTHE primary cause of premature flexible pavement failure is cumulative plastic strain 
in the subgrade caused by repetitive, high-axle loads applied during periods of near 
saturation of the subgrade soil. Current concepts of flexible pavement design (1, 2, 3, 
4, 5) predict the required depth of asphalt concrete to control these strains within ac­
ceptable limits. Designs are based on traffic and environmental conditions and labora­
tory tests of representative, compacted soil samples. Tests are conducted according 
to procedures purported to permit evaluation of subgrade strength and stiffness. Many 
of these tests neither measure nor control the known variables affecting the behavior 
of partially saturated, compacted soil (6, 7, 8). Current triaxial testing techniques can 
control or measure these variables. Thetriaxial test (9, 10, 11) is the most widely 
available test that is consistent with well-established principles of theoretical soil 
mechanics that have this capability. Currently, it appears to be the most appropriate 
test for routinely evaluating stress-strain behavior of compacted samples. 

The specinc test configuration for controlling both the relevant test variables and 
the synthesis of test data into a compact form is described in this paper. Possible ap­
plications of these data to flexible pavement design are shown. 

STRESS-STRAIN CHARACTERISTICS OF COMP ACTED SOILS 

The physical state of a partially saturated soil depends on variables such as void ratio 
e, degree of saturation Sr, and soil structure :X.. This indicates that it depends on the ar­
rangement of soil particles and the electrical forces between adjacent particles (12) 
and invariants of the applied stress system (8). -

Vertical strain £ in a partially saturated soil sample in triaxial compression (<r2 = <rs) 
can be given by a function of the form 

Publication of this paper sponsored by Committee on Strength and Deformation Characteristics of Pavement 
Sections. 
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E = H(pa, q, u.,, e, Sr) 

where 

cr1 = major principal stress (compression+), 
CJs = minor principal stress (confining pressure), 

CJ1 + 2CJs Pa = 3 - Ua = mean stress, 

2q = (cr1 - crs) = stress difference, 
Uc = Ua - u,. = suction pressure, 
Ua = pore air pressure, and 
u,. = pore water pressure. 

(1) 

It can be shown that u,. at small strains and initial soil structure X1 ( of compacted 
samples having a mineralogical and grain size composition C and molding water con­
tent w) are equivalent considerations (13, 14, 15) under certain limiting conditions, 
namely, the compaction procedure used, timeof aging, and specimen temperature 
during aging and testing. After large strains have been applied, the effects of initial 
structure are largely obliterated, and the maximum stress difference is principally a 
function of molding water content w (13). Therefore, from equation 1, for a given 
compaction procedure and a range of moisture contents, if crs, ua, and C are held con­
stant, for small strains 

(2) 

and for large strains 

(3) 

where Sr , e 1 are initial values in the sample and Sr,, e, are so called ultimate values 
that are 1eached after large strains (15). 

Nonlinear triaxial stress-strain curves for sands and clays have been successfully 
approximated by a hyperbolic function of the form 

CJ1 - 0'3 = __ ( _ 
a+ bE 

(4) 

where a and bare coefficients to be determined (16, 17, 18, 19, 20, 21). Coefficients a 
and b are geometric properties of the laboratory stress-strain curve. It has been 
shown (!§.) that 

(5) 

and that 

(6) 



A relationship similar to equation 5 can be found elsewhere {22) . 

.EXPERIMENTAL DETERMINATION OF COEFFICIENTS 
aANDb 

Sample Description and Testing 
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Two aeolian soils, Peorian loess and Hastings silt loam, were selected for study. 
Typical soil properties are given in Table 1, and compaction characteristics are shown 
in Figure 1. 

Two types of triaxial test were used to control or to measure sample variables {23). 
A consolidated constant water content test was used to test samples with Sr1 < 100 per­
cent. Sample volume was measured periodically during testing (.§, 1, !!_) so that Sr and 
e could be calculated from known values of initial water content and dry density. Sat­
u1·ated specimens were tested in a consolidated undrained saturated test. All data 
were reduced by using a FORTRAN program TRlAX (23). 

Correlating Functions 

Hyperbolic stress-strain coefficients a and b were determined for the 17 Peorian and 
12 Hastings samples tested. Semilog plots of a and bas functions of e1./s.: and e,$.; 
respectively were linear as shown for a in Figure 2. Three different curves repre­
senting different compaction energies are shown in Figure 2. The slope of these 
curves was an exponential function of the degree of saturation at optimum moisture 
content Sr for each compactive effort (15). A composite equation for the a coefficient 
is given by -

where 

m1 = C2 exp (2.303 m2 Sr
0

) and 
C1 = Cs exp (2.303 ms Sr 0 ). 

(7) 

Numerical values of C2, Cs, m2, and ms are given elsewhere (15). It was also fowid 
that e1.;s;; and e,~ are linearly related(.!§_). -

DATA USE 

Two examples of possible ways in which these correlating functions can be used are 
given below. When equations 4 and 7 are used together with the equation for the b 
parameter, triaxial stress-strain curves can be computed for the soils tested for any 
impact compacted sample (Proctor to modified Proctor energy). Initial and final 
values of e and S, must be known for the sample. 

Five identical samples of Peorian loess have initial dry densities of 100 lb/ft3 

(1.60 g/cms), w 1 = 17.0 percent, and Sr = 76.8 percent (Figure 1). The secant modulus 
of each sample at " = 0.002 must be delermined if four samples increase in water con­
tent at constant dry density as shown in Figure 1. The a and b parameters for each 
sample can be computed as described above (15). A plot of the secant modulus versus 
Sr at the final water content is shown for thesesamples and for five Hastings samples 
in Figure 3. 

Subgrade moduli (secant moduli) for various strains can be generated as shown above 
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Table 1. Sample description. 

Sample Name 

Peorian loess 
Hastings silt loam 

Classification 

CH 
CH 

Sand 
(percent) 

0 
1 

Figure 1. Compaction curves for Peorian loess. 
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Figure 2. Correlation of coefficient a 
for Peorian loess. 
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for use in a flexible pavement design procedure similar to the Kansas method (3). The 
value of the secant modulus depends on the assumed strain since soil has a nonlinear 
stress-strain curve. Therefore, a trial and error procedure is required (3, 24). Such 
a procedure has been given elsewhere (!.~). - -

CONCLUSIONS 

A triaxial testing method was demonstrated for determining the stress-strain curves 
of compacted, partially saturated, or saturated subgrade soil capable of controlling 
or measuring those variables that determine static compression stress-strain behav­
ior. 

Stress-strain curves representing a wide range of densities and moisture contents 
for Peorian loess and Hastings silt loam from Nebraska were reasonably approximated 
by a hyperbolic stress-strain function. The two coefficients of this function, a and b, 
were nonlinear functions oi Sr

0
, e1v'~ and e,v~.. Use oI these nonli.near functions 

produced a compact form for determining a and band, t herefore, for generating stress­
strain curves over wide ranges of initial density and degr ee of saturation for the soils 
tested. 

The design of flexible pavements, based on subgrade stiffness criteria, can be ac­
complished for a broad range of assumed in situ subgrade conditions of density and 
degree of saturation for the soils tested, and there is no need to test samples that have 
been brought to the assumed design state. 
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