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A model of bus and passenger arrivals at a bus
stop is proposed. Passengers are considered to
be either random arrivals or non-random arrivals
whose time of arrival is planned so as to insure
a given probability of catching a selected bus.
Buses are modeled as having a lognormal distri-
bution of arrival times from day to day. The
impacts on expected wait time of service fre-
quency and reliability for both random and non-
randomly arriving passengers are identified.

The effects of frequency and reliability on the
proportion of the user population who plan their
arrival time are also explored through a small
empirical study., The empirical results support
the conceptual basis of the model, and indicate
that it should be a useful tool for transit
operators and planners.

The wait time experienced by tramsit users is
one of the most important elements of the level of
service provided by a transit system. For this rea-
son, it is important to understand the effects on
wait time of changes in basic service characteris-
tics, such as frequency of service and schedule re-
liability., Such information is vital to the transit
operator for evaluation of the costs and benefits of
service changes.

The commonly used model which asserts that aver-
age wait is one-half the headway is true only under
very special circumstances. This model requires
that all passengers arrive at the bus stop at random
and that headways be perfectly regular. These con-
ditions are not generally met in the real world.

Several improvements to this simplistic model
but with one exception have not formally treated
non-random arrivals of passengers. The inclusion of
this category of passenger arrivals is one major ob-
jective of the model presented here.

A second major objective of the current study is
to incorporate the effect of service reliability on
passenger wait time. By focusing clearly on this
issue, a model can be formulated which will allow
the transit operator to evaluate the impacts of
operating changes designed to improve the reliabil-
ity of service.
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Previous Studies

Several previous studies have investigated the
waiting times experienced by bus transit passengers,
If passengers arrive at a bus stop at random, the
average time they will have to wait before a bus
comes is

E(h V(h (1)
) = 20 ;o }
(Wr) P [E(h)]
where v, = wait time for a randomly arriving
passenger
h = headway between buses

E(*) expected value of a random variable

V(*) = variance of a random variable
This expression has been derived by a number of au-
thors including Welding (7), Holroyd and Scraggs (2),
and Osuna and Newell (5). However, if buses tend to
adhere to a fixed schedule and there are passengers
who make the same trip frequently, it may be expect-
ed that some passengers will plan their arrival at
the bus stop so as to be there just before the bus
comes, In this case, we might expect average wait-
ing time to be less than given by equation 1.
0'Flaherty and Mangan (4) and Seddon and Day (6)
have provided data and analysis which support Lhis
assertion, Both studies found average wait time to
be considerably less than that predicted on the
basis of randomly arriving passeungers, and Seddon
and Day used regression analysis to arrive at the
following relationship:

E(w) = 1.71 + 0.57 E(wr) (2)

where E(w) = observed average waiting time.

More recently, Jolliffe and Hutchinson (3) pro-
posed an improved model based upon considering pas-
sengers to be of three types: a proportion ¢, whose
arrival time is causally coincident with the bus;

a proportion (1-q)p, who arrive so as to minimize ex-
pected wait time; and a proportion (1-q)(l-p), who
arrive at random. The proportionq, whose arrivals
are coincident with the bus arrival, represent those
people who run to the stop because they see the bus
coming, and thus wait zero time.

The arrival time which minimizes expected wait-
ing time is found in the following way. For times t
(in one-minute increments) the waiting times to the



next bus were found for each of several days of ob-
servations. These times were then averaged to obtain
EW(t), the expected waiting time for a passenger
arriving at t. By doing this for many values of t,
a minimum of EW(t) was observed, and this waiting
time was taken to be the average wait for the propor-
tion (l-q)p who arrive so as to minimize expected
wait., A simpler procedure based on a model of the
distribution of bus arrival times was discussed in
an appendix to the paper, but was not used in the
empirical work.

The present paper represents a further modifica-
tion of the Jolliffe and Hutchinson model which is
different in three significant ways. First, arriv-
ing passengers are simply considered to be either
random or non-random. This simplification is ‘based
on the premise that passengers who run and catch the
bus because they see it coming are really either
random arrivals or non-random (''planned") arrivals.
These two groups make decisions as to arrival time
which are clearly different. However, this is not
true for passengers whose arrival is coincident with
the bus. These people are really random or non-
random arrivals whose original decision as to arri-
val time is modified slightly as a result of seeing
the bus coming, They do not constitute a behavior-
ally distinct group, and thus should be included in
the two larger groups which are distinguishable.

The second way in which this study differs from
that of Jolliffe and Hutchinson is in the use of a
theoretical model for the probability distribution
of bus arrival times. The observed data on bus ar-
rivals are used to estimate this distribution, and
then the arrival times of non-random arrivals are
derived from the estimated distribution. This eli-
minates considerable computation and also permits
the exploration of decision rules other than the
minimization of expected wait time.

The third major difference from the Jolliffe and
Hutchinson work is that non-random, or planned, arri-
vals are assumed to minimize expected wait time sub-
ject to a conmstraint which results ina fixed (small)
probability of missing the selected bus. The imposi-
tion of this constraint reflects more risk-averse
behavior, and is more consistent with anticipated
actions of people who must either reach their desti-
nation (e.g., work) on time, or make connections to
other scheduled transit services.

The Model
Passengers are considered to be either random

arrivals or non-random arrivals. The observed aver-
age wait time of all passengers as a whole is then

E(w) = aE(wn) + (l-a) E(wr) (3)
where E(wn) = expected wait time for non-random
arrivals
E(wr) = expected wait time for random
arrivals
a = proportion of non-random arrivals,
0<sas<l

The expected wait time for random arrivals is given
by equation 1. The expected wait time for non-
random arrivals can be developed using the following
model.

Suppose we observe bus arrival times at a given
stop over several successive days. It is likely
that the potential reduction in waiting time result-
ing from planning one's arrival time at the bus stop
arises from the ability to predict the time of arri-
val of a given bus on different days rather than the
regularity of headways on a single day. It is thus
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of interest to construct a probability distribution
of arrival times of a given bus on different days.

Such a distribution should reflect several facts
about the service. First, there is adefinite earli-
est time of arrival, dictated by the distance from
the terminal to the stop and the speed limit in ef-
fect; thus, the distribution should be truncated to
the left. Second, there is a finite probability of
the bus being very late, or even cancelled; so the
distribution should have a long tail to the right.
Finally, one of the major sources of lateness in the
bus arrival times is increased dwell time at stops
further up the line because of late arrival, and
hence larger boarding volumes than expected. Thus,
once a bus is initially delayed, subsequent delays
become longer and longer. If we argue that delay at
a stop is proportional to lateness arriving at that
stop, we obtain a model of lateness as the result of
a series of multiplicative effects.

A probability distribution consistent with all
of these characteristics is the lognormal, and this
distribution will be used here. If the arrival time
of a bus, t, is distributed lognormal, its density
function may be expressed in terms of two parameters,
¢ and o, as follows:

fle) = "tol_N/Z_ﬁ' exp{-]—zﬁ-{é—({,n t - u):r} 4)

The parameters p and o may be given intuitive meaning
by noting that if t is lognormally distributed, 4{n t
is normally distributed. We then have
b= E{n t) (5a)
o = V(dn t) (5b)

The mean and variance of t may be expressed in terms
of B and o as

2
() = *FT (2 (6a)

=2

v(t) = B [ -1] (6b)

It will be assumed that non-random arrivals
choose their time of arrival so as to insure that
the probability of missing the bus is no greater
than some value X. This time is found by utilizing
the relationship between the cumulative distribution
function (CDF) for the lognormal and that of the
standard normal random variable., 1t can be shown
(see, for example, (1))that the following relation-
ship holds.

i TL J
F(t) = GZ[G(Ln t-u) s
where F(t) = CDF of a lognormal random variable
with parameters W and ¢ evaluated
at t

GZ(-) = CDF of the standard normal random
variable (i.e., N(0,1))

By setting the probability level, X, we can solve
equation 7 to find the value of t, denoted ty, at
which the passenger should arrive. This is done by

setting
-1
ca £, -w) = 6,7
or ta = exp[cGz_l(X)-ku] (8)
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The exact probability level chosen is somewhat
arbitrary, but an appropriate value is likely to be
in the range .005 - .05. For the empirical analysis
in this paper, the value X= .0l has been used.
Should another value be deemed more appropriate by a
user of this model, the substitution in equation 8
is straightforward.

Given t,, we must compute the expected wait time
for a passenger arriving at that time. The wait time
is

£, - t,, if €5t
tz-ta, if ta>t

i (9

1

That is, if the passenger arrives before the desired
bus arrives at tj, he waits tj-t,. If, however, he
has missed the desired bus, he must wait for the
succeeding bus which arrives at ty. If the distri~-
butions of bus arrival times are assumed independent
the expected wait is

t
E(w ) = EE(tz) -t ) £(ede + (e - £ E(e At
0 ta

E(ty) F(ta) - tg + JE£(e))dE,
a

E(tg) F(t,) - t,

+ [exp (u,+c72/2):|[1-(3z({‘_né‘2 - G)] (10)

o

We are thus able to predict the mean waiting
time of non-random arrivals in terms of the bus ser-
vice characteristics. One important element of the
model expressed in equation 3 is still missing, how-
ever. It is to be expected that the proportion, a,
of all passengers who are non-random arrivals will
also be a function of the service characteristics.
For example, as headways become longer the potential
benefit from learning the schedule and planningone's
arrival time becomes larger; hence, we would expect
a to increase. Likewise, as service becomes more
dependable, planning one's arrival time becomes
easier, and again we would expect a to iacrease.

In order to explore the effects on a of changes
in service characteristics, a small empirical study
was undertaken of several services in Chicago with
varying headways and reliability.

The Empirical Study

Four different services were observed for eight
days each during the morning peak period in spring
and summer of 1977, Data were collected on bus
arrival times and passenger wait times. From obser-

ved bus arrival times, p and o were estimated for
each service using equations 5a and 5b. Equation 8
then allowed the value of t, to be determined, and
the associated mean waiting time was found from
equation 10. The expected wait for random arrivals
was found by estimating the mean and variance of the
headway distribution between successive buses, and
applying equation 1.

Because passenger wait times were observed simul-
taneously with the bus arrivals, equation 3 may be
rewritten to solve for a, the proportion of non-
random arrivals:

E(wr) - E(w)

E(wr) - E(wn) (11)

as=s

Summary statistics for the observed services are
shown in Table 1. The values of a observed range
from .49 to .74.

If the model suggested in this paper is to be a
useful tool for predicting the effects on waiting
time of changes in service characteristics, it is
necessary that we be able to predict the value of a
as a function of these service characteristics. As
discussed above, it may be expected that increasing
headways would lead to increasing values of a, as
the potential gain from planning one's arrival time
is larger. Also, as service becomes more reliable
from day to day, the task of planning one's arrival
to correspond to the arrival time of the bus becomes
easier, and we may expect a to increase. One useful
measure of the day-to-day reliability of the service
is the coefficient of variation in the bus arrival
time distribution. For the lognormal distribution,
the coefficient of variation has a simple mathemati-
cal expression:

A 2

ov = L - (71 (12)

The coefficient of variation is preferred to the
standard deviation as a measure of reliability, as
it also incorporates information regarding the mean
of the distribution. 1In a skewed distribution like
the lognormal, this is advantageous.

A simple model for amight be proposed as follows:

a=by+b, EH) +b, CV+e (13)
where E(H) = expected headway
e = error term
bo,bl,b2 = constants,

We would expect to find by>0 and b,<0.

The data on E(H), CVand a from the four services
observed are summarized in Table 2. These observa-
tions are clearly insufficient for reliable statis-
tical inference; however, a regression using these
four points results in the model

Table 1. Summary statistics for observed bus services,

Mean
Service Headway Headway E(w) E(wr) E(Wn)
Number (minutes) Variance o [of (minutes) (minutes) (minutes) a
1 10.09 165 -.467 .834 3,02 5.06 0.90 .49
2 11.85 478 -.267 .920 3,33 5,94 1.20 «55
3 775 2.68 . 946 .387 2.38 4.05 179 74
4 9.06 3.41 .041 .767 2,50 4,72 1,31 .65




a = .602 + .023 E(H) - .27 CV (14)

Thus, the data observed to date are at least consis-
tent with a priori expectations about themodel form.
Additional data are being collected from other ser-

vices in the Chicago area, but are not yet available
at the time of this writing.

Table 2. Data on E(H), CV and a for services observed.

Service E(H)

Numb er (minutes) cv a

i 10.09 1,00 49
2 11.85 1433 55
3 74715 0.16 T4
4 9.06 0.80 .65

Application of the Model

The ability to predict the proportion, a, of non-
random arrivals, as well as the expected waiting
times for both random and non-random arrivals as
functions of basic service characteristics allows
the model to be easily applied in evaluation of pro-
posed service changes. It has significant advanta-
ges over many previously available models as a re-
sult of incorporating non-randomly as well as ran-
domly arriving passengers. As a result, the model
proposed here is much more reflective of reality, and
should provide a much better estimate of the impact
of service changes. It also represents a signifi-
cant improvement over previous models by providing
a mechanism for evaluating the effects of reliabil-
ity improvements.

Additional data are being collected to further
verify the model empirically. These additional data
will also provide an opportunity to test the sensi-
tivity of the model results to the assumption of the
probability level governing the arrival of non-random
passengers, and to the assumption of a lognormal
distribution for bus arrivals.

The major use of additional data, however, is to
provide a firmer basis for estimating the proportion
a, of non-random arrivals as a function of basic
service parameters.

Conclusions

A model has been proposed to predict average
passenger wait time at bus stops as a function of
the headway distribution between successive buses
and the arrival time distribution of a given bus
from day to day. The model considers both random
and non-random passenger arrivals. Its emphasis on
the influence of service reliability on wait time
sets it apart from previous models. For the first
time, it provides the transit operator with the abi-
lity to predict the impact of changes in operations
designed to improve reliability of service.

A very limited empirical study has produced re-
sults consistent with theoretical expectations, and
has provided the motivation for further development
and empirical verification of the model. This work
is continuing, and further results are anticipated
in the near future.
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