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Finite-Element Analysis of Jointed or 
Cracked Concrete Pavements 
Amir M. Tabatabaie and Ernest J. Barenberg, Department of Civil Engineering, 

University of Illinois, Urbana-Champaign 

A finite-element computer program called I LLl-SLAB and written in 
FORTRAN IV is described. The procedure is based on the classical 
theory of a medium-thick plate on a Winkler foundation and can be 
used for the analysis of concrete pavements that have joints or cracks 
or both. The program can include consideration of various types of 
load-transfer systems such as dowel bars, reinforcement steel, aggregate 
interlock, or keyways by treating the dowel bars and reinforcement 
steel as linear-elastic string elements and the aggregate interlock and 
keyways as linear-elastic spring elements. The model is also capable of 
handling the effects of stabilized bases or overlays on the stresses and 
deflections in concrete pavements and of traffic loadings on concrete 
shoulders that may or may not have tie bars, continuously reinforced 
concrete pavements, and slabs of varying thicknesses. The accuracy of 
the model for the prediction of stresses and deflections in concrete 
pavements has been verified by comparison with available theoretical 
solutions and the results of experimental studies. 

The determination of stresses and deflections in con­
crete pavements that have joints or cracks or both has 
been a subject of major concern for several years. Be­
cause all of the analytical (closed-form) solutions are 
based on an infinitely large slab that has no, or at most, 
one discontinuity (1), they cannot be used for the analysis 
of jointed or cracked concrete slabs that have finite 
dimensions and load-transfer systems at the joints or 
cracks. 

But the development of high-speed computers and 
the powerful finite-element method makes it possible 
to analyze concrete pavements in a more realistic 
manner. Various models have been developed for analyz­
ing pavement systems by using finite-element modeling 
techniques. However, little has been done in modeling 
joints and cracks that have load-transfer systems. 

Because of the three-dimensional geometry and the 
problem of stress concentration at the concrete pave­
ment joints, the analysis should consider a three­
dimensional approach. Although it is possible to formu­
late a three-dimensional finite-element model that would 
represent the whole system, the amount of discretiza­
tion and the computer costs required for solution of the 
problem would be high and probably impractical. 

Thus, a two-stage analysis of the jointed, concrete 
pavement system might provide a reasonable engineering 
approach: first, a two-dimensional analysis of the 
whole concrete pavement and then a three-dimensional 
analysis of a small section of the pavement at the joint 
that uses the results of the two-dimensional analysis 
in terms of the proper boundary condition. This paper 
describes the development of a two-dimensional finite­
element model-which is called ILLI-SLAB and written 
in FOR TRAN IV -for use in the first stage of analysis of 
a jointed or cracked concrete pavement. 

The finite-element computer program presented here 
is based on the classical theory of a medium-thick plate 
on a Winkler foundation and is capable of evaluating the 
structural response of a concrete pavement system that 
has joints or cracks or both. The model, which pro­
vides several options, can be used to analyze the fol­
lowing types of problems: 

1. Jointed concrete pavements that have load­
transfer systems at the joints, 

2. Jointed, reinforced concrete pavements that may 
or may not have cracks, 

3. Continuously reinforced concrete pavements, 
4. Concrete shoulders that may or may not have tie 

bars, 
5. Concrete pavements that have a stabilized base 

or an overlay (by assuming either a perfect bond or no 
bond between two layers), and 

6. Concrete slabs that have varying thicknesses and 
moduli of elasticity and subgrades that have varying 
moduli of support. 

DESCRIPTION OF FINITE-ELEMENT 
MODEL 

Tbe assumptions about the concrete slab, stabilized 
base, overlay, subgrade, dowel bar, keyway, and 
aggregate interlock are summarized below: 

1. The small-deformation theory of an elastic, 
homogeneous medium-thick plate can be used for the 
concrete slab, the stabilized base, and the overlay. 
Such a plate is thick enough to carry a transverse load 
by flexure, rather than in plane force (as would be the 
case for a thin membrane), and yet is not so thick that 
transverse shear deformation becomes important. It 
is assumed that lines that are normal to the middle 
surface in the undeformed plate will remain straight, 
unstretched, and normal to the middle surface in the 
deformed plate, that each lamina parallel to middle 
surface is in a state of plane stress, and that no axial 
or in-plane shear stress will develop because of loading. 

2. The subgrade behaves like a Winkler foundation. 
3. In case of a bonded stabilized base or overlay, 

there is full strain compatibility at the interface, and 
in the case of an unbonded base or overlay, the shear 
stresses at the interface are neglected. 

4. The dowel bars at joints behave like a linear­
elastic material and are located at the neutral axis of 
the slab. 

5. When an aggregate interlock or a keyway is used 
as the load-transfer system, the load is transferred 
from one slab to an adjacent one by means of shear. 
However, when dowel bars are used as the load-transfer 
system, moment as well as shear may be transferred 
across the joints. 

For modeling the concrete pavement slab, the rec­
tangular plate element originally developed by Melosh 
(2) was used. The excellent performance of this ele­
ment for modeling concrete pavements has been illus­
trated by several investigators @, !, ~). Figure la 
shows that at each node there are three displacement 
components-a vertical deflection (W) in the Z-direction, 
a rotation (ex) about the X-axis, and a rotation (av) about 
the Y-axis-and corresponding to these displacement 
components, there are three force components-a 
vertical force (Pw), a couple about the X-axis (P0 x), and 
a couple about the Y-axis (P0y) respectively. For each 
ele~ent, these forces and displacement can be related 
by matrix notation: 
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Figure 1. Finite-element model of pavement 
system. 
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where [KtopJ., [KbouomJ., and [K,0 b]• are the stiffness 
matrices of the top layer, the bottom layer, and the 
subgrade respectively. (P}. is the force vector and 

(l ) 

[D}. the displacement vector of the slab element. For 
the case in which two layers (slab and stabilized base 
or slab and overlay) arc bonded, an equivalent layer 
based on the transformed-section concept is used to 
determine the location of the neutral axis of the element . 
The following equations give the location of the neutral 
axis of a bonded two-layer system by using the first 
moment of the equivalent area of the transformed cross 
section. 

ex= (1 /2)(ht + hb)ht/[ht +(Eb /Et) hb] 

~ = (1/2) (ht+ hb) - Cl/. 

where 

(2) 

(3) 

a. = distance from the middle surface of the bottom 
layer to the neutral axis, 

fl distance from the middle surface of the top 
layer to the neutral axis, 

H, = thiclmess of the top layer, 
hb = thiclmess of the bottom layer, 
Eb = modulus of elasticity of the top layer, and 
Eb = modulus of elasticity of the bottom layer. 

The bar element as shown in Figure lb with 2 de­
grees of freedom/node is used to model the dowel bars 
at the joints. The two displacement components at each 
node are (a) a vertical displacement (W) in the Z­
direction and (b) a rotation (ay) about the Y-axis. Cor­
responding to these two displacement components, there 
are two forces: (a) a vertical force (Pw) and (b) a couple 
about the Y-axis (Pov). The force-displacement rela­
tion (including shear deformation) for each bar element 
can be written as 

JD\. ~ rv .L In\ 
•.A. 'o L .... "'-aoweu t> 1 J.J 1 b 

where 

[Kdowo.Jb = stiffness matrix of the dowel bars, 
[ P h = force vector, and 

(D }b = displacement vector of the bar element 
respectively. 

The relative deformation of the dowel bar and sur­
rounding concrete is represented as the stiffness of a 
vertical spring element (Figure le) that extends between 
the dowel bar and the surrounding concrete at the joint 
face. 

If the moment transfer (if any) aciross a joint or 
crack where load transfer is achieved only by means 
of aggregate interlock or keyway is neglected, the 
spring element shown in Figure le with 1 degree of 
freedom/ node can be used. The displacement component 
at each node is a vertical displacement (W) in the Z­
direction, and the corresponding force component is a 
vertical force (Pw). The force-displacement relation 
for a spring element can be written as 

(PJ, = [KAggls (DJ, 

where 

stiffness matrix of the spring element, 
force vector,and 

(5) 

[KAJ.1c1 s 
{P}, 
[DJ, displacement vector of the spring element 

respectively. 

The overall structural stiffness matrix [K] is for­
mulated by superimposing the effects of the individual 
element stiffnesses by using the topological (or the 
element-connecting) properties of the pavement system 
and used to solve the set of simultaneous equations that 
have the form 

(Pl= [K) !DI (6) 

where 

(P} = equivalent nodal forces for a uniformly dis­
tributed load over a rectangular section of the 
concrete slab and 

(D} resultant nodal displacements for the whole 
system. 

The generalized stresses are then calculated. 

VERIFICATION OF THE FINITE­
ELEMENT MODEL 

To verify the accuracy of the finite-element computer 
program, it is necessary to compare the solutions 
found by using it with available theoretical solutions and 
the results of experimental studies. Westergaard's 
equations (6 ), Pic kett 's and Ray's influence c harts (7 ), 
experimenta l studies at the AASHO test r oad (8 ), and 
tests conducted by Teller and Suthe1·land (9 ) have been 
used for this. -

Figure 2 shows the comparison between the finite­
element solutions and those found by using Wester­
gaard's equations for a single load of 222 kN [50 000 
lbf/ in2 (50 kips)] placed on one edge far away from any 
corner or in the interior of the slab far from any edges. 
(The finite-element computer program was developed 
for use with U.S. customary units only; therefore, values 
in Figures 2-6 and 8-13 are not given in SI units.) Be-
"""'••ir:t"' 11T,...r.+ ........... nn-AT ... .... ,.. ...... +.: .................. -,... 1-.. ............. ~ ............ _ : ... ..f: .... .i+ ..... 
'-'U.1..1..:::t\.; '' ""~ " ..... f;U.CA..&."' ., " 'iua. ... .a.u.u . .::t ct..L" UU..CJ\;;Y Vll c;;\.U. A..LU.l.U.1.1.C' 

slab, a large [7 .6 m2 (25 ft2)J slab was used in the finite­
element analysis. The loaded area in the Westergaard 
solution was assumed to be a circle having a 38-cm 
(15-in) diameter, and a square 38 cm on an edge was 
used in the finite-element analysis. 



Figure 2. Comparison between finite-element 
solutions and those calculated by using 
Westergaard's equations. 
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Figure 3. Comparison between finite-element 
solutions and those calculated by using influence 
charts. 
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To verify the accuracy of the model for multiple 
loading, the influence charts developed by Pickett and 
Ray were used. Figure 3 shows the comparison be­
tween the finite-element and the influence-chart solu­
tions for the main gear of a DC-10-10 aircraft that has 
a load of 978 kN (220 kips) placed at the edge or in the 
interior of the slab. 

Further verification of the accuracy of the finite­
element model was made by comparison with experi­
mental results. The results of the strain measurements 
made in the AASHO Road Test (8) provide excellent data 
for such comparisons. The tests were conducted on the 
main traffic loops where the strain due to moving traffic 
43 to 56 cm (17 to 22 in) from the edge was measured at 
the slab edge. The nonreinforced sections of the slabs 
were 4.6 m (15 ft) long, and the reinforced sections 
were 12.2 m (40 ft) long. The slab thicknesses ranged 
from 12.7 to 31.8 cm (5 to 12.5 in). The measured 
dynamic modulus of elasticity and Poisson 's ratio of 
the concrete were found to be 43 GPa (6 .250 000 lbf/ in2

) 

Figure 4. Comparison between edge stresses 
computed by using the finite-element program 
and those measured in AASHO Road Test. 

zs-- ------------IS' 

24 "rm 2.0 

-1~ ~~ 16 

AASHO (Main Loops) 
~ 
0 • §_ = l~'n 

::::.3 
12 

L1 K>60051T Hd!ti 
~. 
;n>< 

"' • 
!l.. 
~go • .;; a 

• 
4 --AASHO 

• Finile -Element 

Q,..___.___.___.___.____,'----''----' 
lJI 5.0 6.5 8,0 9.5 11 .0 12.5 14.0 

Slab Thickness, in 

13 

and 0.28, respectively. The modulus of the subgrade 
reactions (k-values) on the su. bbase obtained by the ~late -
bearing tests varied from approximately 23 to 54 N/ cm3 

(85 to 200 lbI/ in3
) over all of the loops throughout the 

2-year test period. An average value of 41 N/ cm3 (150 
lbf/ in3

) was used for the modulus oi subgrade reaction 
in the finite-element analysis. Figure 4 shows the com­
parison between the finite-element solutions and the 
experimental results. 

To verify the accuracy of the finite-element computer 
program for the prediction of stresses and deflections 
at concrete pavement joints that have various load­
transfer systems, the results of the strain and deflection 
measurements made by Teller and Sutherland (9) were 
used. These tests were conducted on 10 full-slZed con­
crete slabs, each 12.2 m (40 ft) long x 6.1 m (20 ft) 
wide. Four of the slabs had a uniform cross section, 
and the others had different, thickened-edge designs; 
their thicknesses ranged from 15.2 to 22.9 cm (6 to 9 
in). Each slab was divided by a longitudinal and a 
transverse joint of a particular design, such as butt 
joints with different dowel spacings; joints that had a 
plane of weakness that had dowels; joints that had a plane 
of weakness, but no dowels; corrugated joints; and keyed 
joints that had triangular or trapezoidal tongues. The 
measured average modulus of elasticity of concrete 
and the modulus of subgrade reaction were found to be 
37.9 GPa (5 500 000 1bf/in2

) and 54 N/cm3
, respectively. 

Figures 5 and 6 show the comparison between the finite­
element solution and the experimental results. 

These comparisons show that the finite-element solu­
tions agree closely with both the theoretical and experi­
mental results, which verifies the accuracy of the 
finite-element computer program developed in this 
study. 

APPLICATION OF THE FINITE-ELEMENT 
MODEL 

The finite-element procedure developed in this study is 
a powerful method for predicting stresses and deflections 
in jointed concrete pavements. To illustrate the ap­
plication of the model, an example problem is presented. 
Assume that the effects of various types of joints on the 
stresses and deflections in a 30-cm (12-in) concrete slab 
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Figure 5. Comparison between slab deflections computed by using 
the finite-element program and those measured in the Bureau of 
Public Roads test. 
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Figure 6. Comparison between joint deflections and 
stresses computed by using the finite-element program 
and those measured in the Bureau of Public Roads 
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on a subgrade that has a k-value of 54 N/cm3 are to be 
compared. A single load of 222 kN is applied uniformly 
over a 38-cm2 area at the pavement joints, and the fol­
lowing joint designs are considered (see Figure 7). 

1. A butt joint that does not have a load transfer 
system, 

2. A doweled joint that has 32-mm (1.25-in) diameter 
dowels spaced at 38-cm center-to-center intervals and 
a 2. 5-mm (0 .1-in) joint-width opening (neglecting the 
effect of dowel-concrete interaction and dowel loose-
-~~n\ 
.1.u;:;oi=i1, 

3. A joint that has an aggregate-interlock system 
on a 10-cm (4-in) cement-stabilized base [Assume 
the spring stiffness for aggregate interlock (Agg) to be 
34.45 MPa (5000 lbf/in2

), which is equivalent to 35 per­
cent joint efficiency (Eff) (see Figure 8)], 

-- Meaeured 
• Finitt-Element 

Figure 7. Different joint designs. 

Joint Type 

Free Edge 

Doweled 

4. A thickened-edge joint that has an edge thickness 
of 38 cm and no-load transfer system at the joint, and 

5. A keyed joint that has tie bars [assume the spring 
stiffness (Agg) to be 68 :9 GPa (1 000 000 lbI/in2

), which 
is equivalent to 100 percent Eff]. 

!n the finite-ele!!!ent !!!Odel, aggregate interlock is 
modeled as a series of vertical springs joining two 
adjacent slabs at the joint. The stiffness of these 
springs is related to the joint efficiency, which is a 
physical property of the joint and can be measured in 
the field. In this study, Eff is defined as the ability of 



the load-transfer system to transfer some of the applied 
load from the loaded slab to an adjacent slab and is de­
termined as 

Eff = (t,.0 //',.L) x 100 (7) 

where t::.L and l:::.u are the deflections of the loaded and 
unloaded slabs respectively. The relation between the 
spring stiffness and the joint efficiency is a function of 
slab and subgrade properties. 

Figure 9 illustrates the finite-element mesh and the 
load configuration used in this example problem; the 
results of the maximum stresses and deflections for 
various joint designs are summarized below (1 MPa = 145 
lbf/ in2 and 1 mm = 0.25 in) . 

Type of Joint 

Free edge 
Doweled 
Agg interlock 
Thickened edge 
Tied key 

Max Edge Stress Max Edge Deflection 
(MPa) '-(m_m_ )'-----

5.25 1.3 
2.76 0.62 
3.44 0.86 
4.15 1.0 
2.73 0.64 

These results s how that the doweled and keyed joints 
(in this example problem) have larger reductions in 
maximum edge stress and deflection than the other joint 
designs. However, the final selection of the type of 
joint should also be based on the results of the three­
dimensional analysis (to ensure that localized failure 
at the joint will not occur), performance, and con­
struction cost. 

Figure 10 shows a typical comparison of the finite­
element solutions with the results of a conventional 
analysis of dowel reactions (distribution of shear forces 
along the joint) under edge loading that is based on 
Friberg's (10) analysis. In his study, Friberg ob­
served that;-according to Westergaard's (6) theoretical 
analysis, the maximum negative moment at a free slab 
edge under an edge loading occurs at a distance 1.8Q 
from the point of applied load, where Q is the radius of 
relative stiffness of the slab . Thus, it was assumed 
that the dowel bar immediately under the applied load 
carried its fli.11 capacity and that those on either side 
carried loads that decreased linearly to zero at a dis­
tance of l.8Q from the central dowel. Because of the 
lack of useful analytical data, it was assumed that the 
distribution of transferred load was linear. However, 
as Figure 10 illustrates, the distribution of dowel shear 
forces among the dowel bars is not linear and only 
those dowels within distance Q from the central load are 
effective in transferring the load from the loaded slab 
to the adjacent one. Therefore, the maximum dowel 
shear force is higher than it was assumed by using the 
conventional dowel-shear analysis. 

In concrete pavement design procedures, the effects 
of stabilized bases are usually included by using an 
equivalent subgrade modulus that is a function of the 
subgrade modulus and thickness of the base (11). How­
ever, in the finite-element method, a stabilized base 
was treated as a second rigid layer under the concrete 
slab. The elastic properties of the stabilized base and 
the condition of the bond between the slab and the base 
(perfect bond or no bond) are input to the finite-element 
program. This makes it possible to determine the 
stresses and deflections in the base as well as those in 
the slab directly from the program. 

Figure 11 shows the effects of 10.2-, 15.2-, and 
25.4-cm (4-, 6-, and 10-in) bonded-cement stabilized 
bases that have a modulus of elasticity of 6.89 GPa and 
a Poisson's ratio of 0.25 in reducing the maximum 
tensile edge stresses in 30.5-, 40.6-, and 50.8-cm 

Figure 8 . Relation between joint efficiency and spring stiffness. 
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Figure 9. Typical finite-element mesh and load configuration 
(used for example problem). 
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(12-, 16-, and 20-in) thick concrete slabs. The maxi­
mum edge and interior stresses in slabs that do not 
have stabilized bases are also shown in this figure for 
comparison with the slabs on stabilized bases. 

Further applications of the model are illustrated in 
Figures 12 and 13. Figure 12 shows the difference be­
tween the stress distribution along the joint of a con­
crete shoulder that is tied to the adjacent concrete slab 
and that along the joint of a shoulder that is not tied 
to the adjacent slab, both loaded by an 80-kN [18 000 
lbf/ in2 (18-kip)J single-axle load placed with the 
inner tier of the centerline of the slab and the outer 
tier on the joint edge of the shoulder. In this case, 
the load-transfer system reduces the maximum stress 
in the concrete shoulder by approximately 50 percent. 
The concrete slab was assumed to be 20.3 cm (8 in) 
thick, 3. 7 m (12 ft) wide, and 4.6 m (15 ft) long. The 
concrete shoulder was assumed to be 12.2 cm (6 in) 
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Figure 11. Effects of bonded stabilized bases in 
reducing maximum tensile edge stresses. 
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Figure 13. Effect of crack spacing on 
maximum stress in CRC pavement. 
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t.hir.k and 2.1 m (7 ft.) widP.. The modulus of elasticity 
of conc rete and the s ubgr ade modulus were assumed 
to be 34 .5 GPa and 27 N/ cm3 (100 l bf/ in3

) r espectively. 
Another application of the model-the determination 

of loading stresses only-in continuously reinforced 
concrete (CRC) pavements is shown in Figure 13. This 
figure shows the stresses in a 20.3-cm (8-in) thick CRC 
s lab on a subgrade that has a k-value of 27 N/ cm3

• An 
80-KN single-axle load is applied at the edge of the slab 
midway between two cracks. The iongitudinai reiniorc­
ing s teel is assumed to have a diameter of 16 mm (% in) 
and a center-to-center spacing of 12.2 cm. This figure 
shows that, as the average crack spacing in the CRC 
pavement is reduced, the edge stress at the bottom of 
the slab at point A is also reduced and the stress at 

point B, which is about 91 cm (3 ft) from the slab edge 
and in transverse direction, is increased. The rate of 
this increase of the slab stress at point B is highly 
affected by the conditions of the longitudinal steel and 
the aggregate interlock at the cracks. When the cracks 
are tight, the increase in the stress at point B is small 
because the crack spacing is reduced. However, when 
the cracks are opened up and the steel bars are rup­
tured, the increase in the stress at point B is large and 
easily can cause longitudinal cracks and punchouts. 

SUMMARY 

A finite-element program based on the classical theory 
of a medium-thick plate on a Winkler foundation was 
developed for analysis of jointed or cracked concrete 
pavements. The model is capable of evaluating the 
effects of various load-transfer systems, such as dowel 
bars, aggregate interlock, and keyways on the stresses 
and deflections in concrete pavements. Furthermore, 
the model, which provides several options, can be used 
for the analysis of a number of problems such as jointed, 
reinforced concrete pavements that are cracked, con­
tinuously reinforced concrete pavements, concrete slabs 
that have stabilized bases or overlays, concrete 
shoulders, and slabs of varying thicknesses. 

The model was verified by comparing the finite­
element solutions with available theoretical solutions 
and the results of experimental studies. Several ex­
ample problems were solved to illustrate its capabilities . 
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D iscussi on 
Y. H. Huang, University of Kentucky 
Y. T. Chou, U.S. Army Engineer Waterways Experi­
ment Station, Vicksburg, Mississippi 

The authors have presented a very powerful method for 
analyzing joints in concrete pavements . In a previous 
pape1· (12), a finite-element method was developed 
for the analysis of jointed concrete pavements by specify­
ing the efficienc y of load tr ansfer across the joints. 
Becaus e the efficiency of load t r ansfer depends not only 
on t he type of joints but a lso on many other factors, 
such as the magnitude and location of the applied loads, 
the pavement thickness, and the s ubgr ade modulus, it 
is quite difficult to ascer tain what efficiency s hould be 
used in the actual analysis. The use of spring elements 
to model aggr egate interlock or keyways and bar el e­
ments to model doweled joints will solve the problem 
deterministically. The author s are to be complimented 
for their effor t in this direct ion. 

The discussion we would like to present here is 
whether it is logical to model dowels or reinforcement 
steel as bar elements. Figure 14a is a schematic dia­
gram of the bar element, as presented by the authors. 
This diagram is misleading because the width of the 
joint or crack is generally much smaller than the bar 
diameter, and the element should be drawn as shown 
in Figure 14b. It is apparent that a bar such as that 
shown in Figure 14b serves merely as a key to trans­
mit shear. This agrees with the current concept that 
load is transfer red across a joint principally by shea.r. 
Ball and Childs (13) have reported that some moment 
may be transferred through tie joints that remain 
closed, but moment transfer across joints with visible 
openings is negligible. 

It is well known that the amount of stress reduction 
at a joint is governed by the difference in deflection be­
tween the two slabs along the joint. This difference 
depends primarily on the dowel-concrete interaction. 
Neglecting the deformation of the concrete surrounding 
the dowel bar will make the bar appear much more ef­
fective than it actually is. The first two examples pre-

Figure 14. Modeling of dowels. 

OlNT OR CRACK WIDTH ---1 
(•) BAR 

JOINT OR CRACK WI~ 
(b) KEY . .. ~ 
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sented by the authors indicate that the dowel bar re­
duces the edge stress from 5.25 to 2.76 MPa, which is 
a stress reduction of 48 percent . Our r esults show, 
however, t l}at because of t he large effect of the 
dowel-concrete reaction, the actual stress reduction 
is only 22 percent. Our data show that the maximum 
edge deflection is 0.66 mm (0.0259 in) on the loaded slab 
a nd 0.49 mm (0 .0193 in) on the unloaded slab, which i s 
a differ ence in deflection of 0.17 mm (0.0066 in) of which 
0.16 mm (0 .0062 in) is contributed by the dowel -concrete 
interaction and only 0.01 mm (0.0004 in) by the shear 
deformation of the dowel bar. The greater effect of the 
dowel-concrete interaction is quite apparent. If the 
dowel-concrete interaction is neglected, the shear de­
formation of the dowel is increased to 0.02 mm (0.0007 
in) because of the increase in shear force, and the s tr e ss 
reduction becomes 43 percent. 

The percentage of the stress reduction that should be 
ascribed to the dowel bars can be computed by two dif­
ferent methods. The first requires the solution of two 
sepai·ate problems, one with the loading adjacent to a 
free edge and the other with it adjacent to a doweled 
joint, and can be determined as 

Stress reduction = 100 [ 1 - (stress at doweled joint 
+ stress at free edge)] (8) 

The second requires the solution of only one problem, 
i.e., the determination of the stresses on both sides of 
a doweled joint and is determined as 

Stress reduction = 100 { 1 - [stress on loaded slab 

-i- (stress on loaded slab 

+ stress on unloaded slab) 11 (9) 

It was found that both equations give almost the same 
result because the sum of the stresses on both sides of 
the joint is nearly a constant and equal to the stress at 
the free edge. 

The extreme effective ness of the dowel bar, as re­
ported by the authors, does not s eem to agree with the 
experimental evidence. In the design and evaluation of 
rigid pavements , the U.S. Army Corps of Engineers 
assumes a minimum stress reduction of 25 percent. 
The results of a series of full-scale, static loading tests 
conducted at eight U.S. Air Force bases throughout the 
continental United States in 1959 indicated that the aver­
age value of stress reduction for doweled construction 
joints was about 28 percent (14) . The s ame finding was 
also obtained in small-scale model tests (15 ). 

Our method for t he analys is of doweledToint s is quite 
different from the authors'. First, we consider that 
dowel bars can only transmit shear. Second, we in­
clude the dowel-concrete interaction by assuming that 
the dowel bar acts as a beam and the concrete as an 

Figure 15. Difference in deflection between two slabs. 

LOAD UNLOADED SLAB 
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elastic foundation (16) (see Figure 15). The difference 
in deflection between the two slabs at the joint is equal 
to A, + 2Ac, where A, = shear deformation of the dowel 
bar and Ac= deformation of concrete due to shear force 
on the dowel bar. The vertical shear force applied at 
each node along the joint can be determined by a method 
of successive approximations as follows: 

1. Considering the left (or loaded) slab only and dis­
regarding the right slab, determine the displacements 
of the left slab due to the applied load; 

2. Determine the displacements of the right (or un­
loaded) slab by setting the vertical deflections of the 
right slab along the joint equal to those of the Left ; 

3. Determine the vertical nodal (or shear) force at 
the joint due to the displacements of the right slab and 
compute the difference in deflection between the two 
slabs, which iR equal to A, + 2Ac; 

4. Determine the displacements of the left slab due 
to the combined effects of the applied load and the ver­
tical nodal forces along the joint due to the right slab; 

5. Determine the displacements of the right slab by 
setting the deflections along the joint equal to the de -
flections of the left minus the difference in deflection 
(A, + 2Ac)" ; and 

6. Repeat steps 3 to 5 until the vertical nodal forces 
along the joint converge to a specified tolerance. 

To verify the validity of the method, the finite-element 
solutions were compared with the field tests conducted 
at four U.S. Air Force bases (14). In these tests, strains 
parallel to the longitudinal construction joint were mea­
sw-=ed on both sides of the joint, one on the loaded slab 
and the other on the unloaded slab. Because there is no 
stress normal to the joint, the stress along the joint is 
directly proportional to the strain. Consequently, the 
percentage of stress reduction can be computed from 
Equation 9 simply by replacing the stress with the strain. 
The aircraft used for the test was a B-47 that had a 
forward gear load of 420 kN (94 500 lbf) distributed over 
two wheels 94 cm (37 in) apart. 

A comparison between the stress reductions calcu­
lated by the theoretical method and those found experi­
mentally is given in Table 1. The subgrade modulus at 
each location was determined from field tests and is re­
ported elsewhere (14). It can be seen that the theoretical 
solutions agree wellwith the experimental measure­
ments. The theoretical solutions are based on a modulus 
of dowel support of 407 GN/m3 (1 500 000 lbf/in3

). Values 
reported for the modulus of dowel support, which varies 
with the amount of looseness between the dowel and the 
concrete, range from 81 GN/ m3 (300 000 lbf/in3

) to 
2450 GN/ m3 (9 000 000 lb.f/in3

) (17). If t he low value is 

Table 1. Comparison of theoretically calculated and experimentally 
measured stress reductions. 

Pave- stress Reduction 
ment Uowel (¥) 
Thick- Subgrade Diam- Dowel 
ness Modulus eter Spacing Experi- Theo-

Location (cm) (MN/ m') (cm) (cm) mental re ti cal 

Lockbourne Air 30.5 20.2 2.5 38.1 21.1 26 .3 
Force Base, 
Ohio 

Lincoln Air 53.3 17.6 3 .8 25.4 36.8 29.6 
Force Base , 
Nebraska 

Hunter Air 45.7 47.5 3.8 45.7 27.1 24.6 
Force Base, 
Georgia 

McCoy Air 45.7 61.2 3.8 45. 7 23 . l 23 .6 
Force Base, 
Florida 

Note: 1 cm= 0.4 in and 1 MN/m3 • 3.78 lbf/in3 • 

assumed for the site at Lockbourne and the high value 
for that at Lincoln, the percentages of load transfer are 
23.4 and 34.9 r espectively, which agree closely with the 
measured values of 21.l and 36.8. 
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Authors' Closure 
We thank the discussants for their review of the paper. 
They have presented some valuable suggestions, and we 
think that it is appropriate to give specific responses to 
their comments . 

On their comment as to whether it is logical to model 
dowels as bar elements, we think it is logical and also 
realistic to model them as such because this allows the 
model to become a general purpose model that can be 
used for the analysis or doweled joints in which the joint 
openings are small, such as for contraction joints, as well 
as for the analysis of doweled joints in which the open­
ings are large. However, modeling dowels as keys, as 
was suggested by the discussants, would restrict the 
model to the analysis of systems in which the joint open­
ings are small in comparison with the dowel diameter. 

We fully agree with the discussants' comment regard­
ing the importance of considering dowel-concrete inter ­
action on the doweled joint stresses, which was neglected 
for convenience for the doweled joint system shown in 
our paper. As a matter of fact, dowel-concrete inter­
action is an input to the finite-element program i,n terms 
of the stiffness of a vertical spring between the dowel bar 
and the surrounding concrete at the joint face. The 
force-dieplacen1ent relation for this apring clement oan 
be written as 

F=Koc16. (10) 

where 

K nci = s tiffness of the spring element representing 
t he dowel-concr ete interaction, 

F =shear force on the dowel bar, and 
A = relative deformation of the dowel bar with 

respect to the surrounding concrete at the 
joint face. 

: 



But the important question is how to determine a 
realistic dowel-concrete interaction (K0 c1). It is our 
judgment that the manner that the discussants have 
suggested is not valid because of the three-dimensional 
nature of the problem and also because of the problem 
of dowel looseness. 

The discussants have suggested the use of a conven­
tional dowel analysis based on the principles first given 
by Timoshenko (18), where a bar encased in concrete 
was modeled as asemi-infinite beam uniformly sup­
ported on a Winkler-type foundation. The rate at which 
the concrete reacts against deflection of the dowel bar 
is referred to as modulus of dowel support (K), which 
appears in the force-displacement relation. The 
modulus of dowel support in this analysis is analogous 
to the modulus of subgrade support in the analysis of a 
concrete slab on a Winkler-type foundation. 

A major problem in the use of this analysis is the 
selection of the appropriate modulus of dowel support. 
The results given below (19) show a wide range of values 
(1 GN/ m3 

= 3860 lbf/ in3
) . -

Modulus of 
Dowel Reactions 
(GN /m3) Source 

81-408 Grinter 
Max 680 Friberg 

193-308 Michigan State 
Highway Department 

212-1605 Michigan State 
Highway Department 

242-2260 Marcus 

667 Loe 

245-2340 Michigan State 
Highway Department 

Method 

Estimation 
Tests on em-

bedded dowels 
Load-deflection 
tests 

Tests on em-
bedded dowels 

Dowels with uni-
form bearing 
pressure 

Load-deflection 
tests 

Tests on em-
bedded dowels 

Date 

1938 

1947 

1947 

1952 

1954 

This range in K-values is probably due in large measure 
to looseness between the dowel and the concrete. The 
effect of the modulus of the dowel reaction on the edge 
stresses and deflections of the doweled joint (example 
problem 1 above) is shown below ( 1 MPa = 145 lbf/ in2 

and 1 mm = 0.04 in). 

K (GN /m3) 

81 
408 

2340 

Max Edge Stress 
(MPa) 

4.28 
4.68 
3.14 

Max Edge Deflection 
(mm) 

0.81 
0.71 
0.66 

It can be seen that, depending on the values used for the 
modulus of the dowel reaction, edge stresses at the 
doweled joint can vary considerably. 

Dowel looseness consists of two parts, initial loose­
ness and looseness caused by repetitive loads. In a 
series of laboratory tests conducted by Teller and 
Cashell (20), it was found that the dowel looseness can 
vary about 0.05·to 0.10 mm (0.002 to 0.004 in) initially 
and increases when the doweled joints are subjected to 
heavy loads or many applications of lighter loads (13, 
..!:!, 20). The effect of dowel looseness on the maximum 
edge stresses and deflections of the doweled joint (ex­
ample problem 1 above) is shown below. 

Dowel Looseness Max Edge Stress Max Edge Deflection 
(mm) (MPa) _(m_m_ ) ____ _ 

0.025 
0.075 
0.125 

3.10 
3.65 
4.0b 

0.66 
0.71 
0.66 

It can be seen that, depending on the amount of dowel 
looseness, edge stresses in the slab can vary con­
siderably. 
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The conventional dowel analysis suggested by the dis­
cussants is based on the assumption of full dowel sup­
port and is not capable of handling the problem of dowel 
looseness. The effect of dowel looseness in jointed slab 
analysis is analogous to the effect of loss of foundation 
support in the analysis of a concrete slab, and for a 
realistic analysis, some information about the magnitude 
and shape of the gaps is needed . The discussants have 
suggested the use of an arbitrarily reduced or increased 
value for the modulus of dowel support, to include the 
effect of dowel looseness, but this approach does not ap­
pear logical to us because no correlation has been estab­
lished between dowel looseness and the measured values 
of K. 

In reality, the interaction between a loaded dowel and 
the surrounding concrete is in a three-dimensional state 
of stress (21) and this interaction depends on dimensions 
and elasticproperties of the dowel bar and concrete 
slab, plus any looseness there might be between the 
dowel bar and the surrounding concrete. This makes the 
conventional dowel-concrete-interaction approach appli­
cable . This was the reason, as noted in the introduction 
of the paper, that a three-dimensional analysis of the 
concrete slab near the joint and around a dowel was used 
in conjunction with the two-dimensional analysis of the 
jointed slab to establish a realistic dowel-concrete in­
teraction. 

A complete analysis that includes the results of a 
three-dimensional model (22) of dowel-concrete inter­
action analysis is being prepared and will be given in 
another paper. In this paper, actual elastic properties 
and the dimensions of the concrete slab and dowel bar, 
rather than the modulus of dowel support, are used to 
establish a dowel-concrete interaction (Koci) that can 
be used as an input to the finite-element program for 
jointed-slab analysis. 
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