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When superelevation transitions occur within or adjacent to vertical 
curves, the profile of the edge of the road is sometimes distorted into 
shapes that are visually unpleasant or cause severe drainage problems, 
particularly on freeways or other wide roads. Such problems can be 
easily and quickly solved by simple algebraic methods that need no plot
ting of edge profiles to scale or resorting to curves more complicated 
than standard parabolic vertical curves if one takes advantage of the in
herent simplicity of standard highway geometry. Methods for doing 
this are developed and demonstrated with a numerical example. 

The horizontal and vertical alignment of highways has 
traditionally been thought of as a series of straight lines 
(tangents) connected together by curves. Probably as a 
carry-over from railway design-where horizontal cur
vature radically increases the force necessary to move 
the train-and for simplicity, most designers tried to 
keep the tangents as long as possible and the curves as 
short as possible. Roads built in hilly country 50 years 
ago were actually curvilinear (crooked) in spite of this 
design philosophy, but, as the introduction of motorized 
equipment lowered the cost of earthwork, the roads be
came straighter and straighter. 

As Tunnard and Pushkarev (1) have documented so 
well with photographs, a frequent result was a type of 
long tangent, short curve alignment that not only 
seemed to exhibit a callous disregard for the integrity 
of the landscape, but tended to look silly in itself. To 
the extent that the general public reacted to this at all, 
the reaction was probably a sort of generalized objec
tion to the building of roads and to the builders as well. 
Some professionals also reacted, however, and from 
this reaction a philosophy of curvilinear alignment de
veloped wherein the designer fit long· curves to the ter
rain and used short tangents as connecting elements. 

In North America, this design philosophy suffered a 
severe setback during the rush of construction after 
World War II but eventually became commonly accepted, 
particularly during the period of emphasis on aesthetics 
of design in the United States in the mid-1960s. While 
many reference works on this type of design exist, I re
gard two (1, 2) as the most basic and comprehensive. 
Both refleCt the ideas of progressive designers of the 
late 1930s (3). 

Once onegets used to the idea of using curves rather 
than straight lines as the basic design elements, the de
sign of curvilinear roads is not particularly difficult. 
Furthermore, the generous use of curvature allows a 
great deal of freedom in design, so one should be able 
to reduce construction costs by achieving a better fit to 
the terrain than is possible with a long-tangent, short
curve design . 

The changeover is not completely without difficulties, 
however; a few new technical problems do arise . Per
haps the most obvious is that one must devote consider
able attention to the provision of sufficient passing sight 
distance on two-lane roads. In addition, certain com
binations of horizontal and vertical curvature can look 
very bad, so there has been considerable research into 
problems of the coordination of horizontal and vertical 
curvature and the general concept of the road as a three -
dimensional object. Many books and papers (1, 2, 3) have 
devoted a good deal of attention to this subject, -ana some 
( 4, 5) are entirely devoted to it. 
- A problem that has received much less attention, 

however, is the interaction of vertical curvature and 

superelevation transitions that occurs when vertical and 
horizontal curves of nearly equal length are superim
posed to create a three-dimensional curve. The most 
obvious example of this interaction is the appearance of 
a little kink or dent in the edge of the roadway near the 
end of a superelevation transition, sometimes scarcely 
measurable, but very visible. Nearly every highway 
engineering manual and route surveying textbook con
tains a warning about this, usually coupled with the ad
vice that a profile of the edge of the roadway should be 
plotted and examined for any irregularities. The ad
vice is sound, but it should be obvious to any engineer 
who drives with a critical eye that the results often 
leave much to be desired. 

An example of such a dent, along with the profile 
and superelevation diagram that produced it, is shown 
in Figure 1. The dent in the edge profile just to the 
left of km 10+000 is obvious in the figure and would be 
even more obvious on the ground, since the flat angle 
at which motorists view the roadway makes even very 
small undulations highly visible. The fact that the ac
tual depth of the dent is tiny does not matter; the eye 
seems to be sensitive to irregularity of shape rather 
than to elevation. 

To avoid such problems, many engineers abandon 
the superelevation diagram and design a smooth profile 
for each edge graphically with splines or French curves, 
a method recommended by the AASHTO Blue Book (8). 
This method is rather laborious, however, particularly 
since the resulting design can be included in contract 
plans only as a graphical curve or a series of grid point 
elevations. Splined curves are also positively guaran
teed to produce indigestion if fed to a production
oriented computer program, so survey notes must be 
prepared by hand. 

The basic premise of this paper is that an easier way 
is available. In many situations graphical methods are 
very desirable; in fact, I believe that engineers should 
use graphical methods more often than they do. In this 
particular case, however , an easier, quicker, and surer 
algebraic method is available. This method is hardly 
revolutionary; it really only amounts to understanding 
the basic geometry of the roadway and checking the 
values of certain critical parameters. There must be 
many engineers who have worked out similar methods. 
They are not, however, in common use in North America 
and appear in few, if any, of the standard texts and hand
books. A related but much less flexible approach has 
been used in the British computer program, JANUS (~) . 

VERTICAL CURVES 

The first step in developing the method is to review the 
basic geometry of the parabolic vertical curves used in 
highway design. Two tangent grades, g1 and g2, are 
joined by a segment of a parabola defined by the qua
dratic equation 

y(x) =Yo+ g1 x + (r/2)x2 

where 

y(x) = elevation at a horizontal distance x from the 
begirmi.ng of the vertical curve (BVC), 

(I) 

Yo= elevation at the beginning of the vertical curve, 
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Figure 1. Superelevation diagram with 30-m curves and resulting 
edge-of-pavement profile for right lanes. 
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r = (g2 - g,)/L, and 
L = horizontal length of the vertical curve. 

The slope or grade at any point on the curve can be 
obtained by differentiating Equation 1: 

dy (x)/dx = g1 + rx (2) 

Of more interest in the problem considered here is the 
rate of change of grade: 

d2 y (x)/dx2 = r (3) 

That the rate of change of grade is constant is, of 
course, a fundamental property of a parabolic vertical 
curve (6) . Instead of differentiating Equation 1 to obtain 
Equations 2 and 3, we could as well have postulated that 
a constant rate of change of grade was a desirable prop
erty, and then obtained Equations 2 and 1 by integration. 
Clearly this must be what happened historically: some
one noted that a constant rate of change of grade not 
only was the simplest way to join two grades but also 
produced the shortest possible curve satisfying a cri
terion of the form d2y(x)/dx2 s some number. 

The value of r, or its reciprocal, can be used as a 
measure of curvature. Use of the reciprocal is, in fact, 
common and has an advantage in that a parabolic high
way or railway curve with rate of change of grade r is 
very nearly the same curve as a circular curve with 
radius 1/ r. The design handbooks listed in the refer
ences all use the reciprocal. Two European references 
(2, 10) identify l/r as a radius and denote it by the sym
bolsH and Rv, respectively. North American refer
ences (8, 9) instead use K = 1/lOOr, the distance re
quired fo accomplish a 1 percent change in grade. 

In what follows we shall use r as our measure of 

curvature rather than K because the equations would be 
more complicated with K. Most design calculations, 
ho"',VC"'v'"Cr, could be m~de just ~s e:?.sily ".vi th K as 1.'lith r . 

A NOTE REGARDING UNITS 

This paper has been written at a rather awkward time 
so far as units are concerned; both the traditional sys
tem of feet and 100-foot stations and the metric system 
are in current use in North American practice. In Can
ada, in fact, one might find an engineer working on two 
projects concurrently, one measured in feet ·and the 
other in meters. 

In general, this paper will use SI (Systeme Interna
tional d ' Unites) units, following in most details the 
usage recommended (7). Vertical distances will always 
be expressed in meters, but location along the center
line, or chainage, will be expressed as a distance in 
kilometers from some arbitrary zero point plus a dis
tance in meters: a point 9 km from the starting point 
will be identified as km 9 or km 9+000 and a point 500.36 
m farther from the starting point as km 9+500.36, for 
example. 

Equations 1, 2, and 3 are unit free; they are valid in 
any units. The horizontal and vertical distances can be 
measured in meters, feet, chains, furlongs, fathoms, 
or even inches; it does not matter what the unit of mea
surement is, so long as the same unit is used through
out the calculation. It should be noted that the grades 
g,, g2, and dy(x)/ dx are dimensionless ratios, so a 
grade of 0.02 means exactly the same thing in any sys
tem o.f units; the rate of change of grade r is not dimen
sionless, though, and has units of reciprocal meters 
(1/m) or r eciprocal feet (1/ft). Typical values ar e of 
the order of 10 4 in either system. 

Since numbers less than 0.1 are awkward to remem-



Figure 2. Cross section of simple one-lane road at location x. 
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ber and use in mental calculations, it is common prac
tice to express grades in percentages. The difficulty 
with too many zeros is obviously much more severe 
with the values of r normally encountered, so in this 
paper all values of r will be expressed as a multiple of 
10 4 , for example 0.5 x 10 4 / m instead of 0.000 05/ m. 
This can be thought of as 0.5 percent per hundred 
meters. In traditional units, 0. 5 x 10 "'/ft can be 
thought of as 0.5 percent per station. 

One additional warning about units is necessary for 
designers working with the AASHTO Blue Book (8) or 
RTAC metric standards (9). These handbooks express 
vertical curvature in terms of K, defined as the dis
tance, in feet or meters respectively, to accomplish a 
1 percent grade change. Thus the units of K are really 
ft/ pe1·cent or m/percent, but table headings in the hand
books indicate that they are in feet and meters, respec
tively, because the percentage is included in the defini
tion. The tabled values of K in these two reference 
books can, therefore, never be used directly in unit
free equations, but must always be converted to feet or 
meters by multiplying by 100. 

SUPERELEVATION TRANSITIONS 

The foregoing discussion of vertical curves used ele
mentary calculus in order to clarify the concepts, but 
the mathematical methods used in ordinary practice are 
algebra and arithmetic. In treating superelevation, it 
is not even usual to use algebra; one simply draws a 
supe1·elevation diagram such as the one shown in Figure 
1 and reads the values graphically. As a matter of fact, 
this is a good approach. Since the diagram is easy to 
draw and provides adequate accuracy if an appropriate 
scale is used, why should one bother to write an equa
tion? 

In order to develop the relationship between vertical 
alignment and superelevation, however, we shall con
tinue to use the language and notation of calculus be
cause they provide an easy way to describe what is hap
pening. For ordinary applications we shall revert to 
simple arithmetic. 

To begin, let us suppose that our road has only one 
lane and no shoulders, with the profile along the left 
edge, as shown in Figure 2. This simple road could be 
a ramp or half of a two-lane road; the numerical ex
ample in Figure 1 is half of an eight-lane freeway. The 
width of the lane is W; the elevation of the left edge is, 
by definition, y(x); and we define a function s(x) = super
elevation rate at location x to describe the supereleva
tion. In the section on vertical curves, x was defined 
as the horizontal distance from the beginning of the ver
tical curve. In this section we shall not define it so pre
cisely; x is simply a number that identifies our location, 
the horizontal distance along the centerline from some 
arbitrary zero point measured in the same units as all 
other distances. We shall never write an expression 
for s(x); it is simply a name for the function described 
by a superelevation diagram such as the numerical ex
ample in Figure 1. It is important to realize, however, 
that superelevation diagrams have the same mathema-
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tical form as profiles: straight lines joined together by 
parabolic curves. 

To obtain the elevation z(x, W) of a point on the right 
edge of our one-lane road, a distance W right of a point 
on the centerline at location x, we simply read s(x) from 
the superelevation diagram, multiply by the width W, 
and add the product to the profile elevation g(x): 

z(x, W) = y (x) + Ws(x) 

Differentiating Equation 4 twice, we obtain 

dz(x , W)/dx = dy(x)/dx + dWs(x)/dx 

d2 z(x, W)/dx2 = d2 y(x)/dx 2 + d2Ws(x)/dx2 

(4) 

(5) 

(6) 

In this paper, it will always be assumed that the width 
of the road, W, is constant. For tapers, one must re
place W with W(x) before differentiating. 

From Equations 4, 5, and 6 we see that the shape 
of the edge of the lane, described by its elevation 
z(x, W), slope dz(x, W)/ dx, and rate of change of grade 
d2z(x, W)/ dx2

, is simply the sum of the profile and the 
effect of the superelevation transition. For a numeri
cal example, consider the right lanes of the road de
scribed in Figure 1. For the moment, we shall ignore 
the shoulders. Within the linear portion of the super
elevation diagram, 

dWs(x)/dx = (15 m) x [+0.06 - (-0.02)] /240 m = +o.005 (7) 

The grade along the outside edge of pavement is 0.005 
more than the grade along the profile at every point be
tween km 9+755 and km 9+965. To make this calcula
tion, we can use either of two mathematically equivalent 
approaches. The most direct is to rewrite the last term 
of Equation 5 as Wds(x)/ dx, W times the slope of the 
superelevation diagram. The superelevation changes 
linearly from -2 to +6 percent in 240 m (ignoring the 
curves in the superelevation diagram for the moment) 
and froni 0 to +6 percent in 180 m, so 

Wds (x)/dx = (15 m) x (+0.06 - 0)/180 m = +0.005 (8) 

However, Equation 5 was written with dWs(x) / dx rather 
than Wds(x)/dx because I do not usually make the calcu
lation in such a straightforward mathematical way, but 
according to the following more physical logic. Between 
km 9+800 and km 9+980 the superelevation changes 6 
percent. Since the pavement is 15 m wide, this is a 
(0.06) x (15 m) = 0.90 m rise relative to the centerline. 
This rise is accomplished over a 180-m distance, so 
the grade necessary to accomplish it is 

dWs(x)/dx = 0.90 m/180 m = +0.005 (9) 

To obtain the actual grade along the outside edge of 
pavement, we simply calculate the grade along the pro
file and add 0.005. For example, at km 9+820, we are 
20 m into the profile vertical curve, so 

dz(x) /dx = dy(x)/dx + 0.005 = g1 + 20r + 0.005 

= -0.01 + [20 x (0.5 x 104 )] + 0.005 = -0.004 (10) 

Proceeding to the rate of change of grade, we can 
continue the same line of reasoning. Prior to km 9+96 5 
the right edge of the road was rising at +0.005 relative 
to the centerline, but beyond km 9+995 it is parallel to 
the centerline. This -0.005 change is accomplished in 
a 30-m panbolic curve, so the rate of change of grade 
due to the superelevatiou transition must be -0 .005/ 30 
m = -1.667 x 10-4 / m. If we call this rate of cha11ge of 
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grade due to the superelevation transition r., we can re
write Equation 6 as 

re =r+rs (11) 

where r. = d2 z(x, W)/dx2 is the rate of change of grade 
along a line offset a horizontal distance W from the cen 
terline. In Equation 11 it is clear that r. is just the sum 
of the rate of change of grade due to the curves on the 
profile and on the superelevation diagram. In our ex
ample, r. for the superelevation curve centered at km 
9+980 is 

r0 =r+r,= +0.5x I04 /m-l.667 x 104 /m=-l.167 x 104 /m (12) 

At this point, it should be very obvious why the pro
file of the outside edge of the right lanes in Figure 1 
looks like a dented bowl. The dent is the portion from 
km 9+965 to km 9+995 where r. = -1.167 x 10 4 /m is neg
ative, in contrast to the surrounding portion of the bowl 
where r. = r = +0.5 x 10 4 Im is positive. It is also 
quite obvious that we can eliminate the dent only by 
making r. positive everywhere, which will happen if 
the absolute value of r, is less than the absolute value 
of r. This can be accomplished either by lengthening 
the curve in the superelevation diagram or by shorten
ing the curve in the profile. Usually, we prefer to do 
the former, although a situation occasionally arises 
where it is desirabie or even necessary to change the 
profile. 

In our example, we need to lengthen the curve in the 
superelevation diagram until I r,1 < r = 0.5 x 10 4 /m, or 
I -0.005/l I < 0.5 x 10 4 /m, where l is the length of the 
curve in the superelevation diagram. Clearly we will 
achieve equality if l = 100 m and satisfy the inequality 
if l > 100 m. If we were to use l = 100 m, we would 
have r. = r + r, = 0 and the edge-of-pavement profile 
wn111CI hP. ~- Rfr~.ieht linP. from km 9+930 to km 10+030. 

The reader can see how this would look by laying a 
straight edge tangent to the edge-of-pavement profile at 
km 9+930 and km 10+030 on Figure 1. It eliminates the 
dent, but leaves a flat spot. Since flat spots on round 
bowls are usually considered undesirable, we shall usu
ally insist on strict inequality. The dashed curve on Fig
ure 1 has l = 140 m. This length was chosen rather arbi
trarily to illustrate the effect of using ~. > 100 m; 
whether or not it was a good choice will be discussed 
in a later section. In any case, it is clear that the prob
lem can be solved only by using a curve much longer 
than is standard practice. It should also be noted that 
any solution worked out graphically with a spline will 
involve a revision in the superelevation over a distance 
of al leasl 100 m. 

MULTIPLE PLANES 

Most modern roads have paved shoulders, so they can
not be considered a single plane. In addition, many 
highways are built with different cross slopes for each 
lane. The generalization of the preceding theory to 
cover multiple planes is straightforward. 

Suppose that the road has several planes numbered 
1, 2, 3, . . . . If plane number i has width w 1 and super
elevation s 1(x) and we are interested in the shape of a 
line offset a distance W = w1 + W2 + ... + Wn from the 
profile grade, then 

n 

z(x, W) = y(x) + ~ WiSi(X) 
i=l 

Taking derivatives as before, 

(13) 

n 

dz(x, W)/dx = dy(x)/dx + ~ dWjS;(x)/dx (14) 
i=l 

d2z(x, W)/dx2 = d 2y (x)/dx2 + ± d2w;s;(x)/dx2 (15) 
i=l 

Thus, we only need to add together the effects of what 
happens in each plane to obtain the total effect. 

DESIGN EXAMPLE 

To illustrate the analysis of multiple planes, we return 
to Figure 1, but we shall consider what happens to the 
edge-of-shoulder profile rather than the profile of the 
edge of the outside lane. This is the line we are really 
interested in, the actual physical edge of the roadway. 
It is not only the most clearly visible line, but also the 
one that determines the shape of the bridge rail i.f there 
is one. 

Since we already know that there is a prohlem on the 
right side at km 9+980, we shall start there. The width 
W is now 18 m, but at this location we still have a single 
plane, since the shoulder and lanes all have the same 
superelevation. Thus the grade change caused by the 
superelevation transition is dWs(x)/ dx = (18 m) x 
(+0.06 - 0)/ 180 m = + 0.006 and the rate of change of 
grade due to superelevation is r, = -0.006/ 30 m = 
-2 x i0 4 / m. Since the profile grade is cu1·ving at 
r = +O. 5 x 10 ·4 / m, there will clearly be a de11t in the 
edge of the shoulder unless we increase the supereleva
tion curve length until lr,I :;; 0.5 x 10 4 or l > 0.006/ 
(0.5 x 10-4 /m) = 120 m. 

Usually we would choose to use a length greater than 
the minimum to avoid a flat spot, but this time we shall 
use l = 120 m. This will give us a 120-m straight line 
in the right edge of the shoulder profile on a grade of 
+O .2 percent, as sho,~1n in Figt1re 3. ft_ short tt~_ngf?nt 
might look bad, but 120 m seems long enough to stand 
on its own as a geometric element. Since we are on the 
high side of superelevation, the very flat grade will be 
acceptable, though some very careful gutter design 
might be necessary if the road were in excavation. 

The next question to be asked is, Where else might 
there be dents in the edge of the shoulder profile? After 
a little reflection, it should be obvious that there are only 
two possibilities, both on the left roadway, at km 9+860 
and at km 9+920. Notice that no calculations were nec
essary to reach this conclusion; these are the only other 
superelevation diagram curves that could cause dents, 
because all the other curves are either outside of the 
profile vertical curve or curve in the same direction as 
Lhe profile. In the latter case r, has the same sign as 
r, so the effect of the superelevation curve is to make 
the curvature sharper, not to change its direction. 

To analyze the two possible trouble spots, it is not 
necessary to repeat all the calculations we made for the 
curve at km 9+980 on the right lanes. Instead, we ob
serve that the curves at km 9+860 and km 9+920 look 
exactly the same on the superelevation diagram as the 
curve at km 9+980 on the right lanes. Therefore 
ds(x) / dx and d2 s(x)/ dx are exactly the same as before; 
the only difference in the three curves is the width of 
the plane, W or w1• 

At km 9+860 only the lanes are curving, so W = 15 m . 
We found at km 9+980 that 1 r.1 for a J?lane 18 tu wide 
was 2.0 x 10 "1 / m, so for W = 15 m, Ir . I = (2.0 x 10 4 / 

m) x (15 m/ 18 m) = 1.667 x 10 4 / m and at km 9+920 
where only the shoulder is curving due to supereleva
tion Ir, I = (2.0 x 10 4 / m) x (3 m/18 m) = 0.333 x 10 4 /m. 
Comparing these numbers with r = 0.5 x 10 4, we see 
that there will be a dent at km 9+860, but not at km 9+920. 

. . 
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When we change the length t of the curve at km 9+860 
to eliminate the dent, r, will change in proportion to 

nate this section of downward curvature by lengthening 
the curves, we would have to make the lane curve con
siderably longer than 100 m, but if it were longer than 
120 m, it would extend outside of the profile vertical 
curve and again give us a short section where r. was 
negative. This would not be too bad since it would be 
between a section with r. = 0 and one with r. > 0 rather 
than between two sections with r. > O, but it still seems 
worth avoiding. Sometimes a good solution to such a 
situation can be obtained only by changing the profile. 

1/.t., so we need to increase l until (1.667 x 10 4 / m) x 
(30 m/l) !> 0.5 x 10 "'/m or t ~ 100 m. If we were to use 
100 m, however, we would get the result shown schemat
ically in Figure 4. 

The negative value of r. between km 9+905 and km 
9+910 occurs because the lane curve at km 9+860 and 
the shoulder curve at km 9+920 now overlap. To elimi-

Figure 3. Redesigned superelevation diagram and resulting 
edge-of-shoulder profiles. 

Figure 4. Sketch of left shoulder profile with 100-m curve 
at km 9+860 in superelevation diagram. 
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In this case, however, we have another option. 
If we simply shorten the shoulder curve at km 9+920 

to 20 m, as shown in Figure 3, it will not overlap a 
100-m curve at km 9+860. This will give us Ir, I = 
0.5 x 10 4 / m at km 9+860 and Ir.I= (0.333 x 10 4 / m) x 
(30 m/ 20 m) = 0.5 x 10 4 / mat km 9+920. 

Interestingly enough (and quite by accident), both of 
these curves just exactly counteract the profile vertical 
curve, so the straight line on a -0. 95 percent slope 
shown in Figure 4 wiii now extend ali the way irom km 
9+810 to km 9+930. There will be no dents, but there 
is a 10-m curve in the edge of the lanes and shoulder 
centered at 9+805. Since the grade only changes 0.05 
percent in this curve, it is a reasonably safe assumv
tion that it will not show up at all; if it does, it will 
look like an angle point rather than a curve. 

We have now eliminated all the dents but should still 
check the other superelevation curves to see if the de
sign can be improved. On a two-lane road we would 
make the curve on the left side at km 9+980 the same 
length as the one on the right. On a freeway it is usu
ally convenient to do so but not essential, and 120 m 
really does seem very long to use without a definite rea
son. On the other hand 30 m, though it does provide 
adequate sight distance for freeway speeds, is very 
short for such a wide road. Therefore, a 60-m curve 
will be used at km 9+980 as shown in Figure 3. This 
is probably about the shortest superelevation curve we 
should ever use for freeway lanes. 

The subject of sight distance in superelevation tran
sitions is complicated. In our example there is adequate 
sight distance because the profile vertical curve is very 
flat. If the profile had been designed to just satisfy 
sight distance standards, however, the 30-m curve 
would not have provided adequate sight distance in the 
outside lane. There can also be severe sight distance 
problems at crest curves in the superelevation diagram. 
On the high side of superelevation these problems are 
reduced because drivers can look diagonally across the 
lower lanes, but on the low side of superelevation in ex
cavation the shoulder width may not be sufficient for 
this to be much help. 

Wirasinghe of the University of Calgary has done 
some research on analytic methods for calculating the 
sight distance in superelevation transitions (11), but the 
complexity of his analysis of even very simple cases is 
discouraging. For practical purposes, it would seem 
that sight distance problems must be individually ana
lyzed by graphical methods. Of course, a good under
standing of the geometry of the roadway will be very 
helpful in identifying those cases where the likelihood 
of sight distance problems is sufficiently great to justify 
a graphical analysis. 

The two curves that remain are at km 9+600 and km 
9+740 on the right roadway, outside of the profile verti
cal curve. Nothing really needs to be done about these 
two curves, except possibly to lengthen the one at km 
9+740 simply because 30 mis very short for a freeway 
curve. If we were to lengthen it to 60 m, however, we 
would be left with a 30-m straight line in the edge-of
shoulder profile between km 9+770 and km 9+800. To 
avoid this, I have used a 120-m curve so that the right 
edge-of-shoulder curves continuously from km 9+665 
to km 9+920, as shown in Figure 3. This last change 
is admittedly a nicety rather than a necessity, but cer
tainly a very inexpensive nicety. 

DRAINAGE 

So far, very little has been said about drainage, but it 
is often a major consideration in the design of superele
vation diagrams. Figure 1 illustrates some of the prob-

lems that can arise. The figure shows the high edge of 
the road, but exactly the same things can happen on the 
low side where the shoulder is expected to function as a 
drainage channel. The most obvious potential drainage 
problem in Figure 1 is that the right edge profile has 
two points with zero grade, at km 9+900 and at km 
10+000, with a very small hump between them. The 
second sag point was eliminated from the final design 
along with the dent centered at km 9+980. 

Less interesting, perhaps, than the double sag 
points but very likely more serious is the danger of in
advertently creating grades that are too near zero for 
proper drainage. We have already seen that the 120-
m Langenl in lhe right shoulder profile in Figure 3 is on 
a grade of only 0.2 percent. To see what could have 
happened to us, suppose that gi and g2 in Figure 1 had 
been -1.2 percent and 0.8 percent instead of -1.0 per
cent and 1.0 percent, respectively. Then the 120-m 
tangent would have been absolutely horizontal. 

For an even more troublesome situation, suppose 
that gi and g2 had been -0.6 percent and 1.4 percent. 
Then the 30-m straight line we considered using be
tween km 9+770 and km 9+800 in the right edge -of 
shoulder would have been horizontal. Since the super
elevation at km 9+800 is also zero, a very hazardous 
pond would have formed on the roadway. To avoid this 
sort of ponding, it is necessary to design so that the 
resultant of the grade and the cross-fall is sufficiently 
large to keep the waLer movin~. For example, Deitrich, 
Graff, and Rotach (10) i·ecommend keeping [g2(x) + s2 (x)J% 
:.> 0.005, where g(x) is the flattest longitudinal grade at 
any point on the cross section, i.e., the minimum value 
of dz(x, W)/dx encountered for any W. 

The analysis necessary to determine whether any 
drainage problems have been caused by a superelevation 
transition can be somewhat more complex than the analy
sis for the edge-of-shoulder dents but is never really 
difficult. It is not necessary to draw edge profiles to 
seale, but schematic dra\vin.gs similar to Figure 4 a.re 
recommended for all situations where it is not immedi
ately obvious that no problem exists. Solving the prob
lems that already exist is likely to be more difficult. 
A solution can sometimes be obtained by changing the 
axis of rotation, but it is often necessary to change the 
profile. Only in unusually fortunate circumstances will 
changes in the length of the superelevation transition or 
its curves be sufficient to remedy serious drainage prob
lems. 

SUMMARY 

As demonstrated in the numerical example, the simplic
ity of the mathematics of vertical curves and superele
valiun lransiliuns can be expluiletl Lu very easily check 
whether a design will have undesirable features such as 
edge-of-shoulder dents, roller-coaster edge profiles, 
and a number of possible drainage and appearance prob
lems. The arithmetic required to check the shapes is 
very simple and requires far less time than would be 
required to make the same checks graphically by plot
ting edge-of-shoulder profiles. In addition, the alge
braic approach yields new designs that conform to the 
normal format of profile and superelevation diagrams 
and, hence, are compatible with standard computer 
programs. 
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Superelevation and Curvature of 
Horizontal Curves 
Joseph Craus, Transportation Research Institute 
Moshe Livneh, Civil Engineering Department, Technion-Israel Institute of Technology, Haifa 

This paper deals with the various parameters required for design of 
a horizontal curve. namely the relation between superelevation 
rate and curve radius. These parameters are derived from the char
acteristics of a person-vehicle-environment system. The lateral ac
celeration that constitutes the physical output from this system de
termines the critical case, for which the radius is minimum. The data 
used here are taken from studies dealing with human factors and traf
fic characteristics. The maximum superelevation rate is determined by 
limiting the negative lateral acceleration for slow vehicles and by as
suring safe driving for fast vehicles. The development of the relation 
between superelevation rate and curve radius for any constant de-
sign speed is based on driver expectation that the pressure exerted on the 
steering wheel will decrease with increasing curve radius. The findings 
are compared with the U.S. and German guidelines. The criteria de
veloped here are concluded to be reasonable and the findings useful for 
design purposes. 

The design guidelines of different countries recommend 
various correlations between horizontal curves and 
superelevation rates but display significant differences 
both in the permissible minimum radii and in the values 
of superelevation rates. Since horizontal curves con
stitute critical points along the entire road system, the 
need exists for determining consensus criteria prescrib
ing the parameters required for the design of a horizontal 
curve. 

The purpose of this work is to establish these criteria 
and the corresponding guidelines for the relation between 

the radius of the curve and the superelevation. The 
basic approach adopted is to choose parameters that ex
press the desired values for attaining unforced driving
referred to as "natural" driving in this paper -in a 
horizontal curve for an actual driving-speed distribution. 

The data employed to determine these values are 
taken from various studies of the human factor and traffic 
research. Such studies lead to indices that determine 
the norm for natural driving in a curve on one hand 
and to indices that determine actual speed distribution 
on the other. For this reason, the lateral friction 
factor does not constitute a leading parameter in 
establishing the sought correlation; however, data on 
road accidents in curves are important input data for 
the analysis. 

The approach to the study of the subject, as formu
lated above, forms the justification for the present work. 
Clearly, knowledge of the criteria for deriving the radii 
and superelevation rates enables any designer to evaluate 
the various implications of their determination . 

SUPERELEVATION FORMULA 

A car moving in a circular horizontal curve is in an 
equilibrium of accelerations, as given by the following 
formula (see Figure 1): 

(I) 




