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A three-dimensional finite-element model of a railway track structure
that includes rails, ties, and ballast is described. The material proper-
ties used for the cohesionless ballast and subballast are obtained from
triaxial tests. A nonlinear, incremental numerical procedure based on
a bicubical-spline stress-strain approximation is being developed for

use in the finite-element analysis. At present, the program is capable
of linear analysis only. The behavior of the track structure under static
loading is predicted by using the linear analysis. Comparison is made
between different ballast geometries on both typical sand and clay
subgrades. The results show the potential value of a nonlinear analysis.

The increased speeds, higher traffic densities, and
larger and heavier cars now being used on railroads
have led to new requirements for improved stability
and durability of rail track support. The impact of
research and development in the area of track structure
design and maintenance could be large; the costs as-
sociated with the replacement and upkeep of railroad
fills are estimated to be about $100 million/year for
Canadian railroads alone, A large portion of this cost
is due to geotechnical problems.

To reduce these costs, the rail track structure must
be improved so as to minimize both live-load deforma-
tions and permanent settlements. The solution to this
problem depends on a large number of variables. These
include, for example, the density, grading, and type of
ballast; the shape of the particles; the dimensions of
various layers; the water content in the lower layers;
the type of subgrade; tie spacing; rail weight; and the
magnitude and speed of wheel loads.

One approach to better understanding of the behavior
of the rail track structure is the use of sophisticated
analytical techniques to model the structure. This pro-
vides the engineer with a means of studying various
maintenance techniques that affect the behavior of the
track system.

FINITE-ELEMENT MODEL

To effectively model the behavior of ballast and founda-
tion material requires the use of techniques that include
the effects of the stress-path dependence and non-
linearity of the continuum and of its lack of ability to
sustain tension.

This paper presents the first steps of a three-
dimensional finite-element program—analysis of rail
track structure—that is being developed (at present,
only a linear model has been completed). The program
described here, however, provides the user with a
family of isoparametric hexahedral and pentahedral
elements that are of sufficient complexity to simulate
the anticipated displacements and stress fields from
multidirectional static loading. Specifically, as shown
in Figure 1, the program includes 8- and 20-nodal
hexahedrons and 6- and 15-nodal pentahedrons.

The major properties programmed to characterize
the behavior of the soil material are its stress-path
dependence and its lack of ability to sustain tension.
The soil elements used include ballast, subballast,
and subgrade material. In addition, the elements
representing the track ties may be taken as nonlinear
in both tension and compression.

The first feature being incorporated —the stress-
path dependence—requires an iterative step-by-step
numerical procedure. The necessary constitutive rela-
tions are obtained by modeling the triaxial test results
for various confining pressures by the use of bicubical
splines (1). The stress or strain paths are then deter-
mined by three-dimensional interpolation. In the cur-
rent program, each set of experimental discrete data
for a particular confining pressure is first smoothed
by the method of least squares and then approximated
by a cubic spline curve (¥;) as shown in Figure 2. Given
this function,
F,=f(o; -03,€) (i=1,2,3,...,m) )
where n = number of different confining pressures Oé,
the partial derivatives (3F,/5¢,) are taken at points
corresponding to €, k=1,2,3,..., m and denoted by
F,,x) where m = user-selected number of prescribed
points in the €, direction. (It should be noted that m
need not have the same value as the number of experi-
mental readings; once the spline F; is known, the spac-
ing on the €, axis can be chosen arbitrarily.)

In the next step, the cubic splines are formulated in
the @; direction to give the set of functions

Gy = 1(0, - 03, 03) 2)

and their derivatives 3G«/39; (or Gk,;). The last member
of the vector [Note: in this paper, vector quantities are
designated by asterisks]

0:‘ = {Usa Oses Osps OS,E,p} (3)
where
0y =0, = 03,y
p = 93,
as,e = Fi,k, a.nd
s = G,

required for interpolation over the rectangular mesh,
as shown in Figure 2, is then obtained by calculating
the first derivatives of ¢, in the o; direction. Given all
the vectors g3k, the complete bicubical spline (S) is
defined as shown in Figure 2, and the tangent modulus
(E+ = 3S/3¢€1) can be calculated for any os and e,

The second feature requires modeling the lack of
ability of the ballast to sustain tension. An iterative,
no-tension technique by Zienkiewica and others (2) is
used for this purpose. This technique is as follows:

1. If certain tensile principal stresses have de-
veloped, they are eliminated without permitting any
point in the structure to displace. Then, to satisfy
overall equilibrium, restraining forces equivalent to
the tensile principal stresses are evaluated element
by element and temporarily applied to the structure.

2. These fictitious restraining forces are then
removed by applying equal but opposite nodal forces,
The structure is then reanalyzed to determine any
remaining tensile stresses. If these are still greater
than a certain limit, steps 1 and 2 are repeated.



In summary, the overall procedure for the jth step
is as follows:

1. A small load inercment is imposed, and the dis-
placements and stresses are computed by using the
tangent Young's moduli E, ;.

2. All tensile stresses in the ballast are eliminated,

3. From the total stress-strain level reached, the
new E,; is calculated element by element by using the
bicubic spline S, and the new global stiffness matrix for
the structure is then computed.

4. If the total number of increments has not been
reached, repeat steps 1-3; otherwise, stop.

The finite-element computer program being developed
will be able to calculate the contact stresses. The
theory used to obtain the contact stresses is as follows:
If the external load acting on the tie is denoted by Q*,
the contact stress by p(x,y), the equivalent force vector
to p by P* the stiffness matrix of the tie (oranarbitrary
body in contact for that matter) by K}, and the stiffness
matrix of the track bed by K#, then the stiffness equa~-
tions for the tie and the track bed separately are

Q*-P*=Kj x {wf, w} €]

Figure 1. Family of three-dimensional elements.
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Figure 2. Determination of stress-strain surface by use of cubic
spline.

and
P* =K {wf,_ wi)T (%)
where
wi, wit = displacements of the tie and the track bed,
respectively, and

corresponding displacements of the con-
tact area.

TR
Wi Wa

The total structural system is then

Q* = (Kf +K3) {wi, wi = wi

»WET (6)

Once this system is solved, the nodal forces (P*) equiv-
alent to the contact pressure can be calculated by using

Equation 5. The contact stress [p(x,y)] can then be de-
termined by using the principle of equivalent work

P x wiT =f p(x.y) x v(x,y)dA N
A

where v(x,y) = deflection of the contact area. If p(x,y)
is approximated by the same shape-function row matrix
N as v(x,y), then, because v(x,y) = N*v*', p(x,y) = N*p'.
Therefore,

Pty wiT= pr*T x N*x dA x v*T (7a)
A

and, by using the compatibility condition that

wi T = v¥T

Equation 7a becomes
P* = p* x M* (7b)

where

M* =fN*T x N*dA
A

and thus p* = M*~' x P and finally p(x, y) = N*x p', which
represents the continuous contact stress function.
Equation 6 holds for the bonded contact between the
tie and the ballast. However, field results, as well as
a simple observation of an actual rail track, show that
the track bed does not settle uniformly. Settlements
underneath the rail and under the tie ends are greater
than those under the central portion of the tie. This
is well known by railroad companies, because failure
to maintain the track causes the ties to break along
the track centerline. A currently used practical solu-
tion to this problem is to leave the central portion of
the ballast bed uncompacted and compact only the
ballast under the rails. This solution, however, does
not appear to be the most efficient one. Uneven settle-
ments due to uneven compaction cause separation of the
contact between a tie and the ballast. Mathematically,
this means that the contact contour is not known and is
dependent on the relative stiffnesses of the tie and the
ballast foundation. Although the tie stiffness is fairly
constant, the stiffness of the ballast is dependent on the
local density and varies across the track bed. Thus,
in Equation 6, w{ is not equal to w#, everywhere under
the tie. However, the approximate contact contour can
be determined by iterative analysis. In such an analysis,



the contact between the tie and the ballast is deter-
mined by a step-by-step procedure for all the contact
points that transmit tensile bonding forces. As has been
shown by Svec (3), this method is simple and usually
converges quickly. The only care required is that the
contact area must be reduced by a logical procedure so
that contact islands are not created.

A few useful additional features of this program
should be mentioned. First, because the boundary con-
ditions are imposed at the elemental level before the
assembly of the total Ki'and K stiffness matrices takes
place, the total number of equations is reduced by up to
40 percent, depending on the mesh and boundary condi-
tions. Second, the half band of these matrices are
further divided and stored on a disk pack; direct access
files are used for the assembly and sequential files are
used for solving. Third, the advanced solver program
developed by Wilson and others (4) was used in the
program.

MATHEMATICAL MODEL FOR
EXAMPLES

The finite-element model shown in Figure 3 was used

to investigate various effects on the response of a linear
elastic soil. This model is based on Canadian main-line
railroad practice, which involves the use of 68-kg/m
(136-1b/yd) continuous welded rail on 150-mm (6-in)
deep by 200-mm (8-in) wide by 2.44-m (8.0-1t) long ties
at 500-mm (20-in) center-to-center spacing. The
ballast and subballast depths were varied from model

to model; however, the shoulder at the top of the tie
was taken as 150 mm, and the side slope of the ballast
was fixed at a horizontal to vertical ratio of 2:1. Be-
cause only vertical loading was investigated, the ballast
elements above the base of the ties were omitted to
reduce computer computation time and charges.

The simulated loading was that of a series of E60
Cooper locomotives that has three axle bogies on
adjoining locomotives spaced at approximately 8.2 m
(27 ft) center to center. To reduce the amount of com-
putation, mirror vertical faces (or shearless vertical
planes) were assumed below the central axle of the
bogie, below the coupler between two locomotives, and
along the centerline of the track. Because the model
requires that the loads be applied at nodes, the dimen-
sions were modified where necessary so that the loads
were approximately correctly positioned. The axle load
for an E60 Cooper locomotive was taken as 287 kN
(64 500 Ibf). In addition, the effect of a bogie having
a single axle at the same loading was investigated.

The elastic properties of the soil, which were taken
as constant, are given below (1 MPa = 145 lbf/in%),

Material E (MPa) v
Rail 206 897

Tie 11724 0.30
Ballast 300 0.45
Subballast 100 0.45
Sand subgrade 100 0.45
Clay subgrade 20 0.45

Figure 3. Finite-element track model.
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The various track support sections analyzed are given
below (1 mm = 0.039 in).

Ballast Subballast Depth
Depth {including sand Clay Subgrade
Case {mm) subgrade) {mm) Depth (mm)
1 150 1200 0
2 300 600 900
3 300 300 900
4 300 150 900
5 450 600 900
6 450 1200 0
7 300 750 900
8 450 750 900

COMPARISON OF EFFECTS OF
SINGLE-AXLE LOAD AND
THREE-AXLE BOGIE

The effects of a single~-axle load versus a three-axle
bogie were compared by using the finite-element model
shown in Figure 3 and the ballast and subgrade depths
shown above for cases 1,2,5,7, and 8. The increase in
vertical stress and displacement caused by the three
axles at the tie-ballast interface below the rail and the
central axle and the increase in horizontal displacement
at the subballast~subgrade interface are given below
(the locations chosen are points of the maximum value).

Increase {%)

Horizontal

Vertical
Vertical Stress Displacement Displacement
Case at Node 9 at Node 9 at Node 7
1 30 18 55
2 37 43 62
5 29 41 56
7 34 41 53
8 28 42 65

From case 1, which is the only one involving a sand
subgrade, it can be seen that the increase in vertical
deformation is the least of all the cases considered.
This agrees with the simple theory normally used of a
beam on an elastic foundation (i.e., constant coefficient
of subgrade reaction), where an increasing coefficient
of subgrade reaction causes a decrease in axle or wheel
interaction. Figure 4 shows the vertical displacement
across the loaded centerline section, which again
demonstrates that the increased deflection due to axle
interaction is small.

The horizontal displacements across the loaded
centerline section for case 1 are shown in Figure 5. It
is apparent that the effect of adding two outer axles is
to reduce the longitudinal deformations in the direction
of the rails near the central load and thus increase the
lateral deformations perpendicular to the rail. It can
be seen that the increase in lateral deformations of
about 50 percent are general across the whole section.

When the subgrade is soft clay, the vertical defor-
mations are increased (as would be expected by the low
coefficient of subgrade reaction used in the beam-on-
elastic-foundation theory because the effect of axle in~
teraction is increased). The uniformity of the vertical-
and lateral-deformation increases are demonstrated
on the central cross-sections by the results obtained for
case 2 (see Figures 6 and 7). As noted, the magnitude
of the differences on a clay subgrade (Figure 6) are
greater than those on sand (Figure 4). The percentage
increases of the lateral deformations are similar,
although the magnitudes are obviously greater for the
clay subgrade.



Figure 4. Transverse vertical deformation below central tie: case 1. Figure 7. Transverse horizontal deformation below central tie: case 2.
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Figure 5. Transverse horizontal deformation below central tie: case 1. ; /
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The comparison of the results of cases 2,3, and 4 allows
a direct measure of the effect of increases in sub-
ballast (or ballast) depth above a clay subgrade, as-
suming no change due to confinement or decrease in
shear stress in the clay properties. The effect of
added granular cover under these conditions is negli-
gible, as demonstrated by the vertical settlements
below the rail vertical section (see Figure 8). How-
ever, in a real situatlion, it is to be expected that the

= elastic properties of a clay subgrade would change as
the confinement and shear stresses changed. As shown
in Figure 9, which illustrates the change in resilient
modulus obtained by Raymond and others (5) for a
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Figure 6. Transverse vertical deformation below central tie: case 2.
triaxial sample of clay at a confining pressure of 35 kPa
INITIAL VALUES - Al (5 Ibf/in%), there is considerable change in resilient
EizIhTo0 MPa T2kN ONE CONCCNTRATLD LOAD modulus as the stress difference changes. In addition,
Ea: 100MPa ——PEFLEBTIONS FROM ... added granular depth will also increase the confining
Eq 20 MPa pressure. (These effects will warrant investigation
E,: when the nonlinear portion of the program is avail-
able, as will consideration of the decrease in shear

stress and of the small increase in confining pressure
i i due to ballast widening rather than increasing depth.)
""" Even if the elastic properties of the subgrade remain
) constant as the granular depth increases, there is
£ ) nevertheless an improvement in lateral deformations,
. This is apparent from a comparison of the horizontal
displacements for case 4 (see Figure 10) with those
for case 2 (Figure 7). How important this reduction

E;

2 7 113 1T 21 P
N el in lateral deformations is in reducing deterioration
s i e ;—;_‘f_..;—-f-—"ﬂ’ under repeated loading (i.e., that due to the passage
of large numbers of wheel loads) is unknown. How-

ever, it is not unreasonable to suspect that the larger
Eq the deformation, the greater the adverse effect in

terms of the fatigue life of the whole support system.
In particular, the overlying granular material, which
generally has a much higher resilient modulus than
clay, can be expected to be adversely affected because
6 u 0 | 23 of the incompatibility of strains at the ballast-clay
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Figure 8. Longitudinal vertical deformation below rail: cases 2, 3, and 4.
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Figure 9. Change in resilient modulus with change in
stress difference.
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CONCLUSIONS AND PROGRAM
SUMMARY

A three-dimensional finite-element model of a rail
track structure is presented. It is shown how the com-
plicated stress-path-dependent behavior of the ballast
and subgrade materials can be conveniently traced by
this numerical technique. Further work will be re~
quired to complete the programming of the problem
of an incremental piecewise linear numerical process.
Results obtained by using the linear portion of the
program indicate that the effect on vertical deforma-

Figure 10. Transverse horizontal deformation below central tie: case 4.
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tion of the interaction of several wheel loads is in-
creased as the resilient modulus of the subgrade de-
creases. The percentage increase in the lateral
deformation was found to be approximately independent
of the modulus; however, the magnitude increased as
the resilient modulus decreased.

When the resilient modulus of the subgrade remains
constant, there is little decrease in vertical deforma-
tion obtained from increased granular depths; however,
the lateral deformations are decreased. Test data on
clay material show the fallacy of a constant-modulus
assumption and thus the importance of a nonlinear
analysis.

The program has the following capability: Static
linear or nonlinear analysis for moments, deflections,
stresses, and strains of a three-dimensional railroad
track structure under static loads. It is written around
two types of elements—8- and 20-nodal hexahedral and
6- and 15-nodal pentahedral elements. The program



allows the calculation of contact forces between two
structures (i.e., the ground and the tie-rail system).
Triaxial test data for ballast or granular material can
be processed in a cubical spline form to allow for
variable Young's moduli and Poisson’'s ratios. A beam
stifiness can be added to the total system if it is desired
not to model the rails as three-dimensional elements.
The input data are described in terms of a railroad,

but the program could be used to describe other struc-
tures.

The following method is used: Loads and railroad
details are defined for each point of the three-
dimensional mesh (nodal system). Analysis is by the
finite-element method with displacements as the primary
variables. The maximum number of nodes is 999 nodal
points. However, the size can be increased by changing
the dimension statements in the main program. The
programming language used is FORTRAN 1IV.

The input of the program includes node numbers,
element numbers, nodal-point coordinales vr elemeul
half lengths and side projections, boundary conditions,
material properties (Young's modulus, Poisson's ratio,
and unit self-weight), material tension identifier,
triaxial test results (for nonlinear analysis only), rail-
tie system geometry and material properties, contact-
structure elements and nodes duplication (for contact-
structure analysis only), loads (point and uniformly
distributed or both), and nodal point displacements
(optional), The output includes nodal-point incremental
and total displacements, principal strains, nodal-point
stresses and strains, and element total moments,
stresses, and strains.

Typical running times are 25 min for 480 nodal
points (approximately two days data preparation) and
110 min for 626 nodal points.
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Field Observations of Ballast and
Subgrade Deformations in Track

Tai-Sung Yoo, Daewouv Engineering Company, Seoul, Korea

Ernest T. Selig, Department of Civil Engineering, University of Massachusetts,
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An extensive instrumentation program has been undertaken at the Facil-
ity for Accelerated Service Testing track located at the Transportation
Test Center in Pueblo, Colorado, to monitor the performance of ballast,
subballast, and subgrade layers under repeated traffic loading. Test sec-
tions are involved that contain wooden and concrete ties, tangent and
curved track, ballast depths of 36-83 cm (14-21 in), and three diflerent
types of ballast. Soil strain gauges were installed in the ballast and sub-
ballast layers to measure the vertical and horizontal strains caused by
train traffic loading and by track maintenance operations. Vertical ex-
tensometers were used to determine the settlement of the subgrade sur-
face, and soil stress gauges at the subballast-subgrade interface were used
to measure the vertical stress on the subgrade. The monitoring included
both long-term measurements of the permanent strain and deformation
accumulated with traffic and dynamic measurements of the elastic re-
sponse under train loading. The study has provided extensive and unique
data on the nature of the deformation response of a track system as a
function of various track parameters. The system responded elastically,
but nonlinearly, under each repeated axle-load cycle. However, perma-
nent deformation did accumulate and continue to develop even after
667 GN [75 million gross tons (MGT)] of train load. Most of the read-
justment after tamping disturbances occurred within the first 89-178 GN

(10-20 MGT) load, with about half completc within 8.9-17.8 GN (1-2 MGT).

The performance of track structures is significantly af-
fected by the behavior of the ballast and the subgrade
under the repeated stresses caused by train loadings.
The properties of these materials are a function of their
physical state, which is influenced by maintenance and
traffic history. Very little data are available from pre-
vious experience of actual track structures that can pro-
vide direct information on the physical states and defor-
mation responses of ballast and subgrade, a situation
that leaves considerable uncertainty about the specific
ways in which these materials affect track performance.
A significant advance in the understanding of track
performance has resulted, however, from the instrumen-
tation program initiated in 1976 at the Facility for Ac-
celerated Service Testing (FAST) track at the Transpor-
tation Test Center (TTC), U.S. Department of Transpor-
tation, in Pueblo, Colorado, to monitor the response of
the ballast and subgrade layers under traffic. The in-
strumented sections contain both wooden and concrete



