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Analysis of Multiple Acceptance Criteria 
Richard M. Weed 

A relatively simple type of acceptance procedure currently in use has the 
dual acceptance requirements that the average value of all items of a sam
ple must equal or exceed a limit and that each individual value must 
equal or exceed some lower limiting value. Provided the sampling is from 
a normal population, the probability of passing either of these criteria 
separately can be calculated quite readily. However, determining the 
compound probability of passing both requirements of the acceptance 
procedure is complicated by the fact that the individual probabilities are 
correlated. A solution is presented that involves the calculation of upper 
and lower bounds for the desired probability. This solution is then gen
eralized to apply to any number of multiple acceptance criteria. An ex
ample is presented to demonstrate that the bounds are usually sufficiently 
close together to make this a practical approach. Because the calculations 
are quite tedious, a computer program has been written to simplify this 
part of the procedure. The speed and convenience of the computerized 
approach will permit specification writers to experiment with different 
acceptance limits to determine those that produce suitable producer's and 
consumer's risks. For the producer, it will provide a means to determine 
the target value necessary to ensure that the probability of acceptance 
will be at least the amount desired. 

A statistical acceptance procedure in frequent use 
today requires that the mean of a random sample must 
equal or exceed a limiting value, and, in addition all 
individual sample values must equal or exceed a iower 
limit. When the sampling is from a normal population, 
the probability of passing either of these requirements 
can easily be calculated. However, because both re
quirements are applied to the same set of sample values, 
the individual probabilities are correlated to some un
known degree. As a result, the compound probability 
of passing both requirements cannot readily be deter
mined. To my knowledge, a direct analytical solution 
of this problem is not known. 

To circumvent the correlation problem, a different 
approach has been taken. Although it may not be pos
sible to determine the exact probability of acceptance, 
it is possible to calculate upper and lower bounds for 
this probability. As long as these bounds are not too 
far apart, this provides a reasonably precise interval 
estimate of the true probability of acceptance. 

Depending on the exact nature of the dual require
ments, there are several factors that must be taken 
into consideration. Before deriving the bounds for the 
joint probability of passing both requirements, it will 
be useful to develop the sampling distributions neces
sary to determine the probabilities of passing each 
requirement separately. 

SAMPLING DISTRIBUTIONS 

The first requirement of the acceptaE,ce procedure is 
that the meao of all the teJ>t values (X) must equal or 
exceed a limiting value (XL). Defining a! and a~ as the 
product and testing variances and provided that the 
population is approximately normal, the sampling dis
tribution for the mean of N samples of size n is normal 
with a mean (µ.1) equal to the true product mean (µp) and 
a standard deviation (cri) given by Equation 1. (This 
assumes that the samples are taken from N different 
portions of product and that, within each portion, the 
n individual tests are subject only to testing error. 
Note that when n = 1, 0'1 represents the standard error 
of the mean of N single samples that can be calculated 
from the overall standard deviation of individual values 
without requiring a knowledge of the specific values of 
O'p and <Jr.) This distribution is shown in Figure 1. 

a 1 = (a~/N) + (at/Nn) (I) 

Defining ll!1_as the probability of the sample mean 
falling below XL, Equation 2 gives the probability P1 of 
passing the first requirement. The value of G:1 is ob
tained from a table of the standard normal distribution. 

P1 = P[X ;;, Xd = I - CX1 (2) 

One way in which the second requirement of the ac
ceptance procedure might be stated is that all of the 
N x n test values must equal or exceed a limiting value 
XL. The requirement that all n values of a sample must 
equal or exceed XL is the same as requiring the lowest 
value (the first-order statistic) to equal or exceed this 
value. Assuming that the variability of the product and 
the testing error are approximately normally distributed, 
the sampling distribution of the first-order statistic will 
also be approximately normal, as shown in Figure 2, 
with a mean µ.2 and standard deviation 0'2 given by Equa
tions 3 and 4: 

µ2 = µp +C1 aT 

a2 =Va~ +C2 at 

(3) 

(4) 

The constants C1 and C2 are the mean and variance, 
respectively, of the first-order statistic for a sample 
from a standard normal distribution and are obtained 
from appropriate tables (1 ). The following table lists 
values of C1 and C2 for sample sizes up to n = 10: 

Sample 
Size (n) Mean (C1 ) Variance (C2) 

1 0 1 
2 -0.564 19 0.681 690 113 9 
3 -0.846 28 0.559 467 203 8 
4 -1.029 38 0.491715236 9 
5 -1.16296 0.44 7 534 069 1 
6 -1.267 21 0.415 927 109 0 
7 -1.35218 0.391 917 776 1 
8 -1.423 60 0.372 897 143 4 
9 -1.485 01 0.357 353 326 4 

10 -1.53875 0.344 343 823 3 

Defining ll!2 as the probability of the lowest of the n 
values in each sample falling below XL and recognizing 
that the N sample results are independent of each other, 
Equation 5 gives the probability P2 that all N samples 
will pass the second requirement. The value of 0:2, 
like G:1, is obtained from the standard normal table. 

P2 =P[ALLX;.Xd =(l-a2)N (5) 

If the second acceptance requirement were applied 
to the mean of the n individual tests in each sample in
stead of the lowest value, the use of order statistics 
would not be required. In this case, Equations 6 and 7 
would apply and the sampling distribution would be as 
shown in Figure 3. 

µ2 = µp 

a2 =Va~+(ai/n) 

(6) 

(7) 

G:2 and P2 would still be determined in the manner pre
viously indicated. (Note that when n = 1, 0'2 represents 



Transportation Research Record 745 

Figure 1. Sampling 
distribution of the mean 
of N samples of size n. 

ex, 

Figure 2. Sampling 
distribution of the lowest 
value in a sample of size n. 

Figure 3. Sampling 
distribution of the mean 
of a sample of size n. 

the overall standard deviation for individual values and 
a knowledge of the specific values of Up and Ur is no 
longer necessary.) 

DERIVATION OF UPPER AND 
LOWER BOUNDS 

Once P1 and P2 have been determined, it is tempting to 
assume that the compound probability of passing both 
requirements would simply be the product P1P2. This 
would be correct if P1 and P2 were independent but, be
cause both requirements are applied to the same set of 
sample values, this is not the case. For example, 
when a group of higher-than- usual individual values pro
duces an unusually high probability of passing the re
quirement on individual tests, there will be a corre
sponding high probability of passing the requirement on 
the sample mean. As a result, the two probabilities 
are positively correlated to some degree. 

The correlation problem can be avoided by calculating 
upper and lower bounds for the desired probability of ac
ceptance. To simplify the derivation that follows, call 
the events of passing the two acceptance criteria A and 
B. The objective is to determine bounds for the prob
ability of the joint occurrence of A and B under the con
dition that they are positively correlated to some un
known degree. The exact probability for their joint oc
currence can be expressed as 

P[AnB] = P[AIB] · P[B] = P[BIAJ · P[A] (8) 

in accordance with a law of probability usually referred 
to as the general law of multiplication (2). Because 
any probability value must be less than or equal to one, 
it follows that 

P[AnB] "'P[B] (9) 

and 

P[AnB] "'P[A] (10) 
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and, from this, 

P[AnB] "'MINIMUM(P[A], P[Bll (11) 

is derived as the upper bound. To obtain the lower 
bound, it must be noted that when two events are posi
tively correlated, the occurrence of one increases the 
probability of the occurrence of the other. Therefore, 

P!AIB] "P[A] (12) 

which, when substituted back into Equation 8, gives 

P[AnB] ;;, P[A] · P[B] (13) 

as the lower bound. Applying these results to the dual 
acceptance criteria problem yields 

(14) 

which can be generalized to 

(15) 

provided that none of the acceptance criteria are nega
tively correlated. 

COMPUTER SIMULATION TESTS 

In order to check the theoretically derived bounds given 
by Equation 14, several tests were made by using com
puter simulation. Each simulated result was the average 
of a minimum of 1000 replications that used various 
combinations of product and testing variance. In every 
case, the value obtained by simulation fell within the 
theoretically predicted bounds. The results of these 
computer simulation tests follow: 

Probability of Passing Both 
Requ i rem en ts 

Theoretical Simulation 
Test Bounds Result 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

0.03-0.03 
0.04-0.08 
0.04-0.11 
0.30-0.34 
0.61-0.67 
0.78-0.81 
0.92-0.95 
0.95-0.96 
0.96-0.97 
0.99-0.99 

0.03 
0.07 
0.08 
0.31 
0.67 
0.81 
0.95 
0.95 
0.97 
0.99 

IMPLEMENTATION 

When the sampling is from a normal population, both 
bounds can be calculated directly and, for practical 
purposes, this is best done by computer. The speed 
and convenience of the computerized approach will per
mit a specification writer to experiment with different 
acceptance limits in order to determine those that pro
duce suitable producer's and consumer's risks. Where
as the consumer will be interested primarily in the 
upper bounds for probability of acceptance, the producer 
will be more concerned about the lower bounds. For 
the producer, the computer program will provide a 
means to determine the target value necessary to en
sure that the probability of acceptance will be at least 
the amount desired. 

EXAMPLE 

Based on engineering considerations or historical data, 



22 Transportation Research Record 745 

Figure 4. Typical computer printout for dual 
acceptance criteria analysis. ENTER NUMBER OF SAMPLES (FOUR TRIAL VALUES) 

1 2 s 10 

ENTER SIZE OF EACH SAMPLE (MAXIMUM 10) 
2 

ENTER CODE FOR MANNER IH WHICH REQUIREMENT OH IPIDIVIDUALS IS APPLIED 
(1 • INDIVl~UAL TEST VALUES, 2 = INDIVICUAL SAMPLE MEANS) 
1 

ENTER FROCUCT AND TESTING STANDARD DEVIATIONS 
>oo 2no 

E~TER LOWER LIMITS FOR MEAN AND INDIVIDUAL VALUES 
4000 3200 

EHTER MINIMUM, MAXIMUM, AND ' STEP SIZE FOR POPULATION MEANS 
3500 4900 100 

POPULATION LOWER 
MEAN 

3500 
3600 
3700 
3800 
3900 

4000 
4100 
4200 
1,300 
4400 

4SOO 
'•600 
4700 
4800 
4900 

or a combination of both, a specification writer would 
have a reasonably good idea of what constitutes accept
able and unacceptable product in terms of the population 
mean and standard deviation. In order to develop an ef
fective acceptance procedure, the operating character
istics must be investigated to confirm that the proba
bilities of accepting good material and rejecting bad 
material are satisfactory. This will usually require a 
trial-and-error approach in which the specification 
writer will wish to experiment with different acceptance 
limits and sample sizes. 

To illustrate how this can be done by using an inter
active computer program prepared specifically for this 
purpose, suppose that the specification writer has 
decided to define a sample as a pair (n = 2) of tests but 
that the number (N) of samples to be required has not 
yet been determined. Recalling that the general case 
(N samples of size n) requires that the product and 
testing variability be dealt with separately, the program 
has been written to accommodate this. For this ex
ample, values of a. = 500 and a, = 200 will be used. (In 
order to simplify the presentation, the specific units 
have not been identified and may be regarded as either 
metric or customary quantities.) 

The remaining input variables required are the two 
acceptance limits and some additional values that deter
mine the size of the table the computer will print out. 
For this example, lower limits of 4000 for the sample 
mean and 3200 for individual test values have been 
selected. The remaining input values of 3500, 4900, 
and 100 instruct the computer to make the calculations 
for population means of 3500 to 4900 in steps of 100. 
The complete printout for this run is shown in Figure 4. 

Several runs of this type would normally be required 
to analyze the effects of various combinations of product 
and testing variability or to evaluate different pairs of 
dual acceptance criteria. For purposes of this example, 
however, only the run shown in Figure 4 will be ana
lyzed. 

N 

0 .11 
0. 16 
0 . 22 
0. 29 
n.37 

0.4S 
O.S4 
0.62 
0.70 
0. 76 

0.82 
0 . 87 
0 . 9~ 
0.94 
0 . 96 

APID UPPER BOUNDS FOR PROBABILITY OF ACCEPTANCE 
1 N 2 N 5 N 10 

- n.11 o . or, - 0.09 0. 00 - 0 .02 0 . 00 - o.oo - o.n 0. 07 - 0.14 0.01 - 0 .04 0.00 - 0.01 
- 0.28 0.12 - 0.21 0. 03 - n. lo o. oo - 0.03 - 0.35 0.20 - 0. 29 0.07 - o. 19 0 .0 2 - 0 .11 
- 0.42 0 , 30 - 0. 39 0. 16 - ~ .33 0.01 - 0.24 

- a.so 0. 41 - a.so 0 . 30 - n.so 0 .1 8 - 0. 36 
- O.S8 0 . 53 - 0.61 0.47 - O.G7 0. 36 - o. s o 
- 0.6S 0 .64 - 0 . 71 0 . 64 - 0. 79 a. SS - 0. 62 - 0.72 0. 75 - 0 . 79 0.77 - a.rs 0 . 71 - o. 7} - 0.78 0. 83 - 0.86 o. n - 0. 91 0 .8 2 - 0 .8 2 

- 0.33 0.89 - 0. 91 0.93 - 0.94 o.ss - 0 .89 - 0. 8 8 0.94 - 0.95 0.96 - 0.96 D.B - 0. 9 3 
- 0.91 0.96 - 0. 9 7 0.98 - 0.98 0 . 9 6 - 0 .96 
- 0.94 o.n - 0.99 0.99 - 0 . 99 0 . 9 8 - 0 . 9 8 - 0,96 0.99 - 0.99 0.99 - 0.99 0.99 - 0 .99 

ANALYSIS OF RESULTS 

Several interesting observations may be made from 
the values in the computer printout. Each column of 
probability values represents the points on an operating 
characteristics curve for the number of samples N indi
cated at the top of the column. The paired values are 
the lower and upper bounds for the true probability of 
acceptance that correspond to each population mean 
listed in the column at the extreme left. 

The specification writer will be concerned primarily 
with the upper probability value of each pair. For ease 
of analysis, a portion of the printout that shows the 
maximum probability of acceptance for various numbers 
(N) of samples of size n = 2 is reproduced below: 

Upper Bounds for Probability of 

Population Acceptance 

Mean N=1 N=2 N=5 N = 10 

3500 0.17 0.09 0.02 0.00 
3600 0.22 0.14 0.04 0.01 
3700 0.28 0.21 0.10 0.03 
3800 0.35 0.29 0.19 0.11 
3900 0.42 0.39 0.33 0.24 

If, for example, it were desirable to have a low proba
bility of acceptance for product with a population mean 
as low as 3500, these data indicate that a total of N = 2 
samples (each of size n = 2) produces a maximum prob
ability of acceptance of 0.09, whereas a total of N = 5 
samples lowers this probability to 0.02. Based on these 
results (and those of other runs), the specification 
writer would select the appropriate acceptance limits 
and number of samples to achieve the desired result. 

The printout will also be of considerable value to 
the producer whose product is to be accepted or re
jected by this procedure. The producer will be con
cerned with the lower probability value of each pair. 
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For convenience, the values of interest are reproduced 
in the following table: 

Lower Bounds for Probability of 

Population Acceptance 

Mean N =1 N=2 N=5 N = 10 

4500 0.82 0.89 0.93 0.88 
4600 0.87 0.94 0.96 0.93 
4700 0.91 0.96 0.98 0.96 
4800 0.94 0.98 0.99 0.98 
4900 0.96 0.99 0.99 0.99 

If, for example, the number of samples is specified 
to be N = 5 and the producer desires a probability of 
acceptance of at least 99 percent, these data indicate 
that a population mean of 4800 must be achieved. 

Another interesting observation to be made from 
the values noted above concerns the effect of increas
ing the sample size. Ordinarily, increasing the 
number of samples would be expected to reduce both the 
producer's and the consumer's risks. However, with 
dual acceptance procedures of the type used in this 
example, this is not necessarily the case for producer's 
risk. For the larger values of the population mean rep
resenting higher levels of quality, the probability of ac
ceptance increases up to N = 5 and then begins to de
crease as N becomes larger. This is the result of the 
increased opportunity to fail the requirement on indi
vidual test values. 

CONCLUSION 

Beca use the probabilities of passing the requirements 
of a multiple acceptance procedure are correlated, the 
compound probability of passing all requirements cannot 
readily be determined. As an alternate approach, upper 
and lower bounds for tli.e desired probability can be cal
culated. The theoretical basis for this approach was 
developed, and the results were tested by computer 
simulation. 

An example was presented that demonstrated that 

these bounds provide a reasonably precise interval 
estimate of the true probability of acceptance. The 
calculations were performed by an interactive com
puter program that can be a valuable aid, both to the 
specification writer in developing the acceptance pro
cedure and to the producer in determining the target 
value necessary to meet it. 
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The purpose of this paper is to provide guidance in 
the analysis of multiple acceptance criteria, not to 
advocate the use of acceptance procedures of this type. 
Depending on the measure of quality that is used and 
the manner in which it is related to performance, other 
acceptance procedures may be preferable . For ex
ample, the concept of percent defective (i.e ., p ercentage 
of a lot falling outside specification Umit-s) is often pre
ferred by both designers and specification writers. For 
this approach, the methods of Military Standard 414 
(3) may be applied. 
- Looking ahead, the bounds given by Equations 14 and 
15 may prove to be useful in other situations in which 
correlation exists. Successive moving averages, for 
example, are correlated and may be analyzed in this 
manner. Also, certain sequential sampling plans, in 
which a failure results in the taking of a second sample 
and combining it with the first, produce correlated 
probabilities that can be analyzed effectively by the 
boundary approach. In general, any application that 
involves positively correlated probabilities is a poten
tial candidate for this method. 
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Unbiased Graduated Pay Schedules 
Richard M. Weed 

Conventional graduated pay schedules are biased in the sense that, on the 
average, they provide less than 100 percent payment for a product that 
is exactly at the acceptable quality level. The quality index on which 
they are based is an essentially unbiased indicator of the percent defective 
of the population but, because the highest level in the pay table is 100 
percent, the average pay factor will usually be somewhat less. This may 
create serious problems in certain instances but can be overcome by de
veloping unbiased pay schedules that are linear functions of the estimate 
of the population percent defective. This approach can be applied to 
both continuous and stepped pay schedules and , in both cases, pay fac
tors greater than 100 percent are permitted. These are used to establish 
credit that may be applied to offset lower pay factors within specified 
time intervals throughout a construction project. This method is 
mathematically sound and produces the desired average pay factor at 
all quality levels. It is not the same as a bonus provision because the 
overall pay factor for each time period is still limited at 100 percent. 
The preparation of tables for estimating percent defective is reviewed, 
and both continuous and stepped pay schedules based on this measure 
are developed ~ Operating characteristics curves and optimization curves 

are presented to compare these approaches and assess their effect on 
bidding strategies. 

Statistical construction specifications are based on a 
desired end result and usually employ graduated pay 
schedules to award payment in proportion to the extent 
that the end result is achieved. An acceptable quality 
level (AQL) is defined as that level of some quality mea
sure of a product considered necessary for satisfactory 
performance. When the acceptance procedure indicates 
that the quality level is greater than or equal to the AQL, 
the lot is eligible for 100 percent payment. If the tests 
indicate that the lot quality level is less than the AQL, 
a graduated pay schedule is used to determine the ap
propriate reduced pay factor. In addition to the AQL, 


