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structure interaction aspects but appears, however, to 
be conse n 1ati ve. 

The performance of the structure at Monessen pro
vided a valuable test case for the adequaC}' o[ the cur
rent design practice because the structure supported 
the slope above it despite the unexpected slope !allure 
below. 

CONCLUSIONS AND RECOMMENDATIONS 

Based on the experience with and the available structure
movement data from this project, the following conclu
sions are made: 

1. The root-pile structure pro\•ides a fast and eco
nomical alternative to many conventional structures. 

2. Before the installation or the root piles, the 
movements or the cap beam \•aried from less than 2.5 
cm at the north end to more than 46 cm at the south 
end. These movements were due to movements of 
unstable soil in the slide area. 

3. After the installation or the root piles, there were 
signiCicant movements Lup to 5 cm (2 in)) in the cap beam 
as well as in the soil below it. This indicates that some 
movement of the root-pile structure was needed before 
resistance to earth pressure could be mobilized. 

4. o significant soil movement through the root piles 
could be detected ; Le., the small-diameter piles and the 
soil between them appeared to work as a single composite 
structure. 

5. The construction of the root-pile wall was rapid 
and caused little or no disturbance to the existing ter
rain. 

6. Conventional design procedures for retaining 
walls appear to provide overall design for root-pile 
walls. The geome_try of the root-pile structure des
cribed in this paper is patented and may not be the opti
mum design for all situations. Therefore, the design 
procedure for the geometry and size or the individual 
piles within the root-pile structure should be investigated 
further. A ratJonal method, one that considers soil-
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structure Interaction, should be developed for the design 
of root-pile structures and verified by using actual field 
measurements or prototype construction. 

7. There should be more test cases of root-pHe 
construction; the inst:·umentat!on should be adequate 
to measure loads and movements so that the design 
methods can be evaluated. 
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Analysis of an Earth-Reinforcing 
System for Deep Excavation 
S. Bang, C. K. Shen, and ' K. M. Ramstad 

A limit ·analysis procedure for a reinforced lateral earth support system 
is described. The system is composed of a wire-mesh-reinforced shot· 
crete panel facing, an erray of reinforced anchors grouted into the soil 
mus. and rows of reinforcing ban that form horizontal wales at each 
anchor level. Excavation stans from the ground level and, after each 
layer, reinforcement is applied immediately on the exposed surface 
and Into the native soil . This system thus forms a temporary earth 
support that has the advantages of requiring no pile driving. not 
loosening or sloughing the soil, and provid ing an obstruction-free 
site for foundation work.. It has been successfully used for large 
areas of excavation to depths of up to 18 min various ground condi· 
tions. However, in the past, no rat ional and proven analytical design 
procedurt! was available, a problem that resulted in considerable 
reservation toward the use of the system among engineers and con· 
tractors. The two-d imensional plane-strain limit -analysis formulation 
Includes considerat ion of design parameters such as soils type, depth 
of excavation, length of the reinforcing membe~ . inclination, and spac· 

Ing. The analysis procedure can be used to evaluate the overall stability 
of the system and to determine the proper size, spacings, and length of 
the re inforcement for a given site condition. 

In recent years, underground construction has been 
widely used as a logical part or the solution to many 
urban and city problems. Sewer and water conduits and 
other utility lines are usually installed underground in 
large cities, and vehicular tunnels and underground s ta
tions can decrease both intracity and intercity traffic 
congestion and thus improve both air quality and traffic 
safety. Even more important is that increased under
ground building construction is a desirable alternative 
that saves energy. To meet the challenge of increasing 
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demand , it is imperative that effective, economical, and 
safe underground excavation technology be developed. 

This paper describes a Umit-analrsls procedure for 
a relatively new, reinforced lateral earth support sys
tem for deep excavation. This system has been used in 
Vancouver, British Columbia, in Edmonton, Alberta, 
and more recently in Portland, Oregon (1), to depths up 
to 18 m. Varying ground conditions have been en
countered, including sandy and clayey Cills, glacial 
tills, sandy and silty alluvial deposits, and very soft 
weathered rocks. The advantages of this system over 
those of conventional, temporary lateral earth support 
systems have been reported elsewhere (2 , 3). Although 
the cost of construction is comparable to tnat of conven
tional systems, the time required to complete an excava
tion job can be decreased by 30-50 percent if the new 
system is used . 

Briefly, the system is composed of a 0.1-m-thick, 
wire-mesh-reinforced shotcrete panel facing; an array 
of reinforcing members spaced 0.9-1.8 m apart and 
grouted into the soil mass; and rows of four no. 4 re
inforcing bars forming l1orizontal wales at each anchor 
level (see Figure 1). Excavation starts at the ground 
level and, after each layer, reinforcement is applied 
bnmediately on the exposed surface and into the native 
soil. The system offers an unusual way to form a tem
porary earth support and has the advantages of requiring 
no pile driving, not loosening or sloughing the soil, and 
providing an obstruction-free site for foundation work. 

BACKGROUND 

Designs for and analyses of this system have usually 
asswned the classical Rankine's active failure wedge, 
and the spacing and length of the reinforcing members 
have been determined by using a procedure similar to 
the conventional tied-back anchor system design. How
ever, there are some fundamental behavioral differences 
between the nature of this system and that of other lat
eral earth support systems. Com·entional systems are 
designed to retain the soil adjacent to a ,·ertical cut, 

Figure 1. Typical cross section. 
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whereas this system is based on strengthening the ad
jacent native soil so that the system .itself can withstand 
a vertical cut to a depth that normally requires the in
stallation of lateral support. F\Jrthermore, the strength
ened soil mass develops its strength through a network 
of closely spaced reinforcing members that are grou ted 
into the soil. This system can be viewed as a reinforced
earth retaining wall having adequate strength and sta
bility to contain the movement of soil masses both within 
and behind it. 

A simple design method for reinforced-earth walls 
has been suggested by Lee and others (4) based on the 
assumption that the classical Rankine's-plane failure 
surface passes through the toe of the wall facing at an 
angle of [45 + (0/ 2) )0 to the horizontal. A similar as
sumption is made in the method proposed by Holm and 
Bergdahl (5), which takes into consideration a failure 
plane having different inclinations and points of inter
section with the wall facing. 

Although the classical plane failure-surface assump
tion simplifies the analysis procedure , it ts highly un
likely that the failure surface of an adequately designed 
reinforced-earth wall would give a triangular failure 
wedge. Laboratory-model tests of reinforced-earth 
walls (6, 7) have indicated that their failure surfaces are 
curved-and cannot be effectively represented by the con
ventional plane failure-surface assumption. 

Ramstad and others (8) approached the design of a 
reinforced-earth wall by-hypothesizing that the failure 
surface will consist of two planes having a transition at 
the back edge of the reinforcing strips when it extends 
beyond the reinforced-earth zone or will be a plane 
through the toe of the wall when it lies entirely within 
the reinforced zone. 

A similar approach has been used by Smith and Wroth 
(7). Their hypothesized failure surface is the same as 
tnat suggested by Romstad and others. They as sume that 
the resultant of the earth pressure developed between the 
reinforced and the unreinforced soil blocks forms an 
angle ¢ to the horizontal. The overall stability of the 
wail is then evaluated by comparing the strip force cal
culated from the force equilibrium of the reinforced 
block with the total frictional force calculated from the 
overburden and the effective strip legnth beyond the as -
sumed failure surface. The disadvantage of this ap
proach is that the factor of safety calculated for a stable 
reinforced-earth wall is highly unconservative because 
full friction is assumed to be developed at a ll times. 
Therefore, the results are valid only when the wall is 
on the verge of failure. 

LIMIT ANALYSIS AT EQUILIBRIUM 

To date, there have been no prototype failure studies of 
thls new lateral earth support system. Other indirect 
methods, therefore, must be used to approximate the 
failure mechanism. As shown in Figure 2, contours of 
factors of safety can be obtained by a finite-element 
analysis or the system (g) and, thus, a potent ial fai lure 
surface can be approximated; this potential failure sur
face passes more or less through the toe of the wall to 
form a curved surface. As discussed above, most of 
the proposed design methods for reinforced earth walls 
(7, 8) approximate this curved failure surface by two 
planes that have an abrupt change of direction at the 
back of the I'einforced zone. In this analysis, ho we\ er, 
it is assumed that the- failure surface is more appropri
ately represented by a parabolic curve passing through 
the toe of the wan. The parabola can intersect the 
ground surface at any point by changing the value of "a", 
as shown in Figui·e 3. The potential failure surface is 
then the parabola that has the lowest oyerall factor of 
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Figure 2. Factor-of·safetv contours determined bv 
finite-element analvsis. 

H•7Sm 
~·~Sm 

,0•013m 
S•L5Xl,5m 
8•20" 
C•Sl7kNtm2 

; 1 21• 
Y,•1977kN/m! 

Figure 3. Postulated failure 
surface: general case. 

Figure 4. Postulated failure 
surface: (a) case 1 (a ;. &rl 
and (b) case 2 (a <8f). 
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safety. Two cases must be considered separately: 
cas e 1 in which the failure surface extends beyond the· 
re inforced zone and case 2 in which the failure surface 
lies entirely wit hin the reinforced soil n1ass (see Fig
ure 4). 

Figure 5. Free-bodv diagram. 
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Figure 5 shows the free-body diagrams of the reinforced 
soil block (element 1) and the unreinforced soil block 
(element 2). The directions of the tangential forces 
acting along the bottom of each element, S2 and Ss, are 
assumed to be parallel to the corresponding chords, i.e., 

a3 =tan·' ( L1.'L cos 0) 

o:, = tan·1 (H - L1)/(aH - L cos 6) 

where 

L1 =YI = L2cos211 /a 2H 
x = l cos6 

The equilibrium equations of element 1 are thus 

where 

I Lco16 

W1 = HL-ycosll-
0 

(x2/a 2H)-ydx 

Si= ~Ni (i.e., 
~=ratio of S1 to Nil, 

N1 = 1/zKy(H - Li)~ 
a = unit weight of soil, and 
K =stress (cr) ratio= ab/crv. 

The equilibrium of element 2 is expressed by 

where 

f
aH 

W2 =-y [ H(aH- Li:osll)- (x'/a 2 Hldx] 
LcostJ 

(I a) 

11 b) 

('.!) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

Therefore, the total driving force (S0 ) along the as
sumed failure surface is 

S0 = S, + 53= 1W 1 - S1Jsino. 3 + rw, + S1 )sino:5 

+ N1 lcoso:3 - cosa,l 1,9) 

The total resisting force (s,) along the failure surface 
can be expressed as 

(10) 
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where 

C' = developed cohesion, 
¢~ =developed friction angle for element 1, 
¢a =developed friction angle for element 2, 
Na= N2 + T., 
T~ =normal component of the resultant of the axial 

force in the reinforcing members 
= l:T 1 cos(90 - 0i3 - al, 

Tr =tangential component of the resultant of the 
axial force in the reinforcing members 

= l:T1sin(90 - 0!3 - a), 
l:T 1 = resultant of the axial force in the reinforcing 

members behind the assumed failure surface 
(this calculation is described below), and 

L2 =length of the entire failure arc, i.e., 

Li =[Iii (I + (dy/dx) 2 ] v.dx 

= (H/2) (al + 4) 11 (a2H/4) ~n / [ 2 + (a2 + 4)] /a11 / (I I) 

The coefficient (3, the ratio between the normal force and 
the tangential force at the interface of element 1 and 
element 2, can then be obtained from the equilibrium of 
element 2. The driving force in element 2 is S3, and the 
resisting force can be obtained by using Coulomb's equa
tion. 

(12) 

where L; =length along the failure arc of element 2, i.e., 

Li =j'H I I + (d•/ldx) 2 ] 11dx 
L cos fJ 

= (Hi2l (a 2 + 4)11 -(Lcos0/2a 2H) (a4H2 + 4LlcoslO)v. -

+ (a2 H/4) Qn I (2aH + aH (al + 4) 11 ]/[2L oos8 +_(~4H2 

+4Llcos20)11 JI (13) 

Therefore 

'1-= 2[C'Li + W2 (cosa5 tan¢' - sina5) + N1 (cosa5 +sin a 5 tan 4>')] 

(14) 

Because S1 cannot be greater than N1tan t-', 8 must be 
less than tan <6', (Le., if 8 < tan¢', 8 = B and if 8 ;i: tan¢', 
IJ=tan~?. 

Case 2: a< a, 

A similar expression can be derived for the case in 
Which the failure surface lies entirely within the rei~
forced soil mass, i.e., when a< a1 • For_ this case, 

aJ = tan-1 ( Li/x) -

a 5 = tan-1 [x tan 4>/(aH - x) I 

(I Sa) 

(I 5b) 

The total driving force and the total resisting force de
veloped along the assumed failure surface are expressed 
in the same manner as for the case in which a 2 a,. The 
equilibrium equation of element 2 is again used to obtain 
the ratio (a) between the normal and tangential forces at 
the interface of element 1 and element 2. 

13 = ~[C'L2 + Wl (cos a, tan 4>' - sina 5) + N1 (cosa5 +sin a
5 

tan 4>')] 

-;- K 1' ( x tan 0 ll (sin°'' - cos a 5 tan .p ' ) (16) 
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where 

J
aH 

Li= [l+(dy/dx)l] 11dx . 
+ (a2H/4) Qn I [2aH + aH (a2 + 4) 11 ] /[2x + (a4 Hl + 4x2) 11 ) I (I 7J 

W1 = H(aH -· x)'y 1•H (xl/a2H)1'dx 

= r[(2aHl/3) + (x3/2a 2H) - Hx) 

N1 = (Kr/2) (x tan 0)2 

Calculation of Resultant Force in 
Reinforcing Members 

( 18) 

(19) 

The resultant force of the reinforcing members, tT11 is 
the sum of the forces of the individual members. Each 
force is obtained by calculating the frictional resistance 
of the portion of the member (its effective length) behind 
the assumed failure surface. The frictional resistance 
is the shear stress developed between the reinforcing 
member and the surrounding soil, i.e., 

(20>, 

where 

.t,. =effective length of the reinforcing member, 
r., = shear stress =a.tan¢', 

tan¢'= developed frictional coefficient, 
a, =normal stress, 
S" =horizontal spacing of reinforcement, 
C' =developed cohesion = C/FS, and 

FS = overall factor of safety. 

This frictional resistance of each reinforcing member 
must be smaller than the yield strength of the member; 
i.e., 

(21) 

where A, = cross-sectional area of reinforcement and 
f 1 =yield stress of reinforcement. From the theory of 
elasticity, 

a0 = a,sin1 8 + a,cos20 + rxysin 28 

and 

Tno = -r,,cos 20 + (1/2) (a, - a.)sin ~Ii =a~ tan rp' 

Therefore, 

r,, =(l/cos21J)[(l/2)(a,-a.)sin21J-a0 tan4>') 

and 

a0 = a,sin 20 + a,coslO +tan 20 ((1/2) (a, -a,)sin 20 

- 0 0 tan 4>') = (o,cos21i - o,sinllJ)/(cos 20 

+sin 20 tan 4>') 

where 

11, = ,,zu 
a, =Ka,, and 
Z1 = Z1 + (L cos e - x) (tan a/2) 

(22a) 

(22b) 

(23) 

(24) 

= distance from the ground surface to the center 
of the effective length (see Figure 6). • 
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Figure 6. Calculation of effect ive 
length of reinforcing members. T T 
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Figure 7. Typlcal results of limit analysis. 
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DEPTH OF EXCAVATION ( m) 

Because the reinforcing members are installed after 
the excavation, the lower-most member is not con
sidered when the deptii of excavation (H) is an exact 
multiple of the vertical spacing (S,) of the reinforcement. 
Ii the depth of excavation is not an exact multiple of the 
vertical spacing, the number of reinforcing members is 
assumed to be the integer portion of the H/S. ratio. 

EVALUATION OF OVERALL STABILITY 

The overall stability of the excavation system can be 
evaluated in terms of Equations 9 and 10. At any stage, 
the driving force and the resisting force developed along 
the assumed failure surface must be in equilibrium, Le., 

So= SF (~5) 

The overall factor of safety (FS) is the factor of safety 
when 

FSc = FS~ = FS (26) 

where 

FSc =factor of safety with respect to cohesion and 
FS0 =factor of safety with respect to friction. 
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The factor of safety with respect to cohesion (or with 
respect to friction) is the ratio between the available 
cohesion (friction) and the developed c;ohesion <rriction), 
i.e., C' = C/FS and tan¢'= tan (e/FS) (if ¢) = ¢2) . Be
cause these equations are tedious and because both the 
driving-force and the resisting-force expr~ssions con
tain a ,·ariable FS term, direct solution is not possible. 
Therefore, an iterative method was used to calculate the 
overall factor of safety. The iteration begins by assum
ing _that FS: = FS0 = L/ H and then calculates S0 and S •. 

A computer program was developed to calculate this 
overall factor of safety. For a given set of geometric 
and strength parameters, this program calculates the 
minimum factor of safety by searching a series of poten
Hal failure surfaces passing through the toe of the wall. 
A tJI>ical result of this limit equili.briwn analysis for a 
soil having C = 51. 7 kPa and ¢ = 27° ls shown in Figure 7. 
The spacings and diameter of the reinforcing members 
are l.5xl.5 m and 0.13 m, respectively. The angle of 
inclination is 20< to the horizontal. The effect of the 
length of the reinforcing members on the overall sta
bility is shown by the steepness of the curves; the 
shorter the members, the steeper the curve. For a 
given depth of excavation, the increase in the factor of 
safety with increasing reinforcing length is greater when 
the members are relatively short. For instance, at an 
excavation depth of 9.0 m, the overall factor of safety 
increases by 0.35 when the length of the reinforcement 
increases from 3 to 4.5 m but by only 0.1 when the length 
of reinforcement increases from 4.5 to 6.0 m. This fig
utt can be used as a stability design chart for calcula
tion of the necessary length of the reinforcing members 
for a given 'depth of excavation. It can also be used as 
a stability analysis chart for estimation of the overall 
factor of safety of an existing system. Similar charts 
for different geometries of reinforcement and/or dif
ferent types of soil can be developed. 

DISCUSSION AND CONCLUSION 

The currenfly available limit-analysis methods (7, 8) for 
reinforced-earth walls are based on a failure surl'ace 
consisting of two planes having abrupt changes at the 
back of the reinforced zone. Because a real failure sur
face is more likely to be a continuous surface, this 
analysis uses a parabolic curve to represent the failure 
surface. The potential failure surfaces predicted by the 
finite-element analysis and by the limit analysis are 
compared in Figure 8. The agreement between these 
two predicted curves is excellent. 

Recently, the failure of this system (10) was studied 
by means of centrifuge model tests, Soil displacements 
were measured in the model, and maximum shear strain 
contours were plotted as shown in Figure 9, in which the 
shaded area indicates the potential failure zone. A limit 
analysis was also performed for this model, and the 
shape or the parabolic curve having a factor of safety 
of 1.0 was computed and plotted on the same figure . That 
this curve in large portion lies within the potential fail
ure zone strongly supports the validity of the limit
analysis formulation. 

The res ults of the limit analysis were also compared, 
for a particular example, with lhe works of Lee and 
others (4) and Ramstad and others (8) (which hypot'hesize 
single- and double-pla·ne failure sur1aces, respectively). 
The properties of the example used and the critical 
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Figure B. Comparison 
of predicted potential 
failure surfaces. 

Figure 9. Maximum 
shear strain contour 
of centrifuge model 
at failure. 
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LIMIT ANALYSIS 

heights of the wall calculated by each method are sum
marized bel.ow: 

Property 

Cohesion (kPal 
Friction (°) 
Unit weight of soil (kN/m 3 ) 

Diameter of reinforcing bars (cm) 
Surface area of reinforcing bars (m 2/m) 
Spacing of reinforcing bars (cm x cm) 

Critical Height (m) 

Value 

0 
36 
1.96 
2.5 
0.13 
60 x 60 

Failure Surface 

Single plane 
Double plane 
Parabolic 

L=9m L=10.5m 

12.3 
18.6 
15.0 

15.3 
19.8 
16.5 

The method proposed by Lee and others predicts the 
lowest values because it does not consider the develop·· 
ment of frictional resistance along the hypothesized fail
ure surface~ The double-plane failure-surface assump
tion predicts the highest critical heights because of the 
formation of the acute angle near the toe of the wall. The 

·. parabolic failure-surface assumption predicts interme
diate values (see Figure 10). The differences between 
the critical heights predicted by either the single- or the 
double-plane failure-surface assumptions and those pre
dicted by the parabolic failure-surface assumption are 
approximately 10-2 5 percent. The less the amount of 
reinforcement, the larger the difference. 

Thus, the proposed limit-analysis method provides 
a rigo rous treatment for the des ign of a reinforced 
lateral earth support system for deep excavation. 
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Figure 10. Comparison 
of predicted failure 
heights and surfaces. 

l .. 
I 

: / 
I 

I • J / 
123m •' /,// 

~// 
~ .... . 

I 

JhlIJL/,';,' 
~· 

L=90m ~· l•10.5m 

ACKNOWLEDGMENT 

D=O 025m 
S=06•06m 

¢> =36° 
f, =1956 kN/m3 

SmQle plane fa ilure surface 
Double p~ane failure surface 
Paraoohc failure surface 

The research reported in this paper was supported by a 
National Science Foundation grant. We are grateful for 
this support. 

REFERENCES 

1. Sprayed Concrete Wall Cuts Overall Costs by 30 
Percent on Underpinning and Shoring. Engineering 
News Record, Aug. 1976. 

2. S~ Bang. Analysis and Design of Lateral Earth 
Support System. Department of Civil Engineering, 
Univ. of cal.ifornia, Davis, Ph.D. thesis, Sept. 1979. 

3. C. K. Shen, S. Bang, L. R. Herrmann, and K. M. 
Romstad. A Reinforced Lateral Earth Support Sys
tem. Paper presented at ASCE Spring Convention 
and Exhibit, Pittsburgh, PA, April 1978. 

4. K. L. Lee, B. D. Adams, and J. J. Vagneron. 
Reinforced Earth Retaining Walls. Journal of the 
Soil Mechanics Division, Proc., ASCE, Vol. 99, 
No. SM 10, Oct. 1973. 

5. G. Holm and U. Bergdahl. Fabric Reinforced 
Earth Retaining Walls: Results of Model Tests. 
Proc., International Conference on Soil Reinforce
ment, Tokyo, Japan, Vol. 1, March 1979. 

6. P. M. Petrick. Laboratory Study of Tensions in 
Slabs and Deformations of Reinforced Earth Works. 
Proc., International Conference on Soil Reinforce
ment, Tokyo, Japan, Vol. 1, March 1979. 

7. A. Smith and C. P. Wroth. The Failure of Model 
Reinforced Earth Walls. Paper presented at ASCE 
Spring Convention and Exhibit, Pittsburgh, PA, 
April 1978. 

8. K. M. Ramstad, Z. Al-Yassin, L. R. Herrmann, 
and C. K. Shen. Stability Analysis of Reinforced 
Earth Retaining Structures. Paper presented at 
ASCE Spring Convention and Exhibit, Pittsburgh, 
PA, April 1978. 

9. L. R. Herrmann. User's Manual for Reinforced 
Earth Analysis. Department of Civil Engineering, 
Univ. of California, Davis, Jan. 1978. 

10. C. K. Shen, Y. S. Kim, S. Bang, and J. F. 
Mitchell. Centrifuge Modeling of a> Lateral Earth 
Support. Paper presented at ASCE Thll Convention 
and Exhibit, Atlanta, GA, Oct. 1979. 

Publication of this paper sponsored by Committee on Embankments 
and Earth Slopes. 




