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sidered in this study, but no correlations or trends 
were established. Rather, it is shown that, in a field 
study such as this, control of indi vldual factors is not 
possible. Therefore, because individual factors 
cannot be separated, it is probable that interaction oc
curs and a combination of several factors actually af
fects the resistance to penetration. 
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·>·Prediction of Permanent Strain in Sand 
Subjected to Cyclic Loading 
Rodney W. Lentz and Gilbert Y. Baladi 

The tll!nd 1oward ever·increasing axle loads on highways and airport pave
ments requires that new methods for pavement design and rehabilitation 
be developed. This paper introduces a simple and economical procedure 
wtiet"eby permanent strain in sand subjected to cyclic load.ing can be 

characterized by using stress and strain parameters from the universally 
accepted static triaxial test. To develop the procedure, duplicate samples 
were tested by using both a static triaxial apparatus and a closed-loop 
electrohydraulically actuated triaxial system. The dynamic test results 
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were normalized with respect to parameters obtained from the corres
ponding static test. The normalized cyclic-principal-stress difference 
showed a unique relationship to the normalized accumulated permanent 
stra in that was independent of moisture content, density, end confining 
pressure. Benefits to be gained by use of such a simplified procedure in· 
elude significant saving of laboratory t ime and energy, as \Wll as reduced 
equipment and personnel costs. Also, practicing engineers are more 
likely to accept the use of rational design methods if they have available 
a simple test procedure to characterize material behavior. 

The trend toward ever-increasing axle loads on highway 
and airport paveme·nts has revealed the inadequacy of the 
currently used empirical methods for the design of flex
ible pavements. These methods are usually based on 
correlating pavement performance with some empirical 
test (such as the Otlifornia bearing ratio or stabilometer 
measurements) that categorizes material strength or on 
the use of limiting subgrade-strain criteria derived from 
elastic-layer theory (1). Such methods lack the ability 
to predict the amount of deformation that will occur after 
a giyen number of load applications when the loading ex
ceeds the range for which performance data are avail
able. Because soil behaves in a nonlinear fashion, per
formance under higher levels of loading cannot be ex
trapolated from performance at lower load levels. 

Several rational methods of pavement design have 
been proposed to over.come this deficiency. These meth
ods are usually quasi-elastic (elastic theory is used to 
predict stresses, and permanent strains are determined 
by repeated-load laboratory tests) (1), Other methods 
combine viscoelastic theory with labOratory testing (2, 3). 
To be useful, these methods must have the capability-of 
predicting the cumulatiye permanent deformation that 
will occur as a consequence of traffic loading, which re
quires the development of an adequate method for char
acteri.Zation of permanent strain (3, 4). Further, these 
methods should be simple and economical and not require 
complicated or expensive new equipment or testing pro
cedures. This paper describes such a method. 

BACKGROUND INFORMATION 

The parameters reported to affect the accumulation of 
permanent strain in cohesionless materials include num
ber ef load repetitions, stress history, confining pres
sure, stress level, and density (1, 3, 5-9). 

The effect of the number of loadrepetitions on per
manent strain has been studied by several im•estigators, 
some of whom have indicated that the relationship is a 
straight line on a semilogarithmic plot (6) and others that 
it is a straight line on a log-log plot (1).- The effect of 
stress history is reported to be a signlficant reduction 

Figure 1. Particle-size 
100 distribution curves: 
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in the amount of permanent strain experienced under 
subsequent loading (8). It has been reported that, for a 
given diiference in cyclic principal stress, increasing the 
confining pressure decreases the permanent strain 
(5, 6, 9). For a constant confining pressure, the per
manent strain after a giver number of load cycles has 
been found to depend directly on the magnitude o! the 
principal-stress difference (5, 6). It has been shown that 
curves of cyclic stress versus permanent strain are 
analogous to static stress-strain curves (6) and that they 
can be described by using hyperbolic functions developed 
for static test results (10, 11). A reduction in density 
has been shown to causeanTncrease in permanent strain 
accumulation (~, 12). 

TESTING PROCEDURE AND 
EQUIPMENT 

\ 

The material used in the testing program was a uniform 
medium sand typical of that found in the r.orthern half of 
Michigan. For verification purposes, a few tests were 
also conducted on samples of a fine stamp sand (crushed 
rock from a stamp millL Particle-size distribution 
curves for both materials are shown in Figure 1; the 
results are described in greater detail elsewhere (13). 

Drained, cyclic triaxial tests were run on 51-mm 
(2-in) diameter by 137-mm (5 .4-in) long samples com
pacted moist. Identical samples were tested under 
drained, static triaxial conditions to obtain stress-strain 
curves for use in normali.Zing the dynamic test results. 
For both the static and the dynamic tests, loads were 
measured by using a load cell mounted directly beneath 
the sample base, and deformation was measured by using 
a linear variable differential transformer mounted across 
the length of the sample (14). The loading system con
sisted of a closed-loop electrohydraulic actuator oper
ated in the load-controlled mode. The cyclic triaxial 
tests used a sinusoidal wave form having a frequency of 
1 Hz and were conducted to at least 10 000 cycles. Three 
levels of confining pressure (u5) and two levels of density 
were used. For each combination of these variables, 
several levels of cyclic principal stress difference (a 6) 

were used. Because stress history has a large influence 
on permanent strain, each combination of variables re
quired a new sample. 

The static triaxial tests were performed by using the 
triaxial cell used for the dynamic tests. Loads were ap
plied gradually in increments of approximately 10 per
cent of the estimated sample strength [as suggested by 
Bishop and Henkel (15) 1 by using the electrohydraulic 
actuator. As the failure stress was approached, the 
size of the load increment was reduced to allow for a 
reliable determination of strength. Each load increment 
was maintained until the rate of strain had become very 
small before the deformation reading was recorded, a 
procedure that was expected to produce the same stress
strain curve as would conventional constant-strain-rate 
triaxial equipment. 

TEST RESULTS 

The samples for the cyclic triaxial tests were compacted 
moist to 99 percent of the maximum dry density as de
termined by AASHTO T180, and the tests were run at 
confining pressures of 34.5, 172.4, and 344.8 kPa (5, 
25, and 50 lbf/in 2

). The change in permanent strain is 
large during the first few cycles of load but then grad
ually decreases. Thus, the data can conveniently be 
presented as plots of permanent strain versus logarittun 
of nWl1ber of load cycles that, as shown in Figure 2 for 
the results obtained for a 3 = 34.5 kPa, can be approxi
mated by straight lines. A least-squares technique can 
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Figure 2. Effect of cyclic-principal-stress 
difference and number of load cycles on 
permanent strain at constant confining 
pressure: highway subgrade sand . 
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then be us ed to determine the best -fit straight line 
through each set of data. The equations of the lines 
have the form 

Ep =a+ b lnN 

where 

£~ = accwnulated permanent stra·in, 
N -= nwnber of load repetitions, and 

a and b ;. regression constants. 

(I) 

The constant ·a r epresents the permanenl strain occurring 
during the first cycle of load, and the constant b r epr e
sents the rate of change in permanent strain with in
creasing number of load repetitions. 

Typical results of a static triaxial test are shown in 
Figure 3. 

DISCUSSION OF RESULTS 

The results of the cyclic tests can be presented in the 
form of plots of a! versus £,at any given N. This was 
done for three values of a! and N = 10 000 (see Figure 4). 
This figure makes the significant effect of a 3 obvious . 

Axial Strein (x l0- 4) 

Thus, the effect of a 3 and/or ad on the static strength 
was studied by normalizing the value of o-~ for each cyclic 
test by dividing it by the peak strength (SdJ of an identical 
sample tested at the same value of o-, under static tri
axial conditions (see Figure 5). This normalizing pro
cedure draws the curves closer together and reduces, 
but does not eliminate, the total effect of o-.. This, how
ever, suggests the possibility that normalizing the per
manent strain to some reference strain obtained in the 
static triaxial test could eliminate the effect of a~. The 
criteria for such a reference strain value are that (a) it 
should contain the plastic deformation characteristics of 
the sand under the given test conditions ·and (b) it must 
be a well-defined value that can be reproduced by dif
ferent operators . Based on these criter ia , the s tatic 
strain at 9 5 percent of peak strength (£0.m) was s elected 
as the reference value. At this load, a large amount of 
the total strain is permanent and thus represents the 
plastic characteristics of the material. However, the 
curve is still rising, steeply enough so that the strain 
value is well defined. The method for determination of 
£0.955 is illustrated by the dashed lines in Figure 3; each 
combination of cr 3 , moisture, and sample density will re
quire a separate static stress-strain curve to obtain the 
normalizing parameters (S1 and £11.9os•). 
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When the cyclic permanent strains shown in Figure 5 
were normalized by dividing by cv_955J, the curves col
lapsed to produce a single curve as shown in Figure 6, 
which also shows additional normalized results for 
samples at a lower density. It should be noted that, al
though the points plotted in Figure 6 represent samples 

Figure 4. Relationship between cyclic-principal-stress 
difference and permanent strain at N s 10 000. 
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tested at three different confining pressures and two 
densities, the data can be reasonably represented by a 
single curve. The significance of this is that this curve 
and the results of a static triaxial stress-strain test 
allow the prediction of the permanent strain after 10 000 
cycles at any level of cyclic-principal-st ress differ ence . 

Because it has been shown (6, 16) that cyclic str~ss
permanent strain curves can be described by hyperbolic 
functions, a least-squares procedure was used to de
termine the best-fit hyperbolic curve for the data shown 
in Figure 6. 

To verify that this curve applies to material other 
than the subgrade sand used in the testing program , .. 
several tests were performed on the crushed s tamp sand, 
which had a finer gradation than the subgrade sand, as· 
well as a different mineralogical compos~tion and a muc~ 
!llOre angulp.r particle shape. Due to its particle shape, 
at the same effort, the stamp sand compacted to a much 
lower density than the subgrade sand. Cyclic and static 
triaxial tests were performed on samples of stamp sand 
at confining pressures of 34. 5 and 172 .4 kPa, and the 
data were normalized by using the procedure described 
above. The results, which are shown by the solid 
squares and solid circle in Figure 6, indicate that the 
procedure may be applicable to a range of cohesionless 
materials. 
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Figure 6. Relationship between 
normalized cyclic-principal-stress 
difference and normalized 
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BENE FITS TO PRACTICING 
ENGINEERS 

In practice, the use of the material characterization 
procedure described in this paper could r esult in sig
nificant saving of laboratory time and obviate the need 
for expensive testing equipment. Also, rational pave
ment design methods that require characterization of 
permanent strain behavior are more likely to gain quick 
acceptance by practicing engineers if a simple test 
method ls available. 

Work Ls continuing on the development of a general 
constitutive equation that will require only the stress
straln results from static triaxial tests to predict ac
cumulated permanent strain after any number of load 
cycles. Also, applicability to a wider range of sub
grade soils, including cohesive ones, is being tested. 

CONCLUSION 

This paper has presented a simple procedure for char
acterizing the permanent strain behavior of cohesionless 
subgrade material by using stress-strain curves obtained 
from static tri.axial tests. More research is needed to 
extend the procedure to a wide1· variety of subgrade ma
terials and to develop a general constitutive equation for 
predicting permanent strain. 

The adoption of this procedure in practice will save 
both laboratory time and money in meeting material 
characterization needs. 
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·Rock-Slope Stability on Rail 
Transportation Projects 
C. O. Brawner 

This paper summarizes the factors that contribute to instability of rock 
slopes. outlines methods of control of lnnability, and descriMs examples 
of insta bility and stabi liz-ation. The factors that cont ribute to instability 
of rock slope include geologic conditions, groundwater, climatic condi· 

tions, blasting ettects, train vibration, and earthquakes. The methods of 
control considered include (a) stabilization by excavation or resloping, 
drainaQe, surface stabilization, and construction oI support systems; 
(b) protect ion : and (c) construction of warn ing systems. 




