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Abridgment 

Stability Charts for Effective Stress 
Analysis of N onhomogeneous 
Embankments 
Yang H, Huang 

New stability charts have been developed for the effective stress analysis 
of nonhomogeneous embankmenu subjected to seepage and seismic con
ditions. Ti- charts are applicable to soils that have a small effective 
cohesion, which is the case encountered most frequently in engineering 
practice. The procedure is based on the normal method and is unique in 
that, although a large number of factors are considered, only a limited 
number of d\arts are needed. The theory by which these charts have 
been developed, the sugg11S1Bd procedures for their use, and their appli
cation to practical cases are presented. The factors of safety determined 
by using the charts are compared with those obtained by using the avail
.tile computllr programs, based on both the simplified Bishop and the 
nonnal methods. When the most-i:ritical failure surface is a shallow 
cirde, the factor of safety determined by using the charts agrees closely 
wi1h the computer solutions. However, if the most-i:ritical failure sur
face is a deep circle, the factor of safety determined by using the charts 
will be somewhat smaller than that obtained by using the computer solu
tion based on the simplified Bishop method but slightly greater than that 
based on the normal method. Compared with the simplified Bishop 
IMthod, the use of the stability charts is therefore conservative. 

In a previous paper (1), I presented two new charts for 
the stability analysis -of earth embankments. The chart 
for short-term stability is based on a total stress analy
sis, uses rJ = 0, and can be applied to a nonhomogeneous 
slope composed of various layers. The chart for long
term stability is based on an effective stress analysis, 
uses given values of c and a,-and is applicable only to a 
homogeneous slope that has a ledge at a considerable 
distance from the surface. It was indicated that the as
sumption of a homogeneous slope for effective stress 
analysis was not a serious limitation because the long
term shear strength parameters (i.e., c and ~) for most 
soils might not change significantly and average values 
could easily be estimated. However, if the strength 
parameters for different materials in different parts of 
the slope are significantly different, it will be difficult 
to obtain average values. Another difficulty in the use 
of the chart for effective stress analysis is the estima
tion of pore pressures. Unless the phreatic surface and 
the location of failure circle are known a priori, pore 
pressures cannot be estimated with certa.inty. 

The purpose of this paper is to present an additional 
chart that can be used for the effective stress analysis 
of both homogeneous and nonhomogeneous slopes sub
jected to·.steady-state seepage and seismic conditions. 
The method requires an iterative determination of the 
factors of safety for a number of potential failure circles, 
so that a mlnimum factor of safety can be obtained. 
(Due to space limitations, only one chart and a simple 
example will be presented here ; additional charts and 
detailed procedures for their use are given elsewhere 
(~.) 

The chart presented here can be used only where the 
effective cohesion of the materials is small. These 
materials include granular soils and normally consoli
dated clays. The potential failure surfaces through these 
materials generally consist of shallow circles, so only 
a few charts involving shallow circles are needed. It 
is believed that the assumption of a small cohesion is 
realistic and can be used in many practical cases. 

DESCRIPTION OF METHOD 

Figure 1 shows a slope that has a height H and an out
slope S: 1 (horizontal: vertical). It is assumed that the 
effective cohesion of the soil ·in the slope is small, so 
that the most-critical failure surface is a shallow circle, 
the two endpoints of which lie at a distance of 0.1 SH 
from the top edge and the toe. This assumption of 0.1 
SH, i.e., one-tenth the horizontal distance ·between the 
edge and the toe, is arbitrary. In fact, I have developed 
other charts that have endpoints passing through or at 
varying distances from the edge and the toe, so the fac
tor of safety for any given circle can be determined. 
However, it has been found that the factor of safety for 
most slopes can be estimated by using this assumption. 

When a failure circle is assumed, the average shear 
. stress developed along it can be determined by equating 

the moment at the center of the circle due to both the weight 
of the sliding mass and the corresponding seismic force 
with that due to the average shear stress distributed 
wliformly over the failure arc. This developed shear 
stress is proportional to the unit weight of the soil and 
the height of the slope and can be expressed as 

T= (-yH/N,) + (C,-yH/N.) 

where 

T =developed shear stress, 
')I = total unit weight of soil, 

N, = stability number, 
C, = seismic coefficient (the ratio between seismic 

force and weight), and 
N, =earthquake number. 

(I) 

Both N, and N, depend on the geometry of the slope and 
the location of the circle. The average shear strength 
along the failure surface varies with ')I and Hand, ac
cording to the Mohr-Coulomb theory, can be expressed 
as 

s=c+ [(1-r.}yHtan¢]/Nr (2) 

where 

s = shear strength, 
c = effective cohesion, 

r" = pore pressure ratio (ratio between the pore water 
pressure and the overburden pressure), 

~ = effective angle of internal friction, and _ 
N, = friction number (which also varies with the geom

etry of the slope and the location of the circle). 

The factor of safety (F) is the ratio between the shear 
strength and the shear stress. By dividing Equation 2 
by Equation 1, F can be expressed as 

F = [(c/-yH) + (1 - r.)t~n ¢/Nrl/[( l/N,) + (C,/N,ll (3) 



( 
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Figure 1. Potentia.1 failure circles in a 
typical slope. 

Figure 2. Stability chart. 
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Figure 3. AnalVliS of nonhomogeneous slope. 
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Equation 3 shows that F depends on four geometric 
parameters (H, N., N,, and N.) and four soil parameters 
(r., y, c, and i). N., N,, and N. can be obtained from 
the stability chart, and r. can be determined from the 
location of the phreatic surface with respect to the failure 
circle . H the slope is homogeneous, y, c, and O are 
given directly . If the slope is nonhomogeneous, average 
values of 'Y, ~. and ~ must be determined . [To facilitate 
the computation of average soil parameters, a special 
table and form were developed but are not presented 
here (2).1 The method for computing y, c, ~. and r. for 
a nonhomogeneous slope is illustrated below. 

The value of F obtained by using Equation 3 is similar 
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to that obtained by the normal method, which is one of 
the two methods used in the ICES-LEASE computer pro
gram (3) [the other is the simplified Bishop method (4)). 
When tile pore pressu·re ratio = 0 or there is no seepage, 
the normal method and the well-lmown Fellenius method 
(5) are identical. When the pore pressure ratio I 0, the 
normal method differs from the Fellenius method be
cause the former is based on the concept of submerged 
weight , which acts vertically, while the latter is based 
on the pore pressure normal to the failure surface. 
The simplified Bishop method was not used because the 
assumption that the shear stress varies with F makes 
it impossible to express F in the simple form shown by 
Equation 3. 

Figure 2 shows N., N,, and N. in terms of'the dimen
sionl~ss param~ters Y and S, where Y = ratio between 
the distance from the center to the top of the slope and 
the height of the slope. Because the slope angle {13) is 
related to S by S = cotfj, the slope angles corresponding 
to each va)ue of S are also shown. 

In using the stability chart, it is necessary to plot a 
cross section of the slope. A bisector perpendicular to 
the dashed line is drawn, as shown in Figure 1, and the 
values of F for several circles that have centers on the 
bisector are determined and compared. If the ledge or 
stiff stratum is close to the surface, the circle tangent 
to the ledge is usually the most critical. 

EXAMPLE 

Figure 3 shows a 2.5 :1 slope, 20 m (66 ft) high, com
posed of three different soils. Soil l has an effective 
cohesion of 5 kPa (104 lbf/ft2), an effective friction angle 
of 25°, and a total unit weight of 18 k.N/ m3 (115 lbf/ ft3); 

soil 2 has an effective cohesion of 7.5 k.Pa (157 lbf/ff), 
an effective ~lction angle of 30°, and a total unit weight 
of 19 kN/m3 (121 lbf/ ft3); and soil 3 has an effective co
hesion o.f 10 kPa (209 lbf/ft2), an effective friction angle 
of 35°, and a total unit weight of 20 kN/m3 (12'1 lbf/ft'.3). 
The location of the phreatic surface is as shown. As.sum
ing a seismic coefficient of 0.1, determine both the static 
and the seismic values of F. 

Because the weakest material (soil 1) lies immedi
ately above the ledge, the most-critical circle is prob
ably tangent to the ledge. Thus, a circle that cuts · 
through all three soils ls drawn tangant to the ledge and 
passing through the two endpoints 5 m (16 ft) from the 
edge and the toe. The center of the circle is 5.5 m (18 ft) 
above the top of the slope, or Y = 5.5/20=0.275. For S= 
25 and Y = 0.275, Figure 2 gives N, = 7.0, N, = 2.0, and 
N.=2.8. . ·· ,~ 

To determine the average soil parameters, the sliding 
mass is divided into a number of subareas, as shown in 
Figure 4. The area of each subarea is measured ; the 
sums for soils 1, 2, and 3 are 131, 221, and 534 m2

, 

respectively. 

The average unit weight for the entire sliding mass 
(y) = [(131 x 18) + (221 )( 19) + (534 x 20)1/(131 + 221 + 
534) = 19.5 k.N/m3 (124 lbf/ft3

). 

The length of the failure arc thrpugh soils 1, 2, and 3 
is measured; these values are 40, 17. 6, and 2 4 m 
(131 , 57, and 79 ft), respectively. 

c = ((40 x 5) + (17.6 )( 7.5) + (24 x 10))/(40 + 17.6 + 24):: 
7.0 kPa (146 lbf/ff) . 

Because only ~he component of weight normal to the !ail
ure surface is effective in producing friction, tan <I> 

is determined by multiplying the weight above the fail
ure surface by cos e, where e = angle of inclination of 
the chord, as shown by fl1, Sa, and 93 in Figure 4. 

The weight normal to the failure arc in soil 1 = ((131 x 
18) + (187 x 19) + (293 x 20)) x 0.95 = 11 182 kN/ m 

:· . . 

... 
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Figure 4. Area, arc length, and chord 
inclination of critical circle. 

A.) : ~34 m2 

Az: 2 i1 m2 
A

1
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Note: 1 m • 3.28 ft; 1 m2 • 10.7 ft~ 

(771172 lbf/ft), that in soil 2 = [(2 x 17 x 19) + (110 x 
20)) x 0.75 = 2135 kN/ m (147 241 lbf/ft), and that in 
soil 3 = 131 x 20 x 0.46 = 1205 kN/m (83 103 lbf/ ft). 

Therefore, tan i! = (11 182 tan25° + 2135 tan30° + 1205 tan 
35")/(11559+2135 + 1205) = 0.502. 

The average pore pressure can be estimated by using 

ru =area of sliding mass under water x unit weight of water+ 
total area of sliding mass x average unit weight of soil (4) 

The area of sliding mass under water is measured and 
found to be 527 m2 (5571 ft2). 

r. = (527 x 9.8)/(886 x 19.5) = 0.299. 
From Equation 3, the stati c fac tor of safety= ([7.0/ 

(19.5 )( 20)) + [( 1-0.299) )( 0.502)/ 2.0 )/(1/ 7.0 + 0) = 
(0.0179 + 0.1760)/0. 1429 = 1.36. 

The seismic factor of safety= (0.0179 + 0.1760)/(0.1429 + 
0.1/2.8) = 0.1939/0.1786 + 1.09. 

Two more circles, as shown in Figure 3, were also 
evaluated; their factors of safety were greater than the 
above values, thus confirming that the circle tangent to 
the ledge is the must critical. _ 

The factors of safety obtained by using the REAME 
computer program (§) are summarized below : 

Method 

Factor of Safety Simplified Bishop Normal 

Static 1 .508 1.206 
Seismic 1.129 1.002 

Thus, the normal method yields a fac tor of safety some
what smaller than does the simplified Bis hop method. 
It was also found that the di s cr epancy decreased as the 
most-critical circle became shallower. The factor of 
safety determined by using the s tability char t always 
lies between that found by using the normal method and 
that found by us ing the simplified Bis hop method, a s is 
expected. Compared with the simpliiied Bishop method, 
the use of stability charts is conserv;ttive. 

SUMMARY AND CONCLUSIONS 

A new stability chart for the effective s tress analysis 
of slopes iS presented . This char t is a valuable supple 
ment to the stability chart p r esented in a previous paper 
(1). The advantages of the new chart over the earlier 
one are that (a) it can be us ed for both homogeneous and 
nonhomogeneous slopes that have a ledge or a stiff stra -
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tum either close to or far from the surface, (b) it can 
be used to determine both the static and the seismic fac
tors of safety, and ( c) it makes possible a more accurate 
evaluation of the pore pressure ratio. However, the 
application of the chart to a nonhomogeneous slope re
quires the determination of average soil parameters by 
measuring the arc length and the cross-sectional area 
of different soils in various regions. 

The application of the stability chart is based on the 
normal method, which is a modified version of the 
Fellenius method. If the foundation is good or the ledge 
is near to the ground surface, the most-critical circle 
will be a shallow circle, and the factor of safety obtained 
by using the normal method will be only slightly smaller 
than that obtained by using the simplified Bishop method. 
If the foundation is poor or the ledge is far from the sur
face, the most-critical circle will be a deep circle, and 
the factor of safety obtained ·by using the normal method 
will be much smaller than that obtained by using the 
simplified Bishop method. Because the circle used in 
conjunction with the stability chart may not be the most
critical circle, the factor of safety determined by using 
the chart generally lies between the minimum factor of 
safety obtained by using the normal method and that 
obtained by using the simplified Bishop method. If the 
acceptance of a design is based on the simplified Bishop 
method, the use of the stability chart is conservative. 
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