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Constitutive Equation for Permanent Strain of Sand 
Subjected to Cyclic Loading 
RODNEY W. LENTZ AND GILBERT Y. BALADI 

Numerous rational methods for flexible pavement design and rehabilitation 
have been proposed to overcome some of the deficiencies of current empirical 
methods. Most of these rational ml!thods predict porma.nent deformation in 
subgrade materials so that a pavement structure may be selected that will limit 
pennanent deformation under tho application of traffic loads. Thus. proce
dures for characterizing pormanont deformation of 1ubgrado materials aro re
quired in each of these methods. This paper presenu a constitutive equation 
for predicting aocumulatcd permanent strain of sand subgrcdo materiel after 
any number of repetitions of load. The paramotors needed. as. inpu t to the 
equation arc obtained from a static triaxial test. To develop the equation, 
dupllcoto samples wore toned by uting both static triaxinl apparatus and o 
closed-loop electrohydtaulically actuated trlaxlal system. Tho dynamic test 
results were normalized with respect to parameters obtained from the corre
sponding static triaxial test. The difference in the normalized cyclic principal 
stross showed a unique relationship to the normalized accumulated permanent 
strain. This relationship was found to be independent of moisture content, 
density, and confining pressure. Based on these findings, a constitutive equa· 
tion for permanent strain was developed. 

Most design agencies base their procedures for 
pavement design on empirical design nomographs 
coupled with empirical subgrade strength parameters, 
inU.iv.iU.uai t:A~c:&.lc1·n:c, --...:! l::=.::! ::~ ... ·i=~~~.-e~4:~:!. 

conditions. The trend toward ever-increasing axle 
loads on highway and airport pavements has revealed 
serious shortcomings of empirical design methods for 
flexible pavements. These methods lack the ability 
to predict the amount of deformation anticipated 
after a given number of load applications. When 
pavement load exceeds the range for which perfor
mance data are available, empirical methods fail. 
Since soil is known to behave in a nonlinear fash
ion, performance under higher axle loads cannot be 
extrapolated from performance at lower load levels. 

Numerous rational methods for flexible pavement 
design and rehabilitation have been proposed to 
overcome this deficiency. These are usually quasi
elastic (elastic theory to predict stresses coupled 
with permanent strains determined by repeated load 
laboratory tests) (!). Some methods also use visco
elastic theory together with laboratory testing 
(~1,~). To be useful, these methods must have the 
capability of predicting cumulative permanent defor
mations in subgrade materials so that a pavement 
structure may be select<:>d that will limit permanent 
deformation under traffic loading to an acceptable 
level. This requires the development of an adequate 
constitutive equation for prediction of permanent 
strain (],,~). Further, the method used to evaluate 
the constants in the constitutive equation should be 
simple, economical, and not require new and compli
cated expensive equipment or testing procedure . A 
constitutive equation that meets these criteria is 
presented in this paper. 

BACKGROUND 

Parameters that affect the accumulation of permanent 
strain in cohesionless material have been reported 
to be number of load repetitions, stress history, 
confining pressure, stress level, and density 
<1·1·2-12). A review of these effects is given by 
Lentz (10). 

The effect of number of load repetitions on 
permanent strain has been reported by several inves
tigators to be a straight-line relationship on a 
semilogarithmic plot Cyclic stress versus permanent 

strain curves have been shown to be analogous to 
static stress-strain curves (6, 10-12) and describ
able by using hyperbolic functionS- developed for 
static test results (13,14). The results of cyclic 
triaxial tests can be -;;;;;;;;,.lized by using parameters 
obtained from static triaxial tests performed on 
duplicate samples (12). The difference in normal
ized principal stress showed a unique relationship 
to the normalized accumulated permanent strain. 
This relationship was found to be independent of 
moisture content, density, and confining pressure. 

Testing Procedure and Equipment 

The material used in the testing program was uni
form, medium sand typical of that found in the 
northern half of Michigan. Duplicate triaxial 
samples were tested by using both static triaxial 
apparatus and a closed-loop electrohydraulically 
actuated triaxial system. 

Three levels of confining pressure C.:13 = 5, 
25. SO lb/in 2 l and two levels of density were used 
(y = 99 percent AASRTO T-99 and 99 percent AASHTO 
T-180). For each combination of these variables, 
several levels of cyclic principal stress difference 
(ad) were used. Because stress history has a 
large influence on permanent strain, a new sample 
was required for each combination of variables. 
Details of the testing procedure are described 
elsewhere (10). 

Test Results 

It has been shown elsewhere (10-12) that the data 
for each sample could be approximated by a straight 
line on a plot of permanent strain versus logarithm 
of number of load cycles. Least-squares technique 
was used to pass a best fit straight line through 
each set of data. The equation of the line is of the 
form 

•v=a+blnN 

where 

£~ 

a and b 

(1) 

accumulated permanent strain, 
number of load repetitions, and 
regression constants from least-squares 
best fit. 

The constant a represents the permanent strain 
that occurs during the first cycle of load. The 
constant b represents the rate of change in perma
nent strain with increasing number of load repeti
tions. The values of a and b are, of course, dif
ferent for each sample, depending on density, con
fining pressure, and level of cyclic principal 
stress difference. 

DISCUSSION OF RESULTS 

The principal objective of this research project was 
to obtain a constitutive relationship that will 
predict the amount of permanent strain under any 
number of load applications at any specified stress 
level. This relationship should account for sample 
variables (e.g., density or moisture content) and 
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Figure 1. Relationship between cyclic principal 
stress difference and permanent strain during first 
load cycle. 
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Figure 2. Relationship between cyclic principal 
stress difference and rate of change of permanent 
strain during cyclic loading. 
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confining pressure as well as cyclic principal 
stress difference and number of load applications. 

Equation 1 expresses the cumulative permanent 
strain as a function of the number of load repeti
tions. Parameters a and b of the equation were 
thought to represent characteristics of the sample 
behavior under the particular testing conditions. 
Thus, it was convenient to develop the constitutive 
relationship by starting from Equation 1. Recall 
that the value of parameter a represents the perma
nent strain due to the first-load application. The 
value of parameter b indicates the rate at which 
permanent strain accumulates with increasing number 
of load repetitions. Therefore, if parameter.s a and 
b are expressed as functions of the sample vari
ables, the testing conditions may provide the de
sired constitutive relationship. 

It was shown (12) that the static stress-strain 
results of a sample of sand can be used to predict 
the cumulative permanent strain of an identical 
sample tested under cyclic loading conditions. 
Changes in material or testing conditions are re
flected by changes in static stress-strain behavior 
and in parameters a and b. Thus, normalization of 
the cyclic stress and strain with respect to static 
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stress and strain will eliminate or reduce the 
effect of these variables. Note that the static 
stress-strain data should be obta i ned from a sample 
identical in every respect to the dynamically tested 
specimens. This required one static test for each 
c ombination of densi ty, water cont ent, and confining 
pres sure used in the dynamic t esting program. 

Figures 1 and 2 show plots of cyclic principal 
stress difference versus parame ters a and b, respec
tively, for three different confi ning pressures. 
The values of cyclic principal stress difference 
plot ted in Figure 1 were normalized by dividing by 
the peak static s trength (Sal from the c orrespond
ing static triaxial test. The values of parameter a 
were likewise normalized by dividing by the static 
strain that corresponds to a stress equal to 95 
peroent of Sa. The p r ocedure f o r determini ng thi s 
no rmalizi ng strain (c 0 , 95sal has been described else-

whe re (12). After the above normalizing procedur e 
was applied, the data from Figure 1 were replotted 
in Figure J. Examination of this figure indicates 
that the data from all tests collapsed together to 
form a single curve. By inspection, it was found 
that this curve could be represented by the follow
ing f unction: 
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where 

a = regression parameter from F.quation 1, 
static strain at 95 percent of EQ.95Sa 
static strength, 

oa cyclic principal stress difference, 
and 

Sa = static strength. 

This can be rewritten to give 

(2) 

(3) 

Figure 3. Relationship between normalized cyclic principal stress difference 
and normalized parameter a. 
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Figure 4. Relationship between 1 • 0 
normalized cyclic principal stress 
difference and parameter b. 
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A plot of normalized principal stress difference 
versus parameter b of F.quation 1 is shown in Figure 
4. Study of the figure shows that the effect of 
sample density vanishes, but each value of confining 
pressure yielded a distinctly separate curve. Note 
that the shapes of these curves are similar to 
static stress-strain curves. 

Hyperbolic functions can be used to approximate 
static stress-strain curves <.ll,.!.1.l. The applica
bility of hyperbolic function to describe the rela
tionship between cumulative permanent strain and 
cyclic stress at a specific number of load applica
tions has been demonstrated for unstabilized base 
material (§_) and for fine-grained subgrade soil 
(15). Since the curves in Figure 4 appear s imila r 
in shape to static stress-strain curves, it seems 
reasonable to extend the use of the hyperbolic 
relationship to describe them. The hyperbolic 
relationship used by others (15) to describe cyclic 
principal stress difference v~sus permanent strain 
is of the form 

where 

n and m 
Ep 
oa 

regression constants, 
cumulative permanent strain, and 
cyclic principal stress difference. 

(4) 

Modification of F.quation 4 so that it applies to 
rho Yo1~r;nnQhi~ hPrWPPn normalized cvclic principal 
stress versus parameter b (shown in Figure 4) yields 
the following : 

(5) 

This can be rewritten in linear form to give 

(6) 

Least-squares technique was used to obtain the 
best-fit straight l i nes represented by F.quation 6 
for the data at each confining pressure. The values 
of n and m that were determined are shown in Figure 
4 along with plots of the resulting hyperbolic 
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Figure 5. Relationship between confining pressure and regression constants 
n and m. 
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curves and coefficients of correlation. Inspection 
of the figure indicates that the hyperbolic rela
tionship fits the data rather well. Rearrangement 
of Equation 6 and solving for b yields 

(7) 

Note that the coefficients n and m in Equation 7 
have different values for each confining pressure. 
Thus, to complete the constitutive equation, n and m 
should be expressed as functions of confining pres
sure. The values of n and m were plotted against 
the confining pressure in Figure 5. Examination of 
the figure indicated that n can be related to con
fining pressure by a linear function. The relation
ship for m was found to be logarithmic. Equations B 
and 9 were obtained by using least-square fitting 
technique to represent these functional relation
s hips: 

n = (0 .809 399 + 0.003 769a3 ) x 10-4 (8) 

m = 0.856 355 + 0.049 650 In a3 (9) 

where a 3 is the confining pressure in pounds per 
square inch. 

The completed constitutive equation can be ob
tained by substituting the expressions for param
eters a (F.quation 3) and b (Equation 7) into Equa
tion 1. These substitutions yield 

(10) 

where n and m are given by Equations 8 and 9, re
spectively. 

To check the reliability of Equation 10, values 
of accumulated permanent strain at the end of 10 000 
cycles were calculated by using Equation 10. These 
calculated values were plotted in Figure 6 versus 
permanent strain measured during the cyclic triaxial 
testing program. Note that the points plotted in 
Figure 6 represent samples tested at three different 

Figure 6. Comparison of measured and calculated petmanent strain at 
N=10000. 
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confining pressures and two different densities. 
Perfect correspondence between calculated and mea
sured permanent strain would result in the plots of 
all points being along a 45° diagonal line. This 
diagonal line, along with lines that indicate a 
deviation of ±10 percent and ±20 percent from it 
are also shown in the figure. Inspection of Figure 
6 shows that most of the data points fall close to 
the 45° line. This indicates a good correspondence 
between measured and calculated values. Note, 
however, that the data used to derive the constitu
tive equation are from the same samples used for the 
measured permanent strain plotted in Figure 6. 
Thus, the figure indicates how well the equation 
fits the data it was derived from rather than its 
predictive capability. 

To examine the predictive capability of Equation 
10, three additional samples were prepared at a 
density of 99 percent of AASHTO T-99. One of these 
samples was tested in a static triaxial test to ob
tain the parameters (Sd and c o.9 Ssa> that are 
needed in Equation 10. These values were used to 
calculate the cumulative permanent strains for the 
other two samples at two different stress levels. 
These calculated values were then compared with 
measured permanent strain. This comparison yielded 
results similar to those presented in Figure 6. 
Note that the only parameters needed in Equation 10 
can be obtained from a static triaxial test con
ducted at the expected density and confining pres
sure. 

CONCLUSION 

This paper has presented a constitutive equation 
that will predict the amount of permanent strain 
that will occur under any number of load applica
tions at any specified stress level. The equation 
accounts for sample and test variables and requires 
only the results of a static triaxial test. The 
development of this equation was based on results 
from a single sand subgrade material. Hence, addi-
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tional research is needed to extend the usefulness 
of the equation to a wider range of subgrade mate
rials. Once additional research has verified or 
modified these findings, use of this constitutive 
equation for predicting permanent strain should 
result in significant saving of laboratory time and 
equipment because only static triaxial test results 
are required for its use. Also, rational methods of 
pavement design, wh i ch require c harac terizatio n of 
pe r ma ne nt strain behavior, will be more likely to 
ga in qu ick acceptance by practic i ng eng i neers if 
they have available such a simple means of predict
ing permanent strain. 
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Evaluation of In Situ Elastic Moduli from Road-Rater 

Deflection Basin 

M.C. itvAi~G AND B.A. ANANl 

This paper presents a computer method for evaluating the in si tu modulus of 
pavement layers f rom road-rater dofiectlon basins. The method that Is devel
oped on tho basis of the rosults of a 1heoretical analysis us .. the bltumen-tt ruc
tures·analysis·in-roads IBISAR) computer program ond d1e procedure o f suc
cnssive approximation. Tho method was used to ev'aluaw tho in situ modulus 
of experimental pavemenu at th,o Pe.nnsylvenia Transportation Roseorch Facil
ity. The computed modulus valuos~were analyzed statistically to dotormine 
tho factors that most significantly influence tho In situ modulus of each pave
ment layer. Results indicate that, fo r tho bituminous concrete surface and base 
materials, the sum of pavom ont surface temperature and the average five·day 
air tomperaturo prior to tho deflection measurements is tho most significant 
among tho foctors analyzed. For the subbaso materiel, no singl e Influential 
factor Is ident ified as significa.nt. The subgrado modulus is influenced most 
by the subgrade water content, as expected. 

One major difficulty in response analysis of pave
ment structure is to determine the elastic moduli of 

pavement constituent layers. Two methods are cur
rently available for modulus determination. One 
method is by means of laboratory testing on speci
mens either compacted in the laboratory or extracted 
from the pavement structure 1 the other method is by 
nondestructive testing on the pavement surface. 
Because of its relative ease in data collection in 
addition to the advantage of nondestruction to the 
pavement structure, the method of using surface-de
f lection basins to determine elastic modulus is 
preferred. Further, of the various instruments 
available for surface-deflection measurement, the 
road rater has rece i ved increased use due to its 
relatively high degree of mobility. For these 
reasons, this paper presents a method for evaluating 
the in situ elastic modulus from road-rater sur
face-deflection basins. 




