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Testing and Design of Longitudinal Reinforcement 

for Cantilevered Bridge Piers 

BORIS S. BROWZIN 

Deep cantilever specimens representing cantilevered bridge piers were tested for 
the purpose of studying their S1ructural bohavior. It has been established that 
the strength of the tested specimens is substontiotly superior to tho 51.rength 
predicted by convontionol analysis. A new design method hM boon proposed 
for longitudinal roinforcemont based on principles of static equilibrium with 
parameters derived from teS1ing. The shear strength of specimens was subs tan· 
tiallv greater than was anticipated from the design. An eKample is provided to 
demonstrate the proposed design method, which provides a substantial reduc· 
tion in the longitudinal reinforcement of bridge pier cantilevers. 

A double cantilever system consisting of deep canti
levers at the top of bridge piers, supporting the 
deck, is a rational approach that leads to substan
tial savings in bridge construction, particularly 
for highly elevated intersections or deep valley 
crossings. The double cantilever system made it 
possible to build a single central pier as a re
placement for the o,lder design in which two support
ing piers were used. Despite the rationality of 
using central piers with double cantilevers at the 
top, there is no research evidence on the behavior 
of deep double cantilevers. 

Deep double cantilevers are also used to support 
precast beams at the top of columns or for footings. 

A characteristic of deep cantilevers is a large 
depth-to-span ratio--say, larger than one. Other 
structural elements with large depth-to-span ratios 
are brackets (corbels) and deep beams. 

The geometry of deep structural elements influ
ences the behavior of the element. For example, 
brackets in most tests fail because of cracks that 
develop from the point of stress concentration at 
the intersection of the upper horizontal surface of 
the bracket with the vertical surface of the column 
face, whereas most bridge pier cantilever specimens 
fail because of a crack that starts at the point 
where the concentrated load is applied to the speci
men. Therefore, design methods for deep bridge can
tilevers must be different from those used in the 
design of brackets. 

This paper is based on tests of deep double can
tilever specimens. The tests are described first. 
Test results are used to establish a new approach 
for analysis and design of longitudinal reinforce
ment. Based on the principle of static equilibrium 
and test results, it has been found that the needed 
amount of longitudinal reinforcement is substan
tially smaller than that resulting from a conven
tional analysis. It was also observed that the 
shear strength of the specimens was substantially 
higher than is usually assumed. Consequently, the 
shear s tresses are not governing design criter i a, 
and shear reinforcement, depending on the slope of 
the bottom face, may not be required. Other design 
aspects of deep cantilevers, such as anchorage of 
longitudinal bars and temperature rein£orcement, 
were not considered in this testing program. The 
conventional design practice appears adequate, par
ticularly for anchorage. Previous work on deep 
structural elements has consisted of testing deep 
beams and brackets (corbels). Work on deep beams is 
not reported in this paper because the structural 
behavior of deep beams differs from that of deep 
cantilevers. The work on brackets is summarized 
below. 

Corbels were extensively investigated in Portland 

Cement Association (PCA) laboratories by Kriz and 
Raths (1). The PCA tests resulted in empirical 
equations based on statistical results from tests. 
It is regrettable that the principles of statics 
were neglected in the research of Kriz and Raths. 
Other works on corbels are listed in a report by the 
American Society of Civil Engineers (ASCE) {l_) , 
among them works by Mehmel and Beckner, Mehmel and 
Fceitag, a.nd Commissie and others. The investiga
tion of corbels by Niedenhoff (3) and Franz and 
Niedenhoff (_i) resulted in new {~.formation on the 
mechanisms of corbel behavior. Publications ori
ented toward establishing a design method foe cor
bels based on "satisfaction of the laws of statics" 
are reported by Mattock, Chen, and Soongswang (5) 
and Mattock (&_). According to the best evidence 
available to me, cantilevecs of the geometry de
scribed in this paper have never been tested. 

The following sections of this paper provide the 
description of the experimental setup, resulting 
load-stress characteristics, the analysis and design 
of reinforcement with design examples, and a tenta
tive analysis of the stress distribution in a cross 
section of a cantilever. 

Because a considerable amount of effort was ap
plied in order to achieve a careful setup of testing 
and measurements, it is considered appropriate to 
provide a detailed account of the test results in 
this paper. Furthermore, since these tests were 
used in establishing a new approach for the design 
and analysis of an important structural element in 
the development of the national transportation sys
tem--i .e., bridge piers with cantilevers--it is be
lieved that the experimental data base presented in 
detail will substantiate and justify the proposed 
approach. 

NOTATION 

The following notation is used in this paper: 

As cross-sectional area of reinforcement; 
a = "shear span," distance from the point of 

application of the load to the cross sec
tion considered; 

b width of the cross section; 
c resultant of normal stresses in concrete at 

a given cross section; 
d depth of the cross section; 

f~ specified compressive strength of concrete; 
fs stress in reinforcement; 

fsu stress in reinforcement at failure; 
f~ yielding stress in reinforcement; 

J parameter determining the location of the 
resultant of concrete compressive stresses 
in a cross section above the centroid of 
reinforcement; 

jF magnitude of the parameter j at failure; 
T resultant of tensile stresses in reinforce

ment; 
V reaction at tested specimens, load on can

tilevers; 
2V load on tested specimens; 
Vu V at failure; 

2Vu 2V at failure; and 
p ratio of reinforcement or percentage of re

inforcement. 
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EXPERIMENTAL SETUP AND TESTING 

Experimental work was conducted at the National Bu
ree1u of Standards (specimens Nl and N2) and at Case 
Institute of Technology (specimens Cl, C2, CJ, C4, 
and CS) • An d.1.LiLrary 8hopc w.:ic selected for th~ 

specimens, which were tested in the upside-down po
sition (see Figure 1). The overall dimensions of 
the s1-1.icimens were 36x25.5xl2 in (91.4x64. Bx:rn.s 
cm). The span between the supports was 27 in (68.6 
cm) . Axes numbered 1 through 15 were used to iden
tify cross sec.tions of the specimens (see Figure 
2). Axes i , 3, 5, and 7 were separated by 5 in 
(12.7 cm) as were axes 9, 11, 13, and 15. The spec
imens rested on lx4xl2-in (2.5xl0.2x30.5-cm) s up
porting plates, which in t urn rested on r ollers at 

Figure 1. Sectional view of 
specimens. 
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Figure 2. Structural details of specimens Nl and N2, 
including grid system and location of strain gugos. · 

Table 1. Characteristics of specimens. 

Modulus of 
IBtimate Elasticity 
Strength of of Concrete 

Specimen Concrete (psi) (psi 000 OOOs) 

NI 5740 4.1 
Cl 4910 3.1 
N2 5950 4.1 
C2 5270 4.7 
C3 3930 4.8 
C4 3930 4.8 
C5 3930 4.8 

Note: l psi= 0.006 895 MPa; 1 in2 = 6.45 cm2 . 

Bars 

Size Number 

#4 15 
#4 15 
#4 7 
#4 7 
#3 5 
#3 3 
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each side of the span. For specimens Cl-CS, two 
rollers in contact were used at each s upport as a 
precaution against poss i ble escape of the rolle rs 
under J.oading action. Specimens Nl and N2 were 
tested with o ne roller welded at suppoi:t A and one 
free i:oller at support B, as shown ln Figure 2. 

The concrete used was Type III, which had a spec
ified strength of 3000 psi (20. 7 MPa)1 the strengths 
actually obtained i:anged ·from 3930 to 5950 psi 
(2 7 .1-41. 0 MPa) and t he moduli of elasticity ranged 
from 3 . 1 million to 4.8 million psi ( 21 400-33 100 
MPa) (see Table l) • 

The characteristics of the reinforcing steel in 
the N and C specimens were as follows: 

Yield Ultimate Elastic 
Specimen Point Strength Modulus 
T:z'.~ !ESi OOOs) !E!si ooos i !2si ooo OOOsl 
N 45.3 74 26 
c 45 77 29 

The cross-sectional area of the reinforcement of 
specimens Nl and Cl was designed to provide a rein
forcement ratio at the middle of the specimen, axis 
8, that would approximately correspond to allowable 
stresses , fs = 20 000 psi (138 MPa) and f 0 = 
1350 psi (9. 3 MPa), at working load in steel and 
concrete, respectively. Normal practice was fol
lowed to obtain an approximation of 21 tn ( 53 . 3 c m) 
for the depth of the cros s-sectional area at axis 
8 . The distance from t he bottom of the specimens to 
the centroid o f the r einforcement vias 1.5 in (3:1l 
cm) • Specimens Nl and Cl were r einforced by two 
layers of bars, the others by one layer. The rein-

ELEVATION 

••••••• ' " . 

/ SECTION AT AXIS 8 

~Strain gages on 
reinforcement 

Reinforcement Ratio 
at Cross Sections 

Aiea of 
Reinforcement Axes 5 
(in2 ) and 11 Axis 8 

3.0 0.0172 0.0119 
3.0 0.0172 0.0119 
1.4 0.0081 0.0056 
1.4 0.0081 0.0056 
0.55 0.0032 0.0022 
0.33 0.0019 0.0013 
0 0 0 
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Figure 3. Location of strain gages on reinforcing bars in plan view. 
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- Strain gages on specimens N 1 and N2 

""'Strain gages on specimens Cl to C4 

forcement of specimens consisted of 15 f4 bars for 
Nl and Cl, 7 f4 bars for N2 and C2, 5 tS bars for 
C3, and 3 13 bars for C4 for the specimen width of 1 
ft (30.5 cm). The resulting reinforcement ratio at 
the middle of the specimen (axis B) varied from 
0. 0119 to 0. 0013 and near the quarter-span (axes 5 
and 11) from 0.0172 to 0.0019 (Table l). Electrical 
resistance strain gages 3/B in ( 0. 95 cm) long were 
located on the reinforcing bars (see Figures 2 and 
3). In specimens Nl and N2, the strain gages were 
located at the top and bottom of each bar, 20 gages 
in each specimen. In s pecimen Nl, the gages were 
attached to the bars of the lower layer. ln speci
mens Cl-C4, the gages were placed at similar loca
tions at the bottom of each bar, 3 gages in each 
specimen (Figure 3) • The strain readings were cor
rected to obtain the strain and stresses at the cen
troid of the reinforcement in all specimens on axes 
5, 8, and ll and at the supports. Specimens Nl and 
N2 were equipped with strain gages placed on con
crete in addition to those placed on the reinforc
ing. This paper includes the results of strain 
measurements in the steel only. 

The load was applied at the top of 
through the spherical head of 600 000-lb 
capacity testing machines with 15 000-lb 
increments in the N tests and with 

specimens 
(2670-kN) 
(66.7-kN) 
30 000-lb 

(133-kN) increments in the C tests. The test re-
sults are presented as reinforcement stress as a 
function of load at five locations in the N speci
mens, at approximately the quarter-span (axes 5 and 
11), the middle span (axis B) , and the supports and 
at three locations in the C specimens. 

EXPERIMENTAL LOAD-STRESS CHARACTERISTICS 

Load-Stress Cur ves at Appr oxima tely Quarter-Span 
(Axes 5 and J.l) 

Specimens Nl and Cl 

The curves of load versus experimental stress in the 
reinforcement at axes 5 and 11 of specimen Nl follow 
the same pattern very closely from zero to failure 
load (see Figure 4). Both indicate elastic behavior 
of the concrete up to a load of about 90 kip ( 400 
kN) • Above 90 kip, the experimental stress lines 
begin to deviate gradually from the straight line. 
The first diagonal crack (shown at the left-hand 
side of the photograph in Figure 5) developed at a 
load of 135 kip ( 600 kN) and extended nearly half 
the specimen height. Further development of this 
crack and a new crack at the right side observed at 
a load of 165 kip (734 kN) are also shown in Figure 
5. At 165 kip, the crack on the left side extended 
to about 90 percent of its final length and the 
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crack on the right side to 60 percent of its final 
length. The major formation of the cracks therefore 
occurred between loadings of 135 and 165 kip. Cor
respondingly, the experimental curves exhibited a 
flatter pattern in this inte r val , ind icated in Fig
ure 4 as "major extensi on of diagonal c r acks." This 
stage may be considered a transition stage, which is 
a stage between the elastic state of equilibrium and 
the cracked-elastic state of equilibrium when the 
steel absorbs the major portion of tensile stresses. 

The new state of equilibrium of internal forces, 
cracked-elastic equilibrium, beginning at a load of 
165 kip, is reflected by the portion of the experi
mental curves that follow a straight line with a 
slope larger than that in the transition stage but 
smaller than that i n the elastic stage below a load 
of 90 kip. The left crack stopped running at 315 
kip (1401 kN), as ind i c ated in Figure 5. The ex
perimental lines (Figure 4) indicate a flatter slope 
beginning with the 315-k ip l oad. At a l oad of 405 
kip (1801 kN), for mation of a new c rack s tarting 
from the existing c rack at the right side was ob
served, beginning approximately at the 165-kip mark 
shown on the existing crack. The new crack extends 
up to the int ersection of the c o l umn face (axis 7) 
with the s l o.ping face of the specimen. This crack 
produced a sudden , explosive failure. Simultane
ously, a curved crack developed at the support and 
there was separation of a piece behind the hooks of 
reinforcement. The failure occurred at stresses in 
t he r einfor cement o f 38 600-39 500 psi (266-272 MPa) 
(s ee Tabl e 2), muc h bel ow t he y ield ing stre s s of 
45 300 psi (312 MPa ) . Cons equently , the c aus e of 
failure was the diagonal tension (principal tensile 
stresses) in concrete in the direction normal to the 
failure crack without yielding of the steel. The 
experimental curve obtained from testing specimen Cl 
follows approximately the pattern of the experi
mental c urve s f or Nl (not shown i n Figure 4). Spec
imen Cl f a iled prematurely bec ause of crus hing of 
the spec i men bead at a l oad of 236 kip (1050 kN) . 
Stresses for typical loads are listed in Table 2. 

Specimens N2 and C2 

The curves of load versus experimental stress at 
axes 5 a nd 11 of spec imen N2 c l ose l y coi nc ide (Fig
ure 4) . At t he po i nt indicat i ng a load o f 75 ki p 
(333 kN), t wo c urves o f specimen N2 tur n back, show
ing a drop i n str ess of about 1000 psi (6.90 MPa ). 
The drop in stress in the steel at both axes 5 and 
11 is local: the curve gradually returns to the nor
mal pattern similar to that of specimen Nl. The 
curve for specimen C2 indicates stresses consis
tently larger by 2000-3000 psi (13. B-20. 7 MPa) than 
the stresses in specimen N2. The difference is 
probably due to the different arrangement of the 
supports . Similar higher stresses were observed in 
Cl for apparently the same cause. 

Only two states of st resses can be clearly de
fined from the curves of spec i mens N2 and C2: the 
noncracked elastic and cracked elastic. The first 
crack, which was a diagonal c r ack at the right-hand 
side (see Figure 6), was observed in speci men N2 at 
the same load [135 kip (600 kNll as in specimen Nl: 
however, stee l stress at 135 kip i n s pecimen N2 
(axis 11) was 1 8 200 psi (125 MPa) ve rsus o nly 8200 
psi ( 56. 5 MPa) i n spec i men Nl, wh i ch is almost ex
actly in proportion to the amount of reinforcement 
in N2. The second crack was observed in the middle 
of the specimen at a load of 150 kip (667 kN). A 
similar crack was not observed in the specimen with 
higher rei nforceme nt , specimen Nl. The third c rack , 
a diagonal one , was observed at a load of 180 kip 
(801 kN) on the left side. Two minor s l oping crac ks 
developed at about half the distance between the 
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Figure 4. Stresses in reinforcement at axes 5 and 11 as 
a function of load. 

Figure 5. Specimen N1, face 2, after failure. 
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diagonal cracks, starting at the s upports and the 
middle crack i similar cracks were also not obse rved 
in specimen Nl. All five cracks were fairly sym
metricall y located about the center of the specimen, 
which may be regarded as an indication that the sup
port conditions were symmetrical--i.e., compatibie 
with the free support concept . A further extension 
of diagonal cracks was observed in both sides of the 
specimen at a load of 225 kip (1001 kN). ·rhc lctt
side crack r eached the column face at axis 9, face 
2, and ca.used the failure (Figure 6). 

The appearance of the first diagonal cracks at 
the same 135-kip load i n both s pecimens Nl. and N2 
and the extension of cracks at near the same loads 
in Nl and N2 (the 225-kip marks at the left side of 
specimens Nl and N2 are located at the same level) 
indicate that the amount of reinforcement does not 
influence the appearance and the extension of diago
nal cracks. The failure of spec imen N2 occurred at 
a load of 225 kip by a sudden, explosive failure of 
the concr.ete along the diagonal crack on the left 
side similar to the failure of specimen Nl. A sim
ilar accompanying crack near the reinforcing bar 
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hooks was observed as well as splitting of concrete 
at the hooks and at the top near the column. The 
failure occurred at stresses in reinforcement of 
49 000 psi (338 MPa) at the middle and 46 300 psi 
(319 MPa) at axis 11, which were above the y ield 
poffif (45 300 psi r312 MPa)]. Consequently~, the 
cause of failure was the diagonal tension (principal 
tensile stresses) in concrete with simultaneous 
yielding of steel. The tailure of specimen C2 was 
similar to the fai lure of specimen N2. 

Specimen C3 

The experimental c~rve for specimen C3 is similar to 
that for specimen C2 for stresse s less than 10 000 
psi (69 MPa) . It slopes more heavily to the right 
at about the 1 0 000-psi point as a consequence of 
the smaller amount of reinforcement. At a load of 
90 kip (400 kN), s tresses were 10 000 psi i n C2 and 
11 700 ps i (80. 7 MPa) i n C3 . The magnitudes of 
these stress es are close despite a considerable dif
ference i n t he amount of reinforcement. This must 
be e xplained by the assumption that concre te resists 
more tension i n spec imen C3 with less reinforce
ment. The cracks that developed in specimen C3 were 
first observed starting from the supports RS in 
other specimens and following a diagonal direction 
toward the top. A vertical crack was observed near 
the middle of the specimen. The experimental curve 
indicates that, at failure, the stress in the steel 
reached the yield point. The type of failure is the 
same as that of spec i mens N2 and C2: by diagonal 
tension in concrete with simultaneous yieldi ng of 
the reinforcement. 

Specimeni; C4 cirnl ci; 

The experimental curve of specimen C4 with low rein
forcement is determined by only two points (Figure 
4). An almost vertical crack developed in t he spec
imen, starting near t he middle. The same crack 
caused the failure at a load of 71 kip (316 kN), 
slightly above the second load, 60 kip (267 kN), 
which caused a stress of only 5300 psi (36.5 MPa) in 
the reinforcement. The widening of the crack caused 
a sudden increase of stress in the steel, which pro
duced failure by yielding of the steel. A middle 
crack in specimen C3 did not produce failure whereas 
in C4, with less reinforcement, the vertical crack 
was fatal. 
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Table 2. Stresses in reinforcement 
calculated from measured strains and 
corresponding loads. Specimen 

NI 

Cl 

N2 

C2 

C3 

C4 

Stage 

At first diagonal crack 
At last recorded strain 
At failure load 

At last recorded strain 
At failure load 

At first diagonal crack 
At last recorded strain 
At failure load 

At last recorded strain 
At failure load 

At last recorded strain 
At failure load 

At last recorded strain 
At failure load 

No te: 1 kip= 4.448 kN; I psi= 0.006 695 MPa. 

Figure 6. Specimen N2, face 1, after failure. 

An additional specimen--C5, build with plain con
crete--was tested. It failed under a load of 33 kip 
(147 kN), a bou t half the load that caused the fail
ure of specimen C4. This is an indication that even 
an i nsignificant a moun t of reinfor c e ment , a s in 
spec i men C4, i mp.roves conside r ably t he l oadi ng ca
pac i ty o f t he s pec i men, a fac t known by t he des ign
er s of footi ngs b ut not t r eat ed by the rein f orced 
concrete design codes. 

Load-Stress Curves at Mi ddle of Spa n (Axis 8 ) 

Comparison of experimental curves (see Figures 4 and 
7) obtained from strain measurements at axes 5, 8, 
and 11 of specimen Nl shows t ha t the curves almost 
coincide . The closeness of the stresses , particu
larly at 165 kip (7 34 kN) when major c rac ks are 
formed and up t o fai l ure, ind i cates that st resses in 
the reinf o rcement change little along the middle 
portion ( from a xes 5 to 11) of the s pecimen. At the 
las t E?refailure load [390 ki p (17 35 kN) J, s tresses 
in the steel a r e 36 700, 39 400, and 38 000 psi 
(25 3 , 272 , and 262 MPa) a t axes 5, 8, a nd 11, re
spectively; i. e . , the re i s about 6 perce nt d iffer
ence between the average stress in 5 and 11 and the 
stresses at axis 8 (Table 2) • This indicates that 
the steel absorbs almost uniformly the horizontal 
component of the resultant of the principal stresses 
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Stress (psi OOOs) 

load (kips) Support A Support B Axis 5 Axis 11 Axis 8 

135 
390 
405 

180 
236 

135 
225 
255 

180 
224 

120 
149 

60 
71 

2.3 
21.4 
23.0 

3.0 
23.0 
28.6 

3.1 
23 .9 
26.0 

4.9 
28.0 
32.5 

25 .0 
37.5 

31.2 

2.5 

6.5 
36.7 
38 .6 

17.2 

8.2 
38 .0 
39.5 

18.7 

18.2 
40.9 
46 .3 

36.0 
48.0 

42.0 
67.0 

5.3 
6.8 

18.8 

20.3 
41.5 
49.0 

41.8 
54.5 

44 .7 
73 .0 

12.2 
16.5 

directed from the applied load t owa rd the s upports. 
The curves and the stresses in s teel at fa ilure for 
specimens N2, Cl, C2, and C3 confirm the same con
clusion: Stresses in the steel are nearly equal 
from axis 5 to axis 11 (Table 2) . 

Load-Stress Curves at Supports 

The general pattern of the experimental curves for 
specimen Nl, representing stresses on supports ver
sus loads (see Figure 8), is similar to that of the 
experimental curves plotted from observations of 
axes 5, 8, and 11. Stresses in the reinforcement at 
the supports, including stresses at failure, indi
cate values close to one-half those observed in bars 
in the space between axes 5 and 11 (Table 2) • 
Stresses at failure in the reinforcement at the sup
ports for specimens N2, C2, and C3 are larger than 
one-half the values of stresses in the space between 
axes 5 and 11. 

NOMINAL SHEAR STRESS AT FAILURE 

The nominal shear stress characteristics for loads 
at the first diagona l crack and at failure are given 
in Table 3. The nomi nal shear stress at failure is 
very large, up to 2328 psi (16.0 MPa) at axis 5. 
This is due to the action of the reinforcement. In 
such structural members as deep cantilevers, the 
nominal shear stress cannot be used as a design cri
terion because it is not a measure of the shear 
strength (or principal tensile strength) of concrete 
but rather is a measure of the strength provided by 
tensile reinforcement. 

EQUATIONS OF EQUILIBRIUM: DESIGN OF LONGITUDINAL 
REINFORCEMENT 

Equat i o ns of Equilibr i u m 

The e quil ibrium of a free body to the left of any 
vert ical sec tion passing through the left portion of 
the canti lever specimens will result in the equation 
for the reaction at the support, which is the con
centrated load in the prototype (Vul : 

Y u = A, f5u Gd /a) (I) 

Because the stress distribution in a vertical 
cross sect ion of a short cantilever with a sloping 
face is unknown and d iffers substantially from that 
in a long cantilever with parallel faces or in a 
long (shallow) beam, the equation of equilibrium, 
Equation 1, cannot be used d irect ly. The arm of the 
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Figure 7. Stresses in reinforcement at axis 8 as a func
tion of load. 

figure 8. Stresses in reinforcement at supports as a function of load. 
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Stresses in reinforcement, psi 

resultants of the internal normal stresses acting on 
a vertical section (jd) must be investigated in 
order to validate Equation l for analyzing the ul
timate load (Vul • The stress of stee at failure 
(fsu> must also be assumed. Both the arm jd and 
the stress f 8 u may be determined from the tests 
reported in this paper. 

By rewriting Equation l for j, 

j = (V/fsA,)(a/d) (2) 

and using 2V for the monotonic load on the specimen 
(V is the reaction), fs, the stress from the cor
responding measured strain, and the known quantities 
a, As, and d, the parameter j was calculated from 
test data and plotted versus the quantity V/f A 
in Figure 9 for the vertical cross sections at a~e~ 
5 and 8 of specimens Nl, N2, and C3. Only a portion 
of the available data is shown in Figure 9. Many 
other points that are not shown in Figure 9 would be 
located, if shown, exactly on the same straight 
lines. It is seen that the parameter j depends lin
early on the quantity V/fsAs• Moreover, for 
specimens Nl, N2, and C3, the experimental points 
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Table 3. Nominal shear stress characteristics. 

Specimen 

NI 
N2 
C3 
C4 
cs 

Shear Stress (psi) 

Axis 5 

At First 
Diagonal Crack 

776 . 
776 

Note: 1 psi=: 0.006 895 MPa. 

At 
Fiiliire 

2328 
1466 
856 
408 
190 

Axis 7 

At First At 
· o agQniilTracl< · - Failure 

577 
577 

1730 
1090 

637 
303 
141 

lie on the same straight line regardless of the 
amount of reinforcement. Parameter j can be re
garded as an index to the stress distribution in a 
cross section. In the beginning of the test, 
j ~ 5 (see the upper points): i.e., the resultant 
of normal stresses is located outside of the sec
tion, which indicates the presence of tensile stress 
in the cross section that corresponds to the pre
cracked state. With increasing load 2V (and de
creasing ratio V/f9 Asl , the parameter j de
creases and reaches the value jF, the value at the 
last observed strain prior to failure. Values of 
jF were calculated at sections 6 and 7 in addition 
to those at sections 5 and 8 (see Table 4). A graph 
represen t ing the product jFp versus p, where 
p is the reinforc i ng r atio, was plotted (see Fig
ure 10). Because this plot is linear with little 
scatter and all four lines converge to a single 
point (at 0-0.12), it was possible to establish a 
common equation for jF as follows (for p in per
centage) : 

iF = (0.12/p) + l.36{[(a/d) + 0.06)} (3) 

A verification of the accuracy of Equation 3 for 
p = l percent is given below: 

jF 
Ratio aLd Calculated From Gr a Eh Error (ti) 
0.38 o. 718 0. 72 -0.3 
0.47 0.841 0.85 -l.2 
0.54 0.936 0.87 +l. 3 
0.64 l.072 l.08 -0.7 

The error is within l.3 percent. This indicates 
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Figure 9. Internal force arm parameter (j) as a function of ratio of load to 
force In steel reinforcement (V/f5 A,). 
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that Equation 3 provides a satisfactory method for 
determining the parameter jF• Equation 3 provides 
the means for designing the reinforcement for a 
given load Vu by using Equation 1 for the stresses 
in steel at the failure load. Data given in Table 2 
indicate that the specimens failed at stresses in 
steel approximately equal to yield stress. A reduc
tion factor of approximately 0.85 can be used. The 
ultimate stress corresponding to the given ultimate 
load will consequently be fsu .. 0.85fy· 

Equation 3 can be combined with the equation of 
equil ibrium , Equation 1, and a formu la for propor
tioning cantilevers can be obtained a s follows: 

A.= (Vua - 0.0012db 2 f8 u)/[1.36f5u(a + 0.06d)] (4) 

for consistent units. 
For a given ult imate load Vu and its location 

determined by the shear span a, the elements of the 
cantilever--b, d, and As--must satisfy Equation 
4. The width b must be selected to provide the 
space for placing the bars. Because Equation 3 is 
derived from experiments, the condition for com
pressive stress in concrete is satisfied if Equation 
4 is satisfied. The nominal shear stress in con
crete at a given cross section should not be con
sidered as a design criterion (see above). Shear 
reinforcement is not required if the reinforcement 
is designed by using Equation 4. Bee '.use Equations 
1-4 are derived based on satisfyin<; the laws of 
statics, the principle of superposition can be ap
plied when they are used; i.e., any number of con
centrated loads from girders resting on a bridge 
pier may be included in this analysis. 

Design of Reinforcement 

An example of a design is provided: For an ultimate 
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load Vu • 600 kip (2669 kN) located at a = 5.0 ft 
( 152 cm) from the column, design the cross section 
at the column. Use steel fy = 45 ksi (310 MPa), 
use stress at failure fsu = 0.85 x 45 = 38.25 ksi 
(264 MPa), and assume a c ross section wi th b = 24 in 
( 61 cm) and d = 48 in ( 122 cm) • From Equation 4, 
the necessary reinforcement will be as follows: 

A.= [600 x 5 x 12 - 0.0012 x 48 x (24)2 x 38.25] 

7 [1.36 x 38.25(5 x 12 + 0.06 x 48)] = 10.62 in2 (68.5 cm2 ) 

The corresponding value for jF for this analy
sis by Equation 3 is jF = 1. 92. A similar design 
for a shallow beam determined by using the ultimate 
load method results in substantially larger rein
forcement . By using "Witney's block " for compres
sive stresses and 0.85f~ stress <z, p. 50), the 
reinforcement is As .. 26.8 in 2 (173 cmt) with 
j (same as jF above) = 0.732 . 

Geometry 

The cantilevers were tested by using specimens of 
particular geometry (Figures 1-3). However, the 
essential geometric characteristic that determines 
the behavior of this type of structure is the shear
span-to-depth ratio, a/d. If the slope of the lower 
surface of a bridge pier or the height at the end of 
the cantilever is different from those of the tested 
specimens but the essential characteristic, a/d, 
remains the same at a given cross section, the char
acteristic of the section at failure (jFl must 
remain essentially the same. However, testi ng is 
desirable to confirm the applicability of the method 
to other cantilever shapes, particularly for bridge 
piers with a steeper lower surface--i.e., with 
larger depth-to-span ratio (d/a) • 

The above argument does not apply, however, to 
such structural elements as corbels (brackets). 
Because corbels (brackets) projecting from columns 
or walls have substantially different geometry near 
the column or wall face and consequently a different 
stress pattern near the support than deep canti
levers, Equations 3 and 4 may not provide suffi
ciently accurate results if applied to corbels. 
This conclusion follows from several trial calcula
tions based on PCA test data <l>· 

INVESTIGATION OF NORMAL STRESS DISTRIBUTIONS 
AT A CROSS SECTION 

A study of jF values from Figure 9 and Table 4 
indicates that at lower reinforcement parameter jF 
is larger. When jF > 1, the resultant of the 
normal stress in the cross section is located out
side the cross section. This indicates that tension 
in the concrete must exist prior to failure. On the 
other hand, when the ratio V/f6 As decreases 
(Figure 9), the parameter j decreases. The param
eter j is greater than 5 at the beginning of the 
test at low loads, when the precracked condition 
exists; it gradually drops to the value jF indi
cated in Figure 9. 

At the prefailure conditions concrete still re
sists tension, apparently at the lower portion of 
the cross sections, despite the fact that major 
cracks develop at the support. The hypothesis that 
concrete still resists tension at the prefailure 
stage (indicated by a large value of jF) may be 
supported also by the fact that the concrete does 
not exhibit cracks at the reinforcing bars between 
the supports if a sufficiently large amount of rein
forcement is provided (specimen Nl) . This also 
means that the bond between the bars and the con
crete is not broken and therefore concrete partici
pates in resisting tension in addition to the resis-
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Table 4. Parameter iF at last recorded 
strain determining location ijFdl of 
resultant of normal stresses in concrete 
and corresponding p. 

Test 

Load 2V on 
Specimen at 
last Recorded 
Strain (kips) 

NI 390 
N2 225 
C3 120 

Section at Axis No. 

s 6 

iF p(%) iF 

0.67 1.72 0.81 
0.75 0.81 0.92 
0.99 0.32 1.20 
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7 8 

p(%) iF p(%) iF p (%) 

1.47 1.91 1.28 1.Uo 1.1 ~ 
0.69 0.97 0.60 1.25 0.5 5 
0.27 1.35 0.24 l.57 0.22 

Note: Shear span/depth ratio (a/d) :::::: 0 .38, 0.47, 0.54, and 0.64 for sections S, 6, 7, and 8, respectively . 

Figure 10. Parameter iFP as a function of the reinforcement ratio, p, and 
arm-to-depth ratio a/d. 
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tance of the bars. In specimen N2 vertical cracks 
developed, so the participation of concrete in ab
sorbing tension stress is not so obvious for this 
specimen. 

An analysis done for specimens Nl and N2 by using 
the actual values of jF results in the normal 
stress distribution diagrams shown in Figure lla, 
b. This analysis assumes the neutral plane at the 
intersection of the major crack with the cross sec
tion at axis 7. Observed strain, given load, rein
forcement data, and the magn i tude of the parameter 
jF (Equation 3) are used. The compressive stress 
block is assumed to be rectangular. If the rectan
gular compressive stress block is used, tension 
stress below the neutral plane must be present to 
satisfy the condition of equilibrium. Calculated 
tension stresses are shown in Figure 11. If a para
bolic stress distribution or a triangular compres
sive stress diagram were assumed, the tension stress 
below the neutral plane necessary for equilibrium 
would still exist but would be smaller. If a sim
ilar analysis were made at axis B (instead of axis 
7) with jF = 1.06 (for Nl) and 1.25 (for N2), the 
tension necessary for equilibrium would be larger 
than in the example analyzed for axis 7 because the 
resultant C of stresses in concrete is located at 
axis B outside the cross section (jF > l) (Table 
4) • The magnitudes of the stresses calculated for 
specimens Nl and N2 are shown in Figure 11. 

CONCLUSION 

Tested deep reinforced concrete cantilevers exhibit 
substantial l y higher resistance to appl ied load than 
that de t ermi ned by conventiona l me thods of a na lysis 
us ing t he ultimate load or working stress method . A 
study based on equilibrium of tested specimens pro
vided a method for determining the arm of the re-

Figure 11. Normal stress distribution in concrete in specimens N1 and N2 at 
last observed strain at axis 7 prior to failure. 
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sultant of normal stresses in concrete in a vertical 
cross section as a function of depth-to-span ratio 
a-nd--· r·e~- r-aMo.- A .genera-1 .. ...equat.ion_ .f.ar_ 
analyzing the arm of this resultant is presented. 
In turn, this equation provides the means for de
signing the reinforcement to satisfy conditions of 
equil i brium pr ior to fa ilure . Conditions for com
press ion of concr e te are satisfied by us ing this 
equation. I t has been found t hat nomi nal shear 
stress e s at vertica l cro ss sect i ons are. ve r y l arge, 
much above the shear (principal tension) strength of 
concrete. This is because the horizontal reinforce
ment provides shearing strength to the structure. 
For this reason, nominal shear stress should not be 
used as a criterion for the design. The true dis
tribution of normal stresses prior to failure in 
vertical cross sections is still unknown, although 
the equi l ibr i um study indicated that tension in con
crete e x i s t s and contributes to the overall resis
tance of deep cantilevers . This in part explains 
their higher resistance to the applied load compared 
with that predicted by conventional method.s of 
analysis. 
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Study of Cracking of Composite Deck Bridge 

on I-7 5 over Peace River 
CLIFFORD 0. HAYS, JR., FERNANDO E. FAGUNDO, AND ERIC C. CALLIS 

Observed cracking on the Peace Riv er Bridge on Interstate 75 near Punta Gorda, 
Florida, caused concern about the possibility of high maintenance cost and the 
structural adequacy of the bridge system. The deck system consists of precast 
panels resting on soft fiberboard, which serve as formwork for the road surface 
and later aid in carrying the traffic loads. An investigation has been completed 
that involved testing of the Peace River Bridge, testing of the FL-776 Bridge 
(a nearby structure of similar .construction I, analytic modeling using the finite 
element method, and limited laboratory testing of beam specimens. The in
vestigation indicates that although the Peace River Bridge is adequate to carry 
normal traffic, the shear stresses in the bridge deck are substantially higher than 
those of deck systems that have positive bearing at the ends of the panels. 
Further experimental studies are under way to determine the shear fatigue 
life of the bridge. The causes of cracking and separation at the ends of the panels 
are identified as differential shrinkage and creep due to prestress forces. Recom
mendations for future construction projects are made. 

Rising costs of formwork, materials, and labor have 
greatly increased the cost of reinforced concrete 
bridges constructed with conventional field forming 
techniques. Construction techniques that reduce the 
amount of forming done under field conditions in
crease the economy of the bridge. Prefabricated 
prestressed girders have been in common use in 
bridges for approximately 30 years. Precast stay
in-place forms of concrete and steel replaced wooden 
forms in recent years and eventually led to the 
development of precast composite deck panels. Com
posite deck panel bridges contain precast pre
stressed panels that span between bridge girders and 
support the cast-in-place topping, eliminating most 
of the field formwork. Research in Florida, Penn
sylvania, and Texas led to their widespread accep
tance and incorporation into the American Associa
tion of State Highway and Transportation Officials 
(AASHTO) specifications <ll· Figure 1 shows typical 
composite bridge panel construction, as built in 
Florida, prior to this research. 

Recent research in Florida <ll and Louisiana (3) 
dealt with full-span form panels that span directly 
between piers without using prestressed girders. 
Additional research on deck panels was recently 
completed in Texas (4). Although there are signifi
cant differences in these two types of construction, 
they both exhibit more regular cracking patterns 
than bridges with reinforced concrete decks con
structed by using conventional forms. The combina
tion of (a) shrinkage due to placing a thin layer of 
fresh concrete on top of a deck panel that has 
already undergone a major portion of its shrinkage 

and (b) vertical joints between panels and cast-in
place concrete in regions of high stress (due to 
traffic) will cause cracking and the cracking will 
follow a regular pattern. However, extensive re
search and experience have shown that these systems 
can be safely used in bridge construction. 

The Peace River Bridge on I-75 near Punta Gorda, 
Florida, was constructed with prestressed girders 
and composite deck panels. During the construction 
of the bridge, an unusually large number of cracks 
were observed in the deck. As pointed out earlier, 
some cracking is inherent in this type of construc
t ion, but the extensive early cracking that was 
observed caused concern about the possibility of 
excessively high maintenance costs due to deteriora
tion of the deck with time. 

Preliminary studies of the plans for the Peace 
River Bridge indicated one major difference from 
details used in other states. On the Peace River 
Bridge, and other bridge work in Florida, the pre
cast panels are supported, as shown in Figure 1, by 
fiberboard so that the panels do not have positive 
bearing on the girders. One series of the Florida 
panel tests (.?_) was made without positive bearing 
for the panels, and satisfactory performance of the 
panels was observed. However, these test panels had 
prestressed strands that extended a short distance 
into the cast-in-place concrete. In addition, these 
laboratory test specimens were not exposed to tem
perature, creep, and shrinkage stresses, which 
aggravate the cracking near the end of the panels 
under field conditions. 

The panels are designed to act compositely with 
the cast-in-place concrete in resisting live loads 
and are assumed to act as a continuous slab with 
negative moment developed in the slab over the 
girders. The ability of the panels to transfer 
shear across their ends and provide continuity was 
questioned due to the observed cracking. Prior 
research concentrated heavily on demonstrating that 
adequate bond could be developed between the top of 
the panels and the cast-in-place topping. Only 
minimal attention was given to the bond between the 
end of the panels and the cast-in-place concrete 
over the girders. The exact mechanism of the shear 
transfer and the degree of continuity in this region 
of interfaces between various concretes with creep, 
shrinkage, and temperature cracks is difficult to 
predict with any degree of certainty. Thus, a 
thorough investigation of the Peace River Bridge was 
warranted. 


