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Figure 7. Comparison of simulated delays with Webster’s delay under pre-
timed control.
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will not always result in an optimal control under
varying traffic-flow conditions. Precisely for this
reason, it is desirable to have a reasonably simple
yet reliable model to determine the trade-off of
timing settings with respect to a typical daily flow
pattern. Such a trade-off analysis would enable one
to select permanent settings. The use of volume-
density control alleviates but does not eliminate
this problem.

It would certainly be a blessing if the operation
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of a signal control could be adequately represented
by a primitive and intuitive model. In reality,
such intuitive models for analyzing traffic-actuated
controls are often misleading and are usually not
better than practicing engineers' intuitive judg-
ments. In anticipation of increased use of micro-
computers, there is room for developing models that
are more reliable than intuitive models but 1less
difficult to wuse than most existing simulation
models.
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Another Look at Bandwidth Maximization

KARSTEN G. BAASS

One solution to the problem of fixed-time traffic signal coordination is the pro-
vision of a large green band that allows road users to drive at a reasonable speed
without stopping. This solution is popular with drivers, although it does not
necessarily lead to delay minimization except in special cases. A method for de-
riving the globally maximal bandwidth together with all possible suboptimal
values is described. The programs WAVE1 and WAVEZ2 can also be used to
generate curves that show the continuous relation between uniform progression
speed and corresponding maximal bandwidth over a wide range of speeds and
cycles. The typical shape of this bandwidth-speed relationship is explained
theoretically, and the theory is used in the development of the algorithm. Itis
shown that bandwidth varies greatly with progression speed and it is suggested
that setting bandwidth at the globally optimal value may not always be the best
choice. The decision to adopt a progression speed, a bandwidth, and a cycle
time should take into account a range of values of speed and cycle. The pro-
posed method was applied to 18 data sets of up to 24 intersections taken from
the published literature and the results obtained were compared with those
given by the mixed-integer linear-programming approach. Computer execution
time is extremely short and the storage space required is negligible, so the
method could be of interest in practical applications.

The maximization of bandwidth is one of the two ap-
proaches used for determining offsets between fixed-
time traffic lights on an artery. There are a num-
ber of fairly restrictive hypotheses related to this
approach, e.g., the assumptions of a uniform pla-

toon, no platoon dispersion, low volumes, and no or
very few cars entering the artery from side
streets. Situations corresponding to these assump-
tions are rare. Nevertheless, the bandwidth-maxi-
mizing approach is psychologically attractive to the
user, who is unable to distinguish between a non-
synchronized artery and one that is perfectly syn-
chronized for delay and stop minimization but does
not allow the user to pass at a reasonable speed
through the artery without stopping.

Tittle and others (1) and Morgan (2) werc the
first to suggest a mathematical formulation for the
bandwidth-maximizing problem, and more recently
Little and others (3) published a program called
MAXBAND. This program is based on a mixed-integer
linear-programming approach and determines the
speeds that give the overall maximum bandwidth over
a range of acceptable speeds. The linear-program-
ming approach also allows for variations in speed
between intersections and enables new constraints to
be easily introduced.

This paper describes an algorithm that determines
the overall maximum bandwidth together with all sub-
optimal values, if they exist, for a wide range of
speeds. At this time, only two-phase fixed-time
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traffic light operation is considered and a constant
speed on the artery is assumed, but the algorithm
could be generalized to changing speeds between
intersections.

The solution approach is essentially geometric,
and the algorithm is extremely fast for arteries of
up to 25 intersections. The limit of 25 is not due
to the algorithm nor to computing time but was set
because this number is quite high enough for prac-
tical synchronization problems. The approach also
provides insights into the theoretical relationships
and may explain why the bandwidth approach works
better in certain cases than in others.

THEORETICAL CONSIDERATIONS

Morgan (2) has shown that for a given speed there is
a set of half-integer offsets that gives maximal
equal bandwidths. It is shown also that one can
derive another optimal solution with unequal speeds
and bands from this initial solution. The following
discussion will thus pertain only to equal maximal
bandwidths.

Consider first one of the possible half-integer
sets of offsets, represented for simplicity on a
time-space diagram as in Figure 1 (offset scheme
0-1-0-0). For the present, we consider only speeds
between a minimum and a maximum speed, as shown in
Figure 1 by the dotted and interrupted lines. 1In
the following, when necessary, the constant K = V*C
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is used instead of a fixed speed and a fixed cycle.
This relation is given by a simple scale transforma-
tion of the time-space diagram. Figure 1 shows that
there are two extremal values of speed possible.
The first (Vg) occurs when the speed line is tan-
gential to two of the lower reds and the second
(Vy) when the speed line is tangential to two of
the upper reds. These two speeds will be called
possible optimal speeds., They give rise to two
parallel bands of different bandwidths as shown in
Figures 2 and 3.

As progression speed decreases in Figure 2, the
bandwidth decreases until a speed is reached where
bandwidth is zero. As speed increases in Figure 3
(or the slope of the speed line decreases), the
bandwidth will ultimately become zero if the speed
does not reach infinity first. These relations can
be expressed by the following equations. For the
case in which the speed line is tangential to lower
reds and i,j are the critical lights, the slope of
the speed line is given by

§= 360/Vd *C = (dj - di)/(Xj & Xi)
A = d; +5(Xm - ;) 68]
and the bandwidth at all m intersections is given by

bmd = (m/2) + INT*50 + g - dmm
bmg = INT*50 - [(tm +11)/2] -5 (Xm - X)) @
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x> = cumulative distance from first intersection,

™
dm = ordinate of upper edge of lower red,
u, = ordinate of lower edge of upper red,
In = bPercentage of red at intersection m,

gn = percentage of green at intersection m, and
C = cycle length.

INT is an integer such that
0<bmd < gn

where bpg is as large as possible within these
limits. The maximal bandwidth becomes

Bd=mrinn{bmd}
For the case in which the speed line is tangential

to the upper reds and h and k are the critical
lights,

Vu = (360/C) [(xp, - x3)/(up - ux)] (3)
bmu = INT*50 - [(r +1)/2] +5(Xm - Xk) )
By = mr;l\n {bmu}

The speed line can now be pivoted about pj; in
Figute 2 and speeds and corresponding bandwidths up
to a bandwidth of zero can be determined. Clearly,
the upper red that limits the bandwidth will have to
be found, and it will in certain cases also happen
that the speed line touches a red for m < p before
B = 0.0 is obtained. In this case, the pivot will
have to be changed. The formula that gives the
bandwidth for a known pivot point and a known limit-
ing red becomes

By = INT#50 - [(r,, +r9)/2] + (360/VC) (x, - X0) )

B, = INT*50 - [(r, + 1)/2] - (360/VC) (xp = %g) (©)

where p is the number of the pivot intersection and
% is the number of the limiting intersection.

We now consider an artery of four intersections
in Laval, Quebec, as an example to illustrate these
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equations. The data are given below ana the cycle
time is 80 s:

Artery Distance (m) Red (%)
1 0.00 25
2 297.18 24
3 803.15 40
4 987.55 40

Figure 5. Possible speed bands from intersection i for speeds between Vp, ax
and Viyin-

TIME (% OF CYCLE)

DISTANCE

Figure 4. Curve relating speed to bandwidth for offset
scheme and speeds V,, and Vg shown in Figure 1 (Laval
example).
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Figure 6. Curves relating speed
to bandwidth for all possible
offset schemes for Ldval example
(n=4),

BANDWIDTH (% OF CYCLE)
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OFFSET SCHEMES

Figure 7. Example of V-B
curve with major oscillations at
lower speeds (data set 2, 10
intersections, 52 percent mini-
mum green).
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Figure 1 shows this artery and from Equations 5 and
6 the relationships tabulated below can be derived:

vy vy Bandwidth

26.53  27.02 I: B = INT*50 - 32,5 - 4443.975/V
27.02 39.26 II: B = INT*50 - 32.0 - 3106.665/V
39.26 48,04 III: B = INT*50 - 40,0 - 829.800/V
48.04 111,21 IVv: B = INT*50 - 32,5 + 3614.175/V
A pivot change from intersection 2 to 1 has to be

taken into account at a speed of 27.02 km/h. The
equations above give the relation between B and V
(or K = V*C and B) as shown in Figure 4. This curve
is typical; it has a concave part up to the lower
optimal speed and a convex section for speeds
greater than the highest optimal speed. There is
only one optimal speed in the case in which the
critical lights for Vg and V,; are the same and
have the same amount of green.

If speeds are allowed to vary to a larger extent,
other speed bands will become possible for the same
set of offsets shown in Figure 1. This is depicted
in Figure 5. Each of these speed bands will produce
a V-B curve similar to the one in Figure 4. There
are 2**(n - 1) possible half-integer sets of offsets

SPEED (KM/H)

considered in this way, and the resulting
of speed against bandwidth can be drawn to-
gether in one graph as shown in Figure 6. The en-
velope of these curves will be the curve of maximal
bandwidth for each and every speed for a given cycle
length, And since V*C is a constant, one can also
derive all possible combinations of V and C that
have the same bandwidth by using this envelope curve.

The extremal point of this curve between a mini-
mum and a maximum speed is the same as the one ob-
tained by the linear-programming approach of MAXBAND
for the special case of uniform speeds. Some in-
teresting remarks can be made by analyzing different
V-B envelope curves.

to be
curves

1. There are many optimal values at low speeds
and less at higher speeds as in Figqure 7. This will
be explained later by a simple formula, but it is

also intuitively clear from Figure 5.

2. For the special case of equal distances be-
tween intersections and equal green times, maximum
bandwidths corresponding to the minimum green may
not be obtained at reasonable speeds. As the green
time is decreased (as in Figure 8) from 60 percent
to 50 percent and to 40 percent, the same envelope
curve is displaced on the ordinate by 10 percent.
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Figure 8. Comparison of speed-bandwidth curves for different mini- B(%)
mum greens and equal distances between intersections. STREET WITH DIST+20CN. SREEN-507
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Increasing the distance between lights (four times,
for example) does not change the envelope curve.
The range of speeds in Figure 9 (top) between 0 and
30 km/h is merely stretched four times to speeds
between 0 and 120 km/h. This entails an increase in
oscillations of the V-B curve.

3. As average distance between intersections
increases, the envelope curve becomes more un-
stable. The stability of the band with respect to
speed decreases, Figure 6 gives an example of a
relatively stable situation at least between speeds
of 60-90 km/h with an 80-s cycle. Stability should
also be taken into account in the choice of a band
and progression speed. If, for example, in Figure 9
(bottom) an optimal speed of 36 km/h and a band of
50 percent 1is chosen and speed increases or de-
creases by only 2 km/h, the bandwidth will fall to
only 5 percent. This may explain why certain bands
are apparently very inefficient as volume increases
slightly; a slight reduction in speed is produced,

but there is a major decrease in bandwidth, It may
not always be good to adopt the extremal value of
the V-B curve if this value is on a steep part of
the envelope curve.

4. As the number of intersections increases, the
envelope curve becomes more and more unstable, as is
shown in Figure 10. 1In this case, oscillations in-
crease and attainable bandwidth is small.

Clearly, the discussion up to now is purely theo-
retical and certainly impractical, since it is im-
possible to enumerate all possible combinations of
half-integer offsets in order to produce the enve-
lope curve that gives the extremal values. In the
case of 24 intersections there would be 8 388 608
offset schemes to be investigated and for each off-
set scheme there would be a certain number of possi-
ble speeds, depending on the range of speeds to be
studied.
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THE ALGORITHM

The aim is to determine all possible extremal points
on the V-B envelope curve for up to 25 intersections
and also for a reasonable range of speeds and cycles.

It appears impractical to enumerate all possible

Figure 9. Arteries with equal distance between
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half-integer offset combinations. But this enumera-
tion can be avoided. It is obvious that the speeds
giving rise to the extremal points on the V-B curve
must be straight 1lines in the time-space diagram,
i.e., lines that correspond to Vg and V. These
possible optimal speeds can be calculated as
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Figure 10. Example of V-B curve for 24 intersections (data set 15, 47.5 percent minimum green).
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straight lines between any two critical lights i and

j for all i =1l.,..n and all j = (i + 1)...n. Fur-

thermore, as Figure 11 shows, there may be several

possible optimal speeds between each pair of i and j.
For V3 (referring to Figure 11), we have

Vg =(720/C) [(x; - x;)/(xj - 1; + 1002)] ™)
For V, (referring to Figure 12), we have

Vy = (720/C) [(x; - x;)/(xj - r; + 100k)] ®)
where ¢,k = 0 ... m such that

Vinin € V€ Vigax

The resulting speeds are speeds that are extremal
points on the subset of V-B curves and that may be
extremal points of the envelope curve.

We now show that the number (N) of speeds to be
calculated in this way is small or at least computa-
tionally feasible for all cases in which the number
of intersections (n) is less than 25. With Vpji,
and Vpaxr the limits of the speed range to be in-
vestigated, fixed, we have from Equation 7 for Vg

%1 < (720/100CY min)(; - X5) + (1} - 1,)/100 ©)

Rir = (720/100CVmax)(Xj - Xj) + (]’j = r,-)/lOO (10)

Figure 11. Geometric relationships for Vg4.
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If we take the same number for V,, the number of
speeds Nj to be calculated for each pair i,j would
be

Ni = Z[IFIX(Q”) = IFIX(Qig)]

where IFIX(f) denotes the integer part of g. An
upper bound for Nj can be obtained by using

N; ~ 2(% - £2) ~ (14.4/C) (Xj -x3) [(1/Vimin) = (1/Vinax)]
N; ~ F(x; - x;)
F=(14.4/C) [(1/Viin) - (1/Vmax)] (11)

This result is not surprising. If the range of
speeds to be considered between Vpip and Vpax is
small, very few possible speeds will fall between
these two extremes. Also, as Vpi, becomes small
many speeds are possibly optimal, which explains the
many oscillations in the V-B curve at low speeds or
low K-values. From the tabulation below, the impor-
tance of the lower speed range can be seen. In
fact, 50 percent of possible speeds between 10 and
infinity and 20 and infinity lie between 10 and 20
km/h:

Range of Speed

Vnin Vmax F Percentage
10 ® 0.1 100.00
10 100 0.09 90.00
15 @ 0.067 67.00
20 - 0,05 50,00
30 @ 0.033 33.33
40 - 0.025 25.00
30 60 0.016 7 16.66
20 80 0.037 5 37.50
15 125 0.058 67 58.67

N; depends approximately only on the distances
between intersections and one can develop a summa-
tion formula for N over all intersections i, which
constitutes an upper bound for the number N:

N<F [i=§:1 Qi-n-1)x;] (12)

Eighteen data scts were analyzed. These data sets
were taken from the published literature, and the
second column in Table 1 gives the references. An
approximate lower bound for N was obtained by con-
sidering that distances between intersections are,
on average,

L=x,/n
In this case formula 12 becomes
N> EL(n® - n)/6 (13}

The usefulness of Equations 12 and 13 can be veri-
fied from the data in Table 1. 1In fact, the formu-
las correspond fairly well to the number (N) of
speeds actually calculated., Figure 13 shows the
relation between N and n. It may also be seen in
Table 1 that the mean distance between intersections
alone explains more than 80 percent of the number
N. The remaining percentage is due to the differ-
ences in reds and the variation of distances about
the mean. The rapidity of the algorithm (called
WAVEl) 1is further increased because in many cases
the configuration of the reds is such that the same
speeds Vg and V,; are generated repeatedly and
the bandwidth corresponding to these speeds does not
have to be determined several times. Equations 7
and 8 show also that Vg =V, when rj = rj.
This further reduces the number N.

The main steps in the algorithm for finding the
extremal points of the envelope curve and the cor-
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Table 1. Number N for 18 data sets.

Data No. of N Lower Upper Avg
Set Reference Intersections Exact Bound Bound Distance (m)
1 MAGTOP (1975) (4) 5 82 64 88 301.8
2 Little (1966) (5) 10 367 321 373 184.4
3 Le Cocq (197 )] (6) 10 468 427 472 245.0
4 Institute of Traffic Engineers (40 percent) 8 136 132 142 148.6
(1950) (7, pp. 229-239)
5 Institute of Traffic Engineers (1950) 8 139 132 142 148.6
(7, pp- 229-239)
6 Davidson (1960) (8) 7 138 116 138 195.9
7 Purdy (1967) (9) 6 88 77 88 208.3
8 LeCocq (1973) (10) 4 61 42 61 401.3
9 Kell (1956) (11) 10 340 303 344 173.7
10 Laval 4 34 26 36 246.9
11 Pignataro (1973) (12, pp. 372-381) 6 38 38 46 104.1
12 Woods (1960) (13, pp. 7-40 to 7-43) 8 164 157 168 177.1
13 Morgan (1964) () 9 169 170 193 1355
14 Kelson (1980) (14) 5 58 53 63 253.0
15 Le Cocq (1973)T10) 24 9384 9057 9394 364.6
16 Le Cocq (1973) (10) 20 5513 5021 5522 3515
17 Le Cocq (1973) (10) 15 2387 2148 2396 363.3
18 200 m, 50 percent green 11 450 464 464 200.0

Note: All data sets in metric system; C = 80 s; Vipjy = 15 km/h and Vmay = 125 km/h,

Figure 13. Number of possible optimal speeds N versus number of
intersections n.
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responding offsets, if they are required, over all
ranges of K are described below. Note that certain
steps and tests that are crucial for rapid execution
and efficient storage are omitted here for concise-
ness. However, these steps are not essential for an
understanding of the proposed procedure.

1. Do for i = 1.,..n; if i = n, go to step 6.
2, Do for j=(i+1)...n; if j=n, go to
step 1.

Cl= T - I
€2 = (720/C) (x; - x1)

3. Do for all ¢ = 0...m so that
Vmin < Vdij € Vmax
If no more % satisfy the condition, go to step 2.

Vdij = C2/(Cl +2100)
Vuyy = C2/(2100 - C1)

Do not retain speed if it hits a red light for all k
# i,3.

4. Calculate for ¢ and do for k = l...n; if
k = n, go to step 5.

C3=360 (x; - Xk)/vdijc or V.
C4=(xj +r¢)/2
brgq = C3 -C4 =+ INT*50if V4
by = -C3 - C4 = INT*SOf V,,

INT is such that
0< byg < gor0< by, < gk

Calculate offset, if required. If not, go to step 4.

TET =C3 _bkd -C4 ide
TET =C3 + by, +C4if Vy

If TET is negative, change the sign.
Sa

THETA, = AMOD (TET, 100)
Bg = MIN (bkd)
By, =MIN (bxu)

Go to step 3.

6. The extremal points are found by a simple
search algorithm that eliminates extremal points not
on the envelope curve.

7. Choose speed and cycle over all acceptable
extremal points by using the relationship K = VC.

Another algorithm based on a modified Brooks (15)
algorithm, which gives the envelope curve and the
extremal points, is called WAVE2. This algorithm
produces the same extremal points as WAVEl but to a
lesser degree of accuracy. All data sets except 15
to 18 were also tested by Couture (16), who used the
MAXBAND program of Kelson (14). The accuracy of
these approaches is compared in Table 2. For the
purposes of comparison only, the extremal point
found by MAXBAND is given. WAVEl determines all
extremal points and WAVE2 produces also the continu-
ous V-B envelope curve. All data sets were tested
over a range of Kpjp = 640 to Kyayx = 10 000,
which represents the practical limits of V and C.

Table 3 compares execution times in seconds for
WAVEl and WAVE2 on an IBM 4341 computer over all
ranges of K and n and for up to 24 intersections,
Execution time for WAVEl is highly dependent on the
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average distance beteen intersections. Figure 14
shows this comparison and it can be seen that the
20-intersection case would be the cutoff point be-
tween the two programs.

Figure 15 gives the graphic output of program
WAVE2 and Figure 16 is an output listing of the pro-
gram WAVEL.

CONCLUSION

Maximum bandwidth varies with speed, especially at

Table 2. Comparison of precision for MAXBAND, WAVE1, and WAVE2.

MAXBAND WAVEIL WAVE2
Data
Set K B K B K B
1 2156.00  0.3000 2156.00 0.3000 2152.00 0.3000
2 1364.80  0.3364 1364.80 0.3363 1368.00 0.3333
3 745.89  0.4698 745.89  0.4698 744.00 0.4597
4 1410.21  0.2724 1410.21  0.2724 1416.00 0.2712
5 1410.21 0.3724 1410.21 0.3724 1416.00 0.3712
6 704.20  0.4297 704.20 0.4297 704.00 0.4295
7 1060.80  0.3775 1060.80  0.3775 1064.00  0.3750
8 354970 0.4444 3549.70  0.4444 3552.00 0.4444
9 1563.41  0.2369 1563.62  0.2368 1560.00 0.2293
10 121552  0.5539 121520 0.5538 1216.00 0.5527
11 1426.41  0.3393 1426.46  0.3392 1424.00 0.3388
12 2506.67 0.3500 2506.50  0.3500 2512.00 0.3500
13 1096.95  0.6000 1096.93  0.6000 1096.00  0.5953
14 3017.50  0.4000 3017.60  0.4000 3024.00 0.4000
15 1488.00  0.2100 1488.00  0.2093
18 1440.00 0.5000 1440.00 0.5000

Table 3. Central-processing-unit time for programs WAVE1 and WAVE2,
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lower speeds. The extent of this problem depends
mostly on the distances between intersections. In
certain cases (when the average distance is great),
maximum bandwidth changes so rapidly with speed that
no stability can be expected, which may partly ex-
plain the unreliable functioning of certain progres-
sions. It would seem important not only to consider
the extremal points of bandwidth but also to take
into account their stability with regard to changing
speeds. The best choice of speed and bandwidth may
in fact be lower than the overall maximum. The pro-
posed method generates the entire relationship be-

Figure 14. Comparison of central-processing-unit time for programs WAVE1
and'WAVE2.
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Figure 16. Output of WAVE1.
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